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1. Introduction

In the late 1960’s Askey formulated several conjectures about the nonnegativity of integrals of
products of orthogonal polynomials times certain functions. An excellent survey of the research in
this area, which was spearheaded by Askey, is Askey’s CBMS lecture notes [3], see also [1]. In the
1970’s it was realized that some of the integrals considered by Askey and his coauthors have combi-
natorial interpretations. Even and Gillis [11] showed that the number of derangements of sets of sizes
n,ny, ..., Ny is

(_1)n1+-.-+nm /e—x 1_[ Ln} (X) dx, (1.1)
0 j=1

where L,(x)’s are the simple Laguerre polynomials, while Azor, Gillis, and Victor [7] and indepen-
dently Godsil [16] showed that the number of perfect matchings of sets of sizes nq,ny,...,ny is

9~ i+ +nm)/2/ \/_ l_[Hn](x)dx

R

where Hy(x)’s are the Hermite polynomials. Askey and Ismail [4] used the MacMahon Master theorem
to give a systematic combinatorial treatment of the integrals of products of the classical polynomials
with respect to certain measures. One of them generalized the Even and Gillis result to Meixner
polynomials. Foata and Zeilberger [12] considered the general Laguerre numbers

o0

m
DX i m! e ™ (@)
L e +1)]‘[L (0 dx,
0

where L,(f‘)(x)'s are the Laguerre polynomials. Zeng and, Kim and Zeng extended this study to all
Sheffer polynomials in [24,34,35].

In their combinatorial study of integrals of products of orthogonal polynomials Askey and Ismail
[4] pointed out another source of positivity results. Recall that a system {Qn(x)} of birth and death
process polynomials [20], [17, §5.2], is generated by
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Qo) =1, Q1(x) = [bo +do — x]/do,

—XQn(X) =bnQny1(X) +dn Qu_1(X) — (bn +dn) Qn(x), (1.2)
where {b,} and {d,} are the birth and death rates, respectively, are such that

>0, n>0, and d,>0, n>0,dy=>0. (1.3)

Karlin and McGregor [20] showed that the probability to go from state (population) m to state (pop-
ulation) n in time t is given by

bob1 -+ -bp_ ¥ B
pm,n(r):% / e X Qum(x) Qu(¥) dp(x), t>0, (14)
& d
0

where p is the orthogonality measure of {Q(x)}. This proves that
o
/ e Q%) Qn (1) A1 (x) > 0. (15)
0

The Laguerre polynomials correspond to b, =n+ 1, d; =n + «. Thus

o0
e x%e Ly 0Ly (x)dx >0, «>0,t>0. .
Mx2e X LY (x)dx >0, >0, t>0 (16)
0

This and the derangement number (1.1) motivated us to consider the combinatorial interpretation of
the numbers

(_1)m+n OOXS

() () o, —X
m s!Lm )Ly (x)x%e " dx. (1.7)
0

ADm,n,s) =

One important tool used in the combinatorial study of the integrals of orthogonal polynomials is
MacMahon's Master theorem and its S-extension due to Foata-Zeilberger [12]. When the B-extension
of MacMahon’s Master theorem is combined with the exponential formula [30,33], all the known
combinatorial interpretations of the linearization coefficients of the orthogonal Sheffer polynomials
can be deduced by computing their generating functions. Another way to gain insight into the combi-
natorial interpretation of the linearization coefficients is from their corresponding moment sequences,
see [24,32,35],

Mn =/xn dp(x). (18)
R

However the generating function approach fails when one tries to extend the previous results to their
g-analogues, even though a conjecture for the combinatorial interpretation is formulated. For example,
an important g-analogue for the linearization coefficients of Hermite polynomials was given by Ismail,
Stanton and Viennot [18], but their proof remains difficult. We are grateful to a referee for pointing
out that Effros and Popa rediscovered the Ismail-Stanton-Viennot result in [10]. Another proof due to
Anshelevich [2] uses stochastic processes, and is also far from being elementary. Our paper provides
a fresh approach to linearization questions. Indeed, one of the main results of this paper is to give an
elementary proof of the Ismail-Stanton-Viennot result.

Separation of variables is a standard technique to solve linear partial differential equations. The
idea is to seek solutions which are products of single variables then by the principle of linear su-
perposition the general solution is a linear combination of these products. The only problem left is
to use initial and boundary conditions to determine the coefficients. This technique can be used to
solve difference or differential equations. One important application of this method is to solve the
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Chapman-Kolmogorov equations for birth and death processes, see [17, §5.2]. The latter equations is
a system of differential equations in time and partial difference equations in two discrete variables
whose solution is given by (1.4).

In this paper we show how the separation of variables gives integral representations for solutions
of certain combinatorial problems.

Our approach is explained in detail in Section 2. The integrands in our integral representations
are constant multiples of products of orthogonal polynomials times a measure with respect to which
the polynomials are orthogonal. The integral representations arise naturally through separation of
variables of the solution of systems of difference equations satisfied by the combinatorial numbers.
We may reverse the process by starting with integrals of products of orthogonal polynomials times
their orthogonality measure and reach the combinatorial numbers. Some of these integrals arose in
problems involving linearizations of products of orthogonal polynomials where the focus of attention
was their nonnegativity [5,31]. Most of the positivity results originated from work by Askey and his
coauthors in the late 1960’s and 1970’s. For references we refer the interested reader to Askey’s
monograph [3], and to Ismail’s book [17].

The integral representations studied in this work are of the form

ff(X) ]_[pn,- (Ajx) dp(x), (1.9)
R

j=1

where p is a discrete or absolutely continuous measure and f is some integrable function. Ismail
and Simeonov [19] studied the large k behavior of integrals of the form (1.9) when the nj’s are all
equal. Since the integral in (1.9) represents the number of ways a certain configuration occurs, one
can calculate the probability that such configuration occurs. We shall also study integrals of the type
(1.9) where the polynomials py;(x) come from two different families of orthogonal polynomials. The
positivity results which we establish are not only new but seem to be the first of its type.

The rest of this paper is organized as follows. As we already mentioned in the above paragraph our
approach is outlined in Section 2, where we characterize the linearization coefficients of orthogonal
polynomials as the unique solution of some partial differential equations with boundary conditions.
Then we apply the results of Section 2 to various combinatorial problems in Sections 3-8. More
precisely, by solving the corresponding partial difference equations combinatorially, we deduce the
combinatorial interpretations of Hermite and Charlier polynomials, Laguerre polynomials, Meixner
polynomials, Meixner-Pollaczek polynomials, g-Hermite polynomials, g-Charlier polynomials, and g-
Laguerre polynomials, respectively. In each case we start with a combinatorial problem involving
multisets, deduce a difference equation for the combinatorial numbers involved, then identify the
orthogonal polynomials which arise through the machinery developed in Section 2. Furthermore, in
Section 9, we extend the previous results to some more general integrals to include the moments,
inverse coefficients and linearization coefficients. We also compute the corresponding generating
functions for the corresponding integrals of Lagurre and Meixner polynomials and deduce their com-
binatorial interpretation by applying MacMahon’s Master theorem. In Section 10, we give a further
extension of the integrals of Laguerre and Meixner polynomials. Finally, in Section 11, we prove the
crucial step, Lemma 8.1, towards the combinatorial solution of the partial difference equations of g-
Charlier polynomials.

We follow the standard notation for shifted factorials, hypergeometric functions and their g-
analogues as in the books [1,14,17]. The work of Koekoek-Lesky-Swarttouw [27] is also a standard
reference for formulas involving orthogonal polynomials and their basic analogues.

2. Separation of variables and linearization coefficients

Let {pn(x)} be a sequence of orthogonal polynomials

/pm(x)Pn(X) AL (x) = &ndm,n, fo=1. (2.1)
R
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The condition ¢p =1 amounts to normalizing total mass of u to be 1. Then the polynomials {p,(x)}
must satisfy a three term recurrence relation of the form

Pnr1(X) =[AnX + Bulpn(x) — Capp—1(x), n>0, (2.2)

and we will always assume po(x) :=1, p1(x) = Aox + Bg. Therefore

tn = A—clcz Ca. 2.3)
n

We consider the linearization coefficients in the expansion of ]_[T:]1 Pn;(Aj%) in {pn(x)}. Equiva-
lently we consider the numbers

m—1
I(n) := [ ( [P0 ,x))pnm X du ), (24)
R =1
where n = (ny,...,np), nj is a nonnegative integer for 1 < j < m. We shall use the following notation:
Fmy=1,....nj,nj+ 1,00, np).

Moreover we assume that A, = 1. It is clear that

A
I;'_(O, 0, =G AfOBnJ + Bo(1 —Xj)8n0, ifn=0,1, and
1

10,...,0)=1, Im=0 if Y nj<n. (2.5)

Theorem 2.1. The numbers I(n) satisfy the system of difference equations

I7(m) — uj (I () = [Bn; — ujiBn )1 (®) — Cn; 17 () + Ui (m)Cn, I (m), (26)

where uj(n) =v;m)/vi(n) and vjn) = Anjhj.
Proof. For 1 <t <m, we have by (2.2)

I (m) = f [(An2ex + Bao) P (heX) = Co Pr—1 00 | [ | Py e i ()
r#t

= vt(n)/xr[pn,(er) dp(x) + Bp I(n) — Cp Iy (m).

Specializing the above equation at ¢t = j and t =k immediately leads to (2.6). O

Observe that in the system (2.6) we assume j,k > 1. It is more convenient to write (2.6) in the
more symmetric form

Cn;
= st = i - S
vj(m) g k() vi(m) v vjm vi(m)
We will show that the system (2.7) describes many combinatorial problems. From now on we will
consider different combinatorial problems and derive a system of equations of the type (2.7) for the
combinatorial numbers under consideration. Theorems 2.2 and 2.3 identify the combinatorial numbers
as integrals of products of orthogonal polynomials.

I (m). 2.7)
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Theorem 2.2. One solution to

yi @) —up(my; m) =[Bn; — uj(m)Bn,]ym) — Co;y; ) + uj(m)Cn,y, (), (2.8)
is given by
ym) = f [1pni0dvex), (2.9)
R =1

for any measure v having finite moments of all orders.

Proof. We try the separation of variables y(n) = ]_['}-1:1 Fj(nj). When we substitute in (2.8) we get

Fimj+1)  CoFij—=1)  Bn,  Fu+1)  CoFum—1) By,

vimFjm) ' vimFin)  vim)  vi@Fm) | vimFen) v’

Thus each side of the above equation is a constant independent of j or k, so we denote the constant
by x. This leads to the difference equation

Finj+1) =@ jAn;x+ Bn)Fj(nj) — Cy;Fj(nj— 1),

(2.10)

and the F’s now depend on x. Comparing with (2.2) and noting that Fj(—1) =0 and F;(0) =1, we
see that the above recurrence relation has a solution given by Fj(nj) = pn;(2;x) and by the principle
of linear superposition the function in (2.9) is a solution. O

Theorem 2.3. The system of Egs. (2.8) and the boundary conditions

A
YiO.....0.n) =1;Cy A—O(Sn,l +Bo(1—Aj)dno. ifn=0,1, and
1

m—1
y(,....00=1, ym=0 if Y nj<n, (211)
j=1

have a unique solution which is given by (2.4).

