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Abstract

Let W be a Weyl group whose type is a simply laced Dynkin diagram. On several W-orbits of sets of
mutually commuting reflections, a poset is described which plays a role in linear representations of the
corresponding Artin group A. The poset generalizes many properties of the usual order on positive roots of
W given by height. In this paper, a linear representation of the positive monoid of A is defined by use of the
poset.
© 2006 Published by Elsevier Inc.
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1. Introduction

The beautiful properties of the high root used in [5] to construct Lawrence—Krammer repre-
sentations of the Artin group with non-commutative coefficients have analogues for certain sets
of orthogonal roots. We study these properties and exploit them to construct a linear representa-
tion of the Artin monoid. In many instances, the monoid representation extends to an Artin group
representation; this will be the subject of subsequent work.

Let M be a Coxeter diagram of simply laced type, i.e., its connected components are of type A,
D or E. The Lawrence—Krammer representation [1,4,7,9] has a basis consisting of positive roots
of the root system of the Weyl group W = W (M) of type M. Here we use instead, a W-orbit
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B of sets of mutually orthogonal positive roots. Not all W-orbits of this kind are allowed; we
call those which are allowed, admissible (cf. Definition 1; a precise list for M connected is in
Table 2). In the Lawrence—Krammer representation we used the partial ordering of the positive
roots given by g < y iff y — B is a sum of positive roots with non-negative coefficients. In
Proposition 3.1 we generalize this ordering to an ordering (B, <) on every admissible W-orbit
B of mutually orthogonal roots. In the action of w € W on a set B € B the image w B is the set
of positive roots in {+wp | B € B}. In the single root case, there is a unique highest element, the
well-known highest root. This property extends to (3, <): there is a unique maximal element By
in B (cf. Corollary 3.6).

In the Lawrence—Krammer representation, the coefficients were obtained from the Hecke
algebra whose type is the subdiagram of M induced on the set of nodes i of M whose cor-
responding fundamental root «; is orthogonal to the highest root. Here, the coefficients are
obtained from the Hecke algebra Z whose type is the subdiagram of M induced on the nodes
i whose corresponding fundamental root «; is orthogonal to each element of By. Moreover,
in the Lawrence—Krammer representation, to each pair of a positive root 8 and a node i with
corresponding fundamental root «; such that (¢;, 8) = 0, we assigned an element hg ; of the co-
efficient algebra. It occurs in the definition of the action of a fundamental generator of the Artin
group A in the Lawrence—Krammer representation, on the basis element 8. For the analogous
purpose, we introduce elements g ; (Definition 2) in the corresponding coefficient algebra Z.
These elements are parameterized by pairs consisting of an element B of B and a node i of M
such that the corresponding fundamental root ¢; is orthogonal to all of B.

In analogy to the developments in [5] we define a right free Z-module V with basis xp (B € B)
which is a left module for the positive monoid A™ of the Artin group A of type M. For each node
i of M, the ith fundamental generator s; of AT maps onto the linear transformation 7; on V given
by the following case division.

0 ifa; € B,
| xghs, if o; € BL,
Litp = Xr B ifr;B < B, 1

x,p—mxp ifr;B> B.

This leads to the following main result of this paper.

Theorem 1.1. Let W be a Weyl group of simply laced type. For B an admissible W -orbit of sets
of mutually orthogonal positive roots, there is a partial order < on B such that the above defined
map s; — t; determines a homomorphism of monoids from A" to End(V).

In the sections below we deal with this construction in detail; the proof of the theorem is in
Section 5.

When labeling the nodes of an irreducible diagram M, we will choose the labeling of [3].
If M is disconnected, the representations are easily seen to be a direct sum of representations
corresponding to the components. Since the poset construction also behaves nicely, it suffices to
prove the theorem only for M connected. Therefore, we will assume M to be connected for the
greater part of this paper.
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2. Admissible orbits

Let M be a spherical Coxeter diagram. Let (W, R) be the Coxeter system of type M with
R ={rq, ..., r,}. Throughout this paper we shall assume that M is simply laced, which means
that the order of each product r;r; is at most 3.

By @ we denote the positive root system of type M and by «; the fundamental root cor-
responding to the node i of M. We are interested in sets B of mutually commuting reflections.
Since each reflection is uniquely determined by a positive root, the set B corresponds bijectively
to a set of mutually orthogonal roots of @*. We will almost always identify B with this subset
of @*. The action of w € W on B is given by conjugation in case B is described by reflections
and by w{p, ..., Bp} = TN {xwp, ..., Fwpp} in case B is described by positive roots. For
example, if 7; is the reflection about ¢;, then r;{o;} = {o;} as rj; = —0;.

The W-orbit B of a set B of mutually orthogonal positive roots is the vertex set of a graph
with edges labeled by the nodes of M, the edges with label j being the unordered pairs {B, r; B}
(so rjB # B) for B € B. The results of Section 3 show that if 13 is admissible, the edges of this
graph can be directed so as to obtain a partially ordered set (poset) having a unique maximal
element. This section deals with the notion of admissibility.

For nodes i, j of M we write i ~ j to indicate that they are adjacent. We let ht(8) be the usual
height of aroot B € @T whichis ), a; where B =) a;c;.

Proposition 2.1. Let M be of simply laced type. Every set B of mutually orthogonal positive
roots satisfies the following properties for j € M and B,y € B.

(i) There is no node i for which («;, ) =1, («j, y) = —1 and ht(8) =ht(y) + 1.
(ii) Suppose (aj, B) = —1 and (o, y) =1 with ht(y) = ht(B8) + 2. Then there is no node i for
which a; € B* and i ~ j.

Proof. Let B be a set of mutually orthogonal positive roots, and 8, y € B.

(1) Suppose there is a node i for which (¢;, 8) =1, («;, y) = —1 and ht(8) = ht(y) + 1. As
B and y are orthogonal we have (8,y + «;) =1 so § —y — «; € @. This is not possible as
ht( —y — ;) =0.

(ii) Let B and y be as in the hypothesis and assume there is an i for which o; € B+ and
i~ j.Then (o;,y —aj) =1,s0 y —aj —a; is a root. As ht(y) = ht(8) + 2 we have ht(y —
aj —o;) =ht(B). But (B,y —a; —a;) =1,s0 B —y +«aj +«; is a root which contradicts
ht(B —y +aj+a;))=0. O

Definition 1. Let B be a W-orbit of sets of mutually orthogonal positive roots. We say that 13 is
admissible if foreach B € Band i, j € M withi »~ jand y,y —a; +a; € B,wehaver; B=r;B.

Not all W-orbits on sets of mutually orthogonal positive roots are admissible. The W-
orbit of the triple B = {y,a» + o3 + a4, a1 + --- + a5} of positive roots for M = Ds, where
y = a1 + o2 + a3, is a counterexample with i = 1 and j = 4. Suppose that M is disconnected
with components M;. Then B is admissible if and only if each of the corresponding W (M;)-
orbits is admissible. So there is no harm in restricting our admissibility study to the case where
M is connected. In that case, Proposition 2.3 below gives a full characterization of admissible
orbits.
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If i is anode and B a root with (¢;, ) = %1, then we say that r; moves 8.

Lemma 2.2. Let r be a reflection in W and let B,y be two mutually orthogonal positive roots
moved by r. Then there exists a reflection s which commutes with r such that {8} =rs{y}.

Proof. Let 8, be the positive root corresponding to the reflection 7. Now {8} = {8 £ §,} NPT
and (y, B £ §,) = £(y, 6,). Using this we can construct a new positive root § depending on
(B, &), (v, 8) as indicated in the table below.

B.8) (v.6) &8

1 1 By —é
1 -1 B—y—ér
-1 1 B—v+5
-1 -1 By +6

It is easy to check that the reflection s with root § commutes with » and indeed {8} =
rs{y}. O

Proposition 2.3. Let M be connected. The following statements concerning a W -orbit BB of sets
of mutually orthogonal positive roots are equivalent.

