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1. Introduction

Let B be a nonnegatively graded Frobenius superalgebra over an algebraically closed
field F of characteristic 0 (for example, the cohomology over F of a compact connected
manifold). Inspired by constructions of Khovanov in [10] and Cautis and the first author
in [4], the second and third author, in [19], associated to B a graded pivotal monoidal
category H5. The objects of H}; are formal direct sums of compact oriented 0-manifolds,
and the morphisms are linear combinations of immersed oriented planar 1-manifolds,
decorated by elements of the Frobenius algebra B, and subject to certain local relations.
Associated to Hj are at least two potentially interesting algebraic objects:

o the center Z(#H3;), which is the endomorphism algebra of the monoidal unit of the
category Hp, is a graded supercommutative infinite-dimensional algebra, whose
elements are linear combinations of immersed oriented closed 1-manifolds, deco-
rated by elements of B, and subject to the local relations of the graphical calculus
of Hp;

o the trace, or zeroth Hochschild homology, Tr(#H3;) of H1; is a graded noncommutative
infinite-dimensional algebra, whose elements are linear combinations of immersed
closed annular 1-manifolds, decorated by elements of B, and subject to the local
relations of the graphical calculus.

(We refer to Sections 3 and 4 for the precise definitions of the monoidal category Hp
and the algebras Z(H%) and Tr(#H7};).) The algebra of annular diagrams Tr(Hj) acts
linearly on the space of planar diagrams Z(H%).

The importance of the trace in diagrammatic categorification is first emphasized in the
work of Beliakova—Habiro—Lauda with both Webster [2] and with Guliyev [1]. In particu-
lar, the fact that the trace acts on the center of a pivotal monoidal category goes back at
least to [1]. Nevertheless, at present not much is known about the algebra Tr(H};), except
in the case B =T, where it was computed in [6]. The authors there suggest that, in the
general case, Tr(H7;) should be understood in relation to the vertex algebra associated
to the lattice Ko(B), equipped with its Euler form. We do not take up the computation
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of Tr(H3) here. However, there is a subcategory Hp of the monoidal category Hj, de-
fined by considering only those morphisms of degree zero, and the Hochschild homology
Tr(H ) is naturally a subalgebra of Tr(#H};) (see Proposition 4.2). It turns out that there
is a close relationship between Tr(H ) and the ring of symmetric functions, and the goal
of the present paper is to explain this relationship.

In order to explain the main result of the paper, we assume for simplicity here that
the degree zero subalgebra of the graded Frobenius superalgebra B is one-dimensional,
that B is not concentrated in degree zero, and that the Nakayama automorphism of B
is trivial. (The constructions in the body of the paper are written in greater generality
than this.) Our first main result, Theorem 4.5, states that the algebra of annular dia-
grams Tr(Hp) is isomorphic to a Heisenberg algebra hp. As a consequence, we obtain
canonical isomorphisms between the subalgebras Tr(Hp)" and Tr(Hp)~ of clockwise
and counterclockwise annular diagrams and the algebra Sym of symmetric functions:

Tr(Hp)* = Sym. (1.1)
We then use the action of Tr(Hp) on Z(H};) to define a pairing
(—,—)p: Tr(Hp)" x Tr(Hp)~ — F.

This pairing may be defined in two equivalent ways: graphically using the annular/planar
diagrammatic realisations of Tr(Hp) and Z(H%), or categorically, using the identifica-
tions of Tr(H%) and Z(H3) as the Hochschild homology and center of the Heisenberg
category M. Our second main result, Theorem 5.5, identifies the pairing (—, —)p with a
bilinear form on Sym under the isomorphisms (1.1). More precisely, we prove that, after
identifying Tr(Hp)" and Tr(Hp)~ with Sym, the pairing (—, —) p is identified with the
Jack pairing on Sym. That is, we have a commutative diagram

Te(Hp)~ x Te(Hp)*

_l (=)

Sym x Sym

where (—, —);: Sym x Sym — F is the Jack pairing at Jack parameter k& = dim Beyen —
dim Bogq. (Here Beyen and Bogq are the even and odd parts of B.) Thus, we obtain a
purely graphical realization of the algebra of symmetric functions with its Jack inner
product at parameter k = dim Beyen, — dim Bogq. In this sense, the Jack parameter k is
categorified by the graded Frobenius superalgebra B.

A special case, which is of some interest, is when the Frobenius algebra B = F[z]/(z*)
for a positive integer k. The relationship between this Frobenius algebra and symmetric
functions was investigated in [5], which used wreath products of F[z]/(z*) with symmet-
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ric groups to give a categorical construction of a specialization of the Macdonald inner
product (see (2.7)). The constructions of the current paper, on the other hand, give a
parallel categorical construction of the Jack inner product, which is a further specializa-
tion of the inner products studied in [5]. Moreover, except for the Frobenius algebra B
itself, the basic input for the current paper is entirely graphical, involving only algebras
of diagrams in the plane and the annulus. So while the proof of Theorem 5.5 makes use
of Heisenberg categories and their representation theory, the statement of Theorem 5.5
is purely a theorem in algebraic combinatorics.

This paper is organized as follows. In Section 2 we review the definition of lattice
Heisenberg algebras and we recall the Heisenberg algebra hp associated to a graded
Frobenius superalgebra B. In Section 3 we recall the categories Hp of [19], under some
simplifying assumptions on B. Then, in Section 4 we prove that Tr(Hpg) injects into
Tr(H3) (after collapsing the grading and parity shifts), compute Tr(H ), and identify
the action of Tr(Hp) on the center Z(H7}) with the Fock space representation of hp.
In Section 5 we define our diagrammatic pairing and show that it categorifies the Jack
bilinear form on symmetric functions. In Section 6 we define a filtration on Z(H%) and
prove some results about the associated graded algebra. In particular, we relate the
action of Tr(H}) on Z(Hj) to the multiplication in Z(#H7%). In Section 7 we discuss
some natural further directions of research suggested by the current work.

In Appendix A, we show, in a completely general setting, how one can obtain a number
of different presentations of lattice Heisenberg algebras that appear naturally from cate-
gorification. We also include some material related to lattice Heisenberg algebras arising
from the Macdonald inner product on symmetric functions. We deduce presentations of
these algebras which may be of independent interest, and we explain how the limiting
procedure that produces the Jack inner product from the Macdonald inner product can
be interpreted in terms of incorporating a differential at the categorical level.

Note on the arXiv version

For the interested reader, the tex file of the arXiv version of this paper includes hidden
details of some straightforward computations and arguments that are omitted in the pdf
file. These details can be displayed by switching the details toggle to true in the tex
file and recompiling.
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2. Lattice Heisenberg algebras
2.1. Definitions

Throughout this paper, F will denote an algebraically closed field of characteristic
zero. Consider the rings

Lgn =Zlg, ¢, 7ml/(x* —1) and For= Flg, ¢ ', 7]/ (x? = 1). (2.1)

Let L be a free Zy -module on the set {v; };cr, equipped with a nondegenerate sym-
metric sesquilinear form

(= —)p: LXL—Zgr.
Here we say a form is sesquilinear if it is Z-bilinear, and
(v, ¢°rw), = (v, w)r = (¢ v, w)p, forallv,w e L, s€Z, € € ZLs.
For i,j € I, we will write (4, j) for (v;,v;).

We let Sym denote the Hopf algebra of symmetric functions with coefficients in Fy .
If p,, denotes the n-th power sum, then Sym has a basis given by

PXx = DPXxiPray- -3 Phps )\:()\1,...,>\g)€737

where P denotes the set of partitions. We let [A| = Zle A¢ denote the size of a partition
A= (A1,..., Ar) € P. We will assume some familiarity with basic properties of symmetric
functions. We refer the reader to [14] for an exposition of this topic.

Let

bf =b, =Sym®z, L=, Sym.

We will add a superscript + or — to various symmetric functions (or elements of
Sym ®z, L) and generating functions to indicate that they are to be considered as
elements of h}f or b, respectively. In addition, for f € Sym, we write f;, i € I, for
f®wv; € Sym®g, L. For example p;i, neNiel isp,®v; € bz.

