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1. Introduction

Given r > 2, an r-uniform hypergraph (in short, r-graph) consists of a vertex set V
and an edge set £ C (‘:), that is, every edge is an r-element subset of V. Given an
r-graph H with a set S of d vertices, where 1 < d < r — 1, we define deg;(S) to be the
number of edges containing S (the subscript H is omitted if it is clear from the context).
The minimum d-degree §4(H) of H is the minimum of degy (S) over all d-vertex sets S
in H. The minimum 1-degree is also referred as the minimum vertex degree.

Given two r-graphs F and H, an F-tiling (also known as F-packing) of H is a collection
of vertex-disjoint copies of F'in H. An F-tiling is called a perfect F-tiling (or an F'-factor)
of H if it covers all the vertices of H. An obvious necessary condition for H to contain
an F-factor is |V (F)| | [V(H)|. Given an integer n that is divisible by |V (F')|, we define
the tiling threshold tq4(n, F) to be the smallest integer ¢ such that every r-graph H of
order n with 64(H) > t contains an F-factor.

As a natural extension of the matching problem, tiling has been intensively studied
in the past two decades (see survey [21]). Much work has been done on graphs (r = 2),
see e.g., [10,2,19,22]. In particular, Kithn and Osthus [22] determined ¢;(n, F'), for any
graph F', up to an additive constant. Tiling problems become much harder for hyper-
graphs (r > 3). For example, despite efforts from many researchers [1,6,13,17,18,23,29,31,
32], we still do not know the vertex degree threshold for a perfect matching in r-graphs
for arbitrary r.

Other than the matching problem, only a few tiling thresholds are known (see survey
(34]) Let K3 denote the complete 3-graph on four vertices, and let K} — e denote the
(unique) 3-graph on four vertices with three edges. Recently Lo and Markstrom [25]
proved that ta(n, K3) = (1 + 0(1))3n/4, and Keevash and Mycroft [16] determined the
exact value of ta(n, K3) for sufficiently large n. In [24], Lo and Markstrém proved that
ta(n, K —e) = (1 + o(1))n/2. Let C§ be the unique 3-graph on four vertices with two
edges (this 3-graph was denoted by K3 — 2e in [5], and by Y in [14]). Kiihn and Osthus
[20] showed that ta(n,C3) = (1 + o(1))n/4, and Czygrinow, DeBiasio and Nagle [5]
determined t2(n,C}) exactly for large n. Recently Mycroft [27] determined ¢,_1(n, F')
asymptotically for many r-partite r-graphs F' including all complete r-partite r-graphs
and loose cycles.

There are fewer tiling results on vertex degree conditions. Lo and Markstrom [25]
determined t;(n, K3(m)) and t;(n, Ki(m)) asymptotically, where K" (m) denotes the
complete r-partite r-graph with m vertices in each part. Recently Han and Zhao [15]
and independently Czygrinow [4] determined t;(n,C3) exactly for sufficiently large
n. In this paper we extend these results by determining ¢;(n, K) asymptotically
for all complete 3-partite 3-graphs K, and thus partially answer a question of My-
croft [26].
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Given a < b <¢, let d = ged(b — a,c — b) and define

1/4, if a=1, ged(a,b,c) =1 and d = 1;
6—4v2~0.343, ifa>2, ged(a,b,¢) =1 and d=1:

Flab,¢) = V2 ifa>2 god(abe) =1an (1.1)
4/9, if ged(a,b,¢) =1 and d > 3 is odd;
1/2, if ged(a,b,c) >1lora=b=c=1ord > 2 is even.

Given positive integers a < b < ¢, let K, be the complete 3-partite 3-graph with
three parts of size a, b, and c, respectively.

Theorem 1.1 (Main result). For integers 1 <a <b<e,

11 Kape) = <max{f(a,b, 0,1 — (%)2 (%)2} +0(1)> (Z)

Let us compare Theorem 1.1 with the corresponding result in [27], which states that

n/2+ o(n) if ged(a,b,¢c) >l ora=b=c=1,
to(n, Kape) = § an/(a+b+c) + o(n) if ged(a,b,¢c) =1 and d = 1;
max{an/(a+ b+ c),n/p} + o(n) otherwise,

where p is the smallest prime factor of d. Not only is Theorem 1.1 more complicated,
but also it contains a case where the coefficient of the threshold is irrational. In fact, as
far as we know, all the previously known tiling thresholds had rational coefficients.

The lower bound in Theorem 1.1 follows from six constructions given in Section 2.
Three of them are known as divisibility barriers and two are known as space barriers.
Roughly speaking, the divisibility barriers, known as lattice-based constructions, only
prevent the existence of a perfect K-tiling; in contrast, the space barriers are ‘robust’
because they prevent the existence of an almost perfect K-tiling. Our last construction
is based on the fact that if a perfect K-tiling exists, then every vertex is covered by a
copy of K, so we call it a covering barrier. Such a barrier has never appeared before —
see concluding remarks in Section 5.

Our proof of the upper bound of Theorem 1.1 consists of two parts: one is on finding
an almost perfect K-tiling in H, and the other is on ‘finishing up’ the perfect K-tiling.
Our first lemma says that H contains an almost perfect K-tiling if the minimum vertex
degree of H exceeds those of the space barriers.

Lemma 1.2 (Almost tiling lemma). Fiz integers 1 < a < b < c¢. For any v > 0 and
a > 0, there exists an integer ng such that the following holds. Suppose H is a 3-graph
of order n > ng with §,(H) > (max{1 — (a_ﬁj_c)Q, (afg_l;c)Q} +7)(5), then there exists a
Ko p c-tiling covering all but at most an vertices.
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The absorbing method, initiated by Ré6dl, Ruciniski and Szemerédi [28], has been
shown to be effective in finding spanning (hyper)graphs. Our absorbing lemma says that
H contains a small K, -tiling that can absorb any much smaller set of vertices of H
if the minimum vertex degree of H exceeds those of the divisibility barriers and the
covering barrier.

Lemma 1.3 (Absorbing lemma). Fiz integers 1 < a < b < c. For any v > 0, there exists
a > 0 such that the following holds for sufficiently large n. Suppose H is a 3-graph on n
vertices such that

§1(H) > (f(a,b,¢) +7) (Z)

Then there exists a vertex set W with |W| < i’yn such that for any vertex set U C
V(H)\ W with |U| < an and |U| € (a + b+ ¢)Z, both HW] and H[W U U] have
K, p.c-factors.

The upper bound of ¢1(n, K4 ) in Theorem 1.1 follows from Lemmas 1.2 and 1.3
easily.

Proof of Theorem 1.1 (upper bound). Let 1 < a < b < ¢ be integers and v > 0. Let
a > 0 be the constant returned by Lemma 1.3 and let n € (a 4+ b + ¢)N be sufficiently
large. Suppose that H is a 3-graph on n vertices with 61(H) > (6 +v)(5), where

bte \* (_a+b \
6—max{f(@abvc)’1_<a+b+c> ’(a—l—b-ﬁ-C) }

We apply Lemma 1.3 to H and get a vertex set W with [W]| < %Vn and the described
absorbing property. In particular, [W| € (a 4+ b+ ¢)N. Let H' = H[V(H) \ W]. Then

i) = b - Wi -0 = 0+0)(5) - 3(5) = (0+3) (V5 ):

Next we apply Lemma 1.2 on H" with /2 in place of v and get a K, .-tiling covering
T all but a set U of at most «|V(H")| < an vertices of H'. Since |V (H)|, |W|, |V (T)| €
(a+b+ )N, Ul =|V(H)| — |W|—|V(T)| € (a+ b+ ¢)N. By the absorbing property
of W, there exists a K, -factor on H[W U U]. Thus we get a K, -factor of H. O

Although this proof is a straightforward application of the absorbing method, there
are several new ideas in the proofs of Lemmas 1.2 and 1.3. First, in order to show that
almost every (a + b + ¢)-set has many absorbing sets, we use lattice-based absorbing
arguments developed recently by Han [12]. Second, in order to prove Lemma 1.2, we use
the concept of fractional homomorphic tiling given by Buf}, Han and Schacht [3]. Third,
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we need a recent result of Firedi and Zhao [9] on the shadows of 3-graphs, which can
be viewed as a vertex degree version of the well-known Kruskal-Katona Theorem for
3-graphs.

The rest of the paper is organized as follows. We prove the lower bound in Theorem 1.1
by six constructions in Section 2. We prove Lemma 1.3 in Section 3 and Lemma 1.2 in
Section 4, respectively. Finally, we give concluding remarks in Section 5.

Notations. Throughout this paper we let 1 < a < b < ¢ be three integers and k =
a+b+c > 3. When it is clear from the context, we write K, . as K for short. By z < y
we mean that for any y > 0 there exists xg > 0 such that for any x < zo the following
statement holds. When 2 < y < w and z < z < w, we simply write 2 < y,z < w
(and this should not be confused with # < y and z < w). We omit the floor and ceiling
functions when they do not affect the proof.

2. Extremal examples

In this section, we prove the lower bound in Theorem 1.1 by six constructions. Follow-
ing the definition in [27], we say a 3-partite 3-graph K, ;. is of type 0 if ged(a,b,c) > 1
ora=b=c=1 Wesay K, is of type d > 1 if ged(a,b,c) = 1 and ged(b—a,c—b) = d.

Construction 2.1 (Space barrier I). Let Vi and Vs be two disjoint sets of vertices such
that [Vi| = $n — 1 and [V1| + |Va| = n. Let Gy be the 3-graph on Vi U Vy whose edge set
consists of all triples e such that e N V1| > 1. Then 01(G1) = (";1) — ((1_2%)") =(1-
(1- a/k)Z)(g) +0(n?). Since a < b < ¢, we have a < k/3 and 0 < 1— (1 —a/k)* < 5/9.

We claim that G has no perfect K, -tiling. Indeed, consider a copy K’ of K, ¢
in G;. We observe that at least one color class of K’ is a subset of V; — otherwise V5
contains at least one vertex from each color class; since K’ is complete, there is an edge
in V3, contradicting the definition of G;. Hence a K, -tiling in G; covers at most
%k‘ < n vertices, so it cannot be perfect.

Construction 2.2 (Space barrier II). Let Vi and Vs be two disjoint sets of vertices such
that |Vi| = “fn — 1 and |Vi| 4 |Va| = n. Let Go be the 3-graph on Vy U Va whose
edge set consists of all triples e such that |e N Vi| > 2. Then 61(G3) = (GTH"%) =

2
((a+b)2/k?)(5) +o(n?). Since a < b < ¢, we have a+b < 2k/3 and 0 < (a+b)?/k? < 4/9.

