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1. Introduction

Let g be a prime power and ,n € N. Let V' be a vector space of dimension r over Fyx».
For any k-dimensional F,-vector subspace U of V, the set L(U) defined by the nonzero
vectors of U is called an F,-linear set of A = PG(V, ¢") of rank k, i.e.

L(U) = {(wg,, :ueU\{0}}.

It is notable that the same linear set can be defined by different vector subspaces. Con-
sequently, we always consider a linear set and the vector subspace defining it in pair.

Let Q = PG(W,F4n) be a subspace of A and L(U) an Fy-linear set of A. We say that
Q has weight i in L(U) if dimp, (W NU) = i. Thus a point of A belongs to L(U) if and
only if it has weight at least 1. Moreover, for any F,-linear set L(U) of rank k,

When the equality holds, i.e. all the points of L(U) have weight 1, we call L(U) a scattered
linear set. A scattered IF4-linear set of highest possible rank is called a mazimum scattered
F,-linear set. See [6] for the possible ranks of maximum scattered linear sets.

Maximum scattered linear sets have various applications in Galois geometry, including
blocking sets [2,30,32], two-intersection sets [6,7], finite semifields [8,17,31,36], translation
caps [5], translation hyperovals [16], etc. For more applications and related topics, see
[27] and the references therein. For recent surveys on linear sets and particularly on the
theory of scattered spaces, see [28,38].

In this paper, we are interested in maximum scattered linear sets in PG(1,¢"). Let f
be an Fg-linear function over Fy» and

U={(z, f(z)):x €Fp}. (1.1)

Clearly U is an n-dimensional F;-subspace of Fy» and f can be written as a g-polynomial
f(X) =3 A; X9 € Fyn[X]. A necessary and sufficient condition for L(U) to define a
maximum scattered linear set in PG(1, ¢") is

F@) SO andonly it Y eF,, forazye F. (1.2)
x y x

In [41], such a g-polynomial is called a scattered polynomial.

Two linear sets L(U) and L(U’) in PG(1, ¢"™) are equivalent if there exists an element
of PT'L(2, ¢") mapping L(U) to L(U’). It is obvious that if U and U’ are equivalent as
Fn-spaces, then L(U) and L(U’) are equivalent. However, the converse is not true in
general. For recent results on the equivalence issue and the classification of linear sets,
we refer to [12,14,15].
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There is a very interesting link between maximum scattered linear sets and the so
called maximum rank distance (MRD for short) codes [14].

Given a scattered polynomial f over Fyn, an MRD code (see [41]) can be defined by
the following set of F,-linear maps

Cr:={aX+bf(X):a,beFg}. (1.3)

In particular, a scattered polynomial over [Fy defines an MRD code in F7*"™ of minimum
distance n — 1. To show that (1.3) defines an MRD code, we only have to prove that
aX+bf(X) has at most ¢ roots for each a,b € Fgn with (a,b) # (0,0), which is equivalent
to (1.2). For more details on MRD codes we refer to [1,35,37,12,41,6,34,33,13].

To the best of our knowledge, up to the equivalence of the associated MRD codes,
almost all constructions of scattered polynomials for arbitrary n can be summarized as
one family

f(X)=6X7 4+ X7"7, (1.4)

where s satisfies ged(s,n) = 1 and Normg, ,, /r, (0) = sla"=1/(a=1) £ 1,

Besides the family of scattered polynomials defined in (1.4), very recently, Csajbdk,
Marino, Polverino and Zanella found another new family of scattered polynomials of
index 0 of the form

n/2+s

f(X)=0XT + X7 (1.5)

for n = 6,8 and some § € F.; see [13].

Remark 1.1. Due to the classification of exceptional scattered polynomials of index 0 in
[1], the above family is not exceptional.

As scattered polynomials appear to be very rare, it is natural to look for some classi-
fications of them. Given an integer 0 < ¢ < n—1 and a g-polynomial f whose coefficients
are in Fyn, if

Up = {29, f(x)) : & € Fymn} (1.6)

defines a maximum scattered linear set in PG(1,¢™") for infinitely many m, then we
call f an exceptional scattered polynomial of index t. In particular, if U; is maximum
scattered, then we say f is a scattered polynomial over Fy» of index ¢.

Note that (1.6) is slightly different from (1.1): in this way we can describe the unique
known family (1.4) as an exceptional one. Taking t = s, from (1.4) we get

{(z7 2 + 63:‘125) cx € Fymn}
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which defines a maximum scattered linear set for all mn satisfying ged(mn, s) = 1. This
means X + 6X¢" is an exceptional scattered polynomial of index s.

Remark 1.2. Clearly the two formulas (1.6) and (1.1) describe equivalent objects: they
are obtained just applying a Frobenius to each component. On the other hand, looking
only at (1.1) does not give the whole information about one can expect an exceptional
polynomial is. In fact, if one excludes the possibility of having general t’s in formula
(1.1), the unique non-monomial example of exceptional scattered polynomial cannot be
obtained. The reason is that some of the exponents in f(x) could depend on n (i.e. the
size of the field Fyn ) and therefore the “shape” of the polynomial f(x) varies according to
the field and therefore (by definition) cannot be exceptional. This happens for instance
to the case (x,029 + 29 ), which is morally speaking exceptional but does not fit
the definition of being exceptional. The equivalent set (z7 sz4” + x) is now described
formally via the exceptional scattered polynomial of index s, g(z) = 527" + x.

Assume that U, given by (1.6) defines a maximum scattered linear set for some m.
Now, we want to normalize our research objects to exclude some obvious cases.

[C1] Without loss of generality, we assume that the coefficient of X4" in f(X) is always
0. In fact f(z)/2z% = f(y)/y? if and only if

f@)—ox _flx) _f)  _ fy)—ay”

21t rdt yqt yqt

for any o € Fyn.
[C2] When ¢ > 0, we assume that the coefficient of X in f(X) = 3 4; X9 € F n[X] is
nonzero; otherwise let o = min{i : A; # 0} and it is equivalent to consider

n—1
t—t n—t i—t
{(wq ° E AT g 0) :J:GIqun}
1=to
instead of U,,.

[C3] We assume that f(X) is monic. To sce this, it is enough to observe that f(z)/z? =
f(y)/yqt if and only if af(x)/mqt = af(y)/yqt, for any o € Fj.

The main results in [1] can be summarized as follows.

Theorem 1.3 ([1]).

(1) Forq>5, X" s the unique exceptional scattered monic polynomial of index 0.