For n € Z, consider the F-algebra homomorphism

On:For = For, 0On(g)=q", Op(m)=—(—m)".
There is a unique sesquilinear Hopf pairing determined by

(= =)0 X0 = Foms (0P s) = Snmnbn ((i,5)), nom e Ny, i, jel. (22)
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Remark 2.1. When I = {i}, with (i,i) = d € F ,, the pairing (2.2) is given on the basis
P, A € P, (here we drop the index 7) by

£(X)
<p;ap:> = 5)\,#’2)\ H 0)% (d)a N = H kmko\)mk()‘)!a (23)
k=1 E>1

where my () is the number of parts of A equal to k and £()\) is the number of nonzero
parts. (The general formula follows from the values of the pairing on the power sums
as in [14, Example (b), p. 306].) One can write such an explicit formula in the more
general setting of arbitrary I, but the expression is more complicated (see, for example,
[3, Prop. 3.1] and [18, (8.1)]).

Let b = bz#f)z be the Heisenberg double associated to the Hopf pairing (2.2). Note
that, since the pairing is sesquilinear (as opposed to F, .-bilinear, as in [17-20]), we have
Fy »-vector space isomorphisms

L =bhf®r, . by 2b; ®F,. b7,

where the action of IF, . on b} is twisted via the F-linear involution of F,  determined
by ¢ — ¢!

The Heisenberg double by, is generated as an F, .-algebra by pii, n € N4, ¢ € I, with
relations

, T .

i) =05 [n P ] =00 [DF 00 1 = Onmnn((i,5)), nymeNy.  (24)

Note that by, is naturally a graded algebra, where for a degree n element f € Sym and
i € I, we declare fijE to be of degree £n. In particular, pii is of degree £n.

2.2. Heisenberg algebras associated to a Frobenius algebra

We now relate the lattice Heisenberg algebras described above to the Heisenberg
algebras associated to a graded Frobenius superalgebra in [19, §5].

Let B = @,,c Bn be an N-graded Frobenius superalgebra over F with trace map
trg: B — F of Z-degree —d, 6 € N. (In other words, 0 is the top degree of B.) For
simplicity, we assume that the trace map of B is supersymmetric and even. In partic-
ular, trp(bibe) = (—1)5152tr3(b2b1) for all homogeneous by, by € B. Here b denotes the
parity of a homogeneous element b € B. In addition, we let |b| denote the Z-degree of
a homogeneous element b. Whenever we write an expression involving parities and/or
degree, we shall implicitly assume that the corresponding element is homogeneous. In
the language of [19], our assumptions mean that ¢ = idg and § = 0. (The ¢ of [19] is
not the same as the § of the current paper.) We shall also assume that

all simple B-modules are of type M (i.e. not isomorphic to their parity shifts).

Therefore, in the language of [19], we have k = Z .
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We can naturally associate a lattice to B as follows. We let L = Lg = Ky(B) be
the split Grothendieck group of the category B-pmod of finitely-generated projective
graded B-modules, with coefficients in F. More precisely, K(B) is the quotient of the
free F-module on isomorphism classes of finitely-generated projective graded B-modules,
by the F-submodule generated by [Mj]~ — [Ma]~ + [Ms]~ for all My, My, M3 € B-pmod
such that My = M; ¢ M3. Here [M]~ denotes the isomorphism class of M € B-pmod.

We define the structure of an [, r-module on Ky(B) in the usual way, defining

¢°m[M]~ = [{s, e} M],
where {s, e} M denotes the shift of M determined by
({57 e}M)s’,e’ = Ms’—s,e’—!—e-
Then K(B) has a basis over F . given by the classes of the indecomposable projective
modules P;, i € I, of B. We adopt the convention that the P; are generated in degree
(0,0). We then define a sesquilinear pairing (—, —): L x L — F, . determined by

([M], [N]) = grdim HOMp (M, N). (2.5)

Let hp be the Heisenberg algebra associated to B in [19, Def. 5.1], but where we
extend scalars to Fy » (i.e. hp ®z, . Fyr in the language of [19]).

Proposition 2.2. We have that hp is isomorphic, as a graded F, -algebra, to the algebra
b defined in Section 2.1 with L = Lg the lattice associated to B as above.

Proof. The proposition follows immediately from a comparison of the presentations of h
given in [19, Prop. 5.5] to the presentations of h, given in Propositions A.1 and A.2. O

In the sequel, we will identify hp and b, via the isomorphism of Proposition 2.2.
2.3. Recovering the pairing

The algebra h acts naturally on hj{ via the Fock space representation (see, for ex-
ample, [17, §2] or [20, Def. 2.10]). Define the F, -linear map

ko = (ly-,—): b = For (2.6)

In other words, kg is projection onto the degree zero piece of hJLﬂ where the grading on
hz is induced by the natural grading on Sym (see Section 2.1). Equivalently, k¢ is the
counit of the Hopf algebra f)JLr. The following lemma illustrates how one can recover the
pairing (2.2) from the algebra by,
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Lemma 2.3. We have

ko ((fg) - 1m+)=(f.g), forall f €by, geh]}.

Proof. We have

ko ((fg) - 1u+) = ko(f - 9) = (L=, f - 9,) = ([, 9),

where, in the third equality, we have used the fact that the Fock space action of h; on
[)JLr is adjoint to multiplication in h;. O

2.4. The Jack pairing

Fix a Z-graded super vector space V. Then we can consider the setup of Section 2.1
in the special case that L is a lattice of rank one, generated by an element v satisfying
(v,v) = grdim V.

Specializing even further, fix k € N and define V = C[z]/(z*). If we declare degz =
(1,0) € Z x Zg, then

1— k
grdimV =14qg+¢*+---+¢" 1 = 1__(1(1,
and the pairing (2.3) becomes
)k
- o) =
ST IWEN ]j[1 T MHEP: (2.7)

This is a specialization of the pairing defining the Macdonald symmetric functions (see
(A.4)). Note that the quotients appearing in (2.7) are, in fact, polynomials in g. Therefore,
we can specialize further to ¢ = 1. This yields the Jack pairing at parameter k, given by

(0,00 = Oapkzn, A peP, (2.8)
and used to define the Jack symmetric functions (see [14, §VI.10]).

Remark 2.4. The choice of V' = F[z]/(2"), and its relevance for the categorification of
the ring of symmetric functions with a specialization of the Macdonald bilinear form, is
discussed in [5]. See also Section A.4 for an explanation of how we can view the above
construction as arising from one related to the Macdonald inner product.
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3. The graphical calculus of the Heisenberg category
8.1. The Heisenberg category

As in Section 2.2, we let B = P, .y Bn be an N-graded Frobenius superalgebra over
F with even, supersymmetric trace map trg: B — F of Z-degree —9, § € N. In this
section we recall the definition, given in [19], of the Heisenberg category Hp associated
to B. (In fact, the construction in [19] is more general, working for an arbitrary N-graded
Frobenius superalgebra, without the simplifying assumptions on B we have made here.)

Given a basis B of B, we let BY = {b¥ | b € B} denote the right dual basis defined by
the property that

trB(b1b¥> = 5b1,b2 for all by,b, € B.

We define H'g to be an F-linear strict monoidal category whose objects are generated
by symbols {n,e}Q4 and {n,e}Q_, for n € Z, € € Zy. We think of {n,e}Q4 as being a
shifted version of Q and we declare the monoidal structure to be compatible with shifts
{-,-}, so that, for example, {s,e}Q_ ® {s',¢}Q_ = {s+ s, e+ }HQ_- ® Q_). We will
usually omit the ® symbol, and write tensor products as words in Q4 and Q_. Thus an
arbitrary object of H'; is a finite direct sum of words in the letters Q1 and Q_ where
each word has a shift.

The space of morphisms between two objects is the F-algebra generated by suitable
planar diagrams. The diagrams consist of oriented compact one-manifolds immersed
into the plane strip R x [0, 1] modulo certain local relations. The grading on morphisms,
which will be specified later in this section, determines the difference in shifts between
the domain and codomain.

A single upward oriented strand denotes the identity morphism from Q4 to Q4 while
a downward oriented strand denotes the identity morphism from Q_ to Q_.

Strands are allowed to carry dots labeled by elements of B. For example, if b, V', 0" € B,
then the diagram

b
b/
b//

is an element of Homy (Q4, {—[b] — [b'| — V7,040 +b"}Q4). (See below for an expla-
nation of the degree shift.) Diagrams are linear in the dots in the sense that
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{(Zlbl +22b2) = 21 <+b1 > + 29 <$b2 ) for z1,29 €T, by,b € B.

Collision of dots is controlled by multiplication in the algebra B:

b

AR (3.1)

The sign in the first relation comes from the fact that composition of dots on upward
strands actually corresponds to multiplication in the opposite algebra B°P. We allow
dots to slide freely along strands.

We also allow strands to cross. For example

W<

is an element of Homsy, (Q+Q—, {—16],b}Q_Qy). (See below for an explanation of the
degree shift.) Notice that the domain of a morphism is specified at the bottom of the
diagram and the codomain is specified at the top, so we compose diagrams by stacking
them and reading upwards.