(i) B is admissible.
(ii) For each pair r, s of commuting reflections of W, each B € B and each y € ® ™ such that
y and rsy both belong to B, we have r B = s B.
(iii) For each reflection r of W and each B € B the size of r B\ B is one of 0,1,2,4.
(iv) B is one of the orbits listed in Table 2.

Below in the proof we show that four is the maximum possible roots in » B \ B which can be
moved and so only three is ruled out in part (iii).

Proof. (i) = (ii). By (i), assertion (ii) holds when r and s are fundamental reflections. The
other cases follow by conjugation since each pair of commuting reflections is conjugate to a
pair of fundamental conjugating reflections. (As each reflection is conjugate to a fundamental
reflection, the reflections orthogonal to it can be determined and the system of roots orthogonal
to a reflection has the type obtained by removing nodes connected to the extending node of the
affine diagram.)

(i1) = (iii). When all , s € W move at most two mutually orthogonal roots, the implication
holds trivially. If » would move five mutually orthogonal roots then the 6 x 6 Gram matrix for
these roots together with the root of r is not positive semi-definite as its determinant is —16, a
contradiction. Hence r moves at most 4 roots.

Assume we have a B € B such that » moves precisely three roots of B, say B, 2, 83. By
Lemma 2.2 we know there exists a reflection s such that 8; = rsf,. Now B, = 81 £ 4, £ §; with
8r, 85 the positive roots corresponding to r and s, respectively. As 3 is orthogonal to 81 and S»,
we find (83, 8s) = =(B3, d;), so s moves B3 as well. But obviously 783 # sB3, so rB # sB,
which contradicts (ii).

(iii) = (i). Let Be Band i, j € M withi ~ j and y, y — «; + aj € B. When both r;, r; do
not move any other root then r; B = r; B. Without loss of generality we can assume r; moves four
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Table 1

For M = A,, we have ¢t < % and for M = D,, we have ¢ < %

M |Bl B

Ap o, 03, ..., 0001}

Dy t+k e Bili=1,3,...2k—1}U{a; |i=2k+1,2k+3,...,20 — 1}

D, n/2 {o, 03, ..., 03,05}

Eg 1 {an}

Ec 2 {on, as}

E¢ 3 {az, @3, a5}

Ec 4 {on, a3, a5, ap + a3 + 204 + o5}

E7z 1 {az}

Ez 2 {on, a5}

E7 3 {on, a5, a7}

E7 3 {2, a3, as}

E; 4 {ag, 03, a5, 7}

E7 4 {az,a3,a5,a2 + o3 +2a4+a5}

E7 5 {az, @3, 05, a7, 00}

E7 6 {an, @3, 05, @7, 00 + a3 + 204 + a5, p}

E; 7 {ag, a3, a5, 07, a0 + @3 + 204 + a5, ) + a3 + 2004 + 205 + 206 + a7, 0}
Eg 1 {on}

Eg 2 {a, as}

Eg 3 {an, a3, as}

Eg 4 {on, a3, a5, a7}

Eg 4 {on, a3, a5, 02 + a3 + 204 + a5}

Eg 5 {ag, a3, 5,7, 00}

Eg 6 (o2, a3, a5, @7, g, @0}

Eg 7 {on, a3, a5, a7, 00 + a3 + 204 + a5, g, 2o}

Eg 8 {o, a3, a5, 07, g + a3 + 2004 + 5, 2 + a3 + 204 + 2005 + 206 + a7, 0, X}
For M =Dy, we write B,_1 = oy and By =an + oy + 2053 + -+ + 20942 + 0241

In E7 and Eg we use g = 201 + 209 4 303 + 4otg + 35 + 206 + a7 and @g = 201 + 3ap +
4oz + 604 + Sa5 + 4o + 37 + 2w, the respective highest roots.

roots of B. Let § be a third root in B moved by r;. As § has to be orthogonal to y, y — a; +
we find (@;, B) = (aj, B), s0 B —a; —aj or B+ a; +«; is a positive root as well. This root is
also moved by r; and mutually orthogonal to y, y — «; +«; and B.

Sonow {y,y —a; +aj, 8,8 —a; —a;} € B. But these 4 roots are also the roots moved
by ;. We know from above that 4 is the maximal number of mutually orthogonal roots moved
by r; (or by r; for that matter). We find r; B = r; B which proves B is admissible.

At this point we have achieved equivalence of (i), (ii), and (iii), a fact we will use throughout
the remainder of the proof.

(iii) = (@iv). In Table 1, we have listed all W-orbits of sets of mutually orthogonal positive
roots. It is straightforward to check this (for instance by induction on the size ¢ of such a set),
so we omit the details. For all orbits in Table 1 but not in Table 2 we find, for some set B in the
orbit B, a reflection » which moves precisely three roots.

We will use the observation that if B belongs to a non-admissible orbit for W of type M, then
it also does not belong to an admissible orbit for W of any larger type.
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Table 2

Each row contains the type M, the size of B € I3, the size of the W-orbit B containing B,
the Coxeter type Y of the roots orthogonal to B, the type of the Hecke algebra C defined in
Corollary 4.3, and the structure of the normalizer in W of B, respectively

M |B| 1B Y C Nw (B)
1)!
An t % An—2; A 2'SiSpt1-2s
D, 1 iC AlD, 2 AD,y  2¥SW(D,-2)
Dy 2t WL”). Dy An—21-1 22'W (B )W (Dp—2;)
Es 1 36 As As 2S¢
Eg 2 270 Az Ay 22+1lg,
Eg 4 135 % Y 2%s,
E7 1 63 Dg Dg 2W(Dg)
E; 2 945 A|Dy ADy 221+l (Dy)
E7 3 315 Dy As 2383 W (Dy)
Ey 4 945 A3 Al 24433,
E; 7 135 % Y 27L(3,2)
Eg 1 120 E; E; 2W (E7)
Eg 2 3780 Dg As 221w (Dg)
Eg 4 9450 Dy Ay 2483 W (Dy)
Eg 8 2025 ] @ 28+31,(3,2)

In the first line for D,;, we define D,,_,; as being empty if n — 2¢ < 1. Only one of the roots
g = € occur for roots in the first line of D,,. For roots in the second line, both occur.

For M = D,, the sets not in Table 2 contain at least one pair of roots &; — ¢, & +¢&; but also at
least one root ¢, & ¢, without the corresponding other positive root containing ¢, &,. (Here the
g; are the usual orthogonal basis such that @+ = {¢; £ ¢ j |i < j}.) For these sets the reflection
corresponding to a positive root ; & &, moves precisely three roots.

Suppose M = E,,. The orbit of sets of three mutually orthogonal roots which is not in Table 2
is the orbit of {a2, a3, a5}, which is not admissible in the subsystem of type D4 corresponding to
these three roots and a4, as r4 moves all three roots.

The orbit of four mutually orthogonal positive roots not in Table 2 contains the set
{on, a3, a5, a7} and r4 moves exactly three of these.

The orbit of five mutually orthogonal positive roots not in Table 2 contains the set
{an, @3, a5, 07, g} and r4 moves again exactly three of these.

If M = E7, the orbit of sets of six mutually orthogonal positive roots containing {cs, a5, a7,
a3, 00 + o3 + 204 + a5, oo} remains. Clearly the reflection 1 moves only the last three roots. If
M = Eg, the orbit of sets of six mutually orthogonal positive roots is not admissible as it contains
the orbit of E; we just discussed.

Finally the orbit of seven mutually orthogonal positive roots in Eg contains {a», a3, o5, ap +
a3 + 204 + a5, a7, o, &p}. Here the reflection 73 moves only the last three roots.

(iv) = (iii). All orbits for type A, are admissible as here every reflection moves at most two
mutually orthogonal roots.

All sets in the first collection of orbits in D,, contain from every pair of roots &; — &;, & + ¢
at most one element. So again as for A,, every reflection moves at most two mutually orthogonal
roots.
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All sets in the second collection of orbits in D,, contain from every pair of roots &; — ¢, &; +¢;
both roots or none of them. So every reflection here will always move an even number of roots,
so the size of ¥ B \ B is equal to 0, 2 or 4.

