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Abstract

We present an elementary method for proving enumeration formulas which are polynomials in
certain parameters if others are fixed and factorize into distinct linear factorg dreughly speaking
the idea is to prove such formulas by “explaining” their zeros using an appropriate combinatorial
extension of the objects under consideration to negative integer parameters. We apply this method to
prove a new refinement of the Bender—Knuth (ex-)Conjecture, which easily implies the Bender—Knuth
(ex-)Conjecture itself. This is probably the most elementary way to prove this result currently known.
Furthermore we adapt our methoddgpolynomials, which allows us to derive generating function
results as well. Finally we use this method to give another proof for the enumeration of semistandard
tableaux of a fixed shape which differs from our proof of the Bender—Knuth (ex-)Conjecture in that
it is a multivariate application of our method.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. A simple example

Let F(r,k) denote the number of partition$is,...,A), i.e. L1=l> - >
A->0, of lengthr, with parts in{0,1,...,k}. It is basic combinatorial knowledge
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that

Fo - (FHr) D kB

For fixedr this expression is a polynomial kwith distinct integer zeros. In this paper we
present an elementary method for proving polynomial enumeration formulas of that type,
together with some non-trivial applications. The underlying idea is to find the appropriate
extension of the combinatorial objects under consideration to (typically) negative integer
parameters and with this “explain” the zeros of the enumeration polynomial.

To be more concrete let us first demonstrate this 3 step method in terms of our simple
example.

() In the first step we extend the combinatorial interpretatior¥ ¢f, k) to negative
integerk’s. Fork < 0 we define

F(r,k) = (=D"[#(A1,..., ) e Z" withk <1 <lo<...< A <O

This definition seems to appear from nowhere, however, the following step should convince
us that it was a good choice.

(2) In this step we show that for fixedthe functionk — F(r, k) can be expressed by
a polynomial ink of degree at most. This is equivalent t\" 1 F (r, k) = 0, where the
differences are taken with respect to the paranieterorder to show this we use induction
with respect ta. The initial step follows fromF (1, k) = k + 1. Assume that > 1 and
k>0. Then

AF(r,k)=F(r,k+1) — F(r, k)
=[#(11, A2, ..., ) Withk+1>11> ... > 1,>0]
—[#(J1, Aoy ..., A Withk>21> ... >4, >0]
=[#(1, A2, ..., ) Withk+1>21> ... >/, >0andly =k + 1]
=Fr—-—1k+1.

If k < 0 we have

AF(r,k)=F(r,k+1) — F(r, k)
=(=1D"[#(1, Ao, ..., ) Withk+1< 1 <... < A <0]
— (=) [#(J1, Ay .. Ay Withk < Jq < ... < Ay < O]
= (=1 "Y#(1, do, ..., ) Withk < 21 < ... < ) < 0andiy = k+1]
=Fr—-—L1k+1.

The induction hypothesis implie§ F(r — 1,k + 1) = 0 and thusA’*lF(r, k) = 0.

(3) In the final step we explore the integer zero&'of, k) in k. Consider the definition of
F(r, k) for negativek's and observe thaf (r, k) = 0 fork = -1, —2,..., —r. By Step 2
F(r, k) is a polynomial irk and therefore it has the factgr+ 1), where the Pochhammer
symbol(a), is defined by(a), = ]‘[;’:—&(a + i). The degree estimation of Step 2 implies
that this factor determines(r, k) up to a factor independent kfObserve thaf (r, 0) = 1,
and thus this factor is equal tg 4! and the formula is proved.
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1.2. The method

We summarize the general strategy in the example above and with this establish our
method for proving polynomial enumeration formulas. It applies to the enumeration of
combinatorial objects which depend on an integer paranketed where we suspect the
existence of an enumeration formula which is polynomiat and factorizes into distinct
linear factors ove?. The method is divided into the following three steps.

(1) Extension ofthe combinatorial interpretatiofypically the admissible domain &fis a
setSof non-negative integers. In the first step of our method we have to find (most likely
new) combinatorial objects indexed byantitrary integerk which are in bijection with
the original objects fok € S.

(2) The extending objects are enumerated by a polynoimia extension of the combina-
torial interpretation in the previous step has to be chosen so that we are able to prove that
the new objects are enumerated by a polynomi&l im many cases this is done with
the help of a recursion. Moreover the degree of this polynomial has to be computed.

(3) Exploring “natural” linear factors: Finally one has to find thks for which there exist
none of these objects, i.e. one has to compute the (integer) zeros of the polyhomial.
Typically these zeros will not lie i5, which made the extension in Step 1 necessary.
Moreover one has to find an additional (and thus non-zero) evaluation of the polynomial
which is easy to compute. The zeros and the single non-zero evaluation determine the
polynomial uniquely and we are finally able to compute it.

The last step shows the limits of this method. Even if one succeeds in the first two steps,
it may be that the polynomial has non-integer zeros or multiple zeros and the method as
described does not work. On the other hand the enumeration problems which result in
polynomials that factorize totally oveft are exactly the one we are especially interested in
and where we are longing for an understanding of the simplicity of the result.

1.3. Arefinement of the Bender—Knuth (ex-)Conjecture

Next we explain a plane partition enumeration result we have obtained by using this
method. The main purpose of the rest of the paper is the proof of this resulf. et
(41, 22, ..., Ar) be apartition. Astrict plane partitiorof shapeiisanarrayr; < < 1< j <,
of non-negative integers such that the rows are weakly decreasing and the columns are
strictly decreasing. Thaormn(x) of a strict plane partition is defined as the sum of its
parts andr is said to be a strict plane partition of the non-negative inte@er. For instance

755432
6432
52

31

L Inthe first step it may have been necessary to introduce a signed enumeration outside of the admissible domain
in order to have the same enumeration polynomial fok'sllin this case we have to find thés for which objects
cancel in pairs with respect to the sign.
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is a strict plane partition of shaggé, 4, 2, 2) with norm 52. In[3, p. 50]Bender and Knuth
conjectured that the generating function of strict plane partitions with at cnodumns,
parts in{1, 2, ..., n} and with respect to this norm is equal to

an(n) _ ﬁ [C‘f‘l‘;CI]i’

i gl

where[n; gl =14+ ¢ +---+¢" L and[a; ql, = ]_[;':_&[a + i; ¢]. This conjecture was
proved by Andrews[1], Gordon [8], Macdonald[13, Ex. 19, p. 53]and Proctor
[15, Proposition 7.2]For related papers, which mostly include generalizations of the
Bender—Knuth (ex-)Conjecture sge6,10,11,16,19]

Using a ‘g-extension” of our method we have obtained the following new refinement of
this result. As an additional paramelewe introduce the number of parts equahtm the
strict plane patrtition.

