Available online at www.sciencedirect.com Journal of

SCIENCE DIRECT® Combinatorial
@ Theory

Series A

ACADEMIC
PRESS Journal of Combinatorial Theory, Series A 102 (2003) 331-346

http://www.elsevier.com/locate/jcta

Partial orders generalizing the weak order on
Coxeter groups

Curtis D. Bennett®! and Rieuwert J. Blok®

4 Department of Mathematics, Loyola Marymount University, Los Angeles, CA 90045, USA
bDepartment of Mathematics, Michigan State University, E. Lansing, MI 48824, USA

Received 9 October 2002

Communicated by Jonathan I. Hall

Abstract

We define a new family of partial orders generalizing the weak order on Coxeter groups
called T-orders, where T is a set of reflections determining the covers in this order. We show
that the Grassmann and Lagrange orders on the Coxeter groups of type 4,, and B, introduced
by Bergeron and Sottile are in fact 7-orders. These partial orders were used to compute
certain products in the cohomology ring of the flag manifolds associated to the complex
Chevalley groups of these types. We exhibit T-orders generalizing these orders to partial
orders for the Coxeter groups of type D,, Eg, and E;.
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1. Introduction and statement of results

In an effort to further understand combinatorial properties of the Littlewood—
Richardson coefficients, Bergeron and Sottile defined a new partial order on the
symmetric group called the Grassmannian order in [2]. They further extended their
work to a partial order (called the Lagrangian order) on the Coxeter group of type B,
in [3]. These partial orders enabled Bergeron and Sottile to compute some products
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in the cohomology rings of flag manifolds and establish new relations among all
structure constants.

One difficulty in working with these orders is that their definitions can be
somewhat complicated and in any case lack easy generalizations to other Coxeter
groups. In 2000 Evani, in her Ph.D. thesis [7], gave a permutation statistic based
definition of the Grassmannian order. This work was continued in [1], where the
authors simplified Evani’s proof and derived many of the properties of the
Grassmannian order from the permutation statistic definition.

In this article we continue the investigation of the orders of Bergeron and Sottile
and provide a general framework for understanding such orders based on subsets of
the full set of reflections of the Coxeter group in question. In particular, we provide a
general framework for these orders that allows them to be viewed as generalizations
of the weak order. Moreover, this generalization allows one to create many different
partial orders, even allowing one to interpolate between the weak order and the
Grassmannian and Lagrangian orders. Finally, we suggest what might be reasonable
orders to consider for other Coxeter groups that might allow calculations like the
ones that Bergeron and Sottile do in other systems.

We begin by setting some notation. A partial order on a set S is a reflexive, anti-
symmetric, transitive relation < on S, and a partially ordered set P = (S, <) is a set
S and a partial order < on S. We say that b is a cover of ain Pif a<b and a<c<b
implies @ = ¢ or a = b. In this case, we write a<b. As in this paper we will have
many different partial orders on a given set, we shall typically subscript the orders
and use the < symbol with the subscript to denote the cover in that particular order.
We call a sequence a; <a; < --- <ay (wWhere a;€ S for all i and a; is covered by a;.1) a
saturated chain in P. Finally, we say that a partial order on S is rooted at a if for all
beS we have a<b.

A Coxeter system of type M is a pair (W, R) where W is a group, R = {r;};_, isa
set of generators for W, and M = (my);;_, is a symmetric matrix, called a Coxeter
matrix, satisfying m;eN and mj; =1 for all i,j. The group W is defined by the
relations (r;r;)"" = 1.

The length of ve W, denoted /(v), with respect to R equals k if k is the smallest
integer such that v = r;r;,---r;, for some r; € R. The (left) weak order on W with
respect to R, denoted <,, is defined by its covers as follows: u<,v if and
only if

(1) v = ru for some reR,
(2) I(v) =(u) + 1.

Thus, the length is the rank function of the weak order. A reflection of W is a
conjugate of r; for some r;e R, and the r;e R are called fundamental reflections.

Next, let T< W be a set of reflections containing R. A T-gallery for ve W is a
sequence

I = e I Syhl1 <y Syl it =0,
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where t;,eT for i = 1,2, ..., k. Such a gallery is said to have length k, denoted by
Ir(I') = k, and we say that I' is a minimal T-gallery if there are no T-galleries from e
to v of shorter length.

