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1. Introduction

In 1982 Lascoux and Schiitzenberger [10] introduced Grothendieck polynomials, which
are representatives of the structure sheaves of the Schubert varieties in a flag variety.
Fomin and Kirillov [3] studied Grothendieck polynomials combinatorially and introduced
stable Grothendieck polynomials, which are stable limits of Grothendieck polynomi-
als. Buch [2] found a combinatorial formula for stable Grothendieck polynomials using
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set-valued tableaux. Lam and Pylyavskyy [9] first studied dual stable Grothendieck poly-
nomials gx(z), which are the dual basis of the stable Grothendieck polynomials under
the Hall inner product. They also found a combinatorial formula for gy(z) in terms of
reverse plane partitions. Their formula gives a combinatorial way to expand gy(z) in
terms of Schur functions s, ().

Dual stable Grothendieck polynomials gy (z) are inhomogeneous symmetric functions
in variables = (z1, 23, ... ). Galashin, Grinberg, and Liu [6] introduced refined dual sta-
ble Grothendieck polynomials gy /,(;t) by putting an additional sequence t = (t1,%2,...)
of parameters in the combinatorial formula of Lam and Pylyavskyy. They showed that
gx/p(x;t) is also symmetric in z. Refined dual stable Grothendieck polynomials gener-
alize both dual stable Grothendieck polynomials and Schur functions: if ¢; = 1 for all
i > 1, then gy,,(z;t) = gr/u(x), and if t; = 0 for all i > 1, then gy,,(z;t) = s5/u(7).
Galashin [5] found a Littlewood-Richardson rule to expand gy, (z;t) in terms of Schur
functions. Yeliussizov [15] further studied (dual) stable Grothendieck polynomials and
showed the following Jacobi—Trudi type formula for gy(z;t) originally conjectured by
Darij Grinberg [8]:

o (z;t) = det (e,\;_iﬂ-(xh To,...,t1,t9,... ’t)‘i—l))lgi,jgn , (1.1)

where ex(21,22,...) = D i i0 .. iy, Zir Zin - - - Ziy, 15 the kth elementary symmetric func-
tion and we define eg(z1,22,...) = 1 and eg(z1,22,...) = 0 for k < 0. We also note
that the Jacobi-Trudi formula (1.1) for the case t; = 1 for all i > 1 was first proved by
Shimozono and Zabrocki [13].

The main result of this paper is the following Jacobi-Trudi formula for the refined
dual stable Grothendieck polynomial gy,,(z;t), which was also conjectured by Darij
Grinberg [8, slide 72] in 2015. See Section 2 for the precise definitions.

Theorem 1.1. Let A and p be partitions with £(N') < n. Then

Ir/u(z;t) = det (exgw;fiﬂ(wl,xm sttty gas 7f,\;71))19’j§n7

where, if pi +1> N, — 1, the (i, ) entry is defined to be 6)\;_“3_2'4_3'(1’1,1‘2, S

Note that if ¢; = 0 for all ¢ > 1, then Theorem 1.1 reduces to the classical (dual)
Jacobi-Trudi formula for the Schur function sy,,(z). Theorem 1.1 gives another proof
of the fact that gy,,(z;t) is symmetric in the variables x. If ¢; = 1 for all i, we obtain a
new Jacobi-Trudi formula for the dual stable Grothendieck polynomial gy, (z).

Corollary 1.2. Let A and p be partitions with £(N') < n. Then

No— =1
gA/M(x) = det Z( ! :J >€,\;—u;—i+j—k($17$27---) )

k20 1<i,j<n
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where we define (') = 6,0 if m < 0.

There is a standard combinatorial method to prove a Jacobi-Trudi type formula using
the Lindstrom—Gessel-Viennot lemma [7,12]. First interpret the determinant as a signed
sum of n-paths, i.e., sequences (p1,...,pn) of n paths in a certain lattice. If there are
intersections among the n paths, choose an intersection in a controlled way and exchange
the “tails” of the two paths through this intersection. This will give a sign-reversing
involution on the total n-paths leaving only the non-intersecting n-paths as fixed points.
Then one interprets the non-intersecting n-paths as the desired tableaux by a simple
bijection. This is how Yeliussizov [15] proved (1.1).

However, the Jacobi—Trudi formula in Theorem 1.1 cannot be proved in this way.
Because of the restriction of a path depending on the initial point, the usual method
of exchanging tails is not applicable. In this paper we prove Theorem 1.1 by finding
a sign-reversing involution on certain n-paths using two maps introduced by Lam and
Pylyavskyy [9] as intermediate steps in their bijection between reverse plane partitions
and pairs of semistandard Young tableaux and so-called elegant tableaux.

The remainder of this paper is organized as follows. In Section 2 we give necessary
definitions and notation, and show that the determinant in Theorem 1.1 is a generating
function for “semi-noncrossing” n-paths. In Section 3 we define vertical tableaux and give
a bijection between them and n-paths. In Section 4 we define RSE-tableaux and review
two bijections ¢_ and ¢4 on RSE-tableaux due to Lam and Pylyavskyy. In Section 5, we
extend the definition of RSE-tableaux to skew shapes and study properties of the maps
¢_ and ¢4 on skew RSE-tableaux. In Section 6 we give a sign-reversing involution on
semi-noncrossing n-paths using these maps and complete the proof of Theorem 1.1. In
Section 7 we give a concrete example of the sign-reversing involution defined in Section 6.

We note that Amanov and Yeliussizov [1] proved Theorem 1.1 and Corollary 1.2
independently about the same time this paper was written. Their proof uses a sign-
reversing involution on 3-dimensional lattice paths. It would be interesting to see whether
there is a connection between their sign-reversing involution and ours.

2. Definitions and notation

In this section we give basic definitions and notation which will be used throughout
this paper.

A partition A = (A1, Az, ..., A¢) is a weakly decreasing sequence of positive integers.
Each \; is called a part of A. The length £(\) of A is the number of parts. Sometimes we
will append some zeros at the end of A so that for example (4, 3,1) and (4, 3,1,0,0) are
considered as the same partition, and A\; = 0 whenever i > £()).

The Young diagram of X is defined to be the set {(i,7) € Z% : 1 < i < £()\),1 <
J < Ai}. From now on we will identify A with its Young diagram. The Young diagram
of A will be visualized by placing a unit square, called a cell, in the ith row and jth
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Fig. 1. The Young diagram of A = (4, 3,1) on the left and its conjugate A’ = (3,2,2,1) on the right.

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

[ N
Ttk W N
TR W N =

Fig. 2. The skew diagram A\/u for X = (6,5,4,4,2) and p = (4,3,1) on the left, row>2(A/p) in the middle
and col>3(A/p) on the right. For visibility the row and column indices are written.

column for each (i,7) € A\. The conjugate X' of A is defined to be the partition given by
N ={(i,7) : (J,3) € A}, see Fig. 1.

For two partitions A and u, we write u C X if u; < \; for all 4 > 1. In this case the skew
shape \/u is defined to be the set-theoretic difference A — p of their Young diagrams.

For a skew shape A\/p and an integer k > 1, define row<x(A/p) (resp. rowsy(A/p)) to
be the skew shape obtained from A/u by taking the rows of index j < k (resp. j > k).
Similarly, we define col<y(A/p) and col>y(M\/u) using columns. See Fig. 2.

Let p be a finite subset of ZT x Z*, where Z* is the set of positive integers. A tableau
of shape p is just a map T : p — Z, where Z is a linearly ordered set. If T : p — Z is a
tableau we write sh(7T') = p.

A reverse plane partition (RPP) of shape \/u is a tableau R : \/u — Z* such
that the entries weakly increase in each row and column, i.e., R(i,5) < R(i,j + 1) and
R(i,5) < R(i+1,7) whenever these values are defined. The set of RPPs of shape A\/u is
denoted by RPP(A/u). For R € RPP(\/p), the weight of R is defined by

wt(R) = Har;“(R)t?i(R), (2.1)

i>1

where a;(R) is the number of columns containing an ¢ and b;(R) is the number of cells
(i,7) such that R(i,j) = R(i + 1,5). For example if R is the RPP in Fig. 3, then
wt(R) = wixdzit t3t,.

A semistandard Young tableau (SSYT) is an RPP with the extra condition that the
entries are strictly increasing in each column. The set of SSYTs of shape A\/u is denoted
by SSYT(A/u). An elegant tableau is an SSYT FE of a certain skew shape \/v such that
1< E(i,j) <i—1forall (¢,j) € \/v. See Fig. 3. Elegant tableaux were first considered
by Lenart [11, Theorem 2.7] and further studied by Lam and Pylyavskyy [9].

