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ABSTRACT

In recent years different electrokinetic cell models for concentrated colloidal suspensions in aqueous
electrolyte solutions have been developed. They share some of its premises with the standard electroki-
netic model for dilute colloidal suspensions, in particular, neglecting both the specific role of the so-called
added counterions (i.e., those released by the particles to the solution as they get charged), and the real-
istic chemistry of the aqueous solution on such electrokinetic phenomena as electrophoresis and electri-
cal conductivity. These assumptions, while having been accepted for dilute conditions (volume fractions
of solids well below 1%, say), are now questioned when dealing with concentrated suspensions. In this
work, we present a general electrokinetic cell model for such kind of systems, including the mentioned
effects, and we also carry out a comparative study with the standard treatment (the standard solution
only contains the ions that one purposely adds, without ionic contributions from particle charging or
water chemistry). We also consider an intermediate model that neglects the realistic aqueous chemistry
of the solution but accounts for the correct contribution of the added counterions. The results show the
limits of applicability of the classical assumptions and allow one to better understand the relative role of
the added counterions and ions stemming from the electrolyte in a realistic aqueous solution, on elec-
trokinetic properties. For example, at low salt concentrations the realistic effects of the aqueous solution
are the dominant ones, while as salt concentration is increased, it is this that progressively takes the
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control of the electrokinetic response for low to moderate volume fractions. As expected, if the solids con-
centration is high enough the added counterions will play the dominant role (more important the higher
the particle surface charge), no matter the salt concentration if it is not too high. We hope this work can
help in setting up the real limits of applicability of the standard cell model for concentrated suspensions
by a quantitative analysis of the different effects that have been classically disregarded, showing that in
many cases they can be determinant to get rigorous predictions.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The use of nanoparticle-based systems has experienced an out-
standing increase in recent years, not only because of the many
new physical phenomena unraveled by size reduction down to
the nm scale, but also due to the growing number of technological
and biomedical applications [1-3]. Although dilute suspensions of
nanoparticles suspended in aqueous media have been extensively
dealt with, it is the more practical use of the concentrated ones
that has determined the present interest in their study.

In addition to different microscopies, electrokinetic techniques,
especially electrophoresis, have proved to be very powerful in
characterizing nanoparticles in suspension, mostly (but not only)
in aqueous solutions [4]. In the last decades, models of elec-
trophoresis for concentrated suspensions in the presence of dc or
ac electric fields have been developed based on the cell model con-
cept to account for particle-particle electrohydrodynamic interac-
tions under a mean-field approach. An interested reader can find
an extensive discussion about the cell model approach in the
review by Zholkovskij et al. [5].

Closely related to the main topic of this contribution is the field
of the so-called salt free suspension. Ideally, it is a suspension fully
devoid of ions other than the “added” counterions, i.e., the counter-
charge released by the particles to the solution as they get charged.
Salt-free suspensions have a special importance in soft matter phy-
sics especially in the process of formation of colloidal crystals, as
long-range electrostatic interparticle interactions are less screened
in such systems [6-10]. In the present study the suspensions also
include an external salt, and we will be mainly concerned in
exploring the role of the added counterions against those of the
ionic species of the salt.

Interestingly, both aspects (volume fraction of dispersed solids)
and low ion concentration are interrelated in situations where clo-
sely packed, typically spherical particles are investigated. In such
cases, volume fractions of solids associated to the onset of crystal-
lization range around and above 50%, whereas electrolyte concen-
trations are typically kept very low, in the vicinity of 1 pmol/L[11].
These would be typical situations in which the full model
described in this paper can (and probably should) be used.

After the original contributions of Oosawa and collaborators
[12] regarding the electrokinetics of dilute salt-free systems,
Ohshima studied more recently several equilibrium and transport
properties of these systems [13-17]. Later, Chiang et al. [18]
extended the electrophoretic studies with salt-free suspensions
to concentrated ones, and the present authors also contributed
with electrokinetic [19] and rheological [20] models for these
salt-free suspensions. Likewise, finite ion size effects have been
added in order to achieve a quite complete description of concen-
trated salt-free suspensions [21].

