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relation, see [10]. In [19], a method is given for combining two Ramsey classes into a new
Ramsey class. This is given by using a cross construction, and a similar idea is used
in [22] in order to describe a diagonal property. In this paper we consider a more general
approach described as follows.

Let L; and Lo be disjoint relational signatures. Let Ky and Ko be Fraissé classes in
signature L; and Lo, respectively (see Section 3 for detailed definitions). Let K x Ko
be the class of finite structures A in the signature L; U Lo such that A|L; € K; and
ALy € Ko where A|L; and A|Ly are reducts of the structure A to the signatures L,
and Ly respectively. Then we have the following result:

Theorem 1. Let Ly and Ly be two disjoint relational signatures. Let K1 and Ko be Fraissé
classes in signatures Ly and Lo respectively. If K1 and Ko are Ramsey classes of rigid
structures, each satisfying the strong amalgamation property, then K1 x Ko is a Ramsey
class.

This result is an extension of Bodirsky’s result from [3] who required that the sig-
natures Ly and Ly be finite. Moreover, we extend this result further by removing the
assumption that Ky and Ko are Fraissé classes with the strong amalgamation property
(see Theorem 4 below). The proof in [3] uses model theoretic concepts such as core mod-
els, model complete cores and w-categorical structures. It also relies on the main result
from [12], which connects topological dynamics and Ramsey theory. It is well-known
that certain Ramsey type statements are not provable by finitistic methods. For exam-
ple, one such a statement can be found in [11] involving Ramsey theorem for regressive
functions. We use only elementary combinatorics to give a proof of Theorem 1 which in
turn is motivated by the proof in [22]. We do not consider Ramsey numbers in this paper
but our proof can give us some estimates on the corresponding Ramsey numbers; this is
in contrast with the proof in [3] which cannot give us estimates on Ramsey numbers.

Many classical examples of Ramsey classes are obtained by adding arbitrary linear
orderings to a given class of structures, such as ordered graphs or ordered metric spaces.
Let S(2) be the class of dense local orders (see Section 5 for a precise definition). Let
S(3) be the class of circular directed graphs (see Section 6 for definition). Let B be the
class of boron trees (see Section 7 for a precise definition). By adding arbitrary linear
orderings to structures in §(2), S(3) and B we obtain classes OS(2), OS(3) and OB
respectively, none of which is a Ramsey class, see [18] and [10]. In this case, structural
Ramsey theory asks for a measure of deviation of a given class from being a Ramsey class,
i.e. for a Ramsey degree, see Section 4 for a definition. We calculate Ramsey degrees for
structures in OS(2), OS(3) and OB, see Theorem 9. In addition, we consider a certain
class ‘H of finite relational structures naturally related to . The class consists of finite
sets with C-relations (see Section 8 for a precise definition). We refer the reader to [2] for
a more detailed treatment of C-relations and boron tree structures. By adding arbitrary
linear orderings to structures in H we obtain the class OH. We calculate Ramsey degrees
for structures in OH, see Theorem 9.
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In Section 2 we recall some preliminary definitions from model theory and we estab-
lish our notation, see [6,7,9]. In Section 3 we introduce lifting, thickening and diagonal
thickening in order to facilitate the proofs in Section 4. We introduce the notion of an
infinite sum of classes in order to obtain a Fraissé class from a countable collection of
Fraissé classes. The main Ramsey statement in this paper is Theorem 4 and it is proved
in Section 4. In order to calculate Ramsey degrees, we prove the expansion property (see
Section 2 for definitions). This is done in Sections 5, 6, 7 and 8. The ordering property
is a special case of the expansion property which is often proved as a corollary of the
Ramsey property; this is done, for example, in the cases of ordered graphs and ordered
metric spaces, see [14]. There are also cases in which one proves the Ramsey property
by using the ordering property; see [20] where this is done in the case of finite posets
with linear extensions. In Sections 5, 6, and 7 we use the Ramsey property to obtain the
expansion property. In Section 8 we give two proofs of the ordering property, one based
on the Ramsey property and another that is independent of it.

2. Preliminaries

For a non-empty set A, we denote by lo(A), the collection of all linear orderings on
the set A. The cardinality of a set A we denote by |A|. For a natural number n we
denote by [n] the set {1,...,n}. Let < be a linear ordering on a set A, and let B,C' C A
be such that BN C = (. If for all b € B and all ¢ € C we have b < ¢ then we write
B < C.If <,=< € lo(A) have the property that a < b < b < a for every a,b € A then
we write < = op(<) or < = op(=), and we say that the linear orderings < and =< are
opposite to each other. We say that a and b are consecutive in the linear ordering < if
for every ¢ we have a < ¢ < b= (a =cor a=0»>). For a linear ordering < we denote its
strict part by <. We denote by Q the set of rational numbers. We say that elements x
and y in a given relational structure are related if there is a tuple of elements containing
both x and y which belongs to some relation from the given structure. If the projection
of a set S C A x B to each coordinate is a bijection then we say that S is a diagonal
set.

If L is a relational signature and A and B are structures in L then we write A — B
when A embeds into B, A < B when A is a substructure of B and A =2 B when A and B
are isomorphic. If S is a subset of the underlying set of a structure A then we write
A T S for the substructure with the underlying set S. We say that a structure A is rigid
if it has only one automorphism. For structures A and B we denote by (E) the collection
{A" <B: A" = A}. For a given structure K we denote by Age(K) the class of all finite
structures that can be embedded into K.

We assume that every class of structures in this paper is closed under taking isomor-
phic images.

Let I and J be index sets such that INJ = 0. Let L = {R;};e; and L' = LU{R;} e
be relational signatures such that for all j € J we have R; ¢ L. If A is a structure in L’
and A is a structure in L such that
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A= (Av {R?}ieIUJ) and A = (Av {Rf‘}z‘ez)
then we say that A is a reduct of A’ or that A’ is an expansion of A. We denote this
by A = A’|L and we write A’ = (A,{R#'};c;). Let K and K’ be classes of structures
in L and L’ respectively. If for every A € K there is some B € K such that for every
A" B’ € K’ with A = A’|L and B = B/|L there exists an embedding of A’ into B’ then
we say that K’ satisfies the expansion property (EP) with respect to K. In this case we
say that B verifies EP for A. If A’ € K’ and B € K are such that for every B’ € K’
with B'|L = B we have A’ < B’, then we say that B verifies EP for A’. If L' = {<},
< is interpreted in all structures in K’ as a linear ordering and K’ satisfies EP with
respect to K then we say that K’ satisfies the ordering property (OP) with respect to K.
Similarly, we say that B verifies OP for A or A’. We say that K’ is a precompact expansion
of K if [{A’ € K’ : A = A/|L}| is a non-zero natural number for every A € K. If K’ is
an expansion of the class K such that X’ contains structures of the form (A, <) where
A € K and <4 is a linear ordering then we say that X’ is an ordered expansion of K.
Let I be a class of finite relational structures in a signature L. We say that K satisfies

the following:

o Hereditary property (HP) if A — B and B € K then A € K.

o Joint embedding property (JEP) if for all A € L and B € K there is some C € K such
that A — C and B — C.

o Strong joint embedding property (SJEP) if for all A € K and B € K there are
A'"B',C € K such that A’ < C, B’ < C, A’ 2 A, B’ & B, and the underlying sets
of A’ and B’ are disjoint.

o Amalgamation property (AP) if for all A|B,C € K and all embeddings f : A — B
and g : A — C there are some D € K and embeddings f : B - D and g : C — D
such that fo f=gog.

o Strong amalgamation property (SAP) if for all A, B, C € K with the underlying sets
A, B, C respectively and all embeddings f : A — B and g : A — C there are some
D € K and embeddings f : B — D and g : C — D such that fo f = go g and
F(B)NG(C) = Fo f(4) = gog(A).

o Two point amalgamation property (2AP) if for all A,B,C € K with the underlying
sets A, B, C respectively and all embeddings f : A — B and ¢ : A — C with
the property |B\ f(A)| =1 and |C'\ g(A)] = 1 there are D € K and embeddings
f:B—Dand g:C— Dsuchthat fof=gog.

It should be clear that AP implies 2AP. We also have the converse under an additional
assumption.

Lemma 1. (See [6].) If a class K of finite relational structures satisfies HP and 2AP then
it satisfies AP.
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A countable class K of finite structures, in a countable signature L which contains
structures of arbitrary large finite cardinality, and satisfies HP, JEP and AP is called
a Fraissé class. We give the following lemma without a proof as a useful technical state-
ment.

