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Fig. 1. A digital search tree built on eight strings sq, ..., sg (i.e, s1=0---,55=1---,53=01---, 54 =11---, etc.) with internal
(ovals) and external (squares) nodes, and its profiles.

1. Introduction

Digital trees are fundamental data structures on words [14,27]. Among them tries and digital search
trees stand out due to myriad of applications ranging from data compression to distributed hash
tables [14,19,20,27]. In a digital search tree (DST), the subject of this paper, strings are directly stored
in nodes. More precisely, the root contains the first string (or an empty string), and the next string
occupies the right or the left child of the root depending on whether its first symbol is “0” or “1”. The
remaining strings are stored in available nodes which are directly attached to nodes already existing
in the tree. A digital search tree with n internal nodes is “completed” with n 4+ 1 external nodes, as
shown in Fig. 1. These external nodes can be seen as those positions where the next item is to be
stored. The resulting tree is then a complete binary tree with the external nodes as leaves. The search
for an available node follows the prefix structure of a new string [14,19].

In this paper, we are concerned with probabilistic properties of the profile defined as the number
of nodes at the same distance from the root. Throughout the paper, we write I, for the number
of nodes at level k when n strings are stored, and B,y for the number of external nodes at level k.
We study the profile of the digital search tree built over n binary strings generated by a memoryless
source, that is, we assume each string is a binary independently and identically distributed (i.i.d.)
sequence with p being the probability of a “1” (0 < p < 1); we also use q:=1 — p > p. This sim-
ple model may seem too idealized for practical purposes, however, typical behaviors under such a
model often hold under more general models such as Markovian or dynamical sources, although the
technicalities are usually more involved (see [7,16,27]).

The motivation of studying the profiles is multifold. First, digital search trees are used in various
applications ranging from data compression (e.g., Lempel-Ziv'78 data compression scheme? [8]), to
telecommunication (e.g., conflict resolution algorithms [27]), to partial matching of multidimensional
data, to distributed hash tables [20]. Second, the profile is a fine shape measure closely connected
to many other cost measures as further discussed below. Third, not only the analytic problems are
mathematically challenging, but the diverse new phenomena they exhibit are highly interesting and
unusual.

As mentioned above, several DST parameters can be expressed in terms of the internal profile:

(i) height: the length of the longest path from the root is Hy = max{j: I ;j > 0};
(i) fillup (or saturation) level: the largest full level, or F;, = max{j: I, ;= 23y,
(iii) depth: the distance from the root to a randomly selected node; its distribution is given by the
expected profile divided by n, [18];
(iv) total path length: the sum of distances between nodes and the root, or equivalently L, = i Jlnj-

The average profile is described by an interesting recurrence of the following form

n . .
Xni1k = Z <.>p1(1 =P (Xj k=1 + Xn—jk—1)

0<j<n

3 In particular, I, ; represents the number of phrases of length k in the Lempel-Ziv'78 built over n phrases.
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with suitable initial conditions. We solve it asymptotically for a wide range of n and k < n. This is our
main contribution. We accomplish it by first considering the Poisson generating function Ag(z) :=
e %y ., xn k2" /n! that satisfies the following functional-differential equation

A1) + A1 (2) = Ar(p2) + Ax(q2), (1)

with a suitable Ag(z). This equation is still not ready for analytic methods, therefore, one applies the
Mellin transform, and some additional transformations, leading to the following functional-recurrence
equation

Fi41(5) = Fien(s = 1) = (p~° +q7°) Fi(s) (2)

for complex s. We are able to obtain an explicit solution of this equation by introducing a proper
functional operator. Next, when finding the inverse of the Mellin transform we need to deal with an
infinite number of saddle points, already observed in [22] for the profile of tries. The final step is to
invert asymptotics of the Poisson function Ay(z) through the so-called analytic depoissonization [9] to
recover asymptotically x, . The reader is referred to [5,27] for a detailed discussion of the above tools
belonging to analytic combinatorics.

Digital trees have been intensively studied for the last thirty years [1,8,10-15,17,18,23,24,26,27].
The quantity closest related to the profile is the typical depth D, that measures the path length from
the root to a randomly selected node; it is equal to the ratio of the average profile to the number
of nodes. However, all estimations of the depth [1,14,17,18,24,26,25] deal only with the typical depth
around most likely value, namely k = h~'logn + O (1) where h = —plogp — qlogq is the entropy
rate. Analyses of the external and internal profiles of tries have been initiated in Park’s thesis and
fully analyzed in Park et al. [21,22], while the profile of the digital search trees for unbiased source
(i.e., p=q =1/2) has been recently obtained in [13] (see Section 6.3 of Knuth [14] for preliminary
studies).

In this paper, we mostly analyze precisely the expected profile of the biased digital search trees
and reveal an unusually intriguing and interesting behavior. The average internal profile undergoes
phase transitions when moving from the root to the longest path. At first it resembles a full tree
until it abruptly starts growing polynomially. Furthermore, the expected profile is oscillating in a
range where the profile grows polynomially. These oscillations are due to an infinite number of sad-
dle points. Knowing the expected profile for all values of k, we easily obtain (known and unknown)
results for the typical depth and width. For example, we shall show an unusual local limit theo-
rem for the typical depth. Furthermore, our results are in accordance with known results on height,
and fillup level. We should mention that similar phenomena were observed for tries, as discussed
in [22].

The paper is organized as follows. We first present our main results and their consequences. We
prove them in two sections. In Section 3 we only consider the symmetric DST (i.e., for unbiased
memoryless sources). In Section 4 we deal with the asymmetric DST. This is our main mathematical
contribution, where we apply tools of analytic combinatorics such as poissonization, Mellin transform,
and saddle point method to first solve the functional equations (1)-(2), and then extract asymptotics
of the average profiles.

2. Main results

In this section we present our main results. We first derive a general formula for the generating
functions of the external and internal profiles. Then we discuss separately the symmetric case (i.e.,
unbiased memoryless source with p =0.5), and the asymmetric case (biased memoryless source).

2.1. Generating functions

Let B,k and I, denote the (random) number of external and internal nodes, respectively, at
level k in a digital search tree built over n strings generated by a memoryless source with parameter
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p <1—p:=gq; see Fig. 1. The probability generating function of the external profile, P, x(u) = EuBnk,
satisfies the following recurrence relation (see [8])

n

Prprk) =) @ P q" " P () Prg 1 (). (3)

=0

The corresponding exponential generating function

Grx. 1) = Y ol

n=>0

fulfills the following functional recurrence
B
3 0k ) = Gro1 (pX. 1) G- (9%, U) k=1, (4)

with initial conditions Go(x,u) =u +e* —1 and Gg(0,u) =1 (k > 1). Similarly, the corresponding
generating function for the internal profile

n
Ge(xu)y=>) " Eu’"vk%
n>0
satisfies the same recurrence relation
d
ax
however, the initial conditions are Go(x, u) =1+ u(e¥—1) and G, (0,u) =1 (k> 1).

