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1. Basic definitions and notation

Unless otherwise stated, we shall use small letters such as x to denote elements of a set or non-
negative integers or functions, capital letters such as X to denote sets, and calligraphic letters such
as F to denote families (i.e. sets whose elements are sets themselves). It is to be assumed that sets
and families are finite. We call a set A an r-element set, or simply an r-set, if its size |A| is r (i.e. if it
contains exactly r elements).
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For any integer n > 1, the set {1,...,n} of the first n positive integers is denoted by [n]. For a
set X, the power set of X (i.e. {A: A C X}) is denoted by 2%, and the family of all r-element subsets
of X is denoted by ()r()

A family H is said to be a hereditary family (also called an ideal or a downset) if all the subsets of
any set in H are in H. Clearly a family is hereditary if and only if it is a union of power sets. A base
of H is a set in H that is not a subset of any other set in H. So a hereditary family is the union of
power sets of its bases. An interesting example of a hereditary family is the family of all independent
sets of a graph or matroid.

We will denote the union of all sets in a family F by U(F). If x is an element of a set X, then we
denote the family of those sets in F which contain x by F(x), and we call F(x) a star of 7. So F(x)
is the empty set ¢ if and only if x is not in U(F).

A family A is said to be intersecting if any two sets in A intersect (i.e. contain at least one common
element). We call a family A centred if the sets in A have a common element x (i.e. A= A(x)). So a
centred family is intersecting, and a non-empty star of a family F is centred. The simplest example
of a non-centred intersecting family is the triangle {{1, 2}, {1, 3}, {2, 3}} (i.e. ([31)).

For any family A, let A* denote the sub-family of A consisting of those sets in A that intersect
each set in A (i.e. A*={Ae A: ANB#( for any B € A}), and let A" = A\ A*. So A’ consists of
those sets in A4 that do not intersect all the sets in A, and A* is an intersecting family.

Families A4, ..., Ay are said to be cross-intersecting if for any i and j in [k] with i # j, any set in
A; intersects any set in Aj.

If U(F) has an element x such that F(x) is a largest intersecting sub-family of F (i.e. no inter-
secting sub-family of F has more sets than F(x)), then we say that F has the star property at x.
We simply say that F has the star property if either U(F) =@ or F has the star property at some
element of U(F). For example, as was shown in [13], 2["! has the star property because, if A is an
intersecting sub-family, then a subset A of [n] and its complement [n]\A cannot both be in 4, and
hence |A| is at most 112" = 2"=1, which is the size of the star {A € 2/"l: 1€ A}. It may be that
not all the largest intersecting sub-families of a family having the star property are stars; for exam-
ple, for n > 3, the non-centred family {A € 2["l: |AN[3]| > 2} is an intersecting sub-family of 2[" of
maximum size 2"~1,

If U(F) has an element x such that (F\{y}) U {x} € F whenever y € F € F and x ¢ F, then F
is said to be compressed with respect to x. For instance, this is the case when F is a hereditary fam-
ily whose bases have a common element x (an interesting example is when F is the family of all
independent sets of a graph that has an isolated vertex x).

A family F < 2/ is said to be left-compressed if (F\{j}) U {i} € F whenever 1<i< jeF e F and
i¢F.

2. Intersecting sub-families of hereditary families

The following is a famous longstanding open conjecture in extremal set theory due to Chvatal
(see [7] for a more general conjecture).

Conjecture 2.1. (See [11].) If H is a hereditary family, then H has the star property.

This conjecture was verified for the case when H is left-compressed by Chvatal [12] himself.
Snevily [18] took this result (together with results in [17,19]) a significant step forward by verifying
Conjecture 2.1 for the case when H is compressed with respect to an element x of U(H).

Theorem 2.2. (See [18].) If a hereditary family H is compressed with respect to an element x of U (H), then H
has the star property at x.