Lemma 2. Let K be a class of structures in a relational signature L. Let K' be a class of
structures in a relational signature L' such that K is a precompact expansion of K. If K’
satisfies JEP and for every A’ € K' there is a B € K that verifies EP for A’ then K' has
EP with respect to K.

3. Classes

Let L be a relational signature with arities {n;};er. Let A = (A, {R?}ic;) and B =
(B,{RP}icr) be structures in L. If A = B and R* C RP for all i € I then we say
that B is a thickening of A. If IC is a class of structures in L and B € K is a thickening
of A then we say that B is a thickening of A in K.

Let A = (A, {R#}ics) be a structure in a relational signature L = {R;};cr, with arities
{n;}ier. For a non-empty set B we define a relational L-structure C = (C, { RS };¢1) with
C = Ax B. For i € I we define relation RZ-C as follows. Let ¢ = (c!, ..., ™) be a sequence
of points from C such that ¢* = (¢, c3), s € [n;]. Then, RS (¢) iff for all s,s" € [n;] we
have:

. R;“(c%,c%, coo e,

’ ’
e ci=c] =cf=c.

In this case we say that C is a lifting of A by B. If D is a thickening of C such that for
every diagonal S C C we have C [ S =D | S then we say that D is a diagonal thickening
of C.

Let {K;}icr be a sequence of classes of finite relational structures in the relational
signatures {L;};cr, respectively, where the signatures are pairwise disjoint. We define
the product of classes, [[;c; Ki, to be the class of all finite relational structures A in the
signature L = J,o; L; such that A|L; € KC; for all i € I. In particular, for I = [n] we
write [[,c; KCi = [T, Ki = Ky # -+ % K,. Let us emphasize that even if K; and Ko are
non-empty it could be that 1Ky = 0. For example, if K1 contains only structures of odd
cardinality and Ky contains only structures of even cardinality then we have K1 Ko = 0.
If I is finite and each of the classes K; is countable then their product is at most countable.
If I is infinite and the classes KC; are non-empty then their product can be uncountable.
For example, if I is infinite and each K; is the class of finite graphs then their product
is uncountable. Let {Kx}rea be a sequence of classes of finite relational structures in
relational signatures {Ly}xea, respectively, where the signatures are pairwise disjoint.
We define the sum of classes, ), .o Kx, to be the class of all finite relational structures A
in the signature L = UAeA Ly for which there is some finite Ag C A such that:
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o Ais a structure in (Jyc 5, La and
o for every A € Ag we have A|L) € K,.

For finite Ay = {A1,...,An} € A we have KOy, * -+ Ky, € > yca Ky, but if Ag =
{p1,. .., pn} € Ay we do not have always ICp, -+~ % K, C Ky, *--- % Ky, . For finite
Ay ={A1,..., An} we also write Ky, + - + Ky, instead of ), Kx. If A is countable
and Ky is countable for each A € A, then their sum is at most countable. In particular
the class ), Ky is the union of all classes ICy, * --- * Cx, where {A1,..., \,} ranges
over all finite subsets of A. Note that for finite A of cardinality at least 2, typically, we
have

I kx# > K.

AEA AEA

Example 1. Let ; and Ky be classes of finite linearly ordered sets in two disjoint
signatures {<} and {<} respectively. Consider structures A = (A4,<%) € K; and B =
(B,SB7 jB) € Ky * 3. Suppose there is some C € Ky 4+ Ky such that A — C and
B — C. Since A — C we have that C contains at most one linear ordering, and from
B — C we have that it must contain two linear orderings. Therefore there is no such C,
and Ky + Iy does not satisfy JEP.

In order to avoid this obstacle we consider the following property. We say that the
class KC of finite structures in a relational signature {R;};c; has the spacing property
(SP) if it contains structures (A, {R%};cr) of arbitrary large finite cardinality such that
for every ¢ € I we have Rf‘ = (). Note that the class of finite graphs has SP, but the class
of finite linear orderings does not have SP.

In order to simplify the presentation of the proof of Lemma 3 and the proof of Lemma 4
we introduce 2AP modification and doubling as follows. Let L be a relational signature.
Let K be a class of finite structures in the signature L which satisfies 24P and HP. Let
A, B and C be finite structures in L, with the underlying sets A, B and C respectively.
Then we have the following;:

e HAeK,BeK, ANBe K, ANB=S5,A=SU{a}, B=SU{b} and C = SU{a,b}
then there is some D € K with the underlying set C' such that A <D and B < D.
We say that D is obtained by 24 P modification of C from A and B.

e fAeK,Bek,B=AU{b}, b¢ A and A <B then there is some D € I with the
underlying set C' = BU{c}, ¢ ¢ B, such that B < C and C|(AU {c}) = B. We say
that C is obtained by doubling B over A.

Lemma 3. Let Ly and Lo be disjoint signatures, and let K1 and Ko be classes of finite
relational structures in Ly and Lo respectively. Let {Kx}xea be a sequence of classes
of finite relational structures in the relational signatures {Ly}xena, respectively, where
signatures are pairwise disjoint. Then we have:
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(i) [4] If K1 and K2 satisfy HP and SAP then Ky * Ko satisfies HP and SAP.
(ii) If K1 and Ko satisfy HP and SJEP then K1 x Ko satisfies SJEP.
(iii) If Ky satisfies HP, JEP and SAP, and every one point structure in Ky can be

embedded in a larger structure in IC1 then Ky satisfies SJEP.

(iv) Let Kx, A € A, satisfy HP, JEP, SAP and suppose that every one point structure

in ICx can be embedded in a larger structure in ICx. Then [ ca KCx satisfies HP,
SJEP and SAP. In particular if A is finite and each Ky is a Fraissé class which
has SAP then [[yca K is a Fraissé class which has SJEP and SAP.

(v) Let Kx, A € A, satisfy HP, JEP, SAP, SP and suppose that every one point struc-

ture in KCx can be embedded in a larger structure in ICx. If A is at most countable
then Y \ca K satisfies HP, SJEP and SAP. In particular if Kx, X € A, is a Fraissé
class which has SAP and SP then ), A Kx is a Fraissé class which has SJEP and
SAP.

Proof.

(i)
(i)

(iii)

(iv)

This is Proposition 2.2 in [4].

Let A and B be structures in Ky * Ky with the underlying sets A and B respectively.
Without loss of generality we may assume that AN B = (. Since K; and K5 satisfy
HP and SJEP there are C; € K; and C, € Ko with the same underlying set AU B
such that C; | A = A|L;, Cy | B = B|Ly, Co | A = A|Ly, Co | B = B|Ls. Let
C € Ky # Kq be such that C|L; = C; and C|Ly = Cq. Therefore C | A = A and
C | B = B. Since AN B = () this completes the verification of SJEP for the class
K:l * ’CQ.

Let Ag, Agg, A and B be structures in K7 with underlying sets Ag, Agg, A and B
respectively. We assume that B = Ay U Agg, A = Ag N Ago and that Ay, Agg and A
are substructures of B induced by the sets Ay, Agg and A respectively. Since every
one point structure is contained in some larger structure, and since K; satisfies
HP we may assume |A| > 2. Let A = {aj,...,a,} for n > 1. Let A} < B be
induced by the set B\ {a1}, and let B; € K; be obtained by doubling B over A;.
So B; has the underlying set By = BU{a}} such that o} ¢ B. We define recursively
structures A; and B; with underlying sets A; and B;, respectively, for 2 <1i < n. We
take A; = B;—1 \ {a;}, and B; is obtained by doubling B;_; over A;. In particular
we have B; = B;_1 U {a}} where a} ¢ B;_1. Now we take A" = {a},...,al},
Ay = (Ap\ A) U A" and A, to be substructures of B,, induced by the sets Aj,. Then
we have Aj N Agg = 0 and Aj = Ay so B, verifies SJTEP for Ay and Ag.

This follows by the same arguments as (i), (ii) and (iii). We prove the claim for the
class [],ca Ka and then we prove the claim for the class ), 1 Kx. It is enough to
check the claim for finite A, and this follows from (i), (ii), (iii) and by induction on
the size of A. We use SP in order to verify SJEP for the class I =), 1 K. Let A
and B be structures in K such that A € ICy, - - x Ky, and B € K, x--- %y, .
Since ICy satisfies SP for all A\ € A, we may consider structures A and B as structures
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in [T,e; K where I = {X,..., A} U {1, .., i }. Since [[,¢; K satisfies SJEP,
by the first part of this claim we have that ), . Ky satisfies SJEP.