We claim that G2 has no perfect K, j -tiling. Similarly as in the previous case, for

any copy K’ of K4 in Ga, at least two color classes of K’ are subsets of V3. Hence a
[Va]
a+b

Ko pc-tiling in Ga covers at most k < n vertices, so it cannot be perfect.

Construction 2.3 (Divisibility barrier I). Let Vi and Vs be two disjoint sets of vertices
such that |Vi| = | 5| +1 and |Vi| + |Va| = n. Let Hy be the 3-graph on Vi U Vy such that
H,[V1] and H1[Va] are two complete 3-graphs. Then §1(Hy) > (%2_2) =1(5) +o(n?).



120 J. Han et al. / Journal of Combinatorial Theory, Series A 149 (2017) 115-147

We claim that H; has no perfect K, p -tiling. Indeed, each copy of K, . must be
a subgraph of Hi[V4] or H;[Vs]. Since k > 3, due to the choice of V7 and Vs, we have
[Vi| # |V2] mod k and therefore k cannot divide both |Vi| and |Va|. Hence H; has no
perfect K, p -tiling.

Construction 2.4 (Divisibility barrier II). Suppose that K, . is of type d for some even
d. Let Vi and Vz be two disjoint sets of vertices such that |Vi| + |Va| = n and |Va| €
(5 — 2,5 +2] is odd, and ged(a,b,c) {|Vz| if ged(a, b, c) > 1. Note that we can pick |Va|
satisfying these conditions because in the interval [§ — 2,5 + 2], there are at least two
consecutive odd numbers, therefore at least one of them is not divisible by ged(a,b,c).
Let Hy be the 3-graph on Vi U Vs whose edge set consists of all triples e such that |e N Va|
is even (0 or 2). Then 01(Hs) = min{('vgl_l) + (IZQ‘), Val(|Va] = 1)} = 1 (5) + o(n?).

We claim that Hs has no perfect K, .-tiling. Consider a copy K’ of K44 . in Ho.
Since every edge intersects V5 in an even number of vertices and K’ is complete, no
color class of K’ intersects both Vi and V5. Moreover, either 0 or 2 color classes of
K’ are subsets of V5. Thus |V(K') N V2| € {0,a + b,a + ¢,b + ¢}. If ged(a,b,c) > 1,
then |V(K') N V3| is divisible by ged(a, b, ¢). Since ged(a, b, ¢) 1 |Va|, there is no perfect
K p,c-tiling. Otherwise, either ¢ = b= c =1 or ged(b — a,c — b) is even. In either case,
all of a +b,a + ¢ and b+ c are even and thus |V (K’) N Va| is even. Since |Va| is odd, Ho
has no perfect K, -tiling.

Construction 2.5 (Divisibility barrier III). Suppose that K, . is of type d for some odd
d > 3, let Vi and Vi be two disjoint sets of vertices such that |Vi| + |Va| = n and
Vil € [§—1,% +1] and dt (|V1| — Ra). Let H3 be the 3-graph on V1 UV, whose edge set
consists of all triples e such that |eNVy| = 1. Then 61(Hs) = min{|V1|(|V2|—1), (l‘gl)} =
3(5) + o(n?).

We claim that H3 has no perfect K, -tiling. Consider a copy K' of Kop, in Hs.
Similarly as in the previous case, exactly one color class of K’ is a subset of Vi, which
implies [V1 NV(K')| € {a,b,c}. Since ged(b — a,c — b) = d, we have a = b = ¢ mod
d and thus |[Vi N V(K')] = @ mod d. If Hs contains a perfect K, p -tiling K, then
Vi| = Fa = |V(K)N V1| — £a = 0 mod d, contradicting our assumption on |V;|. Hence
Hj has no perfect K, -tiling.

Construction 2.6 (Covering barrier). Let o = V2 — 1 and suppose that V is partitioned
into {v} UV3 UVoUV3 such that |Vi| = |Va| = an and |V| = n. Define a 3-graph F on V
whose edge set consists of all triples vry with x € Vi, y € Vo and all triples e in V1UVoUV3
such that eNVy =0 or eN'Va = 0. Therefore, 01(F) = (6 — 4v2)(5) 4+ o(n?) ~ 0.343(}).

It is easy to see that v is not contained in any copy of K» 3 2, and hence not contained
in any copy of K, . with a > 1. Therefore, F' has no perfect K, p -tiling with a > 1.
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Proof of Theorem 1.1 (lower bound). Given positive integers a < b < ¢ and n € kN,
where k = a+ b+ ¢, let t1 = t1(n, Kqp,c) be the tiling threshold. By Constructions 2.1
and 2.2, we have t; > (1 — (1 —a/k)?)(3) + o(n?) and t; > ((a + b)?/k?)(}) + o(n?).
Furthermore, assume K, . has type d. First, by definition, d is even if and only if
ged(a,b,¢) > 1, or a = b =c=1,0r d > 2is even. By Construction 2.4, we have
t > %(2) +0(n?) in this case. Second, assume that d > 3 is odd, then by Construction 2.5,
we have t1 > 5(5) + o(n?). Finally assume that d = 1. If a = 1, by Construction 2.3, we
have t; > %(g) +o0(n?). If a > 2, then by Construction 2.6, we have t; > (6 —4+/2) (Z) +
o(n?). O

3. Proof of the absorbing lemma
3.1. Preparation

We need a simple counting result, which, for example, follows from the result of Erdds
[7] on supersaturation. Given lq,...,l. € N, let K l(ﬁ)...,lr denote the complete r-partite
r-graph whose jth part has exactly I; vertices for all j € [r].

Proposition 3.1. Given u > 0, r,m,ly,...,l, € N, there exists u’ > 0 such that the
following holds for sufficiently large n. Let H be an r-graph on n vertices with a vertex
partition V3 U --- U V.. Suppose iy,...,i, € [m] and H contains at least un” edges
e ={vy,...,v.} such that vy € Vi, ... v, € V; . Then H contains at least p/nh+ -+
copies of Kl(::)___,lr whose jth part is contained in Vi, for all j € [r].

Given a 3-graph H, its shadow OH is the set of the pairs that are contained in at
least one edge of H. We need a recent result of Fiiredi and Zhao [9] on the shadows of
3-graphs. The union of two (overlapping) complete 3-graphs of order about Vdn shows
that Lemma 3.2 is (asymptotically) best possible.

Lemma 3.2. (/9]) Given d € [1, 47*;’4@), let n be sufficiently large. If H is a 3-graph on

n vertices with 61(H) > d(3), then |0H| > (4Vd —2d — 1)(3).

The next lemma says that for any 3-graph, after a removal of a small portion of edges,
any two vertices with a positive codegree in the remaining 3-graph have a linear codegree
in H.

Lemma 3.3. Given € > 0 and an n-vertex 3-graph H = (V, E), there exists a vertex set
Vs CV and a subhypergraph H' of H such that the following holds

(i) |V5| < 3en,
(i) degy, (v) > degy (v) —€(}) for any v € V\ V{,
(iii) degy (S) > €2n for any pair of vertices S € OH'.
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Proof. If an edge e € E(H) contains a pair S € (§) with degy (S) < €%n, then it is called
weak, otherwise called strong. Let H' be the subhypergraph of H induced on strong
edges. Then (iii) holds. Let

Vy = {v € V : v is contained in at least e(Z) weak edges} .

Then (ii) holds. Note that the number of weak edges in H is at most (%) e?n. If V| > 3en,
then there are more than 3en - €(}) /3 = (5)€e*n weak edges in H, a contradiction. Thus
(i) holds. O

We use the notion of reachability introduced by Lo and Markstrom [24,25]. Given an
r-graph F' of order f, 8 > 0, ¢ € N, two vertices u,v in an r-graph H on n vertices
are (F,(3,i)-reachable (in H) if and only if there are at least An*/=1 (if — 1)-sets W
such that both H[{u} UW] and H[{v} UW] contain F-factors. In this case, we call W
a reachable set for v and v. A vertex set A is (F, 3,4)-closed in H if every two vertices
in A are (F, 3,i)-reachable in H. For x € V(H), let Ng () be the set of vertices that
are (F, 8, i)-reachable to x.

We use the following two results from [25].

Proposition 3.4. (/25, Proposition 2.1]) Given 3,e > 0 and positive integers f and if, >
19, there exists B > 0 such that the following holds for sufficiently large n. Let F be
an r-graph on f vertices. Given an n-verter r-graph H and a vertex x € V(H) with
|Nr iy ()| > en, then Npgi,(z) C ]\prﬁr,i&(:v). In other words, if xz,y € V(H) are
(F, B,io)-reachable in H and |Np g, ()| > en, then x,y are (F, [, i)-reachable in H.

The following lemma is essentially [25, Lemma 4.2]. In fact, [25, Lemma 4.2] shows
that the density of K. . .y1’s containing both x and y in the part of size c+1 is positive.
By averaging, this implies that the density of K, 1 +1’s containing both z and y in the
part of size ¢ + 1 is positive.

Lemma 3.5. (/25]) Let a < b < c¢ be positive integers and K = K .. Given € > 0,
there exists 1 > 0 such that the following holds for sufficiently large n. For any n-vertex

3-graph H, two vertices x,y € V(H) are (K,n,1)-reachable if the number of pairs S €
N(z) N N(y) with deg(S) > en is at least €(3).

3.2. Auziliary Lemmas

Given positive integers a < b < ¢, let K = Kqp., and Kk =a+ b+ c > 3. We call an
m-set A an absorbing m-set for a k-set S if AN S = () and both H[A] and H[AU 5]
contain K-factors. Denote by A™(S) the set of all absorbing m-sets for S.

Our proof of the Absorbing Lemma is based on the following lemma.
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Lemma 3.6. Given 0 < n < 1/(2k), 8 > 0, and iy € N, there exists o > 0 such that the
following holds for all sufficiently large integers n. Suppose H = (V, E) is an n-vertex
3-graph with the following two properties

(&) For any v € V, there are at least nmn*~' copies of K containing it.
(A) There exists Vo C V with |Vo| < n?n such that V(H) \ Vy is (K, B,i0)-closed in H.

Then there exists a vertex set W with Vo C W C V and |W| < nn such that for any
verter set U C V\W with |[U| < an and |U| € kZ, both HW] and H[U UW] contain
K-factors.

Proof. Let

k-1 2

n(p Ui
(e da= .
n ( > X 3900k

There are two steps in our proof. In the first step, we build an absorbing family F; that
can absorb any small portion of vertices in V'\ Vj. In the second step, we put the vertices
in Vo \ V(F1) into a family F5 of copies of K. Then V(F; UFs) is the desired absorbing
set.

