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Abstract

The sedimentation of a concentrated spherical dispersion of composite particles, where a particle comprises a rigid core and a
layer containing fixed charge, is investigated theoretically. The dispersion is simulated by a unit cell model, and a pseudo-spectr
based on Chebyshev polynomials is adopted to solve the problem numerically. The influences of the thickness of double laye
centration of particles, the surface potential of the rigid core of a particle, and the amount of fixed charge in the membrane laye
the sedimentation potential and the sedimentation velocity are discussed. Several interesting results are observed; for example
upon the charged conditions on the rigid core and in the membrane layer of a particle, the sedimentation potential might have b
maximum and a local minimum and the sedimentation velocity can have a local minimum as the thickness of double layer varies.
sedimentation velocity can have a local maximum as the surface potential varies. We show that the sedimentation potential incr
the concentration of particles. The relation between the sedimentation velocity and the concentration of particles, however, depend
thickness of double layer.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Sedimentation, the falling of dispersed particles driven
gravity, has various applications in practice. For instanc
can be used as a solid–liquid separation tool in both lab
tory and industrial scales. Alternatively, the physical pr
erties such as the density of the dispersed particles ca
estimated through measuring their rate of sedimentation
a charged, spherical colloidal particle, the original symm
ric electric double layer surrounding it may become asy
metric when it sediments; counterions are accumulate
the downstream region and there is an excess of coion
the upstream region. An induced electric field is establish
and, regardless of the sign of the surface charge, this ind
electric field has the effect of hindering the sedimenta
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of a particle[1–7]. Under general conditions, the analy
of the sedimentation of colloidal particles involves solvi
coupled, nonlinear electrokinetic equations, and only if d
tic assumptions are made, deriving an analytical solutio
almost impossible. For example, assuming low zeta po
tial and thin electrical double layer, that is, the interact
between adjacent double layers is negligible, Levine e
[8] derived an analytical expression for both the sedime
tion potential and sedimentation velocity for a concentra
suspension of spherical colloidal particles. Under the s
condition, Ohshima[9] derived a simple expression for th
sedimentation potential.

In practice, sedimentation of colloidal particles is oft
conducted under conditions where the concentration of
ticles is appreciable. Since the movement of a particle
be influenced unavoidably both electrically and hydro
namically by neighboring particles, it is expected that
sedimentation behavior of a dispersion of particles be
ferent from that of an isolated particle. Considerable effo
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have been made to estimate the effect of the concentrati
rigid particles on their sedimentation behaviors under v
ous conditions[8–12]. These analyses are common in th
the difficulty of solving a many-body problem is circum
vented by adopting Kuwabara’s unit cell model[13], where
a spherical dispersion is mimicked by a representative
comprising a particle and a concentric spherical liquid s
possessing the properties of the dispersion medium.
model, while is an idealized one, provides a concise
scription of a complicated system, and is capable of, at l
qualitatively, predicting its behavior.

Similarly to rigid particles, nonrigid particles also play
important role in colloidal science. Typical example includ
biocolloids such as biological cells and microorganisms
particles covered by a membrane or surfactant layer. T
particles are characterized by having an ion-penetrable
face layer, which is capable of influencing appreciably
transport behavior of a particle both in a flow field and
an electric field. Theoretical analysis on the sedimenta
of composite particles became active recently, and some
alytical results based on low electric potentials were der
[14,15]. As stated above, the effect of double-layer polari
tion is one of the key components in sedimentation. S
this effect is most important when the surface potentia
a particle is sufficiently high and the thickness of dou
layer surrounding it is comparable to its linear size[16,17],
an analysis based on these conditions is highly desirabl

In this study, previous analyses on the sedimentatio
concentrated rigid colloidal particles are extended to the
of composite particles where a particle comprises a r
core and a membrane layer carrying fixed charge, wh
arises from the dissociation of the functional groups. A ri
particle is a special case of composite particle since the
mer can be recovered as a limiting case of the latter by
ting the thickness of the membrane layer approaches z
We consider the case where both the concentration o
dispersed phase and the thickness of the double layer
rounding a particle can be arbitrary. The latter implies t
the interaction between neighboring double layers need
be taken into account.

2. Theory

Let us consider the sedimentation of a concentrated
persion of composite, spherical particles of radius(a + d),
a and d being respectively the radius of the rigid core
a particle and the thickness of its membrane layer. Both
surface of the rigid core and the membrane layer are cha
Referring toFig. 1, the system under consideration is sim
lated by a representative cell of radiusc which comprises a
particle and a concentric liquid shell of thickness(c − b).
This so-called unit cell model[18] mimics the spherical dis
persion with the volume fraction of particles measured
H = (b/c)3. A z1 : z2 electrolyte is present in the liqui
phase,z1 andz2 being respectively the valences of catio
f

-

-

.

-

.

