Journal of Combinatorial Theory, Series A 138 (2016) 29-59

Contents lists available at ScienceDirect

Journal of Combinatorial Theory,
Series A

www.elsevier.com/locate/jcta

Selberg integrals, Askey—Wilson polynomials and
lozenge tilings of a hexagon with a triangular hole

CrossMark

@

Hjalmar Rosengren

Department of Mathematical Sciences, Chalmers University of Technology
and Goéteborg University, SE-412 96 Gdéteborg, Sweden

ARTICLE INFO ABSTRACT
Article history: We obtain an explicit formula for a certain weighted enumer-
Received 12 March 2015 ation of lozenge tilings of a hexagon with an arbitrary

Available online 29 October 2015 triangular hole. The complexity of our expression depends

on the distance from the hole to the center of the hexagon.

K ds: . X . .

cyworas: This proves and generalizes conjectures of Ciucu et al., who
Plane partition . . . .
Tiling considered the case of plain enumeration when the triangle
Lattice path is located at or very near the center. Our proof uses Askey—
Enumeration ‘Wilson polynomials as a tool to relate discrete and continuous
Askey—Wilson polynomial Selberg-type integrals.
Selberg integral © 2015 Elsevier Inc. All rights reserved.

1. Introduction

One of the most influential results of enumerative combinatorics is MacMahon’s for-
mula [28]

H(a)H(b)H(c)H(a+b+c)
H(a+bH(a+c)H(b+c)

E-mail address: hjalmar@chalmers.se.
URL: http://www.math.chalmers.se/~hjalmar.

http://dx.doi.org/10.1016/j.jcta.2015.09.006
0097-3165/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jcta.2015.09.006
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
mailto:hjalmar@chalmers.se
http://www.math.chalmers.se/~hjalmar
http://dx.doi.org/10.1016/j.jcta.2015.09.006
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcta.2015.09.006&domain=pdf

30 H. Rosengren / Journal of Combinatorial Theory, Series A 138 (2016) 29-59

for the number of plane partitions contained in a box of size a x b x ¢, where H(n) =
[15_,(k — 1)l. Equivalently, this identity enumerates lozenge tilings of a hexagon with
side lengths a, b and c.

There has been quite a lot of work on lozenge tilings of a hexagon with various kinds of
holes [4-6,8-15,19,24-26,29-31]. In the seminal paper [31], Propp conjectured an explicit
formula for the number of tilings of a hexagon H whose side lengths are almost equal,
with a small triangle T removed from the center of H (more precisely, in the notation
explained in Section 2.1, this is the region H \ T witha=b=¢, m =1, M = N =0).
This conjecture was proved in [4,19]. More generally, Ciucu et al. [7] enumerated the
tilings when the side lengths of H and T are arbitrary, but T is still positioned at
(or very near) the center of H. They also conjectured enumerations for some adjacent
positions of T'.

In the present paper, we consider the general case, when the position of 1" within H is
arbitrary. Our main result, Theorem 2.1, expresses a weighted extension of the number
of tilings as a determinant, whose complexity depends on the distance of T' from the
center of H. Thus, it is a closed formed evaluation if the position of 1" relative to the
center of H is fixed, but the side lengths of 7" and H are arbitrary.

As in [7], the starting point of our proof is the Gessel-Viennot method [18], which gives
an explicit determinant formula for the weighted enumeration. In [7] the determinant
is computed using the method of identification of factors [22]. It seems very difficult to
handle the more general determinants that we encounter in this way. Instead, we derive
a chain of intermediate expressions for our weighted enumeration as indicated in the
following diagram.

. . Gessel-Viennot .
Weighted enumeration _ Determinant I
Section 3.1

minor expansionlsection 3.2

. Cauchy—Binet . .
Determinant II +— Discrete Selberg integral
Section 3.4

Section 3.5 l Christoffel-Heine

. . Christoffel-Heine .
Continuous Selberg integral — Determinant 111
Section 3.5

Here, Determinant I is obtained by the Gessel-Viennot method. It has completely
factored entries and its dimension is equal to one of the side lengths of H. Applying
an appropriate minor expansion leads to a multivariable basic hypergeometric series.
As it contains the factor [, (g™ — q™)?, with m; being summation indices, it can
be considered as a discrete Selberg-type integral [16]. Special cases of this sum appear
in [7], but are considered there as consequences of the enumeration rather than as a
tool.
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In general, Selberg-type refers to hypergeometric series or integrals containing factors

like [T, ; |z; — x;]°, where the archetypal example is the integral

n
H |z — x| H x?71(1 — ;)" dz;.
] 1Si<isn i=1
The cases ¢ = 1 and ¢ = 2 are determinantal, in the sense that they can be expressed
as determinants of one-variable integrals. In our setting, an application of the Cauchy—
Binet identity leads to an alternative determinant formula for the weighted enumeration,
Determinant II. It is quite different from Determinant I as its entries are Askey—Wilson
polynomials and its dimension is equal to the side length of T'. Using classical results
on orthogonal polynomials due to Christoffel and Heine, we can rewrite Determinant II

as a continuous Selberg integral, where [[,_.(z; — z;)? is integrated against the Askey—

<
i
Wilson orthogonality measure. The key obs<ejrvation is now that the results of Christoffel
and Heine can be applied in a different way to the same Selberg integral. This leads
to our end result, Determinant III. Here, the matrix entries are again Askey—Wilson
polynomials, but in base g2 rather than ¢q. The size of the determinant is related to the
distance from T to the center of H.

The above description of our proof is not quite accurate, as we glossed over two
important technical aspects. First, Determinant I only applies when the side length
m of T is even. To extend our result to odd m, we need an a priori result on how
our weighted enumeration behaves as a function of m, Lemma 3.5. This is achieved by
another application of the Gessel-Viennot method. Second, the orthogonality relation
for Askey—Wilson polynomials is actually not valid for the specific parameters appearing
from the tiling problem. Thus, the continuous Selberg integral mentioned above does
not make sense as an expression for the weighted enumeration, but only appears after
continuation to a different range of parameters.

The explicit expression given in Theorem 2.1 is admittedly rather complicated, but we
believe that the method of proof is more interesting than the result. It seems likely that
there are other problems related to tilings and plane partitions that can be approached
with similar methods. For instance, one could ask for a “dual” of our result in the sense
of [12].

2. Main result
2.1. Weighted enumeration of tilings

Consider the triangular lattice in the plane, formed by equilateral triangles of side
length 1 and height ¢ = v/3/2. On this lattice, we draw a convex hexagon H and remove

an equilateral triangle T' C H. We are interested in tilings of H \ T' by lozenges, that is,
by quadrilaterals formed by adjoining two adjacent lattice triangles. Using the bijection
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b+m

c+m c

b a+m

Fig. 1. The region H \ T described by (a,b,c,m, A, B,C) = (2,3,2,2,4,2,1). A tiling of this region, with
each horizontal lozenge labeled by its height.

to lattice paths discussed in Section 3.1, it is easy to see that, for such tilings to exist,
H must have consecutive side-lengths a, b + m, ¢, a + m, b, ¢ + m, where m is the
side-length of T. Moreover, the sides of T must be parallel to the long sides (of length
a+m,b+m and c+m) of H.