A generalisation is proved in [7] by means of a self-contained alternative argument.
Snevily’s proof of Theorem 2.2 makes use of the following interesting result of Berge [2] (a proof
of which is also provided in [1, Chapter 6]).
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Theorem 2.3. (See [2].) If H is a hereditary family, then H is a disjoint union of pairs of disjoint sets, together
with @ if |'H| is odd.

This result was also motivated by Conjecture 2.1 as it has the following immediate consequence.
Corollary 2.4. If A is an intersecting sub-family of a hereditary family H, then

1
Al < S IH].
Al < S IH]

Proof. For any pair of disjoint sets, at most only one set can be in an intersecting family .A. By
Theorem 2.3, the result follows. O

A special case of Theorem 2.2 is a result of Schénheim [17] which says that Conjecture 2.1 is true
if the bases of H have a common element, and this follows immediately from Corollary 2.4 and the
following fact.

Proposition 2.5. (See [17].) If the bases of a hereditary family H have a common element x, then
0| = 2134
= 5IHl.

Proof. Partition H into A= H(x) and B={B e H: x¢ B}. If A A then A\{x} € B; so |A| < |B5|.
If Be B then B C C for some base C of H, and hence B U {x} € A since x € C; so |B| < |.A|. Thus
lAl=1B|=3IH|. O

We outline an alternative proof of Proposition 2.5, using induction on |U(H)|. We have x € U(H).
If U(H) = {x} then the result is trivial, so suppose U() has an element y # x. We can apply the
induction hypothesis to the hereditary families Z = {H\{y}: He H(y)} and 7 ={H e H: y ¢ H} to
obtain |Z({x)| = %|I| and |J(x)| = %|j|. Clearly |H|=|Z|+ |J| and |H(x)| = |Z{x)| + | J (x)|. Hence
the result.

Many other results and problems have been inspired by Conjecture 2.1 or are related to it; see
[10,16,21]. In particular, an analogue of this conjecture for intersecting sub-families of H whose sets
are of prescribed sizes is proved in [9] for the case when the bases are sufficiently large.

3. Cross-intersecting sub-families of hereditary families

For intersecting sub-families of a given family F, the natural question to ask is how large they can
be. Conjecture 2.1 claims that when F is hereditary we need only check the non-empty stars of F
(of which there are |U(F)|). For cross-intersecting families, two natural parameters arise: the sum
and the product of sizes of the cross-intersecting families (note that the product of sizes of k families
Ai, ..., A is the number of k-tuples (Aq,..., Ar) such that A; € A; for each i € [k]). It is therefore
natural to consider the problem of maximising the sum or the product of sizes of k cross-intersecting
sub-families (not necessarily distinct or non-empty) of a given family F (see [8]). To the best of the
author’s knowledge, the first time a problem of this kind was considered was in [15], which gives
the solution to the sum problem for F = (['r”). We suggest a few conjectures for the case when F
is hereditary, and we prove that they are true in some important cases. Obviously, any family F is a
sub-family of 2% with X = U(F), and we may assume that X = [n].

For the sum of sizes, we suggest the following.

Conjecture 3.1. If k >n + 1 and A, ..., Ag are cross-intersecting sub-families of a hereditary sub-family
H = {8} of 21", then the sum Z?:] | A;| is maximum if Ay = --- = Ay = S for some largest star S of H.
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The condition that k >n + 1 is sharp. Indeed, consider H = {#} U (l"J) and 2 <k <n+1. Let
S={{1}}; so S is a largest star of H. Let A1 =---=A=S,and let By=H and By =---=By =0.
Then A1, ..., Ay are cross-intersecting, By, ..., Bk are cross-intersecting, and Zi‘zl |Ail=k<n+1=
Z;‘:] |B;|. Also, we cannot remove the condition that H ## {#}. Indeed, suppose H = {#}; so S=0@ is
the only star of H. Thus, if Ay =---=A, =8, By=H and By =--- = By =, then Z?:l |Ail=0<
1= IBil.

For the general case when we have any number of cross-intersecting families, we suggest the
following stronger conjecture.