Fig. 1. Schematic representation of the sedimentation problem consi
where a concentrated spherical dispersion of particles, each of them
prises a rigid core of radiusa and an ion-penetrable membrane layer
thicknessd , sediments in the gravitation field. The surface of the rigid c
of a particle is positively charged and the membrane layer carries
charge. The system is simulated by a represented cell of radiusc, which
composed of a particle of radiusb (= a + d) and a concentric liquid she
of thicknessc − b. The spherical coordinates are chosen with the or
located at the center of the particle,U andg are the sedimentation veloc
ity and the gravitational acceleration,E is the induced electric field, andr
andθ are respectively the radial distance and the azimuthally angle o
spherical coordinates.

and anions withz2 = −αz1. Let U be the sedimentation ve
locity of the particle,g be the gravitational acceleration, a
E be an induced electric field arising from the sedimenta
of the particle. As shown inFig. 1, the spherical coordinate
(r, θ,ϕ) are adopted with its origin located at the center
the particle. We assume that the liquid phase is an inc
pressible Newtonian fluid with constant physical propert
the flow of liquid phase is in the creeping flow regime, a
the sedimentation reaches a quasi-steady state. Under
conditions, the governing equations of the present prob
are essentially the same as those for the corresponding
trophoresis problem[18]. The scaled governing equatio
and the associated boundary conditions are summariz
Appendix A.

2.1. Sedimentation potential

For the present case, the sedimentation of a particle l
to a polarized double layer; an excess amount of cations
accumulated in the double layer beneath the particle
an excess amount of anions in the double layer abov
This yields an induced electric field, which is in the opp
site direction as that of sedimentation, and the correspon
electrical potential is called the sedimentation potential.
convenience, the scaled sedimentation potentialE∗

z /U∗ =
[Ez/(ζa/a)]/[U/(εζ 2

a /ηa)] = εEzζa/Uη is used in subse
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quent discussions.E∗
Z = EZ/(ζa/a), whereEZ is the mag-

nitude of the induced electric field andζa is the surface
potential on the rigid core of a particle.U∗ = U/(εζ 2

a /ηa),
U is the magnitude ofU, ε andη are respectively the di
electric constant and the viscosity of the liquid phase.
sedimentation potential can be evaluated from a current
ance, that is, the current arises from the sedimentation
particle is balanced by that arises from the induced ele
field [18]. The currenti can be expressed as

(1)i =
∑
j

zj enj vj ,

wheree is the elementary charge andnj andvj are respec
tively the number concentration and the velocity ofj th ionic
species. At steady state, the net current across any plan
pendicular to the gravitational field should vanish. Applyi
this condition toθ = π/2 yields

〈i〉 = 0 = 2π

c∫
a

riθ dr
∣∣
θ=π/2

(2)= 2π

c∫
a

r

[
2∑

j=1

zj enjvjθ

]
dr

∣∣
θ=π/2, j = 1,2,

where subscriptθ denotes theθ -component of a physica
quantity.vj and the bulk liquid velocityv are related by

(3)vj = v − Dj

(
zj e

kT
∇φ + ∇nj

nj

)
,

whereDj is the diffusion coefficient of ionic speciesj , k and
T are respectively the Boltzmann constant and the abso
temperature,φ is the electrical potential, and∇ is the gra-
dient operator. For simplicity, we assume that the diffus
coefficients in and out of the membrane layer are the sa
Substituting this expression into Eq.(1) gives

i = ε3φ2
r

ηa3

(
kT

z1e

)3
(κa)2

(1+ α)

×
{[

exp
(−φrφ

∗
1

) − exp
(
αφrφ

∗
1

)]
v∗

+ 1

φr

[
1

Pe1
exp

(−φrφ
∗
1

)∇∗g∗
1

(4)+ α

Pe2
exp

(
αφrφ

∗
1

)∇∗g∗
2

]}
,

whereκ−1 = [εkT /
∑

nj0(ezj )
2]1/2, φr = z1eζa/kT , nj0

and Pej are respectively the bulk number concentration
the electric Peclet number of thej th ionic species. The
scaled gradient operator∇∗, the scaled functionsφ∗

1, g∗
1, and

g∗
2, and the scaled velocityv∗ are defined in our previou

work [18]. Theθ -component of the currenti, iθ , is
r-

.

iθ = ε3φ2
r

ηa3

(
kT

z1e

)3
(κa)2

(1+ α)

×
{[

exp
(−φrφ

∗
1

) − exp
(
αφrφ

∗
1

)]dΨ

dr∗

− 1

φr

[
1

Pe1
exp

(−φrφ
∗
1

)
G∗

1

(5)× α

Pe2
exp

(
αφrφ

∗
1

)
G∗

2

]
sinθ

r∗

}
,

wherer∗ = r/a is the scaled radial distance,Ψ is the stream
function, and the scaled functionsG∗

1 andG∗
2 are defined in

our previous work[18]. This expression can be rewritten a

(6)iθ = IaIθ (r
∗)sinθ

r∗ ,

where

(7)Ia = ε3φ2
r

ηa3

(
kT

z1e

)3
(κa)2

(1+ α)
,

Iθ =
{[

exp
(−φrφ

∗
1

) − exp
(
αφrφ

∗
1

)]dΨ

dr∗

(8)

− 1

φr

[
1

Pe1
exp

(−φrφ
∗
1

) + G∗
1

α

Pe2
exp

(
αφrφ

∗
1

)
G∗

2

]}
.

