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The 3-uniform loose cycle, denoted by C2, is the hypergraph
with vertices vq,vy,...,Vvy; and n edges v{vaVs,V3V4Vs,...,
Van—1V2n V1. Similarly, the 3-uniform loose path ’P,-:’ is the hyper-
graph with vertices v1, vy, ..., Vop41 and n edges vV, V3, V3VaVs,
..., Van—1V2nVan+1. In 2006 Haxell et al. proved that the 2-color
Ramsey number of 3-uniform loose cycles on 2n vertices is asymp-
totically 52—" Their proof is based on the method of the Regularity
Lemma. Here, without using this method, we generalize their re-
sult by determining the exact values of 2-color Ramsey numbers
involving loose paths and cycles in 3-uniform hypergraphs. More
precisely, we prove that for every n >m > 3,

R(P3. Pn) = R(P7.Ch) = R(C7.Cp) +1

m+1
=2 -
ne | 5

and for every n > m > 3, R(P%,C,f) =2n+ L’”T’]J. This gives a
positive answer to a recent question of Gyarfas and Raeisi.
© 2013 Elsevier Inc. All rights reserved.

1. Introduction

For given k-uniform hypergraphs Hi, Ha, ..., H: the Ramsey number R(Hq,Haz, ..., H;) is the
smallest number N such that in every t-coloring of the edges of the complete k-uniform hypergraph
on N vertices, ’levv there is a monochromatic copy of #; in color i, for some 1 <i <t. A k-uniform
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loose cycle C’n< (shortly, a cycle of length n) is a hypergraph with the vertex set {vq, v2,..., Vpg—1)} and
with the set of n edges e; = {v1,va,..., v, }+({—1)(k—1),i=1,2,...,n, where we use mod n(k—1)
arithmetic and by adding a number t to a set H = {v1,Va,..., vy} we mean a shift, i.e., the set
which is obtained by adding ¢ to subscripts of each element of H. Similarly, a k-uniform loose path ’P,’f
(shortly, a path of length n) is a hypergraph with vertex set {v{, va,..., Vag—1)+1} and with the set of
n edges ej = {vi,Vva,..., Vg + (i —1)(k—1),i=1,2,...,n. For an edge e of a given loose path (also
a given loose cycle) K, the first vertex and the last vertex are denoted by v . and Vi ., respectively.
For k =2 we get the usual definitions of a cycle C;; and a path P, with n edges.

Determining the exact values of R(Py, Py;), R(Pp, Cm) and R(Cyp, Cy) are classical results; see [1,
6,5,8,16]. Also, the asymptotic value of R(Cy,, C;, C;) was obtained by Figaj and Luczak [7]. Moreover,
Gyarfas et al. [10] determined the value of R(P,, P, P,,) for sufficiently large n. For a survey, including
some results on the Ramsey numbers of paths and cycles, see [15].

There are few known results about the Ramsey numbers of hypergraphs. Recently, this topic has
received considerable attention. Haxell et al. [12] proved the following result on the Ramsey number
of 3-uniform loose cycles, using the Regularity Lemma.

Theorem 1.1. For all n > 0 there exists some ng = ng(n) such that for every n > ng, every 2-coloring of

3 ; ; 3
K5(1+n)n/2 contains a monochromatic copy of C;,.

Subsequently, Gyarfas, Sarkézy and Szemerédi [11] extended this result to k-uniform loose cycles
and proved that for any k > 3 and n > 0 there exists some ng =ng(n) such that every 2-coloring of
KK with N = (1+1)%(2k — 1)n contains a monochromatic copy of C¥, i.e., R(CK, CF) is asymptotically
equal to %(Zk — 1)n. All these proofs are based on the hypergraph regularity method. Recently, Gyar-

fas and Raeisi [9] determined the exact values of 2-color Ramsey numbers of two k-uniform loose
triangles and two k-uniform loose quadrangles. They also posed the following question.

Question 1.2. For every n > m > 3, is it true that

1
R(Pa.Pn) =R(Pa.Co) =R(C;.Ca) +1=2n+ {m: J?

In particular, is it true that

R(PE.P2)=R(C3.C3)+1= F’Z—"}

In connection with Question 1.2, it is known that for every n > [22], R(P3,P3) =2n+ [H |;
see [13]. In this article, we answer Question 1.2 positively. Our proof involves new ideas (though, it
modifies certain ideas from [13] at some points), and does not use the Regularity Lemma. Moreover,
we show that R(P3,C2)=2n+ 1] for any n > m > 3. Indeed, our results yield Theorem 1.1.