Theorem 1. The generating function of strict plane partitions with part4in2, ..., n},
at most c columns and k parts equal to n is

-1 .
v Gk L glu-all4 ¢ — ks glu-1 T [e+i+1qlica
> = [l .

[1;gli-1 [i;qli

i=1

If we sum this generating function over &ls, 0<k <c¢, we easily obtain the Bender—
Knuth (ex-)Conjecture. Probably this detour via Theoteisithe easiest and most elemen-
tary way to prove the Bender—Knuth (ex-)Conjecture currently knowflanSection 3the
authors come to the conclusion that all other proofs of the Bender—Knuth (ex-)Conjecture
“share more or less explicitly an identity, which relates Schur functions and odd orthogonal
characters of the symmetric group of rectangular shape”. In our elementary proof this is not
the case.

We first prove the special cage= 1 of Theoreml, i.e. we compute the number of strict
plane partitions with parts ifil, 2, ..., n}, at mostc columns andk parts equal to, see
Theorem2. (Observe that foy = 1 the formula in Theorert is a polynomial ink, which
factorizes into distinct linear factors ovér) This result is new as well. Later we will see
that the method can be extendedytpolynomials in order to prove the general result.

1.4. Outlook and outline of the paper

We plan to apply this method to other enumeration problems in the future. The most
ambitious project in this direction is probably our current effort to give another proof of
the Refined Alternating Sign Matrix Theorem. There is some hope for a proof along the
lines of the proof of Theorerh, for details see Section Moreover we plan to extend our
method to polynomial enumeration formulas that do not factor into distinct linear factors
overZ. Hopefully the lack of integer zeros can be compensated by other properties of the
polynomial.

The rest of the paper is organized as follows. In Se@iae introduce our combinatorial
extension with respect to of strict plane partitions with parts ifl, 2, . .., n}, at mostc



I. Fischer / Journal of Combinatorial Theory, Series A 111 (2005) 37-58 41

columns and parts equal tan as proposed iBtep 1of our method above. In Sectidh

we show that these objects are enumerated by a polynonkatimch is of degree at most

2n — 2 (Step 2 and in Sectio we show that the polynomial has the predicted zeBteg

3). This concludes the proof of Theorehfor ¢ = 1. In Section5 we apply the method

to give another proof of the formula for the number of semistandard tableaux of a fixed

shape. This application of our method is of interest since in this case we have to work

with more than just one polynomial parameter. Finally we extend our method to what we

call “g-polynomials” and prove Theorefhin its full strength in Sectio®. In Section7 a

connection of our result to the Refined Alternating Sign Matrix Theorem is presented.
Throughout the whole article we use the extended definition of the summation symbol,

namely,

b f@+ fa+)+---+ f(b) if a<b,
> fi)y=40 fth—a—1 (L1
— b+ — fb+2)——fla—1) ifb+1l<a—1

This assures that for any polynomjalX) over an arbitrary integral domaircontainingl

there exists a unique polynomig{ X) overl such thatX:)y(:Op(x) = ¢q(y) for all integers

y. We usually writed")_, p(x) for ¢(y). We use the analogous extended definition of the
product symbol. In particular this extends the definition of the Pochhammer symbol, for
instancea)_-1 = 1/(a — 1).

2. From strict plane partitions to generalized (r — 1, n, ¢) Gelfand—Tsetlin patterns

Letnbe a positive integer. A Gelfand—-Tsetlin pattern wittows is a triangular array of
integers, say

Adp,n
ap—1,n—-1 ap—1n

a33 . e azn
az2 az3 e . az.n
ail a2 ai3 e e ain
such thatbli,j <aj-1,j forl < i<j<n andai,j <ai41,j+1 for 1<i<j < n, see[l8,
p. 313]Jor[7, (3)] for the original reference. An example of a Gelfand—Tsetlin pattern with
7 rows is given below.
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The following correspondence between Gelfand-Tsetlin patterns and strict plane partitions
is crucial for our paper.

Lemma 1. There is a bijection between Gelfand—Tsetlin pattgens) with n rows parts
in{0,1,..., ¢} and fixeds, , = k, and strict plane partitions with partsift, 2, ..., n}, at
most ¢ columns and k parts equal to n. In this bijecti@n,, a1.,—1, . . ., a1,1) is the shape
of the strict plane partition

Proof. Given such a Gelfand-Tsetlin pattern, the corresponding strict plane partition is
such that the shape filled by entries greater thaarresponds to the partition given by
the (n — i)th row of the Gelfand—Tsetlin pattern, counting from the top. As an example,
consider the strict plane partition in the introduction. If we choose 7 andc = 6 then

this strict plane partition corresponds to the Gelfand—Tsetlin pattern abdve.

Therefore it suffices to enumerate Gelfand—Tsetlin patterng with n rows, parts in
{0,1,...,c} and fixeda, , = k. Why should this be easier than enumerating the corre-
sponding strict plane partitions? Recall th& the polynomial parameter in our refinement
of the Bender—Knuth (ex-)Conjecture which we want to make use of when applying our
method. In order to accomplish Step 1 of the method we have to find a “natural” extended
definition of strict plane partitions with parts{f, 2, . . ., n}, at mostc columns and parts
equal ton, wherek is anarbitrary integer which does not necessarily lie{th 1, ..., c}.