We assign a Z X Zs-grading to the space of planar diagrams by defining

deg >< = (0,0), (3.3)

3.5

w
D

w
BN

(3:5)
(3.6)
(3.7)
(3.8)

We consider diagrams up to super isotopy fixing the vertical coordinates of the end-
points of strands. By super isotopy, we mean that dots on distinct strands supercommute
when they move past each other vertically:



A. Licata et al. / Journal of Combinatorial Theory, Series A 155 (2018) 503-543 513

(3.9)

Because of the sign changes involved in super isotopy invariance, we do not allow
diagrams in which odd dots appear at the same height (i.e. have the same vertical
coordinate).

The local relations we impose are the following:

= ><) (3.10)

(3.11)

I
S

R

= | (3.13)
o

bEB ﬁ (3.14)

l (3.15)

b@ = trp(b) (3.16)

Relation (3.14) is independent of the choice of basis B by [19, Lem. 3.1]. By local relation,
we mean that relations (3.10)—(3.17) can be applied to any subdiagram contained in a
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horizontal strip of the form R x [a,b], with 0 < a < b < 1, where the remainder of the
strip (to the right and left of the subdiagram) consists only of strands without dots.
If we wish to perform a local relation on a subdiagram in a vertical strip containing
dots, we should first super isotope the diagram so that the vertical strip containing the
subdiagram no longer contains dots.

The monoidal structure on morphisms is given by horizontal juxtaposition of dia-
grams. However, because of (3.9), it is important that we specify that, when juxtaposing
diagrams, dots in the left-hand diagram should be placed higher (vertically) than dots in
the right-hand diagram. We always super isotope the diagrams before juxtaposing them
to ensure that this is the case.

Note that all of the graphical relations are homogeneous. Thus, the morphism spaces
of H’; are Z x Zs-graded vector spaces and composition of morphisms is compatible
with the grading. We denote by {-,-} the grading shift in H’;. It will be important in
the sequel to emphasize that, in the category H'’z, we only allow morphisms of degree
zero. In particular, a linear combination of diagrams of degree (—s,€) whose tops and
bottoms correspond to the sequences = and y, respectively, of the generating objects Q4
and Q_ is to be viewed as a degree zero morphism from x to {s, €}y.

We define the category Hp to be the idempotent completion (also known as the
Karoubi envelope) of H'5. By definition, the objects of H g consist of pairs (z,e), where
x is an object of H/; and e:  — x is an idempotent morphism. The space of morphisms
in Hp from (z,e) to (z/,€’) is the subspace of morphisms in H'; consisting of g: x — 2’
such that ge = g = e’g. The idempotent e defines the identity morphism of (z,e) in Hp.

Note that Hp inherits the Z x Zs-grading from H’;. This means that the split
Grothendieck group Ko(Hg) of Hp (with coefficients in F) is an Fy .-algebra. Precisely,
we define

¢’z = [{s,e}z]~, € ObHp, sE€Z, €€ Lo,

where [x]~ denotes the isomorphism class of « (and its image in the Grothendieck group).
The monoidal structure in Hp descends to a multiplication in Ko(Hp).

By relaxing the condition that morphisms must be of degree zero, we obtain the
graded category H} with the same objects as ‘Hp, but with morphism spaces between
objects x and y given by

Homys, (v,y) = HOMy, (2,9) = @) Homgy, (2, {s,€}y). (3.18)
(s,€)ELX Lo

3.2. The algebras of annular and closed diagrams

Associated to the graded category #H}; are two natural algebras. The first is the space of
annular diagrams, with multiplication given by nesting diagrams; so for annular diagrams
Ay and As, we define A3 Ay to be the annular diagram obtained by placing As in the
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Fig. 1. An annular diagram A and a closed diagram D. The closed dots are labeled by elements of B, and
the open dots represent right curls (see (4.1)).

=
T
I
@

Fig. 2. The action of the annular diagram A on the closed diagram D.

center region of A;. As for the monoidal structure in #};, we always first super isotope
the diagrams so that all the dots in Ay are higher (vertically) than those in As.

The second algebra associated to Hp is the space of closed diagrams, with multipli-
cation given by vertical stacking; so for closed diagrams D, and D, we define DDy to
be the closed diagram obtained by placing D; above Ds.

The algebra of annular diagrams acts naturally on the space of closed diagrams by
placing the closed diagram in the center of the annulus and viewing the result as a closed
diagram. See Figs. 1 and 2. Again, we always first super isotope so that the dots in the
annular diagram are higher than those in the closed diagram.

The goal of the current paper is to relate the two algebras mentioned above to the
ring of symmetric functions. In particular, we will identify certain annular diagrams with
specific symmetric functions and use the action of annular diagrams on closed diagrams
to obtain a diagrammatic realization of the Jack inner product. Our computations will
use the fact that the algebras of annular diagrams and closed diagrams correspond,

respectively, to the trace and center of the category HJ.
4. Trace decategorification

In this section we study the trace decategorification of the category Hg. For a survey
of trace decategorification that is well suited to the setup of the current paper, we refer
the reader to [1, §3].
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4.1. Trace of the Heisenberg category

By definition, the trace, or zeroth Hochschild homology, of H'z is given by

Tr(Hp) = (End H}p) / Spang{fg — gf | f € Homyy, (x,y), g € Homyy, (y, x),
x,y € ObH5},

where EndHp = @ Homgy,, (z, ).
xz€O0b Hg

We denote the image of a morphism f € Homyy, (z,2) in Tr(Hz) by [f]. The trace
Tr(#H'z) is naturally a module over F, ., where

m°[f] = [{s,e} f], f € Homyy (v,7), s€Z, € € Ls.

(Note that {s,e}f € Homyy, ({s, e}z, {s,e}x).) Since the trace remains unchanged under
passage to the idempotent completion (see [1, Prop. 3.2]), we have Tr(H5) = Tr(Hp).

The monoidal structure on the category H’; induces a multiplication on the trace
Tr(H%). Namely, given morphisms f: z — 2’ and g: y — ¢’ in H’z, then fg: 2y — 2'y/,
and we define [f][g] = [fg]. With this multiplication, Tr(H’;) is an F, ,-algebra.

Recall that the objects of H/; are sums of (possibly empty) sequences z of the gener-
ating objects Q4 and Q_. We define the ascension of such a sequence x, denoted asc x, to
be the total number of occurrences of Q4 minus the total number of occurrences of Q_.
Ascension then defines a natural Z-grading on Tr(H'5) by declaring asc[f] = ascz for
[ € Homyy, (z, 7).

Remark 4.1. In the case that B = F, the trace of Hf was considered in [6]. However, in
the case that the grading on B is nontrivial, the trace of H’; behaves very differently.
This arises from the fact that the grading on B induces a grading on the morphism spaces
of "'y (see Section 3.1). By definition, we require morphisms in 5 to have degree zero.

-k

has Z-degree equal to the top degree § of B. In the category H'z, we thus view this

For example, the diagram

diagram as a degree zero morphism from Q. to {4,0}Q4. So, if 0 # 0, this is not an
endomorphism of any object in H5. Therefore, we do not consider its class in the trace.
As we will see, this drastically simplifies the trace. One should compare this to the fact
that, for § # 0, one can show that the split Grothendieck group of H’; is isomorphic
to the Heisenberg algebra hp (see [19, Th. 10.5] and [4, Th. 1]), whereas the analogous
statement for B = [F seems to be much harder to prove and is, in fact, still a conjecture
(see [10, Conj. 1]).
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The trace of the graded category H}; is defined to be

Tr(Hy) = (ENDHp) / Spang{fg — (—1)79gf | f € HOMy, (2,3), g € HOMy, (y, ),
z,y € ObHp},

where ENDHp = @ HOMy , (z, x).
z€ObHpB

We again denote the image of a morphism f € ENDHpg in Tr(H}) by [f], and we have
Tr(Hy) = Tr(Hy™). In Tr(H}), we have

dfl=1f], =lfl=-(1)7[fl, f<ENDHp. (4.2)
Therefore, Tr(H}) is naturally an F-algebra. Note that, in general, Tr(#};) contains
classes of many more endomorphisms compared to Tr(H ). For instance Tr(#H%;) contains
the class of the right curl (4.1), since we now allow endomorphisms of nonzero degree.
See Remark 4.7.