We define the T-order on W as follows: For u,ve W we have u< 7v if and only if
there is a minimal T-gallery for v passing through u. For example if 7' = R, then the
T-order is (by definition) the weak order. Note that <r is necessarily a ranked
order.

In Section 2 we provide the following method to determine if a given partial order
on W is a T-order.

Theorem 1. Suppose < is a partial order on W rooted at the identity e with rank
Sfunction p and let T < W be a set of reflections containing R. If

(W) for u,ve W, u<v implies u<,,v;

(C) the relation u< v implies v = tu for some teT; and

(R) forue W and te T, u<,,tu implies p(tu) <p(u) + 1, with equality if and only if
u<tu,

then < is the T-order on W.

In Section 3 we briefly study the Grassmannian order on the symmetric group. Let
(W, R) be the Coxeter system of type M = A,,. Then W = Sym(n+ 1), r; = (i,i + 1)
(fori=1,...,n), and for i,je{l, ...,n},

1 if i=j,
my =<3 if [i—jl=1,
2 otherwise.

In [2] the authors defined a partial order called the Grassmann order on the
Coxeter group A, in terms of the action on [n+ 1] = {1,2,...,n+ 1}. This order is
defined as follows: For u,ve A, we have u< v if and only if:

(G1) For all ae[n+ 1], a<u(a) implies u(a) <v(a).

(G2) For all ae[n+ 1], a>u(a) implies u(a)=v(a).

(G3) For all a,ben+1], a<v(a), v<u(b) (or a>wv(a), b>v(h)), and a<b,
v(a) <v(b) = u(a) <u(b).

Using Theorem 1 we obtain the following characterization of this partial order.

Theorem 2. Let (W, {r;};_,) be the Coxeter system of type A, i.e. W = Sym(n+ 1)
and r; = (i,i+ 1), and let

T ={(i,))|1<i<j<n}.

Then the Grassmann order is equivalent to the Tg-order.
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Note that T is the set of all reflections of W. Consequently, this theorem implies
that a< b if and only if there exists a Tg-gallery for b that goes through a, or more
precisely, that b can be written as a product of reflections ##;_---#; such that
I i <yl form=1,... kand a=t,---1; for some p<k.

In Section 4 we study the Lagrange order. Let (W,R) be the Coxeter
system of type M = B,. Then W is the group of all permutations on a set of size 2n
preserving a given partition of this set into 2-subsets. More explicitly we can think of

the set as [+n] ={-n,...,—2,—1,0,1,2,...,n} and have the group act on this set
subject to the relation w(—i) = —w(i), foralli = 1,2, ...,n. Fork = 1,2, ..., n we set
k = —k. The generators r; are then represented by the following permutations:

for 1<i<n we have r;=n—in—(i—1)(n—in—(i—1)), and r, = (1,1).
(Note that every element of W fixes 0 in this description, but later as we shall
relate the groups of type B, and Aj,, it is easier to include 0 here.) The matrix M is
given by

if i=j,

if {i,j} ={n—1,n},
otherwise.

mi; =

NS SN N

In [3] the authors defined a partial order called the Lagrange order on the Coxeter
group B, in terms of the action on [+#] as follows:?
For u,ve B, we have u< ;v if and only if

(L1) Whenever ae[+n] with a>u(a) we have u(a)=>v(a); and
(L2) Whenever a,be[+n] with a<b, v(a)>a, v(b)>b, and v(a)<v(h) then
u(a)<u(b).

The rank function of this order is given by (see [2])

pru) =Y |u@)| - #{(a,b) |0<a<b,a = u(a)>u(b)}

a,0>u(a)

—#{(a,b)|a<b,a>u(a),b>u(b),u(a)>u(b)} — Z |al.

0>a>u(a)

Using Theorem 1 we obtain the following characterization of the Lagrange order.

Theorem 3. Let (W, {r;};_,) be the Coxeter system of type B, and let
TL = {}"7”71 Tk | 1 <k<l<n}
Then the Lagrange order is equivalent to the Tp-order.

2 Actually they defined it for a group B., acting on 7\{0}.
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Here, for u,ve W we define u’ = v~ 'uv. Note that r;’ =r; so all fundamental
reflections are in 7. In terms of permutations of [+#] the set T in Theorem 3 consists
of all reflections of the form (i,7) and (i,/)(7, 7). Thus T contains all reflections of W
except those of the form (i,7)(7,/).

