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1. Introduction

The classical Hermite polynomials have two important properties: (i) they form a family of or-
thogonal polynomials and (ii) are intimately connected with the commutation properties between the
multiplication operator x and the differentiation operator D. In contrast to the discrete g-Hermite
polynomials, which generalize both aspects, the continuous g-Hermite polynomials generalize only
the first one. The purpose of this paper is to introduce a g-analogue which generalizes the second
property and establish the missing link with the continuous g-Hermite polynomials. It turns out that
these new polynomials are in some sense dual to the continuous g-Hermite polynomials. Moreover,
they provide interesting connections with g-Fibonacci and g-Lucas polynomials and the Touchard-
Riordan formula for the moments of the continuous g-Hermite polynomials. In order to provide the
reader with the necessary background we first collect some well-known results about the classical
Hermite polynomials and their known g-analogues.

The normalized Hermite polynomials Hy(x,s) = s/2H,(x/+/s,1) (n > 0) may be defined by the
recurrence relation:
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Hpyq(x,8) =xHp(x,s) —nsHp—1(x, 5), (1.1)

with initial values Ho(x,s) =1 and H_q(x, s) = 0. By induction, we have

Hp(x,s) =(x—sD)" -1, (1.2)

where D = % denotes the differentiation operator. It follows that

DHp(x,s) =nH,_1(x,s). (1.3)

The Hermite polynomials have the explicit formula (see [1, Ch. 6])

n

Hox,5)=Y (2"k> (—s)k(2k — 1)l1xt=2K.

k=0
The first few polynomials are
1, x, -=s +x2, —3sx +x3, 352 — 6sx> +x4, 15s2x — 10sx> + x°.
The Hermite polynomials are orthogonal with respect to the linear functional defined by the moments

o0
1 2 — D! ifniseven
- Xe x/deZ[(n i ,
M= / 0 otherwise.
—0Q0

In other words, the nth moment w, of the measure of the Hermite polynomials is the number of the
complete matchings on [n] :={1,...,n}, i.e,, on = (2n— 1! and puops+1 =0.
Consider the rescaled Hermite polynomials pn(z, X, s) = Hy(z — X, —S), also determined by
Pnt1(2,X,8) = (z = X)Pn(2, X, S) + SNPn—1(2, X, 5) (14)

with initial values po(z,x,s) =1 and p_1(z,x,s) =0. Let F be the linear functional on polynomials
in z defined by F(pn(z, X, 5)) = 8s,0. Then the moments F(z") are again the Hermite polynomials

F) ==Y (Z) (x//=5)"* jt = Hn(x.). (15)
k=0

This is equivalent to saying that the generating function of the Hermite polynomials H;(x,s) has the
following continued fraction expansion:

Hz.x.5)=) Hn(x. 97" =

n>0 1—xz+

(1.6)
SZ

2572

1—xz+ >
3sz
1—xz24+ —

Two important classes of orthogonal g-analogues of H,(x,s) are the continuous and the discrete
g-Hermite I polynomials, which are both special cases of the Al-Salam-Chihara polynomials. Before
we describe these g-Hermite polynomials, we introduce some standard g-notations (see [6]). Forn > 1
let

1—g" n n
[n]:=[n]q=%, lgt=][iklg.  [2n—1]g1 =] J12k — 1],

1
k=1 k=1

and (@;q)n =1 —a)(1 —aq)--- (1 —aq™ ") with (a; q)p = 1. The g-binomial coefficient is defined by

[
k| klg (@ Dr@; Dn—k

for 0 <k <n and zero otherwise.
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Recall [8] that the Al-Salam-Chihara polynomials P,(x;a, b, c¢) satisfy the three-term recurrence:

Ppy1(x;a,b,¢) = (x —aq") Pa(x;a,b, ¢) — (c +bq" ") [nlgPn_1(x; a, b, ¢) (1.7)

with initial values P_q(x;a,b,c) =0 and Py(x;a,b,c)=1.
Definition 1. Let 7, , . be the unique linear functional acting on the polynomials in z that satisfies
Fap,c(Pa(zia,b,0)) = 8no. (1.8)
Then the continuous g-Hermite polynomials are

Hn(x,s1q) = Pn(x;0,0,5) (1.9)

and are also the moments (see [8] and Proposition 16):

Hn(x, s1q) = Fx —s.0(2"). (1.10)

The discrete g-Hermite polynomials I are

hn(x,s;q) = Pn(X; 0, (1 —q)s,0), (111)

and the discrete g-Hermite polynomials II are

hn(x;q) = (—)"ha (ix, 1;971). (112)

It is also convenient to introduce the polynomials

hn(x,s;q) := Pn(0; =X, 0, 5), (113)

which are actually a rescaled version of hn (x; q) (see Section 4). The main purpose of this paper is to
study another g-analogue of Hermite polynomials.