We will refer to the sides of H by the expression for their length; for instance, the side
b+ m is the second side in the ordering given above. We will picture the region H \ T as
in Fig. 1. This allows us to use terminology such as “horizontal” to refer to the direction
orthogonal to the side c.

To specify the position of T' within H, let A¢, B¢ and C'¢ denote the distance from
T to the line containing the side a + m, b + m and ¢ 4+ m, respectively. It is easy to see
that

A+B+C=a+b+c, (2.1)

for instance, by applying Viviani’s theorem to the triangle formed by extending the
short sides of H. The distances from T to the lines containing the short sides of H are
(b+c—A)p, (a+c¢c— B)gp and (a+ b — C)¢. Thus,

0<A<b+e, 0<B<a+ec, 0<C<a+hb. (2.2)

Conversely, any non-negative integers a, b, ¢, A, B, C' and m subject to (2.1) and (2.2)
describe a region H \ T. Note that we include degenerate cases when some sides of H
have length zero, when no triangle is removed (m = 0) or when T touches the boundary
of H. We will also specify the location of T" by the coordinates

M=2A-b—c, N =2B—-a-—c, (2.3)
so that
A:b—i—cz—i—M7 B—UH_C;_N, C—a+b_2M_N.
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Then, M and N are integers of the same parity as b+ c and a + ¢, respectively, such that
M| <b+c, IN| <a-+e, |[M+N|<a+b.

As an example, the region in Fig. 1 corresponds to (M, N) = (3,0).

Note that (M, N) = (0,0) corresponds to T" being located at the center of H. This case,
and a few other cases with T nearly central, were studied in [7]. To be precise, these
authors enumerated the tilings when (M, N) equals (0,0) and (0,1) and conjectured
enumerations when (M, N) equals (0,2) and (0, 3). In the present paper, we will explain
how to prove these conjectures and obtain analogous results for any M and N.

More generally, we will consider a weighted enumeration of tilings. We define the
height h of a horizontal tile @ to be the vertical distance from the center of @ to the
center of T (see Fig. 1). Our main object of study is the partition function

h —h
2= 11 % (2.4)

tilings of H\T horizontal tiles

In particular, Z(1) is the total number of tilings. Our weight function is a special case
of weights introduced in [2] for plane partitions and [34] for lattice paths.

Note that, when m = 0, Z(q) is different from the volume generating function for
plane partitions computed by MacMahon. Up to a power of ¢, the latter is equal to

Z(@) =, I &

tilings horizontal tiles

where h is the vertical distance from the center of a tile to the bottom corner of H.
When m > 0, the function Z behaves better than Z, being given by completely fac-
tored expressions in situations (e.g. (M, N) = (0,0)) when such expressions exist for the
enumeration problem.

2.2. Notation

We will write sgn(k) = 1 for k¥ > 0 and sgn(k) = —1 for £ < 0. Recall also the
standard notation [17]

(alv cee 7a'm;q)n = (al;Q)n t (am;Q)na

o0
A1yeney Qrg1 (a1a~~'7ar+1;Q)k k
10 g, | = z".
i T( . ) Z (Q»b17-~-7br;Q)k
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When z = (z1,...,2m), we will write A(z) = [[,;_,<,,(z;—;) and also use notation
such as A(¢%) =[], j<,n(¢" — ¢*'). We introduce the multiple basic hypergeometric
series

¢(m) (al,...,arﬂ.q $) . Z A(qk)2ﬁ (ala-..,ar_t,-l;q)k,jxkj
T blv"'vbT o (q7b1a"'abT;Q)]€j .

0<ky <ka<:<kpy<oco Jj=1

(2.5)

In view of the factor A(g*)?, it can be thought of as a discrete Selberg-type integral.
We introduce the g-hyperfactorial

. S\ Mm—7
I (% —a?) m=01,2...,
Hy(m) = b ymie (2.6)
5 (q4 b g 4> L om=-1/2,1/2,3/2, ...
Equivalently,
1(m+1 m
H (m)_ qiﬁ( 3 )szl(q;Q)jfla m:O7172a"'a
- N o
! ¢S (g350),-1, m=—1/2,1/2,3/2,....

Deleting the prefactor from these expressions, we will write

_ [T (69);-1, m=01,2...,
Hy(m) = mt+d 1
[I;2:°(a259)j-1, m=-1/2,1/2,3/2,....

We use both notations since our main result is easier to state in terms of Hy, but for the
proof it is often more convenient to work with H, 7
We will sometimes write H, = H, and

m _J i m—j
H,(m)inz(m)i 1= (q 2+q2) ) m=0,1,2,...,
! - Hy(m) mtg (1 i_1\™t3—i
q Hj:12 <qz*§ +q§*1) , o m=-1/2,1/2,3/2,....

Repeated arguments stand for a product; for instance,
Hq(alv tey am) = Hq(al) e Hq(a'ﬂ”L)'

Similar notation will be used for I:Iq. We collect some useful facts about the functions
H, and I:Iq in Appendix A.
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2.3. Statement of main result

Our main result is formulated in terms of determinants

QY™ B,yiq) = det  (Q}N"(a.B,7%:4q)), (2.7)

1<j,k<M+N

labeled by non-negative integers M, N, n and generic parameters «, (3, 7. The matrix
entries Q%N"(a,ﬂ,'y; q) are given for 1 <k < M and n + j odd by

(CYQ,CYZWZ;Q )(n+j 1/2( /3 (Z)
q%(n+j71)(n+j73)+( 2 Y gneritk— 2 gk— 172(n+j—1)

gl 2 B2 2q I8 0 hg?h 2 22k )
X ; 2.8
4¢3< 0427042ﬂ706’)/ 4,4 ( a)
and for 1 <k < M and n + j even by
(quk_l _ Oz_lql_k> (042q27a272;q2)(n+g 2 /2( /82 )
q%(n+j—2)2+(k;1)an+g+k73ﬁk7172(n+j 2)
2—j—n 2922 nt+j—2 4 2k—2 2-2k
q By q QT q™" TR g 2 9
X ; . 2.8b
4¢3< 042q2,0626,04’}/ ) Q> ( )

For the remaining cases (M + 1 < k < M + N), they are determined by

M k(s Bovia) = QMY (B, 00v3q), 1<k <N.

Though the structure of this determinant may seem complicated, we will see in Sec-
tion 3.5 that it appears naturally in the context of Askey—Wilson polynomials. It is easy
to check that

QYN (a, B,7;q) = (~1)MNTHMENQMNR (071 5=l 47 g7, (2.9)

The matrix elements (2.8) are Laurent polynomials in «, 8 and . In particular,

we may (and will) specialize these variables to points where the 4¢3-sums without the

prefactor are singular. Note also that each matrix entry is a sum of at most max (M, N)

terms. Thus, the following result gives a closed form evaluation of Z(q) for fixed M

and N.