Proof. We know that the multisequence (2.4) satisfies the system of Egs. (2.8) and boundary condi-
tion (2.11), hence a solution exists. The second boundary condition defines y for n > 0 and when the
rest are zero. The first boundary condition in (2.11) defines y for n and when one other entry =1
and the rest are zero in a unique way. Letting n=(0,...,1,0,...,n), n> 0 in (2.8) with k =m we
evaluate y(0,...,2,0,...,n) and by induction we evaluate y(0,...,ns,0,...,n), 1 <s < m. Next we
use (2.8) to evaluate y for general n,, n and another nonzero ns: if n > n, + 1, then y(n) with nonzero
entries in the positions r,m of n is zero when we have 1 in the position s; if n <n, + 1, we use
(2.8) with j=s,k=m to evaluate y. Thus we can evaluate y inductively when n has three nonzero
entries. We continue this argument until we reach any desired general n. O

Remark 2.4. It is important to note that (2.8) is satisfied by solutions of the form (2.9) where v is
any probability measure with finite moments. It is the boundary conditions (2.11) that force v to be
an orthogonality measure of {p,(x)}.

An important class of orthogonal polynomials is the class of birth and death process polynomials.
They are generated by (1.2). These polynomials have only positive zeros so they are orthogonal with
respect to a probability measure supported on a subset of [0, c0). The idea of separation of variables
is also used to solve the differential-difference equations describing this model, see §5.2 and Theorem
7.2.1 in [17]. Birth and death processes have many applications in applied probability and queueing
theory.
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An immediate consequence of Theorem 2.3 is the following result for the polynomials {Q,(X)}
generated by (1.2).

Theorem 2.5. The system of difference equations

b"jd”j _ b”kd“k

dn dn,
x; e ]y(n)——y, (m) + - yk(n) (212)

y](n)——yk()—[

and the boundary conditions

d do
yj(o,...,o,n)zijian,l+<1+b)3no, ifn=0,1, and
0

y©,....,00=1, ym=0 ionj<n, (213)

have a unique solution which is given by

' m

ym) = / [TQn0xdu), (214)
j=1

where  is an orthogonality measure for the polynomials {Q(x)} in (1.2).

From combinatorial point of view, sometimes it is easier to establish a different kind of difference
equations from (2.6). Since p1(x) = Aox+ Bo and pp+1(x) = [Anx + Bplpn(x) — Chpn—1(x), we have

Ao Ao
Ajip1(X)pn; (A jx) = A—pnj+1(ij) + (ijo - A—an)pn,-(/\ﬂ)
nj nj

+ = Coy Py -1 (). (2.15)
An
Substituting in (2.4) yields
Ao Ag Bn Ag Cu;
11,n) = 1*(n)+[30——— Im) + ——LI7(n). (2.16)
AjAn; An; Aj Anj Aj

Subtracting (2.16) from itself with j replaced by k, we obtain (2.6). For the Laguerre polynomials, g-
Charlier polynomials and g-Laguerre polynomials, we shall first establish combinatorially (2.16) before
passing to (2.6). Finally we have the following result.

Theorem 2.6. Let n = (nq,...,ny) withm > 1andny, ..., ny, > 0. Any sequence I(n) satisfying the system
(2.16) is uniquely determined by its special values at n = (1, ..., 1) and the symmetry with respect to the
indicesny, ..., ny.

Remark 2.7. Evaluating the special values of the linearization coefficients at n= (1, ..., 1) amounts to
computing the moments of the corresponding orthogonal polynomials, while the boundary condition
(2.13) is much easier to check and does not need the knowledge of the moments, though the latter
would be a source of inspiration for the linearization coefficients.

3. Linearization coefficients of Hermite and Charlier polynomials

In this section we consider the linearization coefficients of Hermite and Charlier polynomials. We
start with some combinatorial setup, which will also be used in the later sections.
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LTI o
1 2 3 45 6 7 8 T 2 3 45 6 7 8 18

Fig. 1. Diagrams of, from left to right, the matching M =14/26/37/58, the partition w =14/237/58/6 and the permutation
0 =83746251.

1 2 3 45 6 7 8 8

LT

Fig. 2. Diagrams of, from left to right, a partition in P(2, 3, 3) and permutation in D(2, 3, 3).

3.1. Combinatorial definitions

In the sequel, we denote by M, IT, and &, the set of perfect matchings, of partitions and of
permutations, respectively, of [n]:={1,2,...,n}. Recall that a perfect matching of [n] is just a set
partition of [n] the blocks of which have exactly two elements. It is often convenient to represent
pictorially set partitions and permutations of [n]. We first draw n elements on a line labeled 1,2,...,n
in increasing order. Then, the diagram of a partition of [n] is obtained by joining successive elements
of each block by arcs drawn in the upper half-plane. Here, we say that two elements i < j in the block
B are successive, or more precisely that j follows i, if there is no element p € B such thati < p < j.
We denote by (i, j) the arc whose extremities are i and j. The diagram of a permutation o € & is
obtained by drawing an arc i — o (i) above (resp. under) the line if i < o (i) (resp. i > o (i)). Arcs are
always drawn in a way such that any two arcs cross at most once.

In what follows, we fix an m-tuple of nonnegative integers n = (ny,...,ny) such that n =nq +
.-+ +npy and partition the n balls {1,...,n} into m boxes Sq,..., Sy where Sj={n; +---+nj_1 +1,
s +---+njl,ng=0, for j=1,...,m. We denote by [n] the set {1,...,n} with underlying boxes
S1,...,Sm, and the corresponding sets of matching, partitions and permutations by

M(@m) := My, II(n):=1I, and &(n):=G,. (3.1)

A partition v of [n] is said to be inhomogeneous if each block of 7 contains at least two elements and
no two elements in the same block belong to the same box S; (1 <i < m). Similarly, a permutation o
of [n] is an inhomogeneous derangement if o (S;) N S; =@ for all i € [m]. We let IC(n) (resp. P(n) and
D(n)) denote the set of inhomogeneous perfect matchings (resp. partitions and derangements) of [n].
Note that a set partition (resp. permutation) is inhomogeneous if and only in its diagram, there is no
isolated vertex and no arc connecting two elements in the same box S; (1 < j <m). For instance, if
n = (2,3, 3), then in Fig. 1 the matching drawn is in C(n) while the partition and the permutation
are not in P(n) and D(n) (they have isolated points). Inhomogeneous objects are drawn in Fig. 2.

3.2. Hermite polynomials and inhomogeneous matchings

The Hermite polynomials {H;(x)};>0 can be defined by one of the following five equivalent con-
ditions:

(1) (Coefficients) Hy(x) = zogzkgn(—l)km(zx)nﬂk.

(2) (Generating function) >0 Hy (x);—"! = exp(2xt — t2).

(3) (Orthogonality relation) [ Hum () Hp ()% dx = 2" /T Sin -

(4) (Recurrence relation) 2xH,(x) = Hp1(x) 4+ 2nHp—1(x), with H_1(x) =0, Ho(x) = 1.
) (

(5) (Moments) pan+1 =0, hzp=1-3---2n—1)/2".

Let K(n) be the number of inhomogeneous perfect matchings of [n].
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Lemma 3.1. For k, j € [m] and k # j the numbers K (n) satisfy

K (m) — K;F (m) = ng K, (m) — ;K (m), (32)

and the boundary condition (2.11) with A; =1 for all j and AgC1 = A1.

Proof. Let r € [m] and set Ny =nj + --- + n,. For any i # r, the number of matchings in ;" (n) in
which N; +1 is matched with an element in S; is clearly n;K;” (n). This implies that for any r € [m],
we have

m
KFm)=>"nmKi ),
=

from which we immediately deduce (3.2). The boundary conditions in (2.11) are obviously satis-
fied. O

Theorem 3.2. The numbers K (n) have the following integral representation

e [
K(n) =2~ (mt-+mm)/2 / _]_[Hnj(x) dx. (3.3)
VT

Proof. When A =1 for all j, and
Ap=1, B, =0, Cp=n foralln,

by Lemma 3.1, the numbers K(n) satisfy (2.8) and (2.11). On the other hand, the corresponding or-
thogonal polynomials Hj(x) satisfy the recurrence relation

XHp(x) = Hpp1 () +nHy_1(x),  with H_1(x) =0, Ho(x) = 1. (3.4)

Hence, these are the normalized Hermite polynomials H,(x) =2~"/2 Hn(x/\/i) and their orthogonality
relation is

. . —x2/2
me(x)Hn(x)ﬁdx:n!émn. (3.5)
R
Therefore

—x2j2 m
K(n):/e ]‘[2 "2Hy (x//2) dx,

R

which is equal to (3.3). O

Note that the exponential formula (see [30, Corollary 5.1.6]) implies that

1 NMm
> I((n)%~--i‘_exp<2x,x]> (3.6)

ni,..., nm >0 i<j

Hence (3.3) can also be proved from the generating function of Hermite polynomials.
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3.3. Charlier polynomials and inhomogeneous partitions
The Charlier polynomials C,g,“) (x) can be defined by one of the following five equivalent conditions:

(1) (Explicit formula) C\” (x) = Yp_o (1) ()k!(—a)"*.

(2) (Generating function) > o2 C,@ (x)‘;’—!" =e (14 w)*.

(3) (Orthogonality) f¢~ C\ )\ (x) dy @ (x) = a"n!dmn, where @ is the step function of which the
jumps at the points x=0,1, ... are @ (x) = e;ﬁ

(4) (Recursion relation) C;’z] xX)=x-—-n— a)C,ga) (x) — anC,g‘f1 (x).

(5) (Moments) un = ZZ:] S(n, k)ak, where S(n, k) are the Stirling numbers of the second kind.

The number of blocks of a set partition v is denoted by bl(sr). Consider the enumerative polyno-
mial of inhomogeneous partitions

Cmay= Y ™. (3.7)

mTeP(n)

Lemma 3.3. For k, j € [m] and k # j the polynomials C(n; a) satisfy
C/(m;a) — G (m;0) = (ng — ny)C(m; ) + amCy; (m; ) —an;C; (m; a), (38)

and the boundary condition (2.11) with A; =1 for all j and AgC1 = A1.
Proof. Let Nj =nj + ---+nj. The partitions of Pf (n) can be divided into three categories:

e N;+1 and one element of Sy form a block of two elements, the corresponding generating func-
tion is anyC, (n; a);

e Nj+ 1 and one element of S, belong to a block containing at least one another element, the
corresponding generating function is Znep(") (ny — nk,j(n))am(”), where ny j(7r) is the number
of blocks in 7 containing both elements of S and Sy (clearly ny j(7) =nj (7));

e Nj+ 1 is in a block without any element of S, let Ry j(n;a) be the corresponding generating
function.

Thus we have

Crmay= Y (m—mj(0))a”™ +anC; m;0) + Ry j(m; a). (3.9)
TeP(n)
Exchanging k and j in the latter identity and subtracting the resulting identity from the latter iden-
tity, we obtain (3.8) in view of the symmetry relation Ry j(n;a) = Rjy(n;a). This relation can be
easily proved, for instance by observing that a partition in ’Pj+ (n) can be seen as an inhomogeneous
partition of the union S{US;U---USy, with S; =[N;_1+1,N;]fori# jand S; =[Nj_1+1,N;JU{x}
where x is any object which is not in [n]. O

Remark 3.4. We can also argue as follows. Let n* = (ny,...,nj,1,nj4q,...,ny) with je[m]. It is
fairly easy to show that

C(n*;a) = Cf (n;a) +an;C; (m; a) +n;C(m; @). (3.10)

Subtracting the above identity from (3.10) with j =k yields immediately (3.8). We will use this argu-
ment for the Laguerre and Meixner polynomials in the next sections.

We can solve the system (3.8) by applying the method of separation of variables which naturally
leads to the Charlier polynomials.
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Theorem 3.5. The polynomials C(n; a) have the following integral representation

Cn;a) = / oy () -+ G () Y @ (). (311)
0

Proof. Clearly (2.8) reduces to (3.8) when A; =1 for all j, and
Ap=1, By, =-n-—a, Cp=an foralln>0.
From Lemma 3.3 and Theorem 2.3 we deduce (3.11). O

The above formula was first established by Zeng [34] using the generating function and the expo-
nential formula. A different proof was given by Gessel [15] using rook polynomials.