Note that if R € SSYT(A/u) € RPP(A\/u), then R has no repeated entries in each
column and therefore the weight of R defined in (2.1) is given by
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Fig. 3. An RPP of shape (6,5,4,4,2)/(4,3,1) on the left, an SSYT of shape (6,5,4,4,2)/(4,3,1) in the
middle and an elegant tableau of shape (6,5,4,4,2)/(6,4,3,1) on the right. The row indices are written on
the left of each diagram.

wt(R) = a = o7 P @ .
where ¢;(T') is the number of i’s in R. For example, if R is the SSYT in Fig. 3, then
wt(R) = z32Sxizs.

Let x = (x1,x9,...) and t = (t1,t2,...) be sequences of variables. The refined dual
stable Grothendieck polynomial gy, (z;t) is defined by

Gyulzt) = > wi(R).

RERPP(M\/p)

Now we recall the main result, Theorem 1.1: if A and p are partitions with £(\) < n,

Fg)\/u(l'; t) = det (e)\;—#;—i—i-j(l'la T, ... aty3+1a t#;+2, e ,t)\(i_l)> 1<ij<n .
Note that if 4 € A, by definition, gy, (x;t) = 0. It is easy to see that in this case the
above determinant also vanishes because if p ,@ A, then X < p for some 1 < r < n,
which implies that the (i, j) entry is zero for all r +1 <4 <n and 1 < j < r. Moreover,
it is also easy to see that if £(A\") = m < n, then the above determinant is equal to its
principal minor consisting of the first m rows and columns. Therefore it is sufficient to
show Theorem 1.1 for the case p C A and ¢(\') = n. From now on we always assume
that p C A and £(X) = n.
Let w be the smallest infinite ordinal number and let

N =1{0,1,2,...},
N, ={0,1,2,...,w,w+Lw+2,...,2w},
G =N x N,
where the numbers are ordered as usual by

0<1<2< " <w<wH+l<w+2< - <2w.

We will also write w + ¢ as 7*.
() (j))

A path from (a,0) to (b,2w) is a pair (si,sz2) of infinite sequences s; = ((ug”, vg
(ugj), 115])), ...), 7 =1,2, of points in G satisfying the following conditions:
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(7,2w) A\ +n—j,2w)
2w 2w
w—+6
w+5 5* w+ A -1
w+4 4
w+3 w4 p}
w42
w1 1
w w
6
5 5
4
3
2 9
1
0 0 p -
(2,0) (w; +n—1i,0)

Fig. 4. The left diagram is a path from (2,0) to (7,2w) with weight xoxst1t4t5. The height of the ending
point of each diagonal step is shown. The right diagram illustrates a typical path in £y ,, (7, j), which cannot
have diagonal steps in the gray areas.

e The steps (“52171’1@1) - (ugj),vl(j)), for i > 0 and j = 1,2, consist of up steps (0,1)
and diagonal steps (1,1).
. (u(()l),vél)) = (a,0), U(()Q) = w and
lim u(}) = u((f), lim u(? =b.
m—0o0 m— o0

The weight of a path p is defined to be

wi(p) = [ L8,

i>1

where a;(p) (resp. b;(p)) is the set of diagonal steps of p ending at height i (resp. w + ).
See Fig. 4.

Suppose that A and p are partitions with 4 C A and £(\') < n. Denote by Ly, (4, 7)
the set of all paths from (u;+n—1,0) to (A} +n—j,2w) in which there is no diagonal step
between the lines y = w and y = w+u; and no diagonal step above the line y = w+ A\, —1.
See Fig. 4 for a typical example of a path in £y, (i, j). It is clear from the construction
that

Z Wt(p) :ek;—ug—j-l-i(xlax%-~-7tu§+17tu§+27~-'7t)\;—1)- (22)
pe[f)\/u(ivj)

An n-path is an n-tuple of paths. Denote by &, the set of permutations on
{1,2,...,n}. For a permutation 7 € &,, let £,/,(7) denote the set of n-paths
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d(]:n
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do } m2
M.

My =14

Fig. 5. An illustration of Notation 2.1 for a given A/u. Every letter is an integer except D;’s, which are sets
of column indices.

P = (p1,...,pn) such that p; € Ly,(i,7(i)) for all 1 < i < n. Note that Ly, ()
may be empty for some 7. Define

;CA/#: U £)\/#(7T).

TES,

The type of an n-path p in Ly,,, denoted type(p), is the permutation 7 for which
p € Ly/u(m). Note that type(p) is uniquely determined because the starting points
(1 +n —,0) and the ending points (X + n — j,2w) are all distinct. The weight of
P = (p1,...,Pn) € Ly, is defined by

wt(p) = sign(type(p)) wt(p1) - - - wt(pn).

The following notation will be used throughout this paper. See Fig. 5 for an illustra-
tion.

Notation 2.1. Fix partitions A and p with g C A, £(A\) = £, and £(\') = A; = n. Define
dy > dy > --- > d, to be the distinct integers in {p1, pi2, ..., py(uy} and let do = n and
dry1=0.For1 <i<r+41,

e m; denotes the multiplicity of the part d; in u, where the multiplicity of d, 11 = 0 in
w is defined to be £(\) — £(u),

e M;=mi+--+m;, and

. Dz = {dz + 1,di +2,...,di_1}.

Note that for 1 <4, j < n, we have uj = y if and only if 7, j € Dy for some 1 <k <.
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By B: By B:
2w 2w
w+3 . w+3
w42 ¢ w42 *
.
w41 w41
.
w * w
3 . 3
2 g 2 .
14 14
0 ¢ 0 ¢
AQ /1 A2 /1

Fig. 6. Let A = (2,2,2,1) and p = (1) so that A} =4, A, = 3 and p} = 1. The left diagram shows a 2-path
(p1,p2) € Lx/u, where p; is the path from A; to B; for i = 1,2. If we switch the tails of p; and py after
their unique intersection, we obtain the resulting 2-path (p'l,plz) as shown on the right. The gray area shows
(part of) the restriction on the path whose starting point is A1 = (u1 +2 — 1,0) = (2,0). Since p} has a
diagonal step in the gray area, (p1,p5) & Lx/u-

Suppose p = (p1,.-.,Pn) € L/, We say that p is noncrossing if p; and p; have no
common points for all ¢ # j, and that p is semi-noncrossing if p; and p; have no common
points whenever ¢ and j are distinct elements in Dy, for some 1 < k < r. Denote by ET/CM
(resp. Eilfﬂc) the set of noncrossing (resp. semi-noncrossing) paths in £y,,. Note that if
=10, then El/:l/(i = Ei%?

By expanding the determinant in Theorem 1.1 (more precisely, the determinant of
the transpose of the matrix) using (2.2), we have

det (eA;,#;,Hj(xl,xg? R ML MEE NP ,t)\;,l)) = Z wt(p). (2.3)
1<i,j<n
PELA/L

The standard method of the Lindstrom—Gessel-Viennot lemma [7,12] interprets a deter-
minant as a weighted sum of noncrossing n-paths via a sign-reversing involution which
exchanges “tails” of intersecting paths. Roughly speaking, in order for this to work “lo-
cal” changes of the steps in an n-path must be allowed. Such “local” changes are not
allowed for an n-path p = (p1,...,pn) in Ly, because each path p; has the “global”
restriction that there are no diagonal steps between the lines y = w and y = w + p}. For
example, see Fig. 6.

However, it is possible to cancel all n-paths except for the semi-noncrossing n-paths.

Proposition 2.2. Let A and p be partitions with pn C X, £(A\) = £, and £(N) = n. Then

det (6A27#;7i+j(x1,x2,...7tu;+17tu‘;+2,...’t)\gil))1<' ~ = g wt(p).
' ' Shizn SNC
peﬁ)\/u



J.S. Kim / Journal of Combinatorial Theory, Series A 180 (2021) 105415 9

Proof. By (2.3) it is sufficient to show that

> wip)= > wi(p). (24)
PELN pELEI;IE

We will cancel all paths in £y, \ Eil/\f using the standard method of switching tails
of two paths. More precisely, suppose p = (p1,...,Pn) € La/u \ Eilff Then we can
find the smallest integer k such that p; and p; have common points for some ¢ # j in
Dy,. Choose such ¢ and j so that (4,7) is the smallest in the lexicographic order. Let
(a,b) be the last intersection of p; and p;. Let p; and p} be the paths obtained from
p; and p; respectively by exchanging the subpaths after (a,b). If type(p) = m, then
pi € Ly, (i,7(3)) and p; € Ly,(j,7(j)). Since i,j € Dy, we have p; = ;. Therefore
neither p; nor p; has diagonal steps between heights w and w + p} = w + ,u;, which
ensures that p; € L£y,,(i,7(j)) and p} € Ly/,(j,7(7)). Let p’ be the n-path obtained
from p by replacing p; and p; by p; and p’; respectively. Then p € Ly, \ Eilff and
type(p’) = m(i,j), where (i,7) is the transposition. Therefore wt(p) = — wt(p’). It is
easily seen that this argument shows that Zpeﬁk/u\ﬁilﬁ wt(p) = 0, hence (2.4). O

3. Vertical tableaux and n-paths

In this section we introduce a notion of vertical tableaux and give a simple bijection
between them and certain n-paths.