Theorem 2.1. With ¢ = sgn(MN), we have

Z(q) _ CvC)|M\,\N|7b(q%(l—b—c—m—\MD7 _{_:q%(1-&-a-i-c-&-m—|N|)7q%(m-‘rl);q)7 (210)

where
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INIy (1M m)2
(—1)(3Ne(E )N Hye (%)
95m(atb+M+N)+ab— 4 +§ max(la—bl,[M=N|) H,(|M], |NJ)

(5 B B2 )
e s L2 =5 =5

Hop ([2HM], [SHUL] [eHM] | omi) [HMIF] 4 mot)

C:

><

+b-M-N atb+tM+N atb—|M|—|N|+m+1 at+b+|M|+|N|+m—1
Hq(a 2 S +m)qu( 2 ) 2

Hyg (# + m)

X
2
Hp (gh, etesNlmet) g, (wbe Ny ) gy, (sl )
H;(a+c+m)
x H- (a—i—c—\NH—m atc+|N|+m—1 a+c+|N|+m>
q? 2 ’ 2 ) 2
b+c—M
% Hq?( 2 )
2
Hp (b+c2—M +m, b+c+\1\g\+m+1) H, (b+c;|M|) Hy (b+c+|1\g|+m—1>
y Hy(b+c+m) 1
c— m c— m c m — —b+M—-N —b—M+N
H (b+ |2M|+ L= u\gw +1 bt +|ém+ )Hq (et | [e=S=MEN])
a+b+c—|N| a+b+c—|N|+1
XHp||———Fm—| +m, +m
2 2
a+b+c—|N| m+1 [a+b+c—|N|+1 m—1
H
X q? <|: 9 + 9 ) 2 + 9
H,* <a+b+2c;|M|+|N\ +m, a+b+2c+2\M|f|N\ er)
x (2.11)

Hye (a+b+2c—2lM|—\N| +m, a+b+2c-§|M|+|N\ +m)

As an example, consider the case (M, N) = (2,0). Assuming also that n is odd, we
have

Qll Q12

2,0,n . —
Q (a7 67 ,Y’Q) Q21 sz )

where

(%%, a*¥%;¢*) (n—1)/2
qi(nfl)Qan—lvé(nfl) ’

Q1= (a—a™t)

(a?q%, a*7?; ¢%) (n—1)/2(1 — a*$3?)
q%(nfl)Qanﬁ,},%(nfl)

Q2= (ag—a'qg")
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o (14 0T (1 —al?)(1—g72)
(1-¢*)(1—-a?¢®)(1 —a?B?)(1 — a®y?) ’
(0?, 0272 ¢%) (n11))2
q%(n+1)(n71)an+1,y%(n+1) ’

Q21 =

o (042, 042’72; q2)(n+1)/2(]— - Oﬂﬂz)

Qa2 = q%(”"‘1)("_1)CV”+2/3’Y%(”+1)
O T kT [ e 0 [ Sl L el B B
1= @)1 —a?)(1 - A1 - a?) |

This can be simplified to

Q¥ (a, 8,7 q)
(1= (% %) (n41) /2, 7, V2% %) (n-1) 2
q(g)+1a2n+2ﬁ,yn

< {1+ 0?1~ a?B2)(1 - 0*9) — (1 + ¢ ")(1 - a?8*7%¢" 1) (1 — a'?)}.

If (o, B,7) = (¢%/%,+¢¥/2,¢*/?), the leading Taylor coefficient of this function at ¢ = 1
is a completely factored expression times

(x4+y)(lx+z)—2x+1)(z+y+2z+n—1).

Substituting (z,y,z,n) — (—=b—c—m —1,a+c+m+1,m+ 1,b) we find that, if a, b
and c are all odd and (M, N) = (2,0), then Z(1) is a completely factored expression
times

b—a)b+c)+2(b+c+m)la+m)=(a+b)(b+c)+2m(a+b+c+m).

After interchanging a and b, we recover the second half of [7, Conj. 1]. In this way,
[7, Conj. 1 and Conj. 2] can both be obtained as special cases of Theorem 2.1.

An intriguing consequence of Theorem 2.1 is that Z(g) is invariant under the trans-
formation (M, N) — (=M, —N), up to an elementary prefactor. This means that the
position of T is reflected in the center of H, see Fig. 2. It would be interesting to have
a conceptual explanation for this unexpected symmetry.

Corollary 2.2. Denoting by Znrn the partition function Z(q) with fized values of a, b, ¢, m
and q, we have

Zun 1 H, (StbEMEN atb=M=N | )
Zon-n 20N [ (eb=M=N atbsMEN |- )

at+c—N a+c+N b+c—M b4c+M
xqu( G, GRS o, PR MECEM 4

Hq2 (a+c2+N’ a+c2—N +m, b+c2+M’ b+02—M + m)



38 H. Rosengren / Journal of Combinatorial Theory, Series A 138 (2016) 29-59

Fig. 2. Removing one of the two indicated triangles leads to partition functions related by an elementary
multiplier.

As an example, removing the left triangle in Fig. 2 corresponds to
(a,b,c,m,M,N)=(2,5,2,1,1,2),
which gives

1+ '+ )1+ )1 +¢")°(1 +¢°)

Z(q) = PIERE f(a),

with
f@)=+q¢" +2¢° +3¢° +3¢* +38 +2¢* + ¢+ 1.
For the right triangle, corresponding to (a,b,c,m, M, N) = (2,5,2,1,-1,-2),

1+ +A)*(1+¢%)* (1 +¢H)* (1 —¢")
210g%5(1 — ¢)

Z(q) = f(q).

In particular, substituting ¢ = 1 we find that there are 544 = 25 - 17 tilings in the first
case and 1360 = 2% - 5- 17 in the second case, where the symmetry is responsible for the
relatively large common prime factor f(1) = 17.

3. Proof of Theorem 2.1
3.1. Lattice paths

Following [7], we study the partition function Z(q) by applying a bijection from lozenge
tilings to families of non-intersecting paths in the square lattice. Given a tiling of H\ T,

we mark the midpoints of the edges on the side b + m and construct paths ending
at these points by following the direction of the lozenges. This gives m paths starting
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Fig. 3. Lattice paths corresponding to the tiling in Fig. 1. The circled points, denoted R;, will appear in
Section 3.3.

at the adjacent side of T and b paths starting at the side b. We then apply an affine
transformation mapping the steps of the paths to edges in the square lattice.

More precisely, with the conventions illustrated in Fig. 3, tilings of H \ T are in

b+m

bijection with families of up-right non-intersecting paths starting at the points (P;);7

and ending at the points (Qj)?i;n, where
(j—1,b—14), 1<j<b,
Py = 3.1
7 {(C—b+j—1,A+b+m—j), b+1<j<b+m, (3.12)
Qj=(a+j—1b+c+tm—j), 1<j<b+m (3.1b)

In this setting, the weight function becomes a weight on horizontal steps, given by

g@H2=2)/2 | g(~o-29+2)/2
2

(3.2)
for the step from (x — 1,y) to (x,y), where
Z=2A+C+m—1.

We now recall the Gessel-Viennot method for weighted enumeration of lattice
paths [18]. Counsider, in general, an arbitrary weight assigned to each horizontal edge
in the square lattice. We define the weight of a family of paths to be the product of the
weights of all horizontal steps in the family. Let

w(le"?Pn;le"'aQn)

denote the sum of the weight of all families of n non-intersecting up-right lattice paths,
where the i-th path starts at P; and ends at Q;, for 1 < ¢ < n. We then have the following
fundamental result of Lindstrom [27], see [23] for a historical discussion.
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Lemma 3.1 (Lindstrom). The following identity holds:

det  (w(Py Q) = 3 sen(@)w(Preoo, Pui Qo oy Qo) (3.3)

1<j,k<n
ocESy
where the sum is over all permutations of {1,...,n}.