In Section 5 we generalize the Grassmannian and Lagrange orders to
Coxeter groups of type M = D,, Es, and E;. The resulting partial orders (defined
on p. 15) will be called rooted p-Bruhat-Chevalley orders, where (M, u) (u#0) is
one of

(1) M = A, p={1,2, ...,n},
2) M =D,, uc{l,n—1,n},
(3) M =Eg, uc{l1,6}, or
4 M= E;7, p={7}.

Bearing the characterization of the Grassmann and Lagrange order as a T),-order in
mind we construct a T,-order from each rooted u-Bruhat—Chevalley order <, by

taking

T, = {r a reflection of W |u< ,ur for some ue W}.

Theorem 4. Let (M, p) be one of the above. Then the T,-order derived from the
u-Bruhat—Chevalley order on the Coxeter group of type M satisfies

T, = {all reflections of W}.

Problems. (1) Apparently the rooted u-Bruhat—Chevalley order is equivalent to its
derived T-order if (M, u) = (A4,,{1,2, ...,n}). It would be interesting to know if this
is true also of the other rooted up-Bruhat—Chevalley orders.

(2) We would like to see if the partial orders here will be suitable for finding Pieri-
type formulas for flag manifolds of type D,, E¢, and E7. In connection with this we
note that in [3] the authors use a rather complicated labeled version of the Lagrange
order on B, for deriving their Pieri-type formula for the flag manifold of type C,.
Could it be that the rooted u-Bruhat—Chevalley order for C, we define in Section 5
might also serve that purpose?

(3) We construct the rooted p-Bruhat—Chevalley orders from so-called
w-Bruhat—Chevalley orders. It follows from our construction that we can only
define these for Dynkin diagrams M and subsets p of the collection of indices
labeling the so-called minuscule weights. This restricts our generalization of the
Grassmann and Lagrange orders to the list given in Table 1. We wonder if this
connection with minuscule weights is merely a coincidence emerging from our
method or that it has actual implications for the Schubert calculus of the associated
flag manifolds.
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2. T-orders

We begin this section by deriving an important property of T-orders, and then we
will prove Theorem 1. Let P be a set. A sequence py,ps, ..., px, where p;e P for
i=1,2,...,k, is called coherent with respect to some partial order < on P if
P1<pa< - <p. If (P, <) is a partially ordered set, then for any p, g€ P we define
the p—q interval to be the set

[p,q) = {x, e P| p<x<q}.

Proposition 5. Let (W, R) be a Coxeter system and let T be a set of reflections
containing R. Then for u,v,we W with u<rw, the map v—uvu~' defines an
isomorphism [u, w)];— [e, wu™'] 1.

Proof. Since u<yw we have u<,w. If u<,,0<,,w, then also vu~!'<,wu~', and
therefore every T-gallery from u to w can be translated to give a T-gallery from e to
wu~' and vice versa. Thus left translation by u (and u~!') is a length-preserving
bijection between T-galleries from u to w and from e to wu~!. Restricting this to
those of minimal length shows that translation by u (and u~') is a bijection of
minimal T-galleries, and the result follows. [

We now prove Theorem 1.

Proof (Theorem 1). Suppose < is a partial order on W rooted at e with rank
function p satisfying properties (W), (C), and (R). Let 7= R be the set of reflections
given in property (C). Then we can write any sequence of covers in the < order as

I' =e<t<trh < - <Lttty

where t;,e T fori=1,2,... k.
By property (W) the sequence I’ is coherent for the weak order and hence
is a T-gallery. We must prove that I' is a minimal 7'-gallery, i.e., that it has minimal

length.
As I consists of proper covers in < we have p(t;---tt1) = k. By property (R)
however, for any reflections s;€7 (i=1,...,I) we have p(s---s51)</

Consequently, if
€, 81,5281,y «vuy 8]0 8]

is a T-gallery for w = t;---#; (and thus s;---s; = w), it must be the case that
[Zp(s---51) = p(w) = k.