The loose paths and loose cycles are examples of hypergraphs with bounded maximum degree.
For this class of hypergraphs, it was conjectured that their Ramsey number is linear in terms of their
number of vertices. This conjecture has been established by several authors using the hypergraph
regularity method; see [3,4,14]. Recently, Conlon, Fox and Sudakov [2] proved this without using the
regularity method.

This paper is organized as follows. In Section 2, we state the principal results necessary to prove
the main results. In Section 3, we determine the exact value of the Ramsey number of loose cycles
in 3-uniform hypergraphs; this generalizes Theorem 1.1. In Section 4, we provide the exact value of
the Ramsey number of loose paths in 3-uniform hypergraphs, and finally, in Section 5, the Ramsey
number of a loose path and a loose cycle in 3-uniform hypergraphs is determined.

Note. It is shown in [9, Lemma 1] that (k — 1)n+ [ | is a lower bound for R(PX, Pk), R(Pk, Ck)
and R(C’,j,C,’1‘1)+1, when n >m > 2 and k > 3. Here we note that for any n > m and k > 3, R(P’,;,C,’]‘) >
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k—1n+ LmT_U. To prove this, consider a complete hypergraph whose vertex set is partitioned into
two parts A and B, where |A|=(k—1)n—1 and |B| = L’”%J. Color all edges that contain a vertex of
B red, and the rest blue. In this coloring, the longest red path has length at most m — 1 and there is
also no blue copy of C,’f. since such a copy should have (k — 1)n vertices. Our main aim in this article
is to prove that for k = 3 these lower bounds are sharp. Therefore, in this paper, to determine the
Ramsey numbers it suffices to verify that the known lower bounds are also upper bounds.

Throughout the paper, we denote by Heq and Hpye the induced 3-uniform sub-hypergraph of H
on the edges with color red and blue, respectively. Also, we denote by |#| and ||#]| the number of
vertices and edges of H, respectively.

2. Preliminaries

In this section, we present results that we will use in the follow up sections. We also recall some
results from [9].

Lemma 2.1. (See [9].) Letn >m >3 and k > 3 and let H = IC’(‘k DL | be 2-edge colored red and blue. If

CK C Heq, then either PX C Hyeq or PX S Hpye. Also, if C¥ C Hieq, then either PX € Hyeq or CK, € Hpue.
Theorem 2.2. (See [9].) For every k > 3,

(i) R(PK,P¥) =R(CK, Py =R, CH +1=3k—1;
(i) R(PX, PX) = R(CE, P¥)y =R(CK, CK) +1 =4k - 2.

Let P be a loose path and let W be a set of vertices with W NV (P) = . By a @y, v;,v,}-configu-
ration, we mean a copy of 73‘23 with edges {x, vi, vj} and {vj, v, ¥} so that the v/’s, where l € {i, j, k},
belong to two consecutive edges of P and {x, y} € W. The vertices x and y are called the end ver-
tices of this configuration. A @ws-configuration, with S € V(e;) U V (ej+1), is good if the last vertex of
ei+1 is not in S and it is bad, otherwise. Let H = ICf' be 2-edge colored red and blue. We say that
a red path P =eqey...e, of length n is maximal with respect to W C V(H) \ V(P) (in brief, maximal
w.r.t. W) if there are no vertices x and y in W so that for some 1 <i < n either there is a red path
P’ =ejey...ei_1e€’eiq...ep in H with vpr e =vp, if i=1 and Vp, f:V'pel if i=n, or a red
path P’ =eqe;...ej_qee’e’ e,+2 .ep in H with vpr e =vp ifi=1and Vpr e _V7>el+1 ifi=n—1,
such that V(P’) = V(P) U {x, y}. Clearly, if P is maximal w.r.t. W, then it is maximal w.r.t. every
W’ C W and also every loose path P’ which is a sub-hypergraph of P is again maximal w.r.t. W. We
use these definitions to deduce the following lemma.

Lemma 2.3. Assume that H = ICZ3 is 2-edge colored red and blue. Let P C Heq be maximal w.r.t. W C
V(H) \ V(P) with |W| > 3. Let e; = {vai_1, V2i, V2it+1} and ejr1 = {Vai+1, V2it+2, V2i4+3} be consecutive
edges of P. Then there is a good ws-configuration C in Hp)ye with end verticesin W and S C V (e;) UV (ej41)
or there is a bad @'s, -configuration Cq in Hpjue With end vertices in W and S1 C V(e;) U V (ei+1) \ {v2i+2}.
If there is no such good configuration C in Hpye and ej1p = {V2i+3, V2i+a, V2i+5} is an edge of P, then there
is also a good @', -configuration Cy in Hpjye with Sy € V (ej11) U V (eiy2) and with end vertices in W and
S1 NSy = @. Moreover, each vertex of W, with the exception of at most one, can be considered as an end vertex
of C if there exists such a configuration and otherwise, each vertex of W can be considered as an end vertex of
C] and Cz.