A composition is a sequence o = (a1, aa, . . ., ay,) of nonnegative integers. The vertical
diagram of a composition « is defined by

Via)={(i,j) €Z*:1<j<n1<i<a;}

Similarly to Young diagrams each element (i, ) in the vertical diagram is represented
by a cell in row i and column j. Since A = V(\) as subsets of Z?, we will also consider
the Young diagram of A as a vertical diagram. The notation used for Young diagrams is
naturally extended to vertical diagrams. For example, for a vertical diagram V', define
col>, (V) ={(4,j) € V : j > k}, and for two vertical diagrams V; and V, with V3 C V3,
define V5/V; to be the set-theoretic difference V5 — V4. We say that V; and Vs are the
inner shape and the outer shape of Vo/V7, respectively. See Figs. 7 and 8.

For vertical diagrams V; and V, with V; C Va, a vertical tableau of shape V5/V; is a
filling of V4/V4 with numbers in {1 <2 < --- < 1* < 2* < ---} such that the entries are
strictly increasing in each column. See the right diagram in Fig. 9 for an example of a
vertical tableau. Let VT(V2/V1) denote the set of vertical tableaux of shape V2/V.

Definition 3.1. [The map Tab sending n-paths to vertical tableaux] Let a = (a1, ..., &)
and 8 = (b1, .-, Bn) be compositions with V(«) C V(). Define L(, ) to be the set of
n-paths p = (p1,...,pn), where p; is a path from (a; +n —4,0) to (8; +n — ¢, 2w).
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1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

[ ] [ ]

Fig. 7. The vertical diagram V(c) on the left and the vertical diagram col>4(V («)) on the right for the
composition a = (0, 0,4, 3,5,0,2,1,1). For visibility the column indices are written above the diagrams.

Fig. 8. The diagram V(8)/V («) for a« = (1,3,1,2,2,0) and 8 = (1,6,5,7,5,5) is shown with the white cells.

B,
Bg B3 B3 B4 B
2w
w—+4 4 .
w+3 3+ 4%
w+2 9* 9* v?’
w41 5 14
3
w
: 1 4
5 4 2121
44 yy 34 1] a]3]al2
3 -3 344 3*| 5|4 |17|4"
9 * *
2 . i 2
1 1% -
o’ Eall
0 1 1
Asg As As A1 Az
Az
Fig. 9. On the left is a 6-path p = (p1,...,ps) € L(, B) for a = (1,3,1,2,2,0) and 8 = (1,6,5,7,5,5).

Each p; is a path from A; = (a; + 6 —4,0) to B; = (B: + 6 — i, 2w). Its corresponding vertical tableau
Tab(p) is shown on the right.

For p = (p1,...,0n) € L(a,B), define Tab(p) to be the vertical tableau T €
VT (V(8)/V(«a)) constructed as follows. For each diagonal step of p;, if its ending point
is (a,b), fill the (a —n+ i — 1,4)-entry of T with b.

See Fig. 9 for an example of the map Tab in Definition 3.1. The following proposition
is straightforward to verify.
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Proposition 3.2. Following the notation in Definition 3.1, the map Tab is a bijection from
L(a,B) to VI(V(B)/V (). Moreover, if Tab(p) = T, then for every positive integer h
the total number of diagonal steps in p ending at height h (resp. w + h) is equal to the
number of times h (resp. h*) appears in T.

For a partition A with ¢(A\') = n and a permutation 7 € &,,, we define m()) to be the
vertical diagram given by

TN ={(,§) €2 :1<j<n1<i< N —m+j}

Note that if 7 is the identity permutation then 7(A) is the Young diagram of A. One
may worry about the situation that A7 —m; + j < 0 in the definition of (). Since we
will only consider w(\) when VT(7(A\)/1) is nonempty (or equivalently, when p C m()\))
this will never occur, see the paragraph after the proof of Lemma 3.3.

The following lemma shows that the type of p € £/, is encoded in the outer shape
of the vertical tableau Tab(p) while the inner shape of Tab(p) is always u. See Fig. 18
for an example.

Lemma 3.3. For p € Ly, we have type(p) = 7 if and only if Tab(p) € VT (w(\)/p).

Proof. Suppose that p = (p1,...,pn) € Ly, has type(p) = 7. Let o and 8 be the
compositions given by a; = p; and 3; = X, — m; +i. Then V(B)/V(a) = w(\)/p. Since
pi is a path from (uj +n —14,0) = (a; +n —1,0) to (A}, +n —m;,2w) = (B; +n —1,2w),
we have p € Tab(3/«). By Proposition 3.2, Tab(p) € VI(V(8)/V(«)) = VT (w(\)/u).

Conversely, suppose that p € L/, satisfies Tab(p) € VT (7(\)/u). Let type(p) = o.
Then by what we just proved, we obtain Tab(p) € VT(o(\)/u), which implies o(\) =
m(A), or equivalently,

()\;1'1 —-—m +17"'7)\;Tn _7Tn+n) = ()\:7'1 — 01 +1""7)\:7n _0n+n)
By subtracting i from the ith component we also have

(X

T A — W) = (A, — 01, AL — o).

) On

Both sequences in the above equation are rearrangements of (\] —1,..., A/ —n), which
is a strictly decreasing sequence. Since there are no repeated entries in this sequence,
the rearrangements must be identical and we obtain m = . Hence type(p) = 7 and the
proof is completed. 0O

Note that in the proof of the above lemma if type(p) = 7, we must have A +n—m; >
Wi +mn — i, or, equivalently, A — m; +14 > pu; > 0. Hence in this case we always have
A —m; 4+ 7 > 0 in the definition of w(\).

m



12 J.S. Kim / Journal of Combinatorial Theory, Series A 180 (2021) 105415

1(1(1]2 11112
1(1]12(3 111123
12 3 * 11223 *
213 33" 2(3(3%|3"
314 4™ 4" 314147 |4"

3% 5" 3*|5*

Fig. 10. An RPP R of shape v on the left with row 3 marked, an elegant tableau E of shape A/v in the middle,
and the RSE-tableau T' = (R, E) € RSE3()\) of level 3 and shape A on the right, where A = (5,5, 5,4, 4, 2)
and v = (5,5,5,2,2). Note that row>3(R) is an SSYT.

4. RSE-tableaux and bijections of Lam and Pylyavskyy

In this section we define RSE-tableaux and two maps ¢_ and ¢ on these objects. The
notion of RSE-tableaux was introduced implicitly by Lam and Pylyavskyy [9, Proof of
Theorem 9.8] in their bijection between RPPs and pairs of SSYTs and elegant tableaux.
The maps ¢_ and ¢4 described in this section are intermediate steps in their bijection.
We assume reader’s familiarity with the RSK algorithm and its basic properties. See [4,
Section 1.1] or [14, Section 7.11] for a standard reference. In particular, we will use Row
Bumping Lemma and Proposition in [4, Section 1.1].

Definition 4.1. An RSFE-tableau of shape A of level k is a pair T = (R, F) satisfying the
following conditions:

e R € RPP(v) with row k of R marked, for some partition v C X satisfying row<y (v) =
rOWSk()\)v

o row>k(R) is an SSYT, and

o F is an elegant tableau of shape \/v such that every entry in F is at least k.

The set of RSE-tableaux of shape A and level k is denoted by RSEj ().

We will represent an RSE-tableau T' = (R, E) as the tableau obtained by drawing
both R and F in which every entry ¢ in E is written as ¢*. See Fig. 10 for an example of
an RSE-tableau.

By definition, if T' = (R, E) is an RSE-tableau of level &, then row<(R), rows(R),
and F are, respectively, an RPP, an SSYT, and an elegant tableau. The name “RSE”
stands for the initials of these three tableaux.

Note that if T = (R, F) € RSE;(A), then both R and E are SSYTs. Thus T can be
considered as an SSYT whose entries are from {1,2,...,1*,2* ... }. Using this observa-
tion the following proposition is easy to verify.

Proposition 4.2. The map Tab is a weight-preserving bijection between ET/% and
RSE;(A).
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If T = (R,E) € RSE;(\), then E = () and R is an RPP of shape \ with no extra
conditions. Hence, we will identify RSE,(A) with RPP()).
The weight of T = (R, E) € RSEg()) is defined by

wt(T) = wt(R)tg,
where tp = til(E)tSQ(E) -+ and ¢;(F) is the number of ¢’s in E. For example, if T =
(R,E) is the RSE-tableau in Fig. 10, then wt(R) = x3zjzia3tits, tp = t3tits, and
wt(T) = wt(R)tg = a3xjaizititstitsts.

We now describe two maps ¢_ and ¢4 on RSE-tableaux, where the level of an RSE-
tableau is decreased by ¢_ and increased by ¢,. These maps are due to Lam and
Pylyavskyy [9] who used them as intermediate steps in their bijection between RPP(\)
and RSE; (\). See Figs. 11 and 12 for illustrations of these maps.