We are interested in the expected profiles EB, x and EI, x. By taking derivatives with respect to u
and setting u =1 we obtain for the exponential generating function

Gk(x, u) = Gg_1(px, u)Gk_1(qx,u) (k=>1), (5)

XH
Ex(0 =D EBnr s
n>0

the following functional recurrence
E} (x) = e™Ex_1(px) + eP*Ex—1(qx), (6)

with initial condition Eg(x) =1 and Ex(0) =0 (k > 1). The corresponding generating function for the
internal profile

_ X"
Er(x) = ZEIn,kE
n>0

satisfies recurrence (6), too, however with initial conditions Eg(x) = e*— 1 and E;(0) =0 (k > 1). Note
that (6) is equivalent to the recurrence relation

n

n _
EBniiki1 = ( g) p'q" BBk +EBy_¢x) (n,k>0). (7)
£=0

In this paper we analyze (7) for a wide range of n and k to present exact and asymptotic solutions.
We first consider the symmetric case (p =q), and then the asymmetric case.

2.2. Symmetric case

Let us start with the symmetric case p =q = % The corresponding generating functions have
simpler structures. Namely,

9 2
—Gr(x, u) = Gr_q f,u k=1,
0x 2
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with initial conditions Go(x, u) =u +e* — 1 and G(0,u) =1 (for k > 0), and

9 _ _ 2
—Gr(x,u) =Gr_q f,u k=1,
0x 2

with the initial conditions Go(x,u) =1+ u(e* — 1) and G, (0, u) = 1. Thus (6) becomes
X
Ej (x) = 2e"2E;_ <§> (8)
with Eg(x) =1 and E,(0) =0 for k > 1 and for the internal profile
TN 9aX/2 T X
E (0 =2e""Ex1| 3 ). 9)
with Eg(x) =e* — 1 and Ex(0) =

In this special case, we can solve explicitly the above functional-differential equations leading to
our first result.

Theorem 1. Set Qg =1 and
¢

1
Qe=]_[<1—§) (t>0).

j=1
Then
k _(m
(=1m2=G@)
Ex(x)=2ke*y 1=~ e (10
ng) Qm Qkfm )
and
k m+1
E (0 = 2%* (1 )mz ) e 2" ) (11)
m—0 Qk m
Furthermore,
k _(m n
—1m2-() 1
EBnx=2")" b)) ’ <1 - > (12)
=0 QmQk—m 2k=m
and
k _ m+1 n
—1ym2-("3) 1
]EInk:Zk—ZkZ( ) 1— (13)
’ =0 QmQk—m 2k—m

forany nand k < n.

There are several ways to prove these relations. The simplest way is to use induction (see [3]).
It should be noted that the explicit formula (12) for EB, x has appeared several times in the litera-
ture [17-19,25]. Therefore, we omit here details of the proof.

In Section 3 we establish the asymptotic behavior of the average profiles presented next.

Theorem 2. Set

_1\m _(m+1) .
F)=1- Z ME*ZZ , (14)

0 Qwn
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where Qo = Hj>1(1 —27J). Then

EBnj = 2"F'(n27) + F"(n27%) + 0 (n27) (15)
and
Elng = 24F(n27%) + F'(n27%) + 0 (n27%) (16)
uniformly for alln, k > 1.
In particular, if n2~% — 0 we can use the following asymptotic expression for the derivatives of F (z):
1 10;;2

FO (2) ~ (e~ 108260 1)+ (logc(z))_% elog 1 =152 (logzc@)? 4, oF,

where C' is a constant, ¥ (z) a periodic function with period 1, and c(z) = % logz(%).

In passing we should point out that a precise asymptotic behavior of the internal profile of the
symmetric DST was also recently presented in [13], using a different approach. In [13] the authors
analyzed several ranges of k from k= 0(1), to k =« logn, o > 1, to k = ®(n) through methods of
applied mathematics and the saddle point approach.

2.3. Asymmetric case

The asymmetric case (p < q) is much more involved. In particular, we cannot obtain a simple
exact solution for the exponential generating function Ey(x). To circumvent this problem, we apply
the Poisson transform and the Mellin transform [5,27] to find asymptotic solutions.

Let us start with the external profile. The Poisson transform of E(x), namely

n
A =™ Y EBy - = Eqoe ™ (k>0)
n>=0 nl

translates recurrence (6) into
Ap(X) + AL (x) = Ag-1(px) + Ag-1(qx) (k= 1), (17)

with initial conditions Ag(x) =e* and Ak(0) =0 (k > 1). This recurrence can be solved using the
Mellin transform discussed next.
The Mellin transform of A (x) is defined as [5,27]

Aj(s) = / Ar)x* 1 dx. (18)
0

By induction it is easy to prove that Ay(x) can be represented as a finite linear combination of
functions of the form e~P'92X with £1,€2 20 and 0 < €1 + £ < k. Hence, Aj(s) exists for all s

with 9i(s) > 0. Furthermore, B = 0 for k > n. Thus, Ex(x) = 0(x*) for x — 0 which ensures that
Aj(s) actually exists for s with %(s) > —k.
Let us now express Az(s) as

A (s) =T (s)Fi(s),

where I'(s) is the Euler gamma function. In the above, Fi(s) is a finite linear combination of functions
of the form p*‘lsq*hs with £1,£, >0 and 0 < ¢1 + £» < k. Thus, Fi(s) can be considered an entire
function. It is clear that (17) translates into

Fi(s) = Frs = 1) = (p +q7°) F1 () = T() Fr—1(s)  (k=1), (19)
with initial condition Fo(s) =1 and

T(sS)=p°*+q°. (20)
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Note that (19) does not only hold for 0%(s) > —k where the Mellin transform exists. Since Fi(s) ana-
lytically continues to an entire function, (19) holds for all complex s.
In order to find a solution of (19) we define the power series

fs, W)= Fi(s)wk.

k>0
Let us also introduce a (partial) functional operator A as
Algls) =) g(s— DT(s— ) (1)
j=0
for some function g. In the next theorem we find an explicit representation of Fj(x) through the
operator A. The proof is delayed till Section 4.
Theorem 3. The functions Fy(s) are recursively given by
Fi(s) = A[Fr—11(s) — Al[Fx—11(0) (k>1) (22)

with the initial function Fo(s) =1 and Fy(—¢) =0for¢=0,1,2,...,k—1andk > 1.
Furthermore, if we set Ry (s) = A¥[1](s), then we have the formal identity

R £
Y Fswk = ZezoRiGw Z(S)WZ. (23)
k>0 Z[)o Re(O)w

Remark 1. It is easy to compute R(s) for a few small values of k. For example,

Ro(s) =1,
p—° 9
R = s
1(5) -5 14
—2s —S4—S —S54—S —2s
Ry(s) = p p—q p—q q

A-pa-p>» A-pQA-pp A—-@A-pgy A—q1—q>

In Section 4 we use the above representation to find the asymptotic behavior of the average pro-
files. To present it in a concise form, we need some additional notation. For a real number o with
(log %)*1 <o < (log %)*1, let

1—alog(1/p)
log(p/q) ~ alog(1/q)—1"

Equivalently, & and p satisfy the equation

(24)

p=p)=

_ pP+q"”
p-P log% +qr log% '

Furthermore, we set

p~Pq " log(p/q)*
Bp)=——"F""5—
(p=P+q=")
and we also use the abbreviation
o 2
0="1 1 1
log 7+ log 7

; (25)
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Our first main asymptotic result is presented next.