4. Linearization coefficients of Laguerre polynomials

The shifted factorials are

(@) =1, (@p=a@+1)---(a+n—-1), n>0. (4.1)
The Laguerre polynomials are defined by

n

@, (@+Dn (GO
b0 == gk!(a—i—l)kx’ (42)

and have the generating function

[o.¢]
—Xt
> L0t =1 —1)~@! exp(l—). (4.3)
n=0 -t
They satisfy the recurrence relation
M+ DL @ - @n+a+1-0LY ® + 0+l 0 =0, (4.4)
and the orthogonality
® o X ( ‘1)
X€ " @@ @+ Dn
——— Ly, X)L, (X)dx = ——— Smn. 4.5
[ e w k= D (45)
The moments are
l oo
=——— [ xX*Me*dx= (a + Dp. 46
K F(a+1)/ @+ Dn (46)
0

In this section we shall prove the results of Foata and Zeilberger [12] about the Laguerre poly-
nomials through our method of separation of variables. For w € &(n), we let Fix;m = (S;) N S; for
i € [m]. For an m-tuple A = (A1, ..., Ap), define

m

L(n;a, A) = Z (a+ 1)cyc(7'r) 1_[()\1' _ 1)\1-‘ix,-7-r\)¥lSi\F1x,'JTJ7 (4.7)
neS(n) i=1

where cyc(rr) is the number of cycles of m. By definition, for an inhomogeneous permutation

7 € D(n) we have |Fixjm| = 0. Hence, when A =1:=(1,...,1) the summands in (4.7) reduce to
(@ 4+ DY if 7 € D(n) and 0 otherwise. Thus, we have
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Lo, )= Y (@+ )Y, (4.8)
weDn)

Lemma 4.1. For j, k € [m] such that j # k the polynomials L(n; o, A) satisfy
ML (s, A) = AL7 (5 o, A)

=[@m+a+Drj— @nj+a + Drg]L@m; o, A)
+ (g + )AL, (m;a, A) —nj(n; +a)AkLJT(n; o, A). (4.9)

Proof. Let ng =19 =1 and n* = (nog,n1,...,ny) with So ={1*}. Then A;L(n*; &, A) is the generating
function of o € &(n*) such that o(1*) # 1* and the edge 1* — o (1*) is weighted by ;. We show
that

ML, A) =17 (M0, A) — (@ + DG — DLm; a, A)
+2njL(n;a,A)+nj(nj+a)Lj_(n;oz,A). (4.10)

To do so, we adjoin the element 1* to S;. Thus (o + 1)(Aj — 1)L(n; &, A) is the generating function
of o e GT(n) such that o (1*) = 1*. Hence, the difference

Lim;a, ) — (@+ 1) — DL a, 4)

is the generating function of o € G;r(n) such that o (1*) # 1*, moreover the edge 1* — o (1*) is
weighted by A; — 1 if 0(1%) € Sj and 1; otherwise. To compensate the over counting, we should add

e the generating function of o € G;r(n) such that o (1*) € S; and the edge 1* — o (1%) is weighted
by 1;

o the generating function of o € G;r(n) such that o~1(1*) € S; and the edge o~1(1*) — 1* is
weighted by 1.

For any o € G}L(n), we let a =0 (1*) and b = o ~1(1*). There are four cases to consider.

(1) ae Sjand b ¢ S;. We can construct such a permutation o as follows: starting from a permutation
T € &(n) and choosing a point £ € S, we define o (x) = T(x) if x # 17, T71(), and o (1*) = ¢,
o (t71(£)) = 1* As the weight of the edge 1* — & is 1 and that of T~1(¢§) — 1* in o is equal to
that of 7-1(¢) — £ in 7, the weight of ¢ is equal to that of T, hence the generating function is
njL(n; a, A).

(2) a¢ Sj and b € S;. Similar to the above case, the generating function is njL(n; o, A).

(3) aeSjand b € Sj, but a#b. Starting from o € &(n*) we can define the permutation 7 on [n]\ {a}
by 7(j) =0 (j) for j#a,b and t(b) = o (a). Clearly cyc(c) = cyc(t). Inversely, starting from a
permutation t € Gj_(n) there are nj(nj — 1) choices for a and b. Thus, the corresponding gener-
ating function is n;(n; — 1)Lj’(n; o, A).

(4) a=b € Sj. The generating function is (o + 1)njL]T(n; o, A).

Summing up the above four cases we obtain (4.10). Now, substituting j by k in (4.10) yields
ML(n*; o, A) = LEm; a0, A) — (0 + DOy — DL(m; o, A)
+2mL(n; o, A) +n(ng + o)L, (n; o, A). (411)

Multiplying (4.10) and (4.11) by Ax and A, respectively, and then subtracting, we obtain the identity
(49). O
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We need to state some preliminary results before proving the main result of this section. Let A
and B be two disjoint sets of cardinality m and n, respectively. An injection f from A to AU B can
be depicted by a graph on A U B such that there is an edge x — y if and only if f(x) = y. Hence the
connected components of the graph consists of cycles, i.e., x — f(x) — --- — fl(x) with fi(x) € A and
fl(x) = x and paths, ie, x> f(x) > --- = fl(x) with f!(x) € B. Let cyc(f) be the number of cycles
of f. Then, Foata and Strehl [13] proved

> BYD) = (B +n)m. (412)

f:A— AUB injection
Theorem 4.2. The polynomials L(n; e, A) have the following integral representation

nyl---ngy!

Lo, A) = (-1 ny+--+im
(e ) = O
0

m
e [TLir (njo dx. (4.13)
j=1

Moreover, this formula is equivalent to the special A =1 case.

Remark 4.3. Let us first explain what we mean by the equivalence of (4.13) and its special A =1
case. We first prove that the definition (4.7) implies that L(n; oz, A) is given by the integral (4.13). By
taking A =1 in (4.13), the formula reduces to the special A =1 case. The point is that we shall prove
that knowing the equality in (4.13) for A =1 proves that the two sides of (4.13) are equal via the use
of the well-known formula [17, Theorem 4.6.5]:

n

L) =@+Dn Yy

k=0

The formula (4.13) was first proved by Even and Gillis [11] for « =0 and A = 1. Foata and Zeil-
berger [12] proved the general case of (4.13) by introducing the cycles.

Ck (1- C)n_k

AN 4 )}
=kl Dk & (414)

Proof. Clearly (2.8) reduces to (4.9) when A, =1, and
Ap=1, Bh=—-C2n+aoa+1), Ch=n(n+a)

for all n. That is, the orthogonal polynomials are the normalized Laguerre polynomials p,(x) =
(—1)"n!L,(.,°‘> (x), which satisfy the three-term recurrence relation

Xpn(X) = pnp1(X) + Cn+ o + Dpp(x) +n(n 4+ ) pp—1(x), (4.15)

and the orthogonal relation

xYe ¥
/ mpn(x)pm(x) dx=n!(ot + 1)ndmn.
0

From Lemma 4.1 and Theorem 2.3 we deduce (4.13) when A, = 1. To recover the general A, # 1
case, we can proceed as follows: let E be a subset of S; with cardinality n, — k, we consider the
permutations 7w of &(n) such that Fix, (;r) = E. Any such a permutation corresponds to a pair (o, 7)
such that o is the restriction of 77 on E, which is an injection from E to Sy, and 7 is a permutation
on S{U-+-USpu_1U(Sm \ E) defined by t(x) =m(x) if m(x) ¢ E and 7(x) = 7!(x) where [ is the
minimum integer such that 7!(x) ¢ E. Clearly, the correspondence 7 — (o, T) is a bijection and the
generating function of such permutations is

@+ 1+k),—kOm — D™k L(nk; o, A7),

where nj;, = (n1,...,nm—1,k) and A* = (A1,..., Am—1,1). Applying the result for i, =1 case we
obtain
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L(n; o, A)

= Z ( )(a + 1+ Kk — D™ KK L(n s o, A7)

k=0
xee—x Ml M1+ k) k(1 — dm) koK
_H( 1)%n;! /r( 5 | ]_[ Lo L ’;<v m) m 1 (x) dx.
k=0 ’

Now, invoking the known formula (4.14), we deduce (4.13).

It remains to show the special A =1 case of (4.13) implies (4.13) for general A. As in the above
argument, instead of operating within the last box, applying the same operation to all the boxes and
using (4.13) for A =1 we obtain

Lo, A) = Z ]_[( )(oc+1+kj)nj Ky — 1M "u Lk; o, 1)

:/ F(a—i—l)(n( Don;!
R

Thus, the general formula (4.13) follows by applying the multiplication formula (4.14). O

. Ani—kiyk
nj (x+1 +k)nj7k(l - }‘J)nj )\] L(a)(X)
k=0 (nj B k)!

Remark 4.4. The analogue of (4.13) for Hermite polynomials [25, Proposition 5.1] reads

o=+ +nm)/2/ l_[Hnj()\]X)dx— Z 1_[ hom (ﬂ)k‘sl 2hom; (7r) (4.16)

TeMm)i=1

where hom;(;r) denotes the number of homogeneous edges in S; for 1 <i <m. When A; =1, the
right-hand side of (4.16) reduces obviously to the number of inhomogeneous matchings of [n], so the
formula (4.16) becomes (3.3). As the analogue of (4.14) for Hermite polynomials [17, (4.6.33)] is

Hy(cx) = L%Z:J'(41)1<(1 — )" H, (%) (417)
nc Kin—2ky o )€ n=2k '

a similar proof of (4.16) from (3.3) using (4.17) can be given. We leave this to the interested reader.

5. Linearization coefficients of Meixner polynomials

The Meixner polynomials are [17,27]

Mn(x; B, ¢) = (B)n2F1(—n, =x; ;1 —1/0), (5.1)

and satisfy the orthogonality relation

(ﬂ)x & (B)nn!
_c”(l )58,,1,1, B>00<c<l. (5.2)

ZMm(x B, OMn(x; B, ©)

x=0
The Meixner polynomials generalize the Laguerre polynomials in the sense

lirr% Myu(x/(1 = c); 4+ 1,¢) =nlLy (x).
c—

They have the generating function

Ml .0 = (1= £/ (1 =), (53)

n=0
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The notation here is slightly different from [17, Chapter 6]. The three-term recurrence relation is
—xMn(x; B,¢) = c(1 =) "Mps1(x; B, ) — [c(B +1) +n](1 = )" Ma(x; B, )
+(1 =07 (B+n—DnMp_1(x; B, 0). (5.4)

The moments are, see [28,32,35],

(ﬂ)l Z S, Cwex(n),chc(n)
pn(B, €)= (1 =) Y ek = = =22 T , (5.5)
k=0 ’
where wex(sr) is the number of weak excedances of m, i.e.,
wex(m) = |{i|1<i<nandi< 7@} (5.6)

Let m be a permutation of [n]. We say that 7 has an excedance (resp. box-excedance) at i € [n]
if i <m() (resp. i € Sy, w(i) € S; and j > k). Denote by exc(w) (resp. excp(w)) the number
of excedances (resp. box-excedances) of m. Clearly, if m is an inhomogeneous derangement, then
exc(mr) = excy (7). Consider the generating function of the derangements with respect to the numbers
of cycles and (box-)excedances:

M@n; B, ¢c) = Z Igcyc(ﬂ)cexc(n). (5.7)

meD(n)
Lemma 5.1. For any k, j € [m] such that k # j we have

M} (n: B.c) — M (m: B.c) = (c + 1)(me —n)M(m; B,0) + cne( + B — DMy (m; B.0)
—cnj(nj+ B —HM; (n; B, c), (5.8)

and the boundary condition (2.11) with A j =1 for all j and AgCy = A1.