Definition 2. The g-Hermite polynomials H;(x, s|q) are defined by

Hn(x, s1q) := Fx,0,—s(2"). (114)

The g-Hermite polynomials Hy(x, s|q) have, amongst other facts,

(1) orthogonality with an explicit measure,

(2) an explicit three-term recurrence relation,

(3) explicit expressions,

(4) a combinatorial model using matchings,

(5) are moments for other orthogonal polynomials,

(6) a closed form expression for Hankel determinants,

(7) an explicit Jacobi continued fraction as generating function.

The new g-Hermite polynomials Hj,(x, s|q) are not orthogonal, i.e., they do not have (1) and (2). In-
stead they have a nice g-analogue of the operator formula (1.2) for the ordinary Hermite polynomials
(see Theorem 5), the coefficients of the H,(x, s|q) appear in the inverse matrix of the coefficients in
the continuous g-Hermite polynomials (cf. Theorem 6), they have simple connection coefficients with
g-Lucas and g-Fibonacci polynomials (cf. Theorem 12). The discrete g-Hermite polynomials hy(x, s; q)
also have (1)-(4), and we will show in Theorem 7 that they are also moments. Moreover, the quotients
of two consecutive polynomials hy(x, s; q) (see Eq. (4.21)) appear as coefficients in the expansion of
the S-continued fraction of the generating function of the Hy(x, s|q)’s, which leads to a second proof
of Theorem 5.
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This paper is organized as follows: in Section 2, we recall some well-known facts about the gen-
eral theory of orthogonal polynomials and show how to prove (1.10) by using this theory; we prove
the main properties of Hp(x,s|q) and hp(x,s;q) in Section 3 and Section 4, respectively; in Sec-
tion 5 we shall establish the connection between our new g-Hermite polynomials and the g-Fibonacci
and g-Lucas polynomials. This yields, in particular, a generalization of Touchard-Riordan’s formula
for the moments of continuous gq-Hermite polynomials (cf. Proposition 15), first obtained by Josuat-
Vergés [10].

2. Some well-known facts

In this section we recall some well-known facts about orthogonal polynomials (see [2,18,17]). Let
pn(x) be a sequence of polynomials which satisfies the three-term recurrence relation

Pnr1(X) = (X — bp) pn(X) — Anpp—1(x) (2.1)

with initial values po(x) =1 and p_1(x) =0.
Define the coefficients a(n, k) (0 <k <n) by

Za(n, k) pr(x) = x". (2.2)

k=0
These are characterized by the Stieltjes tableau:

a(0, k) = 8,0,

an,0) =boa(n —1,0) + Aqa(n — 1, 1),

a(n,ky=a(m—1,k—1)+bratn —1,k) + App1a(n — 1,k +1). (2.3)
If F is the linear functional such that F(p,(x)) = én,0, then

F(x") =a®,0). (24)
The generating function of the moments has the continued fraction expansion

1
F(x")"= 2.5
2_ () " 25)
n=0 1—boz— 7
1-— b]Z — 22
1—
The Hankel determinants for the moments are
] n—1 i
e
d(n,0) = det(# ("))} Ly =TT [T (2.6)
i=1k=1
and
it -1
dn, 1) = det(F(Z )1 = dm, 0)/(~1)"pa(0). (2.7)

By using the Stieltjes tableau we can give a simple proof of (1.10).

Proposition 3. The continuous q-Hermite polynomials Hy(x, s|q) defined by (1.9), i.e.,

Hpt1(x, s19) = xHn(x, s1q) — s(nlqHn—1(x, s|q), (2.8)

are the moments of the measure of the orthogonal polynomials p,(z) := Pn(z; x, —s, 0) defined by the recur-
rence

Pr+1(2) = (2 — Xq") pn(2) + 5¢" ' [nlgPn-1(2). (2.9)
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Proof. Let b, =q"x and Any1 = (—5)q"[n + 1]; for n > 0. It is sufficient to verify that in this case
(2.3) is satisfied with

n
k

This is clearly equivalent to (2.8). O

a(n, k) =[ }I:In_k(z,slq). (2.10)

As a consequence of the previous proposition, and in view of (2.6) and (2.7), we can derive imme-
diately the Hankel determinants

n—1
d(,0) = (-@q® []Lil". (211)

j=0
and
dn, 1) =d(n,0)r(n), (212)

where r(n) = (—1)"py(0; x, —s, 0).
Note that the polynomials r(n) satisfy

r(n) =q""'xr(n — 1) +q""2s[n — 1gr(n — 2).
This implies that

nn-2) ~ 1

rm)=q 2z Hulxq, —s|a . (213)
The first few polynomials of the sequence Hy(x, s|q) are

