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1. Introduction

A positroid is a matroid that can be represented by a k × n-matrix with nonnegative maximal
minors. The classical theory of total positivity concerns matrices in which all minors are nonnegative,
and this subject was extended by Lusztig [4].

Lusztig introduced the totally nonnegative variety G�0 in an arbitrary reductive group G and the
totally nonnegative part (G/P )�0 of a real flag variety (G/P ). He also conjectured that (G/P )�0 is
made up of cells, and this was proved by Rietsch [6].

In this paper, we will restrict our attention to (Grkn)�0, the totally nonnegative Grassmannian.
Then there is a more refined decomposition using matroid strata. Postnikov obtained a relationship
between (Grkn)�0 and certain planar bicolored graphs, producing a combinatorially explicit cell de-
composition of (Grkn)�0 [5]. The cells correspond to positroids.

One of the results of [5] is that each cell is an intersection of (Grkn)�0 and Schubert cells cor-
responding to a combinatorial object called the Grassmann necklace. This result implies that each
positroid is included in an intersection of cyclically shifted Schubert matroids. We extend this result:
each positroid is exactly an intersection of certain cyclically shifted Schubert matroids.
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A more detailed formulation of the main result follows. Let [n] := {1, . . . ,n} and let
([n]

k

)
be the

collection of all k-element subsets of [n]. Fix some t ∈ [n]. We define the ordering <t on [n] by the
total order t <t t + 1 <t · · · <t n <t 1 · · · <t t − 1. For I, J ∈ ([n]

k

)
, where

I = {i1, . . . , ik}, i1 <t i2 · · · <t ik

and

J = { j1, . . . , jk}, j1 <t j2 · · · <t jk,

we set

I �t J if and only if i1 �t j1, . . . , ik �t jk.

For each I ∈ ([n]
k

)
and w ∈ Sn , we define the cyclically shifted Schubert matroid as

SMt
I :=

{
J ∈

([n]
k

) ∣∣∣ I �t J

}
.

We will show that a matroid M ⊆ ([n]
k

)
is a positroid if and only if it can be written as SM1

I1
∩

SM2
I2

∩ · · · ∩ SMn
In

for a Grassmann necklace I = (I1, . . . , In), I1, . . . , In ∈ ([n]
k

)
. Our proof is purely

combinatorial.
The paper is organized as follows. In Section 2, we go over the basics of matroids and the totally

nonnegative Grassmannian. In Section 3, we review -diagrams and Γ -graphs. In Section 4, we give
the proof of our main result. In Section 5, we introduce the upper Grassmann necklace. In Section 6,
we view lattice path matroids as special cases of positroids.

Remark 1. After this paper was finished, further developments on this subject using geometry of flag
manifolds, or Poisson geometry were obtained in [3] and [8].

2. Preliminaries and the main result

We would like to guide the readers unfamiliar with basics in this section to [2] and [5].
A matroid of rank k on the set [n] is a nonempty collection M ⊆ ([n]

k

)
of k-element subsets of [n],

called bases of M, that satisfies the exchange axiom:
For any I, J ∈ M and i ∈ I , there exists j ∈ J such that I \ {i} ∪ { j} ∈ M.
An element in the Grassmannian Grkn can be understood as a collection of n vectors v1, . . . , vn ∈

Rk spanning the space Rk modulo the simultaneous action of GLk on the vectors. The vectors vi are
the columns of a k × n-matrix A that represents the element of the Grassmannian. Then an element
V ∈ Grkn represented by A gives the matroid MV whose bases are the k-subsets I ⊂ [n] such that
�I (A) �= 0. Here, �I (A) denotes the determinant of AI , the k-by-k submatrix of A with the column
set I .

Then Grkn has a subdivision into matroid strata S M labeled by some matroids M:

S M := {V ∈ Grkn | MV = M}.
The elements of the stratum S M are represented by matrices A such that �I (A) �= 0 if and only if
I ∈ M.

Let us define the totally nonnegative Grassmannian and its cells.