Thus this 7-gallery is minimal. This proves that a<<bh implies a< rb.
For the reverse direction, we need to establish that if ¢, ..., ;€ T are such that

e<rh<rthh<r- <Lttt
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is a saturated chain in the T-order for w = #;---#;, then it is a saturated chain in the
<-order. For this we again examine p(f;---f2¢1). Since a<rpfi implies a<,f,
property (R) implies p(#---t2¢1) <k. Consequently there exists a saturated chain of
length at most k in the <-order. But we already showed that saturated chains in the
<-order are necessarily saturated chains in the T-order, implying that a minimal 7-
gallery for w is of length p(#---¢;). By assumption, a saturated chain from e to w in
the T-order has length k. Consequently p(#;---#1) =k, implying that p(t;---1;) = k.
To get equality, condition (R) gives by induction that p(z;---#;) = 1 + p(t,_1---11) s0
that #,_y---#; <t;---t; for all 5. This implies that

e<h<nhh<--<tg- 4
as desired. O

3. The Grassmann order

In this section we prove Theorem 2. Let (W,R) be a Coxeter system of
type M = A,. The Grassmannian order on W was defined in Section 1. For ue W
define

uy = {acln+ 1] [u(a)>a},
up ={aen+1]|u(a)<a}.

An inversion for ue W is a pair (a, b) with a, be [n + 1] such that a<b and u(a) >u(b).
The set of inversions of u is denoted Inv(u). We can refine this notion as follows:

un = {(a,b)elnv(u) |acuy, beuy },
uy = {(a,b)elnv(u) |acuy,beu,},
uy ={(a,b)elnv(u) |acu,beu,}.
It turns out (see [1]) that the fixed point inversions play no effective role in the

Grassmannian order.
Let p;(u) be the rank of u in the Grassmannian order.

Proposition 6 (Bennett et al. [1, Corollary 2]). For ue W we have

po(u) = lupy | — Jun| — |uyl.

In [1], it is shown that the rank function together with the weak order relation
determines the Grassmannian order. The three conditions for the T-order arise
naturally in the proof, and it was this that led to the idea of codifying orders by the
reflection set 7.
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Proposition 7 (Bennett et al. [1, Proposition 5]). For u,ve W, u< gv implies u<,,v.

Let T be the set of all reflections. Note that T2 R.

Proposition 8 (Bennett et al. [1, Corollary 17]). The set T has the property that u< gv
implies u = tv for some teT.

Proposition 9 (Bergeron and Sottile [2], Bennett et al. [1, Proposition 13]). For ue W
and te T, u<  tu implies pg(tu) < pg(u) + 1, and moreover equality holds if and only if
U< gtu.

Proof (Theorem 2). By Propositions 7-9 above, the Grassmann order satisfies
conditions (W), (C), and (R) respectively where T is the set of all reflections. The
result now follows from Theorem 1. [

4. The Lagrange order

We prove that the Lagrange order < with rank function p; has properties (W, C,
R) from Theorem 1. The proof proceeds along the lines of the proof for the
Grassmannian order, and indeed, the proofs of each of the three conditions are
similar to those for the Grassmannian order in [1]. In particular, we analyze the
inversion sets on related permutations and use the Bergeron—Sottile characterization
of the rank function.

Recall that we view B, as a subgroup of Sym([+#]), and use the notation @ = —a.
We will think of B, as acting on the set [+#] from the left.

Then every reflection in B, is either of the form (i,7) with 1<i<n, or of the form
(i,))(1,7), or of the form (i, 7)(1,j) for some 1<i<j<n.

We will need the notion of a root as a subset of B, (see [8, Chapter 2]). We
simultaneously view B, as a chamber system over the set I = {1,2,...,n} where
x~;yif and only if y = r;x (note that all actions are from reverse side in comparison
to loc. cit.). The group B, acts as a group of automorphisms on this chamber system
by multiplication from the right in addition to acting on the set [+n].

For every reflection r we let o (resp. o, ) be the set of elements x such that there
exists a gallery y = (e = co, ¢, ..., ¢, = x) with the property that ¢;_;r = ¢; for an
even (resp. odd) number of j’s with 1 <j<k. It can be shown that this is well-defined.
This entails that x and y are in the same (opposite) root if and only if for any gallery
y=(x=dy,d, ...,d = y) we have d;_ir = d; for an even (resp. odd) number of ;’s
with 1<j</. The sets o and o are called respectively the positive root and negative
root associated with r.

Note that ofr = o, for ¢ = +,—, and B, = o, wo, , where w denotes disjoint
union.
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We will first identify these roots in terms of inversions. For 1<i<j<n and the
indicated reflection r we define two sets ;" and B, as follows:

r By B,
(i, —i) {wl (=i,i) ¢Inv(w)} {w]|(=i,i)elnv(w)}
(17])(7% 7]) {W| (13])7(7]771

;q_flnv(w)} {w| (i), (—j,—i)elnv(w)}

(& =) (=0.J) {wl(=/,0), (=i,j) ¢ Inv(w)} {wl (=), (=i,j)eInv(w)}

Lemma 10. For ¢ = +, — we have of = f£.