Fix a k-set S = {v1,v2,...,vx} C V\ V. Let m = igk? —igk. We claim that there are
at least mn™ absorbing m-sets for S, namely, |A™(S)| > nn™. Indeed, we first find a
k-set S = {v1,ug,...,ux} C V\V, such that S’ NS = {v1} and S’ spans a copy of K.
By (&), there are at least

nnk—l o (k o 1)nk—2 . (n2n)nk—2 > 77nk—l/2

choices for S’ because there are at most n*~2 k-sets containing v; and another fixed
vertex, and |V \ Vo| < n?n. For each i = 2,...,k, since V' \ Vj is (K, 3,ip)-closed, there
are at least fn’*~1 reachable (igk — 1)-sets S; for u; and v;. We greedily choose pairwise
disjoint sets Sa,..., Sy — when choosing S;, we need to avoid the vertices in S U S’ U
U;;lz S; so there are at least n‘*~1/2 choices for S;. Let A = (S"\ {v1}) U <Uf:2 SZ-),
then |A| = m. We claim that both H[A] and H[AU S] contain K-factors. Indeed, by the
definition of reachability, each S; U {u;} spans iy copies of K and thus H[A] contains a
K-factor. Furthermore, since S’ spans a copy of K and each S; U {v;} spans i( copies of
K, H[AU S] also contains a K-factor. Thus A is an absorbing m-set for S. In total, we
get at least

ﬂ ) k—1
gnkfl <§nz0k1> _ ,]hnm

such m-sets, thus [A™(S)| > nn™.
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Now we build the family F; by standard probabilistic arguments. Choose a family F of
m-sets in H by selecting each of the (::L) possible m-sets independently with probability
p =mn'=™/(8m). Then by Chernoff’s bound, with probability 1 — o(1) as n — oo, the
family F satisfies the following properties:

n m plA™(S)| _ min VAW
< < — > > .
.T-|2p<m) 4 " and AT (S)NF| > 5 > 16 , forall S € N

(3.1)

Furthermore, the expected number of pairs of m-sets in F that are intersecting is at

n - n 771
m m—1 p *64m

Thus, by using Markov’s inequality, we derive that with probability at least 1/2,

most

2
n

F contains at most ;]21— intersecting pairs of m-sets. (3.2)
m

Hence, there exists a family F with the properties in (3.1) and (3.2). By deleting one
member of each intersecting pair and removing m-sets that are not absorbing sets for
any k-set S C V' \ Vp, we get a subfamily F; consisting of pairwise disjoint m-sets. Let
W1 = V(F1) and thus |Wy| = |[V(F1)| = m|F1| < m|F| < mn/4. Since every m-set in
F1 is an absorbing m-set for some k-set S, H[W;] has a K-factor. For any k-set S, by
(3.1) and (3.2) above we have

2 2
m 771’” mn o mn
[A™(S)N Fyi| > 16m  32m — 32m" (3.3)

For any set U C V' \ (Vo U W) of size |[U| < an and |U| € kZ, we arbitrarily partition it
into at most 4" k-sets. By the definition of /7, each such k-set has at least ;72?:1 >
absorbing sets in /7 so we can find a distinct absorbing set in J; for each of the k-sets.
As a result, H[U U W] contains a K-factor.

In the second step, by (), we greedily build Fs, a collection of copies of K that cover

the vertices in Vo \ Wi. Indeed, assume that we have built i < Vo \ Wi| < n%n copies
of K. Together with the vertices in Wy, at most ki+n1n/4 < kn?n+mn1n/4 vertices have
already been covered by F. So for any vertex v € Vj not yet covered, we find the desired
copy of K containing v by ({), because (kn?n +mn/4) - n*=2 < nnk-1.

Let W = V(F2) U Wy, we get the desired absorbing set W with |W| < kn?n + nin/
4<mm. O

So it remains to show that ({) and (A) hold in the 3-graph H. We first study the
property (). Throughout this subsection, let dy = 6 — 4v/2 ~ 0.343. Note that (4v/dg —
2dy — 1) + dy = 1 because /dy = 2 — /2.
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Lemma 3.7. For any vy > 0, there existsn > 0 such that the following holds for sufficiently
large n. Let H be an n-vertex 3-graph with & (H) > (do + v)(3). Then each vertex
v € V(H) is contained in at least mn*~1 copies of K.

Proof. Let ¢ = v/12. Let 1 be returned by Lemma 3.5 when ~e?/2 plays the role of e.
Suppose that n is sufficiently large and H is an n-vertex 3-graph with &, (H) > (do+7) (5)-
We apply Lemma 3.3 on H and get V{j and H’ satisfying (i)—(iii). Let H"” = H'[V '\ Vj]
and n/ = |V \ Vj|. By Lemma 3.3 (ii), we have

S 2 o) (Z) - (Z) ~ [Vl —2) > d (7;)

because |Vj| < 3en. Since 1 < dy < 47%4‘/? ~ 0.385 and n’ > (1 — 3¢)n is sufficiently

large, Lemma 3.2 implies that

OH" > (4\/do — 2dy — 1) (Z) > (4y/do — 2do — 1)(1 — 6e) <Z>

Since 01(H) > (do + 7)(3), for every z € V(H), we have

|Ng(z) NOH"| > (do Ay + (4/do — 2dg — 1) — 6 — 1) (”) >

by the definitions of dy and e.

Fix € V(H) and note that every S € Ny(x) N dH" has degree at least ¢2n in H.
Therefore, the number of (S,y) with S € Ngy(x) N OH” and y € Ng(S) is at least
X (”

o 2) - €2n. By averaging, there exists a vertex y such that

INu(y) N Ni(z) 0 OH"| > e (;‘) /2.

This means that z and y have at least ve*(%)/2 common neighbors with degree at
least €?n. By Lemma 3.5, z and y are (K,n,1)-reachable. Hence, there are at least
nn*~1 (k — 1)-sets W such that H[{zx} U W] forms a copy of K. O

Now we consider the property (A). Following the approach in [12], given a 3-graph H,
we first find a partition of V(H) such that all but one part are (K, /3,4)-closed in H and
then study the reachability between different parts. The following lemma provides such
a partition.

Lemma 3.8. Given § > 1/4 and v > 0, there exist constants 0 < < € < 7 such that
the following holds for sufficiently large n. Let H be an n-vertex 3-graph with 6;(H) >
(6+7) (g) Then there is a partition P of V(H) into Vo, Vi,..., Vi such that
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. |Vb| < 4en,
e t<[1/(6+7/2)], and
o Vil > n and V; is (K, 8,211/ 0H/21=V) _closed in H for all i € [t].

Proof. Let s = [1/(6 +/2)|. Then we may choose € > 0 such that e < min{(s+1)(d +
v/2) — 1,1/k}. Let  be the constant returned from applying Lemma 3.5 with €2/16 in
place of €. Note that we may require 17 < € because the conclusion of Lemma 3.5 holds
with 5 replaced by any positive 7’ < n. Furthermore, let

I/n<B=PF1 < <P < fo<na<Le

Let H = (V, E) be an n-vertex 3-graph with 61(H) > (6 +7)(5). We apply Lemma 3.3
to H and obtain Vj and H’ satisfying (i)—(iii).

Givenv € Vand 0 <i < s—1,let N;(v) = N g, 2:(v) be the set of vertices in H that
are (K, B, 2")-reachable to 2 (note that N;(v) may contain the vertices of V). Through-
out this proof, we say 2i-reachable (respectively, 2i-closed) for (K, 3;,2%)-reachable (re-
spectively, (K, B;,2%)-closed) for short.

Fix z € V' \ V{, we claim that |No(z)| > 3e?n. To see this, let

D= {v €V :|Ng (v)N Ny (z)| > ;—Z(Z)}

Since degy (p) > €2n for any p € OH', Lemma 3.5 implies that two vertices z,v € V
are 1l-reachable if [Ny (v) N N/ (z)| > €2(3)/16. Therefore D C No(z). Let t be the
number of pairs (p, ) where p € Np/(z) and v € N/ (p). By Lemma 3.3 (iii), we
have t > degy/ () - €2n. We also know that |Ng(v) N Ny (z)| < %(g) if v ¢ D, and
[N (v) N Ny (2)| < degp (x) otherwise. Consequently,

2
degy (z)¥n <t <n- ;—6 (Z) + |D| - degp ().

So we get [D| > €*n — €n(})/(16degy, (z)). Since z € V \ Vj and § > 1/4, by
Lemma 3.3 (ii),

degp (z) > (647 —¢) (Z) > (5 + g) (Z) > i(g‘) (3.4)

Consequently [D| > 3¢2n and in turn, |[No(z)| > 2€2n.

Since |No(z)| > 46 n, by Proposition 3.4 and the choice of B’s, we derive N;(z) C
Niji(z) for all 0 < i < s—1 and all z € V' \ V. Furthermore, if a set W C V' \ Vj is
2i-closed in H for some i < s — 1, then W is 25~ !-closed in H.
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Given any set S C V' \ Vj of s + 1 vertices, by the Inclusion—Exclusion principle,

> dete () = 3 W) )] < | U M) < ()

zeS z,yeSs zeS

which implies Y, ¢ [Nir (&) 0 N (9)] > (s 4+ 1)(3 +7/2) = 1)(3) by (3.4). Since € <
(s+1)(6+7/2) —1, there are two vertices z,y € S such that [Ngy:(z) NNy (y)| > i—z ),
so x,y are 1-reachable to each other. Consequently, if s = 1, then V' \ VJ is 1-closed and
we get the desired partition P = {Vy,V \ V{§}.

We may thus assume that s > 2 and there are two vertices in V' \ Vj that are not
25~ 1_reachable to each other (otherwise we are done). Let ' be the largest integer such
that there exist vy, ..., vy € V\Vj such that no two of them are 25+1=t'_reachable to each
other. Earlier arguments show that ¢’ exists and 2 < t' < s. Fix such v1,...,0p € V\V}.
By Proposition 3.4, we can assume that any two of them are not 25—t _reachable to each
other. Then N,_u (v;), i € [t'] satisfy the following properties.

(a) Any v € (V\ V{)\ {v1,...,vp} must be in N,_y(v;) for some i € [t'] — otherwise
{v,v1,...,v¢} contradicts the definition of ¢'.
(b) |Ng—¢'(vi) N Ng—y(v5)] < an for any i # j — otherwise there are at least

an 2s—t'p 1 25—t o 25— t' |1 s—t'y, 25 k2
(210 — 1) (Ban -n (637t’n —2"""kn

reachable (23'*‘1_’5/1@’ — 1)-sets for v;,v; because there are at least an vertices w €

Ny_(vi) N Ny_y(v;), at least Bs_t/nzsft/k_l 2 k=2 95— _reachable sets S for
v; and w that do not contain v;, and at least Bs_t/nZS_t/k'*l _ st 2" k2

25~"_reachable sets for v; and w that avoid {v;} U S; finally, we divide by
(2511t} — 1)! to eliminate the effect of over-counting. Since Bs_p > Bey1_y, this

gs 1=ty 4

gives at least Bs41-¢n reachable (2“”"‘1_51@‘— 1)-sets for v;, v;, contradicting

the assumption that v;,v; are not 25+1=t'_reachable to each other.