By [19, Lem. 10.1], every object of H’; is isomorphic to a direct sum of shifts of objects
of the form Q} Q™, n,m € N. Thus, by [2, Lem. 2.1}, we have

Tr(Hp) = Tr(Hp) = Tr(H}p),

where H'; is the full subcategory of H'z whose objects are shifts of Q" Q™, n,m € N.
Similarly,

Tr(Hp) = Tr(Hp ) = Te(HE),
where H';" is the full subcategory of H/3" whose objects are shifts of QrQ™, n,m € N.
4.2. An injection of traces
Define

ENDHp :=EndHp" = @) Homgy-(x,2)= €O HOMyy, (x,2),
z€0b Hy €0b Hy

and define END H/} similarly. Then we have a natural inclusion map
End H3 — END H';. (4.3)

In the remainder of this paper, we will view F as an [F; ,-module via ¢ — 1, 7 +— —1.
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Proposition 4.2. Assume B # By (i.e. 6 > 0). The natural inclusion (4.3) induces an
injective F-algebra homomorphism

TI‘(HB) ®]qu F— TI"(H*B) (44)
Proof. Let

K = Spang{fg —gf | f € Homyy, (x,y), g € Homyy, (y,x), z,y € ObHE} C EndHF,
K* = Spang{fg — (~1)/9gf | f € HOMyy, (z,y), g € HOMyy, (y,z), 2,y € ObH},
- End"H%*.

Thus,
Tr(Hp) = (EndH%)/K and Tr(Hp) = (ENDHY)/K*.
We clearly have
K C K*NEnd HY,

and, by (4.2), we have an induced map Tr(Hpg) QF
It remains to prove that

F — Tr(Hp).

q,m

K*NEnd "), C K.

Suppose f € HOMy, (z,y), g € HOMyy, (y,z) for some z,y € ObH'5. By the definition
of H%, we have z = Q1*Q™* and y = Q*Q™" for some ny,my,ny, m, € N. Thus,
the argument used in the proof of [19, Lem. 10.2] shows that f and g have no nonzero
negative degree components. Thus, if fg— g f lies in degree zero, we must have fg—gf =
fogo — gofo, where fy and gg are the degree zero pieces of fy and gg, respectively. The
result follows. 0O

4.8. Diagrammatic realization of the trace

In the case that B =T, it was explained in [6, §4] that the trace of Hp can be viewed
as diagrams on the annulus. We can do the same for the categories H g and H. However,
as noted in Remark 4.1, we must be careful to only consider morphisms of degree zero.
For example, consider the relation (3.14). All diagrams in this equation are of degree
zero, and thus correspond to elements of Endy;, (Q-Q). However, in the trace, we will
want to slide the cup or cap around the annulus. In this case, we are considering the
rightmost term of (3.14) as a composition of morphisms

Q-Qy = {0+ b[}o = Q-Qy,

and we must keep track of the grading shift on the object @.
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Given f € End H'g, we depict the element [f] € Tr(Hp) by drawing f on the left side
of an annulus and then closing up the diagram to the right:

- (4.5)

Elements of Tr(#H3};) can be viewed similarly.

Remark 4.3. Above, we have taken the right trace, which corresponds diagrammatically
to closing off morphisms of H/; or H3" to the right. One can also take the left trace
by closing off to the left. The relation between the two constructions is as follows. The
adjunctions (i.e. the cups and caps) give involutions of the categories Hp and H} that
interchange Q1 and Q_ and reverse the order of tensor products. Diagrammatically,
this automorphism f +— f¥ comes from rotating diagrams through an angle of 7. Then,
closing off f to the right yields the same annular diagram as closing off f¥ to the
left. The resulting anti-automorphism from the left trace to the right trace interchanges
Tr(Hp)* (see (4.9)) and corresponds to the anti-automorphism from the Heisenberg
double bg#hg to the opposite Heisenberg double hg#bg. Whereas the action of the left
trace on the center, to be described in Section 4.5, corresponds to the lowest weight Fock
space representation (generated by a vector killed by Tr(H )~ ), the natural action of the
right trace on the center corresponds to the highest weight Fock space representation.

4.4. Identification of the trace
For n € Ny, let
B*":= B®" x S,

be the wreath product algebra associated to B, with grading inherited from B (i.e. we
take S, to lie in degree zero). By convention, we set B*? = F. The degree zero piece of
B*™is By'"™ = By X Sp,.

Let eq,...,es, be idempotents in B such that Bey,..., Bey, is a complete list of
(pairwise non-isomorphic) representatives of the isomorphism classes of indecomposable
projective B-modules, up to grading and parity shift. Note that e; € By for all ¢ €
{1,...,¢}. Similarly, for A F n, we let ex be an idempotent of F.S,, such that (FS,)ey is
the simple module corresponding to the partition A.
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For n € N, define
Pln) = {)\ = (AL M) ePL A =0 N = n} .
For A = (\L,..., X)) € P(n), let
ex = (e?‘*l‘ ®---®e;®w‘> (ex1 ® -+~ @ exe)
be the corresponding idempotent of B*™, where
ext @ ®@exe €FS)y | @ @FS|y) CFSy.

Then B*"ex, A € P%(n), is a complete set of indecomposable projective B*"-modules,
up to isomorphism and shift. (See, for example, [19, Prop. 4.4].)
For A\Fnand ¢ € I, we set

exi=¢een, i€{l,... 0}, AFn.
We have natural algebra homomorphisms
(B*")° — ENDyy, (Q}),  B*" — ENDyy, (Q") (4.6)

(see [19, (9.1), (9.2)]). For an element of B*™, we will use superscripts + and — to
denote the image of this element in END4y, (Q'}) and ENDy, (Q™ ), respectively, under
the above maps. For instance, for ¢ € I and A F n, eji is the idempotent ey ; € B*",
viewed as an endomorphism of Q.

Recall that the trace, or cocenter, of a superalgebra A is the vector space
Tr(A) := A/ Spang{ab — (—=1)®ba | a,b € A}.

Lemma 4.4. Suppose A is a finite-dimensional semisimple superalgebra whose simple
modules are all of type M. Let by,...,bs be a set of idempotents such that Aby, ..., Abs
is a complete set of (pairwise non-isomorphic) representatives of simple A-modules. Then
the images of by, ...,bs form a basis of Tr(A).

Proof. The assumptions on A imply that it is isomorphic to a product of superalgebras
of the form M,,, for m,n € N, not both zero. Thus, it suffices to consider the case
A = M|, Then we have

Tr(A) = A/ Spang{XY — (~1)XVY X} = M,,,,/{X | str X = 0},

where str X denotes the supertrace of X € M,,,,. Now, up to conjugation by a degree
zero element, we can take the minimal idempotent b of A to be the matrix with a 1 in
the (1, 1)-entry and zeros elsewhere. Then strb = 1 and the result follows. 0O
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The Chern character for Hp is the homomorphism of Iy .-algebras
¢p: Ko(Hp) — Tr(Hp) = Tr(Hy), [z~ [1.], =€ ObHp.
Theorem 4.5. Assume B # By (i.e. 6 > 0). If By is semisimple, then the map
¢p: Ko(Hp) @z F — Tr(Hp)

is an isomorphism of Fq x-algebras. Furthermore, we have an isomorphism of Fy -alge-
bras uniquely determined by

ep: Tr(Hp) = s, [ef,] = sty (4.7)
where sy denotes the Schur function associated to A € P.

Proof. Recall from Section 4.1 that we have Tr(Hz) = Tr(H/5), where HY, is the full
subcategory of H’z whose objects are shifts of Q7 Q™, n,m € N. By [19, Lem. 10.2], we
have

Endy (Q1Q™) = ENDyy, (Q1Q™ )00 = (By"™)® ®r By'™, n,meN,

where the isomorphism (which we will view as identification) comes from (4.6). It follows
that

Te(Hp) = P CP © Cn,

n,meN

where, for n € N,

Cn = B{™/Spang{fg—gf | f,9 € By"}

is the cocenter of the ring B;'".
By [19, Th. 10.5], Ko(Hg) has an F, r-basis given by

[(QBIQ‘_‘LI,e;\’e;)} . ApePh

o

Since

6 ([(@20 cis2)]) = s

it follows from Lemma 4.4 that g is an isomorphism. (Note that injectivity also follows
from [2, Prop. 2.4].)
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The isomorphism g in the last statement of the theorem is given by the composition

—1
@B:aOEB ;

where a: Ko(Hp) — bp is the isomorphism of F-algebras from [19, Thm. 10.5] (after
tensoring over Z with ). To see that

it suffices to show that

o ([(Qtens)]) = i (48)

for all partitions A - n. By [19, Prop. 5.5], [19, Th. 9.2], and Proposition A.1, the equa-
tion (4.8) holds for a one-part partition A = (n) (and also for the transpose A = (1™)).
Now, straightforward generalizations of the proof of [4, Lem. 5] and [4, Rem. 6] show that
the expression for [(Qi, eM)]E as a linear combination of products of the generators
[(Qg’f, e(m)yi)]g, m € N, is given by the Giambelli rules in the ring of symmetric func-
tions for expressing the Schur functions in terms of complete homogeneous symmetric
functions. On the other hand, in hp, the expressions for sj\—Ll in terms of the generators

s(im)i are also given by the Giambelli rules. Thus, since (4.8) holds when A = (n), and

« is an algebra isomorphism, it follows that (4.8) holds for all \. O

Remark 4.6. Recall that the algebra hp has a natural Z-grading, where we view a degree n
symmetric function in H* as living in degree +n (see Section 2.1). Then the isomorphism
vp sends elements in Tr(H ) of ascension n to degree n elements of bz, for n € Z. Thus
pp is also an isomorphism of graded algebras.