Proof. Let j e [m] and set n* = (nq,...,nj,1,nj41,...,Ny). We first show that
M(n*; B,¢) = M| (m; B, ¢) +nj(c+ DM@m; B, c) +njnj +  — DM} (m; B, ). (5.9)

Let u=n;+---+n; +1 and for each w € D(n*), let a:=7(u) and b := =1 (u). We partition the
derangements in D(n*) into five categories:

(1) a¢ Sj and b ¢ S;. These derangements can be easily identified with the derangements in D}“(n),
so the corresponding enumerative polynomial is M;T (n; B, ).

(2) a¢ Sjand b € S;. Define the derangement 7’ on [n*]\ {u} by 7' (j) =7 (j) for j#b and 7' (b) =
a. Clearly cyc(m’) = cyc(r) and exc(rt’) = exc(mw) — 1. Conversely, starting with any derangement
7’ of [n*]\ {u}, we can recover a derangement 7 € D(n*) by choosing any element in S; as b
and breaking the arrow b — 7/(b) into b — u and u — 7/(b), so the corresponding enumerative
polynomial is cnjM(n; B, ¢).

(3)aeS; and b ¢ S;. Define the derangement m’ on [n*]\ {u} by 7'(j) =7 (j) for j#b and
7'(b) = a. Clearly cyc(r’) = cyc(r) and exc(w’) = exc(rr). As in the case (2), the corresponding
enumerative polynomial is njM(n; B, c).

(4) a=b and a € S;. The corresponding enumerative polynomial is C,anMj_ (n; B,0).

(5) aeSj, beSj, and a# b. Define the derangement 7’ on [n*]\ {a, u} by 7'(j) =7 (j) for j#b
and 7/ (b) = 7 (a). Clearly cyc(r’) = cyc(r) and exc(w’) = exc(;r) — 1. Conversely, starting with a
derangement on [n*]\ {u, a}, we can reverse this process by choosing any element in S; \ {a} as
b. As there are nj(nj — 1) ways to choose two different elements a and b in S, the corresponding
enumerative polynomial is cnj(nj — l)Mj_ (n; B, ).
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Summarizing the above five cases leads to (5.9). Specializing (5.9) at j =k and then subtracting the
resulted equation from (5.9) ends the proof. O

Theorem 5.2. We have

M(n; B.c7) = (=) (1 — ) Y [ M (x: B, c)cxiﬂ. (5.10)

x=0 j=1

Proof. When A; =1 for all j, and
Ap=1-1/c, B, =pB+n+n/c, Ch=n(B+n—-1)/c foralln=>0,

by Lemma 5.1, the polynomials (—1)™* " M(n; 8, c~1) satisfy (2.8) and (2.11). Theorem 2.3 implies
then (510). O

This formula was first given by Askey and Ismail [4] when 8 =1, and by Zeng [34] for general S.
6. Linearization coefficients of Meixner-Pollaczek polynomials

The Meixner-Pollaczek polynomials P, (x) := Pn(x; 8, ) can be defined by [9,27],

oo
t" — t

,; Pp(x; 8, n)a =[1+80)% +¢%] n/2 exp[xarctan(1 " 8t>]' (6.1)
They satisfy the recurrence relation:

Pri1(x:8,1) = (x = (6 +2m)n) Pa(x; 8, 1) —n(n +n — 1)(1 4 82) Pp_q(x; 8, 7). (6.2)
The orthogonality relation is

i | PP OWE dx = (57 + 1) 0L, (63)

Jr W) dx

R

where w(x) = x(x; §, ) is given by

r ( n+ 1x>
2
Recall that a permutation 7 of [n] has a drop (resp. box-drop) at i € [n] if i > (i) (resp. i € Sk,

7 (i) € Sj and j < k). Denote by drop(sr) (resp. dropy (7)) the number of drops (resp. box-drops) of 7.
The moments of Meixner-Pollaczek polynomials [35] are

2

w(x;8,n) = [1"(7}/2)]72 exp(—xarctans).

1
5, - - X'W(x)dx = S+ drop(o) S — exc(o) cyc(a)’ 6.4
a(6,1) wa(x)dX/ Wde= 3 (4P — ey (64)
R oeG,
where 12 = —1.
Consider the enumerative polynomial of the inhomogeneous derangements
Pm;s,m= Y  (8+1)P(§— TV, (6.5)
weDn)

Lemma 6.1. For any k, j € [m] such that k # j we have
PF(m;8,m) — Py (m;8, 1) = 28(n — nj) P(m; 8, 1) + m(ng + 0 — 1)(8% + 1) Py (m58, 1)
—nj(nj+n—1)(8%+1)P; (m;8,m), (6:6)
and the boundary condition (2.11) with A; =1 for all j and AgC1 = A1.
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Proof. For j € [m] let n* = (ny,...,nj,1,nj41,...,ny). Following the proof of Lemma 5.1 we obtain

P(n*;8,n) = P}’(n; 8,1 +2n;8P(m; 8, 1) + (82 + 1)nj(nj+1n — DP; (n;8,1). (6.7)

Subtracting the last equation from (6.7) with j =k yields (6.6). O
By the method of separation of variables we can solve (6.6) and obtain the following result.

Theorem 6.2. We have

P(n;8,n) = Py, (x)w(x) dx. (6.8)
1

1 / e
wa(x)de j

Proof. Clearly (2.8) reduces to (6.6) when A; =1 for all j, and
An=1, Bp=—-@+2mn, Co=n(n+n-1)(1+8%) foralln>0.

From Lemma 6.1 and Theorem 2.3 we deduce (6.8). O

This formula was first given by Zeng [35], and later generalized by Kim and Zeng [24].
7. Linearization coefficients of g-Hermite polynomials

The continuous g-Hermite polynomials H,(x | q) are generated by
Ho(x|q):=1,  Hi(x|@)=2x,  2XHn(x|q) =Hnp1(x| @)+ (1 —q")Hn-1(x | q),
n>o0, (7.1)

and have the orthogonal relation

b/

/Hn(COﬂ9 | @)Hm(cos 6 | q)v(cosb | q) d6 = (q; nbmn. (7.2)
0

where
v(cos6 | q) = %(em, e ¥%:q) ..

2
If we rescale the g-Hermite polynomials by

- 1
Hn(xlq)=Hn<5aX‘q>/a”, a=1-gq,
then (7.1) reads

XHn(x | q) = Hnp1(x | @) + [nlgHn—1(x | ),

and the orthogonality relation (7.2) becomes

2/V1=q
Ho(x | ) Hn (x| @)V (x | q) dx = nlgSmn. (7.3)
~2/y1=q
Here nlq = (q; @)n/(1 — )" and
- 1- s q) oo =
b |q) = 1 9@ [T+ =20 —)d +¢*}. (7.4)

V1= —q)x2/44m |,
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£ — 1 crossings £ — 1 crossings
—_— —_—
u u+1 u+ £ u— £ u—1 u
(a) the blocks S; and ;11 in K (n) (b) the blocks S; and Sj41 in Kf,,(n)

Fig. 3. Crossings in an inhomogeneous perfect matching.

Given a perfect matching M (or more generally, a set partition), a pair of arcs (e1, e2) of M is said
to cross if e = (i, j), ea = (k,£), and i < k < j < £. The number of arc crossings in M is denoted by
cr(M). For instance, if M is the matching drawn in Fig. 1, we have cr(M) = 5. Let

Kmlgp= > q"™. (7.5)
MeK(n)
For any nonnegative integer n we set

‘l_ n
1_qq =14+q+---+qg" " (7.6)

[n]q:=

Lemma 7.1. For k, j € [m] and k # j the polynomials K (n | q) satisfy

Ki@m|q) — K/ @®|q) =gk, |q) —[nj1qK; | q), (7.7)
and the boundary condition (2.11) with A; =1 for all j and AgC1 = A1.

Proof. Let u =nj + --- +n; + 1. The matchings in K],*(n) (resp. ICJ.++1(n)) can be divided into two
categories:

o the integer u € S; (resp, u € Sj1) is matched with the £th element u + £ in Sj;¢ (resp. u —¢
in §;), from left (resp. right), with £ € [nj;1] (resp. £ € [n;]), then the corresponding arc crosses
each of the ¢ — 1 arcs of which one vertex is u +t (resp. u —t) with 1 <t < ¢ — 1. An illustration
is given in Fig. 3(a) (resp. Fig. 3(b)). Hence the generating function of such matchings is

(I+q+-- 4+ K mlg) (resp. (1+q+--+q¥ Ky m|q);
o the integer u is matched with an element not in S; U Sjq, let Ry(n|q) be the generating poly-

nomial of such matchings.

It follows that K;r(n lq) = [nHl]qujr](n |q) + Ry(n|q) and K}"H(n lq) = [nj]ql(j_(n |q) + Ry(n|q).
By subtraction we obtain (7.7) for adjacent k and j. The general case follows from the simple identity
U —uj= Zf-‘:_jl (uj+1 — u;) for any integers j and k such that j<k. O

Theorem 7.2. We have

Kn|g) = / 7001 ) [ | Finy (x| @) dx. (78)

R =1

Proof. Clearly (2.8) reduces to (7.7) when Aj =1 for all j, By =0, C, = [k]q for all k, and A is a
constant independent of k. From Lemma 7.1 and Theorem 2.3 we deduce (7.8). O

Remark 7.3. The representation (7.8) is due to Ismail, Stanton and Viennot [18]. Three different proofs
were later given in [2,10,26]. As we can see, the new proof of (7.8) given above parallels our proof in
the case g=1.
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Note that K(n|0) is the number of perfect inhomogeneous matchings of [n] without crossings
and Hp(x|0) is the n-th Chebyshev polynomial of the second kind U,(x). Hence, letting ¢ = 0 in
Theorem 7.2 we obtain the following result, due to de Sainte-Catherine and Viennot [8].

Corollary 7.4. The number of perfect inhomogeneous matchings of [n] without crossings is given by
5 1
K(n|0) = = / Uny ) Un (0)(1 = 22) 2 dix. (7.9)
-1

Another generalization of the above corollary was given by Kim and Zeng [25].
8. Linearization coefficients of g-Charlier and g-Laguerre polynomials
8.1. Al-Salam-Chihara polynomials

Since our g-Charlier and g-Laguerre polynomials are two rescaled special Al-Salam-Chihara poly-
nomials, we first recall the definition of these polynomials. The Al-Salam-Chihara polynomials
Qn(X) := Qu(x; t1,t2 | @) may be defined by the recurrence relation [27, Chapter 3]:

{QO(X)=1, Q_1(x)=0
Q1 (®) = (2x — (t1 +12)4") Qu(x) — (1 — ¢") (1 — t1124" ") Qu—1(x), n>0.