Definition 4.3. [The level-decreasing map ¢_ : RSE;;+1(A\) — RSEL()A)] Let A be a par-
tition with ¢(\) = ¢ and let T = (R, E) € RSEj41(A) with 1 <k < /¢ —1. Then ¢_(T)
is defined as follows.

Step 1: For 1 < j < Ag, the entry R(k,j) is novel if j > Mgy or R(k,j) # R(k+1,7).
Let a1 < ay < --- < a, be the novel entries. Let R’ be the tableau obtained from
R by removing row k and shifting row>;41(R) up by one (so that rowsy(R') =
rowsk4+1(R)). Then H :=sh(R)/sh(R’) is a horizontal strip.

Step 2: Update R’ by inserting ai,as,...,a, in this order into rowsy(R’') using the
RSK algorithm. By the property of the RSK algorithm, if a; was the novel entry
in column j, then a; bumps the (k, j)-entry of rows,(R’) (in case it exists) or a; is
simply placed at position (k,j) (in case rows(R’) has no (k, j)-entry). Therefore
row k of R’ becomes the original row k of R and the newly created cells of R’
lie in the horizontal strip H. Let E’ be the union of F and the remaining empty
cells in H, which we fill with k’s. Finally, mark row k of R’ as the level and define
b (T) = (R, E).

Definition 4.4. [The level-increasing map ¢4 : RSEx(A) — RSEx1(\)] Let A be a par-
tition with £(A\) = £ and let T' = (R, E) € RSE,(\) with 1 <k < ¢ —1. Then ¢, (T) is
defined as follows.

Step 1: Let ¢; < co < -+ < ¢, be the column indices j such that column j of E does not
contain k. Let E’ be the tableau obtained from E by removing the cells containing
k. Fori=r,r—1,...,1 in this order, apply the reverse RSK algorithm to row>(R)
starting from the last cell of column ¢; and denote the resulting tableau by R;. Let
a; and b; be the integers such that the reverse RSK algorithm bumps a; at position
(k,b;) at the end.
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11112 1112 1(1]1 3 1112
1p1(2]|3 11223 +~— 1,3 11233 111]23]3]|~x
11223 * 213 2124 2|2 |4]|2" (2"
2(3|3%|3" 34|33 3(3|3"|3" 3|3 |3%|3"
34|47 |4" 4™ 4" 4 4" 4" 4127 |4™ |47
3*|5" 3% 5" 3*|5* 3% 5"

Fig. 11. An illustration of the level-decreasing map ¢_ applied to T' = (R, E) € RSE3(\), where A =
(5,5,5,4,4,2). The first diagram shows T' where the novel entries are colored green and row>3(R) is colored
yellow. If we remove row 2 and shift row>3(R) up by one, we get R’ in the second diagram. If we insert
the novel entries 1,3 into rOWZQ(R/), we get the third diagram, where the entries in the newly added
cells are written in boldface. By filling the empty cells with 2* we obtain the fourth diagram, which is
¢_(T) € RSE2(X). (For interpretation of the colors in the figure(s), the reader is referred to the web
version of this article.)

1(1(1(2]|3 1)11(1|2(3 1(1(1(2]|3 111|112
1|12 * 11123 1122|134 |—13 1|1

2|2 |4]|2"|2" 2124 213 11223 *
33 ([37|3" 313 |3"|3" 314|3"|3" 2|3 |[3|3"

4 |2% 4% 4" 4 4% | 4* 4" 14 3|4 |47|4"

3" |5 3" |5 3" |5 3" 5"

Fig. 12. An illustration of the level-increasing map ¢4 applied to T = (R, E) € RSE3()\), where A =
(5,5,5,4,4,2). The first diagram shows T, where row>3(R) is colored yellow and the cells with a 2* are
colored pink. If we remove the cells with a 2* we get the second diagram, where the entry of the last cell
in each column without a 2* is written in boldface. If we perform the reverse RSK algorithm to rows>s(R)
starting from each boldface entry from right to left, we obtain R’ in the third diagram, where 1 and 3 are
bumped from columns 2 and 5 respectively. By shifting rowZQ(R’) down by one, putting the bumped entries
in the corresponding columns in row 2, and filling each empty cell with the same entry directly below it,
we obtain the fourth diagram, which is ¢4 (T') € RSE3(\).

Step 2: Let R’ be the tableau obtained from R by replacing rowsy(R) by R;. Shift
rowsy(R’) down by one so that row k of R is now empty. For each 1 < j < X, if
j = b; for some i, then let R'(k,j) = a;, and otherwise let R'(k,j) equal R'(k+1, 7).
Finally, mark row k + 1 of R’ as the level and define ¢ (T) = (R, E’).

The following proposition is shown in [9, Proof of Theorem 9.8].

Proposition 4.5. Let A\ be a partition with £(\) = €. For 1 < k < ¢ — 1, the maps
¢4 : RSEL(A) — RSEiry1(N) and ¢— : RSEg1(A) — RSEL(N) are weight-preserving
bijections and they are mutual inverses.

As a corollary to Proposition 4.5, we obtain that the map ¢! : RSE;(A\) — RSE;()\)
is a weight-preserving bijection. Since we can identify RSE,;(A) with RPP()), it follows
that

amt)= > wtR)= > wt(D)= Y wi(T).

RERPP()) TERSE,()) TERSE; (A)
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33 I|1[T]1 3|
13 % 2122|133 %
1(1]2 31112
1]|21(3%|3* 1]|21(3%|3*
2 (4* 2 (4*

Fig. 13. A skew RSE-tableau T € RSE2(\/u) for X = (6,5,4,4,2) and p = (4,3,1) on the left, and its
corresponding tableau T' € RSE2(A\/p) on the right, where the cells in p are colored gray.

Note that since EE/CM = Eil/\lf for u = ), Proposition 2.2 shows

det (6)\;_i+j(931,$2, N ,tl,tg, e ’t)‘;_l))lgi,jgn = Z Wt(p)
peLyc
By Proposition 4.2,

Z wt(p) = Z wt(T).

peLyc TERSE: (A 1)

Combining the above three equations we obtain (1.1). This proof is essentially the same
as Yeliussizov’s [15, §10.1].

5. Skew RSE-tableaux

In this section we extend the definition of RSE-tableaux to skew shapes and study
properties of the maps ¢_ and ¢4 on them. We first need to extend the definition of
elegant tableaux.

Let p be a partition. A p-elegant tableau is an SSYT E of a certain skew shape \/v
with g C v such that p +1 < E(i,j) <i— 1 for all (i,5) € A\/v. Note that the (-elegant
tableaux are the usual elegant tableaux.

Definition 5.1. A (skew) RSE-tableau of shape \/u of level k is a pair T = (R, F) satis-
fying the following conditions:

o R € RPP(v/p) with row k of R marked, for some partition v satisfying u C v C A
and row<y (v) = row<g (M),
o row>;(R) is an SSYT, and
o E is a u-elegant tableau of shape \/v such that every entry in E is at least k.
The set of RSE-tableaux of shape A/u and level k is denoted by RSE(M\/u).
The weight of T = (R, E) € RSE;(A\/p) is defined in the same way by

wt(T) = wt(R)tp.
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For example, if T is the skew RSE-tableau in Fig. 13, then wt(R) = zjx323t1, tp = t3t4,
and wt(T) = wt(R)tp = xizizitit3ty.

We also define RSE () to be the set of RSE-tableaux (R, E) of shape A and level k,
where the entries of R are taken from

(T<2<-<l<2<--}, (5.1)

while the entries of E are still positive integers.

For T = (R, E) € RSE.(\/p), let T be the RSE-tableau (R, E) € RSE;()\), where R
is obtained from R by filling the cells in row i of u with i’s for each 1 < i < £(u). We
will identify 7" with T so that RSEx(\/u) € RSEx (). By replacing each entry i in E by
i* and putting R and E together we will also consider T =T = (R, E) € RSE,(\/u) as
a tableau of shape A\ whose entries are taken from

{I<2<--<1<2<--<1¥<2" <+ L. (5.2)

We call the elements in (5.2) the extended integers. See Fig. 13 for an example of this
correspondence. Sometimes we will also consider T' € RSEx(A/u) as an RPP of shape A
whose entries are extended integers. We call i a negative entry and i* an w-entry.

The following proposition is immediate from the definition of RSEg(A/u).

Proposition 5.2. Let T € RSE;(X). Then T € RSE,(A\/p) if and only if the following
conditions hold:

(1) The cells containing a negative entry are exactly those in p.
(3) If T(i,j) = a*, then ps +1 < a < N, — 1.

Note that if T = (R, E) € RSE;{(A/p) then we can regard T as an SSYT of shape
A/p whose entries are from {1,2,...,1%,2* ... }. Using this observation, similarly to
Proposition 4.2, the following proposition is easy to verify.

Proposition 5.3. The map Tab is a weight-preserving bijection between L’?I/cu and
RSE; (A/p).