Proof. Assume that W = {xq,...,x} € V(H) \ V(P). If {vai_1, v2i,x} (resp. {vai+2, V2it+3,x}) is red
for some x € W, then the maximality of P w.r.t. W implies that for arbitrary vertices x' #x”" € W \
{x} the edges {X', vai1, vai} and {vai, vait2, X"} (resp. {X, vait1, vaira} and {vaiy2, vai, x"}) are blue
and there is a good ws-configuration C = {X/, vait1, V2i{Vai, Vait2, X"} (resp. C = {X, Vait1, Vait2}
{vait2, va2i, x7}) in Hppe wWith S = {va;, Voit1, Vaita} € V(e;) U V(ejr1). So we may assume that for
every x € W both edges {vji_1, v2i,x} and {vi+2, V2i+3, X} are blue.
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If there is a vertex y € W such that at least one of the edges f1 = {v2i—1, V2it1,¥}, f2 =

{vai, v2it1, ¥}, f3 = {v2i—1, Vait2, ¥} and f4 = {v2i, v2iy2, ¥}, say f, is blue, then there is a good
ws-configuration C = {vy;_1, Vi, x} f, X # ¥y, with

S={vai_1,vai} U F\{y} S V(e) UV (eiy1).

Hence, if there is no such good configuration C, we may assume that for every y € W the edges fi,
f2, f3 and f4 are red. Therefore, the maximality of P w.r.t. W implies that for every y’ € W the edge
{v2i, v2iy3, ¥’} is blue. Otherwise, replacing ejeir1 by {vai—1, Vait2, YHY. Vair1, vai}{vai, vais3, ¥}
y # Y/, in P yields a red path P’ greater than P, which is a contradiction. Thus, for every a#b e W,
C1 = {vai—1,a, v2i}{vai, V2i43, b} is a bad @, -configuration in Hpue with the desired properties, so
that

S1={vai—1,V2i, V2it3} S V(e) UV (ei11) \ {vaiy2}

Clearly, when e;;2 = {Vv2i+3, V2it+a, V2i+s5} is an edge of P, then for every x € W, {v3iy2, Vita, X} (1€SD.
{v2it+1, V2it4, X}) is blue; otherwise, for some y € W \ {x}, replacing e;e;+1 by {v2i_1, V2it+1, YHY, V2i,
vaitaH{Vait2, Vaita, X} (resp. eieiy1 by {vai—1, Vait2, YHY, Vai, V2it1H{V2it1, V2ita, X}) in P yields a
red path P’ greater than P, which contradicts the maximality of P w.r.t. W. Thereby, for every a #
be W, C; ={a, vai+2, vV2ita}{V2it4, V2i+1, b} is a good @'s,-configuration with the desired properties,
where

S2={V2it1, V2it2, V2ira} S V(€it1) U V(eir2). O
The following is an immediate corollary of Lemma 2.3.

Corollary 2.4. Assume that H = IC,3 is 2-edge colored red and blue. Let P C Hreq be maximal w.r.t.
W C V(H) \ V(P) with |W| > 3. Let e; = {Vai_1, V2i, V2i+1}, €it1 = {V2it1, V2ig2, V2i43} and ejyp =
{V2i+3, V2it+a, V2its} be consecutive edges of P. Then either for every distinct vertices x and y of W,
except for at most one, there is a blue path Q = {x, v1, Va}{Va, V3, y} of length 2 with {v1, V3, v3} C
V(ej) U V(eir1) \ {vair3} or for every distinct vertices x, y and z of W there is a blue path Q' =
{)5, v, Vo HVy, vy, YHY, vy, viHvs, v, 2} of length 4 with {v], v5, v3} = {vai_1, vai, Vairs} and {vy, vi,
Vgl = {Vait1, Vaiy2, Vaital

Corollary 2.5. Let H = ICI3 be 2-edge colored red and blue and P = eqey...en, n > 3, be a maximal red
path w.r.t. W, where W C V(H) \ V(P) and |W| > 3. Then for some r > 0 and W' C W there is a blue
path Q = f1f>... fq between W' and P =eqey...en_r S0 that W' = {(vo,tU{Vof 11<i<q/2}and
V(Q) \ W’ C P. Moreover, Q does not have Vpe,, asavertex, V(fifa... fg—2) NV (en—ren—r41...en) S
{(vpe, L IQI=qg=2(IW'| —=1) >n—rand eitherx=|W \ W’| € {0, 1} orx > 2and 0 <1 < 2.