Conjecture 3.2. Let A1, ..., Ay be cross-intersecting sub-families of a non-empty hereditary sub-family
H {8} of 21", and let S be a largest star of H.

()Ifkg% henz, 1 1Ailis maximumif Ay=Hand Ay =--- = A, =0
(ii) Ifk > %— then Zl 1 [ Ail is maximum if Ay =--- = Ay =

This conjecture is simply saying that at least one of the two simple configurations A; = H,
Ay=---=A=0 and Ay =--- = A, =S gives a maximum sum of sizes. This strengthens Con-
jecture 3.1 because since ‘H has a non-empty set (as H # @ and H # {#}), we have S # ¢,
|H| = {9} U UL, H{) < 1+n|S| < (n+ 1)|S| and hence % <n+ 1; that is, if (ii) is true, then
Conjecture 3.1 follows.

For the product of sizes, we first present the following consequence of Conjecture 3.1.

Proposition 3.3. Let A1, ..., Ay, H and S be as in Conjecture 3.1. If Conjecture 3.1 is true, then the product
]_[i-‘:1 |A;j| is maximumif Ay =--- = A, =S8

This follows immediately from the following elementary result, known as the Arithmetic Mean-
Geometric Mean (AM-GM) Inequality.

Lemma 3.4 (AM-GM Inequality). If x1, X2, . . ., X, are non-negative real numbers, then
k 1/k 1 k
() =iz

Indeed, suppose Conjecture 3.1 is true. Then Zi-‘:] | Ai| <k|S|. Thus, by Lemma 3.4, (1_[;‘:1 AR
|S| and hence Proposition 3.3.
However, we conjecture the following stronger statement about the maximum product.

Conjecture 35.Ifk >2and Ay, ..., Ay are cross-intersecting sub-families of a hereditary family H, then
]_[i:1 |A;| is maximum if Ay = --- = Ay = S for some largest star S of H.

Proposition 3.6. Conjecture 3.5 is true if it is true for k = 2.
Proof. Let h > 2, and let A4, ..., A, be cross-intersecting sub-families of a hereditary family 7. For
each i € [h], let a; = | A;|. Let s be the size of a largest star of H. Suppose Conjecture 3.5 is true for

k=2. Then gja; < s% for any i, j € [h] with i # j. Let mod* represent the usual modulo operation with
the exception that for any two integers x and y, (xy) mod* y is y instead of 0. We have

2
2\h h\2
<H0i> = (@102) (@3 mod* h%4 mod* 1) " ** (A(2h—1) mod hA(2h) mod* h) < (s°)" = (s")"

So ]_[?=l a; < s". Hence the result. O
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Each of the above conjectures generalises Conjecture 2.1. Indeed, let A be an intersecting sub-
family of a hereditary family 7 < 2" with U(H) # @, and let S be a largest star of H. Let k >n+1,
and let Ay =---= Ay = A. Then Ay, ..., Ay are cross-intersecting. Thus, each of Conjectures 3.1, 3.2
and 3.5 claims that |A;j] < |S] for each i € [k] (since Aj =--- = Ay), and hence | A| <|S] as claimed
by Conjecture 2.1.

All the above conjectures are true for the special case when 7 = 2["; more precisely, the following
holds.

Theorem 3.7. (See [8].) For any k > 2, both the sum and the product of sizes of k cross-intersecting sub-families
Aq, ..., Ag of 2" are maxima if A; =--- = Ay ={A C [n]: 1€ A).

We generalise this result as follows.

Theorem 3.8. If A1, ..., Ay are cross-intersecting sub-families of a hereditary family H, then

Z|A1|<k and 1_[|Al \<|H|) :

Moreover, both bounds are attained if the bases of H have a common element x and A1 = - - - = Ay = H({X).