Proof. Note that
(i,j)elnv(w) < (—j,—i)elnv(w) and

(=i, ))elnv(w) < (—j,i)elnv(w)

so that B, = B wp, .

Now let I <i<j<mand r = (i,j)(—j, —i). Suppose that ¢ and d are chambers in B,
with ¢~;d and /<n, that is d = rjc. Let cef5; and def] for ¢, ne{+,—}.

We claim that ¢r = d if and only # = —¢. By definition of a root and since e is
contained in the positive root, we then have o = ! and o = f;.

Let us now prove our claim. Assume first that c¢r = d. Then d(i) = (¢r)(i) =
c(r(i)) = c(j) and d(j) = (cr)(j) = c(r(j)) = ¢(i) so that n = —¢, as desired.

Now assume that n = —e. Then d(i) = (r;¢)(i) = ri(c(i)) and d(j) = (r;c)(j) =
ri(c(j)). So if for instance c(i)<c(j), then as d(i)>d(j) and ry=mn—-IL,n—1-
D(—=(n—10),—(mn—1—1)), we must have ¢(i) =n—1[1—1and ¢(j) =n—1 or ¢(i) =
—(n—1) and ¢(j) = —(n—[1—1) so that d = rjc = cr. The cases where r = (—i, i)
and/or r; = (—1,1) are handled similarly. O

Lemma 11. Let z,ye B,. Then, the following are equivalent:

(1) z<wy,
(2) for any reflection r we have zea, = yeo,
(3) Inv(z) =Inv(y).

Proof. (1)< (2): Since the weak order is the T-order where 7T is the set of all
fundamental reflections, we see that z<,,y if and only if there is a minimal gallery in
the chamber system B, from e to y through z. By Proposition 2.8 of Ronan [§8] with
x = 1 this happens precisely if z is contained in every root that contains both e and y,
that is, if z is contained in every positive root on y. The result now follows since

o = B\
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(2) <= (3): As Lemma 10 shows the negative roots are precisely those having the
corresponding inversions (see chart) this follows immediately. [

Lemma 12. For u,veB, we have u<pv implies u<,v. In particular, uy Svq,
un Soy, and uy vy .

Proof. From (L1) it immediately follows that u; Sv|. Moreover, it follows from
(L1) that if ae[+n], then —a>u(—a) implies u(—a) =v(—a). That is, if a<u(a) then
a<u(a)<v(a) so uy Svy. Consequently uy Svy.

From (L2) combined with the above, we claim that if (a,b)uy then (a,b)evy.
Indeed, if u(a)>a and u(b)>b then v(a)>a, v(b)>b by (L1) and so, by (L2), if
u(a)>u(b), then v(a)>v(b). Thus uyy vy . Clearly if (a,b) euy, then (—b, —a)eur
which implies (—b, —a) evy and that in turn implies (a,b)evy,. Thus uy Svy, .

To finish the proof, it remains to show that inversions (a, b) of u with u(a) = a or
u(b) = b are inversions of v. Let us assume that u(a) = a and (a, b) is an inversion of
u. Then beu| implying bev,. If (a,b) is not an inversion of v, we would then have
v(a)<v(b)<u(b)<u(a) = a. But then v(—a)>v(—b)zu(—b)>u(—a) = —a> —b.
But v(—b)<v(—a), v(—b)> — b, and v(—a)> — a imply u(—b)<u(—a), a contra-
diction. Thus (a,b) is an inversion of v in this case.

On the other hand, if (a,b) is an inversion of u with u(b) = b, we have acuy, so
that aevy and a<b = u(b) <u(a)<v(a) by (L1). If (a,b) were not an inversion of v,
we would have a<v(a), b<v(b), and v(a)<v(bh) which would imply by (L2) that
u(a) <u(b) which it is not. Hence (a,b) is again an inversion of v.

Consequently Inv(u) =Inv(v), which, by Lemma 11, implies u<,,v. O

We now examine B, as a subgroup of A,,, viewed as the symmetric group acting
on the set [+n]. Recall that we denote the Grassmann order on this group by <. By
Proposition 6 its rank function can be expressed as p;(u) = |uy | — [un| — |uy|. The
following is proved in [3].