Substituting Eq.(8) into Eq.(2) yields

(9)〈i〉 = 0= 2πa2Ia

c/a∫
1

Iθ (r
∗)dr∗.

Similarly to the treatment for the corresponding el
trophoresis problem[19], the present problem is divided in
two subproblems. In the first problem a particle is mov
with constant velocityU in the absence of the induced ele
tric field. In this case, the average current is〈i〉1 = δU∗.
In the second problem, the particle is remained fixed w
the induced electric field is present. In this case, the ave
current is〈i〉2 = βE∗

z . Since the net current across the pla
θ = π/2 vanishes,〈i〉 = 〈i〉1 + 〈i〉2 = 0 and, therefore, th
scaled sedimentation potential is

(10)
E∗

z

U∗ = − δ

β
.

2.2. Sedimentation velocity

The evaluation of the sedimentation velocity is based
that the total force acting on a particle in thez-direction van-
ishes. The forces involved include the electric force,FEz,
the hydrodynamic drag force,FDz, and the gravitationa
force,Fg . These forces can be expressed as[20,21]



282 E. Lee et al. / Journal of Colloid and Interface Science 295 (2006) 279–290

-
ne

hes

hat

b-

ne
n

di-

dary
ased
rate
the
the
ntial
eri-
ou-
id

in

her
The

d-

led

s
,

l

ef-

.

FEz = 4

3
πες2

a

(
r∗2

(
dφ∗

1

dr∗

)(
dΦ2

dr∗

)
−2r∗

(
dφ∗

1

dr∗

)
Φ2

)
r∗=b/a

(11)= 4

3
πες2

a F ∗
Ez,

FDz = 4

3
πεζ 2

a

[
r∗2 d

dr∗ (D2Ψ ) − 2r∗(D2Ψ )

]
r∗=b/a

+ 4

3
πεζ 2

a

(κa)2

(1+ α)φr

×
{
r∗2[exp

(−φrφ
∗
1

) − exp
(
αφrφ

∗
1

)]
Φ2

}
r∗=b/a

(12)= 4

3
πεζ 2

a

(
F ∗

Dhz + F ∗
DEez

) = 4

3
πεζ 2

a F ∗
Dz,

(13)Fg = −4

3
πa3(ρp − ρf )g − Vs(ρs − ρf )g,

with

(14)F ∗
Ez =

(
r∗2

(
dφ∗

1

dr∗

)(
dΦ2

dr∗

)
− 2r∗

(
dφ∗

1

dr∗

)
Φ2

)
r∗=b/a

,

(15)F ∗
Dhz =

[
r∗2 d

dr∗ (D2Ψ ) − 2r∗(D2Ψ )

]
r∗=b/a

,

F ∗
Dez = (κa)2

(1+ α)φr

{
r∗2[exp

(−φrφ
∗
1

)
(16)− exp

(
αφrφ

∗
1

)]
Φ2

}
r∗=b/a

.

In these expressions,ρf , ρp, andρs are respectively the den
sities of the fluid, rigid core of particle, and the membra
layer of particle, the operatorD is defined inAppendix A,
and the functionΦ2 is defined in our previous work[18].
The total force acting on a particle vanishes when it reac
the terminal velocity, that is,FDz + FEz + Fg = 0, or

4

3
πες2

a

(
F ∗

Ez + F ∗
Dhz + F ∗

Dez

) − 4

3
πa3(ρp − ρf )g

(17)− Vs(ρs − ρf )g = 0,

whereVs is the dry volume of the membrane layer. Note t
Vs �= 4π(b3 − a3)/3. Let (F ∗

Ez + F ∗
Dhz + F ∗

Dez) = (f ′
1U

∗ +
f ′

2E
∗), f ′

1 andf ′
2 being respectively the total force in pro

lems 1 and 2. Then the sedimentation velocity is

U = [4πa3(ρp − ρf )g/3] + Vs(ρs − ρf )g

(4πηa/3)(f ′
1 − δf ′

2/β)

(18)= c3[φp(ρp − ρf ) + φs(ρs − ρf )]g
ηa(f ′

1 − δf ′
2/β)

,

whereφp = (a/c)3 andφs = Vs/(4/3)πc3 are respectively
the volume fraction of the rigid core and that of membra
material. For convenience,U is scaled by the sedimentatio
velocity of an uncharged, rigid sphere in an infinite fluid,U0
[22]:

(19)U0 = −2

9

a2(ρp − ρf )g

η
.

Dividing Eq. (18) by this expression gives the scaled se
mentation velocity:

(20)
U

U0
= −9

2

[
1+ φs

φp

(
ρs − ρf

ρp − ρf

)](
f ′

1 − δ

β
f ′

2

)−1

.