Definition 2. (See [5, Definition 3.1].) The totally nonnegative Grassmannian Grtnn
kn ⊂ Grkn is the quo-

tient Grtnn
kn = GL+

k \Mattnn
kn , where Mattnn

kn is the set of real k×n-matrices A of rank k with nonnegative
maximal minors �I (A) � 0 and GL+

k is the group of k × k-matrices with positive determinant.

Definition 3. (See [5, Definition 3.2].) Totally nonnegative Grassmann cells Stnn
M in Grtnn

kn are defined
as Stnn

M := S M ∩ Grtnn
kn . M is called a positroid if the cell Stnn

M is nonempty.
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Note that from the above definitions, we get

Stnn
M = {

GL+
k •A ∈ Grtnn

kn

∣∣ �I (A) > 0 for I ∈ M, �I (A) = 0 for I /∈ M
}
.

In [5], Postnikov constructed a bijection between the cells and combinatorial objects called Grass-
mann necklaces.

Definition 4. (See [5, Definition 16.1].) A Grassmann necklace is a sequence I = (I1, . . . , In) of subsets
Ir ⊆ [n] such that:

• if i ∈ Ii then Ii+1 = (Ii \ {i}) ∪ { j} for some j ∈ [n],
• if i /∈ Ii then Ii+1 = Ii .

The indices are taken modulo n. In particular, we have |I1| = · · · = |In|.

An example of a Grassmann necklace would be I1 = {1,2,4}, I2 = {2,4,5}, I3 = {3,4,5}, I4 =
{4,5,2}, I5 = {5,1,2}. Two of the results in [5] are the following:

Lemma 5. (See [5, Lemma 16.3].) For a matroid M ⊆ ([n]
k

)
of rank k on the set [n], let I M = (I1, . . . , In) be

the sequence of subsets such that Ii is the minimal member of M with respect to �i . Then IM is a Grassmann
necklace.

Theorem 6. (See [5, Theorem 17.2].) Let Stnn
M be a nonnegative Grassmann cell, and let I M = (I1, . . . , In) be

the Grassmann necklace corresponding to M. Then

Stnn
M =

n⋂
i=1

Ω i
Ii

∩ Grtnn
kn ,

where Ω i
Ii

is the cyclically shifted Schubert cell, which is the set of elements V ∈ Grkn such that Ii is the
lexicographically minimal base of MV with respect to ordering <i on [n].

These results imply the following:

Corollary 7. Let M be a positroid and let I M = (I1, . . . , In) be the associated Grassmann necklace. Then

M ⊆
n⋂

i=1

SMi
Ii
.

So the bases of a positroid are included in an intersection of cyclically shifted Schubert matroids.
But we do not yet know if they are actually equal. Postnikov therefore conjectured that each positroid
is exactly the intersection of cyclically shifted Schubert matroids. This is what we are going to prove
in our paper:

Theorem 8. M is a positroid if and only if for some Grassmann necklace (I1, . . . , In),

M =
n⋂

i=1

SMi
Ii
.

In other words, M is a positroid if and only if the following holds: H ∈ M if and only if H �t It for all t ∈ [n].

3. Le-diagrams and Le-graphs

In [5], Postnikov showed a bijection between positroids and combinatorial objects called
-diagrams.
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Definition 9. Fix a partition λ that fits inside the rectangle (n − k)k . The boundary of the Young
diagram of λ gives the lattice path of length n from the upper right corner to the lower left corner of
the rectangle (n − k)k . Let us denote this path as the boundary path. Label each edge in the path by
1, . . . ,n as we go downwards and to the left. Define I(λ) as the set of labels of k vertical steps in the
path.

Each column and row corresponds to exactly one labeled edge. Let us index the columns and rows
with those labels. We will say that a box is at (i, j) if it is on row i and column j. A filling of λ is a
diagram of λ where each box is either empty or filled with a dot.

Definition 10. (See [5, Definition 6.1].) For a partition λ, let us define a -diagram L of shape λ

as a filling of boxes of the Young diagram of shape λ such that, for any three boxes indexed
(i, j), (i′, j), (i, j′), where i′ < i and j′ > j, if boxes on position (i′, j) and (i, j′) are filled, then the
box on (i, j) is also filled. This property is called the -property. We will say that a -diagram is full
if every box is filled.