1L ox —s+x, x(-Q+@s+x), (1+q+¢)s* - (3+2q+7°)sx* +x*,

x((3+4q +49° + 30> + q%)s? — (4 +3q +2¢% + ¢%)sx* +x%).
From their recurrence relation we see that

H2n(0,51q) = (=5)"[2n = 1]g!! and  Ha41(0, slq) =0.
3. The q-Hermite polynomials H,(x, s|q)

By (1.8) the g-Hermite polynomials Hy(x, s|q) are the moments of the measure of the orthogonal
polynomials Pj(z) satisfying the recurrence:

Pni1(2) = (2 = Xq") Pn(2) + s[nlq Pn-1(2). 3.1

Recall [13, p. 80] that the Al-Salam-Chihara polynomials Q(x) := Q,(x; ¢, 8) satisfy the three-term
recurrence:

Q1 () = (2x— (@ + ") Qux) — (1 — ") (1 — 2Bq" ") Qu-1 (%), (3.2)
with Qo(x) =1 and Q_;(x) = 0. They have the following explicit formulae:

. , -n —i6 '
Qn(x;a,ﬁlq)z(ae’g;q)ne"’zdn( . pe Iq;a1qe19>, (3.3)

a—1q—n+1e—i9
where x = cos®6.

Comparing (3.1) and (3.2) we have P,(z) = ﬁ Qn(az; o, 0) with

a=- and a=x q_].
2 S s

(34)
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Using the known formula for Al-Salam-Chihara polynomials we obtain

n

k—1
1 @ Ok k 220 _ i
P = Gy 2 gy ¢ L1+ - 2'0az)

k=0 i=0
- ( : ) Z A <j>kﬁ(<q —Dg'xz—s— (g — 1)g"%). (3.5)
X(q - 1) k=0 (Q» q)k S i=0

The first few polynomials P,(z) are

P1(2) =z —x,
P2(2) =22 —x(1 + @)z + (s + qx?),
P3(2) =22 — x[3142° + (25 +qs + q[31gx*)z — (s + g5 + g%s + ¢>**)x.

A matching m of {1,2,...,n} is a set of pairs (i, j) such that i < j and i, j € [n]. Each pair (i, j) is
called an edge of the matching. Let ed(m) be the number of edges of m, so n — 2ed(m) is the number
of unmatched vertices. Two edges (i, j) and (k,I) have a crossing if i <k <j<lork<i<lIl<]j.
Let cr(m) be the number of crossing numbers in the matching m. Using the combinatorial theory of

Viennot [17], Ismail and Stanton [8, Theorem 6] gave a combinatorial interpretation of the moments
of Al-Salam-Chihara polynomials. In particular we derive the following result from [8, Theorem 6].

Lemma 4. The moments of the measure of the orthogonal polynomials {P,(x)} are the generating functions
for all matchings m of [n]:

]:x,O,—s (zn) — Z xn—Zed(m) (_S)ed(m)qc(mH—cr(m) ; (3.6)

m

where c(m) =) ertices 1{€dg€S 1 < j: i < a < j}| and the sum extends over all matchings m of [n].

Let M(n, k) be the set of matchings of {1,...,n} with k unmatched vertices. Then
n—k
Fro-s(2") =) ek qx(—s) 7, 3.7)
k
where
cnkg= Y gmram, (3.8)
meM(n,k)

It is easy to verify that

cnk,g)=cn—1,k—1,q9) +[k+1lgctn—1,k+1,9) (3.9)

with ¢(0,k, q) = 8k,0 and c(n,0,q) =c(n — 1,1, q). Indeed, if n is an unmatched vertex then for the
restriction mg of m to [n— 1] we get c(img) = c(m) and cr(img) = cr(m). If n is matched with m(n), such
that there are i unmatched vertices and j endpoints of edges which cross the edge (m(n),n) between
m(n) and n, then c(m) = c(mg) +i— j and cr(m) = cr(mg) + j. Thus c(m) + cr(m) = c(mg) + cr(mg) +1i.
Since each i with 0 <i <k can occur we get (3.9).

Let now Dy be the g-derivative operator defined by

f(2) — f(q2)
(1-qz
We have then the following g-analogue of (1.2).

Dqf(2) =
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Theorem 5. The q-Hermite polynomials Hy(x, s|q), defined as moments Fy o,—s(z"), have the following oper-
ator formula:

Hn(x,5q) = (x —sDg)" - 1. (3.10)
Proof. We know that

Hn(x,slq) = Zc(n,k,q)xk(—s)%, (311)

k
where c(n, k, q) satisfies (3.9). Therefore

Hn(x,s|q)=Zc(n—1 k—1, q)x( s) +Z[k+1]qc(n—1 k+1, q)x"( s) 2
k k
=xHp-1(x, s|q) — sDgHp—1(x, s|q).