If T = (R, E) € RSE¢(\/p), then by definition of an RSE-tableau, we must have
E =) and R can be any RPP of shape A\/u whose entries are positive integers. Hence,
we will identify RSE;(A/u) with RPP(A/pu).

Using the ordering given by (5.1), the same maps ¢_ and ¢, are applied to RSEy ().
By the identification RSE;(\/u) € RSEx()\), these maps ¢_ and ¢ are also applied to
RSE;(A/p). See Fig. 14 for an example.

The following definitions will be used frequently for the rest of this paper. See Fig. 15
for an example.
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|11 3 TTTT33|*
22213~ 22211
3(1[1]2 31112
1]2(3%|3* 1]2(3%|3*

2 (4" 2 (4"

Fig. 14. If Ty € RSE2(A/p) and T> € RSE;(A/pu) are the left and right diagrams respectively, then ¢_ (T7) =
T2 and ¢+(T2) = Tl.

1|1|1 1|T|1]1 T|T|1T|1T|1T|1]|1
2022 2|1]2]|1" 2(2(2(2|1]2]|1*
3131 1122 331|122
4|13 1* (2" 4(1]3(17|2*
31427 2% |4 314|27|2"|4"
3(1%|3" 3(1%|3"

1* 1*

Fig. 15. An RPP T} on the left, an RPP T5 in the middle, and T} LI T5 on the right. Since T; U T5 is also an
RPP, we have T1 < Ts.

T(1]x*
2 (1"

1
2| %

==l

Fig. 16. An RSE-tableau T' € RSE1((2,2)/(1)) on the left and its image ¢4+ (T") € RSE2((2,2)) on the right.
Note that ¢4 (T) ¢ RSE2((2,2)/(1))-

Definition 5.4. Let T} and T be RPPs whose entries are extended integers. Define T7 UT5
to be the tableau obtained by concatenating Ty and 75, i.e., col<x(Th UTz) = Ty and
col> 41 (11 UT) = Ty, where k is the number of columns in 7. Define Ty < T3 if 77 UTh
is also an RPP (with extended integers).

Note that if T and Ty are RSE-tableaux of levels k; and ks, respectively, with ky < ko
such that T7 < T, then T U T with row ko marked is an RSE-tableau of level k.

In Lemma 5.5 below we will show that ¢_ is a map from RSEj(A/p) to RSEx_1(A\/ ),
i.e., for every T' € RSE(A\/p) we have ¢_(T') € RSE;_1(A/p). On the contrary, ¢4 does
not always send an element in RSE;_1(A/u) to an element in RSE,(A\/u), see Fig. 16.
We will find equivalent conditions for T' € RSEj_1(A/p) to satisfy ¢4 (T) € RSEx(A/p)

in Lemma 5.6
Lemma 5.5. Let T € RSE,11(A/p). Then ¢_(T) € RSEx(M\/ ) and, for all 1 < s < py,
¢—(T) = col<s(T) U p_(col>s11(T)). (5.3)

Proof. Let T = (R, E). Since T' € RSEi+1(A/p) € RSEg41()N), we have ¢_(T) €
RSEg(A). In order to show ¢_(T) € RSEk(M\/u), we must show that ¢_(T) satisfies
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the three conditions in Proposition 5.2. To this end we first prove the following claim,
which is equivalent to (5.3).

Claim: If 1 < s < py, then col<s(¢—(T)) = col<s(T) and colss11(¢p_(T)) =
- (colsn1 (7). . -

The first s entries of row k in T are all k and every entry in row k + 1 is either k£ + 1
or a positive integer. Thus the first s entries are novel entries. In the definition of ¢_
we delete row k of R and insert the novel entries into rowsx1(R) (after shifting it up
by one). Since k is smaller than every entry in rows1(R), each of the first s insertion
paths is a straight vertical path. Since insertion paths never intersect, the first s columns
are not changed after the insertion of the first s k’s. This shows the first identity of the
claim. The fact that the insertion paths starting from columns of index greater than py
never enter columns of index at least p also implies the second identity of the claim.

We now show that ¢_(T) satisfies the three conditions in Proposition 5.2. For the
first two conditions it is enough to show that the restrictions of T and ¢_(T') to u are
equal because ¢_ preserves the total number of negative entries. Since p is contained in
row<g(A) U col<,, (A), this follows from the special case col<,, (¢—(T')) = col<,, (T) of
the claim and the fact row<y(¢— (1)) = row<y(T). For the third condition note that in
the construction of ¢_(T') = (R, E’) from T = (R, E), E’ is obtained from E by adding
some k*’s. Suppose ¢_(T)(i,j) = a*. If a # k, then we must have T'(i,j) = a*. Since
T € RSE4+1(A/p), in this case ,u;» +1<a< )\3 — 1. If a = k, we must have j > ug + 1
since col<,, (¢—(T')) = colcy, (T') and T has no k*. But j > . + 1 implies that u}; <k,
and ¢_(T') € RSEg(A/p) implies k < A — 1. Hence the third condition also holds and
the proof is completed. O

Lemma 5.6. Let T € RSEg(A/p). Then the following are equivalent:

Proof. We will prove the implications (1) = (2) = (3) = (4) = (1).
(1) = (2): Let 7" = ¢4 (T) € RSEp11(A/p). Then T' = ¢_(T") € ¢—(RSEj11(A/1)).
(2) = (3): Suppose T' = ¢_(T") for some T” € RSEj41(A/p). Then T" = ¢ (T). We
need to show that for 1 < s < py,

col<s(T") = col<4(T),
col>s+1(T") = ¢ (col>s4+1(T)).

By Lemma 5.5, T = ¢_(T") = col<s(T") U ¢p_(col>s+1(T”)). This shows that col<,(T) =
col<4(T"), which is the first equality, and col>s41(T) = ¢—(col>s+1(T")), which is equiv-
alent to the second equality after applying ¢ .
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(3) = (4): The fact that ¢ (T) = col<y, (T) U ¢4 (col>,,+1(T)) is an RPP (with
extended integers as entries) shows that col<,, (T') < ¢4 (cols,, +1(T)).

(4) = (1): Suppose that T = (R,E) € RSEgi(\/pn) satisfies col<,, (T) <
¢4 (col>p,+1(T)). To show ¢ (T) € RSEpy1(A/p) we must show that ¢ (T) sat-
isfies the three conditions in Proposition 5.2. Since the restriction of ¢4 (T) to the
w-entries is exactly the same as that of T' with k* deleted and 7' € RSE;4+1(M\ /) sat-
isfies the third condition, so does ¢4 (T). For the first two conditions, it is enough to
show that the restrictions of T and ¢4 (7T) to p are the same. Since p is contained in
row<g(A)Ucols,, +1(A) and row<y (¢ (T)) = row<y(T), it suffices to prove the following
equality:

ol (64 (T)) = col<, (7). (5.4)

To show (5.4) we investigate the construction of ¢, (7") in Definition 4.4. Let ¢; <
¢y < --- < ¢ be the column indices j such that column j of £ does not contain k.
Since (R, E) € RSE;(\/p), E is a p-elegant tableau. Thus for every cell (4, j) of E with
1< j < pg we have E(i,j) > u;» +1 > k + 1. This shows that E has no entries equal to
k in the first pp, columns, i.e., ¢; =7 for all 1 < j < py.

Recall that in the definition of ¢4 (T") we apply the reverse RSK algorithm to rows(R)
starting from the last cell of column ¢; for j = r,7 —1,...,1 in this order. We denote by
Pj each inverse bumping path.

Claim: P, , P, _1,..., P are straight vertical paths.

By the construction of ¢4 (T) the claim implies (5.4). Hence it suffices to prove the
claim. To this end let ) be the tableau obtained from rows(R) by applying the reverse
RSK algorithm to the last cell of column ¢; for j = r,r—1,..., ur+1. Note that the same
process is applied to row>(col>,, +1(7)) when we compute (R1, E1) = ¢ (col>,, +1(T)).
Since row>+1(R1) has been shifted down in Step 2 of the definition of ¢, we have

rowsp4+1(R1) = rows>(Q). (5.5)

Suppose that Ry (k, ur+1) < Ri(k+1, ur+1). This means that the entry Ry (k, pp+1)
was bumped during the applications of the reverse RSK algorithm. Since column puy + 1
is the leftmost nonempty column of cols,, +1(T"), the reverse bumping path that pushed
this cell must be a straight vertical path and we must have c,, +1 = pr + 1. Since each
path Pj, for 1 < j <y + 1, starts from column j and P, 4 is a straight vertical path,
by the non-intersecting property of the reverse bumping paths, the claim follows.