(Parts equal te may only appear in the first row of a (column-)strict plane partition with
parts in{1, 2,...,n} and thus, when considering strict plane partitions, we must have
k €{0,1,...,c}.) “Natural” stands for the fact that the extension has to be chosen such
that the extending objects are enumerated by a polynomial lim order to find this ex-
tension it seems easier to work with Gelfand—Tsetlin patterns rather than with strict plane
partitions. Next we define generalized Gelfand—Tsetlin patterns which turn out to be the
right extension.

Letr, n, ¢ be integerst non-negative and positive. In this paper generalizedr, n, ¢)
Gelfand-Tsetlin patter(for short:(r, n, c)-pattern) is an arraf; ;)1<i <r+1i-1<; <n+1
of integers with

(1) aii—1=0anda; 41 = c,
(2) ifa; j<a;j+1theng; j<aj—1;<a; j41,
(3) if ajj > aj j+1 thena,-’j > ai-1,j > i j4+1.

A (3, 6, ¢)-pattern for example is of the form

0 ass  ass  dae c
0 a3 a4 azs  4ze c
0 az2 a3 az 4 as aze c
0 ain a2 ai3 a4 ais aie C,

such that every entry not in the top row is between its northwest neighbaurd its
northeast neighboue, if w<e then weakly between, otherwise strictly between.
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Thus
0 3 -5 10 4

602 -2 3 84
0 2 -1 2 4 7 4
0 0O 1 2 56 4

is an example of aB, 6, 4)-pattern. Note that a generalizéd— 1, n, ¢) Gelfand—Tsetlin
pattern(a;, ;) with 0<a, , <c is a Gelfand—Tsetlin pattern withrows and parts if0, 1,
., ¢} as defined at the beginning of this section. This is because,( < ¢ implies that
the third possibility in the definition of a generalized Gelfand—-Tsetlin pattern never occurs.
Next we introduce the sign of am, n, ¢)-patterna = (g; ,) since we actually have to
work with a signed enumerationdf, , ¢ {0, 1,...,c}. A pair (a; j, a; j+1) With a; ; >
a; j+1 andi # 1is called arinversionof the (r, n, c) pattern and — 1)#0f inversionsig sajd
to be thesignof the pattern, denoted by s@n. The(3, 6, 4)-pattern in the example above
has 6 inversions altogether and thus its sign is 1. We define the following expression

F(ron,ciki ko ... ko) = ) sgMta),
a

where the sum is over all, n, c)-patternsz = (a; ;) with top row defined bys, 1 ,4; =
ki fori = 1,...,n —r. Now it is important to observe that for<Qk <c¢ the number
of (n — 1, n, ¢)-patterns witha,, , = k is given byF(n — 1, n, c; k). This is because an
(n—1, n, ¢)-pattern with 6< a,, , <c hasnoinversions. Thus(n—1, n, c; k) is the quantity
we want to compute. It has the advantage that it is defined for all int&gensereas our
original enumeration problem was only defined feg o< c.

3. F(n —1,n,c; k) is a polynomial in k of degree at most 2 — 2

In this section we establish Step 2 of the method above for our refinement of the Bender—

Knuth (ex-)Conjecture. The following recursion fé1(r, n, ¢; k1, k2, . . ., k,—,) is funda-
mental.
F(ron,c; ki, ko, ... kn—p)
kl k2 k3 n r

_Z Z Z Z F(r—21n,c;l1,12,...,11—r41).

=01lp=kq l3=ko In—r=kp—r—1 1y r+1= =kn—r

(3.1)

It is obvious for(k1, k2, ..., ky—r) with 0<ks <ko < -+ - <k,—, <c. After recalling the
extended definition of the summation symhhbllj one observes thatthe generalized:, c)
Gelfand—Tsetlin patterns ané(r, n, c; k1, . . . , k,—,) Were simply defined in such a way
that this recursion holds for arbitrary integer tuples . . ., k,—,). This recursion together
with the initial condition

F,n,c ki, ko, ..., ky) =1

implies the following lemma.
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Lemma 2. Letr, n be integersr non-negative and n positive. Thétir, n, ¢; k1, ..., ky—r)
can be expressed by a polynomial in fhes and in ¢

In the following F (r, n, ¢; k1, . . . , k,—,) is identified with this polynomial. In particular
F(n — 1,n,c; k) is a polynomial ink and with this we have established the first half of
Step 2 in our method. Next we aim to show th@&tr, n, ¢; k1, . .., k,—,) is of degree at
most 2 in everyk;. This will imply that F(n — 1, n, ¢; k) is of degree at most2— 2 ink
and completing Step 2. However, this degree estimation is complicated and takes Lemmas
3-6.

The degree of(r, n, c; k1, . . ., ky—r) in k; is the degree of

ki ki1
Y Fer—Llan.cil ... lhrs1). (3.2)
li=ki—1liy1=k;

in k;, wherekg = 0 andk,,_,4+1 = c¢. Let us assume by induction with respect tinat the
degree ofF(r — 1, n,c¢;1,...,l,—r+1) ISat most 2 — 2 in each ofl; and/; 1. By (3.2
we can easily conclude that the degred-@f, n, c; k1, ..., k,—,) in k; is at most 4 — 2;
however, we want to establish that the degree is at masti2e following lemma shows
how to obtain a sharper degree estimation in summations of our type.