Fori € [t'],let V; = (N,_u (v2) U{oi )\ (Vo VU, e g4y N,_1(v;)). We observe that V;
is 25—t _closed for all i € [t']. Indeed, if there exist uy, us € V; that are not 25—t _reachable
to each other, then {uj,us,vy,...,0p} \ {vl} contradicts the definition of ¢'. Without
loss of generality, we may assume |Vi| > --- > |Vi/|. Let ¢ be the largest integer i € [t']
such that |V;| > €2n. Let V = V\ (Ui<i<t Vi) Clearly Vg C Vp. By (a) and (b), we have
Vol < IV5l+ (5 )om +t'e?n < 4en. So P = {Vy, V1, ..., V;} is the desired partition. O

We use the following definitions introduced by Keevash and Mycroft [16]. Let r,t > 0
be integers and let F' be an r-graph of order f. Suppose that H is an r-graph with a
partition P = {Vy,V1,...,V;} of V(H). The index vector ip(S) € Z' of a subset S C
V (H) with respect to P is the vector whose coordinates are the sizes of the intersections of
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S with Vi,...,V;. We call a vector i € Z! an s-vector if all its coordinates are nonnegative
and their sum is s. Given pu > 0, an r-vector v € Z! is called a u-robust edge vector if
at least u|V(H)|" edges e € E(H) satisfy ip(e) = v; an f-vector v € Z! is called a
p-robust F-vector if at least u|V (H)|/ copies F’ of F in H satisfy ip(V(F")) = v. Let
I (H) be the set of all y-robust edge vectors and let Ir, .(H) be the set of all y-robust
F-vectors. Let LY, »(H) be the lattice generated by the vectors of Iy (H), in other
words, L' -(H) consists of all linear combinations of the vectors of Iy -(H).

When i is a p-robust edge vector and F' is a complete r-partite r-graph, Proposition 3.1
implies that there exists ¢/ > 0 such that the edges with index vector i give rise to at
least p/n’ copies of F' with certain index vectors. For example, when t = 2, F = Kap,e
(sor=3)and (1,2) € I5(H), we have (a,b+c),(b,a+c) and (¢,a+b) € Ig/F(H) for
some g/ > 0. For j € [t], let u; € Z* be the jth unit vector, namely, u; has 1 on the jth
coordinate and 0 on other coordinates.

Given a partition P = {Vp,Vi,...,V;} of V(H), the following lemma shows that
V(H) \ V is closed if u; —u; € L’f):F(H) for all 1 < j < [ < t. Because of potential
applications to other problems, we prove the following lemma for r-graphs with » > 3.

Lemma 3.9. Letig,r,t > 0 be integers and let F' be an r-graph of order f. Given constants
€, 8,1 >0, there exists 8’ > 0 and an integer i, > 0 such that the following holds for suf-
ficiently large n. Let H be an r-graph on n vertices with a partition P = {Vy,V1,...,Vi}
such that for each j € [t], |V;| > €n and V; is (F, B,io)-closed in H. Ifuj—u; € L%:F(H)
foralll <j <1<t then V(H)\ Vo is (F, ', i})-closed in H.

Proof. We call a set I of f-vectors in Z' a base if all u; —w;, j < [, can be written as

linear combinations of the vectors in I, namely, there exist al! € Z such that u; —u =

e

D over a?'v. For example, the set of all f-vectors in Z! is a base. Since there are (
f-vectors in Z!, there are at most 20753 bases. Given a base I, we denote by C7 the
largest |a?'| over all v € I and j < I. Let C' = max C; over all bases I.

Given integers r, t, 79 and constants €, 5, u’ > 0, let n be sufficiently large, in particular,
n > C'. Suppose that H is an r-graph satisfying all the assumptions, in particular,
u; —w € L%:F(H) for all j < I. We claim that for any j < [, any z; € V; and any
x; € Vy are (F, B;,1;,)-reachable for some §8;; > 0 and some 4;; > iy. Once this is
done, since |Npgi,(v)| > |V;| — 1 > ¢2n/2 for any j € [t] and v € Vj, we can apply
Proposition 3.4 with €2/2 in place of € and i, = max{i;;} and derive that any z; € V;
and any z; € V; are (F, §,1()-reachable for some § > 0. For the same reason, any two
vertices in Vj, j € [t], are (F, 8", 1;)-reachable for some 5" > 0. We thus conclude that
any two vertices of V(H) \ Vp are (F, 3',i})-reachable with 8’ = min{f, 8"}.

Below we prove this claim for j =1 and [ = 2. Let [ = Ig,F(H) By our assumption,
there exist ay € Z, v € I such that u; —uz = ) ayv and |ay| < €’ for all v € I. For
each v € I, if ay, > 0, then let p, = ay and ¢, = 0; otherwise let p, = 0 and ¢y, = —ay.
Hence
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u —ug = 2:(;0v —qv)V e, quv +uy = vav + uo. (3.5)

vel vel vel

By comparing the sums of all the coordinates from two sides of either equation in (3.5), we
obtain that 3 ., pv = D, ¢ @v, which we denote by C. Then C' < [I|C" < (f'[_tzl)C” <
w'n/(4f) because n is sufficiently large. We greedily select py + gy vertex-disjoint copies
of F' with index vector v that do not contain x; or zo for all v € I. This gives rise to
two disjoint families P and K%, where KP consists of p, copies of F' with index vector
v for all v € I, and K9 consists of g, vertex-disjoint copies of F' with index vector v for
all v € I. Note that |V(KP)| = |[V(K?)| = fC. When selecting any copy of F', we need
to avoid at most 2fC vertices, which are incident to at most 2fCnf~! < u'nf /2 copies
of F. Therefore, there are at least u/'nf /2 choices for each copy of F in K? and K¢ and
in turn, at least (u'n’/2)% choices for KP and k1.

By (3.5), we have ip(V(K?)) + uy = ip(V(KP)) + up. This implies that we may
write V(K?) = {y1,...,ysrc}, V(K9) = {z1,...,zpc} such that y; € Vi, z1 € V5, and
for i > 2, y; and z; are from the same part of P (and thus are (F, 3, ip)-reachable to
each other). We next select a reachable (igf — 1)-set S; for y;, 2; for ¢ > 2 such that
Sa,..., 8¢ are disjoint and also disjoint from V(K? U K?) U {x1,x2}. When selecting
each S;, we need to avoid at most constantly many vertices and thus there are at least
gniof ~! choices for each S;. Finally, since x; and y; and respectively, xo and z; are
(F, ,ip)-reachable, we can pick two disjoint (igf — 1)-sets S1,Sy such that S is a
reachable set for x7 and y1, Sy is a reachable set for x5 and z;, and Sp, .Sy are disjoint
from V(KPUK?) U{z,22} U U{:CZ S;. Again there are at least gniof_l choices for each
of S1,S5p. We claim that A := Ul-ffo S; UV(KP UK1?) is a reachable set for z; and zs.
Indeed, H[A U {x1}] contains an F-factor because H[S; U {z;}] for i > 2, H[S; U {x1}],
H[SoU{z1}] and KP all contain F-factors; on the other hand, H[A U {x5}] contains an
F-factor because H[S; U {y;}] for i > 1, H[Sp U {z2}] and K? all contain F-factors. Let

N 2C fC+1
i1,0 = i0fC + C + i and P12 = (%) (g) /(i1,2f — 1)I. The procedure above
provides at least

’ 2C ) fC+1
I B, igk—1
() (i)

(i12f — 1)!

= By on'r2l 7t
:

reachable (i1 of — 1)-sets for 1 and z2. O
3.3. Proof of Lemma 1.3

The following simple fact will be used later for finding linear combinations of robust
K-vectors.

Fact 3.10. Let a,b,c € Z. If ged(a,b,¢) = 1 and ged(b — a,c — b) is odd, then ged(a +
ba+c,b+c)=1.
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Proof. Let | = ged(a+b,a+¢,b+¢). Then ! | (b—a) and [ | (¢ — b) and consequently
] ged(b—a, c—b). Thus [ is odd. On the other hand, I | 2(a+b+-c). Since [ is odd, it follows
that [ | (a + b+ ¢). Consequently, ! | a,l | b and [ | ¢, which implies { | ged(a,b,c) = 1,
namely, [=1. O

Proof of Lemma 1.3. Fix 6 > f(a,b,c) and v > 0. Let = (~y) be the constant returned
by Lemma 3.7. In addition, assume that n < min{1/(2k),~v/4, p}/2}, where p} is the
constant returned by Proposition 3.1 with inputs p = 1/8, I3 = b, and Iy = c. Let
ip = 2l1/(0+7/2)] =1 Tet 8 <« € < 7 be the constants returned by Lemma 3.8, and assume
that € < n?/4. We pick 0 < pu < € and let y’ the constant returned by Proposition 3.1
with u, l1 = a, ls = b, and I3 = ¢. We apply Lemma 3.9 with 3, ig and p' and get '
and (. Finally, we apply Lemma 3.6 with 8’, n and (), and get o > 0.

Let n be sufficiently large and let H be a 3-graph on n vertices such that &;(H) >
(6+7)(%)- It suffices to verify the assumptions (A) and () in Lemma 3.6, which provides
the desired vertex set W (here |W| < nn < yn/4).

If 6, (H) > (6—4v2+47)(5}), then () holds by Lemma 3.7; otherwise by the definition
of f(a,b,c), we may assume that a = 1 and 6;(H) > (i +7) (g) By Proposition 3.1,
there are at least pf(n — 1)°T¢ > nn*~1 copies of K ZEQC) in the link graph' of each vertex
of H (thus () holds).

In the rest of the proof we verify (A) in cases depending on the type of K = K, p.c.
We first apply Lemma 3.8 to H and obtain a partition P = {Vp, V1,...,V;} of V(H)
such that Vo] < 4en < n?n, t < [1/(6+7/2)], |Vi| > €2n and V; is (K, 3,ig)-closed in H
for all i € [t]. In particular, ¢ = 1 when d = ged(b—a,c—b) is even (and § > 2); t < 2/if
d>3isodd (and 6 > §); t <3ifd=1 (and 6 > }).

We are done if t = 1. When t > 2, we consider p-robust edge vectors in H with respect
to the partition P. By Lemma 3.9, it suffices to verify the assumption in Lemma 3.9,
that is, (1,—1) € L’;/,K(H) when ¢ = 2 and respectively, (1,—1,0), (1,0,-1), (0,1,-1) €

L%l’ < (H) when t = 3. For convenience, write
t1=(a,b+¢),ta = (b,a+c),t3=(c,a+b),ty = (a+b+¢,0)
and
t;=(a+b+ca+b+c)—t;for 1 <i<d4.