A further model improvement was done by considering, what
can be denominated realistic conditions in the chemistry of ionic
species in aqueous solution, assuming in all cases equilibrium in
all chemical reactions involved [22]. A more realistic model consid-
ers the role of ions coming from water dissociation and from the
chemistry of possible carbon dioxide contamination of the solution

under a non-equilibrium chemical approach for chemical reac-
tions. The choice of a non-equilibrium scenario for chemical reac-
tions obeys to the fact that forward and backward chemical
reactions do not proceed necessarily at the same rate under the
influence of external electric fields.

Results from new models for the above mentioned realistic
salt-free suspensions have shown the importance of considering
non-equilibrium association-dissociation chemical reactions in
solution for a precise description of the electrokinetics of these sys-
tems [23]. Suffice it to mention that such models have been able to
explain the presence of a low frequency relaxation process that had
not been captured by previous theories based on the assumption of
chemical equilibrium.

Many of the findings attained with realistic concentrated
salt-free suspensions will be of worth for the development of the
new model that includes an electrolyte in the solution. One can
now wonder how far the predictions of such complete model
may be from the classical or standard description of the electroki-
netic response of dilute or concentrated suspensions in aqueous
electrolyte solutions. There exist classical or standard models that
predict that response. To begin with, these models [24-35] do not
take into account the realistic chemistry of the aqueous solutions
or the role of the (added) counterions released by the particles.
For dilute suspensions and common electrolyte concentrations in
solution, the latter two aspects have been historically underesti-
mated or simply neglected, because of their admitted minor role
in comparison with that of the salt. But nowadays, very highly
charged concentrated suspensions in aqueous solutions can be
developed in laboratories and industries. One such case is that of
ceramic slurries: stable concentrated dispersions with particles
bearing a high surface charge (either pH- or additive-dependent)
produce the best green-body properties [36,37], and the same
applies to pigments and paper fillers or coatings [38,39], or phar-
maceutical suspensions [40,41], very often used with solids loads
well above 20%. In all these instances it is mandatory to revise
the influence of the latter simplifications as well as their limits of
applicability.

Another complicating issue when dealing with highly charged
particles is the phenomenon of the condensation of counterions
that takes place in a region very close to the particles surface, play-
ing a relevant role in the overall electrokinetic response. In fact, it
has outstanding effects in the general electrostatics of soft matter,
affecting the stability of colloids [42,43], or the self-assembly of
biomolecules [44], as well as the compaction of genetic material
[45]. The phenomenon also occurs in pure salt-free or low-salt
regimes at finite volume fractions [46], and it has provided expla-
nation to such findings as the independence of electrokinetic prop-
erties like electrophoretic mobility with particle charge [13-15,19],
or the presence of a relaxation process linked to this condensate
region in radiofrequency electric fields [23].

A complete model of the electrokinetics of these systems, con-
sidering the mathematical complexities involved, should only be
used when the system truly requires it. Many situations might
arise, depending on the nature of salt and the rest of ionic species
in a realistic scenario, mainly that of the added counterions, in
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which it would appear reasonable that all these aspects will
decrease in relevance upon increasing the external salt concentra-
tion. In such conditions it would then be expected that the stan-
dard electrokinetic predictions, which only account for the
charged particles and the external salt, tend to approach the pre-
dictions of the more sophisticated model we are concerned here.
Thus, it would be of worth to properly establish the realm of stan-
dard models in predicting the electrokinetic response of a suspen-
sion in general electrolyte solutions. To that end, a rigorous
comparison between new and standard predictions for many typ-
ical situations has been carried out in this work. We hope the pre-
sent study will help in establishing the limits of the standard
models to be used with guarantee in predicting the average elec-
trokinetic response of a concentrated suspension in general elec-
trolytes, or alternatively, to set the conditions under which the
more general model developed in this work has to be used instead.
Specifically, it will be found that the effect of added counterions is
most important for moderate volume fractions of solids, whereas
the specific chemistry of the solutions must be considered carefully
if the suspension does not contain additional salt in solution, or if
the concentration of the latter is close to or below 10~> mol/L.