The orbits in E,, of sets containing fewer than three roots are admissible as every reflection
will never move more than two roots. For the remaining six orbits it is an easy exercise to verify
for one chosen set that every reflection moves indeed 0, 1, 2 or 4 roots. O

We finish this section with some further comments on Table 2. If B is a set of mutually
orthogonal positive roots as indicated in Table 2, then the type Y of the system of all roots
orthogonal to B is listed in the table. In the final column of the table we list the structure of
the stabilizer in W acting on 5. If B has an element B all of whose members are fundamental
roots, this stabilizer can be found in [8]. Two distinct lines represent different classes; sometimes
even more than two, in which case they fuse under an outer automorphism (so they behave
identically). This happens for instance for M = D,, (first line) with n = 2¢. In the second line for
D,,, the permutation action is not faithful.

3. Posets

In this section we show that admissible orbits carry a nice poset structure. An arbitrary W-
orbit of sets of mutually orthogonal positive roots has an ordering satisfying all of the properties
of the proposition below except for (iii).

We will need various properties involving the actions of the r; on an admissible W-orbit 5.
Clearly, if «; € B+, then r; B = B. As described earlier, if o; is in B then also ;B = B. If
(aj, B) = =£1, that is, r; moves B then, with Proposition 3.1(i) in mind, we see r; B # B and we
say that r; lowers B if there is a root 8 of minimal height in B among those moved by r; that
satisfies B — «; € @. We say that r; raises B if there is a root 8 of minimal height in B among
those moved by r; such that 8 + «; is a root and r; does not lower B. We also use this for a single
positive root B: if B + «; is a root, we say r; raises 8 and if 8 — «; is a root we say r; lowers S.

Proposition 3.1. Let M be a spherical simply laced diagram and B an admissible W -orbit of
sets of mutually orthogonal positive roots. Then there is an ordering < on B with the following
properties.

(1) For each node i of M and each B € B, the sets B and r; B are comparable. Furthermore,
if (ai, B) # 0 for some B € B, thenr; B # B and ri B < B if ri lowers B and riB > B if r;
raises B.

(ii) Supposei~ j and a; € B*. IfriB < B, thenrirjB <r;B. Also, rj B > B implies rjrj B >
er.

(iii) Ifi = j, B <B,rjB<B,andriB#r;B, thenrirjB <r;B andr;rjB <r;B.
(iv) Ifi~ j, riB < B, and rjB < B, then either rirjB =r;B orrirjB <rjB, rjriB <r;iB,
rirjtiB <rir;B, and rirjr; B <r;r;B.

It readily follows from the existence result that there is a unique minimal ordering < satisfying
the requirements of the proposition (it is the transitive closure of the pairs (B,r;B) for B € B
and j a node of M such that r; B > B). The poset (B, <) with this minimal ordering is called
the monoidal poset (with respect to W) on 5 (so B should be admissible for the poset to be
monoidal).
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Proof. We define the relation < on B as follows: for B, C € B we have B < C iff there are
B e B\Candy € C\ B, of minimal heightin B\ C, respectively C \ B, such that ht(8) < ht(y).
It is readily verified that < is an ordering. We show that it also satisfies properties (1)—(@iv).

(1) If o; is orthogonal to each member of B or «; € B, then ;B = B, so B and r; B are
comparable. So we may assume that (¢;, ) = %=1 for at least one S. Notice if (8, ;) = %1, that
riB=pB+La; isin @ but notin B as (B, 8 = «;) =2 £ 1 # 0 whereas different elements of B
are orthogonal. In particular, r; B # B. If (8, «;) = 1 holds for exactly one member of B, then
clearly r; B and B are comparable. Suppose now B and r; B are not comparable. Then there exist
at least one root 8 of minimal height in B \ r; B and one y € B such that ht(8) = ht(r; ) and
riy is an element of minimal height in ; B \ B. Clearly B # r;y as they are in different sets by
their definition. As y € B \ r; B we have ht(y) > ht(B8) by our assumption that 8 is of minimal
height in B \ r; B. As htr;y = htpB we have («;,y) = 1. Also ;8 € r;B \ B and as r;y with
ht(r;y) = ht(B) is of minimal height in r; B \ B we see ht(r; ) > ht(r; ). In particular, we must
have («;, 8) = —1. But according to Proposition 2.1(i), this never occurs.

(ii) By the assumption r; B < B, there is a root B € B of minimal height among those moved
by r; such that 8 — «; € r;B. Then B — «; is minimal among those moved by r; in r; B and
,3 — 0 —Qj Grier, SO rier < er.

The proof for the second assertion is a bit more complicated. By the assumption ;B > B,
there is no root 8 € B of minimal height among those moved by r; such that 8 — «a; € r; B.
Indeed all that are moved go to 8+« in7; B. Suppose that § has minimal height among the roots
moved by 7; in ; B. This implies § = y & «; for some y € B. If § = y + «; for all choices of 5,
thenr;rjB >r;B,asri(y +a;) =y +a; + ;. So assume that § = y — «; has minimal height
among the roots moved by 7; in7; B for some y € B. Let h be the minimal height of all elements
of B moved by r;. We know each of these roots is raised in height by 7; and so y is not one of
them. In particular, ht(y) > h. Also ht(y) — 1 =ht(§) < h+ 1. It follows that ht(y) < h + 2. The
two cases are y has height 2 4 1 or 4 + 2. By Condition (i) for Proposition 2.1 for y and g the
case h + 1 is ruled out. But then Condition (ii) of Proposition 2.1 with ¢;, y, and g rules out the
case h 4 2.

(iii) Suppose r; B < B and r; B < B with r; B # r; B. Choose 8 an element of smallest height
in B moved by r; for which 8 —« is aroot. Choose y an element of smallest height in B moved
by r; with y —a; aroot. We are assuming 8 — «; is a root. This means as (¢;, ;) = 0 that 8 +o;
is aroot if and only if 8 — a; &= o; is a root.

To prove the result we will get a contradiction if we assume 7; raises r; B. Suppose then r;
raises 7; B. In this case all elements ¢ of smallest height in 7; B which are moved by r; have
¢ + a; as roots. We will show first that y — «; is not a root. If it were, r; lowers it as y — «; is
a root. This means it is a root of smallest height moved by r; as y is a root of smallest height
moved by 7; in B and in 7 B this has height one smaller. But it is lowered, not raised. This means
¥y — «j is not a root.

Depending on (y, o), either y or y + «; is aroot of ; B. Suppose (y,a;) =0 and so y is a
root of rjB. As r; raises r; B, all elements of smallest height moved by r; must be raised. As y
is lowered, there must be an ;8 € r; B with § — «j aroot of r; B and ht(§ — c;) less than ht(y).
Its height must be one less than ht(y) as heights are lowered at most one by r;. Now in r; B, the
elements § — «; and y contradict condition (i) for Proposition 2.1. Suppose then y + «; is root.
The smallest height of elements for which r; moves roots in ; B is now either ht(y) or ht(y) — 1.
(It cannot be ht(y) + 1 as y + «; is lowered.) If it is height ht(y) there is an element § of height
ht(y) which is raised by r;. Now § and y + o contradict Condition (i) of Proposition 2.1.
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We are left with one case in which an element of height ht(y) — 1 in ;B is raised by ;.
This means there is § in B of height ht(y) which is lowered by r; and raised by r;. Recall y
is lowered by r; and raised by r;. As i » j we have § +@; —a,y +a; —a; in r;rjB. Now
6,y +a; —w;) =250 =y +a; —aj. By admissibility of B we have r; B =r; B contradicting
the starting assumptions.