Claim 3.11. For any partition P’ = {Vo, V', V"} of V(H) with |Vp| < 4en and |V,
V'| > €n, we have (1,2) or (2,1) € LY (H).

Proof. Without loss of generality, assume that |[V'| < n/2. Fix v € V’. We observe that
v is contained in at least en? crossing edges (those with index vector (1,2) or (2,1))

1 Given a 3-graph H and a vertex v € V(H), the link graph is defined as the graph with the vertex set
V(H) \ {v} and the edge set {S\ {v}:v € 5,5 € E(H)}.
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— otherwise 01 (H) < ("42) + en? + [Voln < (3 +7)(5), contradicting our assumption
on §1(H). Hence v is in at least en?/2 edges with index vector (1,2) or en?/2 edges with
index vector (2,1). Without loss of generality, assume that at least half of the vertices
in V' are in at least en?/2 edges with index vector (1,2). Thus the number of edges
with index vector (1,2) is at least 1€?n - en?/2 > 3un® as p < e. This means that
(1,2) € IX(H). O

Case 1: K is of type d > 3 with d odd.

In this case, 61(H) > (3 +7)(3). Thus t = 2 and P = {Vp, V4, V2}. By Claim 3.11,
without loss of generality, assume that (1,2) € I5(H). If I5(H) = {(1,2)}, then assume
that |V2| = pn for some 0 < p < 1. The number of edges with index vector (1,2) is at
most

3

|Val 2 3 4 n
Vi 1-— 9< .
|1|<2 <( p)pn/_9 0

where the second inequality becomes an equality when p = 2/3. Thus, e(H) < %%3 +
3und + |[Vo|n? < 2(4) + 5en® (where 3un® bounds the number of edges with other
index vectors), contradicting our assumption on 6;(H). Therefore, |I5(H)| > 2 and
there are 3 possibilities: I55(H) 2 {(1,2),(3,0)}, In(H) 2 {(1,2),(0,3)} and I5(H) 2
{(1,2),(2,1)}. By Proposition 3.1,

I8 (o (H) 2 {t1, b2, t3, 64} or I o (H) 2 {t1.t, 5, t}} or

I”Il;,K(H) 2 {t17t27t37t/17t/23t{3}7
respectively. If {tq,to, t3,t4} C I%,K(H)a

t4 7t1 = (b+C,*(b+C)), t4 7t2 = (a+c,f(a+c)),

ti—ts = (a+b,—(a+b)) € L 1 (H).
Since K is of type d > 3 and d is odd, Fact 3.10 implies that ged(b+¢,a +c,a+b) =1
and hence (1,—1) = x(ts — t1) + y(ts — t2) + 2(ts — t3) € L ;(H) for some integers

x,y, z. Otherwise {t1,to, t3,t)} C I%/K(H) or {t1,to,t3,t7,t5,t5} C IglK(H), it is easy
to see that in either case

(a, —a), (b,—b), (¢, —¢) € Lty .- (H).

Since ged(a, b, ¢) = 1, we conclude that (1,—1) € L (- (H).

Case 2: K is of type 1 and ¢t = 2.
By Claim 3.11, without loss of generality, assume that (1,2) € I;5(H). By Proposi-
tion 3.1, we have
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t1, b2, ty € I o (H),
and thus
to—t1=(b—a,a—b),ts—ts=(c—bb—c) € L%/7K(H).

Since Kqp ¢ is of type 1, namely, ged(b—a, c—b) = 1, we conclude that (1, —1) € L%:K(H).

Case 3: K is of type 1 and ¢t = 3. )

If (1,2,0) € Ip(H), then the arguments in Case 2 show that (1,—1,0) € L x(H).
If we also have (0,1,2) € I5(H), then (0,1,-1) € Lé‘,:K(H). Consequently (1,0,—1) €
L’;;, i (H), and we are done. In general, let T be the set of all vectors with three coordi-
nates 0,1,2 (in any order). If

I (H) contains two members of T' whose 0’s are on different coordinates, (3.6)

then the arguments above show that (1,-1,0),(0,1,—-1),(1,0,-1) € L%:K(H).

We claim that (3.6) holds if (1,1,1) ¢ I/5(H). In this case, we prove a stronger
statement than (3.6): for eachi € [3], I (H) contains a member of T whose ith coordinate
is positive. Fix ¢ € [3]. By applying Claim 3.11 to P’ = {V4, V4, Vi1 UVi42} (the addition
is modulo 3), we may assume that at least 3un? edges have index vector (1,2) with respect
to P’. Since (1,1,1) ¢ I'5(H), at most un® of these edges have index vector (1,1,1) with
respect to P. Thus, there exists j # 4 such that at least un3 of these edges intersect V;
with two vertices. This proves the desired statement.

What remains is the case when (1,1,1) € I5(H). In this case, by Proposition 3.1,

(a7 b’ C)? (b’ a" C)? (a7 C’ b)? (b’ c? a)? (C7 a? b)’ (03 b? a) 6 I”l;:K(H)'

This implies (y, —y,0), (0,y, —y), (v,0, —y) € L%/)K(H) for all y € {b — a,c — b}. Since
ged(b — a, ¢ — b) = 1, we derive that (1,-1,0), (0,1, -1),(1,0,~1) € L% (H). O

4. Proof of the almost tiling lemma
4.1. The weak regularity and cluster hypergraphs

Let H = (V, E) be a 3-graph and let Vi, V5, V3 be mutually disjoint non-empty subsets
of V. We denote the number of edges with one vertex in each V;, i € [3] by e(Vi, Va, V3),
and the density of H with respect to (Vi, V2, V3) by

e(V17 ‘/Qa ‘/3)

dVi. Vo . Va) = ————=2 22|
V.V, Vo) = i Wil
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The triple (V1, Va, V3) of mutually disjoint subsets Vq, Vs, V3 C V is called (e, d)-regular
fore >0and d > 0 if

|d(A1, Az, Ag) —d| < €

for all triples of subsets A; C V;, i € [3], satisfying |4;| > €|V;|. The triple (V1, Vo, V3) is
called e-regular if it is (e, d)-regular for some d > 0. By definition, if A; C V;, i € [3], has
size |A;| > p|V;| for some p > ¢, then (A1, As, A3) is (¢/p, d)-regular.

Let H = (V, E) be an n-vertex 3-graph, a partition of V into Vp, Vi,...,V; is called
an (e, t)-reqular partition if

(i) [Vi] = |Vo| ="--- = |V4| and |Vp| < en,
i) for all but at most (%) sets {3, 5,1} € (%), the triple (V;,V;,V}) is e-regular.
3 3 j

We call Vq,...,V; clusters. Given an (e, t)-regular partition P = {Vy, V1, Va, ..., V;} and
d > 0, the cluster hypergraph R = R (e, d, P) is defined as the 3-graph whose vertices are
Vi,..., Vi and {V;,V;,V;} forms an edge of R if and only if (V;,V;,V}) is e-regular and
d(Vi, V;, Vi) > d.

We need a simple corollary of the Weak Regularity Lemma, which is a straightfor-
ward extension of Szemerédi’s regularity lemma for graphs [30]. The following proposition
shows that the cluster hypergraph inherits the minimum degree of the original hyper-
graph. Since its proof is the same as that of [3, Proposition 15], we omit the proof.

Proposition 4.1. (/3]) For 0 < e < d < § and to > 0 there exist T and ng such that the
following holds. Suppose H is a 3-graph on n > ny vertices with 6,(H) > 6(%). Then

there exists an (e,t)-reqular partition P with to < t < T such that the cluster hypergraph
R = R(e,d, P) satisfies §;(R) > (6 — e —d)(3).

Next we show that every regular triple can be almost perfectly tiled by copies of K, 4 ¢
provided the sizes of its three parts is somewhat balanced.

Proposition 4.2. Let a < b < ¢ be integers, 0 < 2¢ < d, and m be sufficiently large.
Suppose (V1,Va, Vi) is (e,d)-regular, |Vi| < |Va| < |V3] =m, and
il _ [Va| _ [V3l
— > > 4.1
a — b T ¢ (4.1)
Then there is a K, p c-tiling on Vi UVo U Vs covering all but at most Se(|Vi|+ |Va| +|V3])
vertices.

Proof. We will greedily pick vertex disjoint K1, Ko, ..., K, until [V;\U;_; V(K,)| < em
for some i € [3], where each K, is a copy of K, or Ky , by the algorithm described
below. This gives rise to a K, .-tiling because each copy of Kj 1 j consists of three



134 J. Han et al. / Journal of Combinatorial Theory, Series A 149 (2017) 115-147

vertex disjoint copies of K, p .. Our algorithm is as follows. For i € [3], let U? = V;. For
J € [s], let

J

{U{,Ug,Ug} - {m VYV i e [3]} such that |U9] < |UJ| < |UZ],
=1

and U7 = Uf U Ug U Ug. In other words, Uf, Ug, Ug are the subsets of Vi, V5, V3 obtained

from removing the vertices of Ki,...,K; and arranged in the ascending order of size.

Suppose that we have already found K7,. .., K; and |U]| > em. We let K1 be a copy

of Ky, j 1 from Us if

U3 = |U{| < c—a; (4.2)

otherwise we let K41 be a copy of K . with a vertices from U{, b vertices from Ug,
and c vertices from UJ. In either case this is possible because |U]| > em for i € [3]; by
the regularity, we have d(U{,UJ,Uj) > d — € > € and

e(U{,U3,U]) > e|U{||UJ||U]| > e*'m?®.

By Proposition 3.1, we can find a copy of Kj xr or K,p. from U7. The algorithm
terminates when |U}| < em. We need to show that |U*| < £e(|Vi]4|V2|+|V3|). By (4.1),
[Vi|+|Va| +|V5| > £m and thus Se(|Vi|+ [Va| + [V3]) > Zem. So it suffices to show that
U] < Eem.

First, assume that (4.2) holds for some 0 < j < s. In this case K1 = K ;. and

j+1 41 j j
U™ = U7 = U] = [U{[ < c—a.

Therefore Ky = Ky, 1, for all ¢ > j and consequently |U5|—|U7| < ¢—a. Since |U7| < em,
it follows that |U*| < 3em+2(c— a). If a = ¢, then |U*| < 3em = Zem and we are done.
Otherwise £ >34+ 1. Since m is large enough, it follows that [U*| < (3 + L)em < Eem,
as desired.

Second, assume that (4.2) fails for all 0 < j < s. We claim that for all 0 < j < s,

Uil U3l |Us]

gz (4.3)
This suffices because |Uf| < em and (4.3) with j = s together imply that |U®| <
(14249035 < Eem.