Fix a -diagram L of shape λ. For each box at (i, j) of L, we define the NW-region of it as the
collection {(i′, j′) | i′ < i, j′ > j}. There is a unique dot (i′, j′) that minimizes i − i′ and j′ − j at the
same time, due to the -property. We will say that (i′, j′) covers (i, j) and write this as (i′, j′) 	 (i, j).

Definition 11. (See [5, Definition 6.3].) A Γ -graph is obtained from a -diagram in the following
way. Place a vertex at the middle of each step in the boundary path of the diagram and mark these
vertices by 1,2, . . . ,n. We will call these vertices the boundary vertices. Now for each dot inside
the -diagram, draw a horizontal line to its right, and vertical line to its bottom until it reaches the
boundary of the diagram. Then orient all vertical edges downward and horizontal edges to the left.

Γ -graphs were also used to study TP-basis of positroids in [7]. The source set of the Γ -graph is
given by I(λ) and the sink set is given by [n] \ I(λ).

Definition 12. A path in a Γ -graph is a directed path that starts at some boundary vertex and ends
at some boundary vertex. Given a path p, we denote its starting point and end point by ps and pe .
A VD-family is a family of paths where no pair of paths share a vertex.

A dot at (i, j) is an NW-corner of a path p, if p changes direction at (i, j). For each dot at (i, j),
there is a path that starts at a boundary vertex i, ends at a boundary vertex j and has the dot at (i, j)
as an NW-corner. We call such a path a hook path of (i, j).

Given a VD-family of paths {p1, . . . , pt}, we say that this family represents J = I(λ)\ {ps
1, . . . , ps

t }∪
{pe

1, . . . , pe
t }. We consider the empty family to be a VD-family. The following proposition follows as a

corollary from [5, Theorem 6.5].

Proposition 13. (See [5, Theorem 6.5].) Given a -diagram L, let ML be the set that consists of J ’s such that
J is represented by a VD-family in the Γ -graph of L. Then ML is a positroid, and this correspondence gives a
bijection between -diagrams and positroids.

Each -diagram corresponds to a positroid, and hence a Grassmann necklace. Given a -diagram L,
let us try to find out its corresponding Grassmann necklace I = (I1, . . . , In) directly from the diagram.
It is obvious that I1 = I(λ).

For each box (x, y), we can get a maximal chain (xt , yt) 	 · · · 	 (x1, y1) such that (x1, y1) is the
unique dot in {(i, j) | i � x, j � y} that minimizes x − i and j − y at the same time. We will call this
the chain rooted at (x, y). Then the collection of hook paths at (xr, yr) for 1 � r � t is a VD-family.
So we get J (x,y) := Iλ \ {x1, . . . , xt} ∪ {y1, . . . , yt} ∈ ML . In Fig. 1, chain rooted at (5,9) is given by
(1,10) 	 (5,9). A chain rooted at (3,9) is given by (1,10).

We define the boundary strip of a Young diagram to be the collection of boxes that touches the
boundary path of the diagram. Look at the box that is uppermost and rightmost among the boxes in
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Fig. 1. Example of a -diagram and a Γ -graph.

Fig. 2. Labeling the boxes inside the boundary strip.

the strip. This box is adjacent to a vertical boundary path, and if that path is labeled with j, label
the box with j + 1. Then increase the label as we go downwards and to the left. In other words, if
j /∈ I(λ), then the box labeled j is adjacent to the path labeled j in the boundary path of λ. If j ∈ I(λ),
then the box labeled j, is right above the box adjacent to the path labeled j in the boundary path
of λ. Fig. 2 shows an example of labeling the boxes inside the boundary strip.

In the following proposition, we will show that a chain rooted at box labeled j represents I j .

Proposition 14. Fix a -diagram L of shape λ and let I = (I1, . . . , In) be the Grassmann necklace of ML . Let
(x, y) be the box labeled j in the boundary strip of λ. Then I j = J (x,y) . In particular, if there is no box labeled
with j, then I j = I(λ).