In order to state this lemma we have to define an opefatarhich turns out to be crucial
for the analysis of the recursion i8.Q). Let G (k1, k2, . . ., k) be a function irmvariables
and 1<i <m — 1. We set

DiG(klv ceey km) = G(kl’ ceey ki*lv kia ki+1’ ki+29 ceey km)
+G(k13 e ki—l’ ki+1 + 17 ki - 17 ki+2, ) km)

Lemma 3. Let F(x1, x2) be a polynomial inx; and x2 which is of degree at most R
in each ofx; and x2. Moreover assume thab; F (x1, x2) is of degree at most R as a
polynomial inx; andx, i.e. a linear combination of monomialg” x5 with m + n <R.

y b
Then Y~ > F(x1,x2) is of degree at mosR + 2 in y. If D1F(x1,x2) = O then
X1=a xp=y
y b
> > F(x1,xp)is of degree at mosk + 1iny.

X1=a xp=y
Proof. Set Fi(x1,x2) = D1F(x1,x2)/2 and Fa(x1, x2) = (F(x1,x2) — F(x2 + 1,
x1—1))/2. ClearlyF (x1, x2) = F1(x1, x2) + F2(x1, x2). Observe thaf>(x2+1, x1—1) =

—F(x1, x2). ThusF>(x1, x2) is a linear combination of terms of the foroy),, (x2 +1),, —
(xD)n(x2 + 1), with m, n < R. Now observe that

b

: 11
> DGz + D — GDa(ez + D =

— — m+1ln+1
X1=a xp=y

x((@—=Dpy1(b+ D1 — (@ —Dpr1d+ Dypr1 — (@ — Dypra(Mms1
T+ Dpr1(Mm+1 + (@ = Dipr1(Mu+1 — 0 + Dimr1(Vn+1)
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y b
andthusd" Y Fa(x1, x2) is a polynomial of degree at mogt+ 1 iny. By the assump-
X1=a xp=y
y b
tion in the lemma)_ )  Fi(x1, x2) is of degree at mosk + 2 iny and the assertion

xX1=a xp=y

follows. O

Thus it suffices to show thdd; F(r, n, c; .)(k1, ..., k,—,) IS Of degree at mostr2as a
polynomial ink; andk;.1. In Lemma5s we show a much stronger assertion, namely we
prove a formula which express&s F (r, n, c; k1, ..., k,—,) asaproductof' (r,n — 2, c +
2, k1, ..., ki—1,kiy2+2, ..., kys—r +2) and an (explicit) polynomial ik; andk; 1 which
is obviously of degrees2 For the proof of Lemm& we need another lemma.

Lemma 4. Let G(l4, I2, I3) be a function orZ®. Then

ki ka2 k3

33 S Gl a3 | ko, ki Kz ka)

l1=kq lp=kq I3=kp
ko+1  k
1 2 2

-2l > Z D1G s, 1o, I3)

l1=k14+1 1=k I3=k1—1
ki k2 ko—

+y. Y Z D2G (11, 12, 13)

l1=ko lp=k1 I3=k1—1

If H(l1,l») is a function onZ? then

ko k3 ko ko—1
Di| Y Y H(alo) | (ki ko k3) = — Z Y. DiH(4, bo).
l1=k1 lp=k> ll k1 lp=k1—1

Proof. The left-hand side in the first statement of the lemma is equal to

k1 ko k3 ko+1  k1—
XYY Gl + Y Z Z Gl 2. 13).
l1=ko lo=k1 I3=ko l1=ko lo=ko+113=k1—1

In this formula, we reverse the middle sum of the second triple sum and split up the first
sum in this triple sum to obtain

k]_ k2 k3 kl k2
Y33 Gl — Y > Z Gy I2.13)
l1=kq lp=k1 l3=k> l1=kg lp=k1 I3=k1—1

ko+1l ko

- > Z G, 12, 13).

l1=k1+1 1=k I3=k1—1
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Next we cancel some common terms in the first and the second sum and obtain

ko+1 ko k3

k1 ko ko—1
-3 Y G- Y Y > Gl lai),

l1=kg lo=k1 I3=k1—1 l1=k1+1 1=k I3=k1—1

which is equal to the right-hand side of the first statement. The proof of the second formula
iseasy.

Letr > 1. We need the following identity.

y y-1

Yo O =X 4330 — X+ D)

x'=xy'=x-1

1
= m(y—x —r+22 10 —x+1. (3.3)

It follows from

O =x"—r+32-30 —x"+1
1
= 5((y/ —x' —r+2 20— —x' —r+3)2_2),

the summation formula

b
1
D@t wh =~ (b + w1 = (@ = 1+ why1)

Z=a
and the fact that—r + 1)2, = 0 and(—r)2- = 0.

Lemma 5. Letr, n, i be integersr non-negativen positive 2<n —r and1l<i<n—r—1.
Then

DiF(r7 na C; )(kla LR ] kn—r)
2
=D ——kiya—ki —r+ 2z atkiz1 — ki + 1)

(2r)!
XF(r,n—2,c4+2 k1. kict, kizo +2, ... kney + 2).

Proof. We show the assertion by induction with respeat.tborr = 0 there is nothing to
prove. We assume > 0. By (3.1) and Lemmai} the left-hand side in the statement is equal
to

- kiva+1l  kita kit2 c

—-ZZZZZ 2

=0 lica=ki—2li=ki+1liv1=ki livo=ki=1  ly—ry1=kn—r
DlF(r - 17”7 C; -)(lla ceey n—r+1)
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kiva  kiya—1 ki3 c

+ZZZZZZ

=0 li=ki—1 liv1=ki liyo=ki—1l;3=ki12 In—r+1=kn—r

DiyaF(r—1n,c; )1, ..., lh—ry1)

In this formula, we replac®; F(r —1, n, ¢; (1, ..., lh—r+1) @ndD; 1 F (r —1,n, ¢; ) (1,
, I,—r+1) by the expressions implied by the induction hypothesis. Furthermore we apply
(3.3) to obtain

2
(-1 m(khul ki —r+2)2r—1(kiy1 — ki +1)

kit2 kit+3 c

ZZZZZ

li—1=k; 211+2 ki—1liy3=kit2 In— r+1=kn—r
F(r—l n=2c+20, .l b2+ 204342, - by +2)

kit+3 c

+z Y Y Yoy

=0 li—1=ki—2 li=k;_ lll+3 kl+2 In— r+l:kn—r

F(r_17n_23C+2;lla"-’liflalivli+3+27~"7ln7r+1+2)