In this work, standard model results, full non-equilibrium ones
and those obtained with a less stringent model with intermediate
complexity will be presented and discussed for comparison. In
order to avoid the analysis of the many different couplings than
can arise when an external salt is added to the system, we will focus
our attention only on concentrated suspensions in which the added
counterions are H" if the particles are negatively charged, or OH, if
positively charged. To this suspension an external salt will be added
admitting that in solution it will be completely dissociated. Typical
examples of such suspensions might be negatively charged poly-
styrene sulphonate latexes whose original counterions have been
dialyzed against H*. The medium will hence contain H* ions from
the particle charging, the water dissociation and the dissociation
of the carbonic acid H,CO5 generated by dissolved CO,. Anions from
the aqueous solution will be OH~, HCO3, and an externally added
electrolyte, like KCl in the present study, will provide K" and CI-,
ions. The electrokinetic response of this suspension in the presence
of a static electric field (dc response) will be studied in terms of
both, the particle electrophoretic mobility and the electrical con-
ductivity of the suspension for many different conditions of parti-
cles and electrolyte solution.

2. Models to be compared

In the Supplementary Information file we have included a
detailed account of the fundamentals of the possible descriptions
of the electrokinetics of concentrated suspensions in electrolyte
solutions, taking also into consideration the chemistry of water
and dissolved CO, (FNEQ model, hereafter). In all cases, the finite
concentration of particles will be taken into account following
the Kuwabara cell model [47]: the suspension properties can be
extracted from a single cell composed of a particle (spherical in
our case, of radius a) located at the center of a sphere of solution
of radius b. By applying proper boundary conditions at the cell
boundary, it is supposed that the electro-hydrodynamic particle-
particle interactions can be managed. This would be more plausi-
ble in homogeneous and isotropic suspensions. The size of the cell
is obtained by forcing the particle volume fraction of the cell to
coincide with the particle volume fraction ¢ of the whole suspen-
sion, that is, ¢ = (a/b)?. The particle is characterized by a surface
charge density ¢ and the solution, with mass density ps, viscosity
115 and relative permittivity &, will contain added counterions that
will be assumed to be H¥, with valence z; =+1 and diffusion

coefficient D; =9.3 x 107> m?s~!. The other species present are:
OH  (z=-1, D;=53x10°m?s™"), HCO; (z3=-1,
D3;=12 x 10~° m?s~ "), neutral H,CO; (the solution is saturated
with CO,), with z;=0 and D, =1.3 x 10°°m? s~ ! (estimated from
Stokes law and using 0.18 nm as molecular size [48]), and of course
H,0 and dissolved CO, being the concentration of the latter
1.08 x 10> M, calculated from its solubility and partial pressure
in standard air at room temperature. The non-equilibrium
association-dissociation processes for the chemical reactions in
solution are:

H,0 == <_ H* + OH"

H,CO; K‘j H* + HCO; (1)
-2

H,CO; f<:>3coz +H,0
-3

where K;and K_; (i=1, 2, 3) are forward (s') and backward (m3s~')
kinetic constants. The further dissociation of the bicarbonate anion
HCO; to give H" and CO; has been disregarded due to its minor
quantitative role in the phenomena we are concerned with [22]. A
salt is also added to the solution, KCl in this study, introducing in
the problem two new ionic species K" (z5=+1,
Ds=19x10m?s ) and CI~ (zg= -1, Dg=2.0 x 1079 m?s71).
After the application to the suspension of an electric field E,
each particle will attain a steady state electrophoretic velocity
V. = 1E, u being the electrophoretic mobility. The reference system
is fixed to the particle center, and spherical coordinates (r,6, ¢) will
be used where the z axis (0 = 0) is chosen parallel to the external
electric field. It has been shown that due to the symmetry, some
radial functions h(r), Y(r) and ¢;(r) can be defined containing infor-
mation about the field-induced linear perturbations (the only ones
considered in the present study) in the fluid velocity v, the electric
potential ¥, and the electrochemical potential of j-th species p;,
respectively [13,23]. The perturbation scheme is expressed as:

V(r) = (Vr, U, Uy) = (—%hEcos 0, % %(rh)Esin 0, 0) (2)
(r) = ¥O(r) + 5% (r) 3)
0¥ (r) =-Y(r)Ecos @

14(r) = 1 + opy(r) (i=17---76)

Sp4(r) = zjes ¥ + kT 0’ = —zjeg;(r)Ecosf (j=1-3,5-6)
J
(r

Oy, co, () = =€y, co, (NEcos 0 (j = 4,H2CO3)
4)
P(r,t) = P° + P(r) (5)
Here E = |E|, n; is the concentration in number of the j-th species,

P is the pressure at every point r in the system, k is the Boltzmann
constant and T and e the absolute temperature and the elementary
electric charge, respectively. The “0” superscript refers to equilib-
rium quantities, and the field-induced perturbation of a given
quantity X is expressed by 6X. By way of example, Poisson equation
(S1.1,2) transforms after substitution of Egs. (3) and (4) as follows:

V2¥(r) = V2 [¥°(r) — Y(r)Ecos 6] = V>¥°(r) — Ecos 0 L[Y(1)]
Pal(r Z zZe[r(r) + ong (r)] = pg(r)
n Z lz"T[ —ziedy(r)E COS 0 — Z,es ()] (6)
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Taking into account that V?¥°(r) = —pY(r)/erseo, and making
use of the linear operator L defined in Egs. (S1.19) and (S1.17) is
obtained easily.

As was recently pointed out, in the non-equilibrium scenario
that we also assume in the present model, the following conserva-
tion equations for all the ionic species linked by chemical reactions

apply:

V- [my(r)vi(r)] = oj(r), (=1,....4) (7)

where the functions o; represent generation-recombination terms
associated to the production or annihilation of ions by chemical
reactions in the aqueous solution, expressed as in Eq. (S1.9), being
v; the drift velocity of the j-th species.

As usual, the ions coming from the external salt verify the con-
tinuity equations:

V- [n(r)v;(r)] = 0, (j=5,6) (8)

In this work, most of the theoretical results obtained from three
models will be compared. All of them previously require the reso-
lution of the Poisson-Boltzmann equation (PB) for the equilibrium
double layer. In Section S3 of the Supplementary Information we
provide details on the resolution of the PB equation applied in this
paper.

The first of the models, that will be called ST (see Section S4), is
the standard electrokinetic cell model for concentrated suspensions,
based on the Shilov-Zharkikh-Borkovskaya boundary conditions
[32,34] and its numerical resolution for arbitrary conditions.
Even in this approach, there remain doubts as to what is the mean-
ing of n°_ (Eq. S4.5) in the PB equation for concentrated suspen-
sions. For the case of dilute suspensions the coefficients n%_
represent the ionic concentrations of the classical neutral bulk of
the solution where supposedly the electrical potential is zero. But
as discussed in S4, no clear bulk is found in many situations, and
even more, it might not be attained in any place of the suspension
because of the overlap of the double layers of neighbor particles.
For the general model presented in this paper, differences can be
found in the predictions of electrokinetic properties depending
on the choice of the average salt concentration, mainly at high par-
ticle volume fractions. Of course, if we are concerned with compar-
ing theoretical predictions and experimental data, it is quite
important that any average salt concentration value be unambigu-
ously fixed: it must be established whether the experimental aver-
age salt concentration corresponds to moles per unit suspension
volume or moles per unit liquid volume part of the suspension.
Once this aspect is made clear, the model will properly manage
such choice to calculate the corresponding electrokinetic proper-
ties for comparison.

Finally, we will also check an intermediate model (AC+S
model) which does not include any realistic chemistry of the solu-
tion and only considers in addition to the charged particles, their
added counterions (AC) and the externally added salt (S) in the
solution.