(2) The onlyzexceptional scattered monic polynomials f of index 1 over Fyn are X and
bX + X7 where b € Fyn satisfying Normgn ,4(b) # 1. In particular, when q = 2,
f(X) must be X.



D. Bartoli, M. Montanucci / Journal of Combinatorial Theory, Series A 179 (2021) 105386 5

In this paper we close the gaps left for ¢ < 4 in the above classification of index
0 exceptional scattered polynomials, proving that Theorem 1.3 (1) holds also in these
cases. We also obtain partial results for exceptional scattered polynomials of index larger
than 1. More precisely, the following is the main result of the paper.

Theorem 1.4. Let t > 2 be a natural number, f(X) = M A, X9 € Fr[X] where
Ay =1, kg =0, and either

e ki=1,k >t fori>2 and ky >t+2, or
o ki >t.

If either kpp > 3t and t | kar, or kag > 2t —1 and t 1 kpy then f(X) is not an exceptional
scattered polynomial of index t.

Since for ¢ = 2 only Condition ¢) in Theorem 1.4 can occur, the classification of
exceptional scattered polynomials of index 2 is obtained.

Corollary 1.5. Let f(X) € Fyr[X] be a monic g-linearized polynomial, ¢ odd. Then f(X)
is exceptional scattered of index 2 if and only if r is odd and

FX) = X + 00X,
with Normgr /4(0) # 1.

As in [1], the main idea consists in converting the original question into an inves-
tigation of a special type of algebraic curves. Then approaches based on intersection
theory or function field theory together with the Hasse-Weil Theorem (see for instance
[19, Theorem 5.4.1]) are used to get contradictions.

2. An approach based on intersection multiplicity
2.1. First properties of the curve Cy associated to a scattered polynomial f

Scattered polynomials are related with algebraic curves via the following straightfor-
ward result; see also [1, Lemma 2.1].

Lemma 2.1. The vector space U = {(2¢', f(x)) : © € Fyn} defines a mazimum scattered
linear set L(U) in PG(1,q") if and only if the curve Cy defined by

JOOY - fr)xe!
XY — XY4

(2.1)

in PG(2,q") contains no affine point (x,y) such that £ ¢ .
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In this paper we investigate on singular points of curves C; associated with scat-
tered polynomials f(X) (see Lemma 2.1 above) to get information on the existence of
absolutely irreducible components of C; defined over F,.

Hasse-Weil Theorem will be an essential tool for our purposes.

Theorem 2.2 (Hasse-Weil Theorem). Let C be an absolutely irreducible curve defined by
F(X,Y) =0, with F(X,Y) € F,[X,Y] and deg(F(X,Y)) = d. Then the number N, of
Fy-rational points of C satisfies

q+1—(d—1)(d—2)\/< N, < q+1+ (d—1)(d—2)/q.

The existence of a suitable component in C; together with Hasse-Weil Theorem is
enough to prove that f(x) is not exceptional scattered of index t.

Theorem 2.3. Let f(x) € Fyn[z]. Suppose that the curve Cy defined by (2.1) contains an
absolutely irreducible component D defined over Fogn distinct from X =0, Y = aX, with
a € F,. Then f(x) is not exceptional scattered of index t.

Proof. Let d be the degree of D. Consider a field Fynm for some positive integer m.
Clearly, D is also Fgnm-rational. By Hasse-Weil Theorem there exist at least

¢+ 1= (d—=1)(d-2)q""?

F nm-rational points of D and at most d(q+ 2) of them are not affine nor belong to lines
X =0,Y = aX, with a € F,. Let m be such that ¢"™ +1—(d—1)(d—2)q"™/? —d(q+2)
is positive. Then for each m > ™, by Lemma 2.1 f(z) is not scattered of index t over
Fgnm and therefore is not exceptional scattered. O

The machinery we adopt to prove that C; contains a suitable absolutely irreducible
component D defined over Fg» has been used in [24,25,21,22,29,43,9-11,39,40,1].

As in [1], the main tool is the use of branches and local quadratic transformations
of a plane curve to obtain a better estimate for the intersection number of two com-
ponents of a fixed curve at one of its singular points. Recently, an approach based on
local quadratic transformations which uses implicitly branches has been applied in [3] to
classify exceptional planar functions in characteristic two.

Consider an algebraic curve C defined over F,. Suppose, by way of contradiction, that
C has no absolutely irreducible components over [F,. We divide our proof into four steps.

(1) We find all the singular points of C.

(2) We assume that C splits into two components A and B sharing no common irreducible
component. An upper bound on the total intersection number of A and B is then
obtained. The main ingredient here will be branch investigation using quadratic
transformations.
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(3) Under the assumption that C has no absolutely irreducible components over
F,, we decompose F(X,Y) as A(X,Y)B(X,Y) and obtain a lower bound on
(deg A)(deg B).

(4) Finally, by using Bézout’s Theorem (see Theorem 2.4), we get a contradiction be-
tween the two bounds.

We now recall basic notions about algebraic curves. Let C be a plane curve defined by
the polynomial F(X,Y) € Fgn[X,Y]. For a point P = (u,v) € C write

F(X +uY +v) = Fp(X,Y)+ Fi(X,Y) + FB(X,Y) + -,

where F;(X,Y) is either zero or homogeneous of degree i. We define the multiplicity
mp(C) of P € C as the smallest integer m such that F,, # 0 and F; = 0 for i < m. We
call F), the tangent cone of C at P. If mp(C) > 0 then P belongs to C; if mp(C) =1
then P is called a simple point of C; if mp(C) > 1 then P is called a singular point. The
definition of multiplicity can be easily extended to points of C lying on the line infinity.
Given two plane curves A and B and a point P € AN B, the intersection number
I(P, AN B) of A and B at P is defined by seven axioms; see [20,23] for more details.

Theorem 2.4 (Bézout’s Theorem). Let A and B be two projective plane curves over an
algebraically closed field K, having no components in common. Let A and B be the
polynomials associated with A and B respectively. Then

> I(P,ANB) = (deg A)(deg B),
P

where the sum runs over all points in the projective plane PG(2,K).

Let F, be the algebraic closure of F,. Consider the set Fy[[¢] of the formal power
series on t. Let (z9,y0) € IF_q2 be an affine point of C : F'(X,Y) = 0. A branch of center
(w0, o) of C is a point (z(t),y(t)) € (F,[[t]])? such that F(x(t),y(t)) = 0, where

x(t) = 2o + urt + ugt? + -+,
y(t) = yo + vit +vat® 4+ - - - .

See [23, Chapter 4] for more details on branches. There exists a unique branch centered
at a simple point of C.