(v) HP and SAP are verified in the same way as in (iv), but SJEP follows from SP.
Let A and B be structures in K such that A € ICy, *---x/Ky and B € IOy *-- %y, .
Since K, satisfies SP for all A € A, we may consider A and B also as structures
in [[ae; Cx where I = {A1,...;\n} U{p1,..., pm}. Since [],o; Kx satisfies SJEP,
see (iv), we have that ), Ky satisfies SJEP. O

4. Ramsey property

Let K be a class of finite structures in a given relational signature L. If for a natural
number r and structures A, B, and C from K we have that for every coloring c : (K) — [r],
thereis a B’ € (g) such that ¢ | (Bg) = const, then we write C — (B)2. If for all A and B
from K and all natural numbers r there is C € K such that C — (B)2, then we say
that K is a Ramsey class or that K satisfies the Ramsey property (RP). In the case
when a given class does not satisfy RP we measure its deviation from being Ramsey as
follows. If for natural numbers r and ¢, and structures A, B, and C from X we have that
for every coloring ¢ : (§) — [r], there is a B’ € () such that |c((i’))| < t, then we write
C— (B)ﬁt. If for A € I there is a natural number ¢, such that for any natural number r
and any B € K there is a C € K such that C — (I[i%)ﬁto7 then we say that K has finite
Ramsey degree in IC and the smallest ¢y with this property is called the Ramsey degree
of A in K. The Ramsey degree of A in K is denoted by tx(A). We calculate Ramsey
degrees by using the following.

Theorem 2. (See [12,18].) Let K be a relational Fraissé class in the signature L and
let K' be a relational Fraissé class in a signature L' such that LN (L' \ L) = (. Suppose
that K' is a precompact expansion of K. If K' satisfies RP and EP with respect to K then

{A" € K': A'|L = A}|

i) = @)

In particular, if A is a rigid structure then ti(A) = {A" € K’ : A'|L = A}|.

In this Section we will show how to transfer the Ramsey property to the product of
classes. Our approach is motivated by the approach in [22], so we will use some notation
from [22]. Let K1 and K3 be two classes of structures. Let A= (A1, As) and B = (By,Bs)
be from K1 x Ko, and let A; and Ay be the underlying sets for the structures A; and A,
respectively. Then we define:

iff A; <B; for all 7 € [2]7
iff A; &2 B; for all i € [2],
:{(C:E]ClXICQZ@S@and@g&}.
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We refer to the following result as the product Ramsey theorem for classes, see [21].

Theorem 3. Let r be a natural number, and let K1, Ko be Ramsey classes. Then for

all &,I@ € K1 x Ko with (g) # 0 there is a C € K1 x Ky such that for every coloring
X: (%) — [r] there is a B € Ky x Ko such that B’ = B and x I (I%/) = const.

If &,@,@ € K1 x Ky satisfy the statement of the previous theorem then we write
C — (@)§ If in the previous theorem we take K; and Ky to be the classes of finite
linearly ordered sets then we obtain the classical product Ramsey theorem, see page 97
in [8]. In the following we obtain the Ramsey statement for the product of two Ramsey
classes.

Theorem 4. Let Ly = {R;}ic; and Ly = {R;}jes be disjoint relational signatures with
arities {n;}icr and {n;};cs. Let K1 and Ko be Ramsey classes of finite rigid structures
in L1 and Lo, respectively. If for every lifting of a structure in Iy (KC2) there is a diagonal
thickening in K1 (Kg) then K = K1 * Ky is a Ramsey class.

Proof. Let r be a given natural number. Let A = (A4, {Rf}ie[,{Rf}jeJ) and B =
(B,{RB}cr, {Rf}je]) be structures from K such that (i) # (). We consider structures:

Al = (A7 {R;A}le[) = A‘Lla AQ = (A7 {R}q}) = 1&|L‘]7
Bl = (B’ {RlB}lej) = B|L17 ]B2 = (B, {RJB}) = B|LJ

Note that A1,B; € K1 and Ay, By € Ko, and that (fzi) # () and (Ei) # (). Since K1 and K5
are Ramsey classes, by Theorem 3, there are structures C; = (C1, {Ricl}ie 1) € Ky and
Cy = (Co, {R?}ic1) € Ko such that

(C1,Cs) — (By,By)Ar42),

We define a structure C = (C, {R{ }ier, {RJC}) with the underlying set C' = C; x Cs in
signature L U Ly such that:

e C|L; is a lifting of C; by Cs,
e Cl|Ly is a lifting of Co by C.

We denote by m; : C — C; the projection m;(c1,c2) = ¢;, i € [2]. For diagonals S
and S’ in C, A; C C; and Ay C Cy we have the following four facts:

Fact 1. C[Se K if C; | m;(S) € K; for i € [2].

Fact 2. IfC | S =2 C [ S € K then C; | m(S) =2 C; | m(9’) for i € [2] and there are
unique isomorphisms which verify this (because the classes K1 and Ky contain only rigid
structures).
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Fact 3. f C [ S e K, Cy | Ay 2 Cy | m1(S) and Cy [ Ay = Cy | m2(S) then there is
a unique diagonal S” C A; X As such that C | S=C | S

We check Fact 3. From Fact 1 we have C; | m;(S) € K; for ¢ € [2]. Since K; and Ky
are classes of rigid structures there are unique isomorphisms ¢; : 71(S) — A; and
1 : m(S) — As. Consider the map f: S — A; x Ay given by

f(r) = (901 om(x),p2 0 7T2(35))~

Clearly, f is a bijection from S to S’ = f(S) such that C [ S =2 C [ S’. Uniqueness
of S’ follows from the fact that C; | m1(S") and Cq [ m(S’) are rigid structures and
7'('1(5/) = A1 and 7T2(S/> = AQ.

Fact 4. For each K € K, if C; [ 41 2 K|L; and Cy [ A3 = K|L; then there is a unique
diagonal S C A; X Ag such that C [ S 2 K.

The proof is similar to that of Fact 3. There are unique isomorphisms ¢; : K|L; —
Cy T Ay and ¢y : K|L; — Co [ Ay. If K is the underlying set for K, then the unique
embedding f: K — Ay x As is given by f(x) = (¢1(x), p2(x)).

Since liftings of structures in ; and K5 have diagonal thickenings in 'y and Ko there
are Dy € Ky and Dy € Ky which are thickening of C|L; and C| Ly respectively. Moreover,
there is D = (D, {R{ }ier, {RS'}) € K which is a thickening of C such that D|L; = D,
and D|Ly = Dy and for every diagonal S C C we have D [ S=C [ S.

We claim that D — (B)2. Let p : (HA)) — [r] be a given coloring. There is an induced

7 (i) )

p((A1, 43)) = p(4),

coloring:

where A’, with underlying set A’, is the structure given by the unique diagonal such
that:

o A/ is the underlying set for Af,
o A! is the underlying set for A},
o CTA =A.

The coloring p is well-defined by Fact 3 and since D [ S = C | S for a given diagonal
S C C. According to the choice of the sequence (Ci,Cy) there is a B} € (gi), with
underlying set Bj, and a B}, € (%2), with underlying set B, such that p | (g}%))) =
const. There is a unique diagonal set B’ C Bf x B such that C | B’ =D | B’ 2 B, by

Fact 4. Therefore p | (D[&B/) = const. O
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Corollary 1. Let {Ly}rea be a list of mutually disjoint relational signatures. Let {KCx}rxea
be a list of classes of finite relational structures in the signatures {Ly}xen, respectively.
For each A € A, let Ky be a Ramsey class and suppose that for every lifting of a structure
in ICy there is a diagonal thickening in KCx. Then S =3\ K is a Ramsey class and
if A is finite then K =[] ca K is a Ramsey class.

Proof. Note that from the definition of the classes K and S it is enough to consider only
the case in which A is finite. For finite A we prove this by induction on |A|. This follows
from Theorem 4 and the fact that if liftings of structures in Ky and K9 have diagonal
thickenings then liftings of structures in K; % Ko have diagonal thickenings. O

Lemma 4. Let K be a relational Fraissé class with SAP. Let A be a structure from IC,
and let C be a lifting of A by B where B is a non-empty set. Then there is a D € KC such
that D is a diagonal thickening of C.

Proof. Let A = {aj,as,...,a,} be the underlying set of A, let B = {b1,b,...,b,,}, and
let C = A x B be the underlying set of C. We modify the structure C to the structure
D € K in finitely many recursive steps by considering sets

Pij={(ar,bs): (s<jandr€[n]) or (s=jandreli)}

for i € [n] and j € [m]. Our recursion is based on the lexicographical ordering < of
the set [n] x [m] such that (i,7) < (¢/,4") iff (j < j') or (j = j', i <i'). We start our
construction from (n,1) instead of (1,1). During our construction we define structures
P, ; € K for (n,1) < (4,5) < (n,m). The main steps in our construction are:

Step (n,1): Note that C | P, 1 € K by definition of lifting. We take P,,1 =C | P, ;.