(iv) We shall use the results of the following computations throughout the proof. Let € € B and
write p = (@;, €) and o = («j, €). Then € — pa; =ri(e), e —oaj =rj(e),e —(p+0o)a;—oa; =
rirj(e), € —pa; — (p+0o)aj=rjri(e), e — (p+o)(a; +aj) =r;rirj(e) =rir;jri(¢). Note that
p =0 =1 would imply («;, € — a;) =2, whence € = o; + ;. This means r;r; B =r; B. To see
this, suppose «; +oj € B. Then o; € r; B asitis rj(a; + o). Now all other elements of r; B are
orthogonal to ¢; as «; is one of the elements. Now r;7; B =r; B. So we can assume this does not
occur.

By assumption, there are 8,y € B such that 8 —a; € r;B and y — «; € r; B and such that
ht(8), ht(y) are minimal with respect to being moved by «;, o, respectively. By symmetry, we
may also assume that ht(8) < ht(y).

If B =y, then (a;, B) = («j, y) = 1, acase that has been excluded. Therefore, we may assume
that B and y are distinct. In particular, («;, 8) is 0 or —1.

Suppose first that a 8 can be chosen so that («;, 8) = 0. This is certainly the case if ht(8) <
ht(y). Now 8 —a; —«aj € rirjB, so B —«a; € r; B is a root of smallest height moved by r; and
so rjr; B < r;B. Recall from our choice no root of height smaller than ht(8) is moved by r;.

Since B €r;jB and B — «; €r;irjB, we have rirj B < r;B unless there is § € B with§ —a; €
riB,ht(d —a;) =ht(8) — 1, and (@;, 6 — ;) = —1. But then the inner products show § = —a; is
not a positive root. Notice this shows § — a; + a; cannot be a root. Hence, indeed, r;rj B <r;B.

Since B —a; —aj €rjrirjB and B —o; € rir; B, a similar argument to the previous paragraph
shows that rjrir; B <r;ir;jB.

It remains to show r;r;rj B < r;r; B. Both sides contain 8 — o; — o and r; does not lower or
raise rjr; 8. We need to look at the § in B of height up to ht(y). We know that for § with ht(5) <
ht(y) that (8, c;) = 0. Looking at the equations above with o = 0 we see r; does not change
ririd =8 — p(a; +a;). We also know that (y, «;) = 1. This means o = 1. Using the equations
again with o =1 and p we must compare y — p(o; + o) —a; withy — p(o; + o) —aj —q;
which is lower. In particular, r;r;jr; B <r;r;B.

Suppose then that («j, 8) = —1. This means, in particular, that ht(8) = ht(y). If («;, ) =0
we can use the argument above. We are left then with the case in which («;, y) =1, («;, B) =1,
(aj, B)=—1, (aj, y) = —1, and of course (a;, ;) = —1.

This means y — o; and B — «; are positive roots of height ht(8) — 1. But (y —«;, B — ;) =
0+ 1+ 1—1=1 so by subtracting one root from the other, we should get another positive root.
As both roots are of the same height, this would give a root of height 0 which is not possible,
proving this case never arises. O

We showed during the proof that if &; +«; € B and i ~ j, then r;r; B =r; B. This is case (iv)
of Proposition 3.1. The following lemma shows this is if and only if.

Lemma 3.2. Suppose that (B, <) is a monoidal poset for (W, R) for which rirjB =r;B with
i~jIfriB<Bandr;jB < B, thena; +aj € B.

Proof. Suppose «; + a; is not in B. Let B be an element of smallest height moved in B by r;
for which 8 — « is a root. Such a root exists because r; B < B. As a; +«j is not in B, we know
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B—oaj#a;,andevenq; isnotinr; B. It follows as r;rj B =r; B thato; € (er)l. In particular,
ri(B —aj)isinr;B. As B —a; £ o; is not orthogonal to 8 — «; we must have B + «; a root.
Now r; lowers B and r; raises B.

As ri B < B there exists y, an element of smallest height in B moved by r; for which y — «;
is a root. We know ht(y) < ht(8) as r; moves 8. Suppose (y,«;) =0.Then y €r;B and r;y =
y — a; is also in 7; B. This contradicts the hypothesis that elements of r; B are all orthogonal.
This implies (y, ;) = #£1. This in turn means ht(8) < ht(y) as ht(8) is the height of the smallest
element moved by r;. Now we have ht(8) = ht(y). If y — o; and y — o; were both roots, an
inner product computation would show (y, a; +a;) =2 so y = a; + ;. This means y + «; is
a positive root, so in r; B we have  — «; and y + o contradicting (i) of Proposition 2.1. O

In order to address the monoid action later we will need some more properties of this action
in terms of lowering and raising. We begin with the case in which two different fundamental
reflections act the same on a member B of 5.

Before we begin we need to examine the case in which some B has two indexes which raise
it to the same B’. In particular, we have

Lemma 3.3. Suppose B € Band riB =ryB > B with k #i. If B is the element of B of smallest
height moved by either r; or ri, then B + o + oy is also in B. Furthermore, i ~ k.

Proof. Let 8 be an element of smallest height in B moved by either r; or r;. We know that
all elements of smaller height are not moved by r; and r;. Elements of the same height could

be moved by r; or rg, but then the root would have to be added. Suppose (¢;, ) = —1, so
riB=B+ai.If (ax,B)=0,then BeryB=r;Basis B+«; andso (B, 8+ i) =2—1#0,
which contradicts that elements of r; B are mutually orthogonal. In particular, (o, 8) = —1 (for

otherwise, (o, B) =1 and so ry B < B).

If i ~k, then (o, ;) = —1, and so (ax, B + «;) = —2, which implies that 8 + «; = —ay,
contradicting that 8 + «; be a positive root. This means i ~ k which proves the last part of the
lemma.

Now by hypothesis r;ry B = B and so 8 + ax + «; is in B which proves the remainder of the
lemma. O

Notice that if 8 and 8 + «; + o are two roots in B with (o, o) =0, (B, ;) = (B, ax) = —1,
the hypothesis of the lemma is satisfied, and r; maps 8 to 8 + «; and B + o; + g to B + .
Acting by r; has the same effect except the order of the roots has been interchanged.

Lemma 3.4. Suppose (BB, <) is a monoidal poset for (W, R). Let B € B and let i, j € M and
B,y € B. Then the following assertions hold.

() Ifi~jandririB <riB < B, thenrirjB <r;jB < B.
(i) Ifi~j, B<riB, B<rjB,andriB #r;B, thenrirjB >r;B andrirjB >r;B.
(iii) Ifi~j, B<riB,and B <rjB,thenr;B <rjriB <rjrjriB,andrjB <rirjB <rjrir;B.
Gv) Ifi~jandrjririB <rjriB <r;B < B, thenalso rjrirjB <rirjB <r;jB < B.
W) Ifa; ¢ B~ U B, then eitherr;B < B orr;B > B.
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Proof. We can refer to Proposition 3.1 for the properties of (5, <).

() If r;B = r;r;B, then also r; B = B, a contradiction. Suppose r;r; B > r;B. Then, by
transitivity B > r;B. Also B > r; B by hypotheses. Notice if r;B =r;B, rirjB = rlgB =B
but r;r; B < B. Now r;rjB < r;B by Proposition 3.1(iii), a contradiction. Hence, by Proposi-
tion 3.1(1), rirj B <7;B.

If rjB = B, then also r; B = r;r; B, a contradiction. Suppose r; B > B. Then, by transi-
tivity, »; B > r;rj B. Therefore, Proposition 3.1(iii) gives r;r;B > r;r;rjB = r; B, a contradic-
tion. Hence, by Proposition 3.1(i), ;B < B. But also r;B < B, so Proposition 3.1(iii) gives
ririB <r;B (and rirjB <r;B).

(ii) If r;rj B =7r; B, thenr; B = B, acontradiction. If ;7 j B < r; B, then, by Proposition 3.1(iii)
applied to ; B we have r; B < B, a contradiction. Hence by Proposition 3.1(), r;7; B > r; B. The
proof of r;7j B > r; B is similar.