Let us prove (4.3) by induction. The j = 0 case follows from (4.1) and the assumption
[Vi| < |Va| < |V3|. Suppose that (4.3) holds for some j > 0. By our algorithm, K14 is a
copy of Kqp.e with a vertices from U7, b vertices from UJ, and ¢ vertices from UJ. Let
U/ = UJ\ V(K;41) for i € [3] and thus |U7|/a = |U]|/a — 1, |UJ|/b = |U]|/b — 1 and
\U3|/c = |U]|/c — 1. By the inductive hypothesis,
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0l 103]  103]
—_— > = > 44
a — b T ¢ (44)
Since |U7| > em > b+ ¢ for all i € [3],
b —a® < (b—a)|U{| < b|U3| - a|UY]
and
& = < (c—b)|U3| < |U3| - b|U|
which implies that
03] _ |01 031 . 103]
—_— > d —>— 4.
a = b b — ¢ (45)
Now we separate cases according to the order of |U{|, |UJ| and |U3). Since |U|—|U]| =
|UJ| — |U{| — (¢ — a) > 0, we only have three cases.
Case 1. |U]| < |UJ| < |UZ|. Then (4.3) for j + 1 follows from (4.4) immediately.
Case 2. |Uj| < |U{| < |UJ|. Together with (4.4) and (4.5), we derive that
03] 1091 _ 1031 (031
a — b T b T ¢

Case 3. |U]| < |UJ| < |UJ|. Together with (4.4) and (4.5), we derive that

a b T b T ¢

This implies that (4.3) holds for j + 1 and we are done. O

When a = b = ¢, the proof of Lemma 1.2 is a standard application of the regularity
method. This was given implicitly in [17] and stated as [25, Lemma 4.4] without a proof.
For completeness, we include the proof here.

Proof of Lemma 1.2 when a = b =c. Let 0 < 4¢ = d < min{v,a} and t; = 1/e. Sup-
pose T and ny are the parameters returned by Proposition 4.1 with 6 = 5/9 + ~. Let H
be a 3-graph on n vertices with 61(H) > (5 4 ~)(5) for some sufficiently large n > ns.
We apply Proposition 4.1 and obtain an (e, t)-regular partition P with ¢to < ¢ < T
and a cluster hypergraph R = R(e,d,P) satisfying 61(R) > (2 + v — € — d) (;)
Note that each cluster is of size n/t > n/T. Suppose that ¢t = r mod 3 for some
r € {0,1,2}. Let R’ be the induced subgraph of R on clusters V;i1,...,V;. Then
5 (R') > 6(R)—2t> (g +3) (;) We apply [11, Theorem 6] to R’ and get a perfect

2 We may alternatively use the exact result in [17,23].
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matching M. For each edge e = {V;,V;,Vi} € M, Proposition 4.2 provides a K -tiling
that covers all but at most e(|V;| + |V;| 4 |Vi|) vertices of V; UV, UV,. The union of these
K p c-tilings covers all but at most

Vol + e(|Vi]+ -+ |Va]) + [Vi] + [Va] < 2en + 2n/t < den < an
vertices of V(H), as desired. O
We assume that a < ¢ in the next two subsections.
4.2. Fractional homomorphic tilings

To obtain a large K, p ~tiling in H when a < ¢, we follow the idea of Buf3, Han and
Schacht [3] considering a fractional homomorphism from K, . to the cluster hyper-
graph R. Let us first define a fractional hom(K, p .)-tiling. As in previous sections, we
simply write K, . as K.

Definition 4.3. Given a 3-graph H = (V, E), a function h : V x E — [0,1] is called a
fractional hom(K)-tiling of H if

(1) h(v,e) =01if v ¢ e,

(2) h(v) =3 cph(v,e) <1,
(3) for every e € F there exists a labeling e = uvw such that h(u,e) < h(v,e) < h(w,e)
and

h(u,e) < h(v,e) < h(w,e)
a — b — ¢

Given e = wvw € FE, we simply write h(u,v,w) = (h(u,e), h(v,e), h(w,e)). We denote
by hmin the smallest non-zero value of h(v,e) and by w(h) the (total) weight of h:

w(h) = Z h(v,e).

(v,e)EVXE

For example, suppose that the vertex classes of K are X,Y, Z with |X| =a, |Y| =10
and |Z| = c¢. We obtain a fractional hom(K)-tiling h by letting h(z,y, z) = —(a,b,c) =

abc

(g, =, &) for every zyz € E(K) with z € X,y € Y,z € Z.” Then w(h) = k (the largest
11 1

possible) and Amin = 7. We later refer to (3, =, 1) as the standard weight of an edge
of K and refer to the function mentioned above as the standard weight function on K.
The following proposition shows that a fractional hom(K)-tiling in the cluster hyper-

graph can be “converted” to an integer K-tiling in the original hypergraph.

3 In general, we write A1, x2,x3) = (Az1, AT2, AT3).
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Proposition 4.4. Let 1 < a < b < ¢ be integers. Given €,¢ > 0, d > 2¢/¢, and integer
T > 0, there exists ng € Z such that the following holds for all0 <t < T andn > ng. Let
H be a 3-graph on n vertices with an (e, t)-reqular partition P and a cluster hypergraph
R = R(e,d, P). Suppose that there is a fractional hom(K)-tiling h of R with hmin > ¢.
Then there exists a K-tiling of H that covers at least (1 — 2ce/¢) w(h)n/t vertices.

Proof. Let R’ be the subhypergraph of R consisting of the hyperedges e = uvw €
E(R') with h(u,e), h(v,e), h(w,e) > hyin > ¢. For each u € V(R’), let V,, be the
corresponding cluster of H. Since P is an (e, t)-regular partition, all the clusters have
size ¢ for some £ > (1 — €)n/t. In each V,, we find disjoint subsets V¢ of size h(u,e)l
for all e € E(R') with u € e — this is possible because } .. pz/) h(u,€) < 1. Note that
every edge e = uvw € E(R’) corresponds to an (e, d')-regular triple (V,,, V,,, V,,) for some
d' > d. Hence for every e = uwvw € E(R'), (VE, V., VE) is (e/¢, d')-regular with at least
ol > (1 —e)opn/t > (1 — €)¢png/T vertices in each part. Because of Definition 4.3 (3),
the assumptions that d > 2¢/¢ and (1 — €)¢ng/T is sufficiently large, we can apply
Proposition 4.2 and obtain a K-tiling covering at least
(1-2-5) he = (1= ce/opmie)1 - 0F = (1~ 2ec/e) )}

vertices of V,, UV, UV, where h(e) = h(u,e) + h(v,e) + h(w, e). Repeating this to all
hyperedges of R’, we obtain a K-tiling that covers at least

> (1-2ee/6) h(e)7 = (1 - 2ce/6) w(h)%

uvweE(R')

vertices of H. 0O

The key of the proof of Lemma 1.2 is that if a maximum K-tiling in R is not
large enough, then we use the minimum degree condition to find a large fractional
hom(K)-tiling of R, which gives a large K-tiling in H by Proposition 4.4. The fol-
lowing two propositions show that we can find a fractional hom(K)-tiling h on one or
two copies of K together with one or two vertices outside such that w(h) is larger than
the standard weight on these copies of K alone.

Given a copy K; of K and two vertices u,u’ ¢ V(Ky), let £q(K1,u,u’) denote the
family of all 3-graphs on {u,u'} UV (K;) whose edge set contains E(K;) and at least
a + 1 triples uu/v with v € V(K7).

Proposition 4.5. Let 1 < a < b < ¢ be integers with a < c and k =a+b+ c. Let K1 be a
copy of Kap.. and let u,u’ ¢ V(K1) be two vertices. For any 3-graph L € L£1(K1,u,u’),
there is a fractional hom(K)-tiling h of L with w(h) > k + —— and huyin > 3.

Proof. Suppose the vertex classes of K are XY, Z with |X| =a, |Y| =0, and |Z] = ¢
Since deg(uv') > a+1 = |X|+ 1, we have N(uu/,Y U Z) # (.
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If there exists z € N(uw',Z), then we pick x € X and y € Y and assign weights
h(z,u,v') = (&, L, L),

be? ac? ab

and assign the standard weight to all other edges of Kj. Then h is a fractional

hom(K)-tiling of L with w(h) = k + % = —I— w2kt abc and hpin = 54 > bc2
Otherwise N(uu’,Z) = (), then there ex1sts y € N(uu ,Y). First assume a < b. We

1 1 1)
be? ac’ ab

assign h(y,u,u’) = (=
1 a 1 11 1 b—a

h =l - - - - _ = = — b

(2,9,2) (bc b2c’ ac  be’ ab b2> ab?c (a, ;)

for some z € X and z € Z, and the Standard Weight to all other edges. Then h is a frac-
tional hom(K)-tiling with w(h) = k+ L+ L — ;& — % L > k+-L ba 1

2c abe B2 = b2
Second, we assume a = b. By the degree condmon, we have N(uu', X) # 0. Pick x €
N(uu',X) and z € Z. By assigning h(z,u,u') = h(y,u,u’) = h(2,y,2) = (5, 51, 522)

2ac’ 2ac’ 2a?

and the standard weight to all other edges, we get a fractional hom(K)-tiling with
(h)—k+ +——#2k+ﬁandhmin:2acz 12 asc>2. 0O

and Ay =

Given two vertex disjoint copies Ki, Ko of K and a vertex u ¢ V(K1) UV (Ka), let
Lo(K7, Ka,u) denote the family of all 3-graphs on {u} UV (K1) UV (K3) whose edge set
contains F(K;) U E(K3) and at least max{a® + 2a(b+ c), (a + b)*} + 1 triples uvw with
v € V(Kp) and w € V(Ka).

The following proposition shows that any 3-graph L € Lo(K7,Ko,u) has a
hom(K)-tiling with weight greater than 2k. In its proof we assign weights to an edge as
follows. Suppose 0 < A < 1, then (2, %)\, A) satisfies (3) in Definition 4.3. Furthermore,
given i1, o > 0 such that 2\ + py < X < X — o, then (2 + pu, 2A, X — 1) satisfies
(3) in Definition 4.3 as well.

Proposition 4.6. Let 1 < a < b < ¢ be integers with a < ¢ and k =a+ b+ c. Let K1, K>
be two vertex disjoint copies of Ky p.. and let w ¢ V(K1) be a vertex. For any 3-graph

L € Lo(Ky1, Ky, u), there exists a fractional hom(K)-tiling of L with w(h) > 2k + —
1

and hmin Z 2 -

Proof. For i = 1,2, denote the vertex classes of K; by X;, Y;, Z; with |X;| = a, |Y;| = b,
and |Z;| = c. Let L, be the bipartite graph on V(K;) U V(K3) such that two vertices
v € V(K;) and w € V(K3) are adjacent if and only if uvw is an edge of L. Then L,
satisfies the following properties.