Remark 2.5. In order to determine branches centered at singular points of a curve C we
make use of quadratic transformations; see [23, Section 4] and [1, Section 2]. Consider
a curve C defined by F(X,Y) = F.(X,Y) + F.41(X,Y) +--- = 0, where each F;(X,Y)
is homogeneous in X and Y and of degree i. First, we can suppose that the singular
point under examination is the origin O = (0,0) and that X = 0 is not a tangent line at
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O. Let r be its multiplicity. The geometric transform of a curve C is the curve C’ given
by F/(X,Y) = F(X,XY)/X". (If Y = 0 is not a tangent line at O then we can also
consider C’ defined by F'(X,Y) = F(XY,Y)/Y".) By [23, Theorem 4.44], then there
exists a bijection between the branches of C centered at the origin and the branches of
C’ centered at an affine point on X = 0. In our proofs we will perform chains of local
quadratic transformations until the total number of branches is determined. In particular,
if r is coprime with the characteristic of the ground field and the tangent cone F,.(X,Y)
at O splits into non-repeated linear factors (over the algebraic closure) distinct from X
then there are precisely r distinct branches centered at O. In fact, distinct linear factors
of F,.(X,Y) correspond to distinct affine points of ' on X = 0.

The following technical results will be used to study the branches at singular points
of the curve Cy.

Proposition 2.6. Let C be the curve defined given by F(X,Y) =0, where
F(X,Y)=AX"+BY" +> a; X'V, (2.2)

with n <m, AB # 0, and

. 0<i<m; or

If pt ged(n,m) then C has (n,m) branches centered at the origin.

Proof. In order to determine the number of branches centered at the origin, we follow
Remark 2.5. If n | m then, after applying m; = m/n — 1 times F — F(X,Y) =
F(X,XY)/X™ we can easily see that the origin is the center of n = ged(n, m) distinct
branches, since the tangent cone in Fy(X,Y) is AX™ + BY™.

Suppose now that n t m. Let us consider ¢; the smallest integer such that m; =
m — {in < n. We apply ¢; times the local quadratic transformation F — F;(X,Y) =
F(X,XY)/X™ We have

F(X,Y)=AX™ + BY" + ZainiJrfl(j*n)Y]’_

By Conditions (2.3) it is readily seen that the degree of each monomial a;; X i+ (—n)yd
is larger than my. Also, all the branches centered at the origin in C are still centered at
the origin in F}(X,Y).

Apply now k; times the transformation G — G(XY,Y)/Y ™ where k; is the smallest
integer such that ny =n — kymy < mg.

We distinguish two cases.
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(1) mq | n. In this case F5(X,Y) = Fi(XY,Y)/Y™ = AX™ 4+ BY"™! + ... and there
are exactly m; = ged(n, m) branches centered at the origin in C.
(2) mq fn. Then

Fy(X,Y) = AX™ 4+ BY™ + Y a X T0U-myit(rhG=m)=mh,

Note that ¢ + ¢1(j —n) = 0 implies ¢ = 0 and j = n and so a;; = 0 and so no
monomial Y* appears in F»(X,Y) apart from BY™. Also i + ¢1(j — n) < my if
and only if ¢ + ™= (j — n) < my which yields ¢ + ™= j < m and so i < m.
Since a;; = 0 if 0 < ¢ < m, there is no monomial in F5(X,Y) with degree in X
smaller than m apart from BY™!. Finally, all the branches centered at the origin

in F1(X,Y) = 0 are centered at the origin in F»(X,Y) = 0.
The polynomial F5(X,Y") satisfies Conditions (2.3) and we can proceed by induction. 0O
Proposition 2.7. Let C be a curve of the affine equation
Y94 aX?+ X707ty 4 L(X,Y),

where all the monomials in L(X,Y) have degree at least ¢"** + q — 1. Then there is a
unique branch centered at the origin.

Proof. By induction on 7.
If r = 1, after applying the transformation (X,Y) — (X,aX +7Y), where a? + o = 0,
and 0(F(X,Y)) = F(X,XY)/X one gets

Y74 aXT 4+ XY + L(X,Y),

where X | L'(X,Y) and L'(X,Y) contains monomials of degree at least ¢> — 1. After
applying n(F(XY,Y))/Y9 ! one gets Y + aX? ! + L"(X,Y), with Y | L”(X,Y), and
therefore there is a unique branch centered at the origin.

Suppose that » > 1. One applies (X,Y) — (X,aX +Y), where a? + a = 0, and
q" 1 —¢" % times O(F(X,Y)) = F(X,XY)/X4, obtaining

1

Y4 aX?+ X9 4 ly 4 (XY,

with monomials in L'(X,Y) of degree at least ¢" ™t —¢"+¢" ' +qg—1>¢"+q—1 and
the claim follows by the induction. O

3. Exceptional scattered polynomials of index ¢

In this section we investigate curves arising from index ¢ > 0 scattered polynomials.
We assume that Conditions [C1], [C2], [C3] hold.
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In the following it will be useful to consider the homogenized version of the starting
linearized polynomial f(X) € Fgr[X]. We denote it by the same symbol f(X,T). Namely

M
FX,T) =Y AXT TN e B (X, T,
=0

where kg =0, Ag # 0 and Ay = 1.

Recall that to each polynomial f(X) is associated a curve C; as shown in Lemma 2.1.
In order to apply the machinery described in Section 2, we will investigate the singular
points of the curve Dy defined by f(X)th — f(Y)th = 0. In fact, as it can be easily
seen, the set of its singular points contains also the singular points of C;. A homogeneous
equation of Dy is given by F(X,Y,T) = 0, where

F(X,Y,T) = f(X,T)Y" — f(Y,T)X"

M
-4 (quiquM —yd' _ydtipeti =gt X‘f) . (3.1)
i=0

The are no affine singular points in Dy apart from the origin. Note that the origin is, both
in Cy and in Dy, an ordinary singular point of multiplicity ¢* — ¢ — 1 and ¢ respectively.
The multiplicity of intersection of two putative components of C; at such a point is
therefore upperbounded by (¢t — ¢ — 1)%/4.

All the other singular points of Dy (and therefore Cy) are contained in the ideal line.

A singular point of Dy is the point P = (1,0, 0), while the other ideal singular points
are of type (a,1,0).