(iii) Suppose r;rjB =r;B. If a; € (v B)L, then, as r;j lowers r; B, by Proposition 3.1(ii) r;
lowers r;r; B = B which is a contradiction. This means «; € r; B and so o; + «; € B. Notice
neither o; nor o are in B as they are not orthogonal to «; + ;. As both r; and r; raise B, there
must be k, [, with i ~k and j ~ [ with o and oy in B. Neither are orthogonal to o; + «; and
this is impossible. This means r;7;B #r; B.

Suppose r;rjB < r;jB. We cannot have r;r;B = rjrjB = B by Lemma 3.3. Now Propo-
sition 3.1(iv) gives r; B < B, a contradiction. Hence r;r;B > r;B. The roles of i and j are
symmetric, so similarly we find r;7; B > r; B.

If rirjri B =rir; B then B =r; B, a contradiction. Suppose r;r;7;B <rjrjB. Asalsor;B <
rirj B, Proposition 3.1(iv) gives r; B < B, a contradiction, because «; + o ; € r;rj B would imply
aj €rjB whence rjB = B.

Similarly, it can be shown that rr;r; B > rir; B.

(iv) If rj B = B, then rjr;rj B =r;r; B, a contradiction. If r; B < B, then the result follows
from Proposition 3.1(iv) because «; +a; € B would imply «; € r; B whence rjr; B =r; B.

Suppose therefore ;B > B.If rj B =r;r; B, then rjr; B=r;r;r; B, a contradiction. If r; B >
rirj B, then by Proposition 3.1(iv) rjr;rj B > r;r; B, a contradiction because «; +co; € r; B would
imply o; € B whence r; B = B.

Hence rjB < r;r;jB. But then by transitivity r;7; B > rjr;r;B, and, since r;r; B > r; B, gives
Proposition 3.1(iv) rjr;rj B > r;r; B (for otherwise o; +o; € r;rj B, implyingo; e rjBsor;jB =
B), a final contradiction.

(v) The hypotheses imply that there exists 8 € B with (¢;, 8) = £1. Then r; = 8 + «;,
which is not orthogonal to 8. As the elements of B are orthogonal by definition, r; 8 does not
belong to B, so r;i B # B, and the conclusion follows from Proposition 3.1(i). O

Pick By a maximal element of 5. This means r; By is either By or lowers By. This is possible
as B is finite. We need more properties of the poset determined by >. To begin with this we
consider certain Weyl group elements, w, for which wBy = B for a fixed element B € 5. In
particular, we let w = r;,r;, - - -r;; be such that By > r; By > ri_,r;; By > -+ > riyriy -+ ri, By >
i\ Tistiy - - - 7i, Bo = B. If there is such an expression for w, then there is one of minimal length.
We let B’ be the set of B € B which are of this form. We will show that in fact B’ = B.

Lemma 3.5. In the notation just above, B’ = B.

Proof. Notice that By is in 3’ by definition using w the identity. Recall that r; By is either By or
lower. In particular, nothing raises By. We show first that if B € B and r;B > B thenr;B € B5'.
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We prove this by induction on the minimal length of a chain from By to wB which satisfies
the descending property of the definition of 5’. In particular, w = r;,ry, - - - iy and Bo > r; By >
rig_ Ti;Bo > -+ > riyriy - 1ri Bo > ri riytiy - - i, Bo = B. We say this chain has length s, the
length of w. We in fact show that there is a chain from By to r; B of length less than or equal
to s — 1. We have seen that no r; raises By. Suppose that B=r; By and r;B > B.If rj B = By
the induction assumption is true. If 7; B # By we can use Lemma 3.4(ii) or (iii) to see that
rjri B > By a contradiction. In particular, the induction assumption is true for s < 1.

We can now assume s > 2. Pick a B with a chain of length s and assume the result is true
for any B’ € B’ with a shorter chain length. Suppose r;B is not in B’ and r;B > B. Notice
riyB = ri,riy---ri, Bo > B by the hypothesis. Clearly r;B # r;) B as r; B is in B’ using the
element 7,7y, - - - 7;;. In particular, we can use Lemma 3.4(ii) or (iii). In either case r;r;; B > r; B
and by our choice of s and the induction assumption, r;r;, B is in B" and has a chain of length at
most s — 1 from By to it.

Suppose first i; ~ j and use Lemma 3.4(ii). By the induction assumption there is a chain
down to r;r;,; B of length at most s — 2 and then by multiplying by r;, gives a chain down to r; B
of length at most s — 1 and the induction gives r; B € B'.

Suppose now i1 ~ j and use Lemma 3.4(iii). Again r;r;, B is in B’ by the induction hypothesis
and has a chain down to it of length at most s — 2. Using the induction again, and the hypothesis
of the minimality of s, we see also r;,7jr;, B is in B and has a chain to it of length at most s — 3.
Now using this as r;r;,7; B, multiplying by r; and then by r;; gives a chain to r; B of length at
most s — 1 and we are done with this part.

In particular, if B € B’ and r;B > B, then r;jB is in B'. If B € B’ and r;B = B of course
rjB € B'. Suppose r; B < B. Then the sequence to B and then r; B gives a sequence to ; B and
rjBisin B’. We see that B is closed under the action of W and as B is an orbit, B’ =5B. O

Corollary 3.6. There is a unique maximal element By in B.

Proof. We have just shown that for every element B in 3 except By there is a sequence lowering
to B and so By is the only maximal element. O

See Example 4.4 for a listing of some of the By.

This shows that each B € B has a level associated with it, namely the smallest s for which B
can be obtained from By as above with a Weyl group element w of length s. Namely the smallest
s for which there is a reduced expression w = r;, r;, - - - r;, with wBy = B for which By > r; By >
Ti,_i¥iyBo > -+ >ri,riy---ri;Bo > B. In particular, By has level 0 and if r; By < By it has level
1. The next lemma says that this s is the shortest length of any word w for which wBy = B.

Lemma 3.7. Suppose w is an element of W of the smallest length for which w By = B. Then this
length, s, is the length of the shortest word defining B as an element of B'. In particular, if the
word is ri 1, - - - I, then By > rj Bo > ri _ ri. > -+ > ryri, ---ri; By = B and this is the shortest
which does this. It is reduced.

Proof. Suppose w is an element of W for which wBy = B and for which as in the defini-
tion of B, we have w = rj ri,---ri, and ri By > ri_,ri.Bo > -++ > riri,---ri, Bo = B with
this the shortest possible. Suppose w’ is any other Weyl group element with wBy = B. If
w' =rjrj,---rj is a reduced decomposition of length 7, then ¢ is at most s and we get a se-
quence By, 7, Bo,7j,_,7jBo,...,rjrj, - -7jBo= B.If any of these differences do not have the
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relation > between them, the level of B would be strictly smaller than s, contradicting the mini-
mality of s. Hence, r = s and the sequence corresponding to w’ is also a chain. In particular, w is
reduced and any other reduced expression gives a descending sequence of the same length. This
shows there is a reduced word with this length taking By to B and any word doing this of shorter
or the same length, has to be descending at each step. This proves the lemma. O

Lemma 3.8. Suppose that (B, <) is a monoidal poset for (W, R).

(i) For each B € B and each element w € W of minimal length such that B = w By and node i
of M such that l(r;w) < [(w), we have r; B > B.

(ii) For each B € B, if w,w’ € W are of minimal length such that B = wBy = w’ By, then
I(w) = I(w') and, for each node i such that r; B > B, there is w" € W of length [(w) such
that B =w"Bg and l(r;jw") < l(w").

Proof. For (i) we use the characterization in Lemma 3.7 and realize that any of the equivalent
expressions also give a descending sequence. In particular, if /(r;w) < [(w), an equivalent word
can be chosen to start with 7; and so r; B is one step above B in the chain to B from this word
andsor;B > B.