Proof. Let P =eqey...e; be a maximal red path w.rt. W C V(H) \ V(P) where e; = {v1, va, v3} +
26—1),i=1,2,....n.
Step1: Set iy =1, Py =P, Wi =W, P; =ej,ej,+1 and P; =ej, e;,11€i,42. Since P; is maximal w.r.t.

W1, using Corollary 2.4 there is a blue path Q; with end vertices x; and y; in W between P; and
W/ € Wy where Py € {P},P{}, IQ1]l =2P1]l —2 and Q; does not contain the last vertex of P;.
If P; =P, then Q = Q; is a blue path between W’ = Wi and P =P with the desired properties.
Otherwise, continue to Step 2.

Step k (k > 2): Set
ik =min{j: j € {ixc1 + 2, k-1 + 3}, ¢j € Pt} Pe=ei€ipt1-.-€n,

and Wy = W\ V(U'Z Q1) U (i1, yk1). I either W] <3 or [|Pll <2, then Q= ') Q; is a

blue path between W' = Ul-‘_ll W'i and P =eje;.. .e;,—1 with the desired properties. Otherwise, set

i=
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Py =ejei+1 and P = e;j ej 1€i42. Since Py is maximal w.r.t. Wy, using Corollary 2.4 there is a
blue path Q between Py, Py € {P;, P}, and W, € Wy such that || Qx| = 2| Pkl — 2, Qk does not
contain the last vertex of P, and Ule Q; is a blue path with end vertices xi, y, in Wj. If the last
edge of Py is en, then Q = Jf_, Q; is a blue path between W' = |J\_, W/ and P =P with the
desired properties. Otherwise, continue to Step k + 1. .

Let t > 2 be the minimum integer for which either the last edge of P;_q is e, or |W¢| <3 or
[Pl < 2. If the first case holds, then Q =JiZ] Q; is a blue path between W' =Ji_] W/ and P =P
with the desired properties. Otherwise, let W' = f;} W|. Clearly, either |[W \ W'|=0,1 or |[W \
W >2and 0< ||Pe]| £2.S0 Q= Uf;} Q; is a blue path between P =eqe;...e,_r and W’ with the
desired properties where r=n—i;+1. O

3. Cycle-cycle Ramsey number in 3-uniform hypergraphs

In this section, we provide the exact value of R(C3, C%), when n > m > 3. Before we proceed we
need the following two lemmas.

Lemma 3.1. Letn >m > 3, (n,m) # (3, 3), (4,3), (4,4) and let H = IC; be 2-edge colored red and

n+| 251 |
blue. Assume that there is no copy of C in Hreq and C = Cﬁ_l is a loose cycle in Heq. Then there is a copy of
C% in Hpiue. Moreover, for every n > m, there is also a copy of7>,f’1 in Hplye-

Proof. Let t = 2n + L’”T’U and C = ejey...ep—1 be a copy of C371 in Hreq with edges e; =
{vi,va,v3}+2(—1) (mod 2(n—1)),i=1,...,n—1. Let W = V(H)\ V(C). We consider the following
cases.

Case 1. For some 1 <i<n—1, there exist an edge e; = {vyi_1, V2i, V2i+1} and a vertex z € W such
that {vaj, v2iy1, 2} is red.

Let P =eji1€i+2...ep—1€1€2...€j_pei_1 and Wo =W \ {z}.

First, let m < 4. Therefore, |Wo| = 2. Let W = {u, v}. We show that Hpjue contains C% and ’P,% for
each m € {3, 4}. Since n > 5 and there is no red copy of cg, clearly {u, vai_2, vaiH{vai, v, vai—1H{Vvai—1,
z,u} forms a blue copy of Cg‘. Moreover, P’ = ej_3ej_ej_1 (in mod (n — 1) arithmetic) is maximal
w.rt. W = Wy U {z}. Using Lemma 2.3 there is a configuration in Hp (no matter good or bad),
say C, between V(ej_3) UV (ej_2) and W with end vertices in W. Without loss of generality assume
that u is an end vertex of C. Clearly, C{v,z, vai_1}{V2i_1, v2i, u} is a blue copy of Ci. Also, using
Corollary 2.4 there is either a blue path O of length 4 between P’ and W or a blue path Q of length
2 between e;_3e;_» and W. In the first case, we have a blue copy of 732 and a blue copy of 7333. In
the second case, Q{y, z, vai_1}{Vai—2, V2i, W} is a blue copy of P; where w =y = {u, v}\ V(Q) if
zeV(Q) and y = v, w = u, otherwise.