Let Qn(x) =2"pn(x) then

(8.1)

1 n 1 n n—1
XPn (0 = Pn1(X) + 5 (01 +£2)4"pa(0) + ;1(1 —q")(1 = t1t29" ") pn_r1 (). (8.2)

They also have the following explicit expressions:

(t1t2: q) notu, tqu!
Qn(X;t1,t2IQ)=¥3¢2<q 15 ‘qq>

n
t t1t2, 0
N tou~l _
= (t1u; Qput~ 2¢1< -1 7,111 1 ‘q;t11qu

— (g1 n gtiu |1
=(tu':q),u 2¢1<t2—1q7n+1u ’q, ty qu )
where x = or x=cosf if u=e'?,

The Al-Salam-Chihara polynomials have the following generating function

utu~!
2

(t1t, t2t; Qoo
(q; q)n T (te?, e )0

G(t,x) = ZQn(X t1,t21q)

n=0
They are orthogonal with respect to the linear functional £:

e

1 Jtit ’eZl —219’
L(x") = —/cos”& @ tit2 Doc do, (8.3)
2 (tre'?, t1e~19 tret?  tre~1?; @)oo
0

where x = cosf. Equivalently, the Al-Salam-Chihara polynomials Q;(x; t1,t2 | ) are orthogonal on
[—1, 1] with respect to the probability measure

@, ntz, q>oo l_[ 1—22x% — gk + g% dx
o [1—2xt1g% + £3g2K1[1 — 2xt2q* + 5421 V1 — 22

(8.4)
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As in [2,26], we shall consider the g-Charlier polynomials C,(x | q) := Cy(x,a,b,c | q) defined re-
cursively by

Cny1(x|q) = (x—c — b[nlg)Ca(x | @) — alnlgCa_1(x | q), (8.5)

where C_1(x|q) =0 and Cg(x | q) = 1. Comparing with (8.1) we see that this is a rescaled version of
the Al-Salam-Chihara polynomials:

n/2 — _
cn(x|q>=(—“ ) Qn<1 14 q(x—c— b ); b ,0|q>. (8.6)
1—q 2 a 1—q a(l—q)

We define uq(x) and v{(x) by

1-q, cd-q@+b b*+c2(1-q%+2(1-q)(bc—a)
ui(x) = X — X+ ,
2a a 2a(1 —q)
_1)l-qf b
vi(x) = 3 p (x c 1= q)' (8.7)

The moment functional for C,(x|q) is

i Doo 1 [1—
£y = LD 101

Av oo
5 /ﬂ [1—2u1(0q* +q*1f (x) dx
k=0

, 8.8
o1+ 2vimg"/ (VaT =) +¢% /a1 — q) /1 — vy (x)? 88

where

b
Ap=c4——+2 /2
1—¢q 1-q

As in [21], we shall consider the g-Laguerre polynomials L,(x | q) := L,(x,y | q) defined by the
recurrence:

Lip1(x1q) = (x — y[n+ 1lg — [nlg) La(x | ) — y[nloLn—1 (x| @), (8.9)

with the initial condition L_1(x|q) =0 and Lo(x | g) = 1. Hence these are the re-scaled Al-Salam-
Chihara polynomials:

Y7 \" @—Dx+y+1 1
l%ﬂ®=< Q s —=/Yq1q). (8.10)
' 1) YTy Y
One deduces then the explicit formula:
- kMg [ kge—n) kk71 j
_ n—k'*"* —n) .,n— - :
LaX|q) =) (1) E[k} g« "y H(x— (1-ya)Lilg). (8.11)
k=0 q j=0
Define uy(x) and vy (x) by
1—q)? 1-q1 241 -1 1
ux(x) = 1-9 X — -9 +y)x+ y , va(x) = q—x—i— i (8.12)
2y y 2y 2y 2y
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Then the moment functional in this case is

@, ¢P01—q
La(f) = T 24y
By
y /ﬁ [1—2u,(0q* +¢*1f ) dx
izo [1=2v2)g*/ /Y + g% /y101 = 2v2 (0T /Y + g2y /T — vy (02
(8.13)
where
2
By = %. (8.14)

For the combinatorial approach to the linearization coefficients, the g-Hermite and g-Charlier cases
were proved by first combining the combinatorial models for the polynomials and moments to obtain
a messy sum, and then using a killing involution to reduce it to some nicer models, [8,18,26]. How-
ever, this approach seems difficult to deal with the g-Laguerre case. So, a recursive approach based
on the symmetry is used in [21], but such a proof for the g-Charlier polynomials is new.

8.2. Linearization coefficients of q-Charlier polynomials

Recall that if 7t is a partition of [n], an arc crossing of m is a pair of arcs (eq,e;) such that
e1=(,j), ea=(k,£), and i <k < j < £. For instance, if 7 is the partition drawn in Fig. 1 (resp. in
Fig. 2), then cr(;r) =2 (resp. cr(;r) = 6). We let cr(;r) denote the number of arc crossings in 7.

For each partition 7 € [T, we define the weight

W) = @l (38 ger(m) | (8.15)

where bl(s), sg(;r) and tr(;r) are respectively the numbers of blocks, singletons and transients of 7.
Here, a singleton is just a block of size 1 and a transient is an element which is neither the least nor
the greatest element in a block of 7.

Consider the enumerative polynomial of inhomogeneous partitions

Fmlg):=Fmabclg)= Y w(m). (8.16)
T eP(n)

Note that by the general theory of orthogonal polynomials, the three-term recurrence relation
(8.5) and Proposition 4.1 in [22] imply that the linear functional £1 has the following combinatorial
interpretation:

Li(x) =) w). (8.17)

well,

To find the partial difference equations satisfied by F(n|q) we need the following key result.
Lemma 8.1. The polynomials F (n | q) are symmetric with respect to the permutation of indices nq, ..., np.
We postpone the proof of this crucial lemma to Section 11.

Lemma 8.2. For j € [m], the polynomials F (n | q) satisfy
Ff@m|q)=F(m*|q)—bnjleF®m|q) —anjleF; (g, (8.18)

wheren* = (1,n1,...,npy).
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Proof. By Lemma 8.1, we can suppose that j = 1. Hence, it suffices to check that

Y wr)=Ff m|q) +bmlFn|q) +alnilgFy (] q). (819)
T eP(n*)

where w(rr) = aP! ) prger(™) since sg(rr) =0 for any 7 € P(n).

Given a partition mw € P(n*), we denote by rq the integer i > 1 which is connected to 1 by an arc.
We classify the partitions in 7P(n*) into three categories according to the value of ry (The reader is
suggested to draw diagrams as we do in the proof of Lemma 7.1):

(a) r; > n1 + 1; such partitions are exactly the partitions in Pf (n), whence the enumerative polyno-
mial of such partitions is ]-T n|q).

(b) 2 <rqy <nj+1; then the arc (1,r) crosses with each of the r; — 2 arcs of which one vertex is
£ with 2 < £ <ry— 1. Suppose {1,r1} is a block of 7 (resp. is not a block of 7). Summing over
all r1 =2,3,...,n1 + 1, it is readily seen that the enumerative polynomial of such partitions is

Yt ag =2 Fr(n | q) =alnilg Fy (] q) (resp. Y712} bg"t 2 Fi(n | q) =blni1g F(n | q)).

Summing up the above three cases we obtain (8.19). O

The following result is due to Anshelevich [2] and a combinatorial proof was later given by Kim,
Stanton and Zeng [26].

Theorem 8.3. Form > 1 and nq, ..., ny, > 0, we have
Fm|q)=L1(Coy(x|q) - Crpy (X ] Q). (8.20)
Proof. For j,k € [m] and j # k we deduce from (8.18) that

Fimlq) — Ff @] q) = (klg — njlg) Fm | @) —alnjlgF; (m]q) +almlgF, m]q), (8.21)

and the boundary condition (2.11) with A; =1 for all j and AgC; = Aq. The result then follows by
applying Theorem 2.3. O

Remark 8.4. When q = 0, the polynomials C,(x | 0) are the so-called perturbed Chebyshev polynomials
of the second kind and F(n | 0) is the enumerative polynomial of inhomogeneous partitions of [n]
without any arc crossings.

Remark 8.5. In view of Lemmas 8.1, 8.2 and Theorem 2.6, we can also prove the above theorem by
checking (8.20) for the special n=1":=(1,...,1). As C1(x; q) = x — c, the latter identity reads

F(A™|g)=Li(x=0)m) m=1). (8.22)

By the binomial formula, this is equivalent to

m

Lk =% <r;:)ck}‘(lm_k lq). (8.23)

k=0

In view of the combinatorial interpretation of the moments (8.17) and the definition (8.16) the latter
identity is obvious if we enumerate the partitions ;r of [m] by the weight (8.15) and according to the
number of singletons.
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8.3. Linearization coefficients of q-Laguerre polynomials

For 0 € &, the number of crossings of o is defined by

a@)=Y #{jli<i<o()<o}+> #{i|i>i>0o()>0cd)}. (8.24)
i=1 i=1

Note that the linear functional £, has the following combinatorial interpretation [21]:

ﬁz(X"): Z yexc(a)qcr(a). (8.25)

oeG,

Consider the enumerative polynomial of inhomogeneous derangements

Im|q):=Imy|q= Y y*q". (8.26)
oe€D(n)

Lemma 8.6. The polynomials I(n; y | q) satisfy
ITmig -1 mlg
= (yq + D(lnklq — [njlg)I(m | @) — y[n,-]ﬁlj‘(n [q) + y[nklﬁlk‘(n [9), (8.27)
and the boundary condition (2.11) with A j =1 for all j and AgCq = A1.
Proof. It is proved in [21, Eq. (38)] that

IT@m|q)=1(n* |q) — (yq+ DinjlgI@m| q) - yIn; 215 (| g), (8.28)

where n* = (1,n1,...,nn). Replacing j by k in the above equation and then subtracting the resulting
equation from the above one we get (8.27). The boundary condition is obvious. O

The following result is due to Kasraoui, Stanton and Zeng [21].
Theorem 8.7. We have
In|q) = La(Ln; (X[q) -+ Lny (X[ Q). (8.29)

Proof. Clearly (2.8) reduces to (8.27) when A; =1 for all j, and

An=1,  Bp=—(yln+1lg+[nly). Co=gn);, n=0.

From Lemma 8.6 and Theorem 2.3 we deduce (8.29). O

Remark 8.8. In the above proof, we do not require the combinatorial interpretation of the moments
(8.25), which was needed in [21].

9. More integrals of orthogonal polynomials

In this section, for a sequence of orthogonal polynomials {p,(x)}, we shall consider integrals of
type

/X"O [[pn,®due), noeN, (9.1)

r =

and
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m
fX(X—1)-~~(><—no+l)]—[pnj(><)du(><), no eN, (9.2)
R j=1
where u is an orthogonal measure for {p,(x)}.
One important tool used in this work is MacMahon’s Master theorem, [29, vol. 1, pp. 93-98] and

its B-extension due to Foata-Zeilberger [12], which we now recall.

Let V; be the determinant det(s;; — x;a; j) (1 <1i, j <m). The MacMahon master theorem asserts

that the coefficient of x|'x5? - --x;™ in the expansion of V;! is equal to the coefficient of x|'x5? - - - x"

mn

m
[ [@ix1+ -+ aemxm)™. (9.3)
k=1

It will be convenient to restate this in a slightly different form. Let C(m) be the set of rearrange-
ments of the word 1" ...m", For any rearrangement

y=y1,1)...y(A,n)...y(m,1)...y(m,ny) € C(m),
we associate the weight

wy)=[[aiyip A<i<m 1<j<m).
ij

Then, the coefficient of x]'x3?---x,™ in (9.3) is equal to the sum of all the w(y) with y running
over all the elements in C(m). On the other hand, each sequence n = (ny, ..., ny) of positive integers

defines a unique mapping x from [n] to [m] given by x (j) =i if j € S;. For each permutation 7 €
S(n) we let
n
w() = [ [ax( -
j=1
Clearly, to each rearrangement y in C(m), there corresponds exactly n{!---n;! permutations 7 in

&(n) with the property that w(r) = w(y). Therefore, the coefficient of X'x}2---xp™ in (9.3) is also

equal to

1
ny!--- | Z w(r).

Mm' TeS(n)
The MacMahon Master theorem can now be restated as
n1 m
X, X
1 m _y—1
> TR > owm =V,

‘me&m)
The B-extension of the MacMahon Master theorem [12] reads as follows.