Proof. Theorem 2.3 tells us that there exists a partition Hq UHpU---UHpy of H such that m = ['2‘—‘1,
‘Hi ={Hi 1, Hi} for some H;1,H;, € H with Hi1NH;j;=9,i=1,...,m, and if |H| is odd then
Hm,l = Hm,2 =0.

Let A =J'_, A;. By the cross-intersection condition, we clearly have A* = J*_; A* and A’ =
Ule Aj. Suppose A/ N A/j # @ for some i # j. Let Ae A/ N .A;.. Then there exists A; € A; such that
AN Aj =, but this is a contradiction because A € A;. So A; N .A;- = for any i # j. Therefore

A=Yk Al
Let B = {H,,]' ie[m], jel2], Hi3-j € A*}. So |B| =|A*|. For any H;j € B, H;j ¢ A since
Hi3_je A* and H; jNH;3_j=#.So A and B are disjoint sub-families of 7. Therefore,
24| + | A = A" + 1B + |A'| = Al + 1B = | AU B| < |H|
and hence, dividing throughout by 2, we get | A*| + %IA/I < %IHL So we have

k

* * * 1 / |H|
2IAfI—ZIA’I+ZIA <A kA <k + 5 ) <12
1=

i=1

and hence, by Lemma 3.4,

k k k k
1 IH|
[Tl < (ka) < (7) :
i=1 i=1
The second part of the theorem is an immediate consequence of Proposition 2.5. O

Note that it is immediate from the above proof that if k > 3, then each of the two bounds is
attained only if 4 =-.-= Ay =A*=.A and A is a largest intersecting sub-family of H.

Corollary 3.9. Conjectures 3.1, 3.2 and 3.5 are true if the bases of H have a common element.

Proof. If the bases of H have a common element x, then by Corollary 2.4 and Proposition 2.5, H(x)
is a largest star of H of size %|H|. By Theorem 3.8, the result follows. O
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Corollary 3.10. Conjecture 3.2 is true for k = 2.

Proof. By Corollary 2.4, we have |S| < %|H| and hence 2 < % Now by Theorem 3.8, | A{| + |Az| <
|H|. Hence the result. O

We now come to our main result, which verifies Conjectures 3.1, 3.2 and 3.5 for the case when k >
n+1 and H is compressed with respect to an element of [n]. As we remarked earlier, an important
example of such a hereditary family is one whose bases have a common element. Other important

examples include [J, (['r”) for any m € {0} U [n] (for m =n we get 2["]),

Theorem 3.11. Let  be a hereditary sub-family of 21 that is compressed with respect to an element x of [n],
and let S = H(x). Letk >n + 1, and let A4, ..., Ay be cross-intersecting sub-families of H. Then

k k
D OIAII<KIS| and ]lAl<ISK,
i=1 i=1

and both bounds are attained if A1 = - - - = Ay = S. Moreover:

(a) Zf-‘=1 |Ai| = k|S|if and only if either Ay = - - - = Ay = L for some largest intersecting sub-family £ of H
ork=n+1and for someic[k], Aj =H = {J}U (['11]) and Aj = for each j € [k]\{i}.

(b) T, 14i| = [S|¥ if and only if A; = - -- = Ay = L for some largest intersecting sub-family £ of H.

This generalises Theorem 2.2 in the same way that Conjectures 3.1, 3.2 and 3.5 generalise Conjec-
ture 2.1 (as explained above). We prove this result in Section 5; however, we set up the necessary
tools in the next section.

4. New properties of the compression operation

The proof of Theorem 3.11 will be based on the compression technique, which featured in the
original proof of the classical Erdés-Ko-Rado Theorem [13].
For a non-empty set X and x, y € X, let 8,y :2X — 2X be defined by

{ (A\{yhU{x} ifyeAandx¢ A,
A

Sy v(A) =
xy(A) otherwise,

and let Ay y: 22" 5 22" pe the compression operation (see [13]) defined by

Axy(A) = {8xy(A): A€ A, 8xy(A) ¢ A} U{A € A: 5y(A) € A}.