3. Results and discussion

The governing equations and the associated boun
conditions are solved by a pseudo-spectral method b
on Chebyshev polynomials, which is found to be accu
and efficient for solving electrokinetic phenomena of
present type[20]. The influences of the key parameters of
system under consideration on the sedimentation pote
and sedimentation velocity are examined through num
cal simulation. These include the scaled thickness of d
ble layer(κa)−1, the scaled surface potential on the rig
core of a particleφr , and the amount of fixed charge
the membrane layer of a particleQfix = (ρfixa2/εζa). For
illustration, an aqueous KCl solution is considered; ot
types of electrolytes can be treated in a similar manner.
values of physical quantities assumed areT = 298.15 K,
ε = 8.854× 10−12 × 78.54688 F/m, η0 = 0.8904 cp,ρf =
0.99704 g/cm3, ρp = ρs = 1.05 g/cm3, Z1 = ZK+ = 1,
Z2 = ZCl− = −1, D1 = DK+ = 1.962297× 10−5 cm2/s,
D2 = DCl− = 2.037051× 10−5 cm2/s. Also, we choose
λa = 10,H = 0.421875,d/a = 0.5, and Pe1 = Pe2 = 0.01.

3.1. Influence ofκa

Figs. 2a, 3a, and 4ashow the variations of the scaled se
imentation potentialE∗/U∗ as a function ofκa at various
values ofQfix , and the corresponding variations in the sca
sedimentation velocityU/U0 are presented inFigs. 2b, 3b,
and 4b. Features common toE∗/U∗ are that it approache
a constant value whenκa is either very small or very large
and it has a local maximum ifφr is sufficiently high. These
features are similar to those for rigid spheres[20]. Fig. 4a
reveals that forQfix = 10, E∗/U∗ may also have a loca
minimum. The behaviors ofE∗/U∗ observed inFigs. 2a,
3a, and 4acan be explained as follows. According to its d
inition, E∗/U∗ = −δ/β, whereδ andβ are respectively the
net currents across the planeθ = π/2 in problems 1 and 2
Equation(8) indicates that the currentIθ (r

∗) comprises the
current arising from the flow of the liquid phase,Iθ,c, and
arising from the diffusion of ionic species,Iθ,d ; that is,

(21)Iθ = Iθ,c + Iθ,d ,

(22)Iθ,c = [
exp

(−φrφ
∗
1

) − exp
(
αφrφ

∗
1

)]dΨ

dr∗ ,

Iθ,d = − 1

φr

[
1

Pe1
exp

(−φrφ
∗
1

)
(23)+ G∗

1
α

Pe2
exp

(
αφrφ

∗
1

)
G∗

2

]
.



E. Lee et al. / Journal of Colloid and Interface Science 295 (2006) 279–290 283
Fig. 2. Variation of scaled sedimentation potentialE∗/U∗ (a) and scaled sedimentation velocityU/U0 (b) as a function ofκa at variousφr for Qfix = 0.

Fig. 3. Variation of scaled sedimentation potentialE∗/U∗ (a) and scaled sedimentation velocityU/U0 (b) as a function ofκa at variousφr for Qfix = 10.

Fig. 4. Variation of scaled sedimentation potentialE∗/U∗ (a) and scaled sedimentation velocityU/U0 (b) as a function ofκa at variousφr for Qfix = −10.
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Fig. 5. Variation of net current as a function ofκa for φr = 1.0 andQfix = 10. (a) Problem 1; (b) problem 2.
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We define

(24)δc ≡
( c/a∫

1

Iθ,c dr∗
)

problem 1

,

(25)δd ≡
( c/a∫

1

Iθ,d dr∗
)

problem 1

,

(26)βc ≡
( c/a∫

1

Iθ,c dr∗
)

problem 2

,

(27)βd ≡
( c/a∫

1

Iθ,d dr∗
)

problem 2

,

(28)δ = δc + δd,

(29)β = βc + βd.