In other words, in the Laplace expansion of the left-hand side, the contributions from
intersecting lattice paths cancel. Consider now the case when the points are given by
(3.1). Since the paths starting at 7' will end at consecutive points on the side b + m,
not all permutations will contribute to the sum in (3.3). In particular, if m is even, only
even permutations contribute, which means that the right-hand side of (3.3) reduces to
our partition function.

Corollary 3.2. If the side length m of the triangle T is even, the partition function (2.4)
has the determinant representation

Z(g) = _det (w(P;;Qx)). (3.4)

1<j,k<b+m

If m is odd, we get instead a determinant representation for a sign-variation of the par-
tition function, generalizing the (—1)-enumeration studied in [7]. Although our methods
can be adapted to study this function, it will not be considered in the present work.

3.2. The partition function as a discrete Selberg integral

Continuing in the footsteps of Ciucu et al. [7], we rewrite the determinant of Corol-
lary 3.2 as a discrete Selberg integral. The following result is a special case of [34,
Prop. 2.1 (¢)].

Lemma 3.3 (Schlosser). One has the determinant evaluation

1<§.12t< (w((ﬂﬁl +j =1Ly +m—j);(z2+ i, y2 — Ik)))

—m(xz2—x1) Il‘qXA(ql)

Z—wa—y1—ya—m+j.
2T T2 m+]7q)12*$17j+1+lj

)

-1
m
H q Qm2+y2 T1—Y1— m+j( q
(QvQ)rg—zl+lj(q5(J)y2—y1—lj

where |l| = 3770, 1; and
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The exponent X looks complicated, but can be determined from the fact that the

1/2 s ¢=1/2 If we would use a more symmetric notation

weight is invariant under ¢
(based on g-numbers q~%2 — ¢q%/2 rather than 1 — q%), the resulting expression would be
simpler.

Let us now expand the determinant in Corollary 3.2 into minors according to

det  (w(P;; Q) = > (—))lHFGE) o

1<5,k<b+m
0<ly <<l <b+m—1

X Jet (w(Py: Qi 41)) et (w(Porj3 Que1)),

where [} < --- < Iy is the ordered complement of {I1,...,l,,} in [0,b 4 m — 1]. The
determinants on the right-hand side may be evaluated using Lemma 3.3. Rewriting all
factors involving the indices l} in terms of /;, using in particular

b+m . )
-1 ) +(3) O+ E—b—m) I+, () _ Hj:l (G9)j-1 Aldl
(R T (@ 0 (@ o a s, 8

gives
det Pi:
1§jvke§b+m (w(Ps; Qr))

b+m A B—b+1.

= ma+b C)+ab H

7q) +j5—1
q q)aﬂ U@ @ erj1

b
% H (Q7Q)a+c+m+1—1 Z(_l)\l|+bm+(’;)qx”1 () +(A—b— m+2)A(qz)2

iy (g P )

" ﬁ (4 0) B+j-1(@ Datty, (G Dpterm-1-1,(—a P75 q)ac—ji144,
(D)1, (G Qa1 (G Dbrm—1-1; (G Dvrerm—a—1-1,(=¢A" B0+ q) g,

where the sum is over indices satisfying
max(0,C —a) <l <+ <lp <min(b+m—-1,b+c+m—A—-1) (3.5)
and where
X = ;(BAC)@) + i((afC)(afC+1)+b(3b—4A—2Cf 1))m
+ %ab(a+3b—4A—2C).

In the notation (2.3) and (2.5), this identity can be expressed as follows, where we have
rewritten the prefactor in a way that will be convenient later.
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Proposition 3.4.

det (w(Pj;Qk))

1<j,k<b+m

¢ QDatermii—1(q Q)jfl(—q%(_G_HM—NHj; ?a
(Q; Q)a+j—1 (q; Q)c+m+j—1

q

= oim(atb Mt N)tab ]
]:

b
. (
1

1—b—c— 1+Li(a—b+M+N 1+1(a—b+M—N).
¢ maq+2(a M+ )7_q +z(a—b+ )7Q)b+j*1

m
X H <q 1-b—m 2—2m—b—c+M. ;2 a+1
i\ (@ 1a)j-1(q M g2) - 1(@* T @)1

(% q2)%(a+c+N)+j—1
(¢; Q)Wﬂ;l(q% qz)wﬂ,l

(m) qlfbfm,qa+1’qlfgfg+%fm’ 17%79+%7’m

X 40

403 q17b7c7m7q1+gfg+ﬂ+g7 q/,
where

1 1
X:—2(7;1> —Z(a—3b—|—M—|—N+4)<T;) — Jab(2c+ M ~ N)

1 1
- <§b(a—b)+E(a—3b—|—M—|—N)(a—|—b—|—4c—3M+N+2)>m.

Note that the factor H;nzl (¢iTz(a—btM+N), ¢)b+;—1 may vanish. If this is the case, the

4¢§m) in (3.6) should be interpreted as a sum over indices [; such that this zero is canceled
by T2, (gt a(a—brMEN), q)fjl. This gives the restriction l; > (—a+b—M—N)/2 = C—a
as in (3.5).

3.8. The partition function as a function of m

Corollary 3.2 is only valid for even values of m. In order to study the case of odd m,
we will need the following fact. An analogous result for the enumeration Z(1) was proved
in [7, §6]. The simple proof given there seems difficult to extend to the weighted enu-
meration, so we use a slightly different approach.

Lemma 3.5. For fized values of a, b, ¢, A, B and C,

m J i a+b—C
Z(q) = (%) f(a%)., (3.7)

where f is a rational function independent of m.

Proof. Given a lozenge tiling of H \ T, we split H in two parts, separated by the line
L containing the side of T parallel to the side b. Recall the bijection to lattice paths
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described in Section 3.1. The paths starting at the side b cross L at b line-segments,
which are marked with circles in the left part of Fig. 3. Ordering them from left to right,
let z; denote the distance from the j-th segment to 7. If [ is the number of crossings to
the left of T', the numbers x; are restricted by

0<z < <z <min(C—-1,b+c—A-1), (3.8a)
0<zp1 < - <axp<min(A-—1l,a+b—-C-1). (3.8b)

Applying the same affine map as in Section 3.1, the circled points are mapped to
g o (C—zj=LA+ta;+m), 1<j<l
! (C+azj+mA—x;—1), I+1<j<b.

b

The lattice paths split into a family of b paths starting at (Pj)?-:1 and ending at (R;);_,

and a family of b+ m paths starting at (Sj)?i’f and ending at (Qj)?:l”, where

(517---aSb+m) = (R17"'7R17Pb+17'"7Pb+m7Rl+17"'7Rb)'
More explicitly, S; = (C' +yj, A+ m —y; — 1), where
(Y1, s Uprm) = (—z1—1,...,—2; = 1,0,1,....om —Lixjy1 +m,...,xp + m).