Note that |Ay y(A)| = |Al. It is well known, and easy to check, that Ay y(A) is intersecting if A is
intersecting; [14] provides a survey on the properties and uses of compression (also called shifting)
operations in extremal set theory. We now establish new properties of compressions for the purpose
of proving Theorem 3.11. Recall the definition of A* and A’ in Section 1. We will mainly (but not
solely) prove that a compression on a family .A can only increase the size of A* (i.e. the number of
sets that intersect every other set).

Lemma 4.1. Let A be a sub-family of 2" withn > 2, and let B = A j(A) forsomei, j € [n] withi # j. Then:

(i) if A € A*, then §; j(A) € BY;

(i) if A € A*\B*, then §; j(A) ¢ A*;
(iii) if B € B*, then §; j(B) € B*;
(iv) A% < |B*].
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Proof. Suppose A € A*. Obviously §; j(A) € B. If i € A, then §; j(A) € B* because §; j(A)=A, i€ B
for any B € B\A, and ANC # @ for any C € A (since A € A*). Suppose i ¢ A. If j ¢ A, then
(ANB\{i, j}=ANB ¢ for any B € A, and hence §; j(A) € B*. Suppose j € A. Then i € §; j(A) # A.
Suppose 8; j(A) ¢ B*. Then §; j(A) NC =9 for some C € B. So i ¢ C and hence Ce A. So Ce ANB
and hence C, §; j(C) € A. So A intersects both C and §; j(C). From §; j(A)NC =0 and ANC # @ we
get AN C = {j}. But this yields the contradiction that AN; j(C) =#. Hence (i).

Suppose A € A*\B*. If §; j(A) ¢ A, then obviously §; j(A) ¢ A*. Now suppose §; j(A) € A. Then
A € B. Since A ¢ B*, AnND = for some D € 5. Since A intersects each set in .4, we must have
D =3; j(E) # E for some E € A with ANE={j} and i ¢ AUE. Thus §; j(A)NE =0. So §; j(A) ¢ A*.
Hence (ii).

Suppose B e B*. If §; j(B) = B, then obviously §; j(B) € B*. Suppose 8; j(B) # B. Then B, §; j(B) € A.
Thus, since B intersects every set in B and i ¢ B, B intersects every set in A, and hence B € A*.
By (i), 8; j(B) € B*. Hence (iii).

By (i), we can define a function f: A* — B* by
A if A e A* N B*,

(Si,j(A) ifAe A*\B*

Suppose A1, Az € A* such that f(A1) = f(A3). Suppose A1 € A*NB* and A, € A*\B*; then we have
8i,j(A2) = f(A2) = f(A1) = A1 € A*, which is a contradiction because §; j(A2) ¢ A* by (ii). Similarly,
we cannot have A; € A* N B* and Ay € A*\B*. If Ay, Ay € A* N B*, then we have A1 = f(Ay) =
f(Az) = Ay. Finally, suppose A1, Ay € A*\B*. Then we have §; j(A1) = f(A1) = f(A2) =i j(A2) and,
by (ii), 8; j(A1) # A1 and 8; j(Az) # Aa. So A1 =38;i(8; j(A1)) = §8;,i(8i, j(A2)) = Az. Therefore, no two
distinct sets in A* are mapped by f to the same set in B* (i.e. f is injective). Hence (iv). O

f(A)={

5. Proof of Theorem 3.11

We now prove Theorem 3.11. We follow the strategy introduced in [3,4] and also adopted in [5,6,
8,20], which mainly is to determine (or at least obtain a reasonable lower bound for), for the family
F under consideration, the largest rational number ¢ < I/|F| such that |A*| + c|A’| <! for any sub-
family A of F, where [ is the size of a largest intersecting sub-family of F; see [8] for a detailed
general explanation. For this purpose we shall first prove the following result, and this will be the
most technically complex part of proving Theorem 3.11.