For (ii) again use Lemma 3.7 and so [(w) = [(w"). If r; B > B for some i, there is a sequence
from r; B to By. If w’ By = r; B accomplishes this in the minimal number of steps, w” = s;w’
satisfies the conclusion of the lemma. O

4. The positive monoid

We now turn our attention to the Artin group A associated with the Coxeter system (W, R).
We recall that the defining presentation of A has generators s; corresponding to the fundamental
reflections r; € R and braid relations s;s js; = sjs;sjifi ~ jand s;s; = s;s; if i  j. The monoid
AT given by the same presentation is known [10] to embed in A. For each admissible W-orbit of
a set of mutually commuting reflections, we shall construct a linear representation of A*. To this
end, we need a special element hp ; of AT for each pair (B, i) consisting of a set B of mutually
commuting reflections and a node i of M whose reflection r; does not belong to B but commutes
with each element of B. As in the previous section, we shall represent reflections by positive
roots.

We now define the elements hp ;. As in [5] we do this by defining reduced words vp; € A
and letting hp; = vg’ll.s,-v B.i- Later we shall consider the image of these elements in a certain
Hecke algebra.

For the definition of vp; we use chains (and their labels) from B to By depending on i.
In particular, for ;B > B and i ~ j we use SjVr;B,i and for j ~ i we use SjSiVrr;B,i- If we
were to use just any chain we would not get this unique element without some further work. For
instance, if M = Ds and B = {e3 + &4, &1 + &2}, both ] and «3 are in B~ and rpr; and rar3
both take B to By = {e1 + €4, &2 + &3}. If we use the definition here, with v 1 = s251, we find
hp1= (szsl)_lsl(szsl) = s2. However, if we would use vp | = 5253, corresponding to a non-
admitted chain, we find 55 lsz_ 1515253 instead of s> and we would need a proper quotient of the
Hecke algebra for /15 1 to be well defined.

In Lemma 4.1 below we show that conjugating s; by any of the vp ; as defined by means of
chains gives the same element, which is a fundamental generator of A commuting with every
reflection having its positive root in By.
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Definition 2. Suppose (B, <) is a monoidal poset of (W, R), with maximal element By. Let
(B, i) be a pair with B € B and i a node of M such that ;; € B+.

Choose a node j of M with r;B > B. If j =i let vg; = SjVUr;B,i and if i ~ j let vp; =
SjSiVr;rjB,j- We define vp, ; as the identity.

Furthermore, set hp ; = vB,i_lsivB,i.

Notice this definition makes sense as a non-deterministic algorithm assigning an element of
A to each pair (B, i) as specified because

e ifo; € BLandi ~ j, then; € (r; B)t;
o Ifi~j,thene; +a; € (rjB)* and o € (rir; B)* .

By Lemma 3.7, vg,; will be a reduced expression whose length is the length of a chain from B
to Bp. The elements vp; are not uniquely determined, but we will show that the elements /5 ;
are.

Lemma 4.1. For B and (B, i) as in Definition 2, suppose that vg ; and v%’i both satisfy Defi-
nition 2. Then the elements hp ; of A defined by each are the same, i.e., hp; = vB’,-_lsivB’,' =
UB,/*lSivB,/-

Furthermore, each hp ; is a fundamental generator s; of A whose root aj is orthogonal to
every root of By.

Proof. We use induction on the height from By. The case of By is trivial.

We first dispense with the case in which r; B = r ;s B. We know from Lemma 3.3 that in B
there are two elements 8 and B 4 o; + o j» with j = j'. As o; € B we know (B, ;) = 0 and
also (B + «; + aj, ;) = 0. It follows that (ej, ;) = (ajr, ;) = 0 as the inner products of
fundamental roots are O or —1. In particular, using r; we get vg; =; Ur;B,i» and vB,i_lsivB,i =
ver,i_lsj_lsisjvg,,-. As sj_lsisj =s; thisis ver)i_lsiUB’i = hy, p.i- The same is true for r;» and
we are assuming r; B = r j B. Now we can use induction.

We next suppose r; B > B and rj» B > B with r; B # rj B. There will be two cases depending
on whether j ~ j" or j ~ j’. Suppose first j ~ j’. We use Lemma 3.4(ii) to see that rjrj B >
ri7B and rjirjB > r;B. Suppose first i = j and i ~ j’. For the chain starting with r; we can
follow it with r;» and if we start with r;» we can follow it with r;. In each case with these choices
we get v, = SjSj'UrryB.i S SjSj =585 and o; € (er)L and o; € rjrB)L. The induction is
used for Ur;B,i and for Ur, B in order to take the chain we have chosen and then also for UrjrBli-
In each case we get h,jrj, Bii-

Suppose next that i ~ j but i < j’. Using the chain for r; we get B < r;B < rir;B by
Proposition 3.1(ii). As above by Lemma 3.4(ii) we get r;r;» B > r» B and now again by Proposi-
tion 3.1(ii) using «; € (rj/B)J- we getrirjr i B > rjrj B. Now for the r ;s chain continue through
rj and then r; to reach vg; =s;/5;s; UrirjrjiB.j Through the r; chain which goes through r;r; B
add rj for which J' =~ i. Here we get vg; = SjSiSj'Vr rir;B.j- Again use induction at all the
levels to get the needed result. Notice rjr; B # rjirjB as rirjrjyB > rjrj B as above and so r;
raises rjr ' B.

The final case in which j = j’ is with j ~i ~ j’, see Fig. 1. For this we again use Lemma 3.4
(ii) and (iii) and Proposition 3.1. In particular, ;B > B and r;r;B > r;jB. Also as rjB #ry B
we have rjrjB > r;B. Now by Lemma 3.4(iii) we have rjrjrirjB > rjyrirjB > rirjB. We
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know «; € (r;r;B)* and also in (rjr;rjB)* as j ~ j'. Now using Proposition 3.1(ii) we see
rjrirjrirjB > rirjrirjB. Notice rirjB # rjr;jB by Lemma 3.3 as i ~ j'. Following the trail
of a; we see it is in (rjrirjirir; B)*L. Following this chain after r;7; and using induction we
SeC VB.i = S;8iSj!SiSjVr rirjirir;B.i- Going up through r;r;: gives the same result as s;s;5;/s;5; =
s5jsjrsisjrs; is similar to sj/s;s75;8;: = sjrs;s;s;s ;. In particular, the result is true again using
induction at all the higher levels.

We now consider the cases in which j ~ j’. As before, the easiest case is when i ~ j and
i » j'. In this case as before use Lemma 3.4(iii) to obtain rjr;jryB > rjryB >ryB. As a; is
orthogonal to «j and «j» we obtain vp; = 888 Vrjrir s Bli- The same result holds for the other
order and the result follows by induction.

The only other possibility is i ~ j and i ~ j” as i could not be adjacent to both j and j’ (for
otherwise there would be a triangle in the Dynkin diagram). For this we use the familiar six sides
diagram generated by r; and r; using Lemma 3.4(iii), see Fig. 2. At r; B we may also act by ;
which we know raises r; B. It is clear that rjrj B # rirj B as «; is in (r; r.,'B)J- and so r; could
not raise (or even lower) it. We can proceed by Lemma 3.4(ii) to r 7 ;r;r;jB. Notice r;rr; B #
rirjrjB by Lemma3.3 asi ~ j. Now proceed by Lemma 3.4(iii) to r;rjrir jrjB = rirjrjrir;B.
By following the perpendicularities we see aj» € (rirjrjirir; B)*. Using this chain which starts
with r; and continues with r;, we find vg ; = s;s;55;5; Usirjryrir; B.j' - Using the other direction
starting with r ;- then r j, then r;, we can continue with r j» and r to get rjrjrirjr j» B and conclude
using this direction vp; = 818 i8S Vr;r; ririr B At the juncture rjrj7B we act by r; or
by rj,. These two could not be equal as again «; is in (rjr;r ]/B) and so r; could not move it.
However, if they were equal, it lowers it to rj/r; B. These words are equivalent and we can use
induction as usual for the last time.