Applying Lemma 3.1 to both families, only the identity permutation contributes to (3.3),
and we find that

Z(q) = (et (w(Pj; Ry)) s - (w(Sj;Qw)), (3.9)
where the sum is over all solutions to (3.8), for 0 < < b. In contrast to (3.4), (3.9) holds

regardless of the parity of m.
The first determinant in (3.9) can be computed using Lemma 3.3. By the symmetry

wz((a, b>; (07 d)) = ’LU1fz<(—C, _d); (_a7 _b))7

where we indicate the Z-dependence in (3.2) by a subscript, the second determinant can
be expressed as

b+'m)

(—1)( 2 det (wl,z(—a—b—m—l—j}l—c—j;—C—yk,l—m—A—i—yk)),

1<5,k<b+m
(3.10)

which is again computed by Lemma 3.3.
It will be convenient to write f ~ g if, as a function of m, f/g = h(¢™/?), with h
rational. We need to prove that

Z(q) ~ Wett=C, (3.11)

where
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Io\kx
k.

m-+1

H =27 ") (— g @)

Consider first (3.10), which is obtained by substituting

(m7x17x27y15y2alkaz)
—b+ml—a—-b-—m,—C,1l—-b—c—m,1—m—A,—y;,2—2A—C —m)

in Lemma 3.3. Under this substitution, 2(3)=m(z2—z1)=|ll ,_y 9gm(C—a=1) ypq
X 2(7;)+4b7a+§—3l+2 (m;—l)

qa ~q

The factor A(q') — [1i<j<k<trm(@™¥ —q~¥) splits into six parts, depending on whether
j and k belong to the interval [1,1], [l + 1,14+ m] or [l + m + 1,b+ m|. The three parts
with neither j nor k£ in the middle interval are clearly rational in ¢"". This leaves us with

H (ql—k _ qzj+1) H (ql—k _ ql—j) H (q—m—ac;C _ ql—j)7

1<5<t, 1<k<m 1<j<k<m 1<j<m, 1<k<b—l

where the first factor can be written

l

H (a""q q_l(?)(q;q)inﬁi(q Lo

j=1 j=1
The second factor is equal to qu(?)’(m; 1)erlf]q(m) and the third factor equivalent to
qu(b*l)(mfjl) (q; )%t Next, we have

b+m

m
H(L z2+y2 T1—y1— m+]'_>quB+] 1NH(b+B+m)
j=1 j=1
m l m b
1@ Deozrrt, = [[ (@ Datv-crmra, [[(@ Darv-cvir [] @ Dato-cz,-1
j=1 j=1 j=1 j=i+1
~ () Hola +b—C +m),
m l b
1@ Dvsvn—t, = [ (@ Dpre—a- mlequc ati1 || @@ bre-asa,+m
j=1 Jj=1 j=1 j=l4+1

N( )b lH(b+C—A+m>

m

By Lemma A.1,

Hy(m)Ho(b + B +m)
Hy(a+b—C+m)Hy,(b+c—A+m)

~
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Finally, we have

m l
Z—To—Y1—Y2— J — A+
H(_q FrrnT mﬂ;(l)mzfa:rj+1+lj = H(—qc +J;q)a+bfc+zj+1+mfj
j=1 j=1
m b
< [T Qaso-comsr—2; [[ (= Qass-com—z,i;
=1 J=U+1
where the first factor is equivalent to (—g¢;q)}, and the third factor to (—gq;q).,°. If

m
a+b> C +1, the second factor can be expressed as

i at+b—C—l1
H(_qc—A+l+J;q)a+bicil — H (_qc—A-i-H-J;q)m -~ (—q;q)ﬁjb—c—l,
j=1 =1

By a similar computation, this holds also for a+b < C' 4. In conclusion, (3.10) is equiv-
alent to W+ =C Similarly, though with less effort, we find that the first determinant in
(3.9) is equivalent to W*~! which gives (3.11). O

3.4. Discrete Selberg integrals and Askey—Wilson polynomials

We recall some basic facts on Askey—Wilson polynomials [1]. Normalizing them to be
monic (which is not the standard choice in the literature), they are given by

Po(z) = Py (z30,b,¢,d; q)

ab, ac,ad; q)n ~" abedg™ ! aé,a
( ) 4¢3(q 1 < /5;q7q>,

= 3.12
2na™(abedg™ 1 q) ab, ac, ad ( )

where z = (£ +¢71) /2. When max(|al, |b], |c|,|d],|q]) < 1, they satisfy the orthogonality
relation

/Pm(m)Pn(x) w(z) dz = Cpdmn,

where, using standard notation such as (aé*;q)eo = (a€; @)oo (@€ q) 0o,

(ST
(a&*t,be*, c€*, déF; @)oo V1 — 22

w(z) = w(z;a,b,c,d;q) = (3.13a)

and

Cn = Cn(aa ba c, dv Q)

B 27 (abedq®™ 1, abedq®™; q) oo (3.13b)
4n(gntt abg™, acq™, adg™, beg™, bdg™, cdg™, abedg 1 q) oo )

The polynomial P, is symmetric in the parameters a, b, ¢, d.
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To link Askey—Wilson polynomials to discrete Selberg integrals, we will need the
Cauchy—Binet identity

N
1<§‘1%t<m (Z Alelk) - Z 1<§1%t<m(Aj7lk) 1<§‘i%t<m(Blk’j) (314)
e =0 0<h <<l <N ==

as well as the determinant evaluation

. . m, m b J— ma/b )
J—1 m—j. (1 q q q 1
(et ((ag’™ ba"™ 5 a)u) 1;[ T LA(G).  (3.15)

To prove the latter, we write the determinant as

(avb; q)lk 1 l
d t k. . b k. . .
1§j,§9n<(a;q)j1(b;q)mj (0675 @)1 (b4 @)

m

(a,b;q); W .
H (a,b;9);-1 1<§1%t<m ((aq™;9)j-1(bg"™ s @)m—;),

which can be evaluated using [21, Lemma 2.2] or [33, Lemma A.1].

Proposition 3.6. Let

qu—l + E—lql—k
= 2 5

Tk k=1,...,m

and let P, (x) be the monic Askey—Wilson polynomial (3.12). Then,

deti<j r<m (Pn+j71($k)) 1

A(SC) N qz(m) ("+1)(7’L)(2a)m”

ﬁ (ab,ac, ad; q)pn+j—1
iy (abedg™ 5 q)n 1 (g, ¢' " a8, 0l g T g)

l-m—n n—1 1-me—1
(m) (4 ) adeq ’ aga aq g
; . 1
X 4¢3 ( ab, ac, ad 34,4 (3 6)

Proof. Since

(aba ac, (ld, Q)n+j—1

Poii- = j j
+j—1(k) (2a)" =1 (abedq™ =25 @) ptj—1

1=5=n_abeda™—2. a1t ae—tgl—k-
><z:(q , q calq" el g TR )

q,
>0 (qa ab) ac, ad; Q)l

expanding the left-hand side of (3.16) using (3.14) gives
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m m

H (ab,ac,ad; q)n+j—1 Z H g4
le (2a)" i1 (abedq™+i=2; q) 1 j1 N S (q,ab, ac, ad; q)i,

1—j— +5-2. i—1 o1 1-j.
Xlg?ﬁtgm((q i7" abedg" ,Q)zk)lgggtgm((aéqj Ll ).

Applying (3.15) and simplifying, using also

[T (0,47 €% )5
2 (26)(3)

Az) =

completes the proof. O

We note that, since the Askey—Wilson polynomial is symmetric in its parameters, the
right-hand side of (3.16) is invariant under interchanging a and b. This proves the follow-
ing multiple Sears’ transformation, which is a very special case of a transformation for
discrete elliptic Selberg integrals conjectured by Warnaar [35] and proved by Rains [32].
We will use this transformation in Section 3.5.