Proof. Let F be a VD-family that represents I j . Then F only contains paths that satisfy ps < j � pe .
Because if not, then F \ {p} represents J such that J < j I j . So any path p ∈ F has to pass through a
dot in the region {(i, j) | i � x, j � y}.

Let the chain rooted at (x, y) be (it , jt) 	 · · · 	 (i1, j1). For each 1 � r � t , denote the hook path at
(ir, jr) by pr . Then F must contain p1. If not, then I j � j I(λ) \ {i1} ∪ { j1} because ps � i1, pe � j1
for all p ∈ F . If p1, . . . , pr ∈ F , then we also have pr+1 ∈ F because if not, we get I j � j I(λ) \
{i1, . . . , ir+1} ∪ { j1, . . . , jr+1} due to the fact that for any path p ∈ F \ {p1, . . . , pr}, we have ps � ir+1
and pe � jr+1. As a result, we get F = {p1, . . . , pt} and I j = J (x,y) .

In the case where there is no box labeled with j, then there cannot be a path p that satisfies
ps < j � pe . This implies that I j is represented by an empty family, so we have I j = I(λ). �

Let us look at an example. In the -diagram of Fig. 1, I4 is given by J (3,6) . Chain rooted at (3,6) is
given by (1,10) 	 (3,6). So I4 = I1 \ {1,3} ∪ {10,6} = {4,5,6,8,10}. I9 is given by J (8,9) . Chain rooted
at (8,9) is given by (5,10) 	 (8,9). So I9 = I1 \ {5,8} ∪ {9,10} = {1,3,4,9,10}.
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Fig. 3. How the middle path is defined inside a -diagram.

Fig. 4. How the rooted chains change after a new dot is added.

4. Proof of the main theorem

In this section, we will prove the main theorem by showing that for each Grassmann necklace
I = (I1, . . . , In), we have

⋂n
i=1 SMi

Ii
⊆ MI . To do this, we need to show that each J ∈ ⋂n

i=1 SMi
Ii

can
be expressed as VD-family inside the Γ -graph of M I . In order to accomplish this, we will start from
a full- -diagram and use induction by increasing the number of empty boxes.

Lemma 15. Let L be a full -diagram of shape λ. Then ML = SMI(λ) .

Proof. We need to show that for all J ∈ SMI(λ) , we have J ∈ ML . Due to the definition of �1, there
is a unique bijection φ : I(λ) \ J → J \ I(λ) such that for any a,b ∈ I(λ) \ J , the two intervals [a, φ(a)]
and [b, φ(b)] do not cross, meaning that they are either disjoint or nested. For each a ∈ I(λ) \ J , we
associate a hook path at (a, φ(a)). Then we get a VD-family representing J . �

Given any -diagram LI with associated Grassmann necklace I = (I1, . . . , In), we want to add a
dot, to obtain a new -diagram LI ′ such that for some α ∈ [n], we have |Iα \ I ′α | = 1 and I ′i = Ii
whenever i �= α.

Let us first assume that there exists an empty box in the boundary strip of LI . Consider an empty
box b in the strip such that there is no empty box to its right or bottom. Then adding a dot to this
box b will change exactly one element of the Grassmann necklace, since among the chains rooted at
one of the boxes in the boundary strip, only the chain rooted at b is changed. So we only need to
consider the case when all the boxes of the boundary strip are filled. We define the middle path of LI
to be a lattice path inside the diagram such that:

(1) all boxes between the middle path and the boundary path are filled with dots,
(2) the corner boxes of the upper region is empty. Upper region is the diagram obtained by looking

at the boxes above or left of the middle path. A box is a corner box of a diagram if there are no
boxes to its right and below.

Example of a middle path is given as a thick line in Fig. 3.
Now, putting a dot into any corner box of the upper region will work. The reason for this is similar

as the previous case, since exactly one chain among the chains rooted at boxes in the boundary strip
is going to change, which implies that only one element of the Grassmann necklace is going to be
affected by the newly added dot. This phenomenon is illustrated in Fig. 4.
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Proposition 16. Given any Grassmann necklace I = (I1, . . . , In), we have MI = ⋂n
i=1 SMi

Ii
.