Theorem 5.1. Let H be a hereditary sub-family of 21" that is compressed with respect to an element x of [n],
and let A be a sub-family of H. Then

3

1
|A*| + m|A’| < |HEx)

and if A’ # @, then equality holds if and only if A =H = {#} U (['17]).

Proof. Since H is compressed with respect to x, we have x € U(H) and hence H(x) # @. The result is
trivial if n =1, so we consider n > 2 and proceed by induction on n.

We may assume that x = 1. Let £ = H(1). Let B = A1 n(A). Given that H is compressed with
respect to 1, we have B C H. Define

B1={B € B: ne B},
B, ={B\{n}: B € By},
B3 =B\By={BeB:n¢B}.

Define £1, £, £3 and H1, Ha, H3 similarly. So By, £ € H, €21 and Bs, £3 € H3 € 211, Also
note that the properties of M are inherited by H3, that is, H3 is hereditary and compressed with
respect to 1; the same holds for H; unless U(H;) =@ (in which case H; is either @ or {{n}}). Define
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C1={CeBy: 1eC, BNC={n}for some B € B},
Cy={C\{n}: CeCy, C\(n} ¢ B3},

D =B2\Ca,

E=B3UC,.

Obviously Cy € B, and D C H». Given that H is hereditary, we clearly have C; € H3; so £ C H3. Note
that £, = H,(1) and £3 = H3(1). Therefore, by the induction hypothesis, we have |£*|+ % 1€ < |L3],
and if U(Hz) # @, then |D*| + 11D/ < | £

By definition of C;, we have B3 NC; =@ and hence |£| = |B3| + |C2]. Since C, € B,, we have
D] = |B2] —|C2]. So |D| + |E| = |B2| + |B3| and hence, since [D| + |E| = |D*| + |D'| + |E*| + |€'| and
|Ba| + |Bs| = |B| = B*| + | 8],

[D7|+ &7+ [+ [e'] = [B7] + [B]. (M

We now come to our main step, which is to show that |B*| < |D*| + |£*|. So suppose B* contains
a set B.

First, suppose n ¢ B. Then clearly B intersects all sets in B, U B3 and hence, since C, C B;, we
have B € £*. Also, B ¢ C, since B € B3. In brief, we have

n¢BeB* = Be(EN\C)NB. (2)

Now suppose n € B, that is, B € By. Let B~ = B\{n}. Clearly B~ intersects all sets in B3. If B~ € C;
then, since all sets in C; contain 1, B~ also intersects each set in C,, meaning that B~ € £*. In brief,
we have

neBeB* B\{n}jeC;, = B\{n}e&*NCs. (3)

Suppose B~ ¢ C,. Then B~ € D. Suppose B~ ¢ D*. Then B~ N D = ¢ for some D € D, and hence,
setting D™ = D U {n}, we have BN DT = {n} and D" e B;. Since BN D =@, D cannot be in Bs. Thus
we must have 1¢ DT, because otherwise we get D™ € C; and hence D € C; (contradicting D € D).
It follows that we must also have 1 € B, because otherwise we get §; ,(B) N D" = {4, contradicting
Lemma 4.1(iii). So B € Cq. Thus, since B~ ¢ C,, B~ must be in B3 and hence in B. Since BNDT = {n},
we have B~ N D' = and hence B~ ¢ B*. However, since B~ intersects all sets in B3 and 1e B~ NC
for any C € C,, we have B~ € £*. So we have just shown that

neBeB* B\{n}¢Cy, B\{n}¢D* = B\{n}e&"\(C2UB). (4)
Define

Fi={FeB*: n¢F},

F={FeB*:neF, F\{n}€C},

F3={FeB*:neF, F\{n}¢Cy, F\{n} ¢ D*},

Fa={FeB:neF, F\{n}¢Cy, F\{n} € D*}.