The variations ofδ, δc, δd , and β as a function ofκa at
two levels ofφr are illustrated inFigs. 5 and 6. Figs. 5a
and 6ashow the currents in problem 1, where particles s
iment in the absence of an induced electric field. These
ures suggest thatδc, the current arising from the flow of th
liquid phase, approaches a constant value asκa → 0 and
approaches zero asκa → ∞. For medium values ofκa, it
decreases with the increase inκa. In contrast, for medium
values ofκa, the current arising from the diffusion of ion
species,δd , increases with the increase inκa; it approaches
to a constant value asκa → 0, and to another constant valu
asκa → ∞. This is because ifκa is sufficiently small, the
double layer surrounding a particle is thick enough to exc
the boundary of a cell, which implies that the distributi
of ionic species in the system is essentially uniform. In t
case, the distribution of ionic species is insensible to the v
ation ofκa, so areδc andδd . Note that although the drivin
force for ionic diffusion is negligible in this case, becau
the membrane layer of a particle carries fixed charge,
migration of ionic species due to the presence of the a
ciated electric field still occurs and, therefore,δd does not
approach zero. Asκa increases to an extent such that the c
responding double layer becomes thinner than the radiu
a cell, the gradient of ionic concentration increases, so is
driving force for ionic diffusion and, therefore,δd increases
On the other hand, ifκa is large, because double layer
thin, ionic species are close to particle surface and the li
outside the double layer is close to electroneutrality. S
the flow of liquid occurs mainly outside the double layer,
current arising from the flow of liquid phase is small, so isδc.
If κa → ∞, the double layer is infinitely thin, the flow of th
liquid phase yields essentially no current andδc → 0. Since
δ = δc + δd , whenκa is small, the current is mainly con
tributed by the flow of the liquid phase, and it is mainly co
tributed by the diffusion of ionic species whenκa is large.
For an intermediate value ofκa, the behavior ofδ is deter-
mined by the sum of the two competing factors. The gen
trends of the currents in problem 2, are similar to those
problem 1, shown inFigs. 5a and 6a. Here, because partic
remains fixed, the flow of liquid is relatively slow, and t
corresponding currentβc almost vanishes. Since the curre
is contributed mainly by the diffusion of ionic species, t
curve ofβ almost coincide with that ofβd . The behaviors o
E∗/U∗ observed inFigs. 2a, 3a, and 4aare the net results o
the simultaneous variations inδ andβ.

As illustrated inFig. 2b, for the case when the membra
layer of a particle is free of fixed charge, ifκa is suffi-
ciently small, the overlapping between neighboring dou
layers is significant, which has the effect of retarding
sedimentation of particles. Also, because the distributio
ionic species is rather uniform and almost uninfluenced
the induced electric field, thereforeU/U0 remains at a con
stant value. Asκa increases up to abut 0.1, the distortion
the double layer surrounding a particle becomes signific
yielding an induced electric field which is in the opposite
rection as that of its sedimentation. When this occurs,
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Fig. 6. Variation of net current as a function ofκa for φr = 3.0 andQfix = 10. (a) Problem 1; (b) problem 2.
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sedimentation is retarded, the so-called polarization or
laxation effect. Furthermore, if the double layer is thinn
than the outer boundary of the membrane layer of a p
cle, because the fluid flow in the membrane layer beco
important, the hydrodynamic retardation increases acc
ingly and the sedimentation of the particle is slowed do
However, if κa is sufficiently large, the electric gradie
near the particle∇φ1 becomes significant. The correspon
ing electric field, the so-called internal electric field, has
effect of inhibiting double layer deformation, thereby redu
ing the effect of double layer polarization. The influence
the internal electric field starts to dominate ifκa is increased
further. Also, because both the overlapping between ne
boring double layers and the hydrodynamic retardation
to fluid flow in the membrane layer are unimportant,U/U0
increases withκa. This is whyU/U0 shows a local mini-
mum asκa varies. Note that although only the results
κa < 20 are presented, it can be expected that the sedim
tation velocity will approach a constant value whenκa is
sufficiently large. It is interesting to note that a reversal re
tion betweenU/U0 andφr is present inFig. 2b, where for
κa smaller than≈5, the larger the value ofφr the smaller
the value ofU/U0, but the reverse is true ifκa exceeds
≈5. This can be explained by the fact that when the ef
of double-layer polarization is important, the higher the s
face potential the stronger the induced electric field, wh
is in the opposite direction as that of sedimentation, and
slower the sedimentation velocity. On the other hand,
higher the surface potential the greater the correspon
electric gradient, and more the phenomenon of double-l
polarization is inhibited, and the faster the rate of incre
in U/U0. The general behaviors ofU/U0 shown inFig. 3b
for the case when the membrane layer of a particle is
itively charged are similar to those for the case when i
free of fixed charge. The decrease ofU/U0 nearκa = 0.01
arises from the effect of double-layer polarization. The
versal relation betweenU/U0 and φr observed inFig. 2b
is also present except that it occurs at a largerκa (∼= 10). In
-

Fig. 4b, because the sign of the fixed charge in the memb
layer of a particle is different from that on its rigid cor
the general trends ofU/U0 becomes different from that i
Figs. 2b and 3b. However, they can be explained by simi
reasoning. Note that while the double-layer polarization
sociated with a positively charged core surface of a par
has the effect of retarding its sedimentation that associ
with its negatively charged membrane layer has the ef
of accelerating its sedimentation. Under the conditions
sumed inFig. 4b, the latter is more important than the form
and, therefore, the local minimum ofU/U0 does not appea
The occurrence of an inflection point inFig. 4b for the case
whenφr is sufficiently high is a net result of the competitio
of double-layer polarization, internal electric field, and h
drodynamic retardation of membrane layer. Note that for
present case, because double-layer polarization is adv
geous to the sedimentation of a particle, the higher the l
of φr the larger theU/U0, which is different from that ob
served inFigs. 2b and 3b.