Now, let m > 5. Clearly, |Wg| > 3. Since there is no red copy of Cﬁ, ‘P is a maximal path w.r.t. Wy.
Now, using Corollary 2.5, there is a blue path Q of length I’ between P (where P is the path obtained
from P by deleting the last r edges) and W’ for some r > 0 and W’ C Wq with properties mentioned
in Corollary 2.5. Let ¥’ and y’ be the end vertices of Q in W/, T = Wy \ V(Q) and x = |T|. We have
the following subcases.

Subcase 1: x=0.

Clearly, I' = 2LmT_1j. First, let m be even. Hence I'=m — 2 and so

{vaic1, 2, X}y, vai, vaia ),

is a blue copy of C3. If n>m, then r > 1 and so {vy;_3, v2;, X}O{y’, z, vai_1} is a blue copy of P3.
Now, let m be odd. So I'=m — 1. In this case, we remove the last two edges of Q to make a path Q'
of length m — 3. Using Corollary 2.5, v,ij_» ¢ Q'. Now, we may assume that the vertices X' and y” # y’
of W’ are the end vertices of Q'. Hence,

Qy" vai—z. vaiH{vai, ¥ vaici H{vaic1. 2. ¥},

is a copy of C3 in Hpye. Also, Qfy’, vai_1, vai} is a blue copy of P;..
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Subcase 2: x =1.
Let T = {u}. Clearly, I' = 2LmT’1J 2. Let m be odd. Then I'=m — 3 and r > 1. Thereby,

QY. vai—a, vaiH{vai, u, vai_1}{vai—1, 2. X'},

1s a blue copy of C3 When n > m, then r > 2 and since P = ej_ej_qe;j is a maximal path w.r.t.
= {x',y’,u, z}, using Corollary 2.4 there is either a blue path Q' of length 2 between (V (ej_2) U
V(e,-,1)) \ {v2i—1} and W or a blue path Q' of length 4 between V(’ﬁ) \ {v2i+1} and W so that
Q" = QU Q' is a blue path. Now, let I” be the length of Q'. If I” =4, then Q" is a blue copy of P%H
and so there is a P2 in Hpjue. If I =2, the length of Q” is m — 1. Without loss of generality let
X', y” € W be the end vertices of Q”. Then {v,;_1, voi, X'}Q" is a blue copy of 77,?1.
Now, suppose that m is even, so ' =m —4 and r > 2. If {v,;_s, v2i_4, X'} is red, then

Q{y', vai—3, vai—a H{Vvai_a, vai—a, uHu, vai, vai—1 }{vai—1. 2. X'},

is a blue copy of C3. If {va;_4, voi_3, u} is red, then

Oy, vai—1. vai[{vai, Vai—z. uH{u, z, vai_s}{vai_s, V2i_4. X'},

is a blue copy of C%. Otherwise,

Q' vai—1. vai{{vai, vai—a, u{u, vai_3, vai—a}{vai_4. vai_s. X'},

is a copy of C3 in Hpjye. For n > m, clearly r > 3 and since P= ej_3ej_pej_1 is a maximal path
wrt. W = {x, ¥, u, z}, using Corollary 2.4 there is a blue path Q" either of length I” = 2, between
(V(ei—3) U V(ej_2)) \ {va2i_3} and W or of length I” = 4, between V(P) \ {v2i_1} and W such that
Q" =QU Q' is a blue path. If I” =4, then Q" is a blue copy of 733 Otherwise, the length of Q" is
m — 2. We may assume that X' € W is an end vertex of Q". Clearly, {vai_2, v2i, X'}Q"{u,z, vyi_1} is a
blue copy of 7331.

Subcase 3: x > 2.

One can easily check that this implies that r > 3. This subcase does not occur by Corollary 2.5.

Case 2. For some 1<i<n—1, there exist an edge e; = {v2;_1, V2i, V2i+1} and a vertex z€ W such
that {vaj_1, vai, 2} is red

In this case, consider the path P =e;_1ej_>...ez2e1ep_1€p—2...€i12€i+1 and repeat the proof of
Case 1. By an argument similar to the one we have given for Case 1 we can find a blue copy of C%
for any n > m and a blue copy of 7331 for any n > m.

Case 3. For every e; = {voi_1, V2i, V2i+1), 1 <i<n—1, and every vertex z € W the edges {vai_1, V2i, Z}
and {vy;, v2i41, 2} are blue.