Clearly |B*| = |F1| + |F2| + | 73] + | Fal and |F4| < [D*|. Also, by (2)-(4), we have |F1] < [(E*\C2) N
B*|, |F2] < |E*NCy| and |F3| < |E*\(C2 U B¥)|. Thus, since (£*\C2) N B*, £*NCy and £*\(Cy U BY)
are disjoint sub-families of £*, we obtain |F1| + |F2| + |F3| < |E¥|. So |B*| < |D*| + |E£*| as required.

We now know that |D*| + |£*| = |B*| + p for some integer p > 0. By (1), we therefore have
D'+ = UB*I +1B')) = (IB*| + p) = |B'| - p.

At this point, we need to divide the problem into two cases.

Case 1: U(Ha) # 9. So |D*| + 1|D'| < | L. Since we earlier obtained |£*| + 1€/ < |L3],

Liny
D[+ ]e% ]+ (D] + [€']) < 12l + 13l = 111 + 1631 = | .
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We now have
B[+ 118 < B+ b+ (18] - p) = D] + €|+ (1P| + I < e

Since |A*| + |A'| = |A| = |B| = |B*| + |B'|, Lemma 4.1(iv) gives us |A*| + 11.4'| < |B*| + }|B/|. So
|A*| 4+ 25 | A’ < |£], and the inequality is strict if A" 5.

Case 2: U(Hz) = @. So H; is either ¥ or {{n}}. If Hq = ¢, then H < 2"~ and hence the result
follows by the induction hypothesis. Now suppose Hi = {{n}}. Then, since B; € H;, we have C; =
Cy = @, which gives D = B, C {#f} and £ = B3. If D =, then the argument in Case 1 gives us the
result.

Suppose D = {@#}. Since D = B,, we have B; = {{n}} and hence {n} € B. By definition of B, {1} is
also in B. Therefore B # B*; moreover, since there is no set in B\{{n}} intersecting {n}, B = B'.
Now consider H3. From {1} € B € 'H we get {1} € H3 and hence H3 # {#}. Since H is hereditary,
we have { € H3, meaning that H3* = ¢ and Hz = H3'. It follows by the induction hypothesis that
%|H3| < |£3] (and hence n|L3]| — |H3| > 0) and that equality holds only if H3 = {#} U (["T”). So we
have

1231 — (|B*| + ——|B| ) = 3] — —— 1Bl = |£3] — —— (1B: + IBs])
n+1 n+1 n+1

1 1
Z|L3] = F(l +|H3l) = m((n+1)|£3| —1—[Hs))

(nlL3] — [Hs] + |£3] — 1) > 1£3]—1) >0,  (5)

1
=i il
where the last inequality follows from the fact that {1} € B C H and hence {1} € £3. So |B*| +
#lB’l < |L|. As in Case 1, we have |A*| + n%lAﬂ < |£| by Lemma 4.1. Suppose equality holds.
Then |B*| + %|B’| = |L|. By the calculation in (5), we must therefore have %|H3| =1L3] (=1),
implying that Hs3 = {#} U ([”;”) (as explained above), and also |Bs| = |H3|, implying that B3 = Hs.
Since By = H; = {{n}}, B="H = {(#} U (7). It clearly follows that A =B.
Finally, if A =H ={#} U (")), then A* =9, A'= A, £={{1}}, and hence |A*| + ;1;|A'| =
1=|L]. O

Now for any non-empty family F, let I(F) be the size of a largest intersecting sub-family of F,
and let 8(F) be the largest rational number ¢ < % such that | A*| + c|A’| <I(F) for any sub-family
A of F.

Proof of Theorem 3.11. For any intersecting family A # {#}, A* = A and A’ = . Thus, by Theo-
rem 5.1, H(x) is a largest intersecting sub-family of H and hence I(H) = |S|. Since ¥ € H, we
have H* =@ and H’' = H. Thus, by Theorem 5.1 with A = H, we have n%l?ﬂ < I(H) and hence

o < % Therefore Theorem 5.1 ultimately gives us B(H) > 777. So we have k>n+1> ﬁ

As in the proof of Theorem 3.8, let A = Ufﬁzl Ai; so A* = :;:1 Ar, A = L] A and || =
Zle |A|. So we have

k k k
D14 = Y AL 4 AT < A A+ kAT <K(| AT+ BCH)|A|) < KI(H) =K|S| (6)
i=1 i=1 i=1

and hence, by Lemma 3.4,

k

k k
1
[]14il < (E > :|A,-|> < IS (7)
i=1

i=1
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We now prove (a) and (b). It is trivial that the conditions in (a) and (b) are sufficient, so it remains
to prove that they are also necessary.