Remark 4.7. One should compare Theorem 4.5 to [6, Th. 1], which considered the case
B =F. In that case, the trace Tr(Hp) is a quotient of a W-algebra, and is much larger
than the corresponding Heisenberg algebra hr. This is because of the difference pointed
out in Remark 4.1. Of course, instead of H g one could consider the corresponding graded
category Hp. As noted in the introduction, the trace of Hj should be related to W-
algebras.

Let

Tr(Hp)* = (D [Bnds, (QL)] - (4.9)

neN

By Theorem 4.5, we have an isomorphism of F, r-modules

Tr(Hp) 2 Tr(Hp)t @r, . Tr(Hp) ™, (4.10)

q,™
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and

op (Tr(Hp)*) = b3

For n € N and i € {1,...,¢}, let Pni’i be the class in Tr(Hp) of the element of
Endyy, (Q%) corresponding, under the homomorphism (4.6), to e?"wn, where w,, is a
cycle in S, of length n. Then
A=(A1,..., ) €EP, (4.11)

+ ._ pt + +
P,\,i = P/\l,ip,\z,i ’ "P,\g,w

is the class of the element of Endy, (Q%) corresponding, under the homomorphism (4.6),
®mn

to e;”"wy, where wy is a permutation in \S,, of cycle type A - n. For example, diagram-

matically,

(3,2),8

where the dots are labeled by the idempotent e; € B.

Proposition 4.8. Recalling the isomorphism ¢p of (4.7), we have

¢B (P;fi) =prsp AEP, iE€{l,... 0}

Proof. We fix ¢ € {1,...,¢} and drop the subscript ¢ from the notation. Let L) denote
the irreducible representation of the symmetric group S,, indexed by the partition A F n,
with character x . For u - n, let

C,= > g | € Z(C[S,))
g of cycle type u

denote the sum over permutations of cycle type pu. The set {C}},rr, is a basis of the
center Z(C[S,,]). Another basis of Z(C[S,,]) is given by the primitive central idempotents
{éx}. We have

XA(€n) =0 xndim Ly and  xA(Cp) = zuxa(9u),
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where g,, is any permutation of cycle type 1 and z, is the size of the conjugacy class of
type p (see (2.3)). Thus, in Z(C[S,]), we may express the basis {C},} in terms of the
basis {€)} by

_ A =
Now, under the map ¢: Z(C[S,]) — Tr(C[S,]), we have

1(Ch) = zut(gy), and c(éx) = (dim Ly)e(ey),

where we recall that ey € C[S,] is a Young idempotent such that C[S,]ey = L. It
follows that for any permutation g, € S, of cycle type i, we have

gn) =D xalgu)elen).
A

In other words, in Tr(C[S,,]), the transition matrix between the basis given by the classes
of permutations and the basis given by Young idempotents is given by the character table
of S,,. On the other hand, by [14, (1.7.8)], the transition matrix between the power sum
basis and the Schur function basis is also given by the character table of S,,:

Pu =Y XA(gu)5x-
A

Thus, in any linear map (such as ¢p) from Tr(C[S,,]) to symmetric functions, if the class
of the Young idempotent ey is sent to the Schur function sy for all A, then the class of
a permutation g, of cycle type p will be sent to the power sum symmetric function p,,.
This completes the proof. 0O

Remark 4.9. Proposition 4.8 illustrates an important feature of the trace categorification
of hp given by Theorem 4.5. Namely, the power sum symmetric functions have a natural
interpretation as classes of certain permutations. In the Grothendieck group categorifi-
cation of h given in [19, Th. 10.5], the power sum symmetric functions do not seem to
have such a natural interpretation.

4.5. Action of the trace on the center

All objects of ‘Hp have biadjoints up to grading and parity shifts, and all adjunctions
in Hp are cyclic. Thus, the trace Tr(H?%) acts on the graded center

Z(Hp) := HOMy:, (2, 9),

as we now explain. Note that Z(H%) is naturally an F-algebra, but does not have the
natural structure of an F, r-module arising from shifts, since the nontrivial shift of an
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endomorphism of & is no longer an endomorphism of @. (Rather, it is an endomorphism
of a shift of @.)

Essentially, the action of Tr(#H};) on Z(H}) is the usual one for a pivotal monoidal
category (or, more generally, a pivotal 2-category). See, for example, [2, §9.1|. However,
since in the category Hp the objects Q4 and Q_ are only biadjoint up to a grading shift,
we are forced to work in the graded category Hp instead of Hp itself. In addition, we
need to carefully define the grading conventions in our action.

The action is defined as follows. The graded center Z(#};) consists of linear combina-
tions of closed diagrams D, which are morphisms & — {— deg D}&, where deg D € ZxZs
is the degree of D. The action of [f] € Tr(H}) on such a diagram D is given by placing
D in the interior of the annulus and interpreting the resulting diagram as an element in
Z(H3). (As explained in Section 3.2, we always first isotope the diagrams so that any
dots in the annular diagram are higher than any dots in the closed diagram.) Thus, if

f € HOMy, (Q1Q™,Q1Q™),

is of degree deg f € Z ® Zs, then

[f]-D = € HOMy, ({nd,0}2, {(md,0) — deg D — deg f}2)

C Z(Hp).
Note in particular that the degree of [f] as an operator on Z(H}) is
deg f + (nd —md,0) = deg f + (d asc[f],0). (4.12)
Via the injection of Proposition 4.2, we have an induced action of Tr(Hp) on Z(H}).
The identity morphism 14 of the trivial object (empty sequence) of Hp is the empty
diagram. Acting on the empty diagram gives a map
Tr(Hp) = Z(Hp), [f1—[f] 1o
We define
Fp=Tr(Hp) 1o (4.13)

In light of Proposition 4.10 below, we call Fp the diagrammatic Fock space. Let Fp = h;
denote the Fock space representation of hp, and let Fpr = Fp ®p,  F.
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Proposition 4.10. Assume B # By (i.e. § > 0). We have an isomorphism of F-modules

¢p: Fp— Fp@p,  F, [ef] 1o~ si = 8;71 . ~-s;\r,z$z, A=\ 0 e Pt
(4.14)

extended by linearity. Furthermore, the diagram

Tr(Hp) ® Fp — Fp

WB@‘#B\L ”ldna

bp ® Fpr Fpr

commutes, where the horizontal arrows are given by the Fock space actions.

Proof. As in the proof of Theorem 4.5, Tr(Hp) is spanned by the classes of (B;'")°P ®F
By™ = Endy,, (Q}Q™), n,m € N. Now, classes of elements of Endsyy, Q™ have negative
ascensions, and thus are operators on Z(HJ}) of strictly negative degree. However, by
[19, Prop. 8.9, Z(H3%) is concentrated in nonnegative degree. It follows that

Fp=Tr(Hp)" 1z (4.15)

Now, Fp # 0 by [19, Th. 7.4]. (For example, a clockwise circle is mapped to n by
the functor F,, of [19, Th. 7.4], and thus cannot be zero.) Therefore, by the Stone-von
Neumann Theorem, Fp is the Fock space representation of hp ®r,  IF. (See, for example,
[20, Th. 2.11] for a formulation of the Stone-von Neumann Theorem adapted to lattice
Heisenberg algebras and more general Heisenberg doubles.) Note that we need to tensor
over F, » with F here since the action of Tr(#p) is via the injection (4.4). The result
now follows from Theorem 4.5. O

Remark 4.11. If § > 0, it follows from degree considerations that the action of Tr(Hpg) =
bp ®r, . F on Z(H}) is a lowest-weight representation (i.e. it is generated by lowest
weight vectors). Therefore, by the Stone-von Neumann Theorem, knowing the space
of lowest-weight vectors would yield an explicit description of Z(H%). A description of
Z(H3;) was conjectured in [19, Conj. 8.10].