Theorem 13. (1) The Lagrange order is the order induced on B, as a subgroup of A,
by the Grassmann order.

) If b(u) = Hieln]|i-u(i)<O0}|, then
pr(u) = (pg(u) +(u))/2.

We will now look at covers in the Lagrange order. Let

T ={(0,/)37) [ 1<i<j<n}o{(i,7) | 1<i<n}.

Notice that Ty contains R = {(i,i + 1)(1,1+ 1) | 1<i<n}u{(1,1)}.

Lemma 14. For u,ve B, u<<,v implies v = tu for some teTy.
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Proof. By Theorem 2.11(4) in [3] u< v if and only if e< vu~! and this is clearly
equivalent to p; (vu™') = 1. Set ¢ = vu~'. By Theorem 13 p,(¢) = (pg(t) +¥(¢))/2
and as p;(7) = 1, we either have p;(r) =2 and (1) =0 or pg(z) = 1 and Y (1) = 1.
The latter case only occurs if 7 is a reflection of the form (7,7) for some i€ [n]. In the
former case we do not have sign changes so we may look at ¢ restricted to [#] and we
get pgly) (1) =1; so 7 is a cover of e in the Grassmann order and therefore by

Theorem 2 is a reflection of the form (7,/)(7, ) for some 1<i<j<n. O

Recalling that r; = (n—i,n—i+1) for i<n and r, = (1,1), a straightforward
check shows for i< that

(17]) (777) = V;’rl’l T and
(i7 7) — r:lnrn,l .A,rl’
where [ =n — i and k = n — j + 1. Consequently,

— Firp—y---rk
Tr ={r

I1<k<i<n}.

Lemma 15. For ue B, and te Ty, u< ,tu implies p; (tu) <p; (u) + 1, and equality holds
if and only if u<tu.

Proof. If 7 is of the form (i, /)(7,7), then y(tu) = ¥(u), and by Theorem 13, it suffices
to show that p;(fu) = pg(u) + 2. By Proposition 9 we know that for any reflection
' = (a,b) of [+£n], we have p;(Yu)<ps(u) + 1. Thus

po((0.1)(0710) < 1+ pg((7,70)
<2+ pglu)
so that p; (fu)<p(u) + 1, as desired. Moreover, we have equality if and only if we
have equality in both steps of the above equation. But by Proposition 9, equality
implies u< gtu. Theorem 13 implies that this holds if and only if u<,fu as desired.
Now let t = (i,7) (i>0). Recalling that y(tu) = |{je[n] |/ - tu(j) <0}| and noting
that j - tu(j) = —j - u(j) if and only if u(j) = +i, it follows that ¥(fu) = y(u) + 1, so
that (u)<y(u) + 1. Considered as an element of A4,, however, te T, so that
pe(tu)<pg(u) + 1 by Proposition 9. Consequently,
2p(tu) = pg(1u) + (1)
<1+ pglu) + 1+ (w)
=2+42p;(u).

Thus p; (tu) <1+ p,(u) as desired. Again, equality holds if and only if equality holds
in the above equation, and again this holds if and only if < ;fu by Theorem 13. [
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5. Generalizations to other Coxeter groups

We will now generalize the procedure for creating the Grassmann and Lagrange
orders for the Coxeter groups of type 4, and B, to Coxeter groups of type D,,, Es,
and E7 and exhibit the corresponding 7-orders.

We first consider certain sub-orders of the Bruhat—Chevalley order <pgc. Let
(W,{ri},c;) be a Coxeter system with diagram M, and label the nodes of the
diagram in the standard way by the elements of I = {1,2, ..., n} (see [5]). Recall that
u< gcv in the Bruhat—Chevalley order on W if

(1) ur = v for some reflection r and
@) (u) + 1 =1(v),

where /(w) denotes the length of a reduced expression in the generators r; for we W.
This partial order plays a key role in Chevalley’s formula for computing certain
products in the Chow ring associated to the Chevalley group with diagram M (see
[6, Proposition 10]). As we do not wish to go into the background of this formula, we
will simply state it and indicate our interest in it. We refer the interested reader to
Chevalley’s paper [6].

We first introduce some notation needed only in the remainder of this section. Let
@ be the root system of type M and let 4 be a Z-basis of size n for @ (in fact there are
many such bases). Let @1 denote the set of positive roots, that is, the roots whose
coefficients on the basis 4 are all positive. Let 4 = {0y, o, ..., o, }. For any root « let
r(a) be the reflection sending « to —a. Then for each i = 1,2, ..., n, the fundamental
reflection r; equals r(;).