We shift the range of summation b 2, /; 13, ..., l,—,+1 by two and compensate this shift
with the appropriate change in the summand. In the first multiple sum, we rdpane
I; and merge the two multiple sums. We obtain

2
(-1" m( iv1—ki —r+2)2—1(kiy1 — ki + 1)

ki—1  kit2+2  kiy3+2 c+2

XZ 20X 2

=0 li—ca=ki—2 li=ki—1li13=kj12+2 In—r+1=kn—r+2

F(r_l n_2 c+27lla"‘7llflali7li+3’"'7ln7r+l)

= (=1 2 ),(kz+1 ki —r +2)—1(kiy1 — ki + 1)
xF(r,n—2,c+ 2 k1, ..., ki—1, kiv2+2, ..., kn—y +2)

and the assertion follows. [J
We are finally able to prove the degree lemma.

Lemma 6. Letr, n, i be integersr non-negativen positive and. <i <n—r.ThenF (r, n, c;
k1, ..., k,—) is a polynomial ink; of degree at mos2r.

Proof. We prove the assertion by induction with respeat t6orr = 0 itis trivial. Assume
r > 0and 1<i<n —r. The degree of'(r, n, c; k1, . .., k,—,) in k; is the degree 0f3.2)



48 I. Fischer / Journal of Combinatorial Theory, Series A 111 (2005) 37-58

in k;. By Lemmabs the degree oD; F(r — 1,n,¢;11,...,1l,—r+1) as a polynomial ir;
and/;y; is 2r — 2. Moreover the degree & (r — 1,n,c¢; 11, ..., l,—r41) inl; as well as

in ;41 is at most 2 — 2 by the induction hypothesis. The assertion follows from
Lemma3. [

4. Exploring the zeros of F(n — 1, n, ¢; k)

We finally establish Step 3 of our method for the refinement of the Bender—Knuth
(ex-)Conjecture.

Lemma 7. Letr, n, i be integersr non-negativen positive andL<i <n — r. Then there
exists na(r, n, ¢)-pattern with first row(0, k1, . .., ky—r, ¢),
fki=-1,-2,...,—rork,_,=c+1Lc+2,...,c+r.

Proof. Supposé€a; ;) is an(r, n, ¢)-pattern witha, 41,41 € {—1, =2, ..., —r}. In partic-
ular we have 0> a,41,4+1 and thus the definition ofr, n, ¢)-patterns implies that G-
ary > ar41,-+1. IN @ similar way we obtain @ a1 > a22 > ... > ar, > ar41,41. This
is, however, a contradiction, since there existrrdistinct integers strictly between 0 and
ars1r41ifarp1,41 € {—1,-2,...,—r}. Thecasethat,y1, € {c+1,c+2,...,c+r}

is similar. [

We obtain the following corollary.
Corollary 1. F(n—1,n,c; k)/(L+ k)p—1(1 + ¢ — k),,—1) is independent of.k

Proof. By Lemma7, (1+k),—1(1+c—k),—1isafactorofF (n—1, n, c; k). By Lemmasg,
F(n —1,n,c; k) is of degree at most2— 2 in k and the assertion follows. [J

Theorem 2. The number of strict plane partitions with parts {f, 2, ..., n}, at most c
columns and k parts equal to n is given by

A4+ Kp 114 c—k)p1 ﬁl (c+i+11

Fn—1,n,c;k) =
(=L k) D1 0);

i=1

Proof. We prove the assertion by induction with respeabt®bserve that the formula is
true forn = 1 sinceF (0, 1, ¢; k) = 1. Assume: > 1. By Corollaryl

Fn—1,n,c;c)

Fn—1n,c;k)=A+k)y—1(1+c— k)n_lm-
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Observe that if we have, , = cinan(n — 1, n, ¢)-pattern(a; j)1<i <n,i-1<j <na+1 then
a;, = cforalli. This implies the recursion

c
Fn—1,n,c;¢) =ZF(n—2,n—1, c; k). (4.2)
k=0

We need one other ingredient, namely the following hypergeometric identity

Y A+ Bmad+c—kn
k=0

o o~ (m+k=1\[(c—k+m—-1
_(1)”11];)( m—1 )( m—1 )

_ (1)2 (C + 2m — 1) . (1)31_1(0 + Dom-1
"\ 2m -1 D21
where the second equality is equivalent to the Chu—Vandermonde identiti@, 2169,
(5.26)] With the help of the recursiod (1), the induction hypothesis fat(n—2, n—1, c; k)
and the hypergeometric identity we are able to compgite — 1, n, c; ¢) and with this
Fn—1n,c;k). O

(4.2)

Remark 1. By the symmetry of Schur functions, the number of strict plane partitions of a
fixed shape withy; parts equal tois equal to the number of strict plane partitions witfy)

parts equal to for every permutatiom. Thus Theoren? gives the number of strict plane
partitions with parts i1, 2, ..., n}, at mostc columns and parts equal ta for arbitrary

i €{1,2,...,n}. However, note that this does not generalize to the generating function of
these objects.

Corollary 2 (Andrewd1], Gordon[8], Macdonald13], Proctor[15]). The number of
strict plane partitions with parts ifil, 2, ..., n} and at most ¢ columns is

n

(c+1i)
) i

i=1
Proof. By Theorem?2 the number of strict plane partitions with parts{ip 2, ..., »n} and
at mostc columns equals

c n—1

Z k+Dp_1Q+c—k)pa l—[ (c+i+1);-1
(Dn-1 (OF .