3. Results and discussion

3.1. Effects of the average salt concentration choice on local
equilibrium ionic concentrations and electrokinetic properties in static
electric fields

Before comparing the three models and, particularly, the effect
that the realistic chemistry of the FNEQ approach has on electroki-
netic properties, we will briefly consider the effect of the average
concentration choice, that is, either referred to the full suspension
volume (S), or just to its liquid part (I). In order to compare with the
standard model (ST) predictions, the input reference molar

concentrations (c2°_) will be taken as identical to the nominal val-
uesof c, jorc, s.

In Fig. 1a we show the dimensionless electrophoretic mobility
(Eq. S1.41)-volume fraction predictions for AC+S (I), AC+S (S)
and ST models for the lowest particle surface charge density stud-
ied ¢ =—0.05 uC/cm?. Mobility data for highly charged particles
are displayed in Fig. 2a. The same kind of calculations, regarding
the dc conductivity, are plotted in Figs. 1b and 2b. Some interesting
features can be drawn of these figures. Let us start with the case of
the lowest particle surface charge density in Fig. 1a and b:

(i) As expected, and in general terms, the discrepancies
between AC+S (I) and AC+ S (S) predictions are relatively
more important at high volume fractions and high elec-
trolyte concentrations (the effect is more evident for the dc
conductivity in Fig. 1b).

(ii) At very low salt concentrations both AC + S predictions tend
to coincide whatever the volume fraction because of the
minor role of the salt ions against that of the added counte-
rions at such conditions.

(iii) ST predictions deviate more from either AC+S (S) or AC+S
(I) ones the lower the salt concentration because of the
increasing importance of the added counterions in low-salt

3.0 —

10°F  107°M

K, (uS/cm)
=X

Fig. 1. Dimensionless electrophoretic mobility x* (a) and dc conductivity Ky (b) as a
function of particle volume fraction ¢ for different average KCl concentrations.
Surface charge density ¢ =—0.05 uC/cm?, particle radius a =250 nm. ST model:
solid dark lines; AC + S(I) model: dashed red lines; AC + S(S) model: dash-dotted
blue lines. H* as added counterions. Average KCl concentrations: 10°°M, 1074 M,
102 M. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 2. Same as Fig. 1, but for a surface charge density ¢ = —25.0 uC/cm?.

conditions. The effect is again more notorious in the dc con-
ductivity log-log representation in Fig. 1b.

(iv) As salt concentration increases at low volume fractions, ST
predictions tend to the AC + S predictions. For such condi-
tions, the much simpler ST model suffices to reach rigorous
predictions.

(v) At high salt concentrations and whatever the volume frac-
tion, the ST predictions tend to the AC + S (I) ones rather than
to the AC + S (S) (see mainly Fig. 1b). The reason lies on the
fact that the added counterions in the example studied are
quite lower in number than those of the salt, and secondly,
that the average salt concentration value in the liquid vol-
ume is close to the local salt concentration at the outer sur-
face of the cell as no overlapping between double layers
occur at such high salt concentrations. Even for the small lig-
uid volume in the cell at high volume fractions, it can be
guaranteed that the electro-neutrality is locally attained
somewhere inside the cell and extended till the outer sur-
face of the cell, which behaves like the bulk of the ST model.

It is thus confirmed that the ST model is a very close approxima-
tion to the AC+S (I) model for high average salt concentrations
assuming for its c_ coefficients equal values than the average
concentrations of the AC + S (I) model, whatever the volume frac-
tion. On the contrary, the ST model seems to deviate from AC +S
(S) predictions at the same high salt concentration and volume
fractions (see upper-right part of Fig. 1b).