Proof. We will prove the proposition by induction on m, the number of empty boxes inside the
-diagram LI of MI . When m = 0, this is the full -diagram case. So assume for the sake of induction

that we know the result for -diagrams having < m empty boxes.
Use the construction above to obtain LI ′ , where I ′ = (I ′1, . . . , I ′n) and there exists α ∈ [n] such that

I ′i = Ii for all i �= α and |Iα \ I ′α | = 1. The induction hypothesis tells us that MI ′ = ⋂n
i=1 SMi

I ′i
. It is

enough to show MI ′ \ MI ⊂ SMα
I ′α

\ SMα
Iα

.

Let (wq+r, zq+r)	· · ·	(wq, zq)	· · ·	(w1, z1) be the chain representing I ′α in LI ′ , such that (wq, zq)

is the newly added dot going from LI to LI ′ . In LI ′ , we have dots at (wa, zb) for 1 � a,b � q. Any
VD-family F J representing some J ∈ MI ′ \ MI should contain a path in which (wq, zq) is an NW-
corner.

In F J , denote the path going through (wq, zq) by pq . If there is no path in F J that passes
(wq−1, zq−1), we can perturb the path pq to go through the points (wq, zq−1), (wq−1, zq−1),
(wq−1, zq) instead of going through (wq, zq). So there must be a path pq−1 ∈ F J that passes
(wq−1, zq−1). Since (wq, zq) is an NW-corner of pq , (wq−1, zq−1) is also an NW-corner of pq−1. Re-
peating this argument, we get pq, . . . , p1 ∈ F J each having (wq, zq), . . . , (w1, z1) as an NW-corner.

Let (xt , yt) 	 · · · 	 (x1, y1) be the chain rooted at (wq, zq) in LI . Then

(xt, yt) 	 · · · 	 (x1, y1) 	 (wq−1, zq−1) 	 · · · 	 (w1, z1)

represents I j in LI . We have t � r due to the -property. We want to show that J �α Iα .
If pe

q <α y1 or ps
q >α x1, then we have J �α Iα and we are done. So let us assume pe

q �α y1 and
ps

q �α x1. If there is no path going through (x1, y1) in F J , the path pq can be slightly changed so it
goes through (x1, y1) and this path cannot have (wq, zq) as its NW-corner. So there must be a path
pq+1 in F J that passes through (x1, y1).

Due to similar reasons, we only need to consider the case when pe
q+1 �α y2 and ps

q+1 �α x2.
If there is no path going through (x2, y2) in F J , the path pq+1 can be slightly changed so it goes
through (x2, y2). This path cannot pass (x1, y1), since we have x2 <α x1 and y2 >α y1. So there must
be a path pq+2 ∈ F J that passes through (x2, y2). Repeating this argument, we get pq+1, . . . , pq+t ∈
F J . Then {pe

q+t , . . . , pe
1} ⊂ J tells us that J �α Iα . (The reason we do this separately from the previous

paragraph is because one of y1 = zq and x1 = wq might be true.)
So we have shown MI ′ \ MI ⊂ SMα

I ′α
\ SMα

Iα
, and we are finished. �

Let us look at an example on using the main theorem. Let M be a positroid such that its Grass-
mann necklace is given by:

I1 = {1,2,4}, I2 = {2,4,5}, I3 = {3,4,5}, I4 = {4,5,2}, I5 = {5,1,2}.
Our main theorem tells us that:

M = {H | H �1 I1, H �2 I2, . . . , H �5 I5}
= {{1,2,4}, {1,2,5}, {1,3,4}, {1,3,5}, {2,4,5}, {3,4,5}}.

5. Decorated permutations and the upper Grassmann necklace

In the previous section, we have shown that a positroid is a collection given by setting cyclic
lower boundaries. In this section, we will show that we can instead set cyclic upper boundaries to
get the same collection. Dual Schubert matroids will play the role of setting upper boundaries, just as
Schubert matroids played the role of setting the lower boundaries. In other words, in this section, we
will show that a positroid is also an intersection of cyclically shifted dual Schubert matroids.