Step (1,2): By definition of the lifting we have C | P,1 = C | (P12 \ {(a1,b1)}) € K.
Then we take P12 to be a structure in K obtained by 2AP modification of C | P o
from C | P, 1 and C | (P12 \{(a1,b1)}). So we have P,, ; <Py 2 and Py o is a diagonal
thickening of C [ P; 5. In particular we assume that the underlying set of P; 5 is P ».

Step (4,7), ¢ > 1, j > 2: The structure P;_; ; € K was previously defined as a diagonal
thickening of C | P;_; ;. The structure P; ; € K is obtained by doubling

Py over Piyj [ (Pim1;\ {(ai,b5-1)}).

Without loss of generality we may assume that the underlying set of IP; ; is F; ;, so we
also have P;_; ; <IP; ; and that IP; ; is a diagonal thickening of C [ P; ;.

Step (1,4), j > 2: The structure P, j_1 € K was previously defined as a diagonal thick-
ening of C [ P, j_1. The structure P; ; € K is obtained by doubling

Pn,j—l over Pn,j—l T (Pn,j—l \ {(al,bj_l)}).
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Without loss of generality we may assume that P ; is the underlying set of P; ;. Then
we have P, ;1 <Py ; and that Py ; is a diagonal thickening of C [ Py ;.

In the end we take D =P, ,,,. O
Corollary 1 and Lemma 4 imply the following.

Corollary 2. Let {Lx}xea be a list of pairwise disjoint relational signatures. Let {ICx}ren
be a list of Fraissé classes in signatures {Lx}xen, respectively. Suppose that for every
A € A, the class Ky has RP and SAP. Then ), . Kx is a Ramsey class and if A is
finite then [[yca K is a Ramsey class.

5. Dense local order

Let T denote the unit circle in the complex plane. We define an oriented graph struc-
ture T = (T,—7T) in a relational binary signature {—}. For o,y € T we define
x —T yiff 0 < arg(¥) < m. The dense local order is the structure S(2) = (5(2), —5)
which is the substructure of T determined by the set S(2) = {t € T : arg(t) € Q}.
We consider §(2) = Age(S(2)), the class of finite dense local orders. It is a Fraissé
class which satisfies SAP. Let L and R be unary relational symbols. Let US(2) =
(S(2), —5®@ L52) RS(?)) be the structure such that US(2)|{—} = S(2) and for
z € S(2) we have L°®)(z) iff z is in the left half plane, and RS (z) iff x is in the
right half plane. We consider US(2) = Age(tdS(2)), a Fraissé class which satisfies SAP.
If a point from a structure in U#S(2) is indicated by L then we say that it lies in the
left half of the structure, and otherwise we say it lies in the right half of the structure.
For more on the structure S(2) we refer the reader to [6] and [18], and for more on the
structure US(2) we refer the reader to [18].

Theorem 5. (See [18].) For dense local order we have the following:

(i) The class US(2) has RP and EP with respect to S(2).
(ii) No order expansion of S(2) has RP and EP with respect to S(2).

We consider the class
08(2) = {(4,—"*, <) : (4,—*) € S(2) and <* € lo(A) }.

Since S(2) satisfies SAP, OS(2) also satisfies SAP, see Proposition 5.3 in [12]. We consider
UOS(2), a Fraissé class, given by

UOS(2) = {(A, <4, L4 R*) : A € S(2) and
(A, <) € 0S8(2) and (A, L4, R*) e US(2)}.
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We say that ordering and arrow agree on a structure A = (A, —4, <A LA RA) if
for all a,b € A we have a —* b and a < b. Otherwise we say that they disagree.

Corollary 3. UOS(2) is a Ramsey class.

Proof. We have UOS(2) = US(2) x L where L is the class of finite linearly ordered sets.
Since US(2) and L are both Fraissé classes of rigid structures with SAP and RP, it
follows from Corollary 2 that YOS(2) is a Ramsey class. O

We use RP in order to obtain EP. More precisely, we compare two expansions of
a structure from OS(2) to structures from UOS(2).
For the purpose of Proposition 1 and Proposition 2 we consider the following struc-

tures:

o Ly = (Ly,—P, <y LBV REY Ly = {lia,lie}, in —F Lo, Ly <Pl
L (1y), LR (1 2).

o Ly = (Lo, —>L2 <l2 [L2 RL2) Ly = {la,lap}, lo1 —%2 loo, loo <I2 Iy,
L( 1), L2 (lg,2).

( — <P LR R Ry = g, i — T g, rn <P,
RRI( 1 ) R (ry2).

= (R27—>R2 <f2 LR RE2) Ry = {rgq,r22}, 121 —2 rog, rap <F2 1y,

B2 (ry 4

1), R (ra,2).

. Xl = (X1, —%, <O LN RN Xy = {zig, w0213}, 211 0 219,
1,1 —X 1,3, T1,2 —X 1,3, 1,1 <X 1,2 <X T1,3, LXI(ZEM), LXI(ILQ),
L5 (213).

o Xo = (Xo,—%2, <Xz LY RX2) Xy = {wa1,702,223}, 21— a9,
To1 —X2 Tog, Too —2 Tog, Tog <X moo <X2 @94, LX2(ma1), LX2(122),
L2 (293).

o Y1 = (Yq,—Y, <M I R Y = {yin, 100180 Y1 0 Yo, Y11 —— )
Y13 Y12 — s v <y <My, R (y11), R (ya2), R (y13).

o Yo = (Yo, —"2, <", L2 RY™), Yo = {y21,%2.2, Y23}, Y21 —2 w22, Y21 —"
Y23, Y22 — 2 Y23, Y23 <2 Y220 <2 o1, RV (y2,1), R™(y2,2), R*2(y2,3).

o 7y = (Zy,—%, <% L% R%Y), 7y = {211,210, 213}, 211 —2 210, 211 —21
213, 212 —2 213, 213 <P 211 <P 2y 9, LP1(211), LP (212), L7 (213)-

o Ty = (Zy,—7%2, <% L% R?2), 7, = {221,222, 223}, 221 —22 209, 221 —%2
223, 220 —72 203, 203 <72 201 <72 299, R%2(221), R%2(229), R%2(223).

e W = (W,—W <W LW RW) W = {w,w, w3}, wi —" wy, wy —" ws,
ws —W wi, wi <V wy <V ws, RW (w1), LY (w2), RV (w3).

Each of the structures Ly, Lo, Ry, Ry, X1, X5, Yy, Yo, Z; and Zs has only one half.
Structure W has two halves, but arrows in this structure make a circle, so any expansion
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of the structure W|{—, <} to a structure in /OS(2) must have points in both halves.
Ordering and arrow agree on L1, Ry, X1, Yq; while they disagree on Ls, Ry, Xo, Y.

Proposition 1. YOS(2) satisfies EP with respect to OS(2).

Proof. By Lemma 2, it is enough to fix A = (4, —4, <4, LA, R4Y) € UOS(2) and find
E = (E,—F <) € 0OS5(2) that verifies EP for A. Since the class UOS(2) satisfies JEP
there exists a B = (B, —5, <8 LB RP) € UOS(2) containing A, L1, Ly, Ry, Ry, Xy,
Xo, Yy, Yo, Z1, Zo and W as substructures. There is a structure C € YOS(2) with the
same underlying set as B such that for all x,y € B we have:

« C=(B,—% <% L R,
e v —Bysar—Cy,

c x<Pysa<ly,

e LB(2) & RY(x) and

e RB(z) o LY (x).

The structures B and C agree on arrow relations, agree on orderings and they are
opposite with respect to L and R. Again, using JEP for the class /OS(2) there is some
D = (D,—P, <P LP RP) e UOS(2) such that B < D and C — D.

Using RP for the class UOS(2) we recursively define structures Eq, Eo, E3, E4 €
UOS(2) such that:

E, — (D)f, Ey — (E1)52, Es — (Eg)5, E, — (E3)f2.