LetWZ{X‘l,XZ,...Xml }. For 1 <i<<m, set

142

2 2

{(vai,vai_ 1, xi 4} if i is even.
2 2

{Xis1, V3iy1, Vigs ) ifiis odd,
i = 2
7"!‘]’

Set Q= f1fa... fm—1. Forn=m=>5,
Qfm = {x1,v2, vsH{vs, v4, x2}{x2, V5, veH{Ve, V7, X3}{X3, Vs, V1},
is a blue copy of 73,%. Otherwise, since (n,m) # (3, 3), (4, 3), (4,4) we have

max{i | vi € fm} <2n—2.

Clearly every two non-consecutive f;’s are disjoint and every two consecutive f;'s have exactly one
vertex in their intersection. Therefore, Q f,, is a blue copy of 73,3,. Moreover, depending on whether m
is even or odd, Q{x1,Vm,Van 4} or Q{Xms1, V1, vz} is a blue copy of C,i. a

2 2 2



70 G.R. Omidi, M. Shahsiah / Journal of Combinatorial Theory, Series A 121 (2014) 64-73
Lemma 3.2. R(C},C3) = 9.

Proof. Let H = ICS be 2-edge colored red and blue. Suppose that there is no red copy of Cﬁ and
no blue copy of C;’. Using Theorem 2.2 we may assume that there is a blue copy of C;Z’. Let C =
e1exeseq be a copy of C;:’ in Hpe with edges ej = {v1,v2,v3}+2({ —1) (mod 8),i=1,...,4. Let
veV(H)\ V(C). Since there is no blue copy of Cg,

{v1,ve, vH{v, v3, vgH{vs, v4, va}{va, vs5, v1},

is a red copy of C?y This is a contradiction. O

The main result of this section is the following result on the Ramsey number of loose cycles in
3-uniform hypergraphs.

Theorem 3.3. Foreveryn >m > 3,
m—1
R(C3.Ca) =2n+ {TJ

Proof. We prove this theorem by induction on m+n. The case n =m = 3 holds by Theorem 2.2. Using
Theorem 2.2 and Lemma 3.2 we may assume that n > 5. Suppose for a contradiction that the edges

of H= ’anﬂ"‘ 1 can be colored red and blue with no red copy of C,f and no blue copy of C;T;. We

consider the followmg cases.

Case 1: n = m. By the induction hypothesis,

n—2 n—1
R(C3_,.C3, )=2(n—1)+{TJ<2n+L 5 J

So we may assume that there is a red copy of 6371 in H. Using Lemma 3.1 we have a blue copy
of C3; a contradiction.

Case 2: n > m. In this case, we have n — 1 > m and since

m—1 m—1
R(C3_,.CP) = 2(n—1)+L 5 Jdnj{TJ’

we may assume that C3_1 C Hied- Using Lemma 3.1 we have a blue copy of C%; a contradiction. O
4. Path-path Ramsey number in 3-uniform hypergraphs

In this section, we determine the exact value of R(P,f, 77,?1), for n > m > 3. For this purpose we
need the following lemmas.

Lemma 4. Letn >m >3, (n,m) # 3,3), (4,3), (4,4) and let H = K2 img)

blue. If P = P3 1 is the maximum red path, then there is a copy of 733 in Hpjye-

be 2-edge colored red and

Proof. Let t =2n+ LmT“J, and P =eje;y...ep—1 be a red copy of 733 1 with edges e; = {v1, va, v3} +
2i—1),i=1,2,...,n—1, and let W = V(IC?) \ V(P). One can easily check that |W| > 3. By
Lemma 2.1 we may assume that there is no copy of C; in Hyeq. Since P = 733 1 is the maximum red
path, P’ =e;,...ep—1 is a maximal red path w.r.t. W. By Corollary 2.5, for some r > 0, there is a blue
path Q (where Q does not contain va;_1_2-) of length I' = 2(|W’| — 1) between P’ =ejes...en_1_r
and W’ for some W’ C W as in Corollary 2.5. Let y and z be the end vertices of Q in W/, T = W \ W’
and x = |T|. We have one of the following cases.
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Case 1: x = 0. One can easily check that I' = 2Lm+1j Since I' > m, there is a blue copy of 733 and we
are done.

Case2:x=1.Let T = {u}. It is easy to see that I' = 2LmT“J —2.If mis odd, then ' =m—1 and clearly
Qfy, v1,u} is a blue copy of 7331. If m is even, then ' =m — 2. Since v,_1 is not a vertex of Q and
there is no red copy of Cﬁ, clearly {vqi,u, y}Qfz, va, vap—_1} is a blue copy of P%.