Theorem 4. Let EB, , denote the expected external proﬁle in (asymmetric) digital search trees with 0 < p <

q=1-p < 1. If n and k are positive integers wzth 1 + e < logn < é — & (for some ¢ > 0), then
uniformly
(p*pn.k + q*pn.k)kn*pn.k B
EBnx = H(pn, log, g p“n) (1+0(k™172)), (26)

RV, 27 B(pon k)k

where p, x = p(k/logn) and H(p, x) is a non-zero periodic function with period 1 given by (56) of Section 4.

The average internal profile is slightly more complicated. Among others, it exhibits some phase
transitions. As before, the Poisson transform of EI, ; is defined as

_ X"
A =€) By — =E (e (k=0
“n!
n=0
which translates into
Ar(®) + A () = A1 (pX) + Ak (@x) (k> 1), (27)

with the initial condition Ao(x) =1 — e~*. This initial condition shifts the existence of the Mellin
transform Aj(s) to —k —1 < 3i(s) < 0. Let now

Aj(s) = =T (s)Fi(s)
where Fo(s) =1 and by (27) we find
Fi(s) — Fi(s — 1) = T(s)Fy_1(s).

Using now the operator A defined in (21), we can express Fy(s) similarly as in Theorem 3, that is,

Fi(s) =A[Fk_11(s) — A[Fk_11(-1) (k=1 (28)
and
Zz>0RL’(5)W[
F ==~ 29
L P = 29

Using this representation, in Section 4 we prove our second main asymptotic result.

Theorem 5. Let EI,, |, denote the expected internal profile in (asymmetric) digital search trees with 0 < p <
q=1—p < 1. Let k and n be positive integers such that k/logn satisfies (log %)‘1 <k/logn < (log %)_l.
Then the following assertions hold:

(1) If@ +e< @ < g — & (for some & > 0), then uniformly
P

(p*pn.k + q*pn,k)kn*pn.k
vV 277,3(;011,I<)k

where H(p, x) is a non-zero periodic function with period 1 (see Section 4 for more details).

(2) Ifk=ap(logn + &/apB(0) logn), where & = o((logn)%), then

1+|<§|3)>
El, =20 (—-£)(1+0
« ( 8( * <\/logn

where @ is the normal distribution function.

Ely =2 = H(pnx, 10gy/q P'n) (1+0(k12)).
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k 1 ;
3) Ifap+€e < @ < iog 1 — ¢ (for some € > 0), then uniformly

(p*pn,k + q*pn,k)kn*pn,k

V27 B(pn i)k

(1+0(k™/2))

IEln,k = E(Ion,k! l‘:)gp/q pkn)
with the same function H(p, x) as in 1.

We should point out that we can extend the range of the asymptotic expansion (for k/logn
around o, log(1/p), and log(1/q)) so that there are no formal gaps in the uniform asymptotic ex-
pansions. Actually, we can obtain the same range as in [22]. However, this would lengthen the proof
considerably and we decided to omit the details since they provide no new insights.

Finally, we point out that if we set o« =k/logn, then we can rewrite

(p" + qu)"nfp — pelog(pP+q7")—p_
Thus, for g < < 1/log(1/q) the behavior of EB,, \ and EI,  is governed by a power of n depending
on the ratio @ = k/logn. The maximum exponent is obtained for
1 1
T o leol 4 alag 1’
h plog; +qlog ;

where h = plog % +q log% denotes the entropy of the Bernoulli source. Actually, the expected number
of nodes at level k = %logn is of order n/,/logn.

2.4. Some consequences
In this section we briefly present some consequences of our main findings. We start with the

typical depth. Let D, denote the depth of a random node in a digital search tree with n nodes. Then
the distribution of D, is related to the internal profile by [14,26]

El
P{D, =k} = —2K

Hence, a direct application of Theorem 5 provides an unusual local limit theorem.

Theorem 6. Let D,, denote the depth of a random node in a binary random digital search tree with 0 < p <
q=1—p <1.Then

P{D, =k} =
{ ‘ V27 (hy —h2)/h3logn

k— Llogn|3
><<1+O< LI A %'))
Jlogn (logn)

uniformly for k and n with |k — £ logn| = o((logn)*3) where h, = p(log %)2 +q(log %)2.

H(-1,log,, p*n) exof (k — f logn)?
2(hy —h?)/h3logn

The unusualness of this result is the periodic factor H(-,-) in the local limit theorem. Although the
depth D, follows a central limit theorem (see [18]) it does not obey the corresponding local central
limit theorem (see also with [22]).

As a further corollary to the above finding, we observe that the width W, (defined as max I k)
satisfies

n
EW, > maxElL = 2 (—)
k logn
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In order to obtain a corresponding upper bound (one expects that the order of magnitude of the
lower bound is the correct one) we would need some information about the second moment Elﬁ ©
compare with [2].

Remark 2. Other parameters of interest are the height H, = max{k: I,y > 0} and the fillup level
Fp=max{k: Iy = 21, 1t is well known (see [23,1]) that

Hy
H —7
logn  logp—1

in probability,

and
Fn
- —,
logn  logq~!

in probability.

This is completely in accordance with our findings. Theorem 4 only works in the interesting range
(log %)*] <a =k/logn < (log é)*l where we either have 2k — El, — oo respectively El, j — oc.

However, it is a common phenomenon that fillup level and height occur, where EI, = 2 —0(1)
and where EI, y = 0(1). By extrapolating the asymptotic expansions, presented in Theorem 4, to its
boundaries o = (log %)*1 respectively o = (log %)*1 one can expect to prove this kind of behavior
(see [22] for tries). In order to make this precise we would have to discuss the asymptotic behav-
ior of Fi(s) for s - oo and s — —oo, which we omit in this paper (see [12] for the symmetric
case).

3. Analysis: Symmetric case

In the symmetric case, we only discuss the asymptotic analysis of the profile. We prove here (15)
and (16) of Theorem 2 that we repeat below:

EBpj = 2"F'(n27*) + F"(n27%) + 0 (n27)
and

Elny = 2"F(n27%) + F'(n27%) + 0 (n27),
where (see (14))

_\m _(m+1) .
F@y=1-)_ %e*ﬂ .

m>0

It is easy to see that
1
F@)=1——e?+0(e %) (z— o0).
Qoo

However, for the asymptotics of EB, x and EI,  we need the behavior of F(z) for z— 0+ which is
much more involved and will be presented in Lemma 2. Interestingly we need the following identity.*

Lemma 1. Suppose that |q| < 1 and let

o

@ Qoo =] [(1 —aq’) and (a;qn =
j=0

@ Qoo
(ag®; @)oo

4 We are grateful to Michael Schlosser (University of Vienna) who proposed a simple proof of Lemma 1.
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be the usual qg-Pochhammer notation for q-rising factorial. Then

o0

3 DY@ g 1 @D g

¢ ¢ 1 Pee- 30
@ —cg )T T c1-c/q (Do @9 (30)

k=0
Proof. We first recall the following 1¢; summation formula [6, Appendix (IL.5)]:

o0

(31)
@D P \a (€ PDoo

k=0

that we will apply twice. We consider the left-hand side of (30) and replace one factor g by ‘C—I —
4(1 — cg*=1) that leads to

i %qzk = i (_quG)qk[q ~2a- cq"’l)}
@Ok —cgD) " @ —cgt) T Le ¢
01 S a0l
cl-c/q= @k @O

The first sum on the right-hand side can be simplified using (31) by setting a = c¢/q. For the second
sum we can also apply (31) with a = c/q but considering the limit ¢ — 0. This proves (30). O

1

If we apply (30) with the special values ¢ = 5 and ¢ = —% we obtain (after some elementary
calculations)
12 1 T T (—1ym2-("3"
§H1+3271‘=§_H1—271‘Z(s+2m)1‘[m a—2-0y (32)
j=0 j=1 m=0 j=1

This identity is now used in the proof of Lemma 2 and in an asymptotic expansion of F(z) and its
derivatives.