The assertion now follows frond(2). O

k=0 i=1
5. Semistandard tableaux of a fixed shape

Inthis section we apply our method to the enumeration of semistandard tableaux of a fixed
shape. This result is certainly well-known. Nonetheless we think it might be interesting for
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the reader to see another application of our method which moreover uses more than just one
“polynomial parameter” as opposed to the single parankétethe example above. (At this

point the reader may wonder what we mean by a multivariate application of our method,
since we have only described the case of a single polynomial parameter in the introduction.
However, it is straightforward to generalize this method to a multivariate version, as should
become clear in this section.)

Letd = (11, 42, ..., A4x) be a partition and a positive integer. A semistandard tableau of
shapel with entries between 1 amds a filling of the Ferrers diagram of shapwith entries
in {1,2,...,r} such that rows are weakly increasing and columns are strictly increasing.

(Semistandard tableaux and strict plane partitions are equivalent objects. Indeed, if we
replace every entrgin a semistandard tableau with entries between Iramith r — e we
clearly obtain a strict plane partition. However, we choose to use the notion of semistandard
tableaux in this section for historical reasons.) It is well-kndd@, p. 375, in (7.105)
g — 1] that the number of semistandard tableaux of shkapéh entries between 1 and
is

I i —J,,+j—i1ﬁ[ Gi+hk+1—i)s

J—i i1 (k+1—i)r—x

1<i<j<k

if k<r, otherwise this number is obviously zero by columnstrictnesgs=fr the formula
simplifies to

1_[ w (5.1)
1<i<j<r J =t
It suffices to prove this formula, for the number of semistandard tableaux of shape. ,

Ax) is equal to the number of semistandard tableaux of shape. ., 4, 0,...,0) (r — k
zeros).

The expression ing(1) is a polynomial in thel;'s which is up to a constant determined
by its zerosi; = 4; — j +i, 1<i < j<r. Clearly the number of semistandard tableaux
of shapel = (41, 42, ..., 4,) with entries between 1 andcan be interpreted to be zero
if 2; = /4; — j+iforsomei, j with 1<i < j <r, since/ is not a partition in this case.
However, we have to find a combinatorial extension to arbittazyZ" such that the number
of objects is zero if and only if; = 4; — j 4 i for somei, j with 1<i < j <r, and thus
this number is non-zero for many, ..., 4,) that are not partitions. Again the proof is
divided into three steps.

5.1. Extension

We extend the combinatorial interpretation of the number of semistandard tableaux of
shapel to arbitraryl € Z". The situation is somehow “reversed” to that in our Bender—
Knuth (ex-)Conjecture refinement. In Lemrheve have showed that semistandard tableaux
of shapel with enriesin{1, 2, ..., r} are in bijection with Gelfand—Tsetlin patterns with
rows and prescribed bottom ro;,, 4,1, ..., A1).
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A generalized reversed Gelfand—Tsetlin pattern of siferrshort: reversed-pattern) is
atriangular arraya; j)1<i <ri<j<r Of integers with

Q) ifa; j—1<a; jtheng; j_1<a;1,;<ajj,
2) if ajj-1> ai,j thenai,j_l > diyl,j > i

For instance,

4
4 4
5 3 4
6 1 5 3

is areversed 4-pattern. Note that a reverspdttern(a; j)1<i<ri<j<r Withay 1 <ay 2 <
.-+ <ay,, is a Gelfand—Tsetlin pattern wittrows in the original sense. A pai; 1, a; ;)
with a; j_1 > a; ; is called aninversionand (—1)#of iversionsis sajd to be the sign of the
pattern, denoted by sgm). We define

Arlky ... k) =) sgnia),

where the sum is over all reversegatterns: = (a; ;) with prescribed bottom row; ; =

ki If ki<ko<---<k, thenA,(kq, ..., k) is the number of semistandard tableaux of
shape(k,, ..., k1) with entries in{1, 2, ..., r}. This is because a reversegattern with
ar1<a12< --- <ag, has noinversion.

5.2. Polynomial enumeration formula

Observe that the following recursion holds for(k1, ..., k).

k2 k3 ky

Arthr k)= >0 > Acala o ). (5.2)

l1=ky lo=kz lr—1=ky—1

Itis similar to 3.1). SinceA1(k1) = 1 we can conclude thatt; (k1, . . ., k) is a polynomial
in (k1 ..., k).

Next we show tha#, (k1, ..., k) is of degree at most— 1 in everyk;. This is done by
induction with respect to. Moreover, we show thdd; A, (k1, . . ., k,) = Oforalli andr > 2.

The assertion on the degree is obviously true i 1, 2 sinceAx(ky, k2) = ko — k1 + 1.
MoreoverD1A(k1, k2) = 0. Assume that > 2. By inductionA, _1(k1, ..., k,—1) is of
degree at most — 2 in everyk; andD; A, _1(k1, ..., k,—1) = O for alli. Thus, by 6.2
and Lemmas, A, (k1, ..., k) is of degree at most — 1 in k;. Moreover, by Lemmat,
D;A,(ky, ..., k) =0foralli.

5.3. Linear factors

In this step we find the zeros df, (k1, ..., k) and use them to deduce the formula. By
definition there exists no reversegattern withuy ; = a1 j41+1andthusd, (kq, ..., ki—1,
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kivi+ L kiy1, kiyo,.... k) =0foralli. InfactA,(ky,.... k) =0ifk; =k; +j —i
andi < j:
Aplky, oo kica, kj+ 7 — i kiga, ... kj, o k)
=—Arks, ... ki—y, kiqa+Lkj+j—i—Lkipo+ 1 ..o ki, k)
== (DT A, ki ki L ki Lk Lk, k)
=0,

where thdth equality follows fromD; ;1A (k1, ..., k,)=0. Therefore, (k1, . .., k) has
the factor]_[lgkj <r(kj —ki + j —1i). This factor is a polynomial of degree- 1 in every
k; and thus

Akt k) =C ] &j—ki+j—i,

1<i<j<r

whereC does not depend ofty, . .., k). SinceA, (O, ..., 0) = 1 we conclude thaf =
[Ti<izj<, 7= and 6.1 is proved.