In order to study such points it is useful to consider the change of variables (X,Y, T) —
(T,Y, X). The affine equation of the corresponding curve ﬁf is given by G(X,Y) = 0,
where

M
GX,Y)=F(LY,X)=Y A (qu’”’ —dyd _ydt xdtm *qki) . (3.2)
1=0

Apart from (0,1,0),(1,0,0) € ﬁf, singular points of ﬁf belong to three distinct
groups:

e Se=(0,¢), with € € F,.
o Re=(0,€), with ¢4 = ¢9' £ ¢ F, and €7 # ¢7" for at least one i = 0,..., M — 1.
o Q¢ =(0,8), with €7 = ¢4 foralli =0,...,M and £ ¢ F,.

Let £ € Foe with £ = GCD(t,k; — t,...,kpy — t) = GCD(t,k1,...,kn). Note that
G(X)Y) = G(X,&Y), that is (¢ : (X,Y) — (X,&Y) is automorphism of 75f sending
S1 to S¢ or Q¢. This means that we need only to investigate branches centered at
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Sp. Also G(X,Y) = G(X,Y + 1) and therefore Sy and S; are equivalent too. Since
F(X,Y,T)=F(Y,X,T), (1,0,0) and (0,1,0) are equivalent points of D and therefore
the corresponding points Sy and (0, 1,0) are equivalent in @f. Hence we need to study
just the singularities S¢ and Rg of Dy.

Remark 3.1. Note that Dy and D ¢ are projectively equivalent. This means that multiplic-
ities of singular points as well as the intersection multiplicities of (putative) components
of those curves at corresponding singular points are the same. Also, for a singular point
P of Dy, its multiplicity in Dy, as the intersection multiplicities of (putative) components
of Dy at P, is larger than or equal to its multiplicity as point of C¢. Therefore, any upper
bound on the multiplicity of intersection of two components of Dy can be applied to Cy
as well. This motivates the statements of the lemmas below.

3.1. Study of the intersection multiplicities of branches at the singular points of 75]«

In this subsection we consider singular points of D ¢. In particular we study branches
centered at those points and we determine upper bounds on the multiplicity of intersec-
tion of putative components of D (and therefore C) at them. First of all we consider
singular points contained in the second group.

Lemma 3.2. Let R¢ = (0,), § € Fyry— \ Fye, be a singular point of ﬁf, If k; > t for
each i = 1,..., M then there is a unique branch centered at R¢. Thus, the multiplicity
of intersection of two putative components of Cy in Re is 0.

Proof. In order to study branches centered at R¢ we consider the polynomial

M
H(X,Y) = G(X,Y +€ = GIX,Y) + G(X,§) = 3 ax™ =" (yo' —y " 4 p))
=0

M—-1
_ th _ quM i BOquA171 i Z AinkM,qki (qu, _ Yqh)
=0

M—1
kM gk
+ ) Bxet e,
=1

where 7; = fqt — qui and B; = A;n;. Note that, since { ¢ F+, By # 0.

The point R¢ is mapped to the origin and its tangent cone in C (the homogeneous
polynomial defined by H(X,Y) = 0) is Y. In what follows we will perform a number
of quadratic transformations.

Let M; be the largest index such that By, # 0. Note that, since R¢ belongs to the
second group, actually such M exists. If My =0, then all B; =0,i=1,...,M —1. We
consider ¢ ~* — 1 times the transformation §(H(X,Y)) = H(X,XY)/X4 and we can
easily see that
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Hi(X,Y)=Y" —Y"™ 4+ BoX? ! + L(X,Y).

The argument follows as in Step 3.1.1 and Step 3.1.2 below. Thus we consider now the
case My # 0.
Step 1. Let us consider the transformation 8(H(X,Y)) = H(X,XY)/X? . Let

_ qu _ qu1 )
up = —7— — L.
q

After uy applications of 6, one gets

H(X,Y) = yd' _ yadt™ xui(d"M —q") + BMqut + BOquMl +q¢'—1

M—1 M—1
+ Z AinkM,qkqut _ Z Ainle +qt+(u171)qkiqui
i=0 i=0
M1—1 % X
D R (3.3)
i=1

Step 2. Let p1(X,Y) = (X,a1 X +Y) such that offt + By, = 0. After applying p; one
gets

HI(X,Y) =Y (0 X + V)7 xm@¥—d) | g xa™+a' -1

M-1

5 g
i=0
M-1 ‘ M-1 .

+ Z AinkM,qkqut o Z AZXq My +qt+(u171)qkiqui
i=0 i=0
M-1 ks kM1+ iy . M;—1 le+ t_ k;

— > A xR ma N g xR (3.4)
i=0 i=1

Let us order the indices k; in such that B; # 0 as kar, > kar, > kagy > -+ > k. We

distinguish two subcases.

(1) Suppose that My = 0.
Step 3.1.1. In H}(X,Y), the monomials of smallest degree are Y4 and BqukM”qt’l.
If we apply 6 exactly ¢®™1~* times we get

HX,Y)=Y9 + Bo X" '+ L(X,Y),

where L is a linearized polynomial in Y with all the degrees in X larger than ¢* — 1.
Also, 0 is the unique root of H(0,Y).



D. Bartoli, M. Montanucci / Journal of Combinatorial Theory, Series A 179 (2021) 105386 13

Step 3.1.2. Now perform 7(H(X,Y)) = H(XY, X)/Y? 1 this gives
H(X,Y)=Y + BoX9 '+ L(X,Y),

where all the monomials in L have degree in X larger than 1 and then 0 is the unique
root of H (0,Y). The tangent cone has degree one now and there is a unique branch
centered at the origin in the curve defined by H(X,Y) = 0 and so in C. This also
shows that the multiplicity of intersection of two putative components of Cy in the
corresponding point is 0.

(2) Suppose now that My # 0.
First note that ¢"»1 + ¢ — g2 is the smallest degree of a monomial in H/ apart
from Y7
Step 3.2.1. Let

U9 =
qt
We apply ug times 6 and get
k M1 k k
Hy(X,Y) = yd' + Bp X1 Mitq'—1 Z AiOé(fthkM —q M14q"M2 —gFiyqt

i=0

M— M-1 .

+ Z inkI\l _qkqut - Z AZXq Mo +qt+(u1+u2—l)qki qui
i= i=0

041 P xa M2+q+u1q1+§ B; X1 My gt — gk

=1

T

— (0 X + X2y )7y =g —usg’

1
A
0
-1
A;
0

Step 3.2.2. After p2(X,Y) = (X, 02X +Y) with agt + By, =0, one gets HL(X,Y)

equal to
Y 4 Byxe Mta' ol 4 Z Aia‘fthkM—‘l Mg M2 —gMitq!
i=0
M-1 . . .
M — ki t t
+ > AXTY (YT 4 af X1
i=0
M-1 . N
_ Z A, X0 +qt+(urtuz—1)g"i (yq"i +al "Xq’“i)
i=0
My—1
S et S
=1

— (a1 X + ap X2t Xu2y )t (@ —a)—uag”
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Now H/ can be described as

Ms—1
YO 4 Boxe el 3 gy et (XY,
i=1

where L(X,Y) is a linearized polynomial in Y such that the monomials have degree
in Y either 0 or larger than ¢' — 1 and in X larger than kj, +q' — 1. Note that also
Hj can be described in this way.