3.2. Influence ofφr

Figs. 7–9illustrate the variations ofU/U0 as a func-
tion of φr for various combinations ofκa andQfix . Fig. 7
shows that if the membrane layer of a particle is free
fixed charge,U/U0 is insensitive to the variation ofφr when
κa = 0.1. As mentioned previously, this is because if dou
layer is thick, the distribution of ionic species is uniform a
the influence of surface potential on the sedimentation ve
ity is unimportant. Atκa = 1.0, U/U0 decreases monoton
cally with the increase inφr . Referring to the discussion o
Fig. 2b, this arises from the influence of double-layer po
ization, which is more significant at a higher level ofφr . If
κa = 10, thenU/U0 increases monotonically with the in
crease inφr . Referring to the discussion ofFig. 2b, this is
because if double layer is sufficiently thin, double-layer
larization is inhibited by the electric potential gradient n
particle surface, which increases with the increase inφr . The
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Fig. 7. Variation of scaled sedimentation velocityU/U0 as a function of
scaled surface potentialφr at variousκa for Qfix = 0.

Fig. 8. Variation of scaled sedimentation velocityU/U0 as a function of
scaled surface potentialφr at variousκa for the case whenQfix = 10.

general trends ofU/U0 presented inFig. 8, where the mem
brane layer of a particle carries positive fixed charge,
similar to those for the case it is free of fixed charge,
cept thatU/U0 exhibits a local maximum whenκa = 10.
This is because the presence of the positive fixed ch
makes the effect of double-layer polarization more imp
tant, and a greater electric potential gradient is necessa
compete with that effect. As mentioned in the discussio
Fig. 3b, the value ofκa at which the reversal relation be
tweenU/U0 andφr occurs is larger than that for the ca
when the membrane layer is free of fixed charge. Accord
to Fig. 3b, the former occurs atκa = 10, that is whyU/U0
has a local maximum when this value ofκa. The membrane
Fig. 9. Variation of scaled sedimentation velocityU/U0 as a function of
scaled surface potentialφr at variousκa for Qfix = −10.

layer of a particle carries negative fixed charge inFig. 9, and
we see that, regardless of the value ofκa, U/U0 increases
monotonically with the increase inφr . As mentioned previ-
ously, this is because the effect of double-layer polariza
is advantageous to the sedimentation of a particle, and
reversal relation betweenU/U0 andφr does not occur.

3.3. Influence ofQfix

The variations ofE∗/U∗ andU/U0 as a function ofκa

at variousQfix are summarized inFig. 10. Fig. 10a indicates
that if κa is small,E∗/U∗ increases withQfix when it is
positive, and it shifts to a more negative value whenQfix is
negative. On the other hand, ifκa is large,E∗/U∗ becomes
insensitive to the variation ofQfix . As discussed previously
for κa in the range[0.1,1.0], if φr is low, E∗/U∗ has a lo-
cal minimum.Fig. 10a reveals that this local minimum
influenced both byφr and by the charged conditions of th
membrane layer of a particle; depending upon the amou
fixed charge and its sign, the local minimum may either p
nounced or disappear. As can be seen inFig. 10b, for κa in
the range[0.1,1.0], where the effect of double-layer pola
ization is significant, a positiveQfix will decelerate the sed
imentation of a particle, but a negativeQfix will accelerate
its sedimentation. For bothQfix = −5 and−10 the influ-
ence of double-layer polarization appears to be unimpor
This can be explained by that the electric force arising fr
the negative fixed charge in the membrane layer of a
ticle is roughly balanced by that arising from the posit
charge on its rigid core. Note that it is not always true th
negativeQfix is advantageous to the sedimentation of a p
ticle, and the sedimentation velocity is not always increa
with the amount of negative fixed charge. For instance
illustrated inFig. 11, if κa = 1.0, U/U0 reaches a maxi
mal value whenQfix ∼= −10; a more negativeQfix leads to
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Fig. 10. Variation of scaled sedimentation potentialE∗/U∗ (a) and scaled sedimentation velocityU/U0 (b) as a function ofκa at variousQfix for φr = 1.0.
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Fig. 11. Variation of scaled sedimentation velocityU/U0 as a function of
Qfix at differentκa for φr = 1.0.

a smallerU/U0. This is because of the fact that when t
negative fixed charge in the membrane layer of a particle
ceeds a certain amount, the positive charge on the surfa
its rigid core becomes relatively unimportant. In this ca
the effect of double-layer polarization is dominated by
fixed charge and, because the direction of the corresp
ing induced electric field is in thez-direction, the more the
amount of fixed charge the greater the corresponding ele
force is and the slower is the sedimentation velocity.