This finishes all cases and shows the words have the same effect under conjugation on s;. O

We finish this section by exhibiting relations that hold for the Zp ;. Since we are actu-
ally interested in their images in the Hecke algebra H of type M under the natural morphism
Q(m)[A] = H, we phrase the result in terms of elements of this algebra.
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Proposition 4.2. Suppose that (B, <) is a monoidal poset with maximal element By. Let C be the
set of nodes of M such that o; is orthogonal to By and denote Z the Hecke algebra over Q(m) of
the type C. Then, for B € B and i a node of M, the images of the elements hp ; € A in the Hecke
algebra of type M under the natural projection from the group algebra of A over Q(m) actually
are fundamental generators of Z and satisfy the following properties.

@) h%,i =1—mhp;.
(ii) hpihp j=hp jhp;ifi~j.
(iii) hp,ihp jhpi="hp jhpihp ;ifi~j.
(v) hypi=hp;ifi~j.
(V) hyriBj=hpiifi~ jand (a;, B) #0.

Proof. By [6] we can identify the Hecke algebra of type C with the subalgebra of the Hecke
algebra H generated by the s; for i € C. As described above we define hp ; = vp; —siv B.i where
we consider this element in the Hecke algebra. By Lemma 4.1, it is a fundamental generator of Z.

(i) This clearly follows from the quadratic Hecke algebra relations we are assuming.

(ii) Assume first rx B > B and both o; and o are orthogonal to ax. We are assuming here
i = j.Then we cantake vg; = sy vy B,i and v j = Sxv, B, j. Now hp; = (vrkB,i)ilskilSiskvrkB,i.
This is h,, p,; and we can use induction.

Suppose i ~ k but j ~ k. Then we can take vp; = sisiv, Bk and we can take vp ; =
SkSiVpreB,j- Then hp j = hypp,j and hp; = hy, B k- Now as above we can again use induc-
tion.

The final case with i = j is wheni ~k ~ j. Now vp ; = siS;Vr;r, B,k and vp j = sis; Vs 4 B k-
Suppose that r;rgB = rjriB. If so vp; = sgsiw’ with vp ; = sgsjw’ and w’' = vy, g k. Now
vp,; sivp; = w’_lsfls,:ls,-sksiw’ = w'~!s;w’. Doing the same with r; gives the same thing
and so they commute. This means r;r; B # r;7x B and we can use Lemma 3.4(ii) to get r;7jr¢ B >
rirg B and rirjri B > rjri B. Now applying this with vp; gives vp; = SKkSjSiSkVryrirjri B, j and
UB,j = SkSiSjSkUrrjriiB,i- Let B = ririrjrgB. Now hp; = hpg ; and hp j = hp ;. Now use
induction.
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(iii) Suppose i ~ j. We wish to show hp ;hp jhp; =hp jhp ihp j. Suppose first k ~ i and
k = j.In this case vp; = sxvp B, and vp j = sxV B, ;. This means hp; = hyp; and hp ; =
hy,B,j- Now use induction.

We are left with the case where k ~i ~ j. Then j ~ k as there are no triangles in the Dynkin
diagram. Notice on the chain from «; we start with ¢, apply r; and can then if we wish add r;
provided r; raises r;ry B. The chain from « is r; which fixes o, and then we can continue with
r; and then r; which forces rr;r B > r;ri B by Proposition 3.1(ii). Now vp ; = sgs;s; Urrir Bk
and UB,j = SkSiSjVrririB,i- Now check that if B’ = rjr,-rkB that hp; = hg/,k and hB,j = hB’,i‘
Now use induction.

(iv) Suppose r; B > B. Then vp,; = s;vy; p,i- Now conjugating r; by vp ; has the same effect
as conjugating Ur;B,i a8 sj_ls,-sj =s;. If rj B < B, use the same argument on r; B which is raised
by rj.

(v) Assume first that 7; B > B. Then vp; = 8jSiVrir;B,j- Notice s;” sfls,-sjs,- =s; and con-
Jugating s; by vp,; has the same effect as conjugating s; by vy,r;5,j and the result follows.
If r;B < B, then r;rjB < r;jB by Proposition 3.1(ii). Now apply the above to r;r;B. As
(aj, B) #0, we know r; B # B by Lemma 3.4(v).

All cases have been completed. O

1

Corollary 4.3. Let (B, <) be a monoidal poset. Retain the notation of the previous proposition.
Denote C the set of all nodes j of M such that («j, Bo) = 0 and Z the Hecke algebra whose type
is the diagram M restricted to C. Then, for each node j in C, there is an element B of (B, <)
which is minimal and there is a node k of M such that (o, B) =0 and hp ; = s;, the image of
the fundamental generator of A in Z.

Proof. The following proof is similar to the one of [5, Lemma 3.8]. Let j be a node of C. Then
hp,,j =s;.Let B € B be minimal such that there exists a node k with (atx, B) =0and hp x =s;.
Suppose there is a node i such that r; B < B.If i ~ k then by Proposition 4.2(iv) i, .k =hp r =
sj.If i ~ k then by Proposition 4.2(v) A, p,i = h g x = s; and by Proposition 3.1(ii), rxr; B < B.
Both cases contradict the minimal choice of B, so B must be a minimal element of (B3, <). O

Example 4.4. Suppose M is a connected simply laced diagram. Then the type of C as defined in
Corollary 4.3 is given in Table 2. We deal with two series in particular.
If M =A,_| and B is the W-orbit of {1, @3, ..., 2,1}, then
Bo={e1 —€n—p+1,62 —€n—p42,...,&p — &} and
C= {O[p+l» Ap42, ..., an—p—l}-

Therefore, the Hecke algebra Z is of type A, —2p—1.
If M =D, and B is the W-orbit of {or], a3, ..., 22,1}, then

Byo={e1+e2p, 2+ €2p-1,...,6p +€psr1} and
C={ap, a2p41,®2p42, .., 0}
The Hecke algebra Z has type A1D,, 2, (where Dy is empty and Dy = A1Ap).

5. The monoid action

Let B be an admissible W-orbit of sets of mutually orthogonal positive roots, let (B, <) be the
corresponding monoidal poset (cf. Proposition 3.1), let By be the maximal element of (B, <) (cf.
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Corollary 3.6), and let C be the set of nodes i of M with ¢; € Bé‘. As before (Proposition 4.2),
Z is the Hecke algebra over Q(m) of type C. These are listed in Table 1 under column C. In
analogy to the developments in [5] we define a free right Z-module V with basis xp indexed
by the elements B of 5. By Lemma 4.1 the linear transformations t; of (1) are completely
determined. We are ready to prove the main theorem.

Proof of Theorem 1.1. Let M be connected (see a remark following the theorem). We need to
show that the braid relations hold for 7; and 7}, thatis, they commute if i = j and 7;7;7; = 7;7; T}
ifi ~ j.

Take B € B. By linearity, it suffices to check the actions on xpz. We first dispense with the
case in which either 7;xp or t;xp is 0. This happens if B contains o; or «;. If both roots are in
B both images are 0 and the relations hold.

Suppose then that ; is in B but o is not in B. Consider first the case in which i » j. Then
7;xp =0 and so 7;7;xp = 0. Now 7;xp is in the span of xg and Xr;B- Notice as (a;, ;) =0
that ¢; is in r; B as well as B and so 7;7;xp = 0 also. Suppose i ~ j. Clearly 7;7;t;xp =0 as
T;xp =0. As a; € B, the root o; + ¢ belongs to r; B. Also r; raises B as a height one element,
a;, becomes height 2. This means t;xp = x,,p — mxp. If r; lowers r; B, tjx,,p = Xr;rjB- But
rirj B contains r;(a; + o) = aj, S0 TjXrir;B = 0. Also t;xp =0 as «; € B. This proves the
result unless 1; raises 7;B. We know T; takes the root o; + & to c; and so lowers a root of
height 2. The only way r; could raise r; B is if r; B contained an oy with k ~ i. This would be
riB for B € B.If r;B = B we would have o € B but all elements of B except «; are orthogonal
to «;. This means oy is not orthogonal to «; and we have j ~k, j ~ i, and i ~ k a contraction as
there are no triangles in the Dynkin diagram. We conclude that the braid relations hold if either
7; or 7; annihilates xp.