(i) Since deg; (u) > a? + 2a(b+ ¢) + 1, L, must have an edge not incident to X; U Xo.
(ii) Since deg (u) > (a +b)? + 1, L, must have an edge incident to Z; U Z.
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Fig. 1. L,, in the last subcase of Case 1.2.

Let A = ﬁ Our proof is now divided into cases based on the values of a,b and c.
Case 1. b < c.

First we assume that there is 2120 € L, for z; € Z; and 29 € Z5. Let x; € X;, y; € Y;
for i = 1,2. In this case let h(u, z1,22) = (A, A A) and h(z1,y1,21) = h(xg,yg,zg) =
(&, =, 2 — X). Other edges of Ky or K, receive the standard weight (3,1, %), In
the rest of the proof, any edge of K1 or Ko mot specified receives the standard weight.
Therefore we get a fractional hom(K)-tiling of L with w(h) = 2k + X and Ayi, = X. We

thus assume L, [Z1, Z3] = () and proceed in two subcases.

Case 1.1. a < b < c¢. We first assume that there exists zyys € L, for z; € Z; and y € Y5.
Let z; € X; fori =1,2,y; € Y7 and zo € Z5. In this case we let h(yg, z1,u) = (2, %)\, A),
h(zy,y1,21) = (ia ﬁa ﬁ - ﬁA), and h(wa,y2, 22) = (blca ac 'Z)v @b )\)' So we get a
fractional hom(K)-tiling of L with w(h) = 2k + (1 — $)A > 2k + $A and Bmin = 2.

[

We thus assume that L,[Z,Ys2] = 0 and by symmetry, L,[Y1, Z3] = 0. By (i), it fol-
lows that L,[Y1, Ya] # 0. By (ii), without loss of generality, assume that L,[Z7, Xa] # 0.
Suppose y1y2,21°2 € L, with y3 € Y1, yo € Y5, 21 € Z; and z2 € Xs. Let
1 € 71 and 2z € Zy. We 1et h(y1, y2,u) = (g)\,%/\,/\) h(zo,u,z1) = (a/\ b)\ A),
h(z1,y1,21) = (%, i - —/\, = )\), and h(zg,ya, 22) = (E —a) L —)\, - = /\) So

¢’ ac

we get a fractional hom(K)-tiling of L with w(h) = 2k + 2\ and hpi, = 2.

Case 1.2. a = b < c¢. We first assume that both L,[Z1, X5] # 0 and L,[Z;, Y] # 0.
Suppose 2122, 21y2 € Ly with z1,2] € Z1, x5 € X5 and y, € Ya (we may have z; = 27).
We assign the weights h(z1, 22, u) = h(z],y2,u) = (32X, A, X). If a > 2, then pick xl, S
X1, y1,y} € Y1 and 23 € Zo, and assign h(z1,y1,21) = h(z, ¥}, 7)) = (L, L, 5 — 2))

ac’ac’a2
and h(ze,ys,20) = (i —ay L _ay L _ )\). If @ = 1, then pick 1 € X1, y1 € Y7 and

ac c’V ac ¢’ a?

29 € Zs, and assign h(za,ya, 22) = (é -2 ,i -2 ,a—12 — )\) and

(L, L, 5 —22)) if 2y = 2],

h(fﬂl’yhzl) :h($17y1,21) —{ ac’ ac’ a?
(i’avfz—z ) if 21 # 2.

=

In all cases we get a fractional hom(K)-tiling of L with w(h) = 2k + X and hpyin = 2.

We may thus assume that at least one of L,[Z1, X3] and L,[Z7,Ys] is empty, and
by symmetry, at least one of L,[X7, Zs] and L,[Y1, Z5] is empty. Since a = b, X; and
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Y; (i = 1,2) play the same role. Without loss of generality, assume that L,[Z;,Ys] =
L,[Y1,Z5) = 0. Furthermore, we observe that L,[Z;, Xs] # 0 and L,[X1,Zs] # 0 —
otherwise, as L,[Z1, Z>] = 0, it follows that deg; (u) < 4a® + ac < a? + 2a(b + ¢), a
contradiction.

Suppose 21%2, %129 € Ly, where 21 € Z1, x5 € Xo, 11 € X1, 29 € Z3. By (i), there exists
11y2 € Ly, where y1 € Y7, y2 € Yy (see Fig. 1). We assign the weights h(u,xq,21) =

h(u,l‘l,ZQ) = h(ylay27u) = (EA %Aa A) and h(mhyhzl) = h(x23y2722) = (i - %)\7 é -

&), 4 — X). This gives a fractional hom(K)-tiling of L with w(h) = 2k + A + 22\ and

Bmin = 2. Note that h(u) = 22X + X = 24t¢ < 1 because a > 1 and ¢ > 2. Thus this
weight assignment is possible.

Case 2. a < b=rc.

Since b = ¢, Y; and Z; (i = 1,2) play the same role. Thus by (i), without loss of
generality, assume that there exists z129 € L, for 21 € Z; and 29 € Zs. Furthermore,
generalizing (ii), we know that there must be an edge incident to ¥; U Y2 and without
loss of generality, say that edge is incident to Y;. We now proceed with three cases.

Case 2.1. There exists y1x2 € L, where y; € Y; and zo € X5. Pick ;1 € X; and
Y2 € Ys. We a'SSign h(uazl>z2) = ()‘7)‘7>\)7 h<x27y15u) = (%A’)\7)\)7 h(xlathl) =
(&, L =N 2L =), and h(z2,y2,22) = (& — 2A, L — X\, L — X). Thus, we get a frac-

tional hom(K)-tiling of L with w(h) = 2k + X and Ay, = 2A.

C

Case 2.2. There exists y1y2 € L, where y; € Y7 and y3 € Ys. Pick z; € X, fori =1,2. We
assign the weights h(u, 21, 22) = h(u, y1,y2) = (A, A, A) and h(21, y1, 21) = h(z2, Y2, 22) =
(&, =X L —)) and get a fractional hom(K)-tiling of L with w(h) = 2k + 2\ and
hmin =\
Case 2.3. There exists y125 € L, where y; € Y7 and 2z}, € Z5 (it is possible to have
7y = z3). We assign the weights h(z2,u,21) = h(zp,u,y1) = ($A, A, ). Pick o1 € Xy,
x9 € X9 and distinct yo,y5 € Yo, which is possible as b > a > 1. Let h(x1,y1,21) =
(a0 = Mgz — A) and h(zz, 42, 22) = h(22,95,2) = (&, 52 — £\ 5z — £A). Thus, we
get a fractional hom(K)-tiling of L with w(h) = 2k+2X— 22X > 2k+ 2 X and hyin = 2.
In all cases we obtain a fractional hom(K)-tiling with w(h) > 2k + 2 = 2k + L and
Pmin = %A =52, O

4.3. Proof of Lemma 1.2 when a < c

Let H be a 3-graph on n vertices. Given 0 < 8 < 1, a K-tiling of H is called -deficient
if it covers all but at most Sn vertices of V(H).

Proposition 4.7. Given 0 < d < 3/5 and B,p > 0, there exists an ng such that the fol-
lowing holds. If every 3-graph H on n > ng vertices with 01(H) > d(%) has a B-deficient
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K -tiling, then every 3-graph H' on n’ > max{ng,5} vertices with 6,(H') > (d — p) (Z/)
has a (B8 + 2kp)-deficient K -tiling.

Proof. Let H' be a 3-graph on n’ vertices with 61 (H') > (d — p) (Z/) By adding a set A
of 2pn’ new vertices and all the triples of V(H') U A that intersect A as edges, we obtain
a 3-graph H on n = n’ + 2pn’ vertices. Thus

S1(H) = 61(H') + 2om(n — 1) + (2’;") (d— p)< ) +4p( ) + <2’;”/).

Note that 3p(’;) > 2dpn’? because d < 3/5 and n’ > 5. Thus, §;(H) > d(’;/) +2dpn’® +
d(2’m) = d( ) By assumption, H has a (-deficient K-tiling. After removing at most
2pn’ copies of K that intersect A, we obtain a (8 4 2kp)-deficient K-tiling of H'. O

Proof of Lemma 1.2 when a < c¢. Since a < ¢, we have k > 4. Let § = max{l —
(bEe)2, (2f2)2}. Since a < b < ¢, it follows that § < max{5/9,4/9} = 5/9. Without
loss of generality, assume that 0 < v < min{3/5— ¢, 26, a/(3k)}. Assume for a contradic-

tion that there is an « such that for all ng there is some 3-graph H on n > ng vertices
with &, (H) > (6 +7)(%) but which does not contain an a-deficient K-tiling. Let ap be
the supremum of all such a.

Let € < yag. By the definition of ag, there is an integer ng such that

all 3-graphs H on n > ng vertices with 01 (H) > (0 +7) (Z)
have an (ag + €)-deficient K-tiling. (4.6)

We may also assume that ng is sufficiently large so that we can apply Proposition 3.1
with r =3, m = 1,11 = a, Il = b, I3 = ¢ on 3-graphs of order at least agng/2. Our
goal is to show that there exists an n; such that all 3-graphs H on n > n; vertices with
61(H) = (64 7)(5) have an (ag — €)-deficient K-tiling, thus contradicting the definition
of ay.

Let ny and T be the integers returned from Proposition 4.1 with inputs €, d = 2bc?e,
to = max{ng, k/e}. Let ng be the integer returned from Proposition 4.4 with inputs €, ¢ =
1/(bc?),d and T. Let n; = max{ng,n2,n3} and let H be a 3-graph on n > n; vertices
with 81 (H) > (6+7)(%). We assume that H does not contain an (cg—e)-deficient K-tiling
— otherwise we are done. After applying Proposition 4.1 to H with the constants chosen
above, we get an (¢, t)-regular partition P with ¢y < ¢ < T and a cluster hypergraph R =
R(e,d,P) ont > to vertices with §; (R) > (6-+v—(2bc*+1)e) (). By (4.6) and assumption
d+7 < 3/5, we can apply Proposition 4.7 and obtain an (ag + € +2k(2bc? +1)¢)-deficient
K-tiling of R. Let M = {K;,K>,...,K;;} be a largest K-tiling in R and let U be the
set of uncovered vertices.
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Claim 4.8. Let h be a fractional hom(K)-tiling of R with hyin > 5. Then w(h) <
(1 — ap + €/2)t < mk + +/et.

Proof. We know that |U| < (ag + € + 2k(2bc? + 1)e)t < (ap + 5kbce)t. As e < 1, it
follows that

mk + et > (1 — ag — 5kbce)t + et > (1 — ag + /e/2)t.