Corollary 3.7 (Rains). If ¢! ""abc = def, then

4¢(m) ( men g, b, c q) (bc)mn ﬁ (b, c;a)j—1(de/be, df [be; @) ntj—1
dqm 1aeaf b d j=1 (d/b,d/C, q)jfl(eaf;q)nﬁ*jfl

gt=m " a,d/b,d/c )

(m)
X495 ggm=1. debe, df Jbe* 44

3.5. Continuous Selberg integrals

Let p be a linear functional on Clx], which we write as a formal integral

p(p) = /p(x) du(z).

We will assume that p is non-degenerate in the sense that there exist monic polynomials
pn, of degree n such that

ﬂ(pmpn) = Cn(smn (317)

We do not require any positivity condition for p. We then have the identity

deti<jr<m (Pntj—1(yr))
A(y) ’

=n! CO L Cn—l (318)
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relating a Selberg-type integral to a determinant of orthogonal polynomials. This identity
can be obtained by combining two classical results [20, Thm. 2.1.2 and Thm. 2.7.1] due
to Heine and Christoffel. More explicitly, it appears in [3]. A direct proof is very easy;
simply write the integrand as

Az)A(z,y)
Aly) 7

expand both factors in the numerator using A(z) = det(pj_1(z;)) and then integrate
using (3.17). We can apply (3.18) to prove the following quadratic transformation formula
for determinants of Askey—Wilson polynomials.

Theorem 3.8. Let m, n, M and N be non-negative integers, with m even, and let a, b
and q be generic parameters. Let p, and q, denote the monic polynomials

p"(x) = P’ﬂ(xv a’qu —a, quv _b; q)a

() = 272 P, (207 — 1; =1, =g 0?75 ¢7), n even,
" 27 DRy, ) 9(227 = 15 g%, —¢™ T 0%, 0% ¢), noodd

and let
. N
yr = gy = igh el k=1,...,m,
2k = (k"r(;l Ck — aqkilv kzla"'aMy
27 bgt~M—-1  k=M+1,...,M+ N.
Then,
detacjksm Pri—1Wr)) _ pdetijmemin (@nrs1(20)) (3.19)
A(y) A(z)
where
o= (2M+N—mq<¥>+<§>—%2aMbN)”
§ n (qQ[j/2]+1’ —a2q2[(j_1)/2]+1, _b2q2[(j—1)/2}+17a2b2q2[j/2]—1;qQ)%
o (a2b2¢23,a2b22 1, %) m
» (a®0*q* 3, a*0°¢¥ % )N
(abg? =1, a?b?q7 =25 ) my N (—a?gi 1, —abgi =1 q) i (—02¢7 1, —abg? 5 q) v

Proof. Let L denote the left-hand side of (3.19). Since (3.19) is a rational identity, we
may assume that max(|al, |b], |q]) < 1. We then apply (3.18) to write
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n

1 n m
=TT o / A T T — = H w(z;) dz;, (3.20)
n. Hk:o k j=1k=1 j=1
[—1,1
where w and C}, are obtained by substituting (a, b, ¢, d) — (ag™, —a,bg’¥, —b) in (3.13).
We will now rewrite (3.20) in such a way that the roles of m and M + N are inter-
changed. In the orthogonality measure, we write

(S _ (@ gm (b5 )N (€5 6P
(aq]\/lgi7 _aé-iv qugia _bfiv Q)OC B (_é‘:I:Q’ _Q£i2a a2§i27 b2§i2; q2)oo

and observe that

M+N
(a&t;q)p (b€E; q)y = 2M N () () g MpN H 2 — ).

We also write

amim (_qm+1£i2;q2)oo

m 1-m .4 2 L eE2. .2
H k*% 1(] 2 5 ,Q)m:27mq7T ( CI§ aq)oo

Combining these facts, we find that

n

M+N
A(x)? — ) dz;, 3.21
anZ éCk / I IT G =) [ L ey dery (3.21)

T j=1 k=1 j=1
where
ia) = (€ %) oo
(_§i27 _qm+1£:|:2’a2£:t2’b2£:t2;q2)oom
and

D= (2M+N7mq(12”)+(’§)f%2aMbN)"

We now apply (3.18) to the integral (3.21). Let

Then,
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where y = 222 — 1. It follows that the polynomials g, () satisfy p(¢m@n) = Crnomn, with
é _ {4_k0k(_17_qm+17a27b2;q2)7 n= 2k7
TG (= =g a0 ), n=2k 4 1

Thus, (3.18) gives

deti<j p<nt N (Gnij—1(2k))
L D ] 1 1<y, J— .
H o AG)

Simplifying the expression for C'j,l /Cj_1, we arrive at the desired result. O

We will now combine (3.16) and (3.19). Let us substitute (a,b,c,d, &) — (iag™
—ia,iBq", —iB,ig""=™/?) in (3.16), where M and N are non-negative integers. Then, the
left-hand side of (3.16) equals the left-hand side of (3.19), under the substitutions (a, b)
(ier,if). We rewrite the matrix entries ¢, 1;—1(2x) in terms of 4¢3 series, using (3.12) with
the distinguished parameter a chosen as —a? for £ < M and as —32 for k > M + 1.
Then, the matrix entries in (3.19) can be identified with those in (2.7). More precisely,

n +1
Gntj-1(zk) = C;Dk QW™ (o, 8,077 54),

where

mi1 [n+g—1]+[<nﬂ 2)2 }

(1/2)71—H g T (a?B%q )(n+j—1)/2]

J = (232 m+2[(n+7)/2]— Lg )[(n+]_1)/2] )
k—1
(aﬁ)kilq( 2 )
(0252 ¢ )1’ k<M,
Dy, = T
(o) Mg ¥
, k>M+1.

(a?8% %) p—n1—1
We compute

o - - - N -
[Tizi (0, % q)j-1 (@M B/, = apiq)n [T, (¢, 471 5% )1

2 (M3 (M) g2 +2(5)+ )+ (F) o (5) g3 +MN

Az) =

and simplify the factors involving af using

1
M i1, 2732, .2\ . N 2432, ,2) .
Hj 1 (—aBgi= )N (a2 B2 ¢2) -1 Hj:l (@?B25¢%) -1
xMﬁN (02625 ¢?) ¢ n+] 1)/2] ﬁ (?B2q% 73,02 B2¢% 2 ) mg v
a282q m+2 (n+7)/2]— ) inti—1)/2] o (a2B2¢2i~ 1,a2ﬁ2 23, q%)m

n 202 ,,2[7/2]-1.
8 H (a®B%q 14)n
iy (e a?B2¢7 72 g pn (aBe? s @) m (a5 a)v
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M i
_ Hj:1(04ﬁqn+J L)
H]]\i-ﬁl-N (a262q2n+j—2; q)j—l
m/2 (042B2q2j_3; qz) |:A1+N2+n+1} (a262q2j_1; qg) {N1+é\l+n}

(@?62¢%773; ¢2) pry N (@2 B2¢% 715 ¢2),,

X
Jj=1

In the exponent of ¢, we use

£ ()

j=1

(TG (T

This yields the following result.