Step 3.2.3. We perform

kM.71 o qk}u].
7
times 0 and p;(X,Y) = (X, ;X +Y) with oz?t + By, = 0 and we obtain

M;—1
k . k
H{(X,Y) =Y + Byx¢ W+i'~1 1 Y~ pxt

i=1

M

Utd'=d L (X,Y).

At the s-th step
HI(X,Y) =Y + ByX9 ™+ =1 4 [/(X,Y).

Step 3.2.4. Note that at each step, 0 is the unique root of H}(0,Y) and therefore all
the branches centered at the origin in C correspond to the branches centered at the
origin in the curve defined by H’(X,Y) = 0. Another application of u = ¢*™s /¢t
times 6 gives

HX,Y)=YY + By X7 '+ L(X,Y),

where L is a linearized polynomial in Y with all the degrees in X larger than ¢* — 1.
Now the assertion follows from point (1). O

We now analyze the case in which £y = 1 and all the other k; > ¢. Note that, using
the same notation as in Lemma 3.2, By # 0, since £ ¢ F,.

Lemma 3.3. Suppose 1 = k1 <t < ko < --- < kpg, with kpp > t + 2. Let Re = (0,§),
§ € Fyrnr—t \ Fgt, be a singular point of Dy. Then there is a unique branch centered in
Re. Thus, the multiplicity of intersection of two putative components of Cy in R is 0.

Proof. We proceed as in Lemma 3.2. Now H(X,Y) = G(X,Y +¢&) =G(X,Y)+G(X,¢)
reads
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th B quM +B()quM_1 +BqukM_q

M-1 M-1
£ 3 A (v ) S g
i=0 1=2

where 7; = fqt — qui and B; = A;n;. Recall that, since £ ¢ Fgt, By # 0.
Case By =---=By;_1 =0.

We perform u = ¢k ~t — 1 transformations 0(H(X,Y)) = H(X,XY)/X? and we

get
M-—1

Hy =Y + BoX7 ™ 4 BX7 04 ye Y A xa - ZA D CRTECI A T
1=0 =0

Now we perform one time n(H(X,Y)) = H(XY,Y)/Y49 =% and we get

M-1
Hy =Y+ BoX7 Y0l 4 BiX7 04+ Y A X0 -y matita
=0

M
_ Z A X9+ (@M T =)yt (¢P T 1)

It is readily seen that all the branches centered at the origin in H; = 0 are mapped to
branches centered at the origin in Hy = 0. Apply v = ¢/~ — 2 times (H(X,Y)) =
H(X,XY)/X? obtaining

Hy =Y+ ByX4 4 'Hlye! 4 B X741 [(X,Y).
Now Hy = H3(X,an X +Y), where of + By = 0, reads
Hy=Y74 ByX9 ™1 (X +Y)" ! + Loy(X, 0 X + Y).

All the monomials in L(X,a; X + Y) have degree at least ¢/t +¢* — ¢! +q—1
(consider the case kyy = t +2 and i = 0). After w = ¢'~! — ¢'~2 applications of
(H(X,Y)) = H(X,XY)/X? we have

t

H; =Y+ ByX9 — Byad 2x4" '~ “ta-ly 4 ...

where the other terms have degree in X at least ¢'*' 4 ¢ — 1. By Proposition 2.7 there
is a unique branch centered at the origin.

Case B; # 0 for some i > 1.

Let My = max{i > 1: B; # 0}. Such M; is well defined. We now consider steps as in
the proof of Proposition 3.3. The main difference here is the presence of the monomial
BqukM_q. After Step 1 this monomial is mapped to Bqule_q and it is fixed by
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Step 2. If M5 = 0 then we use the same approach as in Case B, = --- = By;_1 =0 and
the claim follows. Suppose now My # 0. We perform Step 3.2.1, Step 3.2.2, Step 3.2.3,
and Step 3.2.4: Bqule ~9 becomes BqukMs ~4. Now we proceed as in Case By = --- =
Bjys—1 = 0 and the claim follows. O

Lemma 3.4. Let R = (0,€), & € Fye, be a singular point of ﬁf, If k; > t for each
i = 1,...,M then there is a unique branch centered in Re. Thus, the multiplicity of
intersection of two putative components of Cy in R is 0.

Proof. We proceed as in Lemma 3.4. The difference here is that By = 0. Also, let

j=max{i=1,...,M —1 : B; #0}.

Note that Bj is well defined. So

H(X,Y)=G(X,Y +€) = G(X,Y) + G(X,&) = ZA Xt (yd )

M—-1

e L CAI D (b (Yq‘ - qui) + By xaM —d"
1=0
j—1
+3 X (3.5)
1=1

where 7; = 5‘1 — §q " and B; = Aim;.
We apply u; = qui_q] 1 times the transformation F(X,Y) — F(X,XY)/X4 and
then

M—-1
Hy(X,Y) = Y7 —ya™ xm@=d) 4 pxd 4 3~ g, x0 - yd
1=0
M-1
+A0quj+qt+qk1w*t qu—f_QY Z A X4 J—l,-q +(ur— 1)q Yq
=1
Jj—1 .
i t k;
N> AL (3.6)
=1

Let p1(X,Y) = (X,1 X +Y) such that o/lzt + Bj = 0. After applying p; one gets

j—1
Hi(X,)Y) = Yo 4 Z Binkj +' =gt + Aqukj +qt+gFM Tt
i=1

_i_140)(qk-7'"l‘qt"!‘qkAM7t—qkj_t—2y'_’_[1()(75/>7

k

g1 (3.7)
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where L(X,Y) is a polynomial containing only terms of degree in X larger than ¢*s +
gt + gFv—t — gFi—t — 1. Note that ¢* | (¢* + ¢* — ¢*?). Suppose that the indices i such
that B; # 0 are ordered as

1 <dg <o <y =]
We continue performing each time
gk — M
qt
times F(X,Y) — F(X,XY)/X4 and py(X,Y) = (X,01 X +Y). Doing so, in a similar
way as in Lemma 3.2 we obtain

H(X,Y)=Y? + A X +- ..

where (3,q?) = 1. We now apply Proposition 2.6 and we deduce that there is a unique
branch centered at the origin. O

This completes the analysis of the points R¢ for k; > ¢, 4 =1,..., M. The following
proposition will be used to study the point S;.