Proposition 4.12. We have
> IB*™)*] - 1o = Z(Hp),

n=0

where [(B*™)°P] C Tr(HE)™" via the first algebra homomorphism of (4.6).
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Proof. By [19, Prop. 8.9], Z(H}) is spanned by products of clockwise circles carrying
dots and right curls. Using [19, Prop. 8.8], one can nest such circles inside one another.
It follows that Tr(H%) - 1g = Z(H7}). Then it follows by degree considerations, as in the
proof of Proposition 4.10, that Tr(H) 1 - 1o = Z(H3).

It remains to show that if 2 € ENDy,(Q"}) is a diagram consisting of a permutation
of the strands, carrying dots and right curls, then we can write [z] - 15 as a linear
combination of elements of the form [2]- 14, where 2’ € (B*™)°P i.e., where z’ does not
contain right curls. We prove this result by induction on the number of right curls in z.

Using (3.13) and [19, (8.4)], we can move right curls to the right, modulo diagrams
with fewer right curls (recall the notation (4.1)):

We can thus choose a right curl in z and move it to the rightmost strand, modulo
diagrams with fewer right curls. Therefore we can assume one of the right curls in z is
on the rightmost strand. But then [z] - 15 = [2/] - 15, where 2’ is obtained from z by
removing a right curl from the rightmost strand, adding a new strand on the far right,
and adding a crossing between the two rightmost strands at the location of the removed

PN

This completes the proof of the induction step. O

right curl:

5. A bilinear form on annular diagrams
5.1. The bilinear form

Recall the functor Fo: Hp — F-mod defined in [19, §7]. This functor maps the graded
center Z(H3;) of the category H p to the center Z(F-mod™) of the graded category F-mod*
of Z-graded super vector spaces over F. Via the natural identification of Z(F-mod™)
with F, we will view Fy as giving a map Z(Hj5) — F.

An equivalent definition of F is that it is the F-linear projection

Fo: Z(Hy) — Z(Hp) =T,

of the center of the graded category H% onto its degree zero piece, which is the center
of the category Hp.
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Let
evi,—1:Fgr = F (5.1)
denote the evaluation at ¢ = 1 and 7 = —1.
Lemma 5.1. The diagram
F
TI"(HB) e .FB 2 F

N %

«
bp —— I'pr

commutes, where the maps a and o are given by action on the vacuum vectors 1y and
1h?§ € F, respectively, and where ¢p is as defined in (4.14), and ko is the map (2.6)
followed by the map evy_1.

Proof. The commutativity of the left-hand square follows from Proposition 4.10. To
prove commutativity of the right-hand triangle, suppose )\ is a nonempty partition and
i€ {1,...,£}. Then it is immediate from the definition in [19, §7.1] that Fo([e;\rﬂ-]) =0,
since the indices as described in [19, §7.1] become negative. The result then follows
immediately from Proposition 4.10. 0O

It follows from Lemma 5.1 that ¢p intertwines the linear functionals
Tr(Hp) = F, z—Fo(x-1g), and hg = F, z— ko (x . 1,];) .
Define a pairing
(=, =)p: Tr(Hp)” x Te(Hp)t = F, (z,y)p=Fo((zy)-1s). (5.2)

Diagrammatically, the pairing (x,y)p is obtained by juxtaposing the diagrams for x
and y, closing off the resulting composite diagram to the right, and applying the func-
tor Fy:

<$, y>B =Fy
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Remark 5.2. In fact, the pairing (5.2) can be extended to a pairing for the larger trace
Tr(H?%), using the same definition. In this setting, it is more natural to consider the
2-category version of the Heisenberg category Hp (see [19, Rem. 6.1]), in which case the
definition of the trace of a 2-category implies that we only pair elements of Tr(Hj)™"
of ascension n with elements of Tr(H})~ of ascension —n (so that their horizontal
composition is the endomorphism of some object, as opposed to a morphism between
distinct objects). We will not investigate the properties of this extended bilinear form in
the current paper.

Remark 5.3. One could modify the pairing (5.2) by replacing Fy with the functor F,,
for any n € N (see [19, §7]). In this case, the pairing would take values in the center
Z(B*™-mod") of the graded category B>*™-mod*, which can be naturally identified with
the center Z(B*"™) of the wreath product algebra B*™. It would be interesting to further
examine this family of pairings.

5.2. Isometries
Recalling (5.1), we let
(= )1 =evi10(——): by @b = F
denote the corresponding specialization of the pairing of bﬁ.
Corollary 5.4. The diagram

Tr(Hp)~ x Te(Hp)t —— "

$BXYB \L

s x b

<_7_>1,—1

commutes.
Proof. This follows directly from Lemmas 2.3 and 5.1. 0O

For each n € N, the adjunctions in the category Hp give us an automorphism of
F, ~-algebras

Endy, (Q})P — Endy, (Q"), z+— zrot,

given by rotating a diagram through an angle 7. In this way we can define a bilinear
form

(= =) Te(Hp)" x Te(Hp)t = F, (z.9)p = (2", y)p =Fo((2™'y) - 15). (5.3)
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Theorem 5.5. Suppose By = T, so that f)jg = Sym. Then the algebra isomorphism
op: Tr(Hp)T — b5 = Sym is an isometry, where Tr(Hp)t is equipped with the
bilinear form (5.3) and Sym is equipped with the Jack bilinear form at parameter
dim Beyen — dim Bogq (see (2.8)).

Proof. Since By = T, the algebra B has only one simple module (up to grading and
parity shift), namely the one-dimensional module B/ @, Bn. The projective cover of
this simple module is B itself. Then we have HOMp(B, B) = B, as Z, -modules. For
n € N, we have (P,)™" = P, and

<p;,p;> = 6n7mn9n (grdim B) - <p:,p:;>17_1 = 6n,mn(dim Beyven — dim Bodd)a

which coincides with the Jack bilinear form at parameter dim Beyen — dim Boqq. Since
any Hopf pairing on Sym is uniquely determined by its value on the power sums, the
proposition follows. 0O

Remark 5.6. If we fix k € N, then the algebra B = F[z]/(2*) is naturally a Z-graded
Frobenius algebra, where we declare x to be even of Z-degree one. Since B has only one
indecomposable projective module, we have Tr(Hp)T = Sym. The pairing (5.2) then
corresponds to the Jack pairing described in (2.8) at parameter k.

On the other hand, if we let B be the cohomology of a surface of genus g, then B
is a supercommutative Frobenius algebra with dim Beyen, = 2 and dim Boqq = 2¢. Thus
the pairing (5.2) corresponds to the Jack pairing described in (2.8) at parameter 2 — 2g,
allowing us to realize the Jack pairing at negative parameters.

Example 5.7. Suppose B = F[z]/(x*), with trace map given by trB(Z;?;ll a;jzl) = ap_1.

The first power sum pj corresponds to the clockwise circle P;, and (P;)™" = P We

. (3.14) Al gh—i-1
<P1 Py )B = = + Z zJ
j=0
(3.13) ., (3.16)
i 4+ Z xkfl =" k.
=0

This agrees with the inner product of p; with itself in the Jack inner product at Jack

compute

parameter k = dim B.

Remark 5.8. The Heisenberg algebra hp is a Heisenberg double, whose definition involves
a Hopf pairing between two Hopf algebras. This pairing is thus implicit in the algebra
structure of hp, which was realized via Grothendieck group categorification in [19] and
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via trace categorification in Theorem 4.5. In particular, for the choice B = F[xz]/(x*),
the pairing in hp is the specialization (2.7) of the Macdonald pairing. The inclusion of
Tr(Hp) into Tr(H3), which collapses the grading (see Proposition 4.2), corresponds to
the ¢ — 1 limit that yields the Jack pairing from the Macdonald pairing.

6. Filtrations and associated graded algebras

We conclude the paper with a discussion of a natural filtration on the center Z(H})
arising from the ascension grading on the trace Tr(HJ;).
By Proposition 4.12, we have an F-vector space filtration of Z(H};) given by

0CZCZ CZCe-,  where Z, = Y [(B*)7] 1, (6.1)

m=0

We then have the associated graded F-vector space

st Z(Hy) = P Zn/Zn-1, (6.2)

where we adopt the convention that Z_; = 0. For a € Z(H};), we let gr(a) denote its
image under the usual F-linear map from Z(H3}) to grZ(H3p).