Chevalley’s formula explicitly describes multiplication of cohomology classes
X(w), we W, as follows (here S; = X (wor;) with wy the longest element of W):

[SIX ()] = el X (v).
u
Here u runs over all elements in W with u< pcv such that v = ur(f). For ae 4 and
p e ® the coefficient ¢(x, ) is defined as follows:

(0. ) = a(a, ) jﬁ ﬁi

where a(a, f§) is the coefficient of « in the expression for f§ as a linear combination of
elements in 4 and ¢ - | - > is the bilinear form on &.

Remark 16. Chevalley’s formula works for any spherical diagram M. If we take
M = A, and i = k, then in the sum we get a coefficient of 1 exactly for those u such
that u< v in the k-Bruhat order, and all the other coefficients are 0. Note that this is
also true for Monk’s formula.

If we take M = B, and i = n, then in the sum we get a coefficient of 1 exactly
for those u such that u< v in the 0-Bruhat order, and all the other coefficients
are 0.
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We will use Remark 16 as the characteristic property to generalize the k-Bruhat
and 0-Bruhat orders.
Consider the sets

Min(M) = {iel | ¢(«;, ) €{0,1} for all fed™}.

One can then verify that we get one of the pairs in Table 1. Notice that Min(M)
only depends on M since W acts as a linear isometry group on @ that is transitive on
the collection of Z-bases for ®.

We now define a partial order on the Coxeter group with diagram M that
coincides with the k-Bruhat order for A, and the 0-Bruhat order for B,.

Definition 17. For u=Min(M), let u<,v if and only if

(1) ur = v, where re #, and

(2 I(u)+1=1(v)
and take the transitive closure. Here

Wi m ] —
Ume,u{rm} fm it M *Ale’nEﬁ?Eﬁ
R=q {rg e 3w if M =B,,
{r VG ey i M = G,

We call this order the u-Bruhat—Chevalley order on W.

For M = A4, and p = {k} we have the k-Bruhat order defined in [2], while for
M = B, and u = {n} we have the 0-Bruhat order defined in [3].

Remark 18. Note that for M = A4,,, D,,, E¢, and E; the set Z is the collection of all
reflections rg such that a(o,,, f) = 1. For these diagrams we have a(a,, ) = c(om, B).

For M = B, the set {r,}""-* is the collection of reflections rg such that a(o,, f) =
¢(on, B) = 1 and the reflections rgpe {r,_1}" Wi where a(oy, ) =2and (| ) =2.

For M = C, the set {r;}"""~1"" is the collection of reflections rg such that a(ay, f) =
c(oty, f) = 1 and the reflection /=" where a(a;, ) =2 and {f|f) =2.

We are now in a position to define the generalizations of the Grassmann and
Lagrange order. Define the rooted pu-Bruhat—Chevalley order on W by setting u < v if

and only if there exists {€ W such that
(< pul <ol

and take the transitive closure. Note that the identity ee W is the unique minimal
element for this partial order.
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Table 1

Dynkin diagrams and their minuscule weights

M Min(M)

An {1,2,...,]’[}
B, {n}

Cy {1}

Dn {l,n*lﬂ’l}
Es {1,6}

E; {7}

Eg,Fy, Gy 0

For M = A4, and pu={1,2,...,n} the rooted u-Bruhat-Chevalley order is the
Grassmann order. For M = B, and p = {«,} the rooted p-Bruhat—Chevalley order is
the Lagrange order.

Bergeron and Sottile proved that in the Grassmann order all reflections cover the
identity. This is true also of the other simply laced rooted p-Bruhat—Chevalley orders
given p as in Table 1.

Proposition 19. Let (W, {r;};.;) be a Coxeter group with diagram M defined over I
and let u=1 be non-empty. Let (M, 1) be one of the following:

(1) M=4,, nc{1,2,...,n},
(2) M =D,, uc{l,n—1,n},
(3) M = Es, u={1,6},

4 M= E;, p={7}.

Then in the rooted p-Bruhat—Chevalley order on W all reflections cover the identity.

In the proof we will use the following notation. For J <=1 we let My = (mu) e,

and W; = (r;[jeJ ). One can verify that (W, {r;},.,) is a Coxeter system with
diagram M. For u,ve W we write the conjugate of « under v as u’ = v~ 'uv.