Suppose now that Ry (k, ur +1) = R1(k+ 1, ux + 1). By the same reasoning as in the
previous paragraph, it is sufficient to show that P, is a straight vertical path. By the
assumption col<,, (T') < ¢ (col>,, +1(T)), we have col<,, (R) < R;. This together with
(5.5) implies that R(i, ux) < Ri(i,ux +1) = Q¢ — 1, g + 1) for all ¢ > k + 1. These
inequalities and the assumption Ry (k, pux + 1) = Ri(k + 1, pi, + 1) ensure that P, is a
straight vertical path. This completes the proof of the claim. O
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The following two lemmas will be useful in the next section.

Lemma 5.7. Suppose T' € RSEy(colsc+1(V/1)), where b, ¢ are nonnegative integers, V is
a vertical diagram, and p is a partition with p C V' such that colsc41(V/p) is a skew
shape and 1 < ¢ < pp. Then for all1 <d<b—1and1<j < up—1, we have

¢2(T) € RSEp—a(colsc11(V/1)), (5.6)

¢ (T) = col<;(T) U ¢% (colsj 41 (T)). (5.7)

In other words (5.7) means that applying ¢% to T is the same thing as applying ¢ only
to the columns of index greater than j while keeping col<;(T') unmodified.

=

Proof. Since col>.11(V/p) is a skew shape, applying Lemma 5.5 repeatedly gives (5.6).

We prove (5.7) by induction on d. If d = 1, it is just Lemma 5.5. Suppose that (5.7)
is true for 1 < d < b — 2 and consider the d + 1 case. Using Lemma 5.5 with (5.6) and
the inequality 7 < pp—1 < pp—g—1, we have

6—(62(T)) = col<;($2(T)) U ¢ (col>j41(¢2(T)))- (5:8)
Note that the induction hypothesis (5.7) for the d case is equivalent to
col<; (92 (T)) = col<j(T),  colzja(¢2(T)) = ¢ (colsj41(T)).
Hence (5.8) can be written as
¢TH(T) = col;(T) U ¢ (¢ (colj41(T))) = col<; (T) U ¢ (colzj44(T)),
which is (5.7) for the d + 1 case. This completes the proof. O

Lemma 5.8. Suppose T' € ¢* (RSEy(colsc+1(V/1)), where a,b, ¢ are nonnegative integers,
V' is a vertical diagram, and p is a partition with p C V such that col>c+1(V/p) is a
skew shape and 1 < ¢ < py,. Then for all1 <d <a and 1 < j < pp—qi+d—1, we have

¢3(T) € RSEp—aralcolsei1(V/n)), (5.9)
¢4 (T) = col<;(T) U ¢2 (cols+1(T)). (5.10)

In other words (5.10) means that applying qb‘_f_ to T is the same thing as applying (b‘j_ only
to the columns of index greater than j while keeping col<;(T') unmodified.

Proof. Since ¢_ and ¢4 are inverses of each other, the assumption T €
¢ (RSEp(col>ct1(V/p)) together with Lemma 5.7 implies that for all 1 < d < a,

¢4(T) € ¢*"(RSEp(colse11(V/p)) € RSEp_aralcolser1(V/p),
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which shows (5.9). For the second statement, let 77 = ¢ (T). Then (5.10) is equivalent
to

col<(T") = col<;(T),  colsju1(T") = ¢ (col>j41(T))- (5.11)
Since T" = ¢4 (T') € RSEp—q+a(colsc41(V/p)), by Lemma 5.7,
T = ¢2(T") = col<;(T") U ¢ (col>j41(T")).

This shows that
col<;(T) = col<;(T"),  cols;41(T) = ¢2 (cols 41 (T")).

By taking ¢4 in each side of the second equation we obtain (5.11), completing the
proof. O

Recall that at the end of the previous section we showed that ¢~ ' : RSE/(\) —
RSE; (\) is a weight-preserving bijection and

ga(z;t) = Z wt(R) = Z wt(T') = Z wt(T).

RERPP()) TERSE,()\) TERSE; (\)

For the skew shape case the map ¢_ : RSEg(A/p) — RSEj_1(A\/p) is not a bijection
but just an injection.

Proposition 5.9. Let A and u be partitions with u C X and £(X) = £. Then, for2 <k </,
the map ¢_ : RSEL(A/pu) — RSEx_1(N/u) is a weight-preserving injection. In other
words, ¢— : RSEp(A/ ) — ¢_(RSEL(A/p)) is a weight-preserving bijection.

Proof. This follows from Proposition 4.5 and Lemma 5.5. O

The fact that ¢_ : RSEg(A/u) — RSEg_1(\/p) is an injection can still be used to
give a different expression for gy, (z;t).

Proposition 5.10. Let A and p be partitions with p C X and £(\) = £. Then

Ia/ule;t) = > wt(T).

Te¢’ ™ (RSE¢(M /1))

Proof. By the identification of RPP(A/u) and RSE,(A/p),

Gyulmt)= > wt(R)= Y wt(T).

RERPP(A/p) TERSE,(\/ 1)
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Applying Proposition 5.9 repeatedly we obtain that ¢*~1: RSE,(\/u) — ¢*~ H(RSE,(\/1))
is a weight-preserving bijection. Therefore

> wi(T) = > wt(T),

TERSE(N/ 1) Te¢’ " (RSE¢(A/))
and the proof follows. O

By Propositions 2.2 and 5.10, in order to prove Theorem 1.1 it is sufficient to show
the following proposition whose proof will be given in the next section.

Proposition 5.11. Let A and p be partitions with 1 C X, £(A\) = £, and £(N) = n. Then

Z wt(p) = Z wt(T).

pELRY Tep™ " (RSE¢(M/ )
6. Sign-reversing involution

In this section we define a sign-reversing involution on [,?\I/VE to prove Proposition 5.11.
Recall Notation 2.1. For any tableau @ denote by colp, (@) the part of @ consisting of
column j for all j € Dj. The following proposition is an immediate consequence of
Proposition 5.3.

Proposition 6.1. Let p = (p1,...,pn) € L/, and T = Tab(p). Then p € Ei%? if and
only if each colp, (T') (with row 1 marked) is an RSE-tableau of level 1 (and of some
skew shape).

We now define the sign-reversing involution ® on E?\l/\f . See Section 7 for a concrete

example of the map .

Definition 6.2 (The sign-reversing involution ® on Lil)ﬂ?) Let p € Ei%c Then ®(p) is
defined as follows. Here we use the letters defined in Notation 2.1.

Step 1: Suppose T' = Tab(p) € VT(n(A\)/p) and write T = T,4q U --- U T UTh, where
each T; = colp, T is considered as an RSE-tableau of level 1.

Step 2: Let Uy = Ty. For i = 1,2,...,r, if U; has been defined and T;11 < ¢ (U;),
define U;;1 to be the RSE-tableau Tj 1 U ¢} (U;) with level M; + 1.

Step 3: If U,11 is defined, set ®(p) = p. Otherwise, let k be the smallest integer such
that Ty 1 £ ¢ (Ux). In order to define ®(p) we proceed as follows.
Step 3-1: Let v = (71, ..,7v¢) be the partition defined by

>\'L'a if 1 < { < Mk7
Vi =
min()\i,dk), if M +1<i<H/{.
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Dy, >dp+1 Dy >dr+1
/_/%/—/%

[ N N—

1+ (Uk) My, Uk

di+1

Tab(q’)

Fig. 17. The construction of ’IN’k_H and Ug. The tableau ’ZN";C_H U Uy is obtained from Try1 U ¢ (Ug) by
replacing Tab(q) by Tab(q’).

Considering row>az, +1(Th+1 U ¢1*(Uy)) as an element in VT (7(X)/v), let q =
(q1,---,4n) be the n-path such that

Tab(q) = rowsar,+1(Th1 U 7 (Us)).

Step 3-2: Let s be the largest integer such that column s of rows az, 41(¢7'* (Us)) is

nonempty. Choose the intersection point (a,b) of ¢; and g; for dpy1 +1<14,j <
in such a way that (b,a) is the largest in the lexicographic order. Let ¢; and ¢
be the paths obtained from ¢; and g¢;, respectively, by exchanging their subpaths
after the intersection (a,b). Define g’ to be the n-path q in which ¢; and g; are
replaced by ¢; and g, respectively.

Step 3-3: Note that rowp, (Tab(q)) = rowsas,+1(Tk+1) and rowsq,+1(Tab(q)) =

row > ar,+1(¢1% (Ug)). Let Tr11 be the RSE-tableau of level 1 obtained from 7T}
by replacing rowp, (Tab(q)) by rowp,(Tab(q’)). Let Uy be the RSE-tableau
of level Mj + 1 obtained from ¢"*(Uy) by replacing rowsgq,+1(Tab(q)) by

row>q,+1(Tab(q’)). See Fig. 17 for an illustration of the construction of Ty
and Uj. Let

T/ =T U UTgpo UThyr U oM (Uy).

Finally, define ®(p) to be the n-path p’ satisfying Tab(p’) = T".

The main theorem in this section is as follows.