The center Z(H3) is naturally an F-algebra, with multiplication given by juxta-
position of diagrams. The following results gives a precise relationship between the
multiplicative structure on Tr(H};) and the multiplicative structure on Z(H%). Through-
out this section, in order to simplify diagrams, we will draw a single arc to represent
multiple strands.

Proposition 6.1. If ny,ny € Ny, z1 € A,,,, and 22 € A,,,, then

_
gr =gr z1 .
)

Proof. It suffices to consider 2 of the form cz3 for some ¢ € B®"2 and 23 € FS,,. Using
(3.10), (3.11) and (3.13) we have
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C
_ _ (pyelin |

Now, by [19, Lem. 8.2] we can use triple point moves for strands of any possible orien-
tation. Thus, we can pull all the strands emanating from the box labeled z; through the

C C
- =] Q)

We can then use (3.14) to pull apart the double crossings one by one, introducing terms

box labeled z3:

with dots and fewer strands:

Q = — (—1)lellal 2
% %

Here we used the symbol = for diagrams to indicate that they have the same image in

the graded vector space. 0O

Corollary 6.2. The filtration (6.1) is a filtration of F-algebras and hence (6.2) is the
associated graded algebra.

Proof. Consider the filtration on Tr(H%) induced by the ascension grading. Then the
action of Tr(H%) on 1y sends the n-th step of the filtration on Tr(H}) to Z,. The
corollary then follows from Proposition 6.1. 0O
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Proposition 6.3. For n € Ny and b € B we have

(o) o)1 -m (1), )

(Here o denotes the composition in ENDy, (Q').)

Proof. For m € Ny, let w,, = (m,m —1,...,2,1) € S,,. In what follows, we use the
symbol = for diagrams to indicate that they have the same image in the associated
graded vector space. By [19, (8.3)], we have

bf bf

((b®1§<”*1))oprj).1@: [ wn | le=|[ wau

T
T

| 1o~ 3| [ l| o= ||

Wn—1

Remark 6.4. The clockwise circle appearing in the statement of Proposition 6.3 is denoted
Chn—1 10 [19, (8.9)]. It was shown in [19, Prop. 8.9] that such diagrams generate Z(H})
as an algebra, a result that also follows from Propositions 4.12 and 6.3.

As a corollary of Propositions 6.1 and 6.3, we obtain a basis of the center of Z(Hp).
See [11] for a different proof of this statement.

Corollary 6.5. If B =T, the elements Py - 15 form a basis of Z(Hp).

Proof. It was shown in [10, Prop. 3| that Z(H ) is isomorphic to the polynomial algebra
Flco, c1, ¢, ... ], where ¢ is a clockwise circle with & right curls. By Proposition 6.3 and
Proposition 6.1, we have

gr(Py - 1) =gr(eaen, - er,)y A=(A1,...,\) €P.

The result follows. O
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Remark 6.6. In the case B = F, the main result of [11] identifies Z(Hy) with the algebra
Sym’ of shifted symmetric functions defined by Okounkov and Olshanski in [16]. The
algebra Sym’ is a filtered algebra whose associated graded algebra is the algebra Sym
of symmetric functions. Moreover, in the case B = I, the diagrams in the statement of
Proposition 6.3 inherit an explicit combinatorial interpretation in the language of shifted
symmetric functions. In particular, the isomorphism

Z(Hr) = Sym’,

is an isomorphism of filtered algebras, and the diagram P\ - 14 is mapped to the shifted
power sum denoted p7 in [16]; the diagram

Qn_17

on the other hand, is mapped to the nth Boolean cumulant of Kerov’s transition measure.
(We refer to [11] for the precise definitions of both shifted symmetric functions and of
Kerov’s transition measure.) Proposition 6.3 then corresponds to the fact that the shifted
power sum and the Boolean cumulant are both deformations of the power sum symmetric
function.

7. Further directions

The current paper naturally suggests several interesting directions for future research.
We mention some of these here.

More general Frobenius algebras

We have made several simplifying assumptions in the current paper. In particular,
while the Heisenberg categories Hp defined in [19] are valid for an arbitrary graded
Frobenius superalgebra B, we assume in the current paper that the trace map of B is
supersymmetric and even. (In particular, the Nakayama automorphism of B is trivial.)
We also assume that all simple B-modules are of type M (i.e. not isomorphic to their
parity shifts). See Section 2.2. Allowing B to have simple modules of type @ would result
in the appearance of the space of Schur @Q-functions. On the other hand, allowing the
Nakayama automorphism to be nontrivial (e.g. equal to the parity involution) would
introduce twisted Heisenberg algebras into the picture (see [7,9] and [19, Rem. 6.2]). It
would be interesting to pursue these generalizations.

Connections to W-algebras

It is shown in [6, Th. 1] that Tr(Hy) is isomorphic to a quotient of the W-algebra
W1toco- The action of Tr(Hp) on Z(Hp) then gives a graphical interpretation of the action
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of W14 oo on the space of shifted symmetric functions, which is identified with a level one
irreducible representation of Wi . In the more general setting, we expect that Tr(H1%)
should be related to W-algebras associated to the lattice Ky(B), as conjectured in [6].

Wreath product algebras

As described in [19, §7], the categories H}; act on categories of modules over wreath
product algebras B®" x S,,, n € N. Combined with the results of the current paper,
this yields actions of Heisenberg algebras on the centers of these module categories. One
should thus be able to use the diagrammatics of the categories H}; to study these centers.
For example, one should be able to develop a graphical calculus for centers of wreath
product algebras in terms of closed diagrams in the categories H}.

Jack symmetric functions

In the current paper, we develop a categorification of the inner product used to define
the Jack symmetric functions (see Theorem 5.5). In would interesting to try to give a
graphical description of the Jack symmetric functions themselves. That is, one would
like to describe natural annular diagrams in Tr(H ) that correspond to these functions.

Hilbert schemes

There is a well known relationship, due to Haiman [8], between the C* x C*-equivariant
K-theory of the Hilbert scheme Hilb(C?) of points on C? and the Macdonald ring of
symmetric functions, which realizes the basis of Macdonald polynomials as classes of
C* x C*-fixed points in equivariant K-theory. On the other hand, there is a parallel
description of the Jack symmetric functions using equivariant homology, due to Naka-
jima [15] and Li-Qin—Wang [13]. The relationship between K-theory and homology is
analogous to the relationship between the Grothendieck group and trace in the current
paper. It would be interesting to directly connect the constructions of the present paper
to the works [13,15], by, for example, constructing a categorical Heisenberg action on the
equivariant derived category of Hilb(C?).

Appendix A. Presentations of lattice Heisenberg algebras and the Macdonald pairing

In this appendix, we first deduce presentations of lattice Heisenberg algebras that
appear naturally in categorification. These presentations are used in the proof of Propo-
sition 2.2. In particular, we find presentations of lattice Heisenberg algebras arising from
the Macdonald inner product that may be of independent interest. We then explain how
the limiting procedure that produces the Jack inner product from the Macdonald inner
product (see Section 2.4) can be interpreted in terms of lattice Heisenberg algebras.



536 A. Licata et al. / Journal of Combinatorial Theory, Series A 155 (2018) 503-543

A.1. Presentations

Let us recall some facts about various generating sets for Sym. The generating func-
tions for the elementary and complete symmetric functions are

E(z) = Ze,.zt _ H(l tx2), H(z) = Zhv-zr _ H(l _ xiz)fl.

r>0 i>1 r>0 i>1

The generating function for the power sums is

P(Z):ZPTZ 1221_xxiz :;@logl—xiz'

r>1 i>1
Thus
P(z) = % log H(z) = H'(2)/H(2). (A1)
Similarly,
P(—z) = % log E(z) = E'(2)/E(2). (A.2)

For a finite-dimensional Z-graded super vector space V, we define its graded dimension
to be

grdimV := Z ¢rcdim Vi € Zg x.
SEZL, e€El2

Proposition A.1. The algebra b is generated by the complete symmetric functions hii,
n € Ny, i € I, with relations

min(n,m)
[h:zr,ivh;z,j] =0, [h:L,i’h:n,j} =0, h:,ih;n,j = Z grdim SE(V>h;L—€,th—Z,i’
=0

n,meNy, 1,7€l,
where V' is a Z-graded super vector space with grdimV = (i, 7).