Theorem 9.1. We have

n Nm
X1 o Xm cyc(rr) _y—B
> o doB w(m) =V,F. (9.4)

‘reSm)

Now, we consider the determinant

1 —CX1 -+ —CX1 —CXq
—X3 1 cee —CXy  —CX2

Am 1= : : :
—Xm —Xm - 1 —CXm

—X0 —X0 s —X0 1-— X0



M.E.H. Ismail et al. / Journal of Combinatorial Theory, Series A 120 (2013) 561-599 585

The proof of the following determinant formula is left to the reader.

Lemma 9.2. Let a and b be any variables in a commutative ring. Then

X1 a --- a a
b X2

_ a¢n(b) — bgn(a)
. . . T a—>b ’
b b - X321 a
b b --- b x

where ¢p(x) = (X1 — X)(x2 — X)--- (X, — X). When a = b, the right side should be taken as the limit
en@(1+aX L ).

Applying the above lemma to Ap+1 we obtain

1
Ami1 = — n [c(14+x1) (A +xm) — (1 +cx1) -+ (1 + cxm) (1 — (1 = ©)x0) ] (9.5)
Therefore, denoting the elementary symmetric functions of the indeterminates x1, ..., xy by e1(x), ...,
em(x), we have
m m
Anpr=1=3 (c+-+Nep@ —xo [ [0 +cx)). (9.6)
k=2 j=1
Let
00 x m
A@ (g, m) = (_1)ZT:1 nj / x'o XTe 1_[ ni ‘L(“)(x) dx. (9.7)
’ Ta+1) 1 J
0

A main result of this section is the following theorem.

Theorem 9.3. The integrals {A® (ng, n)} have the generating function

1o
X X
> A
ng,...,nm =0 Mm:
m —a—1
= |:1—xol_[(l+xj)—ez(x)—263(x)—~~—(m—l)em(x):| . (9.8)
j=1
Moreover, we have the following combinatorial interpretation:
Amo,my= Y (a+ 1Y, (9.9)
7e&*(n)

where &*(n) is the set of permutations of So U - - - U Sy, such that all the elements in box j should not stay in
the original box after permutation for 1 < j < m and the objects in box 0 are not restricted.

Proof. We use (4.3) to see that
X

Z A(“)(no n)l_[_

no,....Nm =0 j=0
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] o0
CEE) H<1+Xf> o E"P(—"(l —Xo—Zxk/aHk))) dx

0 k
m m —o—1
—o— Xk
=[Ta+x)211—-x— ,
fla+x { : ;ka}

which reduces to the right-hand side of (9.8) after some simplification using the following identity,
which was proved in [6], see also [4, (2.8)],

m

1_[(1+f;[ Z 2 i|=1_EZ(X)_263(7‘)_"'_(m—l)em(x)- (9.10)

1+t

This proves (9.8). The rest of Theorem 9.3 follows from the g-MacMahon Master theorem and
(9.6). O

Remark 9.4. When o« =0, AQ(ng,n)/ng!n;!---ny! can be simply interpreted as follows: we have
boxes of sizes ng,ni,...,ny and box j contains n; indistinguishable elements and we arrange the
contents such that no object in box j stays in its original box when 1 < j <m with no restriction on
box number 0. The number of possible rearrangements is A© (ng, n)/ng!ny!- - - np!.

Corollary 9.5. We have

AQ@m, n,s) =mnls! Z (T) (n N ;_ m) (5 + Z h j). (9.11)

j=0
Proof. By (9.3) we have the generating function

M XD xS 1
> A@ (., 532 %0 _ -
m! n! s! [1 — X0 — X1X2 — X1X0 — X2X0 — X1X2X0]a+

m,n,s>0
Since
1 —X1 —X1
V=|-Xx 1 —Xy | =1—2X0 — X1X2 — X1X0 — X2X0 — X1X2X0
—Xo0 —Xo 1-— X0

by the MacMahon Master theorem, Theorem 9.1, we see that A (m,n, s) is given by the coefficient
of XI'x5xg in (x2 + x0)™ (x1 4 x0)" (X1 + X2 + X0)*, which is equal to the claimed expression. O

Motivated by the numbers A (ng, n) we consider the following generalized linearization coeffi-
cients of Meixner polynomials:

BP(ng.m) = (—UZT:l Mo (1 — ¢)f+o
X(ﬂ)x

xe(x—l) SX—=ng+1)

x=0

l'[MnJ (x: B. ). (912)

Theorem 9.6. The integrals {B) (ny, ..., nm)} have the generating function

nj mo -8
Z B® (ng, n)]—[ |: Zc(l— _1)ek(x) xol_[(l+x]/c)j| . (9.13)

ng,...,nm >0 j= O k= j=1
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Moreover, we have the following combinatorial interpretation:

BP g, my= Y pYcmexm, (9.14)

Te&*(n)

where G*(n) is the same as in Theorem 9.3.

Proof. We use (5.3) to see that

Z B(’B)(no n) ﬁ
no,...,Nm =0 N !
= Z(l +1- C)"O/C)XC (ﬁ;)x (1-0of H(l +xj/0% (1 +xj) %P
x>0 x! i
_ [I—[T=1(1 +xj) = (c+ (1 =oxo) [Tj=, (1 +xj/c)}—ﬁ
B 1—-c

This gives (9.13) after simplification.

Comparing with (9.6) we see that the 8 =1 case of (9.14) comes from the MacMahon Master
theorem associated with the matrix (a;;) with a;; =0, a;;j =1/c for j>1i and a;; =1 for j <i. The
general case follows from using the B-extension of MacMahon’s Master theorem. 0O

Remark 9.7. For the Charlier polynomials we have a similar result for the integral

COmo.my:=) x(x—1)-- (x—no+ 1)6;—"1 ]_[ Y (). (9.15)

X>0 : ],]
A straight computation shows that

n,

x m
Z c<a>(n n) :
no 'n1 nm!

= exp(ﬂ[Xo +X0e1(®) + (Xo + De2 (®) + - - + (X0 + Dem(®)]). (916)
We apply the exponential formula to see that
CPmpmy= Y a7, (917)
T eP*(ng,n)

where P*(ng, n) is the set of partitions of SoUS;U---USy, such that each block is either a singleton
of an element in So or inhomogeneous, i.e., no two elements of S; (0 < j <m) can be in the block.

It is clear that Theorem 9.3 is the limit ¢ — 1~ of Theorem 9.6. Similarly we have the following
analogue of Corollary 9.5.

Corollary 9.8. We have

BV (m,n,s) =min!s! Y ("j) (n . JS m) <s +2 - ]'>Cn72m+j.

>0

Corollary 9.9. We have

n

M=~ Z<Z>(ﬂ+k)n_k(—1)"Mk<x;ﬂ,c). (9.18)

PAY
-0 k=0
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Proof. Let x" = Z;'l:o c(n, k)M (x; B, c). Using the orthogonality (5.2) we obtain

(B &= c(n.k) (B)kk! '
x! ck

1 =0 X"Mi(x; B.0)

x>0

Comparing with (9.12) we see that the left side is equal to (—1)¥c"(1 — ¢)""B®¥ (k, n). It remains to
nk
compute B (k,n), which, by Theorem 9.6, is the coefficient of % in the expansion

1,k
[1—x(1+x1/0] " = > (ﬁ?"xg(l +x/0)"= Y n'(Bhn_ X1

! n—k! nk!'’
10 k>0

Hence B (k,n) = Zi(_ﬁk);!c*". This yields the desired result. O

Let ¢ be the linear functional defined by ¢(f (X)) = fR f(x)du(x). Then the integral (9.1) contains
the following four special cases:

(1) the evaluation of ¢(x") corresponds to the moments,

(2) the evaluation of go(]_ﬁ:1 Pn;(x)) corresponds to the orthogonality,

(3) the evaluation of ¢(x"pk(x)) combined with the orthogonality corresponds to the coefficient ¢, i
in the expansion x" = Y "}_, Cn.kPk(X),

(4) the evaluation of go(]_[']n:] Pn; (X)) corresponds to the linearization coefficients.

Since Agx = p1(x) — Bg, we have

no

N
(Agx)™ = ; ( | )(—Bo>”*’p1 ®!, noeN.
Therefore,
m no m
¢ ((on)“o [ [P, (x)) =y <”l°> (—Bo)™ g (m @' T pwy (x)) : (919)
j=1 =0 j=1

We can deduce the combinatorial interpretations of the integrals (9.19) for the orthogonal Sheffer
polynomials and the three g-analogues from the combinatorial interpretation of the corresponding
linearization coefficients.

For example, as Hi(x) = 2x, it follows from Theorem 3.2 that

2 m
e—X
= (o4 i) /2 / Nk [T Ha, 0 dx (9:20)
R =1

is the number of perfect inhomogeneous matchings in K(n) with
n=~>1,...,1,nq,ny,...,Ny).
———
no
For the Laguerre polynomials we have x = —L%O‘) x)+oa+1,so

o0

xte=x L @)
/-F(Ol—-i-l)x 0l_[(—l) injlly;” (x)dx
0 j=1
no 1o 00 Ao | m
= 1 no—I _c - _L(Ol) —1)"i 'L(a) ) 21
’Xg<1>(a+ ) /F(ot+1)( 1) ]Hl( )njlly;” (x) dx (9.21)
= J .
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We can easily recover the combinatorial interpretation (9.9) in Theorem 9.3 from the above equation
and (4.13).
For the Meixner polynomials we have %x =pB—Mi(x; B,¢), so

BB (ng,m) =c7™ (1 — )10y "X —Cxi’?)" [TD"Myx; 8.0)
x=0 j=1
e (10 gny— o X (B)x !
= (l")ﬁ -0 Y — T (=Mt ,0))
=0 x=0
< [ J(=1" Mp; (x: 8. 0). (9.22)
j=1

Using Theorem 5.2, we see the following combinatorial interpretation

B(ﬁ)(n()’n): Z ﬁcyc(ﬂ)c—exc(ﬂ)—exco(ﬂ), (9.23)

meS*(n)

where G*(n) is the same as in Theorem 9.3 and excq(77) is the number of excedances of two elements
in So, i.e., exco(mm) = |{i € So: (i) € Sp and m (i) > i}|.

10. Laguerre and Meixner polynomials revisited

Recall [17, p. 100] that the Hermite polynomials can be viewed as special Laguerre polynomials
since

£1/2
Hont1/241/2(%) = (— 122 /A2 LY )(Xz)'

Therefore the integral in (3.3) is a special case of the integral

Wi (m;a, f;m,n)

_ (_])Z{:1 mi+ i

j k
m+a ,—x 7 (@) B
@D O/x e |:il_!m,!Lmi (x):| D}nrnm (x)i| dx, (10.1)

where m= (my,my,...,mj) and n= (ny,na, ..., ng).
In this section we study the combinatorics of the integrals of the type in (10.1) and their discrete
analogues which result by replacing the Laguerre polynomials by Meixner polynomials.

Theorem 10.1. Let e;(x),i =0, 1, ..., j +k, be the ith elementary symmetric polynomial of x1, ..., Xjk. The
integrals {W j . (m; o, B; m, n)} have the generating function

mj  nq Ny
Xm Xm1 ‘J X'Jr‘l X'+k
D Wik(mie prmm) 0l o L TR
m.m; >0 m:myq! mj: nyp: Ny
k jt+k jt+k —a—1
=[] +x0*7 [1 —xo[Ja+x) -3 - 1)81(?‘)} : (102)
r=1 i=1 =2
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Proof. Apply the generating function (4.3) to see that the left-hand side of (10.2) is given by

o0 o jtk
1+x)~ 2 1TTa /X— - d
]_[( +xi) ]_[( +Xjgr) P FaTD P X+XXO+Z +X1 X
0

i=1

J k j+k X —a—1
_ a1 VB e
=[Ja+x [T +xi0) [1 Xo— ) : +XJ ) (10.3)

i=1 r=1

This establishes (10.2) after some simplification using (9.10). O

Corollary 10.2. The numbers {Wj .(m; «, B; m, n)} are positive when @ > —1 and « — B is a nonnegative
integer.