Case 3: x=2. Let T = {u, v}. In this case, I' = ZLWT“J — 4. Clearly, if m is odd, then I'=m — 3 and
r > 1. One can easily check that
Qlz, vy, van2H{van—2, u, VH{v, van_1, v1},

is a blue copy of 73‘3 If m is even, then clearly ' =m — 4 and r > 2. Since P= en—26enp—1 is maximal

wrt. W = {y,z,u,v}, by Lemma 2.3 there is a blue @ws-configuration, say P”, with S C V(e,—2) U
V(en—1) so that Q' = QU P” is a blue path of length m — 2 and at least one of vy,_3 and van_1, say
w, is not in V(Q'). Without loss of generality assume that y and v are the end vertices of Q'. Thus,
{u,v1,y}Q'{v, w, v3} is a blue copy of P;.

Case 4: x > 3. One can easily check that this implies that r > 3. This case does not occur by Corol-
lary 2.5. O

Using Theorem 2.2 we have R(P3, P;) = 10. Since R(P3,P3) < R(P,P3), we have the following
lemma.

Lemma 4.2. R(P;, P3) = 10.

The following theorem on the Ramsey number of 3-uniform loose paths is the main result of this
section.

Theorem 4.3. Foreveryn >m > 3
m+1
R(PEPR) =20+ | "0 J

Proof. We give a proof by induction on m + n. Using Theorem 2.2 the case n =m = 3 is trivial. Using

Theorem 2.2 and Lemma 4.2 we may assume that n > 5. Let H = ICZ m be 2-edge colored red

and blue with no red copy of 733 and no blue copy of 7731. Consider the following cases.

Case 1: n = m. By the induction hypothesis,

R(P . P2 1)_2(n—1)+L2J <2n+L"J2r]J.

Therefore, we may assume that there is a red copy of 733 ;- Using Lemma 4.1 we have a blue copy of
P3 in H. This is a contradiction.

Case 2: n > m. In this case, n — 1 > m. Since
1 m+1
R(P;_ 1,P3)—2(n—1)+L ;’ J 2n +{ ;r J

we may assume that there is a copy of P,f’_] in Hpeq. Using Lemma 4.1 we have a blue copy of ’P,?,
in H; a contradiction. O
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5. Path-cycle Ramsey number in 3-uniform hypergraphs

In this section, the Ramsey number of a loose path and a loose cycle in 3-uniform hypergraphs is
determined.
It is worth noting that we can conclude that R(P,f,C?n) <2n+ LmT“J, for any n >m > 3. To see

this, assume that H = ’CinJer“J is 2-edge colored red and blue with no red copy of P2 and no blue
5

copy of C%. Since, using Theorem 3.3,

m—1 m+1
R(C3.Ch)=2n+ {TJ <2n+ {TJFJ

we have a red copy of C3 in . By Lemma 2.1 this contradicts our assumptions. Thereby, the following
theorem holds.

Theorem 5.1. For everyn >m > 3,
m+1
R(P:.C2)=2n+ LTJ

Combination Theorems 3.3, 4.3 and 5.1 gives a positive answer to Question 1.2. Next, we determine
R(P%,C,?) when n>m>3.

Lemma 5.2. R(P3,C3) = 9.
Proof. Using Theorem 2.2 we have R(C;,C3) = 9. On the other hand, R(P3,C}) < R(C3,C3). O

Theorem 5.3. For everyn >m > 3,
m-—1
R(Py.C3)=2n+ LTJ

Proof. We prove the theorem by induction on m + n. By Lemma 5.2 the case when m=3 and n=4

is trivial. Suppose to the contrary that H = ’C;n—ﬂ"”] | is 2-edge colored red and blue with no red
e

copy of P,?, and no blue copy of Cn3 in H. For n=m+ 1 by Theorem 5.1 and for n > m+ 1 by the
induction hypothesis we have

R(P3.C2_,) <2n+ LmT_lJ

Since there is no red copy of P3, we have a copy of C,ff] in Hpjue. By using Lemma 3.1 we have a
red copy of P3; a contradiction. O

Acknowledgments
The authors thank the referees for the fruitful comments.

References

[1] J.A. Bondy, P. Erd6s, Ramsey numbers for cycles in graphs, ]. Combin. Theory Ser. B 14 (1973) 46-54.

[2] D. Conlon, J. Fox, B. Sudakov, Ramsey numbers of sparse hypergraphs, Random Structures Algorithms 35 (2009) 1-14.

[3] O. Cooley, N. Fountoulakis, D. Kiithn, D. Osthus, 3-uniform hypergraphs of bounded degree have linear Ramsey numbers,
J. Combin. Theory Ser. B 98 (2008) 484-505.