Proof. We will prove the following: Given m, € u and a reflection r€ W there exists a

. s T Fina 1 R UTTRATTR w
K={m,my,....m}<Iand we W_g with r = r,(n’l"2 Yy Fng )= Py ) . Moreover,

Mg is of type A; and m; labels one of the end-nodes.
Let r be any reflection. We proceed by induction on the pairs (M, u) in the list. If
M = A, and u = {1} then r can only be r; and we must take K = {1} and w =e.
Now suppose M #A;. Then since M is simply laced and connected any two
reflections are conjugate and so re W{Vr':l 0 It was proved by Blok and Brouwer [4]

that
W Wr_my
Wiy = Wy,

jel

and so re Wg;"("") for some jel.
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If r¢ Wi_(,) then r =r, for we W;_(,,, and we can take K = {m; }.

Otherwise re W;_,y. In fact re Wy, for some connected component Mj, of
M;_gp,y for, if M;_y,, is disconnected then generators corresponding to distinct
connected components of M;_y,,, commute and r is the conjugate of only one of
these generators. Let m, be the unique neighbor of m; in M, = Mj,. One verifies
easily that if u, = {my} then (M, i,) is again in the above list.

By induction we can now find K, = {my,ms,...,mp} <L, and we W,_g, with
r= rﬁy:'z"ﬁ”’z)(r""‘rm} Vo lmme Y 1 addition M. K, is of type Ay_; and m; labels one of the
end-nodes.

Substituting r,, = r;';lz"'"l we are done. It is clear that the diagram induced on

K = {my,my, ...,my} is of type Ay and that m, labels one of the end-nodes. Notice

<rm2 T'm )("m3 T'my ) ("mk Ty )

that rp, =T

Let r,m, K ={m,my,...,m¢}, and weW;_x be as above. Let 5=
(Fmytmy ) T Trny) =+ (Fpg Py, ) 8O that r = my. Set { = (nw)_l. We now prove that
(el <urd.

It is clear that (<, el = {. As for the second inequality we have (r,, = r{ where
myeu. Thus in order to show {<,r{ we only have to establish that /({) + 1=
1({Lrm,)-

First of all, since we W;_g and 1,7, € Wx we have [({) =I(w™!) +1(n~") and
1(lrm) = 1w +1(n~'r,,) so we may assume that w = e.

Now ( and {r,,, are elements of a Coxeter group of type A, where m; is the label of
one of the end-nodes. Writing i for r,, we get { =n~' = ((k — 1)k)---(23)(12) and
{rm, = ((k—1)k)---(23)(12)1. Now using that non-neighboring labels commute we
can rewrite these as { = ((k — 1)(k —2)---21)(k(k — 1)---2) and {1y, = ((k — 1)(k —
2)---21)(k(k —1)---21).

Keeping this notation one can easily check that 1(21)(321)---(k(k — 1)---21) is an
expression of length k(k + 1)/2 for the longest element wy in the Coxeter group of
type A; and hence is the reduced expression for this element. Since the above
expressions for { and {r,, are subwords of the above expression for wy, they are
reduced and so their length is simply the number of generators in these expressions.
We find /({) + 1 = I(r{) so that {< el <r{.

This implies e< ,r. Suppose that this is not the case and se W satisfies s<,r. Then
there is some element o with o< sa< ro. As r is a fundamental reflection we have
I(ro)<l(o) + 1, so either s=eors=r. [

From the rooted p-Bruhat-Chevalley order we construct a T-order in the
following way.

T = {r a reflection of W |[u<,ur for some ue W}.

It was proved by Bennett et al. [1] that this method applied to the Grassmann
order yields a T-order which is in fact equivalent to the Grassmann order. Similarly,
Theorem 3 shows that this method applied to the Lagrange order yields a T-order
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which is in fact equivalent to the Lagrange order. As the Grassmann order is the
rooted p-Bruhat—Chevalley order for M =4, and pu={1,2,...,n} and the
Lagrange order is the rooted p-Bruhat—Chevalley order for M = B, and u = {n},
the above orders in some sense generalizes the Grassmann and Lagrange order for
the Coxeter groups of type D,, Es, and E;.

We can now prove Theorem 4.

Proof (Theorem 4). In the construction of the set 7" above take u =e. Then
according to Proposition 19 we can take v = r to be any reflection. [
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