3.4. Influence ofH

The influence of the concentration of particles, measu
by H , on the sedimentation velocity and sedimentation
tential are illustrated inFigs. 12 and 13, respectively. The
former reveals thatU/U0 decreases withH . This is expected
because the higher the concentration of particles the m
significant the overlapping of the neighboring double laye
f

-

which leads to a greater hydrodynamic resistance for liq
flow. The dependence ofE∗/U∗ onH , however, depends o
both κa andφr as illustrated inFig. 13. Fig. 13a indicates
that for the case when the surface potential is low, regard
of the value ofκa, the higher the concentration of particl
the higher the sedimentation potential. If the surface po
tial is sufficiently high, thenE∗/U∗ increases withH when
κa is very small or vary large, and the reverse is true ifκa

takes a medium value, as shown inFig. 13b. These behav
iors can be explained as follows. Whenφr is low, the effect
of double-layer polarization is insignificant. In this case
H is high, the concentration of ionic species near a pa
cle is relatively higher than that for the case when it is l
and, therefore, the correspondingE∗/U∗ is higher. On the
other hand, ifφr is high, the effect of double-layer polariz
tion needs to be considered. However, if double-layer is v
thick, since the overlapping between neighbor double la
is serious, the effect of double-layer polarization is shield
For a medium thick double layer, again, due to the poss
interaction between neighboring double layers, the hig
the concentration of particles the less significant the effec
double layer, and therefore the lower the sedimentation
tential. If the double layer is very thin, similarly to the ca
whenφr is low, the higher the concentration of particles,
higher the concentration of ionic species near a particle,
therefore, the higher the corresponding sedimentation po
tial. In general, the influence of the concentration of partic
on the sedimentation potential is similar to that for the c
of rigid particles[11,23].

In summary, the sedimentation of a concentrated dis
sion of composite spherical particles, which simulate bioc
loids such as microorganisms and cells, and particles
ered by a membrane layer, is modeled theoretically.
influences of the thickness of double layer, the surface
tential on the rigid core of a particle, and the amount of fix
charge in its membrane layer on the sedimentation pote
and sedimentation velocity are examined through nume
simulation. For the case when the rigid core of a particl
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Fig. 12. Variation of scaled sedimentation velocityU/U0 as a function ofκa at variousH whenφr = 1.0 (a) andφr = 3.0 (b) for Qfix = 0, λa = 10,
d/a = 0.5, and Pe1 = Pe2 = 0.01.

Fig. 13. Variation of scaled sedimentation potentialE∗/U∗ as a function ofκa at variousH whenφr = 1.0 (a) andφr = 3.0 (b) for Qfix = 0, λa = 10,
d/a = 0.5, and Pe1 = Pe2 = 0.01.
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positively charged, the results of numerical simulation
be summarized as follows:

(1) If the surface potential on the rigid core of a pa
cle is sufficiently high and the membrane layer is either f
of fixed charge or carries negative charge, the sediment
potential has a local maximum as the thickness of dou
layer varies. It can have both a local maximum and a
cal minimum if the membrane layer carries positive fix
charge.

(2) If the membrane layer is either free of fixed cha
or carries positive fixed charge, the sedimentation velo
shows a local minimum as the thickness of double la
varies, which arises mainly from the effect of double-la
polarization. For a thick double layer, the sedimentation
locity decreases with the increase in the surface pote
on the rigid core of a particle, but the reverse is true i
becomes thin. The local minimum in the sedimentation
locity does not show if the membrane layer carries nega
fixed charge, and the higher the surface potential on the
core of a particle the faster the sedimentation velocity is

(3) If the membrane layer of a particle is free of fix
charge, the sedimentation velocity is insensitive to the v
ation of the surface potential on the rigid core of a part
when double layer is thick. The sedimentation velocity
creases monotonically with the increase in the surface po
tial when the thickness of double layer is on the order of
radius of the rigid core of a particle, and the reverse is tru
it is sufficiently thin. If the membrane layer of a particle c
ries positive fixed charge and the double layer is sufficie
thin, the sedimentation velocity has a local maximum as
surface potential varies. If the membrane layer of a par
carries negative fixed charge, regardless of the thickne
double layer, the sedimentation velocity increases mono



E. Lee et al. / Journal of Colloid and Interface Science 295 (2006) 279–290 289

gid

in-
hifts
tive.
tion
unt
ur-
cal
e

em-
and
is-

e is
sed
unt

on-
en-

ver,
yer

ster
in.

cil

ond
lds

l
-

and
n

-

ically with the increase in the surface potential on the ri
core of a particle.

(4) If double layer is thick, the sedimentation potential
creases with the amount of positive fixed charge, and it s
to a more negative value when the fixed charge is nega
On the other hand, if double layer is thin, the sedimenta
potential becomes insensitive to the variation of the amo
of fixed charge. For a medium thick double layer if the s
face potential is low, the sedimentation potential has a lo
minimum. This local minimum is influenced both by th
surface potential and by the charged conditions of the m
brane layer; depending upon the amount of fixed charge
its sign, the local minimum may either pronounced or d
appear. It is not always true that negative fixed charg
advantageous to the sedimentation of a particle, and the
imentation velocity is not always increases with the amo
of negative fixed charge.