Lemma 2. The Laplace transform L(s) = f0°° F(z)e S*dz is given by

Lo = LT (33)
Cos il
Jj=0
Furthermore, for any fixed r > 0 the r-th derivative F 7 (z) is asymptotically equivalent to
F® (2) ~ Cle— ¥ (og, C(Z))C(Z)H_% (]Og C(Z)) -3 elos2 11082 15, c(2))2 ’ (34)

and

where c(z) = log(1/2) _ logzil/z)

zlog2 —
C'= ! exp| — s —llogz .
27 6log2 12

In particular lim,_,o, F" (z) = 0.

Proof. Since F(z) is bounded for z > 0, the Laplace transform L(s) exists for M(s) > 0 and is given by

~ o0 . ~ 1 (_])mz_(m-zH)
ko= [ et L= 3

0 m>=0

Applying (32) we prove (33).
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Denoting
ad X
Q=[] <1 - 5)
j=1
we also have
L(s) = !
YEsac2sy

Note that the Laplace transforms of the derivatives F((z) are given by

r—1
SLs) =Y s lim FY(z).
( ) jz(:) z—0+ ( )

Since we will prove (inductively) that lim,_.o4 F™(z) = 0 we can assume (inductively) that the
Laplace transforms of the derivatives F"(z) are actually given by s"L(s).

In order to obtain the asymptotic expansion (34) we use the integral representation for the inverse
Laplace transform

1 c+ioco
F(r)(z)zz—m_ / s"L(s)e%? ds,
c—ioco

where ¢ is an arbitrary positive number (which we choose in the sequel). Here we use the fact
that we have already proved that lim,_ o+ F(z) = 0 for j <r. The idea is to use a saddle point
approximation of the integrand. For this purpose we need an asymptotic formula for Q (—2x) for
X — 00:

(logx)2  logx w2

2log2 2 6log2

1
Q(—2x) = exp< + B log2 + lI/(10g2 (x)) + O(l/x)), (35)
where ¥ (x) is a differentiable periodic function with period 1. This follows from the Mellin transform
applied to the logarithms. Indeed, for —1 < 9% (u) < 0, using the “harmonic sum formula” [4,27] we
find

oo
— -1 —
M(u) _/logQ(—Zx)x” dx = T R(u)
0
with
o
u—1 T
Rw) = [ log(Q +x)x" "dx= ————.
usin(mwu)
0
The inverse Mellin transform yields
1 c+ioco
log Q (—2x) = — / M@)x ¥ du
2mi
c—ioco

with —1 < ¢ < 0. By shifting the line of integration to the right and collecting the contributions from
the triple pole at u =0 and the single poles at u = 2mki/log2 (k € Z \ {0}), which constitute the
periodic function ¥, we obtain (35) (compare with [4]). It is also easy to extend the asymptotic
relation (35) to the complex plane |arg(x)| < and |x| — oo, where § is a small positive number.
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By elementary means it follows that the order of magnitude of |Q (—2x)| is (up to constants)
(log|x))* | log|x|
2log2 2

as |x| — oo. This estimate will be used for x with § < |arg(x)| < .
With the help of these preliminaries we can evaluate the r-th derivative F((z) asymptotically. Let
0 <z <1 be given. We will compute the integral

(36)

1 c+ioco 1
5
FO@2) = — es%ds,
2mi Q(—2s)
c—ioo
where
log(1 1 1
c=c(g) = 081/2) _ o5 (1/2)
zlog2 z
is chosen as the (approximate) saddle point of the function
(logs)?
s+> expl| sz — .
2log2

Hence, by a standard saddle point method we obtain (34). It also follows that lim, o4 F(z) =0
which completes the induction proof. Note that we can use the expansion (35) for |arg(s)| =
larg(c(z) + it)] < & and the estimate (36) for |arg(s)| > 3.

This completes the proof of Lemma 2 (see also [12]). O

Remark 3. We note that the relation I =73 i>1 2-J By k+j is reflected by the functional equation
F2)=) F'(z27)
j21
which is equivalent to the relation
Lisy=s) 2/L(s27), (37)
j=1

where L(s) = sL(s) denotes the Laplace transform of F'(z). Interestingly, Eq. (37) is deduced easily
from the identity

3 2] 1
S 1 +290 +225)..-(142Js) s’

that follows from (31) by settinga=q = % ¢ = —1/(4s), applying the index shift k — j—1 and doing
some elementary calculations.

Proof of Theorem 2. In order to prove Theorem 2 we use the explicit representations (12) and (13)
of Theorem 1 and approximate the leading terms by 2XF'(n2%) and by 2¥F (n2~%), respectively.
Let us concentrate on the external profile. We repeat here Eq. (12)

k

—1ym2-(2) 1 \"
EBpx = 2 Z ( Qn?z Qkfmz <1 - 2I<7m> :

m=0

We first show that the terms for m > k/3 can be neglected

= O( Z 2*(’3)) — o(z*(“‘éﬂ))_

m=>k/3

(—1ym2-(3) o
Z Qka—m (1_2 k)

m>k/3
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In a next step we use the approximation (for m <k/3)

m—k n m— n
(1 _ 2m7k)n :efnz k (1 + 0 <4k__m)> — e*nz k + 0 <4k—_m)’

and obtain an error term of the form

—1yma—(3)
= T o))
QmQk—m 4k=m 4k

m<k/3

Finally, we approximate the ratio

1 1
Qo _,_ o
Qkfm 2k—m 4k—m

leading to even smaller error term O (4~¥). Summing up we arrive at

i( 2@ ey
QmQk-m

—1ym2=(3) -
o 1 ool ) o

m<k/3
o0 _ m
(—1m2 (2)< 2m> — <n)
=23 22 T (- e 1o =
n; Qoo Qnm 2k 2k

=2KF'(n27%) + F”(n27%) + 0 (n27%).

This completes the proof of (15). The proof of (16) is exactly the same. 0O

Remark 4. These expansions are valid only if n27% < 2%, that is, for k > %logz n. The range of interest
is (see [12])

log, n — loglogn <k <logyn+ +/2log,n,

and this range is covered by Theorem 2 (see also [13]). Nevertheless, with some more care it is easy
to obtain more precise expansions, e.g.

EBp k= 2XF/ (n27%) + F"(n27%) — zﬁF’”(nz Y +0(ma™) +o0(27").

4. Analysis: Asymmetric case

In this section, we return to the asymmetric case (p # q). We first derive the exact representation
for the Mellin transform Fj(s), proving Theorem 3. Then we deal with asymptotic results establishing
Theorems 4 and 5.