Lemma 3.5. Suppose 1 = ki <t < ko < --- < kar, with kyp > t+ 2. Let Re = (0,),
£ € Fge\Fy, be a singular point of Dy. Then there is a unique branch centered in it. Thus,
the multiplicity of intersection of two putative components of Cy in the corresponding
point is 0.

Proof. Recall that since £ ¢ Fy, By # 0. The proof is the same as the one in Lemma 3.3,
since By = 0 does not affect the computations. O

The following lemma deals with the points S¢ (and therefore with the points Q).
Here we do not assume that k; > ¢ for ¢ > 0.

Lemma 3.6. Let S; = (0,1) € ﬁf and kyr > t.

o Ift| ky then there are ¢ branches centered at Sy.
o Ifky =tr+s, withs € {l,...,t— 1} then there are ¢ branches centered at Sy .

~ k
The mazimum possible intersection multiplicity of two components of Dy at Sy is 4 IZH

Proof. Following the same notations as in Lemma 3.2,

M—-1 M—1
H(X,Y)=Y" —y?™ pya 37 g xa=d N~ g xa v -dtydt
=0 =0
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We distinguish two cases.
e t| k. We perform (¢** —1)/(qt — 1) — 1 times § and we get
HX,)Y)=Y7 — AV X714 ...

Hence there are ¢* branches at the ¢‘-singular point S;. All the branches centered at
the origin in C : H(X,Y) =0 are

Zi = (t7’r]ita + 6) )

where o = (¢" —1)/(¢* — 1), m; € Fn—e, and deg,(d) > «a. Suppose now that
the curve C splits into two components X and ) sharing no common irreducible
component. It follows that X and ) have no branches in common. Let U(X,Y") and
V(X,Y) be two polynomials defining the components X and ) such that U and V

have no common factors. Then
UX,Y)=Y"+Up(X,Y), and V(X,Y) = Y9 ™ + Vp(X,Y),

where 0 < m < ¢*, deg(Up) > m and deg(Vp) > ¢* — m.

Our aim is to compute the intersection multiplicity of X and ) at the origin. For a
branch Z; contained in X it follows that the coefficient of the term degree ma (in t)
in U(Z;) vanishes, that is,

Y e =0,
r=0

where the monomials v, X"*Y™~" belong to U(X,Y). Analogously, if a branch Z;
belongs to ) then

t a-m t
nd T Y e T =0,
r=0

where the monomials 7y, X rayq'-m-r belong to V(X,Y), since the coefficient of the
term degree (¢ —m)a (in t) in V(Z;) vanishes. Therefore, since 7;,7; # 0, and there
are exactly ¢' — 1 branches corresponding to distinct 7;, exactly m of them belong to
X and ¢' — m to Y. Hence if Z; belongs to X, then Z; does not belong to ). So the
multiplicity of intersection at the origin of two putative components of C is given by

2t kav+t

t <O kn-t _ 94
(¢ —mymp < g :
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o ttka. Let kyr = tr+ s, with s € {1,...,t — 1}. We perform ¢*(¢"*—* —1)/(¢* — 1)
times 0 and we get

HX,)Y)=Y? - A)YX" 4 XTY'L(X,Y) -,

for some L(X,Y). Apart from the branch with tangent line Y = 0, the other branches
centered at the origin correspond to the branches centered at the origin for

YOt Z A X XY LX) Y) - = 0.

By Proposition 2.6 there are other ¢(**) — 1 branches. All the branches centered at
the origin in C : H(X,Y) =0 are

Z; = (t,mt’ +9),

where a = (¢ —1)/(¢®*) =1), 8 = (¢"7 —1)/(¢t*) —1), n; € Fo.., and deg, (0) > .
Suppose now that the curve C splits into two components X and ) sharing no com-
mon irreducible component. It follows that X and ) have no branches in common.
Let U(X,Y) and V(X,Y) be two polynomials defining the components X and Y
such that U and V have no common factors. Then

UX,Y)=Y"+Up(X,Y), and V(X,Y) = Y9 " 4+ Vj(X,Y),

where 0 < m < ¢, deg(Up) > m and deg(Vp) > ¢' — m.

Our aim is to compute the intersection multiplicity of X and ) at the origin. For a
branch Z; contained in X it follows that the coefficient of the term degree mg (in t)
in U(Z;) vanishes, that is,

Lm/a] Lm/a]

0"+ Z '77"77?177“:77?_“”1/@ Z ’YLm/aJ—rm‘m‘
r=0 r=0

lm/e)

=0 N e 2) =0,
r=0

where the monomials v, XY ™~"* belong to U(X,Y). Analogously, if a branch Z;
belongs to ) then

l(¢"=m)/a]

n]g'—m—rl(q —m)/a] Z Yi(gt—m)/a)—r (n]q)T =0,
r=0

where the monomials %X’”ﬁth_m_m belong to V(X,Y), since the coefficient of the
term degree (¢ —m)3 (in t) in V(Z;) vanishes. Therefore, since 7;,7; # 0, and there
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are exactly ¢>Y~! branches corresponding to distinct 7;, exactly |m/a] of them
belong to X and |(¢* —m)/a| to Y. In particular, noting that X is a permutation
of IFq<S,f,), Z; belongs to X if and only if

[m/a]
G(m) = Z rYLm/ajfrnZ =0
r=0

and to Y if and only if

(¢*—m)/a]

6(771) = Z VL(q‘—m)/aJ —rn: =0.
r=0

Suppose now that Z; belongs to X, then G(1;) # 0 and the coefficient of the term
in ¢ of degree (¢ —m)f in V(Z;) does not vanish. So the multiplicity of intersection
at the origin of two putative components of C is given by

kar+t

2t
|2 < Lt -
«

4. Proof of Theorem 1.4
Now we are in a position to prove our main result Theorem 1.4.

Proposition 4.1. Let t > 2 be a natural number, f(X) = Ziio AXT e Fyr[X] where
Ay =1, kg =0, and either

o ki=1, k>t fori>2andky >t+2, or
o ki >t.

Let Cy be the algebraic curve associated with f as in Lemma 2.1. Ift | kar and ky > 3t
ort{ky and kyr > 2t — 1 then Cy has an absolutely irreducible component defined over
Fyr. In particular, f(X) is not exceptional scattered.