The result then follows by induction on n. O

Remark. It should be noted that the method of Varvak [16] (see also [10]) can also be applied to
prove Theorem 5. In fact her method proves first that (x —sDg)" - 1 is a generating function of some
rook placements, which is then shown to count involutions with respect to the statistic c(m) + cr(m)
(see [16, Theorem 6.4]). We will give another proof of (3.10) by using continued fractions, see the
remark after Theorem 9.

The first few polynomials Hj(x, s|q) are
1, x —s+x%, x(-Q+qs+x), Q@+qs*—(3+2q+q*)sx* +x*,
X((5+6q+3q% +¢°)s® — (4 +3q +2¢* + ¢°)sx* + x%),

Let

Hn(x,slg) = Y bn. k. )X (~5)'7 . (312)
k

Theorem 6. The matrices (c(i, j, q)) 0and (b(i, j,q)(— 1) ) o are mutually inverse.

Proof. We first show by induction that
Hp(x+5Dq, slq) - 1 =x". (313)
For this is obvious for n = 0. If it is already shown for n we get
I:I,H] (x+5Dq,slq) - 1=+ qu)fJn(x +8Dq,slq) -1 — s[n]ql:ln,1 (x+5Dq, slq) - 1
= (x+ 5DX" — s[nlgx" 1 =x"*1

On the other hand we have

~ n n—k k
Hn(x+5Dg,slq) - 1= _b(n.k.q)(—s) 7 (x+sDg)* -1
k=0

—Zb(n k) (=)' T Zc(k Jo)s T K

k=0 j=0
_Zs 2y Zb(n kq)(=1)"Z ck, j. q). (3.14)

The result then follows by comparing (3.13) and (3.14). O
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Remark. If we set ¢ =0 then (3.9) reduces to the well-known Catalan triangle (see [2, Ch. 7]), which
implies

¢(2n,0,0) =Cp = (2
3 E) - T’l_n_"_‘1 n E)

2k +1 2n 2n 2n
c(2n,2k,0) = ——— = - ,
n+k+1\n—k n—k n—k—1

2k+2 (2n+1 2n+1 2n+1
2 1,2k+1,0) = ——— = - .
c@n+ +1.0 n+k+2<n—k> (n—k) (n—k—l)

The recurrence (3.1) implies that the Hankel determinants of H,(x, s|q) are

n—1
det(Hiyj(x.s19);; = (=)@ []Lilq! (315)
j=0
and
; n n—1
det(Hitjp1(65@);; =ha(x, —s; ) (=)@ [ 1l (3.16)
j=0
where

nn _n. k—1 )
hu(x, —s: 9) = (=1)" Py(0) = (x(]s—q)) Z%qkﬂ(lﬂz(q—l)qzl/s).
k=0 ’ i=0

4. The rescaled discrete g-Hermite polynomials II
By definition (1.13) and (1.7) we have

hng1(x, 55.9) = q"xhy (%, 53 @) — [lgSha—1(X, 53 Q). (4.1)

Comparing with the three-term recurrence relation for the discrete g-Hermite polynomials II
(see (1.12) and (1.7)), we derive

ca)—a® S [
ha(x,s:q) =q'2 /s hn(ﬁ,q> (4.2)
_ - ) n _ _ okyn—2k
;q [2k][2k g1 (=s)kx =2k (4.3)

where the last expression follows from the known formula for ﬁn(x; Q).
Since Dg(fg) =Dq(f)g + f(qx)Dy(g) and Dy(x) =1, we see that

Dy (hn+1 (X)) = anDq (hn (X)) + q"hn(qx) — [nlgsDq (hnfl (X))
We find by induction on n that
Dghn(x, s; q) = [nlghn-1(gx, $; @)- (44)
The first few polynomials hy(x, s; q) are
1L x g —s. @% =sBlx ¢°x* —s(@ +q* +2¢° + ¢ +q)x* + 53],

The following result shows that the polynomials h,(x, s; q) are moments of some orthogonal polyno-
mials.
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Theorem 7. The generating function of h, (x, s; q) has the continued fraction expansion:

1
hp(x,s; t" = ,
> ha(x.s:9) e
m>0 1—bot — 3
Aot
1—bqt — e
3
1—bot —
=1
with
bn=q""1(q"+q""" —1)x and i =—q""'[nlg(s +¢*"2(1 — )x?). (4.5)

Proof. To prove this it suffices to show that the Stieltjes tableau (2.3) is satisfied with
n
a(n, k) = |:

k] hn—k (qua S5 Q) .