4.1. Proof of Theorem 3: Exact representation

Let us recall that A is a functional operator defined by

Algl(s) =) g(s— NT(s — j),

j>0
where T(s) = p~5 + q—°. We prove here Theorem 3, that is,
Fi(s) = A[Fr—11(s) — A[Fx—11(0) (k=>1), (38)
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where Fy(s) =1, and

R ¥4
> Rk = 220 ROV (39)
k>0 ZQORZ(O)W

where Ry(s) = A¥[1](s); also Fx(—£)=0 for £=0,1,2,....k—1.

Proof of Theorem 3. Set Fo(s) =1 and recursively
Fi(s) = AlFi_11(s) — ALFx_110) (k>1).

It is easy to see that F(s) is a well-defined entire function. In particular it follows that Fi(s) is (as
it is for Fi(s)) a finite linear combination of a function of the form p—¢15q—%S with ¢1,¢, > 0 and
€4 + €3 < k. Furthermore, by definition these functions satisfy F(0) =0 (for k > 1) and by (38) fulfill
the relation

Fi(s) = Fe(s = 1) = T(s)Fy—1(5)

for k>0 and all s.

Now we can proceed by induction to show that Fi(s) = I:'k(s). By definition we have Fy(s) = f’o(s).
Now suppose that Fy(s) = Fi(s) holds for some k > 0. Then it follows that Fry1(s) = I-‘k+1(s) + G(s),
where G(s) satisfies

G(0)=0 and G(s)—G(s—1)=0 (R(s) > —k). (40)

By the above observations G(s) has to be a finite linear combination of functions of the form
p~t15q=%25, However, the only periodic function of this form that meets conditions (40) is the zero
function. Hence, Fi;1(s) = Fi41(s).

Now we prove (39), which is equivalent to

k
D Fe(©)Rie—e(0) = Ri(s)  (k>0),

=0
or
k—1
Fi(s) = R (s) — Z Fe(s)Rk—¢(0) (k> 0).
=0

We will prove this relation by induction. Certainly, it is satisfied for k = 0. Now suppose that it holds
for some k > 0. By (38) we also have

Fiy1(s) = A[Fil(s) — A[Fi](0)

k—1
= A[Rg](s) — A[Rx](0) — Z(A[Fz](S) — A[F¢](0))Rk—¢(0)
(=0
k-1
= Ri+1(8) — Ri+1(0) — Z Fe1(s)Re—¢(0)
=0

k

= Riy1(5) = Y Fe(S)Riy1-¢(0).

£=0

Finally, since Fi(s) = A;(s)/I"(s) is analytic for %(s) > —k and 1/I'(—¢) =0, it also follows that
Fy(—¢)=0for £=0,1,...,k—1. O

Following the same footsteps, we prove the corresponding relations for the internal profile pre-
sented just above Theorem 5; in particular, (28) and (29).
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Remark 5. The proof of (38) (and consequently that of (39)) makes use of the fact that Fi(0) =0 for
k > 1. However, we also have Fy(—r) =0 for k > r. In particular, if we set s = —r in (39) we find

)

r Ry(—rywt
> F(-nwk = LezoReCw? -
k=0 2ezo ReOw

and consequently

R 14 r
Z Fe(s)wk = —ZZ;O Lw Z Fe(—r)wk. (41)
k=0

k>0 2ezoRe(=nw" (=

4.2. Asymptotic analysis

We now prove Theorems 4 and 5 establishing the asymptotic behavior of the average profiles. The
discussion is divided into several steps: First we analyze Fi(s), then we invert the Mellin transform
A (s) = I'(s)Fy(s), and finally we invert the Poisson transform Ay (x) to obtain asymptotics for the
expected profile EB, ;. Finally, we comment on necessary changes to recover asymptotics of EI, x.

4.2.1. Singularity analysis of Fy(s)
In order to obtain asymptotic information for Fi(s) we will analyze the generating function
f(s,w)y=>" Fk (s)wk that by Theorem 3 is also given by

_gsw)
g0 w)’

where g(s, w) = 2(20 Re(s)w? for complex w. Note that g(s, w) satisfies the following formal iden-
tity

f(s,w)

g, w)=1+wA[g(- W] =1+w Zg(s —j,w)T(s — J). (42)
j>0

Interestingly enough, the function g(s, w) has a polar singularity at w =1/T(s), as proved below.

Lemma 3. There exists a function h(s, w) that is analytic for all w and s satisfying
wT(s—m)#1 forallm>1
such that
h(s, w)
1—wT(s)

Thus, g(s, w) has a meromorphic continuation with wo = 1/T (s) being a polar singularity.

g(s,w) = (43)

Proof. We recall that Ry (s) = A¥[1](s). Then for p <q

|Rk(5)] < (p—f“(S) _,’_q—ﬂt(s))k.

1
[Tj>1 (1-q))
Thus, if |w| < T(9%(s))~! the series
g, W)=Y Ri(s)w' = (Z wZA‘>[1]<s) (44)
>0 £>0
converges absolutely and represents an analytic function. We can rewrite (44) as

g(s, w) = (1— wA) ' [1](s),
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where I is the identity operator. Then
A—wA) g, W) =g(s, W) —w ) gs—j,mT(s—j=1, (45)
j=0
which formally proves (42).
If we substitute g(s, w) in (42) by

5. W) = h(s, w)
s W=7 wT(s)’
we find the following relation for h(s, w)
. wT (s — j)
h =1 h(s — _ 46
(5. w) =T+ h(s—j, w)r— : (46)

i1 wT(s—J)

Recall that we established the existence of h(s, w) for |w| < T(%(s))~!. We will now use (46) to
show that h(s, w) can be analytically continued to |w| < T(%(s) — 1)~! (and even to all w such that
wT (s —m) # 1) thus leading to a meromorphic continuation, as claimed.

For this purpose we introduce another operator B defined as

o
B0 =Y f6—jw o S (47)

= wT(s— )
For convenience, set U(s, w) = wT(s)/(1 — wT(s)). By induction it follows that
B1I(s)= ) Y - Y UGs—it, WU —i1 —iz, w)---U(s —i1 —iz — -+ — i, W)

12121 Q21

my—1 my_q1—1 my—1

:Z Z Z "'ZU(S_mhW)U(S—mz,W)mU(S—mk,w).

my =k m_1=k—1 my_,=k—2 mi=1
Hence,

BEIG)| < Y. DD o Y UG —mi, wyU(s —mg, w) -+ U(s — my, w)|

mpzk m_12k—-1  mp=1

Z|U(s—m1 w)|- Z|U(s—m2,w)| Z|U(s—mw,k)|.

mp>1 my>2 mek
By using the fact that T(s —m) = 0(q™), it follows directly that the series
[WT (s —m)]|
S = U(s—m,w)| = _
Z| ( )| Z|l—wT(s—m)|
m>1 m>1

converges if wT (s —m) # 1 for all m > 1. Thus for any choice of w and s there are only finitely many
exceptional points where wT(s —m) =1.
Let now ko be any value such that

Y lus—mw]<3
m>ko
Then we have for all k > kg

|Bk[]](s)| < Skoz—(k—ko) — (25)k02—k'
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In view of this,

h(s, w) = ZBk[l](s)wk (48)

k>0

is well defined and it satisfies (46). Furthermore, |h(s, w)| < 2(2S)k. 0O
Now we are in the position to derive an asymptotic representation for Fi(s).