(5) The sedimentation potential increases with the c
centration of particles. The relation between the sedim
tation velocity and the concentration of particles, howe
depends on the thickness of double layer. If the double la
is thick, the higher the concentration of particles the fa
the sedimentation velocity, but the reverse is true if it is th
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Appendix A

The scaled equations and the associated boundary c
tions for the electric, the flow, and the concentration fie
are summarized as follows[18]:

∇∗2φ∗
1 = − (κa)2

(1+ α)φr

[
exp

(−φrφ
∗
1

) − exp
(
αφrφ

∗
1

)]
(A.1)− Qfix, a < r < b,

∇∗2φ∗
1 = − (κa)2

(1+ α)φr

[
exp

(−φrφ
∗
1

) − exp
(
αφrφ

∗
1

)]
,

(A.2)b < r < c,

L2Φ2 − (κa)2

(1+ α)

[
exp

(−φrφ
∗
1

) + α exp
(
αφrφ

∗
1

)]
Φ2

(A.3)= (κa)2

(1+ α)

[
exp

(−φrφ
∗
1

)
G1 + α exp

(
αφrφ

∗
1

)
G2

]
,

(A.4)L2G1 − φ2
r

dφ∗
1

dr∗ = Pe1 φ2
r v∗

r

dφ∗
1

dr∗ ,

(A.5)L2G2 + αφ2
r

dφ∗
1

dr∗ = Pe2 φ2
r v∗

r

dφ∗
1

dr∗ ,

D4Ψ − (λa)2D2Ψ = − (κa)2

1+ α

[(
n∗

1G1 + n∗
2G2

)dφ∗
1

dr∗

]
,

(A.6)a < r < b,
-

i-

D4Ψ = − (κa)2

1+ α

[(
n∗

1G1 + n∗
2G2

)dφ∗
1

dr∗

]
,

(A.7)b < r < c.

In these expressions,Qfix = ρfixa2/εζa is the scaled tota
amount of fixed charge,φr = z1eζa/kT is the scaled sur
face potential of particle,κ−1 = [εkT /

∑
nj0(ezj )

2]1/2 is
the Debye length, Pej = UEa/Dj , j = 1,2, is the electric
Peclet number of ionic speciesj , α is the minus value of the
ratio of the valence of anion to the valence of cations,
(λa)2 = (γ a2/η) is the dimensionless group for the frictio
coefficient of the membrane layer. The linear operatorsL2

andD4 are defined respectively by

(A.8)L2 ≡ d2

dr∗2
+ 2

r∗
d

dr∗ − 2

r∗2

and

(A.9)D4 = D2D2 =
(

d2

dr∗2
− 2

r∗2

)2

.

The associated boundary conditions are

(A.10)
dΦ2

dr∗ = 0, r∗ = 1,

(A.11)Φ2|r∗=b−/a = Φ2|r∗=b+/a, r∗ = b

a
,

(A.12)
dΦ2

dr∗

∣∣∣∣
r∗=b−/a

= dΦ2

dr∗

∣∣∣∣
r∗=b+/a

, r∗ = b

a
,

(A.13)
dΦ2

dr∗ = −E∗
z , r∗ = c

a
,

(A.14)
dGj

dr∗ = 0, r∗ = 1, j = 1,2,

(A.15)Gj |r∗=b−/a = Gj |r∗=b+/a, r∗ = b

a
, j = 1,2,

(A.16)
dGj

dr∗

∣∣∣∣
r∗=b−/a

= dGj

dr∗

∣∣∣∣
r=b+/a

, r∗ = b

a
, j = 1,2,

(A.17)G1 = −Φ2 and G2 = −Φ2, r∗ = c

a
,

(A.18)Ψ ∗ = −1

2
r∗2U∗ and

dΨ ∗

dr∗ = −r∗U∗, r∗ = 1,

Ψ ∗|r∗=b−/a = Ψ ∗|r∗=b+/a and

(A.19)
dΨ ∗

dr∗

∣∣∣∣
r∗=b−/a

= dΨ ∗

dr∗

∣∣∣∣
r∗=b+/a

, r∗ = b

a
,

(A.20)
d2Ψ ∗

dr∗2

∣∣∣∣
r∗=b−/a

= d2Ψ ∗

dr∗2

∣∣∣∣
r∗=b+/a

, r∗ = b

a
,

[
d3Ψ ∗

dr∗3
− (λa)2 dΨ ∗

dr∗

]
r∗=b−/a

=
[

d3Ψ ∗

dr∗3

]
r∗=b+/a

,

(A.21)r∗ = b

a
,

(A.22)Ψ ∗ = 0 and

(
d2

dr∗2
− 2

r∗2

)
Ψ ∗ = 0, r∗ = c

a
.

In these expressions,φ∗
1(r∗) = φ1(r)/ζa is the scaled equi

librium potential,Φ2(r
∗) = φ2(r, θ)/ζa cosθ is the scaled
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ford
perturbed potential arising from the perturbation of the
plied electric field,Gj(r

∗) = gj (r, θ)/ζa cosθ is the scaled
perturbed potential for ionic speciesj arising from the per-
turbation of the flow field, andΨ ∗(r∗) = ψ(r, θ)/U0a

2 sin2 θ

is the scaled stream function.
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