Proof. Assume that F(X,Y) =W;(X,Y)...W(X,Y) is the decomposition of F'(X,Y)
over F,» with deg(W;) = d; and Zle di = ¢" +¢' —q—1 = deg(F(X,Y)) and suppose
by contradiction that C; has no absolutely irreducible components defined over F,-. From
[21, Lemma 10] (see also [26, Lemma 3.1]), there exist natural numbers s; such that W;
splits into s; absolutely irreducible factors over IF‘qr each of degree d;/s;. Since Cy has
no absolutely irreducible factors defined over Fy-, s; > 0 for ¢ = 1,...,k. Consider the
polynomials

k |si/2] k Si
Axyvy=]] [l Z&x.v), Bxyv)=]] ][] Z &),

i=1 j=1 i=1j=[s; /2] +1
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where Z}(X,Y),..., Z;*(X,Y) are absolutely irreducible components of W;(X,Y). Let
A AX,Y) =0 and B : B(X,Y) = 0. Since the number of singular points (in the
algebraic closure) of C; is finite, there is no repeated factors among Zij(X YY), @ =
1,...,k j=1,...,s;, otherwise the number of singular points would be infinite. So A
and B do not share (absolutely irreducible) components. Let o and «+ 8 be the degrees
of A(X,Y) and B(X,Y) respectively. Then 2a + 3 = deg(Cy) = ¢ +¢' —q¢—1, < a
and 8 < (¢" + ¢' — ¢ — 1)/3. Furthermore from o = (¢*» +¢' —q¢—1 - 3)/2,

(@ +q —q-1=p_ 2™ +q —q-1)°
1 = 9 '

deg(A) deg(B) = ala + §) =
By Bézout’s Theorem 2.4,

2(q" + ¢t — g —1)?
5 .

> (T, ANB) = deg(A) deg(B) > (4.1)

TeANB

Clearly intersection points of .4 and B are singular points of Cy. As previously ob-
served, the origin is an ordinary singular point of Cy of multiplicity ¢* — ¢ — 1 and from
Lemmas 3.2, 3.3, 3.4, and 3.5, I(Re,X NY) = 0. Let T € Z := {P,S5,Q¢}. From
Lemma 3.6 I(T, AN B) < ¢®+t/4. Note that |Z| = 1+ q + (¢* — q) = ¢* + 1, where
¢ =ged(t, ky,...,kn). Hence, if ¢ | kps then

t_g—1)2 kar+t
S [(T,AﬁB)S%+(qt+l)q — (4.2)
TeANB
while if ¢ t ks then
t_ 1 2 kar+t
Y IT.ANB) < %Jr(qt/%rl)q y (4.3)

TeANB

Now we can combine (4.1) with (4.2) and (4.3). Assume first that ¢ | kas so that
kar =~t, v > 1. Then from (4.1) and (4.2) we get

(¢" —q—1)*
A

¢t 2 4 e —g— 1)

t
1
+(¢" +1) 12 5 ,

(4.4)

which is false whenever v > 3. If t 1 kp; then write kyy = 4t + s with s = 1,...,¢ — 1.
From (4.1) and (4.3)

(¢ —q—1)2
4

q('y+1)t+s N 2(q7t+s tqt—q— 1)2
4 - 9 ’

+ (% +1)

which is false whenever kj; > 2t — 1. This shows that C¢ has an absolutely irreducible
component defined over F,-. The claim follows from Theorem 2.3. O
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Remark 4.2. We note that in the proof of Proposition the size of Z can be strictly smaller
that ¢* + 1 or ¢9/2 + 1, for example when £ = 1. In these cases Bounds (4.2) and (4.3)
can be significantly improved.

We note that for ¢ = 2 the hypothesis k; > 2 for ¢ > 2 is trivially satisfied. Hence
the classification of exceptional scattered polynomials of index 2 follows as a corollary
of Proposition 4.1.

Proof of Corollary 1.5. Without loss of generality a scattered polynomial of index 2 is
f(X) =X +aXT+ 3,05 8;X7, for a,; € Fyr. Let ¢* = deg(f(X)). By Proposi-
tion 4.1 if kps > 6 is even or kpy > 3 is odd then f(X) is not scattered.

If kpr = 3 since ¢ is odd, f(X) is not exceptional scattered from [18, Theorem 1.2].

Hence kj; = 4. From Remark 4.2, if af3 # 0, the size of 7 is equal to ¢ + 1 and a
contradiction arises from (4.4).

We are left with the case f(X) =X 4+ X 4" The curve C + reads

XY? — XY +§(XTY — XYT)T

XY — XV =0

If r is even, there exist points (z,y) with z/y € (F,2 \ Fy) C Fg and therefore f(X) is
not scattered over any extension of F,~ (and thus not exceptional scattered).

Consider now r odd and then ged(¢® — 1,4" — 1) = g — 1. The affine equation of C;
can be rewritten as

(XY - Xy )T 1 = 1/5.

Note that no points (z,y) with (ajq2y — xyq2)q2_1 = 1/6 satisty © = Ay for some A € F,.
We distinguish two cases.

o Normgr;q(6) = 1. Let 1,0 € Fgr be such that n?~* = 1/6 and 697! = 5. Since the
Fg--rational curve D of the affine equation X Yy - XY =0 is nonsingular, it is
absolutely irreducible. Any [ --rational point (x,y) € D satisfies

@y —ay” )T =0T =1/5

and also belongs to C¢. This shows that f(X) is not scattered over any extension of
Fg- (and thus not exceptional scattered).
o Normgr;q(8) # 1. Over Fyr The curve Cy decomposes as

[ x<y-xy©-0=o,
99°-1=1/5

and each component XY — XYT -9 = 0 is absolutely irreducible. Since
Normgrq(0) # 1, any 0 ¢ F,r and therefore C; does not contain any affine IF--
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rational point. This means that f(X) is scattered over F,» and any extension F -
with kK odd. O

5. The open cases for t = 0

In this subsection we prove that Theorem 1.3 (1) holds also for ¢ < 5, that is for
the open cases left in [1]. Since the open cases regards binomials and trinomials in the
following we analyze two families of binomials and trinomials in a more general setting.

In this last section, we use a quite different terminology following [42]. A place P of
the function field F /K is the maximal ideal of some valuation ring O of F /K and every
element ¢ € P such that P = tO is called a local parameter for P; see [42, Definition
1.1.8]. Every 0 # z € F/K has a unique representation z = t"u, with u € O invertible
and n € Z. We define the valuation vp(z) of z at P as vp(z) :=n and vp(0) := cc.