Lemma 4. For every real interval [a, b] there exist ko, n > 0 and ¢ > 0 such that
Fr(s) = AS)T($)¥(1+ 0(e™™)) (49)

uniformly for all s such that R(s) € [a, b], |I(s) — 27 j/log(p/q)| < & for some integer j and k > ko, where
A(s) is an analytic function that satisfies A(—r) =0 forr =0, 1, ... and is bounded in this region.
Furthermore, if |3(s) — 27 jlog(p/q)| > ¢ for all integers j then we have

Fi(s) = 0 (T (9(s)) e™"¥) (50)
uniformly for R (s) € [a, b].

Proof. The idea of the proof is to show that the function f(s, w) has a polar singularity w = 1/T(s)
(if the imaginary part of s is close to an integer multiple of 27 log(q/p)), and to use this property
to obtain asymptotic for the coefficient Fi(s) = [w¥]f(s, w). (In a similar way we obtain estimates
for Fi(s) if the imaginary part of s is not close to an integer multiple of 2w log(q/p).) Due to the
special structure of f(s, w) (see (39) and (41)) we have to distinguish several cases depending on the
size of N(s).

Suppose first that s > —r — 1 for some integer r > 0 but s is not a positive integer. Here we use
the following representation (see (41))

N e 85 w)
fG, W)—ng( W' o
< g h(s,w) 1—wT(=n)
_;OF‘( W Crw) 1= wiGs) 51

By Lemma 3 the function h(s, w) is analytic for |w| < 1/T(s — 1). By (48) it also follows that h(s, w)
is non-zero for real 0 < w < 1/T(s — 1). It also follows that h(—r, w) is analytic and non-zero for
0<w <1/T(=r—1). Hence, wo = 1/T(s) is a singular point of f(s, w). Since Fy(s) = Aj(s)/I"(s) it
follows that all values Fi(s), k > 0, have the same sign. Hence, the radius of convergence of the series
Zk>0 Fr(s)wk equals wo =1/T(s).

In a next step we show that f(s, w) has no other singularities on the circle of convergence |w| =
1/T(s). Moreover, the function f(s, w)(1 —wT(s)) continues analytically to |[w| < 1/T(s) + & for some
g > 0. Since all terms on the right-hand side of (51), that is, ZZ:O Fe(=r)wt, h(s, w), h(—r, w),
1—wT(—r), and 1 — wT(s) are analytic for |w| < 1/T(s) + &, a singularity of f(s, w) can only be
induced by a zero of h(—r, w).

Suppose first that h(—r, w) has a zero wy with |wq| < 1/T(s). Since h(—r,w) #0 for 0 < w <
1/T(—r — 1) it follows that wq # 1/T(—r). If we assume that ZZ;:O Fg(—r)wf # 0, then w = wy
has to be a zero of h(s, w). We slightly decrease s to s — n (for some 1 > 0 such that s — n is
not a positive integer) such that h(s — n, w1) # 0. Then the zero w = wy of h(—r, w) would induce
a singularity wq of f(s, w)(1 — wT(s)) with |wq| < 1/T(s) although its radius of convergence is
1/T(s —n) > 1/T(s) > |wq]. This leads to a contradiction. Hence, if h(—r, w1) = 0 for some w; with
[w1| < 1/T(s), then we also have 22:0 Fg(—r)wf = 0. Actually, it also follows that the order of the
zeroes of ZZ:O F(g(—r)w‘]Z is at least as large as that of h(—r, wq).
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The above considerations also show that if w = wy is a zero of h(—r, w) with |w| <1/T(-r—1),
then wy is also a zero of > }_g Fe(—r)w? =0 at least of the same order. Namely, if [w1| < 1/T(—r—1)
then there exists a non-integral real number s > —r — 1 with |w| < 1/T(s) and we proceed as above.

This property shows that the only singularity of the mapping w — f(s, w) is given by w =1/T(s)
if s> —r — 1 is real (but not an integer). This singularity is a polar singularity of order 1. Hence, by
using Cauchy’s formula for a contour of integration on the circle y = {w € C: |w|=¢€"/T(s)} and the
residue theorem [5,27] it follows that

Fr(s) = ﬁ / fs, w)w’k’l dw

=AST©* + 0(|T)e [

where

h(s.1/T(s)) ( T(—r))
! P - : 52
©= zzo (TS St T T (52)

These estimates are uniform for s contained in a compact interval [a,b] C (—r — 1, —r) (for some
non-negative integer r) or in a compact interval [a, b] contained in the positive real line. Furthermore,
we get the same result if s is sufficiently close to the real axis. Thus, if a < 9(s) <b and |J(s)| < ¢
for some sufficiently small ¢ > 0 then we obtain (49). Here we have also use that fact that A(s) #0
in this range.

Next, suppose that s is real (or sufficiently close to the real axis) and close to a negative integer —r,
say —r —n < s < —r+ n (for some 1 > 0). Here we use the representation

> Fr(sywk —ZF( w! 8

k>0 ( r,w)

_ B ¢ h(s,w) 1—wT(-n)
_Z:OFE( W W) 1= wT ()

- Z Fy(—rywt W) —hCr W) 1 - wT(-)
Tt h(=r, w) 1—wT(s)

T(s)—T(-r)
F F €+17
;O o (=ryw' +Z§0 ((=r)w —WTG)

Now if we subtract the finite sum 22:0 Fe¢(s)wt, then we can safely multiply by I"(s) (that is singular
at s = —r) and obtain

_ W r's)th(s,w) —h(-r,w)) 1 —wT(-r)
r(s) ) Fe(s)w" ZF (—ryw a— T=wi®

k>r

e TET ) = T(=1)
+ZF4< rw T wIG)

.
+ ) I (s)(Fe(=r) — Fe(s))w'
=0
We again use the fact that the function ZZ:O Fe(—r)wt/h(—r, w) is analytic for |w| < 1/T(-r —1)
and observe that w =1/T(s) is a polar singularity. By applying Cauchy’s formula we obtain for k > r
(similarly to the above)
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F$)Fr(s) =Y  Fe(=nT(s)~

£=0

(T(S)(h(s,1/T(s)) —h(=r,1/T(s))) <1 B T(—r)>m),<
h(=r,1/T(s)) T(s)

+ D F(=nT )™ T ©)(T(s) — T(=n)T(s)"

£=0
+o(|Te ).

Thus, we actually prove (49) for k > r and also observe A(—r) =0.
Set tj =2jm /log(p/q) (for integers j) and y = —2m log(p)/log(p/q). Then

T(s+itj) =€V T(s).
Hence, |T(s + it;)| = |T(s)| and consequently, it follows that w = 1/T(s) is a polar singularity of
f(s,w) if |3(s) —tj| < & for some integer j. Thus, (49) follows also for s in this range.

By using the representation (52) it is also easy to deduce that A(s) is bounded. Suppose first that
N(s) is not an integer (more precisely we have R(s) € (—r — 1,r) for some integer r > 0). By using
the relation Ry(s + itj) = Ri(s)e” we obtain g(s + itj, w) = g(s, we'’?) and also h(s + itj, w) =
h(s, weli?). Consequently

.
A(s+itj) =Y Fo(—n)T(s)"e %
=0
Since h(—r, w) #£0 if |[w| =|1/T(s)| it follows that A(s) is bounded if 9 (s) is contained in a compact
interval [a, b] C (—r — 1, —r) (for some non-negative integer r) and |3(s) —t;| < & for some integer j.
If M(s) is close to an integer we can proceed similarly.