Theorem 6.3. The map @ is a sign-reversing involution on Eﬁl/\lf whose fized point set is

{p e £ Tab(p) € o (RSE.(\/1)) }
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Note that Theorem 6.3 immediately implies Proposition 5.11, and hence completes
the proof of Theorem 1.1. The rest of this section is devoted to proving Theorem 6.3.
We will constantly use the notation in Definition 6.2.

We first show that ¢ is a well-defined map on £SNC The only thing that needs to
be checked is Step 3-3 in the construction of ®(p). More precisely we must check the
three assertions in the following lemma. One can see that these three assertions imply
®(p) =p € Eil/\ﬂc as follows. By the second assertion, we obtain that ¢™*(Uy) is an
RSE-tableau of level 1. This together with the first assertion implies that colp, (T”) is
an RSE-tableau of level 1 for all 1 < k < r+ 1. Then Propositions 3.2, 6.1 and the third
assertion imply that p’ € Li%c
Lemma 6.4. Let p € E?\%C with type(p) = w. Suppose that U,y is not defined in the
construction of ®(p). Then

(1) Typ1 is an RSE-tableau of level 1,

(2) Uy is an RSE-tableau of level My + 1, and

(3) T e VI(n'(\) /), where ' = (i, j) and (4, ) is the transposition exchanging i and
J.

Proof. Recall that ' = (¢,...,q,) and q = (q1, ..., q,) differ only by the ith and jth
paths, where ¢; and g; are obtained from ¢; and g; by exchanging the subpaths after
the intersection (a,b). Suppose i < j so that ¢ € Dy and j > di + 1. The choice of
the intersection point (a,b) in Step 3-2 guarantees that both {q] : dp+1 +1 < 1 < di}
and {q] : dp +1 <[ < s} are non-intersecting. This implies that colp, (Tab(q’)) and
col>q,+1(Tab(q’)) are SSYTs (whose entries are extended integers). Moreover, since
i < j, the initial point (u} +mn — j,0) of g; is to the left of the initial point (u; +n —4,0)
of g;. Therefore the intersection (a,b) of ¢; and ¢; must occur after the first diagonal
step of ¢;. This shows that row My + 1 of col>g,+1(Tab(q’)) is the same as that of
col>a,+1(Tab(q)).
Note that

I‘OW<Mk (Tk+1 TOWng (Tk+1 ),

colp, (Tab(q")),

)=
row< s, ( k) = row<ar, (01" (U)),
rows a1 (Tha1) =

)=

rows az, +1(Ux) = cols g, +1(Tab(q')),

where everything in the right-hand side is an SSYT (whose entries are extended integers)
except row< g, (¢'["* (U)), which is an RPP. Thus checking the first and second assertions
reduces to checking the following:

(1) Rows My and My, + 1 of Tk;Jrl form an SSYT.
(2) Rows My and My, + 1 of Uy form an RPP.
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The first statement is true because row My of TVkH is empty (or equivalently filled with
negative entries M’s). The second statement is also true because rows My and M + 1
of Uy, are identical with those of col> g, +1(¢™* (Uy)) by the last sentence of the previous
paragraph.

For the final assertion recall that Tab(p) € VT(n()\)/u) and Tab(q) € VT(7()\)/7).
By Lemma 3.3, type(p) = type(q) = 7. Since q’ is obtained from q by changing the
tails of ¢; and ¢;, we have type(q’) = 7’. Hence, by Lemma 3.3, Tab(q') € VT(7'()\)/7).
Since T” has the same inner shape as T and the same outer shape as Tab(q’), the third
assertion follows. 0O

The following lemma gives a more direct way of computing U;.
Lemma 6.5. Using the notation in Definition 6.2, for 1 <i <r+1, if U; is defined, then
¢¥i_1(Ui) = col>q,+1(T),
or equivalently,

Ui = ¢{\|-Ji_1 (COIZdH-l (T))7

where My = 0.
Proof. We proceed by induction on ¢. It is true for the case ¢ = 1, which is
U, = Ti. Assume true for the case i > 1 and consider the case 7 + 1. Since

U7;+1 € RSEMi+1(C012d1+1+1(7'r(/\)/p,)) and Un; = di, by Lemma 5.8, qul(UH_l) €
RSEM@'71+1(COIZCQ+1+1(F(A)/N)) and

@™ (Uigr) = col<q, (Uig1) U @™ (col>a,+1(Uis1))-
Using the construction of U; 11 = Tj41 U@ (U;) the above equation can be rewritten as
" (Uigr) = Tipar U T (91 (Us)) = Tipr U Ui,
which implies
col<q, (07 (Uit1)) = Tiv1,  colzq+1(07 (Uig1)) = Us. (6.1)

Since ¢ (Usy1) € RSEn;,_,41(col>q,+1(A/p)) and di = pn, < par,_,, by using
Lemma 5.8 and (6.1) we obtain

M (8™ (Uys1)) = coleq, (6™ (Uigr)) U 6™ (colsa,41 (6™ (Uig)))

=T U ¢¥ifl(Ui)-
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By the induction hypothesis, "' (U;) = col>g4,4+1(T"). Hence the above equation can
be rewritten as

M (Uig1) = Tisr U colg, 41 (T) = colsa,,,+1(T),
which is the desired statement for the i 4+ 1 case. This completes the proof. O
The following lemma gives an equivalent condition for U; to be defined.

Lemma 6.6. Using the notation in Definition 0.2, for 1 <i <r+ 1, U; is defined if and
only if

COlZdH-l(T) € ¢¥i_1(RSEMq‘,—l-‘rl(COIZdH-l(p)))v (6.2)
where p =sh(T) = w(\)/p.

Proof. Suppose that U; is defined. Then (6.2) follows immediately from Lemma 6.5 since
U; € RSEpy;_,+1(col>q,4+1(p)).

Conversely suppose that (6.2) holds. We will prove by induction that Us is defined
for all 1 < s <. The case s = 1 is trivial. Assume that Uy is defined and 1 <s <7 — 1.
Then by Lemma 6.5,

Uy = ¢} (colsa, 11(T)). (6.3)
Recall that Usy 1 is defined if T 1 < ¢ (Us). To show this let @ = col>g, 11 (7). Since

Q € ¢ (RSEp,_, 4+1(col>4,41(p))), by Lemma 5.8 with a = M;_1,b = M;_1 +1,d =
M, y,and j = pp_q_q-1 = KMy = ds, we have

¢ (Q) = coleq, (Q) U ¢} (cola,+1(Q)) € RSEns, 11 (colsct1(p)). (6.4)

This implies that col<q,(Q) < ¢A+/[3(C012d5+1(Q)). Since the leftmost columns of
col<q, (@) and T,41 coincide, we also have

Tor1 < 0¥ (col>a,4+1(Q))-
On the other hand, by (6.3),

P (colzq,41(Q)) = ¢ (colzq,+1(T)) = &7 (Uy).

The above two equations show that T, 1 < QSTS (Us) and hence Uy is defined. Therefore
by induction Uj; is also defined, which completes the proof. O

The following lemma shows that ® has the desired fixed points.
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Lemma 6.7. We have ®(p) = p if and only if T = Tab(p) € ¢* " (RSE,(\/1)).
Proof. Suppose ®(p) = p. Then U,.;; is defined and therefore by Lemma 6.5,

T = colsa, ., 11(T) € 9™ (RSEys, 11 (M p)). (6.5)

Thus T = ¢™"(Q) for some Q € RSEy, 11(A\/p). To obtain T € ¢~ (RSE,(\/p)) it
is enough to show that Q € ¢" "'~ (RSE,(\/)) because it would imply that there is
Q' € RSE¢(\/p) satisfying

T = ¢ (Q) = oM (¢ 7HQ")) = ¢ H(Q).

Since Q = ¢T"'+1_1(Q') if and only if ¢”"" Q) = @, the condition Q €
@™ T HRSE (M 1)) s equivalent to ¢ Q) € RSEy(\/p). We will show by in-
duction that

¢ (Q) € RSE, 114:(M/ 1), 0<i<mpq1 —1, (6.6)

which is true for ¢ = 0 by assumption. Let 0 < i < my41 — 2 and suppose (6.6) is true for
i. Now we apply Lemma 5.6 with T' = ¢/, (Q) and k = M, + 1 +i. Since pps, 41445 = 0,
the fourth condition of the lemma trivially holds. Hence the first condition of the lemma
also holds and we obtain ¢ (¢% (Q)) € RSEa, 114i+1(M/p), which is exactly (6.6) with
¢ 4+ 1. By induction (6.6) is true for all 0 < ¢ < m,11 — 1, and in particular we obtain
T"“fl(Q) € RSE;(A/p) as desired.

Conversely, suppose that T € ¢} (RSE;(\/u)). To show ®(p) = p, we must show
that U,41 is defined, which is by Lemma 6.5 equivalent to (6.5). By the assumption there
is Q € RSE;(\/p) with T = ¢*~1(Q). Let Q' = ¢™ '~ 1(Q) so that

T =¢"1Q) = o™ (6™ 7HQ)) = o™ (Q").