Let By = (B, —F, <P LF RF) and take E = (E, —¥ <F) € 0S5(2). We claim that E
verifies EP for A. Let I' = {(L, L), (L, R), (R, L), (R, R)} be a set of colors and let Iy =
{(L, L), (R, R)}. In order to check our claim we need to consider an arbitrary expansion
of the structure E to a structure in UOS(2), say (E, L°, R?). We define colorings

. E4 . ]E4 . E4 . E4
X1 : (Ll) — I X2 : <L2> — I X3 : (R1> — I X4 : <R2> — I

such that for each ¢ € [4] we have x;(U) = (y1,72) where U has the underlying set
U = {z,y} with + —¥ y and

DR D £ S )
B U L R VA T

According to the construction of the sequence (E;)?_; there is a sequence (E;)?_, such
that:

E, < E| <E, <Ej < Ey, Ey = D, E] & Ey, E) & E,, E; = E3,
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E, E,
X4 [ (R2> = (741,742), X3 [ <R1) = (731,732),

E! E/
X2 | (]L;) = (721,722), X1 [ (R?) = (711, 7M12)-

In particular we have that

Eg Eg
Xa | <R2> = (7V41,742), X3 | <R1) = (731, 732),

E/ E!
X2 | (LZ) = (721,722), X1 [ (R(i) = (711, 712)-

Since X; and X3 can be embedded into B and B — E{, we must have

(711, M2)s (21,722) € To.

We use here the fact that every two substructures of X; (X2) isomorphic with L; (Lg)
must have a point in common. For the similar reason, since Y; and Y5 can be embedded
into B and B — E{,, we must have

(v31,732), (741,742) € To.

Moreover, Z; — B — E{, and Zs — B — E{,, so we have

(7117712) = (721’722) € {(L7L)7 (R’ R)}’
(v31,732) = (a1,742) € {(L, L), (R, R)}.

This follows from the fact that Z; contains two copies of I.; and Ly which have a point
in common, and similarly for Z, and R; and Ry. We recall the earlier observation that
in every expansion of the structure (W, —", <W) (which is in OS(2)) to a structure
in UOS(2), there are points indicated by L as well as points indicated by R, i.e. each
expansion contains both halves. Since W — B < E{, we have

(711,712) = (7217722) #* (7317’732) = (741,742)-

Now we have two cases:

(1) (L, L) = (711,712) = (Y21,722) # (731,732) = (7a1,742) = (R, R),
(2) (R, R) = (711,m2) = (y21,722) # (y31,732) = (y41,742) = (L, L).

In the first case, this means that the relations L° and L¥ agree on the underlying set
of Ej,. The same holds for R® and R¥. Furthermore, A — B < E/, so A — (E, L°, RY).
In the second case, we have that L? and R¥ agree on the underlying set of E{); and the
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same for R® and L¥. Since C < E{, there is C' < E{ with the underlying set C’ such
that C’ 2 C. By the construction of the structure C, we get B = (C', —F | ¢/, <F | ',
L% 1 C',R° | C"), and in particular that A < (E, L°, R?). This completes the verification
of EP for A by E. O

6. Circular directed graph

Let J denote the unit circle in the complex plane and let — be a binary relational
symbol. We define an oriented graph structure J = (J,—”) such that for x,y € J
we have z —7 gy iff 0 < arg(¥) < %’T The circular directed graph is the structure
S(3) = (S(3), —5®)) which is a substructure of J such that S(3) = {t € J : arg(t) € Q}.
Note that the structures S(2) and S(3) have the same underlying set but the graph
relation is defined differently. We consider S(3) = Age(S(3)), the class of finite circular
directed graphs. It is a Fraissé class which satisfies SAP. Let L, R and D be unary
relational symbols. Let US(3) = (S(3), —3®), L5G) RSB) DS()) he the structure such
that US(3)|[{—} = S(3) and for = € S(2) we have

7
L*®z) < g < arg(z) < %,

R® () o —% < arg(x) < g,

7 11
D3®(z) < % < arg(z) < Tﬂ

We consider US(3) = Age(US(3)), a Fraissé class which has SAP. Structures in S(2)
are partitioned into three parts which we call the left, right and down part and they are
indicated by L, R and D respectively. More details about the classes S(2) and S(3) can
be found in [6], and more details about the class US(3) in [18].

Theorem 6. (See [18].) For the circular directed graph we have the following:

(i) The class US(3) satisfies RP and EP with respect to S(3).
(ii) No order expansion of S(3) has RP and EP with respect to S(3).

We consider the class
08(3) = {(A,—*, <) 1 (A, —*) € §(3) and <* € lo(A)}.

Since §(3) satisfies SAP, OS(3) satisfies SAP. We consider YOS(3), a Fraissé class, given
by

UOS(3) = {(A, <* L, R*, D?) : A € S(3) and
(A, <*) € 0S8(3) and (A, L4, R4, D*) e US(3)}.
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Similar to dense local orderings, we say that ordering and arrow agree on A =
(A, —A, <A LA, RA, D) if for all a,b € A we have a —* b and a <* b. Other-
wise, we say that they disagree.

Corollary 4. UOS(3) is a Ramsey class.

Proof. We have UOS(3) = US(3) * L where L is the class of finite linearly ordered sets.
Since US(3) and L are Fraissé classes of rigid structures with SAP and RP, Corollary 2
applies, and we obtain RP for the class UOS(3). O

For the purpose of Proposition 2 we consider structures Ly, Lo, Ry, Ry, Xy, X5, Yy,
Yo, Z1, and Zs, introduced in Section 5, as structures in the class YOS(3). In addition
to those structures we need to consider the following structures:

o Dy = (Dy,—Pr, <Py LDy RPY DY) Dy = {dy1,di o}, dig —P0 dip, dig <P
di 2, DPx (d11), DPx (d1,2).

o Dy = (Dy,—P2, <P2 [P2 RD2 DP2) Dy = {dy1,dap}, dog —P2 dapo, do o <P2
do,1, DP2(dy 1), DP2(ds)).

o« Py = (P, —D <P LR R DY), PLo= {piipiapish o — pio,
pia — prs, b2 — pis, pia <P opie <P opus, DP(pia), DM (pa2),
D" (py3).

o Py = (Pp,—2, <2 L2 RP2 DP2) Py = {pa1,pag,p2s}t, o1 —2 poo,
P21 —"2 pag, P22 —7 pag, paz <P opap <P opan, D™2(pey), DM (pay),
D" (pa,3).

o Ly = (Zs3,—%, <% L% R% D%), Zs = {z31,232,233}, 231 —2% z39,
231 —73 233, 230 —7% 233, 233 <% 231 <% 234, D?(231), D% (232),
D?3(233).

i er = (er7—>WTZ7SWTZ7LWT17RW”7DWTZ)7 er = {wrl717w7’l727w7’l73}7

wr1 —Y w2, wee —Y W s, we <Y we e <Y wg s, RV (wg),
RWTL (w’l‘l,2)7 LWTL (wrl,?))'

o« Wiy = (Wyg,—Wa, <Wia [Wia RWie DWia) - Wy, = {wig, wid2, wias}
wig1 "1 w0, wia2 —V1 wg, wig <V wge <V w5, LW (wig ),
LW (wyg2), D (wyg 3).

o« Wy = (Wap, —War <War [ War RWar DWar) " Wy = {wgr1, War2, War3},
Wdr,1 _>Wdr Wdr,2, Wdr,2 —>Wdr Wqr,3, Wdr,1 SWdT Wdr,2 Swdr Wdr,3, DWch (wdr,l)a
DWar (wdr,2)a RWar (wdr,S)-

Structures Dy, Dy, P1, Py and Z3 are obtained from Ly, Lo, X3, X5 and Z; by changing
the left part into the down part. Each of the structures W,;, W;; and Wy, contains points
from exactly two parts and contains points which are not connected by an edge.

Proposition 2. YOS (3) satisfies EP with respect to OS(3).
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Proof. It is enough to fix A = (A, —4, <4 LA R4, D?) € UOS(3) and find an F €
0OS8(3) that verifies EP for A. Since the class UOS(3) satisfies JEP there exists a B =
(B, —B <B LB RP DP) c UOS(3) that contains A, Ly, Ly, Ry, Ry, Dy, Dy, Xy, Xy,
Y1, Yo, Py, Po, Zq, Zo, Z3, W,;, Wi and Wy, as substructures. We define structures B
and By in UYOS(3) which have the same underlying set as B such that for all z,y € B
we have:

o By = (B,—bB1,<B LB RB1 DB,
e By = (B,—P2, <P LB pB: DP2),
J x—)By@x—>Bly<:>m—>B2 Y,
e x<Bysa<Biye g <By,

o LB(z) & RPi(z) & DPB2(x),

o RB(z) & DPi(z) & LB2(x) and

e DB(2) & LB (z) & RP2(x).