Consider first k >n+ 1. Then k > From (6) we see that Z?:r |Ai| =k|S| only if | A'| =0 and

ﬁ('H)
|Afl =---= A = A" =|S]. So Z::r | A;| = k|S| only if A is a largest intersecting sub-family of H
and Ay =--- = A; = A. It follows from (7) that ]_[:le |A4i] = |S|¥ only if A is a largest intersecting
sub-family of H and A; =---= A, = A.

Now consider k =n + 1. If we still have k > ﬂ(17-t>' then we arrive at the same conclusion as in the
previous case k > n+ 1. So suppose k = ﬁ(H) Then B(H) = n+l

Suppose H # {#} U (“1”). Let d = Il(;f‘) Since x € U(H), S # @. Thus, since [H| = [{#} U UL H
we get |H| <1+ n|S|, and equality holds only if |H(i)| = |S| for all i € [n]. So |H| < (n+ 1)|S], and
equality holds only if |S| =1 and |H(i)| = |S| for all i € [n]. If i € [n] and A € H(i), then, since H is
hereditary, all subsets of A containing i are also in H{i); thus, if |H(i)| =1, then H(i) must be {{i}}.
Therefore if |H| = (n+ 1)|S|, then H(i) = {{i}} for all i € [n], but this gives the contradiction that

={#u (). So IH| < (n+1)|S| and hence n+1 ‘Hl =d. Now let A C H. If A’ =, then obviously

|A*| +d|A'| <ICH). If A’ # 0, then | A*| + 15| 4| <I(H) by Theorem 5.1 (as H # {#} U ("}")). Thus, if
c is the largest rational number such that ¢ <d and |A*| +c|A'| <I(H) for any A C H, then ¢ >
which is a contradiction since S(H) = n-H

We have therefore shown that H must consist of the sets @, {1}, {2},..., {n}. It follows by the
cross-intersection condition that we have the following:

1
n+1°

- If one of the families Aq, ..., Ay consists of only one set A and A # @, then each of the others
either consists of A only or is empty.

- If one of the families A1, ..., Ay either has more than one set or has the set ¥, then the others
must be empty.

These have the following immediate implications:

- If Z{-‘:l |A;j| = k|S]|, then ZL1 |Ail =n+1 (since S = {{x}} and k =n + 1) and hence either

Ay =---= A, ={{y}} for some y € [n], or for some i € [k], A; =H = {#} U (['1”) and Aj =¢ for
each j e [k]\{i}.
- If 1_[{-‘:1 |Ai] = |S|¥, then ]_[’i‘:1 |Aijl =1 and hence A; =--- = A, = {{y}} for some y € [n].

Note that for any y € [n], {{y}} is a largest intersecting sub-family of H = {¢} U ([’1']). O
6. Concluding remarks

As explained in Section 3, the conjectures we suggested in the same section generalise Conjec-
ture 2.1 and hence must be very difficult to prove. However, a problem that arises naturally from our
investigation and that should be much more tractable is whether Conjecture 3.5 is true for the case
when H is compressed with respect to an element or at least left-compressed; note that the proof
of Proposition 3.6 shows us that it is enough to prove this for the case k = 2. This would require a
method that is rather different from the one we used because our method is intrinsically designed for
the problem of maximising the sum of the sizes (recall that the product part of Theorem 3.11 follows
immediately from Lemma 3.4), for which the condition k >n + 1 is sharp (as shown in Section 3).
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