Definition 17. (See [5, Definition 13.3].) A decorated permutation π : = (π, col) is a permutation π ∈
Sn together with a coloring function col from the set of fixed points {i | π(i) = i} to {1,−1}. That is, a
decorated permutation is a permutation with fixed points colored in two colors.
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It is easy to see the bijection between necklaces and decorated permutations. To go from a Grass-
mann necklace I to a decorated permutation π : = (π, col),

• if Ii+1 = (Ii\{i}) ∪ { j}, j �= i, then π(i) = j,
• if Ii+1 = Ii and i /∈ Ii then π(i) = i, col(i) = 1,
• if Ii+1 = Ii and i ∈ Ii then π(i) = i, col(i) = −1.

To go from a decorated permutation π : = (π, col) to a Grassmann necklace I ,

Ii = {
j ∈ [n] ∣∣ j <i π

−1( j) or
(
π( j) = j and col( j) = −1

)}
.

Let us look at an example. Given a Grassmann necklace I1 = {1,2,4}, I2 = {2,4,5}, I3 = {3,4,5},
I4 = {4,5,2}, I5 = {5,1,2}, the associated decorated permutation is π = 53 214.

Definition 18. For I = (i1, . . . , ik) ∈ ([n]
k

)
, the cyclically shifted dual Schubert matroid S̃M

i
I consists of

bases H = ( j1, . . . , jk) such that I �i H .

Fix a decorated permutation π : = (π, col). Let Iπ : = (I1, . . . , In) be the corresponding Grassmann
necklace and Mπ : the corresponding positroid.

Lemma 19. For any H ∈ Mπ : , we have H �i π
−1(Ii) for all i ∈ [n].

Proof. In this proof, we will show that for any H ∈ Mπ : , we have H �1 π−1(I1). The proof for
other inequalities is similar. Denote I1 = {i1, . . . , ik} where i1, . . . , ik are labeled in a way that satisfies
π−1(i1) < · · · < π−1(ik).

Denote elements of H by h1 < · · · < hk . Let j be the biggest element of [k] such that:

(1) ht � π−1(it) for all t ∈ ( j,k] and
(2) h j > π−1(i j).

Since h j ∈ (π−1(i j),π
−1(i j+1)], we have {i1, . . . , i j} ⊂ Ih j . We get |H ∩ [1,h j)| < |Ih j ∩ [1,h j)|, but

this contradicts H �h j Ih j . Hence there cannot be a j ∈ [k] such that h j > π−1(h j). This implies that

H � {π−1( j1), . . . ,π
−1( jk)}. �

The collection ( J1 := π−1(I1), . . . , Jn := π−1(In)) forms a necklace in the sense that J i+1 = J i \
{π−1(i)} ∪ {i} except for i such that π(i) = i. We will call this the upper Grassmann necklace of π .

To go from a decorated permutation π : = (π, col) to an upper Grassmann necklace J ,

Jr = {
i ∈ [n] ∣∣ π(i) <r i or

(
π(i) = i and col(i) = −1

)}
.

Define M̃π : as:

M̃π : =
n⋂

i=1

S̃M
i
J i
.

Lemma 19 tells us that Mπ : ⊆ M̃π : . The proof of the following lemma is similar to Lemma 19.

Lemma 20. For any H ∈ M̃π : , we have H �i π( J i) = Ii for all i ∈ [n].

As a consequence of this lemma we obtain the following result:
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Fig. 5. Example of a lattice path matroid.

Theorem 21. Pick a decorated permutation π : = (π, col). Let I = (I1, . . . , In) and J = ( J1, . . . , Jn) be the
corresponding Grassmann necklace and the upper Grassmann necklace. Then J i = π−1(Ii) for all i ∈ [n]. We
also have the equality:

n⋂
i=1

SMi
Ii

=
n⋂

i=1

S̃M
i
J i
.