Denote by K the algebraic closure of the finite field F,. A curve C in some affine or
projective space over K is said to be defined over F, if the ideal of C is generated by
polynomials with coefficients in F,. Let K(C) denote the function field of C. The subfield
F,(C) of K(C) consists of the rational functions on C defined over F,. The extension
K(C) : F4(C) is a constant field extension; see [42, Section 3.6]. In particular, (F,-)rational
places of F(C) can be viewed as the restrictions to [, (C) of places of K(C) that are fixed
by the Frobenius map on K(C). The center of an F,-rational place is an Fy-rational point
of C; conversely, if P is a simple F,-rational point of C, then the only place centered at
P is F-rational. Hasse-Weil bound in this context is the following.

Theorem 5.1. [}2, Theorem 5.2.3] The number N, of F,-rational places of a function
field F with constant field ¥y and genus g satisfies

[Ny = (g+ D] <294

In what follows we will make use a number of times of a particular case of [42, Corol-
lary 3.7.4].

Proposition 5.2. Consider an algebraic function field F with constant field I containing
a primitive n-th root of unity (n > 1 and n relatively prime to the characteristic of L).
Let w € F be such that there is a place Q of F with ged(vg(u),n) = 1. Let F' = F(y)
with y™ = w. Then T™ — w is the minimal polynomial of u over F and L is the constant
field of F’.

5.1. General binomials
Consider a curve of type Xy : FI(X,Y) = 0, where

X" 1 pxXa")Ye — (Y Ly X9
(X7 +bX7) 2 +0VT )X p L (x,Y),

FX,Y) = XY — XY4 LA
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where n < m and b € Fyx. Now,

(X7 + X" )XY — (XY 4 pX9" Y X

F(X,XY) =
(X, XY) Xatl(Yy —Y4)

ot (L DX (V4 pX Ty

- Y =Y '

We have that G(X,Y) = F(X, XY) = 0 if and only if (apart from X = 0)

YO —yd" yd _yd"

bX1 + ,
Yi-Y Yi-Y
that is
n t
T~ Ye® Y4
Yt —yam’
Consider U = X9", V = qum(tm, therefore
an—min(t,"n,) Vqt—min(t,n)
m—n 1 -

pUd” " =

Vqt—rnin(t,n) — qu—rnin(t,n) .

e Suppose t < n < m. Then

t

.
ey VO oV

bU1 = .
V-vet

e Suppose n <t < m. Then

n n

NN ) AN e 40

Vqtfn _ qufn (V _ Vq7n7t)qt—n °

e Suppose n < m < t. Then

n n

o _VoVeT Vv

S N e Vi

First note that only a finite number of points of the curves defined by the above
equations are contained in lines U = oV with a € F,. Suppose that m — ¢ # ¢t — n,
that is the three integers are not in arithmetical progression. Therefore the function
field F,x (U, V) defined by U™ = ¢(U), for some r, in the equations above is a Kummer
extension of the rational function field F (V). If r is coprime with p = char(F ) and
there exists a place Q in F« (V) with ged(vg(¢(V)),r) = 1, by Proposition 5.2 T" — (V)
is irreducible over F (V). By [4, Lemma 2.4] applied to F' = F.(V), f =T" — ¢(V),
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z = U, the constant field of F x(U,V) is F x. By Hasse-Weil Theorem, the number of
[F,-rational places Ny» of Fox (U, V) grows as k grows.

This means that, for & large enough, the curve U" = ¢(V) contains FFx-rational
points (uo,vo) (the centers of the F r-rational places above) such that vo/ug ¢ F, and
then X" +bX?" is not exceptional scattered.

5.2. Particular trinomial in characteristic 2
Now we consider the following trinomial
Fo(X) = X277 1 ax? 1 ex?,
where a,b € Fjn.

Proposition 5.3. The polynomial fi, k > 2, a,b € F3., is not exceptional scattered of
index t = 0.

Proof. Consider the curve C; associated with fy.

X2 L ax? T X2 )Y + (v 4 a2 1y X

= 0.
XY (X +Y)

Ck:(

Let us consider the isomorphism (X,Y) — (X, XY). The equation of the new curve is

(X277 4 ax? T X XY + (X2T7Y2 pax? Y2 pex? Y2 X

=0
X3Y(1+4Y) ’
that is (dividing also by X27-2)
vl e vt IS D G 2
Y+1 Y+1 Y+1
Let U = X2k72, then the above equation reads
Y2k—171 11 Y2k—271 11
bU? + aU = (5.1)

YP 11 yroigd

The curve defined above is irreducible if and only if U — «(Y") is not a factor of bU? +

k—1_ k—2_ R
aUY;Qk_li_‘;'l + Y;zk_l_:_l for any a(Y) € F,(Y). This is equivalent to say that there

is no solution U = %

function field F,(Y) is a root of the polynomial

€ F,(Y) of Equation (5.1), that is no element in the rational

2k71

y2riet gyt

_ 3
W) =0T + ol + S
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Suppose that there exists U € F,(Y) root of ¥(T).

« Suppose k even and let n be such that F; = (). Consider P, the place in Fy(Y)
corresponding to n. Then

vl . Y2
e\ voagy =0 m | yeaa ) =0
Since vp, (U) is an integer,

_ y2¢ -1 +1 _
?)’UP77 (U) # ’UPT, (WU> = ’UP,](U) —1.

Recall that for any place P, vp(u1 + u2) = min{vp(uy),vp(uz)} if vp(u1) # vp(ug).
So,

—1, if vp,(U) >0
3vp, (U), ifvp,(U) <0’

a contradiction.
e Suppose k odd. Then all the places of F_q(Y) corresponding to roots of y2' -1l 4
are not poles of U (same argument as above). All the other places of F,(Y) are not
Y2k7171+1 Y2k7271+1
means that the unique pole of a root U of 9(T) is Ps,. Arguing as above, the unique
possibility is that vp__(U) = 272, that is G(Y) is a constant and F(Y) has degree
2F=2_ Thus

poles of nor o and therefore they are not poles of U. This

Y2 4 DF(Y)3 +aF (V) (Y2 L4 1)+ Y2 T 41 = qoy32 T2
should vanish. Since ag # 0, a contradiction arises.

So Equation (5.1) has no solution in F,(Y) and so it defines an absolutely irreducible
Fan-rational curve. Since Cj is Fs-isomorphic to it, Cy is absolutely irreducible too of
degree 2F — 2.

The claim now follows from Theorem 2.3. O
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