Remark 2. The extension of our method introduced in the following section can be used
to derive theg-version of 6.1), se€[18, p. 375, (7.105)]

6. Extension of the method tog-polynomials

A natural question to ask is whether it is possible to obtain a generating function version
of Theoren®. Of course only this would refine the Bender—Knuth (ex-)Conjecture. Clearly
our generating function (see Theoréjis not a polynomial irk, however, we introduce the
notion of ag-polynomiabelow and find that the generating function is suga@lynomial.

Thus we adapt our method ¢ppolynomials in this section.

Letl be an integral domain containirig. A g-polynomialoverl in the variables<1, X»,

.., X,, is an ordinary polynomial ovef(q), the field of rational functions it overl,
ingXt,gX2, ..., g% The ring of these-polynomials is denoted by [X1, ..., X,]. For
expressions of the form

4 ) (g D)% .. (g¥) ™
in ag-polynomial, where the; are non-negative integers forli <n, we also write

qao+a1X1+a2X2+...+a,, Xn

We defind X; ¢] = (1 —¢%)/(1 - ¢) and[X; q], = ]'[:.’;Ol[X +i; ¢q]. Observe that
[X1; Q]ml[XZ; Q]mz X gy

(my,mp,...,my) € Z,m; >0, is a basis of,[ X3, ..., X,] overI(q). This basis is the
most convenient for our purpose.
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If we review the proof of Theorerd we see that the following two basic properties of

polynomials were crucial.

If p(X)isapolynomial over anintegral domain containidgthen there exists a (unique)
polynomialr (X) with degr = degp + 1 and

,
> p) =r@)

x=1

for every integey.
If p(X) is a polynomial over an integral domain containi@gandas, az, ..., a, are
distinct zeros ofp(X), then there exists a polynomialX) with

pX) =X —-a)(X —az)...(X —a)rX).

The following analogs holds fay-polynomials.

If p(X) is ag-polynomial, then there exists a (uniguepolynomialr (X) with degr =
degp + 1 and

y

Y p) g =r()

x=1

for all integersy. (The degree of @-polynomial inX is defined as the degree of the
corresponding ordinary polynomial i .) In order to see that note

[X; qlns1 — [X — L glusr = ¢*n + 1 q10X; gl
which implies
z q
X34 1n Y= ———y; n 6.1
;[ qlnq [n+1;q][y qlut1 (6.1)

for all integersy.
If p(X)isag-polynomialandiy, az, ..., a, are distinct integer zeros pf X), then there
exists ag-polynomialr (X) with

p(X) =(X;ql —la1; gDAX; g1 — [a2; gD - - - ([X5 g1 — [ar; gDr(X)
=g T X — ay; q)[X —a2i g1 [X — ars gIr(X).
The proof is analogous to the proof for ordinary polynomials, namely the fundamental
identity is
n—1
[X:q]" —[a: q1" = (X: q] — [a:q)) Y _ [X: q)[a: q]" '
i=0
n—1 A .
=q"IX —aiql)y_[X:ql'[a: q]" 7.
i=0
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Remark 3. In the following we often use expressions like— x + i; ¢1; which are na-
polynomials inx andy. However, in our formulas these expressions always come together
with a factorg*/ and thus[y — x + i; q]jq"'/ is used as a shorthand for the degjee
ponnomiaI]_[{;Ol(qx — ¢> ity /(1 — ¢). With this interpretation our formulas are indeed
g-polynomials inx andy.

Using theseg-analogs it is quite straightforward to modify the proof of Theor2in
order to prove Theorerh. In the following we sketch it by stating thepversions of the
definitions and lemmas that are necessary to prove Thedrem

The norm of an(r, n, ¢)-pattern is defined as the sum of its parts, where we omit the
first and the last part in each row. Our first observation is that the bijection in Lelrisna
norm-preserving. We introducegganalog of F (r, n, c; k1, .. ., ky—). Let

Fy(ron,cika, .o hny) = (Z sgr(a)q”‘”m‘“)) /(ghtterthn),

a

where the sum is over all, n, ¢)-patternsa = (a; ;) with a,41,4; = k; fori =
1,2,...,n—r.Observethaf,(n —1,n,c; k) g¥ is the generating function of strict plane
partitions with parts in{1, 2, ..., n}, at mostc columns and parts equal to. We have
Fy0,n,c;ky, ..., k) =1and

Fy(r,n,c; ki, ko, ... kn—y)
ki k2 k3 kn—r c

=222 2 X

=01lp=kilz=ky  ly—r=ky—r—1ln—r+1=kn—r

Fyr —Ln,c;ln, 0o, .. Lymyy) g2, (6.2)
This shows thaf, (r, n, c; k1, ko, . .., ky—,) is @ag-polynomial in(ky, .. ., k,—,). Next we
have to show thaF, (r, n, c; k1, ..., k,—,) is of degree at mostr2in k;. For that purpose

we need the followingj-analog of Lemm&.

Lemma 8. LetF(x1, x2) be ag-polynomial iy andx, which is of degree at most R in each
of x1 andxz. Moreover assume thd?; F(x1, x2) is of degree at most R as a g-polynomial
in x1 andxy, i.e. a linear combination of monomialg**)"” (¢*2)" withm + n<R. Then

y b

Y > F(x1, x2)g*+ 2 is of degree at mosk + 2in'y.

X1=a xp=y
Next we state thg-analog of 8.3). Letr > 1 be an integer. Then

y oyl
Yoo Y = —r+3glaaly X + L g1¢® TP A4 g g
x'=xy'=x-1

_ y—x—r+ 2 gl aly - x + 1 glg*”

1449 2 6.3
[2r = 1; q1[2r; 4] (L+aa (63)
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The proofis analogousto the proof 8t8). First one has to use the following transformation.
[y —x' —r+3qlor—aly —x' + L gl A+¢"h
=0y —x —r+2qla—2g" + 1y —x' —r +3; qlar—2
Then the fundamental identities are

b q—w+l
D e+ wiqlag® = ———— (b +w; glar1 — [a — 1+ w; glaya),
[n+ 1 4]

Z=a
which is an easy consequence 6flj and
[z gl = (=1)"q"CT DDz —n+1gl,. O

Lemma4 and 6.3) imply theg-analog of Lemm&.