On the other hand, as particle surface charge increases, the ST
predictions are not as close to those of the more general models
AC+S () or AC+S (S). This can be confirmed in Fig. 2a and b for a
much higher particle surface charge density, namely,
¢ = —25.0 uC/cm?. While the conductivity predictions in Fig. 2b fol-
low similar trends with volume fraction and salt concentration as
those shown in Fig. 1b, the mobility results in Fig. 2a show signifi-
cant differences with respect to those obtained for low particle
charge in Fig. 1a. As salt concentration rises, the mobility first
decreases, goes to a minimum and increases again. This pattern is
not fulfilled when the surface charge is low and indicates the impor-
tant effects that mainly relaxation forces play as ionic strength
increases, since the surface potential diminishes at increasing salt
concentration in Fig. 2a and b. The magnitude of the electric dipole
induced by the external field for a given particle charge progres-
sively diminishes as the double layer reduces its width in growing
ionic strength conditions. Although the more efficient screening of
surface charge as salt concentration increases should lead the
mobility to correspondingly decrease, at larger ionic strengths the
diminution of the relaxation effect that opposes the particle motion
may invert the mobility behavior provoking its increase.

Again, the deviations of the ST model from the AC + S ones are
more remarkable for the conductivity results in Fig. 2b. As volume
fraction increases for a given salt concentration there is a growing
amount of added counterions in a decreasing liquid volume of the
cell, and it is precisely the role of the added counterions that is not
well managed by the ST model, partly due to the large difference
between diffusion coefficients of added counterions, H*, and K*
cations from the salt. Hence, unlike the low surface charge case
of Fig. 1a and b, the ST model is not a good approximation of more
general models at high surface charges and moderate to high vol-
ume fractions, although the agreement improves at high salt con-
centrations and low volume fractions. This is particularly
remarkable in the case of dc conductivity (Fig. 2b).

3.2. Model predictions for the electrophoretic mobility

In this section we will compare electrophoretic mobility predic-
tions from three models: ST, AC + S (I) and FNEQ (). A similar study
might have been done with the models ST, AC + S (S) and FNEQ (S),
but this would be an unnecessary complication for our target of
understanding the differences between the general models and
the standard one.

First of all, let us make a previous comparison between AC + S (1)
and FNEQ (I) models in Fig. 3. All the differences observed between
them for each salt concentration are strictly due to the realistic
chemistry of the aqueous solution included only in the FNEQ (I)
model, as both models correctly allow for the effect of the added
counterions and the external salt. We are interested in evaluating
the relative role of the ionic content of the realistic aqueous solu-
tion (water dissociation and carbon dioxide contamination effects)
at increasing salt concentration. In Fig. 3 it is represented the
dimensionless electrophoretic mobility of a spherical particle of
radius a=250nm and surface charge density ¢ =—0.05 uC/cm?,
in a concentrated suspension, as a function of its particle volume
fraction at different average KCl concentrations. Also, their corre-
sponding predictions when no external salt is added to the suspen-
sions are displayed for comparison. Some important conclusions
can be extracted from Fig. 3:

(i) In general, the mobility curves show low-volume fraction
plateaus followed by decreasing trends at
moderate-to-high volume fractions. These behaviors are
associated to the independency of particle surface potential
with volume fraction in the low volume fraction region for
low particle surface charge, and to the effect of decreasing
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Fig. 3. Dimensionless electrophoretic mobility x* as a function of particle volume
fraction ¢ for different average KCl concentrations. Surface charge density
¢ = —0.05 pC/cm?, particle radius a =250 nm, H* as added counterions. AC +S (1)
model: solid red lines; AC+S (I) model, no salt added: dashed red line; FNEQ ()
model: dash-dotted blue lines; FNEQ (I) model, no salt added: dotted blue line.
Average KCl concentrations: 107 M, 107> M, 5 x 10> M. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

particle diffusion length at higher volume fractions. The lat-
ter factor in turn leads to larger screening effects on particle
surface charge, and correspondingly, to a decrease of the
electrophoretic mobility.