Corollary 3.9. For m, n, M and N non-negative integers, with m even,

m 1 1
(m) ql_m_”,a252qM+N+”_1,aqM_?+5,—aqM_ +§.
4¢3 M+N 54,49

w3

o?q™, g™, —afyq
= (—

[y
~—

(3N Hn(MAN+) o (MAm)n+2(5) +(5 )6(M+n)N+( H42()

X

(@B ig)n ﬁ
(g, —a2¢771:q)j—1(¢" " MB/a;q) N

M=

<.
Il
—

2

2( 2324213,

52613 Lig)j-

P im+N+n+1) /2@ B2 7 ) (4N 4n) /2]

X

(a2ﬂ2 73 P MmN (0?52 )

( 252 M+N+n—1

<.
Il
—

i Qni-1(q,q a’q

lmnq)jl(QQMm+1

éls

(0[2 7aﬂq 9 _anM—HVaq)nijfl

<.
Il
—

(q 2[j/2]+17a2q2[(j—1)/2]+17B2q2[(j—1)/2]+1;q2)% M+N

:j:

<.
Il
—_

Jj=

+1
X QMNn(a’/B7q 2 ’q)3

where

x=2(3)+ (5)+3(5) +o(5) + (5) e ()
(2) = (3) o (et ooa (07

iy

+%<FM+N:n—DT_{m;DT)

(@@~ 1 Q)M (B2@ 5 q)N L (a?B2qiTinT2iq)

51
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We now reformulate Corollary 3.9 in a way that will be adapted to our purpose. We
first apply the identity

M

n (22D 2
2
i (e qJ L 1;[ (¢ Lq)m
— (= 1) M+ grn=M (M~ 1+2n)q"’4" m[ =023 (M)~ (n1) (M) =M ()

n (q—2[(j—1)/2]+1—m/a2; q2)%

LT (T a2 g

M 1
1;[ —giTI2M o2 g)

We then multiply the left-hand side by

Jj=

N\H

ﬁ (aBg™, —aBg™ N q)nij1

()[2 2M —m+1. iq )]—1

and make the change of variables

(M, N, 8) = (1M1, IN|aq™ %", ~ sgn(MN)8g~ %' ),

where we no longer require M and N to be non-negative. Thus, for M > 0 we consider

ﬁ (@Bg™ =", —aBq" = Qntj1

(a2gM—m+1; ¢2)

M\»—l

i i-1

1-m—n ~232 n—1 M_m 1 —my 1
(m) (4 ,aBiq" T agr T2 —age T2 T
X 4¢3 ( a2,aﬂq%+%7_aﬂq _% 7‘]7(1) (322)

v
S

and for M < 0 the same quantity with (M, 5) — (=M, —3). However, by Corollary 3.7,
(3.22) is invariant under this transformation. Thus, we may take the left-hand side as
(3.22) regardless of the sign of M. This leads to the following result.

Corollary 3.10. For m, n, M and N integers, with m and n non-negative and m even,
and € = sgn(MN),

oy (0770020 g ¥ —ag¥mE q
s o afqz e, —afqr "2 o
= (-1 )‘N‘ (I 4 N (n+M) (2m7\M|)n+(‘];”)Bn\NH(‘Ml;lN‘)Jr(“;‘)qX
|M]| fn—1— LM _IN]
(—eafg/ ™17 T q) )
H DM _ N

(¢, =71 =Ml /a2 q); 1 (—eq? 2 2 Bla;q)|n|
m/2 (azﬁzqusfllelN\;q )[\Mwugwnﬂ](a ﬁ2q2J717|M|7|N‘;qz)[\MHLNHn]

X - -
(a2B2q2 =3 IMI=INT; g2) agy 4 v (02 B2 17 IMIZINT g2),,

Jj=1



H. Rosengren / Journal of Combinatorial Theory, Series A 138 (2016) 29-59 53

y ﬁ (@®B2¢" i Qnaja (g ¢ 7 q)J 1(a2qM mtlg?);
MEN
j=1 (O‘Q:O‘ﬁq 2 —aﬂq z »Q)n-m 1
n 3/2]+1 —2[(J 1)/2]+1— m-HMl/a ﬂQq—INH?[(J 1/2]+1 )m
2
1;[ (@1 /a25q) 1) (B2~ VL q)
|M|+|N] . IN] .
X . -
]1;[1 (a2B2qrtan=2=IMI=INl q);_, ]1;[1 (¢, g7~ INI=1B2:9)

M| IN| m+1

XQlMlle‘fn(aqf 2 _E/Bq T7q 2

),

where
m 1 9
X =2 —Z|N|(|M\ + |MN|+2|N|-2)

{m(m+M—-1)+|M|(|M|+1—m—n)—|N|}in

(('M'*N'*”) )

+% ({ |M|+|Nl+n—1) }-1— {(n;1)2}>'

+
N | = N>|>—l w

3.6. Final steps

We can now complete the proof of Theorem 2.1. Assume first that m is even. Com-
bining Corollary 3.2, Proposition 3.4 and Corollary 3.10, with the substitutions

(o, B,n) s (q2(17bmemm) gz (tatetm) by

yields (2.10), with

INIy (M| VN
o (ED(E)elz JrnintangX H (@ Datermej1(g:9),-1(—g2 TotHM—Ntirg),
9sm(atb+M-+N)+ab (Q7Q)a+] 1(Q7Q)c+m+] )
» ﬁ (9)5- 1(6%¢%) 1 L(atct+N)+j—1
i (4 Q)M_H 1(@%5q )b+c;M+j_1
M ey b IM|_IN|
| (—qu+2+2 2 2 ’q)‘N|

X
1;[ (g, —gitoreIMItm. ). (—egiti+iterm=tg=t o)

2 1+a=b=|M|=|N], ) [|M\+\12V\+b+1] (q2j+1+a7b7‘M|7|N‘ 1q?) {\M\+2\N\+b}

X
‘:1%
CS

(27— 1+a—b=M|=|NT, q2>‘M|+|N|+b(q2j+1+a—b—|M|—|N\ 2
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(qQ[j/2]+1’ q_2[(j_1)/2]+b+c+|M|’ qa+c+m_|N‘+2[(j_1)/2]+2; q2)

S

b
X -
j[[l (g7 Fetms q) g (g7 Fatetm=INl g)

[M|+|N| |V

1 1
X - -
Jl;[l (g7 tetb=IMIZINT g); 4 ]1;[1 (g, —gitotetm=INlg); 4

for a certain exponent X.
We now express C' in terms of the function H,. The product H;":/f is equal to

m/2
H G ) (a1 /2451 (4 0 a/214+5
i1 (@ @) @ror 1M1 41N /245 -1(8 @) (@t ml - N D) /24

H, ([ at1] | m1 [a] +m_+17a+b+|M|—HN|—17a+b—|M|—|N|+1)

(3.23)

2
] atl] _ 1 fa 1 +b+\M\+|Nl+m L ath- |M|— \N|+m+1
qu([ -5 8]+ 5"

All other factors can be converted using Lemma A.4 and Lemma A.5. The end result
can then be simplified using Lemma A.3. For instance, the factor ﬁq (a) appearing from
H?Zl(q; q);i];l combines with factors from (3.23) as

m ey (B [5)