We now consider the cases in which i ~ j with neither o; nor o being in B. We wish to show
TiTj =T;T.

We suppose first that both «; and o are in B~L. This means that tjxg = xgh B.i and that
Tjxg =xphp, ;. We need only ensure that 4p ; and hp ; commute, which is Proposition 4.2(ii).

Suppose now that ¢; is in B+ and a; is not in B+, In this case TjTixg = T;xghp ;. Also
TjXB =Xr;B — dmxp where § is O or 1. This gives

7jTixp = (Xr;p — dmxp)hp ;.
We also get 7;Tjxp = TiXr;B — Smt;xp. Notice o; € BL and i = j imply o; € (er)J-. In partic-
ular,
TiTjxg = X;;ghy;Bi —dmxphp,;.
In order for this to be 7;7;xp we need her,i = hp,i, which is satisfied by Proposition 4.2(iv).
We are left with the case in which neither o; nor o is in B or in B+ In this case the relevant

actions are 7; on xp and 7; on xg. If r; B =r;B itis clear 7; and t; commute. This gives the
following table.

7 onxg Tjonxp TiTjXB =T T;iXB
lower lower XrirjB

lower raise XrirjB — MXy; B

raise raise XrirjB = MXy;B = MXy, B + msz

Notice that o; ¢ (er)J- aso; ¢ BL. Similarly o ; ¢ (riB)*.
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Suppose first that 7; and z; both lower B. By Proposition 3.1(iii) this means 7; also lowers
rjB and t; lowers r; B. Now

TiTjXB = TiXr;B = Xrir;B-

The same result occurs in the reverse order as r; and r; commute.
Suppose next that 7; and t; both raise B. Then by Lemma 3.4(ii), 7; raises r; B and t;
raises r; B. In particular, we have

2
TjTiXB = Tj(Xy;B — MXB) = Xr;r;B — MXy;B — MXy;p + M Xp.

The same is true for the reverse order.
Suppose then 7; lowers B and t; raises B. By Lemma 3.4(i), applied to {r; B < B < t; B},
the reflection r; also lowers r; B and r; raises r; B. This means

TiTjXB = Ti(X;;B — MXB) = Xy;r; B — MXr;B.
In the other order
‘L'j‘L','xB = ‘L’jxrig = xrjrig — mXpB.

These are the same. Notice here the assumptions imply r; B #r; B and r;rj B # B. We conclude
that 7; and 7; commute whenever i ~ j.

We now suppose i ~ j and wish to show 7;7;7; = 7;7;7;. Suppose first o; and «; are in Bt.
Then TiXp = thB,i and TjXB = thB,j- The condition needed is hB,ihB,th,i = hB,th,ihB,j»
which is Proposition 4.2(iii).

Suppose now i ~ j and «; € B+ but aj ¢ B~. We are still assuming neither o; nor ajisin B.
The relevant data here are the actions of r; on B and r; on r;B. The table below handles the
cases where r; lowers B and r; lowers r; B as well as those where r; raises B and r; raises r; B.
The other cases, of r; raising r; B when r; lowers B and of r; lowering r; B when r; raise B, are
ruled out by Condition (ii) of Proposition 3.1.

rionr;B rjonB TTjTiXB
lower lower xririBhrier,j =xr,~r,~BhB,i
raise raise )Crierhrl.erJ —mxp —x,thB,,' +mzx3h3’,-

Notice that o; ¢ (r; B)* asif (aj, B) # 0, then (e, 7 ) = (i, B — (atj, B)axj) = (aj, B) #O.
Suppose first 7; lowers B and r; lowers r; B as in the first row. Then

TjTiTjXB =TjTiXr;B = TjXr;r;B :xr,-erhr,-er,j'
Note here o; € (r;r; B)* by application of r;r; to a; € Bt. Also
TiTjTiXp =T TjXphB,i = TiXr;hB,i = Xr,r;BhB.i-

Now the braid relation is satisfied according to Proposition 4.2(v).
Suppose 7 raises B and r; raises r; B.

TTjTixp =T;TjXphp,;
=71i(xr;p —mxp)hp,
= (Xp,r;p —mXy; g —mxphp )hp
=Xp,r;8hB.i —mx,;ghp; —mxph

2
:xrierhB,i —mx,thB’,' —mxp +m-xphp .
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Here we used h% ; =1 —mhp ;. In the other order we have

TiTiTjXB =TT (x,jB —mxp)
=7;(Xyr;B —MXr;p —MXBhp;)
=Xp;rjBhrir;B,j —mxp —m(x,;p —mxp)hp,;
= Xr,r;Bhryr; 8. — mxp —mxy,;ghg ;i +m*xghp.;.
Once again we need h,i,jB,j = hp_; which is Proposition 4.2(v).
We can finally consider the case in which i ~ j and neither «; nor «; is in B+ U B. Here

relevant data are the actions of r; and r; on B, where for the first row we assume o; + o ¢ B
(for otherwise, each side equals zero).

rion B rjonB TiTjTiXB

lower lower XrirjriB

lower raise done below

raise raise XrirjriB = MWr;r; B+ Xr,r;B)

+m2(x,j3 +x,B) — (m3 +m)xp

We start with the first row in which both 7; and r; lower B. We may assume r; B #r; B or t;
and 7; act on xp and x,, g in the same way. By Proposition 3.1(iv) and Lemma 3.2 all the actions
we encounter are lowering actions. Therefore,

TiTjTi.XB = Tifjxr,-B = TixrjriB = xr,-rjriB-
This gives the same result with the other product.
Next take the bottom row in which both r; and r; raise B. By Lemma 3.4 (iii), the actions we
encounter are all raising actions.
‘L',"L’j‘L'iXB = Tifj(xr;B — mxB)
=1 (Xr;r,8 — mx;; B — m(x,; g — mxp))
2
= Xrirjr;B — MXyp;r;p — MXg — M(Xy;r;p — MXr;B) +m" (X, p —Mxp)
2 3
= x"i"jriB - m(xrjr,-B + xrier) + m (xer + xr,-B) - (m + m)xB'

This also gives the same result with the other product.
We now tackle the remaining cases. Here r; lowers B and r; raises B. There are two cases
depending on how r; acts on r; B.

rion B rj on B rj onr; B TTjTXB =T;T;TjXp
lower raise raise Xrirjri B = MXrir B — m(xg —mxy; )
lower raise lower XriryrjB —MXr;r;B

Consider first the second row, where r; lowers r; B. By the Lemma 3.4(iv) applied to r;7; B,
this means r; raises r;r; B and the remaining raising and lowering actions can be determined by
this. Notice r;jr; B # B, for otherwise r; B = r; B which is not consistent with the assumption.
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TiTjTiXB =TiTjXy;B
=TiXrjriB
= XrirjriB — MXr;r;B-
For the other product
‘Ej‘l,'l"l.'ij = ‘Ej‘l,'l'(xer - mxB)
=7T;j (xrier - mxr,-B)
=XrjrirjB — MXr;r;B-
These are the same as indicated in the table.

For the first row suppose next that r; raises r; B. By Lemma 3.4(iii) applied to r; B, r; raises
ri B, rj raises rjr; B, rj lowers r;r; B and r; raises rj B. Again we use B #r;r;B.

TiTjTiXB =TiTjXy;B
= Ti(xr/-riB - mxrl-B)
= XrirjriB — MXr;r;B — m(xp — mxyg).
For the other product
TiTiTjXB =TT (x,jB — mxp)
=Tj (xr,-er —MXy;B — mxy; B)
=Xrjr;rjB — MXB — M(Xy;r;B — MXy;B).

This gives the same for either product.
These are also the same as indicated in the table finishing the last case. In particular, Theo-
rem 1.1 has been proven. O

We expect that the representations obtained for the positive monoid A+ by means of our Main
Theorem 1.1 will be extendible to the full Artin group A. Proving this is work in progress. For
type A,, all of them are, as is clear from the BMW algebra of that type [2,5].
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