Lemma 9. Letr, n, i be integersr non-negativen positive andL<i <n —r — 1. Then

Din(r, n,c; )k, ..., kp—r)
1+4q") .
= 1 S ke — 4 2 gl alkicn — ki + 1 q1g @
[1; gl

xq =2 E (rn = 2, ¢+ 2 k1, . kst k2 + 20 ke +2).

Lemma9 shows thaiD; F, (r, n, ¢; )(k1, ..., ka—,) is Of degree 2in k; and ink; 1. In
the next lemma we see that this is also truelgp(r, n, c; k1, .. ., k,—,) itself.

Lemma 10. Let r, n, i be integersr non-negative n positive andl<i<n — r. Then
Fy(r,n,c;ky, ..., k,—r) is a ¢tpolynomial ink; of degree at mosar.

Proof. Use 6.2, Lemma9 and Lemma8 in the same way as their analogs in
Lemma6. O

This lemma, Lemm@& and the second property gfpolynomials imply the following
g-analog of Corollarni.

Corollary 3. Fy(n — 1,1, ¢;k)/(I1 + k; glu-1[1 + ¢ — k; glu—1¢"" %) is independent
of k

We are now able to prove our main theorem.

Proof of Theorem 1. We prove the assertion by induction with respeat.t®bserve that

the formula is true fon = 1 sinceF, (0, 1, ¢; k) = 1. Applying Corollary3 in the same

way as Corollaryl was applied in the proof of Theoremnit suffices to check the formula
for F,(n — 1, n, c; ¢). For that purpose we need the recursion

C
Fy(n—Ln,c;c)=q""¢ Z Fyn—2,n—-1c; k)g*
k=0



56 I. Fischer / Journal of Combinatorial Theory, Series A 111 (2005) 37-58

and the following identity

. 12 .
S L4 ki gl [+ ¢ ki glyg g = ol Pt (6.4)
(1 glom—1

k=0
which can be deduced from tlgeChu—Vandermonde identity, s (3.3.10)] O

Finally we are able to prove the Bender—Knuth (ex-)Conjecture.

Corollary 4. The generating function of strict plane partitions with part§1n2, ..., n}
and at most ¢ columns is

l’i[[c{r-i;q]i.

i1 gl

Proof. By Theoreml the generating function is equal to

Zq "k+1qlp-1[l4c— k24]1171rﬁ[c+l‘+124]i71
[1; 5]]11 1 [i;CI]i

The assertion follows fron6(4). [

i=1

7. A final observation

A monotone triangle of size, se€[4, p. 58] is an(n — 1, n, n + 1)-pattern with strictly
increasing rows. Monotone triangles of sizwith the central part of the first row equal to
k are easily seen to be in bijection with alternating sign matrices ofsizlere the unique
1 in the first row is in thekth column. LetA(n, k) denote the number of these objects. It
was conjectured by Mills et aJ14] (well-known as the Refined Alternating Sign Matrix
Theorem) and proved by Zeilberger] that

-1
(K)n-1(L+n—k)p_1 1—[ (Dai-2
Dn-1 1 (1)n+i—l
Surprisingly it turns out that the number@f— 1, n, n — 1)-patternga; ;) witha, , = k—1
divided by A (n, k) is independent of. In fact it is equal to
i+j+n-2
i+2j—2

A(n, k) =

’

I<i<jsn-1

the number ofn — 1) x (n — 1) x (n — 1) totally symmetric plane partitions, sg0]. As
in the case of the enumeration@f — 1, n, ¢)-patterns, it suffices to show that

A(n, k)/((k)n—l(l +n—Kk)p-1)

is independent ok in order to prove the formula foA (n, k), see[4, Section 5.2for an
explanation. Therefore we hope to find another proof of the Refined Alternating Sign Matrix
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Theorem which is along the lines of the proof of TheoZnfhe situation is similar to that

of strict plane partitions which is under consideration in this paper. First, one would have to
find an extension of the combinatorial interpretation of alternating sign matrices ofrorder
such that the unique 1 in the first row is in tkt column toarbitrary integersk. That is to

say that one would have to find combinatorial objects indexed by a positive integet

an arbitrary integek which are in bijection with alternating sign matrices of ordgwhere

the unique 1 in the first row is in thgh column fork € {1, 2, ..., n}. In the view of the

fact that generalize: — 1, n, ¢) Gelfand—Tsetlin patterns were the right extension of the
strict plane partitions, one would rather work with monotone triangles than with alternating
sign matrices. Next it would have to be shown that for firgbese objects are enumerated
by a polynomialP, (k) in k of degree 2 — 2. Typically, this could be done by a recursion
similar to 3.1). Finally it would have to be shown that there exist none of these extending
combinatorial objectsi# =0, -1,...,—n+20rk=n+1n+2,...,2n — 1.

We also wish to remark another way one could bijectively prove the Refined Alternating
Sign Matrix Theorem. We have already seen that it would suffice to show that the number of
(n—1,n,n—1)-patternga; ;) with a,, , = k — 1 divided by the number of alternating sign
matrices of orden, where the unique 1 in the first row is in thlh column is independent
of k. Thus, a bijection betweem — 1, n, n — 1)-patterns with Xa, , =k —1<n—1o0n
one side and pairs consisting of a monotone triangle of rsiwéh the central part in the
firstrow equal tkand(n — 1) x (n — 1) x (n — 1) totally symmetric plane partitions would
simultaneously prove the formula far(», k) and forthe numberafi—1) x (n—1) x (n—1)
totally symmetric plane partitions.
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