=G~

By applying Lemma 5.5 repeatedly, we obtain Q' = ¢™ ' ~1(Q) € RSEp, +1(A/p),
which shows (6.5). O

The following lemma shows that ® is indeed an involution.
Lemma 6.8. If ®(p) = p’ and p # p’, then ®(p’) = p.

Proof. In this proof we will use the notation X (p) to indicate the object X, for example
X=U,or X = ﬁk, in Definition 6.2 when we apply ® to p.

Let p = sh(T'(p')). Then U(p) € RSEs, +1(col>q,+1(p)), and by Lemma 5.5, we
have ¢™* (Uk(p)) € RSEns, _, 41 (col>q,41(p)). Since

COIde+1(T(p/)) = (bﬁ/[k (ﬁk(p))
= M1 (6™ (Ur(p))) € qb]yk’l(RSEMk_lﬂ(COlzdk+1(P)>)a
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by Lemma 6.6, Uy(p’) is defined. Then by Lemma 6.5,

Uk(p') = 6" (cola,41(T(p))) = 01~ (67 (Tu(p))) = 6 (T(p)).

or equivalently,

Ui(p) = ¢ (Us(P"))-

By the construction we have Tj11(p) £ Ug(p). Since Tyy1(p') = Thp1(p), we obtain

Trr1(p) £ 77 (Ur(p")).

Therefore in the construction of ®(p’), U1 (p’), U2(p’), ..., Ux(p’) are defined but not
Ui+1(p’). Observe that in Step 3-1 we compute

Tab(q(p')) = rows s, +1(Ths1 (P') U 67 (Ur(p))) = rows a1, +1(Ties1(p) U Ur(p)))
= Tab(q'(p))-

Since the map in Step 3-2 sending q to q’ is easily seen to be an involution, we obtain
that Tab(q’(p’)) = Tab(q(p)) and therefore

Tk+1(P/) = Tr41(p), ﬁk(P/) = ¢ (Uk(p))-

Then

T'(p') = T (p') U+ UThya(p') U Tirr (p') U o™ (Ui (D))

= T:(p) U+~ U Thr2(p) U Thoy 1 (p) U 62" (Un(p)).

By Lemma 6.5, ¢~ '(Uk(p)) = colsg,+1(T(p)), and we obtain 7"(p’) = T(p). This
means that ®(p’) = p as desired. O

Now we can prove Theorem 6.3 easily. By Lemmas 6.7 and 6.8, ® is an involution on
Eilff with the desired fixed point set. Suppose that ®(p) = p’ and p # p’. Lemma 3.3
and the third assertion of Lemma 6.4 show that sign(type(p’)) = — sign(type(p)). Note
that wt(p) = sign(type(p)) wt(7T') and wt(p’) = sign(type(p’)) wt(7”). By the construc-
tion of ®, we have wt(T) = wt(T”), and hence wt(p’) = — wt(p), which completes the
proof.

7. An example of the involution ®

In this section we give a concrete example of the involution ® applied to p which is
not a fixed point.
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Fig. 18. An n-path p € Ci?f on the left and the vertical tableau T' = Tab(p) € VT(w(\)/u) on the right,
where n =6, A = (6,6,5,5,5,5,5,5,4), p=(5,3,3,1,1,1), and 7 = (3,2,4,1,5,6). Each p; is a path from
A; = (p +n—14,0) to By, = (A, +n — m;). The gray cells are those in p. At the top of each column is
written the tableau T; containing that column.

Let n =6, A = (6,6,5,5,5,5,5,5,4) and . = (5,3,3,1,1,1). Then N = (9,9,9,9,8,2)
and ¢’ = (6,3,3,1,1). Let A; = (u; +n —1,0) and B; = (A, + n — 4, 2w). Consider
the n-path p € Ei%? in Fig. 18. Note that type(p) = = = (3,2,4,1,5,6). We construct
®(p) = p’ as follows.

In Step 1, we find T' = Tab(p) and express T = Ty UT5 UT> UT; as shown in Fig. 18.
Then T € VT(7w(A) /).

In Step 2, we find Uy and ¢7'* (U1) = ¢4 (Us) as in Fig. 19, and Uy = ToU¢" (Uy) and

"2 (Us) as in Fig. 20. Observe that T3, which is columns 2 and 3 in the right diagram
of Fig. 20, does not satisfy T3 < ¢'"*(Uz). Therefore Us is not defined and Step 2 is
finished.

In Step 3, k = 2 is the smallest integer such that Ty 1 £ ¢ (Ug).

In Step 3-1, we have s = 5 and v = (6,6,5,1,1,1,1). The vertical tableau
10w az, +1(Tk U " (Up—1)) € VI (7w(X)/v) and its corresponding n-path q are shown in
Fig. 21.

In Step 3-2, there are 7 intersections among {g; : dg4+1 +1 < i < s} = {q2,43, 4,95}
and the intersection (a,b) = (8,8) of ¢; = g3 and ¢; = g5 is chosen. Then ¢’ is obtained
from q by exchanging the subpaths of g3 and g5 after (8,8). See Fig. 22 for q’ and its
corresponding vertical tableau.

In Step 3-3, TV;Hl ] l?k = fg U [72 is obtained from Ty U ¢ (Uy) = T3 U ¢1(U2) by
replacing the part equal to Tab(q) by Tab(q’), see Fig. 23. We then compute ¢** (U},) =
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U1 ¢+ (U1)
T|T|T|(T|T]|1]|=% T(T|1T|1|T]|1
20212222 2022|222«
3|3|3|3|3 3|3|3[3|3
1|3|3]a]|7 13347
5|l6|8|5]8 5|l6|8|5]s
668|962 68962
2 [a*]a | 73 2 [4%|a*| 7|3

5*6* | 8 |5 5*6* | 8 5

* 9 6* 9

s s
4% 4+
5* 5*

Fig. 19. U; = T} is the last column in the left diagram and d)T‘(Ul) = ¢4+(Uy1) is the last column in the
right diagram. The level of each RSE-tableau is marked by a star.

Uz ¢+ (U2) ¢% (Us)
T|T|T|T|T]|1 T|T|T|T|T]|1 T|T|T|T|T]|1
2122|222« 2122222 2(2(2(2]|2]|2
3(3|3|3]|3 3(3[3|2]3]x 3(3[3[2]|3
1|3|3|al7 1|3|3|3]4 1|3|3|2|3]«
5|6|s|5]s 56857 5|6|s|3]4
68962 6|s|ol6]s 6ls|ols|7
2 a7 |a] 7 |3 2 a7 |a*] 7 |3 2 [a* 4|68

5*[6%] 8 |5 5* 67| 8 |5 5% [6%] 7 |5

6" 9 6" 9 6" 8

BT T |9
4% 4* 4"
5% 5% 5%

Fig. 20. Uz = T U ¢'["* (Uy) is the last three columns in the left diagram, ¢, (Uz) is the last three columns
in the middle diagram, and ¢'"*(Us) = ¢2+(U2) is the last three columns in the right diagram.

¢ (Uy) as in Fig. 24. Finally, the tableau 7" = Tpyq U -+ U Thyp U Thyy U (;Sf"(ﬁk) =
Ty UT5 U ¢3% (Us) and the corresponding n-path p’ are obtained as in Fig. 25.
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Fig. 21. The vertical tableau row> ar, 11 (T3 U ¢'? (Uz2)) € VT(w(A)/7) and the corresponding n-path q. The
chosen intersection (a,b) is circled.
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Fig. 22. The n-path q’ and the corresponding vertical tableau Tab(q') € VT(n’()\)/7v), where ' = 7(4,5).
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1|1|1T|1T|1 1|1|1T|1T|1
302222 322|222
33|23 33|23
3]3l2]3 3|sl2]3
68|34 68|34
glols5]7 8 5% 5|7
4|46 |8 | |68
5+ 6|7 [5* 5* 7|9
6 | |8 6| [8]a*
9] o le*

4 4

5* 5*

Fig. 23. The left diagram is Tk11 U@["* (Ux) = T3 I_Iqbi(Ug), where the part equal to Tab(q) is colored yellow.
The right diagram is Tk+1 [} I}k = ’f’g [} [72, where the part equal to Tab(q’) is colored yellow.

Us ¢ (U2) $% (U2) ¢* (U2)
1(1]|1 (1|1 1(1]1 1 (1|1~
2122 2122 2122« 2122
213 213 % 313 3|3
213 314 4|7 4 |7
34 5|7 518 518
5|7 6|8 619 69
6|8 719 72" 72"
719 8 3" 8 3" 8 3"

8 4% 9 |4* 9 |4* 9 |4*
9 (6" 3* 6" 3* 6" 3* 6"
4% 4* 4* 4*
5% 5* 5* 5*

Fig. 24. The RSE-tableaux Uy = Ua, ¢_ (Uz), $> (Uz) and ¢> (Uz) = ¢™*(Uy) from left to right. The level
of each RSE-tableau is marked by a star.
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