Assuming that o — B is a positive integer N, we can give a combinatorial interpretation for
W (m; o, B;m,m). Let &} (n) be the set of (k+ 1)-tuples (=, f1,..., fi) such that

e 0 is an inhomogeneous permutation of S§US;U---US;U Sj?Jr1 U-.-uUS* ., where 5§ C Sp and

Jte
ijHgSHr forr=1,...,k.
. fr:5j+r\53‘?+r—>[N] is an injection for r=1,...,k.

From Theorems 9.3 and 10.1 we deduce the following combinatorial interpretation:

Wjk(m;a, p;m,n) = > (a + 1Y), (10.4)
(T frmes fiOES T ()

Motivated by the numbers W; . (m;«, 8;m,n) we consider the following generalized linearization
coefficients of Meixner polynomials:

j k
Yj(ms a, By cim,m) = (—1)Zim Mt Ermaire=m (g gyt

x Zx(x—l) (x—m—i—l)c (a)"

j k
x []‘[ M, (X; o, c)i| []‘[ M, (x; B, c)i|, (10.5)

i=1 r=1

where m = (mq,my,...,mj) and n=(ny,ny, ..., ng).

Theorem 10.3. The integrals Y j . (m; «, B; ¢; m, n) have the generating function
nr

k
1_[ ]+r
=1

TTl
2: . - o TN
Yj,k(m,a,ﬂ,c,m,n —‘l_lm—

m,m;,n; >0 i=1
k j+k 1—cl-l j+k —o
_ a8l _ - _ 4
_Ea + Xj4r) [1 ; a _Cil)e,(x) X0 Ea —|—xl/c)i| . (10.6)

Proof. Applying (5.3) to see that the left-hand side of (10.6) is

S (14 —oxo/e)* Ef,’) (1—c)

x>0
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i k
x [T +x/eA+x)7* TTA +xj40/0* A + x4 F
i=1 r=1
j k j+k -
., i _ 1+ x;/c
=(1-o0) i]](l + Xi) E(l + Xjir) ﬂ[l —(c+a _C)XO)E 14x } ‘

This establishes (10.6) after some simplification using (9.10). O

In the same vein, assuming that o — 8 is a positive integer N, Theorems 9.6 and 10.3 imply the
following combinatorial interpretation:

Yjr(m; o, B;c;m,m) = > QVelT) = exe(m) (10.7)
(T, 1,0 fIES K (M)

Note that Theorem 10.3 shows that the numbers Y; (m; &, 8; c; m, n) are positive when o — 8 is
a nonnegative integer.

11. Proof of Lemma 8.1: Symmetry of F(n | q)

Recall that n = (ny,...,ny) is a sequence of positive integers and n =ny + --- + ny,. Clearly we
need only to prove the invariance of F(n|q) for the two following permutations of the indices n;’s:
the transposition exchanging 1 and 2, and the cyclic permutation mapping i to i +1 (mod m) for
i=1,...,m. Moreover, since sg(rr) =0 and tr(;r) =n — 2bl(sr) for any partition 7 € P(n), we see
that Lemma 8.1 is equivalent to the following result.

Lemma 11.1. We have

Z abl(n)qcr(n) — Z abl(n)qcr(n)’ (] ]_1)
TEeP(n) TE€P(N2,n3,....Am,N1)

Z abl(n)qcr(n) — Z abl(n)qcr(n). (]]‘2)
TeP(n) TeP (n2,n1,N3...,1im)

For a positive integer k such that k < n, we introduce two sets of inhomogeneous partitions:
©Op =Pk, 1,...,1), ©.— P, ..., 1,k).
—— ——
n—k n—k

In other words, a partition 7 of [n] is in ®P, (resp. P,Ek)) if and only if it has no singleton and there
is no arc in 7 joining two elements in [1, k] (resp. [n — k + 1,n]). For instance, the two partitions
71 and 7, drawn at the top of Fig. 4 are in ®7P;3 and ’Pl(;‘). We first show that the following result
implies (11.1).

Proposition 11.2. For any positive integer k, there is a bijection @\ ©Pp, > P,Ek) such that for any w €
&P, we have

(I) fork <i < j, the pair (i, j) is an arc of 7 if and only if the pair (i — k, j — k) is an arc of @y, x(7);
(II) bl(®y k() =bl(w) and cr(Py, k(7)) = cr(m).

Indeed, assuming the existence of such a bijection @, with k=n1, as P(n) C )P, the prop-
erty (I) implies that @y ,, (P(n)) € P(ny,n3,...,ny,n1). Since the cardinality of P(n) is invariant by
permutations of the n;’s and @, , is bijective, we deduce that

Pn.ny (7’(")) =P(ny,n3,...,0n,N1),
and then (11.1) by applying the property (II).
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Fig. 4. The mappings @, k, Fnk, Gnk and ¥y k.

We now turn our attention to (11.2). Define the set of inhomogeneous partitions

PN Py ny 1., 1).
—_———
n—np—ny
In other words, a partition 7t of [n] is in ,5"1’"2) if and only if it has no singleton and there is no

arc connecting two integers in [1,n1] or in [ny + 1,n1 + ny]. For instance, the partitions 71 and 73
drawn in Fig. 6 are, respectively, in PS"D and 731(:'3) . Similarly, we deduce (11.2) from the following
result.

Proposition 11.3. There is a bijection ©\"""2) . p{M-12) _, pM2m) ¢y ch that for any 7w € P, we have

(I) for Ny <i < j, the pair (i, j) is an arc of 7 if and only if the pair (i, j) is an arc of @,5"""2)(71), where
Ny :=nq +ny;
(1) bI(OM ™ (7)) = bl(7r) and cr(O" "™ (7)) = cr (7).

Indeed, since P(m) € P"") | the property (I) of @™ implies that ©"""? (P(n)) € P(ny, n1,
ns,...,N,). This, combined with the fact that the cardinality of P(n) is invariant by permutations of
the ni’s and O™ is bijective, implies that

oM™ (Pm)) = Py, n1,n3, ..., ).

Eq. (11.2) then follows by applying the property (II) of @\""2.
The next two subsections are dedicated to the proof of Propositions 11.2 and 11.3.

11.1. Construction of the bijection @,

Given a partition 7 € I, an element i € [n] is said to be minimal (resp. maximal) if i is the
least (resp. largest) element of a block of 7. The set of the minimal (resp. maximal) elements in
7 will be denoted min(sr) (resp. max(s)). For example, for 7 =146/2/35, min(r) = {1, 2,3} and
max(w) = {2, 5, 6}. Note that min(;r) N max(7r) = sing(;r) where sing(;r) is for the set of singletons
of ;. Let S be a subset of X. The restriction of a partition w = {B1, B2, ..., Br} of X on S is the
partition {ByNS,B,NS,...,B, NS} of S.

The key idea for the definition of the mapping @, is some appropriate decomposition of parti-
tions in ®P, and PX. Let ® A, (resp. AX) be the set of 3-tuples (z, R, o) where

e T e€ll, y and o0 € G,
e sing(t) € R C min(t) (resp. sing(t) € R € max(t)) and |R|=k.

For instance, in Fig. 4, we have (71, 0,01) € @ A3 and (13, C, 02) € A%).
We first define two simpler mappings Fyj : P — A% and G, : ©®P, > ®A,.
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e For m € 77,5’(), set Fp ()= (t,C,0), where
- T is the restriction of 7w on [n —kJ;
- C is the set of elements in 7w which are connected to an element >n — k by an arc;
- By definition of ’P(k), we have |C| = k. Suppose C = {c; < ¢ <--- <k}, then o is the unique
permutation in & such that (c;,n—k+0o (1)), (co,n—k+0(2)), ..., (ck,n—k+ o (k)) are arcs
of .
e For T e (k)Pn, set Gpx(r) = (7, 0,0), where
- T € IT,_y is the partition obtained by subtracting k from each element in the restriction of 7
on [k+1,n];
- Let M be the set of elements in 7 which are connected to an element j < k by an arc. By
definition of P,ﬁk), we have |M| =k. Suppose M = {m; <mj < --- <my}, then O is obtained by

subtracting k from each element of M, i.e,, 0 ={my —k,my —k, ..., my —k};
- o is the unique permutation in & such that (o (1),mq), (6(2),my), ..., (o(k),my) are arcs
of .

The mappings Fpx and G are illustrated in Fig. 4.

Definition 11.4. Let 7 be a partition of a set S consisting of positive integers. The depth of an element
i in 7, denoted dp;(rr), is the number of arcs (a, b) in 7 satisfying a <i <b.

Definition 11.5. Let 0 =0 (1)0(2)--- o (n) be a permutation of [n]. A pair (i, j), 1 <i < j<n, is said
to be a non-inversion in o if o (i) < o (j). The number of non-inversions in o will be denoted ninv(o).

Some useful properties of F, x and G, are summarized in the following result.

Proposition 11.6. The mappings Fy i : P — AY and G, 1 : ©P, — ® A, are bijections. Moreover, for any
7 e PX, if Fax(m) = (z,C,0), then

bl(r) =bl(tr) and cr(w)=cr(r)+ ninv(o) + dei(t), (11.3)
ieC
and, for any w € O Py, if G, () = (1, 0, &), then
bl(r) =bl(t) and cr(w)=cr(r)+ ninv(o) + dei(t). (11.4)
i€e0

Proof. It is easy to see that Fj (resp. G, k) is a bijection by constructing its inverse (use Fig. 4).
Let S be a finite subset of positive integers. Clearly, if 7 is a partition of S, then each block B of
7 is represented by |B| — 1 arcs. This easily leads to the following result.

Fact 11.7. The number of blocks of a partition 1t of S is equal to |S| — (number of arcs in 7).

The first equation in (11.3) and (11.4) is just a consequence of the above fact. We now turn our
attention to the second equation in (11.3) and (11.4). Let 7 € 73,5"). Clearly, the arc crossings in the
partition 7 can be divided into three classes R1(;r), Ro(5r) and R3(sr) illustrated in Table 1.

They are defined formally as follows:

Ri(m) ={(i1, j1) 2. j2) e w | 1<y <ip < j1 < ja<n—k},
Ry(m) = {(i1, j1) (2, j2) e | 1<y <ip <n—k < j1 < jo},
<

R3(m) = {(i1, j)(i2. o) e |1<it <y < j1 <n—k < ja};
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Table 1
Sketch of crossings in L;(;r) and R; (7).
i Li(m) Ri()
1
1 k n 1 n—k n
2
1 k n 1 n—k n
1 k n 1 n—k n
3
— — 1—15
2 2—»3
1 /\—/\/ \o\ %~74>14
8§ —8
9 —11
Step | 1| 2| 3| 4| 5| 6| 7| 8| 9|10|11|12(13|14|15 12— 13
h; o 1] 2 1] 2 1 2 31213121

Fig. 5. The Motzkin path associated to the partition 7 =1415/23/56/71013/8/911/1214 and the mapping V.

and satisfy cr() = [R1(7w)|+|R2(r)|+|R3(r)|. Suppose F k() = (7, C, o). Then it is easily checked
that |R1(;)| = cr(7), |R2(w)| = ninv(o) and [R3(w)| = D ;. dp;(7) (see Fig. 4). This proves the sec-
ond equation in (11.3).