This is easily verified. O

Using (2.6) and (2.7), Theorem 7 implies the following Hankel determinant evaluations:

det(hiyjx.5:0); ;' = (~D)g®) ﬁ([j]q!(s +q (1 —qn?)" ) (46)
j=0

and

det(hitj1(x 5: )7

det(hitj(x,s; )} ;'

where w(n) satisfies

wn+1)=¢""1(q"+q"" = 1)xwn) +¢" ' nlg(s + ¢*" 21 — Px*)wn — 1).
It is easily verified that

=w(n), (4.7)

n
_ 259 1 kn—2k
whn) = 2 2k — 1]411s*x 48
m=Yyq [Zk [2k — 1] (48)
k=0
satisfies the same recurrence with the same initial values.

Lemma 8. Let L, (x) := hy(x, (1 — q)s; q). Then
SLn(X) + XLps1(x) = (x* +5)Ln(qX). (4.9)

Proof. First we note that the constant terms of both sides of (4.9) are equal to sL,(0). So it suffices to
show that the derivatives of the two sides are equal. Applying Dy to (4.9) and using (4.4) we obtain,
after replacing x by x/q,

s[nlLn—1(X) + xqIn — 11Ln(X) + Lny1(x) = (x* + 5)qInlLn—1(qx).
Since Ly+1(x) =q"xLy(x) — (1 — q™)sLy—1(x), we can rewrite the above equation as follows:
SLn—1(%) +XLn(x) = (X* + ) Ln—1(qx). (4.10)

The proof is thus completed by induction on n. O

We shall prove the following Jacobi continued fraction expansion for the generating function of
(x+ (1 —q)sDy)" - 1. This is equivalent to Theorem 5.
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Theorem 9. Let T;;(x,s) = (x + (1 — q)sDy)" - 1. Then

1
D Tax, )" = — , (4.11)
n=0 1 — bot — 1—2

Aot

1—bit—
73

where the coefficients are

bo=q"x, forn>0; and r,=(1-—4q")s, forn>1. (4.12)
Proof. Since Ty(x,s) = (x+ (1 — q)sDy)Ty—1(x, s), we have

S S
Tn(x,s) = (X+ ;)an(x, s) — ;Tn_l(qx, s).

Equivalently the generating function G(x,t) = 2@0 Tn(x, s)t" satisfies the functional equation:

2
X“+s S
(1 XA t)G(x, t)=1— -tG(gx,t). (4.13)
X X
Suppose that
G = ! 414
x.t) = ot ; (4.14)
1—
cot
1- c3t
1__©
1—...
where ¢; = (gn — 1)gn_1A with A:=A(x) = —"zx” and g; := gi(x).
Substituting (4.14) in (4.13) and then replacing t by t/A we obtain
S
1+t 2st
+ —1+ A , (4.15)
@ (¢ - )5
[ __ (®m-Dat 1= (e —1)g ¢
| _(&-Dat 1— 2, “/‘A,
@ Dast (&g 5t
1—... 1—...
where A":= A(qx) and g} := gi(qx). Comparing this with Wall’s formula (see [12]):
1+2z g17
=1+ , 416
(g — 1)z @ —Dexz (416)
1-— 1-—
(&2 —1giz (82 —1)g3z
1-— 1-—
1 (&= Dz |- (83— Dgaz
1_ (&a—1gsz 1—-..
1—...
we derive that gg=1 and forn > 1,
Al gy -1
Zom=— Lg/zn—z,
A gop-1-1 (417)
A’ g,211 -1 /

8wm+1 = —

A gn—1 a1
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For example,

s _Ag-1, s 1
g1_X2+S’ g3_Ag2_1g1_X2+sqv
Alg -1 Algh—1 —s+qs + x>
g =—= =q, ga=—= g = >
Ag—1 Ag3—1 —S+4gs+qgx
In general we have the following result
SLy(%) 4 xLn 1 (X)
BT @ (n>0) (418)
SLy(x) e '
&m+1 =

SLn(X) + XLn+1(X)
This can be verified by induction on n. Suppose that the formula (4.18) is true for n > 0. We prove
that the formula holds for n + 1. By (4.17) we have

A i =1, sLy(X) 4 XLny1(X) Lo1(q%)
&on+2 = — &on =" .
A g1 —1 x4 +s)Lpp1(x)  La(gx)

It follows from Lemma 1 that

SLnp1(X) + XLpg2(X)

= 419
B T e L Sl () (419)
Since
Li1(0) — XLn () = (q" — 1) (XLn (%) + SLy—1(x)), (4.20)
the verification for gy,43 is then straightforward. We derive from (4.14) and (4.18) that
Lp—1(x)
Con=(g2n — Dgm-1A=(1-q")s————, forn>1;
Ln (%)
Lat (%) (4.21)
1
Cons1 = (Gan41 — DgonA = — forn > 0.