We also observe that

|M]| e (a+b,|M|,|N| a+b+\M\+|N|>
2 ’ 2

j+a+b |M|—|N]| q
[[(—=q sa) N =
] e ((atbtM=IN| a+b—|M|+|N|
j:] q 2 I 2

= [ atb—|M|—|N| atbt|M|+|N|
g (N asbl]

7 (atb—M-N afbiM+iN) fj— (atbtM-—N afb-MIN)’
Ho (S, agiel) Hy (=, ey
where most factors on the right eventually cancel. Applying Lemma A.5 to
b
[[(gberemnr ).
j=1
leads, apart from functions H, ¢ and a power of ¢, to the factor

D— Da—prmi—ny2D—atvrm—ny/2

D(—a—psr—ny/2Dator M-y 2

where Dj, = 2050 Since —a —b+M — N < 0and a+b+ M — N > 0, it is easy
to see that D = 25" —3 max(ja—b,[M—N|), Finally, we express ﬁq in terms of H,. In this
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way, we find that (2.10) holds up to some factor ¢, where X is independent of ¢. Since
all functions in (2.10) are invariant up to a sign under replacing ¢ by ¢~—* (here we use
(2.9)), we must have X = 0. This proves Theorem 2.1 in the case when m is even.

If m is odd we invoke Lemma 3.5. Since a rational function is determined by infinitely
many values, it is enough to prove that the right-hand side of (2.10), considered as a
function of m, has the same form as the right-hand side of (3.7). Since (2.7) is a Laurent
polynomial in «, 3, , the second factor in (2.10) is rational in ¢™/2. The final factor
n (2.11), involving H ¢, is rational in ¢™ by Lemma A.3. Consider now the remaining
g-hyperfactorials in (2.11). We rewrite H, as H,/H, and then apply Lemma A.3 to all
factors of the form f(z +m), where f = H, or Hg2. This leads to a product of the form

ﬁqu<aj+%>ﬁH (o + )ﬁH %) H + 251
jletZQ(ijr%)j 1H (d+ )] 1H (f j=1 mT_l)
where a, ..., hjo are all integers. One may check that
6 10 10 10
Dobj—ay) = (dj—c;) = (e;—fi) =Y (95— hy)
j=1 j=1 j=1 j=1
_ —“b*QMJFN —a+b-C.

Applying Lemma A.2, it follows that the right-hand side of (2.10) indeed behaves as
(3.11) as a function of m. This completes the proof of Theorem 2.1.
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Appendix A. The g-hyperfactorial

In this Appendix, we collect some elementary properties of the g-hyperfactorials H,
and H, defined in (2.6).

Lemma A.1. Let a1,...,an,b1,...,b, be non-negative integers, such that > a; = > b,

and let H be any one of the functions Hy, H, ﬁq or ﬁq_, Then, there exists a rational
function f such that

17 o Z:j g ~ fq"") (A1)

for each non-negative integer m
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Proof. It is easy to check that

- m
Hq (a + E)
_ Hy(m/2)(q; Q)fn/g H?:1(q1+m/2§ a)j-1, m even, (A2)
Hy((m + 1)/2)(q1/2§ Q)((lm+1)/2 H?:l(qlﬂnm; Q)jfh m odd. '

It follows that (A.1) holds for H = H,, with

G N R P
Il

f(x):kzl o (gw5q)j-1

Let us now replace Hq by Hg. If m is even, (A.1) is multiplied with qQm)/2 where Q

=2 (75 (15)

Note that the cubic and quadratic terms in Q cancel, so ¢@(™)/2 is a rational function
m/2 2”?1) = (m;rl) + &, the same multiplier appears when m is
odd. This proves the case H = H,. The remaining two cases follow since H,~ = Hy2/H,

and fIq_ =H;/H, O

is the polynomial

in ¢"/*. Moreover, since %(
We will also need the following variation of Lemma A.1.
Lemma A.2. Let aj, b;, ¢; and d; be non-negative integers such that

k 1
Z(aj —bj) = Z(CJ -

j=1 j=1

Then there exists a rational function f such that

k m l m—
Hy (a; +3) Hy (c; +™5) _ (Y 1/2, 41/ A om/2
HH b m HH d m—1y — \4d (q )m ) fla )
iy q(bj+ %) i1 g (dj+751)
for each non-negative integer m.
Proof. It follows from (A.2) that
L A
ﬁ Hy(a;+%2) (45275 )y )” (a7 ), m even,
Hy(b+75)

]=1

1 A
(a7 002 20 ey j2) - S (@2). m odd,
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where f is rational. Replacing m by m — 1, it follows that

ml)

E[ (e ) -

2

5 A
(a7 @2 @)j2) " 9(a™?), m even

A
(q‘ﬁ(m“)(m‘l)(q; Q)(mfl)/Q) 9(q™?), m odd,
again with g rational. Using

(q1/2.q1/2) {(q1/2 Dm /Q(Q'Q)m/m m even,
’ (6% q) m+1)/2(@ D (m-1)/2, m odd

we obtain the desired result. O
The following two lemmas are straight-forward to verify.

Lemma A.3. For m a non-negative integer,
- ~ m—1 m m m+1
HQ(m):Hq2< 2 a?u?u 2 >
The same identity holds if ﬁq is replaced by H,.

Lemma A.4. For k, | and m non-negative integers,

k: ~
H,y(k+m)
(@ Dmtjo1 = ———>,
j[[ - Hq(m)
k ~
H l-‘r] I~{(Zk+l+m)
G Hy(k+1,l+m)’
k I 1 1
H(qlﬂ'q)' = Hp (3, %,T+k,2+k)
- e H,(I+Fk)

Moreover, for k, 21 + 1 and m non-negative integers,

k ~
H(ql+1+[(j—1)/2].q) _ Hy(LLT+m+[k/2], 1 +m+[(k+1)/2])
T,

JO+m L+ m, L+ k2,1 + [(k+1)/2])]

Jj=1

x>

H(qlﬂﬂj/z];q) CH LI+ L+ m e+ [(k+1)/2],L+m+ [(k+2)/2])

Hy(l4+ml+m+ 1,1+ [(k+1)/2],1+ [(k+2)/2])’

Jj=1
k

I Ea) _Hy(—elteltmtk/21+m+k/2)
" Hy(4Am—el+mtel+k/2,1+k/2)

Jj=1

where € = 0 for k even and e = 1/2 for k odd.
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We also need the following variation of the second identity in Lemma A.4.

Lemma A.5. For k and m non-negative integers and l an arbitrary integer,

_ CrtiCiym A, (U, [k + 1+ ml)
CiChyrym Hy (Jk+ 1,1 +m])’

k
[T 0)m
j=1

where Cp, =1 forn >0 and C,, = 2"q("’”3)/6 forn <0.
Proof. By induction on k, the result is reduced to

_ Ckt1+1Ck414m FIq_(Vf +1+m+ 1|k +1])
CeriCritgmsr Hy ([k+14+m|, |k +1+1])

(=" q)m

By induction on m, this is in turn reduced to

Citirmer  Hy(k+1+ml |k +1+m+2))
Crt14mChtl4m+2 Hy (|k+1+m+1|)2

1 4 gFHiam+l =

It is easy to check that

Ay o+ 1) n— 1)) _
iy (nl)?

o2 1, n>1,
—n = 2, n=020,
Cn—lcn+1 qn7 n S -1

The given solution corresponds to the initial values Cy = C; =1. O
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