The structures B; and By are obtained from the structure B by rotating the labeling
counterclockwise for one or two places. JEP for the class YOS(3) implies that there is
an Eg € UOS(3) such that B — Eg, B; — Eg and By < Eq. Since YOS(2) is a Ramsey
class, we can recursively define a sequence (E;)%_ of structures in /OS(3) such that:

Ei = (Bo)s',  Ea— (E1)g?,

Eg — (E2)§17 E4 — (E3>]§27

Es — (Ea)g',  Es— (Es)s™.
Let B = (F,—, < L¥ RF DF) and let F = (F, —*, <) € 0S5(3). We claim
that F verifies EP for A. Let A = {(A1,\2) : \; € {R, L, D} for i € [2]} be a set of colors
and let Ag = {(L, L), (R, R),(D,D)}. In order to check our claim we need to consider

an arbitrary expansion of the structure F to a structure in YOS(3), say (F,L°, R°, D°).
We define colorings

Es Eg Eg
: A : A : A
X1 <]L1> — A, X2 <L2> — A, X3 <R1> — A,

. EG . EG . EG
X4 : (R2> — A, X5 : (IP’1> — A, X6 : (P2> — A,

such that for each i € [6] we have x;(U) = (v1,72) where U = {z,y} is the underlying
set of the structure U with 2 —f y and

R; RY(x R;
y1=1< L; L%x); and 1 =4 L; L%@y) .
D; D%x) D;
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The construction of the sequence (E;)S_, implies the existence of a sequence (E.)2_,

such that for each 0 < i <5 we have

]E; S ]E;;+17 Eir, S ]E67 ]E/ = Ei7

X6 | (E()) = (Y61, Y62), X5 [ (EO

P, = (751, 752)7

= (’Y11ﬁ12)~

E! E/
Xa | (RZ) = (Va1,742), x3 | <Ri> = (731, 732),

Eq Eq
X2 | (]L2> = (721, 722), X1 [ (]Lq

Since Xj, Xa, Y1, Y3, P; and Py can be embedded into B and B < E{j, the same reason
as in the proof of Proposition 1 implies that

(7117’712)» (721#22)» (731,732), (741,’}’42)7 (7517752)7 (7617’)’62) € Ao.

Moreover, Z; — B — E{, Zs — B — E{ and Z3 — B — E{, so we have

(711,72) = (721, 722) € Ao, (731,732) = (741, 742) € Ao,
(751, 752) = (Y61, Y62) € Ao-

Since W,; — B, W;; — B, W, — B and B < Ej, we have

(y11,M2) # (731, 732)5 (Y115 712) # (V515 V52);5 (v51,752) # (731, V32)-

This follows from the fact that points w,; 1 and wy; 3 are not in the same part. Similarly
points wyq,1 and w3, and points wge,1 and w3 are in different parts. Therefore, we
are left with three cases:

(1) (v11,m2) = (L, L), (v31,732) = (R, R), (751,752) = (D, D). This means that the
relations L and L agree on the underlying set of Ej; and the same for R® and R,
and DY and DF. Furthermore, A < B — EJ, so A < (F, L% R° D°).

(2) (m1,m2) = (R, R), (v31,732) = (D, D), (751,752) = (L, L). This means that the
relations L°, R®, D° agree with the relations D¥, L¥, R respectively on the un-
derlying set of . Since B; — [, there is an embedding A — (F, L%, R°, D).

(3) (’}/11,’712) = (D,D)7 (731,’}’32) = (L,L)7 (’)/51,’}/52) = (R7 R) In this case we have
agreement of the relations LY, R, D° with the relations R¥, D¥ | L¥ respectively on
the underlying set of Ef). Since By < Eq, there is an embedding A — (FF, L%, R°, D).

We point out that the case where (y11,712) = (L,L) and (y31,732) = (D, D) is
impossible since there is no arrow from the down part to the left part. This completes
verification of EP for A by F. O
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7. Boron trees

Let A = (A, E“) be a graph. A path in the graph A is a sequence of points z1,x,
.oy Xy, n > 2, such that for all 1 <4 < n we have xiEAacHl; the path is said to connect
the vertices 1 and z,,. If 1 = x,, then we call such a path a circle. A graph is connected
if for every two points there is a path that connects two vertices. A connected graph
without circles is called a graph theoretic tree. In every graph theoretic tree there is
a unique shortest path connecting distinct vertices  and y which we denote by zy. If
for distinct vertices x, vy, z, w, we have that the paths xy and zw do not intersect then
we write zy|zw. If z is a vertex in a graph A then we denote by val(z), the valence of
the vertex x, the cardinality of the set |{y : 2 E4y}|. If val(x) = 1 then we say that x is
a terminal node of the graph. Let T denote the class of finite graph theoretic trees all
of whose vertices have valence 1 or 3. Every structure from the class 7 is of the form
T = (T, ET) for some non-empty set T with graph relation EZ. We consider a relational
symbol R with arity 4 and to each T € T we assign the structure B(T) = (B(T'), RB(1))
where

o B(T)={x€T:val(z)=1},
e RPD(3,y,2,w) ¢ (ey|zw and [{z,y, 7w} = 4) for 2,3, 2,w € B(T).

The class of all structures of the form B(T) where T € T, together with the one point
structure, is denoted by B and is called the class of boron tree structures. The class B
is a Fraissé class with SAP, see [4]. By adding arbitrary linear orderings to structures
from B we obtain the class

OB = {(4,R*,<*) : (4, R*) € Band <* € lo(4)}.

It is straightforward to see that OB is also a Fraissé class with SAP.
We denote by T,, = (T},, ET*) € T, n > 1, where:

o T, ={(z1,...,x) : k € [n] and z; € {0,1} for all ¢ € [k]}.
e Forx = (x1,...,7;) and y = (y1,...,y) in T}, we have rETny iff (I =k+1 and x =
(y1,..,yk)) or (k=14+1and y = (x1,...,2;)) or (k=1=1and a1 # y1).

Let <™ be a lexicographic ordering on the set B(T;,) such that for x = (x1,...,z,)
and y = (y1,...,yn) in B(T},) we have

<"y & ((z=y)or (z#yandz, <y, where k =min{j : z; # y;})).

Let B, = B(T,,) = (B, RP") and let By = (By, RP°) where |By| = 1 and RP0 = ().
We consider S as a relational symbol of arity 3. Let A = (A, R4) € B and let
¢ : A — B, be an embedding. We define a structure A, = (A, R*, S4) by taking
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d(z), p(y) <™ #(z) and

A X z
Slens) e {mm{kw(x)kﬂ # OWlkar} > min{k - y)isr # 62k}

for all z,y,z € A. We denote by SB the class of all structures obtained from structures
in B via the previous embeddings. Recall that a rooted tree is a graph theoretic tree
with distinguished point. So far we have not used rooted trees, but the expansion SB
indirectly selects a root. A vertex in our structure is not chosen to be a root, rather
an edge is selected to have an imaginary root at its midpoint. Every structure in SB
comes with a unique graph theoretic tree, which induces a boron tree structure, and with
a ternary relation that selects an edge to carry a root.
We consider the following class

SOB = {(A,R*, <4,5%) : (A, R*, <*) € OB and (4, R*,S*) € SB}.

More details about boron tree structures can be found in [5] and [4], and more details
about the class SB can be found in [10].

Theorem 7. (See [10].) For the boron tree structures we have the following:

(i) The class SB has RP and EP with respect to B.
(ii) The class OB is not a Ramsey class.

It is proved that SB satisfies RP also in [23] by a different method than in [10].
Corollary 5. SOB is a Ramsey class.

Proof. We have SOB = SB x L where L is the class of linearly ordered sets. Since SB
and L are Fraissé classes of rigid structures which satisfy RP and SAP, Corollary 2
applies, and the class SOB satisfies RP. O

In the proofs of Proposition 1 and Proposition 2 we used RP to obtain EP, but in the
following we obtain EP without using RP.

Proposition 3. SOB satisfies EP with respect to OB.

Proof. By Lemma 2 it is enough to find a structure in OB that verifies EP for a given
A = (4, RA,<4,84) € SOB. Since the class SB has EP with respect to B there is
a structure B’ = (B’, RP') € B which verifies EP for A’ = (A, R*) (see Theorem 7).
There is a tree T = (T", ET") € T such that B(T') = B’. Let (A/)"_, be the list of all
substructures of B’ isomorphic with A’. Let k& be the number of all expansions of the
structure A’ to structure (A’, S4") € SB isomorphic to (4, R4, S4). For each A} we have
a list (A} j);?:l of all such expansions. Let [ be a natural number such that 2! > nk. We
construct a tree T = (T, ET) € T by attaching a copy of T; to T’ over each b € B’ as
follows:
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o T=T"U(llpep T1p) where T} is a copy of T; for b € B’.

o There is a sequence of bijections (¢p, : T} — T} )pep such that for each b € B’
we have a structure Ty, = (1}, ET'*) € T which is isomorphic to T; by ¢. Let
bo = ¢»((0)) and let by = ¢p((1)).