La(x) ~

Invoking the contraction formula (see [19]), which transforms an S-continued fraction to a J-continued
fraction,

= R 4.22
1— c1Z C]CzZz ( )
ez 1-az- Py
1_ 6% 1— (2 +c3)z — =2
oz
1-—- =
we obtain
_ . (1 - 9)siq) (1- n)shnfl(x, A-9s9) _ a
T ha(x, (1 —q)s; Q) ha(x, (1 —q)s; q) ’ (4.23)

hn(x, (1 —q)s;; q) m -1, (1 —q)s;;q) n
= (1=q")s =(1-=¢q")s.

" o (x, (1—@)siq) ( ) hn(x, (1 —q)s;; q) (1=d")
This completes the proof. O

Remark. Instead of the contraction formula (4.22), we can also proceed as follows. Define a table
(A, k) k=0 by
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A(0, k) = S 0,
An,0)=c1A(n—1,1),
An,ky=Amn—1,k—1)+cr1An—1,k+1). (4.24)

In this case A(2n,2k +1) = A(2n+ 1, 2k) =0 for all n, k. If we define
a(n, k) = A(Q2n, 2k),
then it is easily verified that a(n, k) satisfy (2.3) with

bo=c1,  bn=con+cCamt1,  An=CanCon-1. (4.25)
Substituting the values in (4.21) for ¢, we obtain (4.23). Therefore

D A0 = "am, 0" =) " Tp(x. )"

As another application of this remark we prove the following result.

. n(2m+1)n+1)
Proposition 10. Let w,(m, q) =q 2 . Then
. 1
> wam, )" = —3 :
m=0 1 — bot — ! 5
Aot
1—bit— 3
Azt

1— byt — 1

where
bn — q(2m+1)n—m (q(2m+1)n _ 1) + q(2m+1)(2n+1)—m

An = q(2m+1)(3n7])72m (q(2m+1)n _ 1).

Proof. Let

A2n, 2k) = Wn(m- O [“

wi(m, q) | k

Then it is easily verified that the table (4.24) holds with ¢y, = q@m+Dn=m@@m+Dn _ 1y and ¢y =
q@m+D@n+h—m Therefore

D A@O =D am, 0" =) wa(m.t". O

] and A(2n+1,2k+1)=w[n:| .
g2mH Wi1(m, q) Lk ] gomsi

5. Connection with g-Fibonacci polynomials and g-Lucas polynomials

In this section we derive some explicit expansion formulae for the g-Hermite polynomials
Hp(x,s]q) in terms of g-Fibonacci polynomials and g-Lucas polynomials. We first recall some basic
results about the latter polynomials in the ¢ =1 case and then define their g-analogue with the
ordinary Fibonacci and Lucas polynomials and g-operator Dy.

The Lucas polynomials are defined by the recurrence

In(x,8) =xlh_1(x,8) +slh_2(x,s) forn>2,

with initial values I (x, s) = x and I, (x, s) = x% + 2s. They have the explicit formula

hx =Y —— (” - k)s’<x”—2’< (n>0). (51)
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Furthermore we define ly(x,s) = 1. Note that this definition differs from the usual one in which
lo(x,s) =2.

The Fibonacci polynomials are defined by
fa(x,8) =Xfn-1(x,5) + sfn-2(x,5)

with fo(x,s) =0 and fq(x,s) = 1. They have the explicit formula

125
n—1-—k .
fax,5) = ,2 < iy )s"x” -2k

(5.2)

We first establish the following inversion of (5.1) and (
Theorem 12.

), which will be used in the proof of
Lemma 11.

n
X= (k>skln_zk(x, ),
2k<n

(5.3)
n n )
X' = — s* _ —s). 5.4
3 ((k) (k_1>> fraraut, ) (5.4)
2k<n+1
Proof. Recall the Chebyshev inverse relations [15, pp. 54-62]
n —k L) n
bn—Z( 1)k ( K >an—2k — ap= <k>bn—2k7 (5.5)
k=0

where ag =bg =1, and

k=0

L3 0k 51 .
by = Z(—])k< " )anfzk — ap= Z[(k) - <k B 1>i|bn,2k. (5.6)
k=0

We derive immediately (5.3) from (5.1) and (5.5). Clearly (5.2) is equivalent to the left identity in (5.6)
with a, = (f)” and b, = % By inversion we find

L5) n n
X' = Z((,{) - (k - 1))5"fn+1fzk<x, ). (5.7)
k=0
Now, noticing that

e if n is odd, then () =
e if n is even, then L%

(") for k=",
=151

we see the equivalence of (5.4) and (5.7)

NS

|
Define the g-Lucas and g-Fibonacci polynomials by

Lo(x,8) =la(x+ (@ — 1)sDg, ) - 1, (5.8)
Fu(x,s) = fa(x+ (q — 1)sDg.s) - 1.