Similarly, let 7 € 7>,§">. The arc crossings of the partition 7 can be divided into three parts L (),
Ly(mr) and L3(7r) illustrated in Table 1, defined formally as follows:

Li() = {(i1. j1)(i2. j2) € |k < iy < iz < j1 < j2 <n},
Ly(m) = {(i1, j1)(i2. j2) e w | 1< iy <ip <k < j1 < j2 <n},
L3() = {(i1, j)(i2. j2) e w | 1< iy <k < i < j1 < j2<n},

and such that cr(w) = |[L1(w)| + [L2(7)| + |L3(T)|. Suppose G, i(w) = (r,0,0). Then it is easily
checked that |L1()| = cr(7), |L2(r)| = ninv(o) and |L3(w)| =Y ;.o dp;(T) (see Fig. 4). This proves
the second equation in (11.4). O

In view of Proposition 11.6, to prove Proposition 11.2, it suffices to prove the following result.

Proposition 11.8. For any partition 7, there is a bijection {¥» : min(;) + max () such that dp;(;r) =
dpy. i) (7T) for each i € min(rr) and Y (j) = j for j € sing(rr).

Proof. It is worth noting that such a bijection was already described in the literature (e.g., see Re-
mark 7.2 in [23]). For reader’s convenience we recall the construction of . The mapping ¥, can
be nicely illustrated using Motzkin paths. Recall that a Motzkin path of length n is a lattice path in
the plane of integer lattice Z2 from (0, 0) to (1, 0), consisting of NE-steps (1, 1), E-steps (1,0) and
SE-steps (1, —1), which never passes below the x-axis. The usual way to associate a set partition
to a Motzkin path works as follows: to a partition 7 of [n] we associate the Motzkin path M of
length n whose i-th step is NE if i € min(7r) \ sing(;r), SE if i € max(sr) \ sing(7r) and E otherwise. An
illustration of this correspondence is given in Fig. 5.
A basic property of the above correspondence is the following fact [22].

Fact 11.9. Suppose M is the Motzkin path associated to a partition 7 and let h; be the height of the i-th step
of M, i.e., the ordinate of its originate point. Then, dp; (i) = h; if the i-th step of M is NE and dp;(r) =h; — 1
if the i-th step of M is SE.
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We can now describe the mapping . We first set ¥, (j) = j for j € sing(sr). Suppose O(x) :=
min(r) \ sing(w) ={01 <02 <--- <0}, C(or) :=max(mw) \ sing(w) ={c1 <c2 <--- < ¢} and let M be
the Motzkin path associated to . Note that the NE (resp. SE) steps in M are exactly the steps indexed
by O(mr) (resp. C(;r)). We then pair the NE-steps with SE-steps in M two by two in the following
way. Suppose the i-th NE-step (i.e., the o0;-th step) of M is at height h. Then, if the first SE-step to
its right at height h + 1 is the j-th SE step (i.e., the cj-th step) in M, then we set ¥ (0;) =c;. An
illustration is given in Fig. 5. From the construction of ¥, and Fact 11.9 it is easy to see that y/; is
the desired bijection. O

For (7,0,0) € ®A,, we set ¥, (t,0,0) := (1, ¥ (0),0). Clearly ¥, is a mapping from ® A,

to Af.,k). An illustration is given in Fig. 4. From Proposition 11.8 we immediately deduce the following
result.

Proposition 11.10. The mapping ¥, : ¥ A, — A% is a bijection. Moreover, if (t,0,0) € ® A, and
(T, 0,0) =(t,C,0), then we have

D dpi(r) = _dpi(7).

ieC ie0
Finally, we define the mapping &  : ©p, — 73,2"’ by

B o= Fpp o Ynio G (11.5)

This mapping is illustrated in Fig. 4. Combining Propositions 11.6 and 11.10, we conclude that the
mapping &y, i satisfies the requirements of Proposition 11.2.

11.2. Construction of the bijection ®\"")

The key idea for the definition of the mapping @,5"1’"2) is some appropriate decomposition of
partitions in 73,5"1’”2) . We first introduce some further definitions. For any set K, let I7(K) be the set
of partitions of K.

Definition 11.11. For two positive integers r, s, we denote by P*(r,s) the set of all partitions 7w of
[r + s] such that there is no arc in 7w connecting two integers in [1,r] or in [r + 1,7 + s] but 7 can
have singletons. Thus, we have P(r,s) C P*(r,s).

Definition 11.12. Let A" be the set of 3-tuples ((z, A), (y, B), o) where

e T is a partition in P*(ny,ny) and A is a set satisfying sing(t) € A € max(7);
e y is a partition in [T([N2 4+ 1,n]) and B is a set satisfying sing(y) € B € min(y);
e the sets A and B have the same cardinality. If k= |A| = |B|, then o is in &y.

For instance, in Fig. 6, we have ((t1, A1), (y1,B1),01) € Aﬁ"b and ((t2, A2), (2, B2),02) € Aﬁ’”.

For 7 € P we set H™""™ () = (7, A), (v, B), &) where

e T is the restriction of 7w on [1, N3] and A is the set of elements < N, in m which are connected
to an element > N, by an arg;

e y is the restriction of m on [N; 4+ 1,n] and B is the set of elements > N, in 7 which are
connected to an element < N, by an arc;

e Suppose A={a; <ay <---<ag} and B={b; <by <--- < by}. Then, o is the (unique) permuta-
tion in & such that (aq, bs(1)), (@2,bs2)), ..., (@, b)) are arcs of 7.
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T =

2 3 £ 5 6 7T
Ay ={1,4,5,7

(3,4) =

H14 71

8 9 10 11 12 13 14
By = {9,10,11,13}

o1 =2413
(3,4) 3,4
O14 {Fh )
Ty =
1T 2 3 1 5 6 7
Ay ={1,3,5,7}
(4.3) 4y =

8 9 1 1 1 1 1
By = {9,10,11,13}

09 =2413

Fig. 6. The mappings H{""™?, ;") and @2,

Table 2

Sketchs of crossings in C; (7).
i Ci(m)
! 1 71 N2 n
5 PN

1 N2 n
3 1 N2 n
P N

4 1 N2 n
5 1 ni N2 n

Clearly, H""" is a mapping from P"""" to A" Two illustrations are given in Fig. 6.

Proposition 11.13. The mapping H"") ;. p{M-m2) . AMn2) s g piiection. Moreover, for any 7w € P,
if H{""™) (1) = (¢, A), (v, B), ) and k = | A|, then

(i) bl(zr) =bl(t) + bl(y) —k,
(i) cr(m) =cr(r) 4+ cr(y) +ninv(e) + >4 dp;(T) + 3 icp dP; ().

Proof. It is easy to see that H"""? establishes a bijection from P{"""™ to A™") by constructing
its inverse (use Fig. 6), and Property (i) is a direct consequence of Fact 11.7. Let € ’P,E"“"Z). The arc

crossings of the partition 7t can be divided into five parts C;j(r), 1 <i <5, illustrated in Table 2. They
are defined formally as follows:
C1(m) ={(i1, j1)(2. j2) e | 1 <y <z < 1 < j2 < N2},

Ca() = {(i1, j1) (i, j2) € T | Ny < iy <ip < j1 < ja <n},
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’

= P(a6) =
: 5 1 2 3 4 5 6 7 8 9 10

A={ 3, 5 6,7 8 10} {1, 4 6, 7,8 9 }=A

C3() = {(i1, jO)(i2. j2) €1 |
Ca(m) = {(i1. j1) (G2, j) €7 |
Cs() = {(i1, j1)(i2. j2) €71 |

n
n
n},

and satisfy cr(mw) = Z,‘-r;] |Ci(7T)|. Suppose H,ﬁ"l’"”(n) = ((tr,A), (y,B),0). It is easily checked (use
Fig. 6) that |C1 ()| = cr(7), |C2(m)| = cr(y), |C3(w)| = ninv(0), [C4()| = }_;p dp;(y) and |C5 ()| =
Y ica dp;(T). Altogether, this leads to Property (ii). O

)
}

’

—_ =

< <
<i1<Ny<izg<ji<j2<
< <

i1 <ip<ji1<Na<j

Let

R(n1,n) :={(mw, A): m € P*(ny,n2) and sing(rr) € A € max(m)}. (11.6)

For instance, the elements (;r, A) and (7r, A’) drawn in Fig. 7 are, respectively, in R(4, 6) and R(6, 4).
In view of Proposition 11.13, to prove Proposition 11.3, it suffices to demonstrate the following
result.

Proposition 11.14. There is a bijection Y, ny) : R(n1,n2) = R(n2,ny) such that, for (r, A) € R(ny, n2), if
Yiny.ny) (7T, A) = (7', A'), then

cr(n') = er(), |A’| = 1Al dei(n’) = dei(n). (11.7)

ieA’ icA
Proof. To any (7, A) € R(ny,ny) we associate an element (;z/, A’) in R(nz,n1) as follows:

e By definition of P*(nq,ny), the arcs of 7 are (i1, joc1)), (i2, jp2)s - - - (ks Jpck)) for some integers
k>0 1<ii1<izg<--<ipg<n,n+1<j;1<jz<-<jr <Nz and some permutation p €
GSk. We use i for the complement of i in [1, N3], i.e., i = Ny + 1 —i. Then, we define n’ as
the partition of [1, N2] which consists of the arcs (jr,ipe) for 1 <r <k. It is clear that 7’ €
‘P*(nz,nq). Moreover, we have cr(r’) = ninv(p) and cr(;r) = ninv(p) whence cr(z’) = cr(m).

e Since sing(;r) € A € max(w), we have A =sing(w) U B with B = {jy1) < je) < < jew) for

some increasing sequence (£(s))1gsgt. Suppose I := {i1,12,..., 0k} ={u; <up < -+ < ug}. We
then set A’ :=sing(n’) U B’ with B’ = {usa1) < ug@) < -+ < ug@p}. Clearly, we have sing(w’)
A’ Cmax(n) and |A'| = |A|. It is also easily checked that dy,, (") = dj,, () for s=1,2,....t

whence ) i p dp;(w") = ) ;. dp;(;r). Moreover, since sing(n’) = sing(rr) and d;(’) = di(7)
for i € sing(rr), we see that ) gng(r) dPi(T") = X icsing(r) dPi(77). Altogether, this implies that

D iea dpi () = 314 dp; (7).
Set Yy .ny) (T, A) = (7', A'). Then Yy, n,) is a well-defined map from R(nj,nz) to R(np,ny) and

satisfies (11.7). An illustration is given in Fig. 7. Besides, it is easy to see that the composition
Yny.ny) © Yy ,np) 1S the identity mapping. This proves that v, n,) is a bijection. O

For (7, A), (y, B),0) € A" we set

LM (0, A), (1. B). 0) = (Wyny) (T, A), (V. B), 0).

Clearly I;™" is a mapping from A" to AT2™) An illustration is given in Fig. 6. From Proposi-
tion 11.14 we deduce the following result.
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Proposition 11.15. The mapping I} : Al _, "2 js ¢ bijection. Moreover, if ((t, A), (v, B), o) €
Agm,nz) and 1“,,("""2)((7{, A), (y,B),0)=((t', A, (y, B), o), then we have

cr(t’) =cr(r), |A"] = 1Al dei(r’) = dei(‘[).

icA’ icA
Finally, we define the mapping @™ : p{m-n2) _, pz.ni) py

M) . (g~ o [mn) o g, (118)

An illustration is given in Fig. 6. Combining Propositions 11.13 and 11.15, we conclude that the map-
ping @r(l"""” satisfies the requirements of Proposition 11.3.
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