Finally, suppose that |J(s) — 27 j/log(q/p)| > ¢ for some integer j, then there exists n > 0 such
that |T(s)| < e~2"|T(RN(s))|. Hence it follows that f(s, w) is regular for |w| < e?"/T (9(s)). Conse-
quently, if we use the path of integration y = {w € C: |w| =¢e"/T(N(s))} in Cauchy’s formula we
obtain

Fi(s) = O (T (%(s)) e %)

which is precisely (50). It should be clear that this estimate is uniform if 9(s) varies in a finite
interval [a,b]. O

h(s, 1/T(s)) (1_ T(—T))
h(=r,e=Y /T (s)) T(s)eliv )

Similarly we can analyze the function Fi(s). Following the same footsteps, we conclude that (for
|3(s) — tj] < & for some integer j)

Fi(s) =AGS)T()*(1+ 0 (e ™)), (53)
where A(—r)=0forr=1,2,....

4.2.2. Saddle point analysis
By the above discussion, we know that Fi(s) and Ay(s) = I'(s)Fr(s) behave asymptotically
as T(s)¥. Thus we are in a situation similar to the analysis of the profile of random tries presented
in [22] (but since A(s) is zero for negative integers, some poles disappear in the analysis of digital
search trees, as we shall see below). Our asymptotic analysis will be therefore similar to that of [22].
We start with a very short outline of the proof (where we also make a simplification and we only
consider the case x =n). By applying the inverse Mellin transform

p-+ioco
1
Ar(n) = — / Aj(s)nds (54)
2mi
p—ioco
it is natural to choose p = pp x as the saddle point of the function

T(S)knfs — eklog T(s)—slogn
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which satisfies the equation
ko pP+q”
logn — p-r log+ +qFlogs

Observe that when p varies from —oo to 4oo the ratio k/logn = « varies from 1/log(1/p) to

1/log(1/g).
Note also that on the line 9i(s) = p there will be infinitely many saddle points
2mij .
sj=p+—5 (JeZ)

log 7

since T (sj) = e~27iil0gP)/10gp/ T (). Consequently, the behavior of T(s)¥z~ around s =s; is almost
the same as that of T(s)¥z~5 around s = p. This phenomenon implies a periodic leading factor in the
asymptotics of Ag(n) and then also in that of EBy, .

Lemma 5. Suppose that (log %)‘1 + & <k/logn < (log %)‘1 — & (for some € > 0). Then

(p_pn,k + q_pn,k)kn_pn,k 1
Ax(n) = H(pn,x. log,q p*n) 1+0(—=])). (55)

V27 B(Pn )k vk
where
H(p.x) =Y A(p+itj)I(p +itj)e /" (56)
Jjez

is a non-zero periodic function with period 1 and t; = 2 jm /log(p/q).

Proof. For convenience we set Ji(n,s) =n"5I'(s)Fi(s). By Lemma 4 we can safely replace Fy(s) by
A(s)T(s)¥ since the error term is of order O (|T(s)|e~"%) and leads to an exponentially small contri-
bution compared to the asymptotic leading term.

We split the integral (54) into two parts where we use the substitution s = p + it. Let us start
with the range |t| > /logn and recall that by Stirling’s formula I"(p + it) = O (|t|°~1/2e~7Itl/2) Fur-
thermore we use the property that |A(s)| is uniformly bounded for R(s) € [a,b] and |J(s) —tj| < &
(for some integer j). Consequently

o0

1
2 / Je@., p +it)ydt =0 (in(p)" / T (p +it)\dt>
o/ Jiog
o
logn
= 0(nT(p) (logn)?/2~1/4e=7/loan/2)
= O(n*PT(p)I<e7\/@).
Next set
l .
= f Je(n, p +it)dt,

lt—tj|<7m/|log(p/q)|
where t; = %. We have to study these integrals for all |j| < jo = |/logn|log(p/q)|/(27)]. Since
there exists cg > 0 such that

PP g < T(p)e0
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for |t —tj| < /|log(p/q)|, we obtain an upper bound of the integral (for j #0)

Ci= o / Jik(n, p +it)dt

k=25 |t—t;1<m /llog(p/q)]

=0 (|r(p +it))|nPT(p)* / e—cokt? dt)

k=2/5
= 0(|I (p+itp|n= T (p)'k>/%e=0k").

For j =0 we can replace the factor |I"(p +it;)| by 1.
Finally, for |t — t;] < k=2/5 we use the approximation

Jk(n, p+it) =T'(p +i)A(p +in "7 T(p +it)* (1 + 0 (e 7))
= [(p +iDA(p + ine 18P D =p=iCtT (5 i — 7)) (14 0 (e7H))
= I'(p +itj)A(p + itj)e ™ EP W =P T (pyke= 3PNtk
x (1+0(It —t;1) + 0 (kit — £j%) + 0 (™).
A standard saddle point method then leads to
1
c=_—
b om

lt—t;|<k=2/>

Jik(n, p +it)dt

PT(* ‘
— [ +itpAGp +ity) TP oitytogpn) (1 4 0 (1112)).

V2m B(p)k

Hence we finally obtain

Ag(n) = Z T;+ O(n_pT(p)ke_«/@)

ljl<Jo

- I
= 3 F(p+itpA(p +itjeiloswn I PT(p)

il <o V2 B(p)k
+0(nPT(p)kevlioem)

(1+0(k72)

k. NPT (p)
=H(p.logy/qP ”)m

as desired. O

(1+0(k172)),

Remark 6. The above proof extends directly to an asymptotic expansion for Ag(nei?), where || <
7 /2 — ¢ (for some ¢ > 0). In this range we have uniformly

T(p)* . . i\ —P—itj ikt
_— I'(p+itj))A(p +itj)(ne IpTHi
27 B(p)k U%o ] peet)
x (14 0(k™17%)). (57)

We will use this extended version for the final depoissonization procedure.

Ax(ne”) =
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The analysis of Ai(x) for the internal profile is similar but needs some additional considerations.
As before, we start with
p+ioco
_ 1 _
Ag(n) = — / AZ(S)H_S ds (58)
2mi
p—ioco

where, we recall, Aj(s) = —Fi(s)I'(s). By (53) we have Fi(s) = A(S)T(s)*(1 + 0(e~)), with
A(—r)=0forr=1,2,.... Notice that A(0) # 0. In fact, we know that F;(0) = 2¥. With these prelim-
inaries, we are ready to present our asymptotic analysis.

We have to distinguish three ranges:

Range: (log %)*1 +e<k/logn <ap — €.

In this range p varies from large values to zero. In order to cover this range we have to shift the
line of integration in (58) to the saddle point o > 0. By doing this we collect a contribution of 2¥
from the polar singularity of Fy(s)I"(s). This leads to

p+ioco
— 1 _
A,<(x):2"+2—m / A (s)xSds.
p—ioco

The remaining integral can be handled as above by a saddle point method.

Range: o + & < k/logn < (log %)*1 —e.

Here we have p <0 and we are precisely in the same situation as in the analysis of the external
profile. Actually this range is the most significant range. Almost all nodes are concentrated around the
level k/logn ~ 1/h, where h = plog% + qlog% denotes the entropy of the source.

Range: k/logn ~ 2(log % +log {)~!, that is p ~0.