(5.9)
It is known (see [3] and [4]) that they have the explicit formulae
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, B \_%J (5) [n] n—k k.n—2k (510)

n(x,S)—’;}q [n_k][ 0 ]sx : .
L25)

Fa(x,s) = Z q(k§1)|:n_’1_k]skxn7172k, (511)
k=0

for n > 0, with Lo(x,s) =1 and Fy(x,s) =0.

Theorem 12. We have

—

7]

Hu(x, (@ — Dslg) =) (”)skLn_2k<x, ) (512)

=0

=
~

R

n n k
2 <<k> - (k B 1))5 Fny1-2k(x, —5). (5.13)

La(x, —s) =In(x — (@ — 1)sDy,s) - 1,
Fn(x,—s) = fn(x -@q- 1)5,Dq75) -1,
the theorem follows by applying the homomorphism x = x — (q — 1)sDq to (5.3) and (5.4). O

—
=

Proof. Since

We derive some consequences of the formula (5.13).

Corollary 13. We have

Ln/:” k k(3k+1) n
Ho(lLg—1lp= Y (=Dfg 2 : (5.14)

n—3k
k=—[(n+1)/3] 1=

Proof. Let r(j) = ](BJTH) Then, it follows from [3] that

n—1

n
Fan(1,=1)= > (=1)/q"D,  Fapp1(1,=1) = Fanpa(1, =)= Y (~=1)/q"Y,

j=-n j=-n

or
Fa(l,-D)= Y (=1iq'V.

—n<L3j<n-1
Let w(n) =Y 50((x) — (1)) Fat1-2x(1, —1). Consider a fixed term (—1)/q"?. This term occurs in
Fp(1,-1) if =5 < j < % We are looking for all k, such that this term occurs in Fyq_2¢(1, —1).
If j > 0 then the largest such number is kg = L”_231J. For j < "’32" is equivalent with k < kq. There-
fore the coefficient of (—1)/g"¥ in w(n) is ;EO:O((Z) =" )= (l?o) If j <0 then —%‘2" <jis

equivalent with k < [ "1 |, This gives

/3] ¢ JGj+D n LniD/3) s Jj@3ji-1 n
Ha(1,q— 1) = ) (~1)q"> (Ln_3jJ>+ > (=g <Ln_3j+1j>. (5.15)
2 2

=0 j=1
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Now, we have

n n
(L%J) (L”*”J)

because | ==/ 3]+1J + L”+3JJ n. So (5.15) is equivalent to (5.14). O

Corollary 14. We have

and

Han(1. 9= Lq zq—ni no_ (0 2n 2B
"\ ¢ — \\n-3j n-3j—1 ’

J

n
q—1 _n 2n+1 2n+1 2i(3i42
H 1, —— = E — iGj+2)
2””( q |") T <<H—3J n-3j-1))

Jj=-n

Proof. Note that

a1 qg—1 _1 2n kg 1 1
S g n—k n—k—1))9*N\ " Tg )
q— 1 2n+1 2n+1 k—1 1
H 1, —— — - Fol1,——).
2”“( q ) "ZO<(n+1—k> (n—k))q "y

Recall (see [3]) that

1 1
F3n (1, ——) =0,  F3np1 (1, ——) =(-1)"q"™,
q q

1
F3ni2 <1, —a> = (—1)”qr(_”).

Hence:

If k=3j then 2k +1=6j+1 and g*Fy1(1, —%) =q¥Fgj1(1, —5) = q2JGitD),

If k=3j+1 then 2k+1=6j+3 and q*Fy41(1, f%) =0.

If k=3j+2 then 2k +1=6j+5 and ¢"Fae1 (1, —3) = > +2.

if k=3 then 2k =6 and q"”FZk(l,f%):O.

If k=3j+1 then 2k =6j +2 and g*~ 1 Fy.(1, —%) = q2iGi+2),

If k=3j+2 then 2k=6j +4 and g* 1 Fy(1, —%) = —qBItDQi+2),

Substituting the above values into (5.18) and (5.19) yields (5.16) and (5.17). O

Finally, from (5.12) and (3.8) we derive two explicit formulae for the coefficient c(n, k, q).

Proposition 15. If k =n (mod 2) then

c(n,k,q) = Z qC(m)+cr(m)
meM (n,k)

_ _ _nzk N (])[I<+2]]|:k+]]
1-q ZZ(n ke 21>( DYq@ T

j=0 2

n—k i k j
=(1-q 7 Z«H_f_zj) - (n_kfzj-_z»(—l)fq(’?‘)[ “].
j>0 2 2 k

23

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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We now give a second proof of Proposition 15 using Theorem 6 and the orthogonality of the
continuous g-Hermite polynomials.