« ET=E" I—'('—'bEB’ BTty \{(bo, b1), (b1, bO)})I—I (I—lbeB’{(bv bO)’ (bOv b)7 (bv b1)7 (bla b)})
The edge between “the lowest” vertices in each tree T, ; is removed and replaced by
adding two edges between these vertices and the corresponding vertex in the tree T'.

Terminal nodes of the tree T are the underlying set of the structure B(T) =
(B(T), RE(M). Before we introduce a linear ordering <Z(™) on the set B(T) we em-

phasize the following fact.

Fact. Let A} be one of the structures from our list with the set of nodes A; C B’. Let
A? C B be the set obtained when we replace each node ¥’ € A} with a node b € B which
is a terminal node of the tree T; ;. Let A be the substructure of B(T) induced on the
set A. Then we have the following:

(1) A} =AY,
(2) Every expansion of the structure A7 to a structure in SB is an expansion of the
structure A to a structure in SB.

For i € [n] and j € [k] we define a set A7 ; C B(T) such that:

° <Z7]) 7é (i/7j,> = A;I,] N A;/’,j’ =Y

o If V' € A;; where A, ; is the underlying set of A} ; then A} has exactly one point
among terminal nodes of Ty .

o If 0" ¢ A;; where A, ; is the underlying set of A} ; then A} has no points among
terminal nodes of T .

Also, every set A, induces a substructure A7, < B(T) such that A}, = Aj. More-
over, each structure A} ; naturally gives A}”;, an expansion A}"; of the structure A{; to
a structure in SB, such that A}, = A} ;. On each set A; ; we define a linear ordering <"/
such that

(71, <9) = A,
We take <B(T) to be a linear ordering on the set B(T) such that for all i, j we have:
B(T 2 i,j
<P (AT =<

We claim that the structure (B(T), <B™)) = (B(T), RP™), <BD) verifies EP for A.
Let SO be a relation defined on the set B(T)) such that (B(T), RP(T) <B(T) §0) ¢ SOB.
We have the following fact.
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Fact. Let b)), b}, b5 be distinct points in B’. Let a1, aq, as and af, a}, as be points from
B(T) such that for each i points a; and a; are terminal nodes in T; ;. Then we have

S%a1,a2,a3) & S%(al,d,d),

S%ar,a1,a2) & S%(a},al,dh).
In other words, the expansion is independent of the attached trees Tj ;.

By the last fact, there is an induced relation S* on the set B’ such that (B’, R®', S') e
SB. For distinct b}, bh, by in B we consider ay, as, a3 € B(T) where each q; is a terminal
node in Ty, and we consider S I defined by:

Sl( €[7 l2abé) g So(a17a‘2aa3)7

St (by,b1,05) < S%ay, a1, az).

Since B’ verifies EP for A’, there is an A} with underlying set A} such that (A,
St (AL)?) = (A, RA,S4) and there is some j such that (A, R4, S4) = Aj ;. Further-
more, we have A}, = A/ . and by the choice of the lincar ordering <#() we have that
(A}, <"7) = A. Therefore there is an embedding of A into (B(T), REB(T) <BT) g0 g

8. Rooted trees

In this section we consider C as a ternary relational symbol. We recall that the class T
was introduced in Section 7. For a structure T = (T, ET) € T and a terminal node co”
in T we denote by (T,oc0?) = (T, ET, 00T) the tree T with the root oo’ The height of the
tree (T, o00T) is the length of the longest path co?'x in T. The height of a vertex in a tree is
the length of the shortest path between the root and the vertex. Let 7., denote the class
of all rooted trees (T, 00T) where T € T. To every (T,oc?) € T, we assign a structure
H(T,00") = H(T,ET,00T) = (H(T), (M) € H such that H(T) = B(T) \ {oc”'} and
for x,y,z € H(T) we have

CHD (z,y,2) & RPD(co,,y,2) < oolz|yz

We consider H = {H(T,00T) : (T,00T) € Ti}, a Fraissé class with SAP.

Let A = (H(A),CHW) = H(A, E4,00?) and B = (H(B),C"B)) = H(B, EB, c0P)
be structures from H such that A < B. Let V be the set of vertices in the tree (B, EP)
which are on the paths of the form zy for z,y € H(A). Let v be the vertex with the
smallest height in V" and let valy (z) denote the valence of a given vertex x in the tree
(V, EB | V2). We consider set W = {w € V : valy (w) € {1,3}} and a binary relation E"
on W such that for wy,ws € W we have

wiEVw, < ({v € wyws : valy (v) € {1,3}} = {wl,wg}).
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Clearly, (W, EW ,v) € Too and H(W, EW v) = A. For a natural number n we denote by
Th.0o = (Th,00, ETnoo o0™) € Too, the structure with the property that all terminal nodes
x # 00" in T, o have height n. In particular if the height of a tree (T, 00”) € T, is n,
then the structure H (T, 00”) can be embedded in any structure H(Tx o) for N > n.

Let (T,00) = (T, ET,00T) € Too. A function ¢ : T\ {00} — {0,1} is a valuation
on (T,o00”) if it has the property that for every non-terminal vertex v € T and vertices
v1,vy € T such that vETv;, vETvy and v, and vy have height greater than v we have
#(v1) # ¢(v2). Let Val(T, 0oT) denote the set of all valuations on the rooted tree (T, co”).
Then every valuation ¢ gives, for each terminal node z € T'\ {coT'}, a sequence ¢(x) =
(v1,...,v,) such that co’x = 0T, 21, ..., 2, = x and v; = ¢(x;). For a given valuation ¢
we consider the lexicographic ordering on all terminal nodes of (T, oo?), excluding oo,
such that for x, y we have

<’y & @) < W)k,

where k = min{l : ¢(x); # ¢(y);}. Consequently, we have a linear ordering on the
set H(T) and an ordered structure (H(T),CH(T) <?%). We consider CH, the class of
the structures of the form (A4, C4, <4) with the property that: (4,C4) € H, there are
(T,ET,00”) € Too and ¢ € Val(T, ET,00”) such that H(T, ET,00T) = (A,C#4) and
<4 = <? We also consider

OH = {(A,C*, <) : (A,C*) € H and <* € lo(A)}.

It is straightforward to see that CH and OH are Fraissé classes with SAP. More details
about the class H can be found in [2] and [3]. We point out a difference in definition of
the relation C' in this paper and in [2]. In our consideration we assume that only three
distinct points can be related in C. On the other hand for distinct a # b we note that
C(a,b,b) is allowed in [2]. Since we are considering only embedding, this can be done
without loss of generality.

Theorem 8. (See [13].) CH is a Ramsey class.

We also have the following.
Lemma 5. CH satisfies OP with respect to H.
Proof. Let A = (A,C4) € H. There is a structure (T, ET,T) € T, such that
H(T,ET,00T) = (A,C4). Let n be the height of the tree (T, ET,c0T). From the defini-
tion of the classes CH and H it follows that H(T,, ) verifies OP for the structure A. O

We combine classes CH and OH into the class

COH = {(A,C* <A, =24) : (A,C*, <) € OH and (4,04, =2*) € CH}.



166 M. Sokié / Journal of Combinatorial Theory, Series A 132 (2015) 142-171

Corollary 6. COH is a Ramsey class.

Proof. This follows from Corollary 2 and the fact that COH = CH * L where CH and L
are Fraissé classes of rigid structures with RP and SAP. 0O

At this point we compare proofs from the previous three sections. It is not clear how
to obtain EP for the classes UOS(2) and UOS(3) with respect to OS(2) and OS(3)
without using RP. On the other hand, it is not clear how to obtain EP for the class
SOB with respect to OB from RP. In the following we show that COH satisfies EP with
respect to OH, in this case EP is OP. Moreover we give two proofs, the first is obtained
without using RP and the second is based on RP. The first proof is similar to the proof of
Proposition 3, and the second is similar to the proofs of Proposition 1 and Proposition 2.

Proposition 4 (1st proof). COH satisfies OP with respect to OH.