Here a phase transition occurs. Technically, a polar singularity (of I"(s)) and the saddle point
Fr(s)n—* coalesce at s =0. We assume that o =k/logn is close to ag := 2(10g% + log%)q. More
precisely suppose that

k =ag(logn + &/apB(0) logn),

where & = o((logn)!/6). Here we move the line of integration to the saddle point

1 1—alog(1/p) 3 2
N()=p = 1 =— + 0(&2/1ogn).
©=p log(p/q) Ogalog(l/q)—l JopB(0)logn (6%/logn)

First assume that k > aglogn, so that £ > 0 and p < 0. This means that we do not pass the polar
singularity, which is located at s = 0. Hence, as above we obtain

Ae(ne”) = - Te(ne? . p + it) dt

2w
lt|< (logn)—2/5
+0(|T(p + i(logn)>/5)[n=PT (p)ke—cologm™”)
+0 (k™20 PT(p)"),
where Ji(s,x) = —x~5I"(s)Fi(s). This can be again replaced by —x—5I"(s)A(s)T (s)¥. Since

! — 2/5
€1(logm)~172 + <1ogn>—z/s) = 0((logm*?),

|7 (p +i(logn)~?)| =0 (

we can neglect the first error term.
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Next we replace the factor I"(s)A(s) in (the approximation of) Jk(s, x) by
A(s)
S

Since the sum I"(s)A(s) — A(0)/s is analytic, we have

(r(sm(s) - Q)( NP 4 it de = o(

|t]< (logn)=2/3

nPT(m")
Jk

and consequently the asymptotic leading term of A(ne'”) is given by

n 9y —p—it - \k
_@ / ne'’)y"PUT (p +it) dt

21 o +it
[t1< (logn) =2/
a ] ez?tfﬁ(p)ktz/2+0(k|t|3)
2O ngivor oyt f ‘ dt
2 p+it

|t|< (logn) =2/

_@ —Pe~i0pT k]o e /2 <1 0(7|WI+IW|3>>d
¢ ) K & +iw + Jlogn -
where w =,/B(0)kt and
&= py/BO)k=—&+ 0(&*(logn) /).

Since & < 0, we obtain (with the help of the substitution s = —w)

00 —w?)2 00 00
L ; i dw= —% e_sz/zfe_"(_so“s)dv ds
—00 0 —00
o0 o0
%/e e=s"/2-1V gs dy
—00
— _L eV 2/2+4vEg dv
V2 !
2
=020 (&).

The error term is estimated similarly:

w 3y ,—w?/2 ®
1 (wl+wPye ™2 ( 1 /VH v2/2+v§0dv>
0

viogn J 1oy B(pk+iw] Vlog

1 2
=0 &2¢ 1 3 )
<\/@e &) (1+15lI°)

S

Thus

3
Ax(ne') = A(0) (nem)_pT(p)keég/ch(go)(1 +0 <%)) + 0 (k™20 T(p)¥).
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By using the local expansions
n=P T(p)k — T(O)ke—§2/2+0(\§3|(logn)‘1/2),
2 2 _
e50/2® (50) =" 2D (=£)(1+ 0 (& logm)~'/?))

we end up with the final expansion

3
Ax(ne’”) = AT (0)d (- (1 O(L'S‘” )) 0 (k12T (0)e E12),
k(ne'”) = AO)TO)®(—§)( 1+ ogn +0(k (0)%e )

that holds uniformly for || < .

4.2.3. Depoissonization

The final step in the proof is to obtain asymptotics for EB, x and El,  from the asymptotic prop-
erties of Ag(x) and Ag(x). This is accomplished by the analytical depoissonization [9] which requires
to compute another Cauchy integral

EB, = e ap0) -
k=5 ST

|x|=n

Since Ak (x) behaves quite smoothly (in particular it has a subexponential growth) the depoissoniza-
tion heuristics saying that EB;  ~ Ar(n) applies (see [5,27]). However, this has to be made precise.
For this we need a good upper bound for Ay(ne'”) that is valid for all [9] < 7.

Lemma 6. For every real number p there exist constants C =C(p) > 0,c1 =c1(p) >0, ca =c2(p) > 0, and
an integer ko = ko (p) such that

le¥Ar®)| < C(1+cr/mk(1 - czﬁz)_kr_pT(p)ker(l_cﬁz) (59)

for k > 0 and uniformly for all > 1 and || < 7, where x = re'”.

Proof. We indicate a proof for p <O0. (In this case we can choose c; =0 and get also a proof for all
r > 0.) First, since e*Ag(x) =1 (and e*Ag(x) = e* — 1, respectively) it is clear that (59) holds for k=0
(for properly constants C and c3). Then by definition we have recursively

X

[ € (axpe) + avias) de
0

r

- / et (A (pte') + Ay (gte?)) dt
0

¥ App1(0)| =

.
< C(l . CﬁZ)*kT(p)k /(eqtcosﬂ(pt)—pept(l—c2ﬁ2)+ eptcosz?(qt)—peqt(l—czz?z)) dt

0
r

< C(-l _ Czﬂz)ik]—(p)k"’] /t_pef(l—CZ?Z) dt
0

<C(1—c0?) T (p)kt ez,
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A similar proof works for p > 0. Here we have to use the trivial estimate e! Ag(1) = 0(1) and the
asymptotic formula

X
/Fpe[ dt=x"Pe*(1+0(1/x)) <x Pe*(1+c1/x) (x=1)
1
for some constant c; = c1(p) > 0 instead of the inequality fg t=Petdt < x~Pe* that holds only for
p<0. O
Since Ay(r) is of order T(p)*r—/+/k, where p is the saddle point defined by
k pP+q”
logr — p~rlogl +qrlogl’

we can choose p in Lemma 6 accordingly and obtain as a corollary the bound

[ A0 < Ce" M) logre ™" (x=rel?), (60)

where k is of order logr and the constants ¢’ > 0 and C’ > 0 depend on the ratio k/logr.
Finally, as explained above we use the Cauchy integral along |x| =n to complete the asymptotic
analysis:

EB _ nin”™" neh’A 10 o=ind 4.9
nk = k(X) s ? e k(ne )e .
\X\ n <
Fix 0 < ¥ < v /2. Then (60) implies
nin™" it . . nin—"e",/logn /
/ e"" Ay (ne'”)e= dz&“ <Ak ———— s / e~ dy

2
Yo |< o<

= 0(Apm)e "7

For the remaining part of the integral we use (57) and obtain

nin™"

P ene” Ay (ne"ﬂ)e’i’“9 do

[P1<Po

n=PT(p)¥ . .
= I'(p+it;))A(p +itj)
2 B(p)k IJ'IZ<J'0 ] ]

o ninn / enem,mﬂem(pﬂq) dv - (l + O(kfl/Z))

2w
[?1<%0

n=PT(p)¥ 3 . .
= I'(p +itj))A(p +itj)
2ok i
n'n—"e"

2w
[9 <D0

n=PT(p)k . ) o’ 2
= e T'(p+it)A(p +it)(1+0(tin +0(k
27 B(p)k |j|2<jo : 2 (5 )+ o)

= A (1+ 0 (k172)).

=32 (14 0(n9?) + 0 (jt;P1)) do - (1+ 0 (k"V/2))

X
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This completes the proof of Theorem 4. The last part of the proof of Theorem 5 follows the same
footsteps and is omitted.
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