For example, let us look at the positroid

M = {{1,2,4}, {1,2,5}, {1,3,4}, {1,3,5}, {2,4,5}, {3,4,5}},
whose associated Grassmann necklace is I1 = {1,2,4}, I2 = {2,4,5}, I3 = {3,4,5}, I4 = {4,5,2},
I5 = {5,1,2} and the decorated permutation is π = 53 214. Using J i = π−1(Ii), we get J1 = {3,4,5},
J2 = {3,5,1}, J3 = {5,1,2}, J4 = {5,1,3}, J5 = {1,3,4}. Theorem 21 tells us that M = {H | H �1
J1, . . . , H �5 J5}.

6. Lattice path matroids

Lattice path matroids were defined in [1]. Lattice path matroids turn out to be certain special cases
of positroids, which will be proved in this section. We will then show a way to get the decorated
permutation of a lattice path matroid.

Definition 22. Pick I, J ∈ ([n]
k

)
such that I � J . The lattice path matroid is defined as:

LPI, J :=
{

H
∣∣∣ H ∈

([n]
k

)
, I � H � J

}
= SMI ∩ S̃M J .

Since I, J corresponds to two lattice paths in an (n − k)-by-k grid, LPI, J expresses all the lattice
paths between them. The left picture in Fig. 5 shows an example of a lattice path matroid, where I is
given by {1,3,4,5,8}, and J is given by {3,5,7,9,10}.

Lemma 23. A lattice path matroid is a positroid.

Proof. Pick I = {i1 < · · · < ik}, J = { j1 < · · · < jk} such that I � J . Let us construct a k-by-n matrix
such that �H = 0 for all H ∈ ([n]

k

) \ LPI, J and �H > 0 for all H ∈ LPI, J .

Let V = (vab)
k,n
a,b=1,1 be a k-by-n Vandermonde matrix. Set vab = 0 for all b /∈ [ia, ja]. So V would

look like:

vab =
{

xb−1
a if ia � b � ja,

0 otherwise.

Assign values to variables x1, . . . , xk such that x1 > 1 and xa+1 = xk2

a for all a ∈ [k − 1]. Let us
denote V [1,...,a],[c1,...,ca] as a submatrix of V by taking rows from 1 to a and columns c1, . . . , ca . We
have �H > 0 if and only if V [1..k],H has nonzero diagonal entries, which happens if and only if H ∈
LPI, J . �
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Let us try to find π : that corresponds to LPI, J . Denote I = {i1 < · · · < ik} and J = { j1 < · · · < jk}.
If it = jt for some t ∈ [k], this is a coloop in the matroid. The permutation π we are trying to find
should satisfy:

• I = {i ∈ [n] | i � π−1(i)},
• J = {i ∈ [n] | π(i) � i} and
• π( J ) = I .

If π satisfies the above conditions, then Mπ : is contained in LPI, J . So LPI, J is the biggest positroid
under inclusion inside the collection satisfying the above property. The following lemma is an imme-
diate corollary of [5, Theorem 17.8].

Lemma 24. If we have a <i b <i π(a) <i π(b) such that there is no c ∈ (a,b) that satisfies π(c) ∈
(π(a),π(b)), then Mμ: ⊂ Mπ : , where μ is obtained from π by switching π(a) and π(b) (i.e. μ(a) = π(b)

and μ(b) = π(a)).

Combining this with Lemma 23, we get the following result:

Theorem 25. Choose any I = {i1 < · · · < ik} and J = { j1 < · · · < jk} ∈ ([n]
k

)
such that I � J . Denote [n] \ J =

{d1 < · · · < dn−k} and [n] \ I = {c1 < · · · < cn−k}. Then LPI, J is a positroid and its decorated permutation
π : = (π, col) is given by:

π( jr) = ir for all r ∈ [k],
π(dr) = cr for all r ∈ [n − k],
if π(t) = t then col(t) =

{−1 if t ∈ J ,
1 otherwise.

For example, let us look at LP{1,3,4,5,8},{3,5,7,9,10}. Theorem 25 tells us that this matroid is a
positroid, whose decorated permutation is given by [2,6,1,7,3,9,4,10,5,8]. The -diagram of the
corresponding positroid is drawn on the right side of Fig. 5.
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