Proof. By Lemma 2 it is enough to find a structure in OH that verifies EP for a given
A = (A,C4, <4, <4 € COH. Since the class CH has OP with respect to H there is
a structure B’ = (B',CP") € H which verifies OP for A’ = (A,C#). There is a tree
(T, 00™") = (T, E™",00™") € Ts such that H(T',00” ) = B'. Let (A})"_, be the list of
all substructures of B’ isomorphic with A’. Let k be the number of all ordered expansions
of the structure A’ to a structure (A’, <4") € CH which are isomorphic to (4, <*, <4). In
particular for each A} we have a list (A} ;)¥_, of all such expansions. We choose a natural
number [ such that 2! > nk. We construct a tree (T,c0T) = (T, ET,00T) € T, using

(T, ooTl) and copies of T oo = (1},00, B0, oo!) € To such that:

o T =T'U (e Try) and [Tip] = [Ti| — 1.

o There is a sequence of bijections (¢ : Tj.co — T1p U {b})sep’ such that for each
b € B’ we have ¢,(co!) = b. Each ¢, gives naturally a graph structure E’ on the
set T;p U {b} such that ¢ is also isomorphism between structure (17, ETi>~) and
structure (T}, U {b}, EY).

o BT = E" U (Lep E).

e The root ooT in the new tree is the same as the root coZ .

Now we have a structure H(T,o0”) = (H(T),CH ™)) € H. Before we define <#(T),
a linear ordering on the set H(T'), we have the following fact.

Fact. Let A} be one of the structures from our list with the set of nodes A; C B’. Let
A} C B be the set obtained when we replace each node b’ € A} with a node b € B which
is a terminal node of the tree T; ;. Let A} be the substructure of B(T) induced on the
set AY. Then we have the following:

(1) AL A7,
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(2) Every expansion of the structure A} to a structure in CH is an expansion of the
structure A} to a structure in CH.

For i € [n] and j € [k] we consider a set A ; C H(T) such that:

o (i,9) # (@ 5) = A; NAY 5 =

o If &' € A;; where A, ; is the underlying set of A} ; then A} has exactly one point
among terminal nodes of T4 .

o If ' ¢ A;; where A;; is the underlying set of A ; then A7, has no points among

terminal nodes of T p.

Also, every set A} induces a substructure A}; < H(T,o00”) such that A}, = A].
; of the structure A7; to
a structure in CH such that A} = A] ;. On each set A; ; we define linear ordering <*/

such that

Moreover, each structure A} ; naturally gives an expansion A’

(A, <M 2 A,

1,)) —

Finally, we have only one requirement for the linear ordering <) on the set H (T).
For all ¢, j it must be:

<HO ] (A5)% = <.
We claim that the structure (H(T), <#™)) = (H(T), CHT) <H(T)) yerifies OP for A.
Let <° be a linear ordering on the set H(T') such that (H(T), R*(T) <H(T) §0) c COH.
We have the following fact.

Fact. Let b and b} be distinct points in B’. Let a;, as and a, a), be points from H(T)
such that for each ¢ points a; and a} are terminal nodes in Ty ;. Then we have

a1 =%ay & d) <%df.

By this fact, there is an induced relation <! on the set B’ such that (B’, CB, <hHe
CH. For distinct b, by points in B’ we take points a1,as € H(T) such that each a; is
a terminal node in T, ;;. Then take

1 0
b/l = bl2 & ap 2 as.

Since B’ verifies EP for A’, there is an A with the underlying set A} such that (A,
<11 (4)?) = (A,04,=%) and there is j such that (4,04, <4) = A} ;. Further-
more, we have A, = A/  and by the choice of the linear ordering <*(™) we have that
(A", <%J) 2 A. Therefore there is an embedding of A into (H (T)), R*(T) <H(T) g0y ¢
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Proposition 5 (2nd proof). COH satisfies OP with respect to OH.

Proof. By Lemma 2 it is enough to find a structure in OH that verifies EP for a given
A= (A,C4, <4 jA) € COH. We consider structures I, J, K in COH given as follows:

o I=(1,C1, <M =0, T = {iy, i}, CT = 0,0y <V ig, iy =T iy,
o« J= (J7 CJ7§J7jJ)7 J = {j17j2}7 CJ = ®7 jl SJ j2’ j2 jJ jl.
o K= (K,CK <5 <) (K,CK, <K) ¢ CH, (K,CK, op(<K)) ¢ CH.

By JEP for the class COH there is B = (B,CB, <B <P) € COH such that A — B,
I— B,J— B, K< B. Moreover we have B°? = (B,CZ, <B op(<P)) € COH. Using
JEP for the class COH there is D = (D,CP, <P <P) € COH such that B — D and
B°? — D. By RP for the class COH there are structures E and F in COH such that:

E — (D), and F — (E).

Let F = (F,0F,<¥ <F). We claim that (F,CF, <) verifies OP for A. Let <° be
a linear ordering on the set F' such that (F,C*, < <% € COH. We have induced
colorings:

i <]HF) 5 {0,1) and vy : (?) S {0,1),

: 0 ! _ oF / : 0 1 oF /
Ll r=<rpr XJ(J,):{l if <01 ==<1J

(@) ={

0 if otherwise 0 if otherwise

where I’ and J' are the underlying sets of the structures I' and J’ respectively. By the
choice of the structures E and F there are structures D’ and E’ such that D' < E' < T,
D' 2D, E 2 E, and numbers pr,ps € {0,1} such that:

D’ D’
xﬂ(H) =pr and XJF<J> =pJ.

Let D’ be the underlying set of the structure D'. We complete the verification by checking
four cases depending on the value of the pair (pr,pJ):

(1) (pr,ps) = (0,0) — In this case we have < | D’ = op(<F'| D), and also we have
B°P < I'. So there is B’ < D' such that B’ = B°P, where B’ has the underlying set B’'.
Therefore the substructure of (F,C*, <¥ <%) induced by the set B’ is isomorphic
to B, and it contains substructures isomorphic with A.

(2) (pr,ps) = (0,1) — Now we have <° [ D’ = < | D’. This is in contradiction with the
fact that K < B < D’ and with the definition of the linear ordering <. Therefore
this case is impossible.

(3) (pr,ps) = (1,0) — Same as the previous case.
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(4) (pr,ps) = (1,1) — In this case we have <° | D’ = <¥' | D’, so there is an embedding
of A into (F,CF < <0, 0

9. Conclusion

In the following we give a list of Ramsey degrees.

Theorem 9. Let K € {OS8(2),08(3), OB, H,OH} and let A € K. Then we have that
tic(A) is equal to:

(i) [{A" € UOS(2) : A'){—, <} = A}|
= {4 €uS(2): A{—} = A{—}}| = 2/A

for K = OS(2).
(i) [{A" € UOS(3) : A'[{—, <} = A}|
— [{A' €US(3) : A'[{—} = A|{—}}| = 3|
for K = OS(3).
(iii) |{A" € SOB: A'{R,<} = A}|
= [{A" € SB: A'|{R} = A|{R}}|
for K = OB.
(iv) [{A" € CH : A){C} = A}| - | Aut(a)| "
for £ = H.
(v) [{A" € COM : A'{C, <} = A}|
= [{A" e CH : A'|{C} = A|{C}}]
for £ = OH.

Proof. This follows from Theorem 2 and the following results:

(i) Corollary 3, Proposition 1 and from the calculation of the Ramsey degree in the
class §(2), see [18].
(ii) Corollary 4, Proposition 2 and from the calculation of the Ramsey degree in the
class S(3), see [18].
(iif) Corollary 5 and Proposition 3.
(iv) Theorem 8 and Lemma 5.
(v) Corollary 6 and Proposition 4 or Proposition 5. O

Since calculation of the Ramsey degree for objects in B is not simple, see [10], we
avoid going into more details. Since the only Ramsey objects in 5 are one, two and three
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point structures we have the same for the class OB. Even OS(2) and OS(3) are classes
of rigid structures they have no Ramsey objects. A structure A € H is a Ramsey object
iff there is some n such that A = H(T,, ). The only Ramsey object in OH is the one
point structure.

Let Ly and Lo be disjoint relational signatures, and let Xy and K2 be classes of finite
relational structures in L, and Lo respectively. Let L} and L3 be disjoint relational
signatures such that Ly C L} and Ly C L3. Suppose that K and K3 are expansions
of the classes K1 and Ky respectively. If i, Ko, £ and K5 are Fraissé classes such
that K7 and K3 are also Ramsey classes of rigid structures then we know that K7 * K3
is a Ramsey class by the results from Section 4. Moreover we know that Kj * K3 is
a Ramsey expansion of the class Iy % Kq. Furthermore, we may suppose that Kj and 3
satisfy EP with respect to Iy and Kq respectively. Now we would like to know whether
or not K} K5 satisfies EP with respect to Ky * ICa. According to Theorem 10.7. in [12]
we may expect that there is a class K C Ky * Ko which is a Ramsey class and satisfies
EP with respect to Iy % Co. Since there is no characterization of the class K we ask the
following question.

Problem 1. Find a characterization of the class K in terms of the classes K} and 3.
Acknowledgments
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