Proof. Clearly Theorem 6 is equivalent to

= > e k.q)s" V2 H(x, s]g). (5.23)
k=n (mod 2)

To compute c(n, k,q) we can take s =1 and let Hy(x|q) = Hn(x,s|g). It is known (see [9]) that the
continuous g-Hermite polynomials (H,(x|q)) are orthogonal with respect to the linear functional ¢
defined by

2/J/1—q

p(x") = / X"v(x, q)dx, (5.24)
-2/J/1—q
where
Ja= o ™
v(x,q) = 1-9@ [T{1+@-a-9x*)d +¢*}.

V1= —qx2/44m |,

Since @((H(x|q))?) = [k]q!, it follows from (5.23) that, for k =n (mod 2),

1 ~

ek, q) =—=— (X"Hi(x|9)). (5.25)

[kl!

Recall the well-known formula (see [9])
. 2n
2n

X = Tyi(x/2), 5.26
j:z_n(nﬂ) 2 (%/2) (5.26)

where T (cos8) = cos(nd) = T_,(cos®) is the nth Chebyshev polynomial of the first kind. By using the
Jacobi triple product formula and the terminating g-binomial formula, we can prove (see [7, p. 307])
that, for any integer j and a = /1 —gq,

n

- (—1)n+j (") [ (,—n+j+1 n—j(,—n+j
¢ (Tn-2j(@x/2) Hnxlp)) = — —q"2 ) { (a1 q), + 0" (g1 q), ). (527)

It follows from (5.25), (5.26) and (5.27) that

—2n n
a 2n -
c@n, 2k, q) = ) (T2j(ax/2) Ha(x
( 9 [Zk]qgj;n (,H_])("( 2j(ax/2)Hak (X]q))
1—q 0k ( 2n )(_1)k+j <50 [ (k] o
=0~ 2 J+1. + gt (g* i, .
(@5 D2k =\t j 2 {(a q)y +a (g Q) }
Since (g % *1;q)y is zero if j# —n,...,—k and j#k+1,....n, and (q7*7J;q)y is zero if j#
—n,...,—k—1or j#k,...,n, we can split the last summation into the following four summations:
—k

2n O\ (=DF k—it1
j=—n

n _11k+j .

2n ( 1) (k+]) kit

S = _ 2 ]Jr; s

2= D <n +j> 4" (a q) 5
j=k+1
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2n (—])k+] Kty kais —k—i
S3= ) <n+j)Tq(2 (@ 0y

2n O\ (=DM ey
O S S

j=k
It is readily seen, by replacing j by —j in S and S3, that S; = S4 and S; = S3. Therefore,

_ \—(n—k)
can 2 =170 s, 450
(@ D
o 2n c iy [2k+ 2512k + §
(1 — -0 < >_1J()_[ ] 2
1-9 ,-Z>o ntk+3) TV e L 28)

This corresponds to (5.21) for even indices. To derive the formula for odd indices we can use (3.9) to
get

c2n+1,2k+1,q) = [2k + 2]4c(2n, 2k + 2, q) + c(2n, 2k, q),
and then apply (5.28). O

Some remarks about the above formula are in order.

(a) Formula (5.22) has been obtained by different means by Josuat-Vergés [10, Proposition 12] and is
also used in [5]. It is easy to see that (5.21) and (5.22) are equal by writing

k+2j1 [J]
—=q + —0F.
[k + j] [k + j]
(b) When k =0, we recover a formula of Touchard-Riordan (see [2,9,14]):

1 " 2n C o
c@n 0= Yy ™= = 3 <n+j>(—1)fq(é). (5.29)
meM(2n,0) j=—n

(c) Notice that Hy,(0, —1|q) =c(2n,0,q) and Hp4+1(0, —1|q) =c(2n+ 1,0, q) = 0. Hence
" 1
Y e, 0.q)t" =

n>0

t2
(21,62

| Blt?
1—...

We derive a known result (see [9]): the coefficient c(n, 0, q) coincides with the nth moment of
the continuous g-Hermite polynomials H(x, 1|q), i.e.,

F(")=cm,0,q),
where F is the linear functional acting on the polynomials in z defined by F(Hn(z, 1|q)) = 8n,0-
As in [11] we can derive another double sum expression for H;(x, s|q). The proof is omitted.
Proposition 16. We have

n k n
Ha(x,slg) = 3 (= 1)kqg~® ( iy ">
®slp =) (=Dq ,; - M

k=0

k
1
x — . (5.30)
FH# ¢~ — g~ +x2 0 (q — q)
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