Proof. By the general theory of Heisenberg doubles, it suffices to compute the commu-
tation relations between the h, , and h;j By (A.1), we have

H(z) =exp Z %z"

n>1
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8,€ r>1 S,€

Therefore,
Z h;tzhm] w™ = H;'_(Z)H]_(w)
n,m>0
Iy Prj
= exp Z ;’er,z%wk HJ_(w)Hj(z)
r>1 E>1

1 dim V; 1

- (T > n,
(]__q delngo m,j nz

SEZL n,m>0

= szwzgrdlmSZ(V) Z h m,j nz

£>0 n,m>0

and the result follows by equating coefficients. O

Proposition A.2. The algebra by, is generated by the complete symmetric functions h;tﬂ

and elementary symmetric functions e, ., n € Ny, i € I, with relations

n,i’

min(n,m)
[eg,wefn,ﬂ =0, [hfml”ﬁ ] hiz :n,] = Z grdlmAe( ) m— e,]h:zr £,
£=0

n,meNy, 1,7 €1,
where V' is a Z-graded super vector space with grdimV = (i, j).

Proof. By the general theory of Heisenberg doubles, it suffices to compute the commu-
tation relations between the h and e, . By (A.2), we have

_expz n lp" e

n>1
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Now,

+ _
Z(—l)ril%zr, Z p:j w”

r>1 E>1
_ Z(_l)r—l 0T<grdlm V) 2w
r
r>1
=— Z (dim Vi) > EEmqtzw)” D (1) (dim Vi o) log(1 + (=) zw).
r>1 r S,€ ,
Therefore,

> hten 2w™ = HY (2)E; (w)

n,m>0

+
r—1Pri o, Py ; _
= exp Z(—l) 172 ,Z Tjwk E; (w)H; (2)

r>1 k>1

(1 +qszw)dim Vs,0 B N
<H (1 — wq®zw)dim Ve Z em,jhn,iznwm

SEZ n,m>0

= Z 2t grdim A4 (V) Z ey bt 2" w™

£>0 n,m>0
and the result follows by equating coefficients. O

Remark A.3. By applying the Hopf automorphism of Sym that interchanges e,, and h,,
we can also obtain presentations in terms of eii and in terms of i, ; and e,tl

Remark A.4. In the case L = Z, with multiplication as the lattice pairing, Proposi-
tions A.1 and A.2 are well known. For certain other lattices, these presentations also
occur in [4, §2.2] and [3, §5]. The presentations of these propositions also appear in [19,
Prop. 5.5]. However, in that paper there are no p, and so the connection to the power
sum presentation is not given. In the ungraded non-super case, the maps 6,, are trivial,
so the situation simplifies greatly. In this setting, Proposition A.1 essentially appears in
[12, Lem. 1.2].

A.2. More general gradings

The lattice Heisenberg algebra construction of Section 2 can be generalized somewhat.
In particular, for » € N, we can replace Z, , everywhere by the algebra
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Za,ooarn © Zlar™ - g7 ][]/ (7% = 1)

consisting of Laurent series

S1 S €
Z Asy,osredl " 4 T Qsy,s,e € Z,
(81,-4187,€) ELT®ZLo

such that there exists N € Z satisfying

51,..,8 <N = ag,,. = 0.

38, €

We define IAFqlw,qs’6 similarly, and we replace 6,, n € Ny, by the F-algebra homomor-
phism

A~

en: ]F‘qlu"'quvﬁ - Fq1v-~~7QS157 en(ql) = anv en(ﬂ—) = _(_T‘—>nv i€ {17 s 77'}'
Remark 2.1, Proposition A.1, and Proposition A.2 continue to hold in this more

general setting, where the graded vector space V' appearing there is now Z" X Zs-graded
and we require that its graded dimension

grdimV := Z gt grmedim Vi s, e

81,0081 €L, €23
lie in quvan'r;Tr'
A.8. The Macdonald inner product
Consider the symmetric superalgebra
S(z,y) == T(Cz ® Cy)/(ab — (—1)ba | a,b € {z,y}),
where T'(Cxz @ Cy) denotes the tensor superalgebra on the super vector space spanned

by x and y, and angled brackets denote the ideal generated by the set they enclose. If
we declare degx = (1,0,0) € Z2 x Zo degy = (0,1,1) € Z? x Zy, then

1 X
grdim 5(z, ) = — 2 €2 4, 1. (A.3)
-0
Therefore, the pairing (2.3) becomes

2(N) s

_ 14 mq5
e | # A€ P. (A.4)

i=1 — 4l
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If we specialize to # = —1, this is precisely the Macdonald pairing, used to define the
Macdonald symmetric functions. See for example, [14, (VI.1.5)], where ¢; and g2 are
denoted t and ¢, respectively.

If we fix a rank one lattice L generated by v with (v,v) = grdim S(z,y), then Propo-
sitions A.1 and A.2 give presentations of bz in terms of the graded dimensions of the
symmetric and exterior powers of S(x,y). These graded dimensions can be computed
explicitly, as shown by the following two propositions.

Proposition A.5. If V is a Z X Z X Zso-graded vector space with graded dimension
grdimV = 114'_%, then

(14 7geqf ™M) (1 + mg2gy™2) -+ (1 + mgaqr) (1 + 7g2)

rdim S* = .
g ¥) =) —a ) (1 —q)

Proof. Since

Ezk grdim S*(V) = H(l + Tq2q7'2) H 1_%’

z
k>0 n>0 n>0 Eal

it suffices to show that

3 (14 7q2qF 1) (1 + 7g2g™2) -+ - (1 + mgaqr) (1 + 742) 1

= Q-)1-a D (1-aq)
" 1
= H(l + 7q2q7 2) H =g
n>0 n>0

Define ¢, k > 0, by

Z ezt = H(l + Tq2q7 2) H T —1q{‘z'

k>0 n>0 n>0

Clearly ¢y = 0. Now,

1
chzk = H(l + Tq2q7 2) H T2
k>0 n>0 n>0 Eal
14+ mqez 1
= —— 1 n
— L[f +7rq2q1z>£[1 g
1+ 7goz 1
=— 1+ 7mq2q7' (q12) —
1-2 }1} 3 >nr>[117q1<q1z>
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Thus

(1-2) chzk = (14 7qa2) Z crqr2”.

E>0 £>0
Therefore, for k£ > 1, we have
1

1 +7TCI2(1{€7

k k—1
Ck — Ck—1 = q1Ck +Tq2q; Ck—1 —> Ck = 14
-4

Cl—1-
The result follows. O

Proposition A.6. If V is a Z X Z X Zo-graded vector space with graded dimension
grdimV = 1;'_%, then

_ k—
12+ " g + ) (g 4+ 1)

. (
rdim A* = .
& ¥) Q- 1—g D) (1—q)

Proof. Since

sz grdim S*(V) = H S H(l +q7'2),

k>0 n>0 1 —mgaqt'= n>0
it suffices to show that
k—1 (k—2)
mq2 + ¢ mq2 + ¢ s (mge + 1 1
Bl LR e BTSN | SR Y
k>0 (1 _ql)(l —q )(1 _q1> n>0 _Trqquzn>0

Define ¢, k > 0, by
1
k n
p— —_— ]_ .
et = 11— o

Clearly ¢y = 0. Now,

chzk = H - H(lJrqu)

1 —mqaqtz
k>0 n>0 20z 05,

142 1
= 1+4¢72
].—7T(]22nl:[1 1 —7mgoqiz }:[0( %)

- T — [+

L =mgpz o0 1= 7247 (012) 7oy
1+z2 i
= C zZ) .
— > crlqr2)

k>0
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Thus

(1 —mgaz) Z ezt = (14 2) Z g 2”.

k>0 k>0

It follows that, for k > 1, we have

k—1
k k—1 mq2 + qq

Ck — TQ2Ck—1 = q1Ck +q7 Ck—1 — Ckiil s Ck—1-
—q1

The result follows. 0O
A.4. Passing to the Jack limit

Setting ¢ = ¢z = ¢f and m = —1 in (A.4) yields the pairing (2.7). The relationship
between the choice V = C[z]/(x*) of Section 2.4 and the S(z,y) of Section A.3 is as
follows. For k > 0, define a differential di: S(z,y) — S(z,y) by setting

ak(y) :xk7 ak(x) 207

and extending Jy to the rest of S(z,y) via the Leibnitz rule 0x(fg) = Ok(f)g +
(=1)¥1 05 (g). The differential 0y endows S(x,y) with the structure of a dg-algebra,
which is quasi-isomorphic to its cohomology

H*(S(2,y),0) = Cla]/(a"),

where C[x]/(x*) is regarded as a dg-algebra with zero differential.
In light of the above, one may view the process of “turning on” the differential 0, as
a categorification of the process of specialising g2 = ¢¥.
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