[4] O. Cooley, N. Fountoulakis, D. Kiihn, D. Osthus, Embeddings and Ramsey numbers of sparse k-uniform hypergraphs, Com-
binatorica 29 (2009) 263-297.


http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D7365796E756D62657273666F726379636C6573s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D7365796E756D626572736F667370617273656879706572677261706873s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib436F6F6C79332D756E69666F726D68797065726772617068736F66626F756E646564646567726565s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib436F6F6C79332D756E69666F726D68797065726772617068736F66626F756E646564646567726565s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib436F6F6C796B2D756E69666F726D68797065726772617068736F66626F756E646564646567726565s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib436F6F6C796B2D756E69666F726D68797065726772617068736F66626F756E646564646567726565s1

G.R. Omidi, M. Shahsiah / Journal of Combinatorial Theory, Series A 121 (2014) 64-73 73

[5] RJ. Faudree, R.H. Schelp, All Ramsey numbers for cycles in graphs, Discrete Math. 8 (1974) 313-329.
[6] RJ. Faudree, S.L. Lawrence, T.D. Parsons, R.H. Schelp, Path-cycle Ramsey numbers, Discrete Math. 10 (1974) 269-277.
[7] A. Figaj, T. Luczak, The Ramsey number for a triple of long even cycles, J. Combin. Theory Ser. B 97 (2007) 584-596.
[8] L. Gerencsér, A. Gyarfds, On Ramsey-type problems, Ann. Univ. Sci. Budapest. E6tvos, Sect. Math. 10 (1967) 167-170.
[9] A. Gyarfas, G. Raeisi, The Ramsey number of loose triangles and quadrangles in hypergraphs, Electron. J. Combin. 19 (2)
(2012) R30.
[10] A. Gyarfas, M. Ruszinké, G. Sarkozy, E. Szemerédi, Three-color Ramsey numbers for paths, Combinatorica 27 (2007) 35-69.
[11] A. Gyarfas, G. Sarkozy, E. Szemerédi, The Ramsey number of diamond-matchings and loose cycles in hypergraphs, Electron.
J. Combin. 15 (1) (2008) R126.
[12] P. Haxell, T. Luczak, Y. Peng, V. Rodl, A. Rucifski, M. Simonovits, ]. Skokan, The Ramsey number for hypergraph cycles. I,
J. Combin. Theory Ser. A 113 (2006) 67-83.
[13] L. Maherani, G.R. Omidi, G. Raeisi, M. Shahsiah, The Ramsey number of loose paths in 3-uniform hypergraphs, Electron. J.
Combin. 20 (1) (2013) P12.
[14] B. Nagle, S. Olsen, V. Rodl, M. Schacht, On the Ramsey number of sparse 3-graphs, Graphs Combin. 24 (2008) 205-228.
[15] S.P. Radziszowski, Small Ramsey numbers, Electron. . Combin. 1 (1994), August 22, 2011, DS1.13.
[16] V. Rosta, On a Ramsey-type problem of J.A. Bondy and P. Erdds, I and II, J. Combin. Theory Ser. B 15 (1973) 94-104,
105-120.


http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D7365796E756D6265726F666379636C652D70617468s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D73796E756D6265726F666379636C6573s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib54686552616D7365796E756D626572666F7261747269706C656F666C6F6E676576656E6379636C6573s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D7365796E756D6265726F667061746873s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib7375626Ds1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib7375626Ds1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib54687265652D636F6C6F7252616D7365796E756D62657273666F727061746873s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D73796E756D6265726F666C6F6F73656379636C65666F726B2D756E69666F726Ds1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D73796E756D6265726F666C6F6F73656379636C65666F726B2D756E69666F726Ds1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D73796E756D6265726F666C6F6F73656379636C65s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib52616D73796E756D6265726F666C6F6F73656379636C65s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib54686552616D7365796E756D6265726F666C6F6F73657061746873696E332D756E69666F726D6879706572677261706873s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib54686552616D7365796E756D6265726F666C6F6F73657061746873696E332D756E69666F726D6879706572677261706873s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib4E61676C65332D756E69666F726D6879706572677261706873s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib737572766579s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib6379636C6572616D7365796E756D62657273s1
http://refhub.elsevier.com/S0097-3165(13)00142-8/bib6379636C6572616D7365796E756D62657273s1

	Ramsey numbers of 3-uniform loose paths and loose cycles
	1 Introduction
	2 Preliminaries
	3 Cycle-cycle Ramsey number in 3-uniform hypergraphs
	4 Path-path Ramsey number in 3-uniform hypergraphs
	5 Path-cycle Ramsey number in 3-uniform hypergraphs
	Acknowledgments
	References