So it suffices to show that w(h) < (1 — ag + \/€/2)t. Suppose this is not the case. By
Proposition 4.4, there is a K-tiling of H that covers at least

(1 — 2bc®e) w(h)

-3

> (1—-2bc%) (1—ap+Ve/2)t—- > (1—ag+e)n

n
t
vertices (as € < 1). Therefore it is an (a9 — €)-deficient K-tiling, contradicting our
assumption on H. O

In the rest of the proof we will derive a contradiction to Claim 4.8. Immediately
Claim 4.8 implies that

Ul = e (4.7)

otherwise M gives a fractional hom(K)-tiling h with w(h) = mk > (1 — ag/2)t >
(1 — ag+€/2)t, as € < ap.
Let B3 ={e € E(R):eCU} and Ex ={e € E(R) : [enU| = 2}.

Claim 4.9. B3| < 7('5])/2 and |Ea| < 5(')mk.

Proof. By (4.7) and Proposition 3.1, we have |E3| < 7('2,{')/27 as otherwise there exists
a copy of K in U, contradicting the maximality of M.

Suppose, to the contrary, that |Eq| > 5(‘g‘)mk. Let A be the set of all triples iuu’,
1 € [m], u # v« € U such that uu’ is adjacent to at least a + 1 vertices in K;. By the
definition of £y, iuu’ € A if and only if R[V(K;) U {u,u'}] € L1(K;,u,u"). Let Ag be
a largest matching in A. By the maximality of Ay, for any ¢ € [m] \ V(Ap) and any
u#u €U\ V(Ay), at least k — a vertices of K; are not adjacent to uu'. Counting the
number of non-edges e ¢ E(R) with |[e N U| = 2, we have

(= o = LA (17240 < (1 ok~ ) < - ) (2] e

Since (1 — 0)k < (242)2k = $=9° it follows that

(m — IAol)(|U| _22|A°|) < %m('?) (4.8)
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We claim that |Ag| > yaom. Indeed, (4.7) implies that |U| > apt/2 > agmk/2 > 2aom
(as k > 4). If | Ag| < yaom, then m—|Ag| > (1—~yap)m and |U|—2|Ag| > |U|—2vaom >
(1 = 4)|U]. Thus (4.8) implies that

k—;am@]) > (1 —~ag)m ((1 —;)IU>
> (= a0)1 = 2m(§) > =3 (1))

contradicting v < z7. Now let A" C Ag be of size yagm. By Proposition 4.5, for each
member of A, there is a fractional hom(K)-tiling h’ of R[V(K;) U {u,u'}] with w(h') >
k+ - and hl;, > ;. This gives rise to a fractional hom(K)-tiling h of R with

Pmin > % and w(h) > mk + yagm/(abc).

To complete the proof, we need a lower bound for m. Recall that §; (R) > (1— (%)QJr
v — (2bc +1)e)(L). Thus if [U] > &E¢t, then (Y1) > (2£9)2(L) — ¢ and

51(RU]) = 61(R) — (;) + ('g) > (7 — (2b¢® + 1)e) (;) > %(;)

where the last inequality holds because t > ¢, > 1/e. This implies that |Es| >
LU (L)/2 > 7('%‘)/27 contradicting the first part of Claim 4.9. Therefore |U| < %<t
and [V(M)| = mk > ¢t, which gives m > t. The fractional hom(K)-tiling h of R thus
satisfies

> mk + Vet,

yopm Yoot
> _— >
w(h) > mk + - mk + 2be

as € < vag, contradicting Claim 4.8. O

Let T be the set of all triples wij, u € U, i # j € [m] such that there are at least
§k?+1 edges uvw of R with v € V(K;) and w € V(K;). Since k*+1 = max{a®+2a(b+
¢), (a+b)?}+1, by the definition of L, uij € T if and only if R[V (K;)UV (K,;)U{u}] €
Lo(K;, Kj,u). Let To be a largest matching in 7.

Claim 4.10. |To| > *5°t.

Proof. We first derive a lower bound for |7 by considering ) . degg (u). First par-
tition the edges of R intersecting U based on whether they contain one, two or three
vertices of U. Next we partition the edges uzy of R withu € U and z € V(K;),y € V(K;)
(i-e., the edges of R with exactly one vertex in U) into three classes: (1) those with i = j,
there are at most (’;)m|U| such edges; (2) those with i # j and wij ¢ T, there are at
most 0k2|U|("y) such edges; (3) those with i # j and wij € T, there are at most k2|T|
such edges. Consequently,
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k
|U|61(R Z degp (u) < 3|Es| + 2|Eof + (2)m|U| + 6k2|U| (g‘) + KT

uelU

By Claim 4.9, it follows that

U161 (R) < |U] ( <g|> +0|U|mk + (§>m+6k2 (77;)) + KT
U| 2 (M k 2
<|UI|éd 5 + 6|U|mk + ok 5 | Tlg)m +E5|T] asy <26
£\  kt )
<|0] (5@ 2)+k 7.

On the other hand, §;(R) > (6 +~— (2bc? +1)e) (}). Using ¢ > k/e and € < v, we derive
that k27| > [U|- 1(3) or [T| > 7= (H)|U].
By the maximality of 7y, all triples of T are covered by V(7Tp). Since at most (') |7o|
triples of 7 are covered by V(7o) NU and at most 2|7o|(m —1)|U]| triples of 7 are covered
V(To) \U, it follows that |T| < 2[To|(m —1)|U|+ (3)|Tol|. Since mk —k+|U| = t —k,
we have (mk — k)|U| < (t — k)?/4 < (%) /2. Consequently,

e () (),

Together with |T| > 5 (5)|U|, we derive that 75| > gklﬂ > 2906 ysing (4.7). O

For every uij € To, Proposition 4.6 provides a fractional hom(K)-tiling h of R[{u} U
V(K;) UV(K;)] with w(h) > 2k + chz and hpyi, > %. Furthermore, for every K; € M
with ¢ ¢ V(7), we assign the standard weight on K;. Hence, the union of all these
fractional hom(K)-tilings gives a fractional hom(K)-tiling of R with Ay, > % and

w(h) > <2k + —) [To| + k(m — 2|To|) = mk + —|T0| > mk + Vet,
as € < yag, contradicting Claim 4.8. This completes the proof of Lemma 1.2. 0O
5. Concluding remarks

In this paper, we investigate the minimum vertex degree conditions for tiling complete
3-partite 3-graphs K. Our result is best possible, up to the error term yn2. We remark
that in some cases (e.g., K = Kj 1, for t > 2) it seems possible to remove the error
term and obtain exact results — this was done for Kj 12 in [4,15]. In general, in order
to obtain an exact result, we need to have a stability version of the almost tiling lemma
and a stability version of the absorbing lemma, together with an analysis of the 3-graphs
that look like extremal examples. In many cases, when analyzing extremal examples, we
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need to know exj(n, K), the vertex-degree Turdn number for K, which is a challenging
question in general. (The generalized Turdn number exq(n,F) of an r-graph F is the
smallest integer ¢ such that every r-graph H of order n with d4(H) > t + 1 contains a
copy of F.)

When proving the lower bound of Theorem 1.1, we introduced the covering barrier.
In general, given an r-graph F, let c4(n, F') denote the minimum integer ¢ such that
every r-graph H of order n with 64(H) > ¢ has the property that every vertex of H is
covered by some copy of F. When F' is a graph, it is not hard to see that c;(n, F) =
(1-1/(x(F)—1) 4 o(1))n: the lower bound follows from the (x(F') — 1)-partite Turdn
graph, and the upper bound can be derived after applying the Regularity Lemma to
V(H)\ {v} for an arbitrary vertex v (see [33] for details). Given an r-graph F, trivially

exq(n, F) < cq(n, F) < tq(n, F). (5.1)

We know that ¢y(n, F) = ex1(n, F) + o(n) for all 2-graphs F. Construction 2.6 and
Lemma 3.7 together show that ¢;(n, Kqpc) = (6 —4v2+0(1))(5) if 2 < a < b < ¢,
while Theorem 1.1 shows that ¢1(n, Kqp,c) = (6 — 4v2 + 0(1))(5) for certain a,b, ¢ (for
example, K3 36). This shows that the upper bound for c4(n, F') in (5.1) could be asymp-
totically tight. For small 3-graphs F, determining co(n, F') seems easier than determining
exa(n, F') or ta(n, F') (known as two difficult problems) — see [8] for recent progress.

Let us give the following constructions of space barriers for complete r-partite r-graph
tilings for arbitrary r.

Construction 5.1. Fix positive integers t < r and a1 < --- < a,. Let s = a1+ -+ a,
and H; be an n-vertex r-graph with V(H;) = A, U B; and |4;| = (a1 + -+ a))n/s —1
such that E(H;) consists of all r-tuples containing at least i vertices of A;.

To see why H; does not contain a K, .. 4.-factor, we observe that for each copy of
K. ., at least ¢ color classes of it are subsets of A;, and thus at least a1 + -+ a;
vertices of it are in A;. Since |4;| < (a1 + --- + a;)n/s, there is no K,, .. -factor
of H;. Thus the minimum d-degree threshold for a K, ,.-factor is greater than
max;er—1) 04(H;). Note that d4(H,_441) = 0 since any d-set in B,_4,1 has degree zero.
Thus, max;e[—1) 6a(H;) = max;e[,—q da(H;). This means that there are r —d space bar-
riers, e.g., there is only one construction for the (r — 1)-degree case, and there are two
constructions for the vertex degree threshold in 3-graphs.

Since our main idea of proving Lemma 1.2 (see also [14]) is to analyze the bipartite
link graph of any uncovered vertex on two existing copies of K in the partial tiling, new
ideas are needed to attack the general vertex degree tiling problem. On the other hand,
this also suggests that it seems possible to generalize Lemma 1.2 to the one of tiling
r-partite r-graphs under minimum (r — 2)-degree.

Another direction to extend the result of this paper is to study the minimum vertex
degree conditions for non-complete 3-partite 3-graphs. Clearly if F' is a spanning sub-
graph of K, . then t1(n, F) < t1(n,Kqp). Note that there may be more than one
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choice of K, . that contains F' as a spanning subgraph. One of the referees pointed out
the following example, which shows that

ti(n, F) <minty(n, Kqpc) (5.2)

for some F', where the minimum is taken over all K, ;. that contain F' as a spanning
subgraph. Indeed, take a copy of Kj 23 and denote u as the vertex in the vertex class
of size one. Add three new vertices z,y,z and new edges uxy and wxz, and denote
the resulting graph by F. Then K44 and K35 are the only choices of K, . that

contain F as a spanning subgraph. By Theorem 1.1, ty(n, K1,44) = (3 + 0(1))(}) and

ti(n,K135) = (% + 0(1))(3) On the other hand, Ks 79 has a perfect F-tiling. By
Theorem 1.1, we have t1(n, F') < t1(n, Ka,7,9) = (6—4v/2+0(1))(}), which implies (5.2).
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