(ii) The largest discrepancy observed between models is found
at the lowest salt concentration value. The discrepancies
rapidly diminish as salt concentration increases. Of course,
the relative effect of the realistic aqueous solution is more
important the lower the salt concentration when the ions
from the salt dissolution do not surpass in concentration
those stemming from water dissociation and CO, contami-
nation’. Note that for a KCI concentration of 5 x 107> M, both
models predict essentially the same electrophoretic mobility.
At such KCI concentration, non-equilibrium effects regarding
chemical reactions in solution relative to water and carbonic
acid dissociation do not seem to play such an important role
as that for low salt concentrations.

(iii) The dimensionless electrophoretic mobility curve when no
external salt is added to the suspension shown in Fig. 3 in
dashed red line corresponds to the case of a pure salt-free
suspension with just its added counterions in solution.
Note the remarkable increasing trend of this mobility as vol-
ume fraction decreases (—6.84 at a volume fraction ¢ = 1076,
not depicted in Fig. 3) separating largely from both AC + S (I)
and FNEQ (!) predictions even for the case of 10~¢ M KCI. The
consideration of just the realistic chemistry of the aqueous
solution is found to reduce the mobility a 63% of its salt free
value, yielding a prediction even lower than that of the
AC+S (1) for the case of 10-M KCI. This fact shows the
importance of the aqueous realistic solution, which behaves
like a low concentrated salt solution, having a clear influence
on the mobility. As it was pointed out, a salt concentration of
5x 107> M in the present case is sufficient to completely
mask the realistic effects. This result and many others not
shown for brevity allow us to conclude that it is not

! The added counterions are not considered in the discussion because both models
correctly take them into account.

necessary to account for realistic chemistry in most of the
cases of moderate-to-high salt concentrations, tending
AC+S (1) and FNEQ (I) models to convergent predictions.

Recall that, contrary to the AC + S (I) and FNEQ (I) models, the ST
electrokinetic theory does not consider any other ionic species in
solution different than those of the salt. A study of the comparison
of electrophoretic mobilities according to AC + S (1), FNEQ (I) and ST
models can be seen in Figs. 4 and 5. For this study and in order to
explore other possible influences of the wide set of parameters
affecting the mobility, two different surface charge densities, one
moderately low and a rather high one, and a typical particle radius
of 100 nm have been chosen. The salt concentration region
explored in Figs. 4 and 5 varies from the very low concentration
of 107 M KCI to a moderate one of 1074 M KCI. Note that:

(i) For the lowest surface charge density of —0.1 pC/cm? stud-
ied in Fig. 4, all the models predict practically the same
mobility at the largest salt concentration of 104 M KCl

oob
10 10° 107 10™

¢

Fig. 4. Dimensionless electrophoretic mobility x* as a function of particle volume
fraction ¢ for different average KCl concentrations. Surface charge density
o =-0.1 pC/cm?, particle radius a =100 nm, H" as added counterions. ST model:
solid dark lines; AC+S (I) model: dashed red lines; FNEQ (I) model: dash-dotted
blue lines. Average KCI concentrations: 10~ M, 10~ M, 10~ M. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 5. Same as Fig. 4 but for a particle surface charge density ¢ = —10.0 uC/cm?.
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whatever the volume fraction. In this case, the ST model suf-
fices to predict results in accordance with those of much
more complex models.

(ii) As salt concentration decreases in Fig. 4, the FNEQ (/) model
starts to deviate from both AC + S (1) and ST predictions for a
wide range of volume fractions (with the exception of the
very high ones where the three models tend to coincide
again). This fact is more notorious for the lowest salt concen-
tration, but in spite of that, AC + S (I) and ST models continue
to give similar predictions with a small discrepancy at inter-
mediate volume fractions, depending on the salt concentra-
tion. Of course, ST and AC+S (I) models should tend to
coincide as volume fraction goes to the dilute limit because
they only differ in the consideration of the added counteri-
ons, which are quite low in concentration at such extreme
particle dilutions. That is the reason of the common plateau
value of AC+S (I) and ST models in such conditions what-
ever the salt concentration shown in Figs. 4 and 5.

(iii) AC+S (1) and FNEQ (I) models tend to converge as volume
fraction increases whatever the salt concentration and parti-
cle surface charge density. The effect of the chemical reac-
tions associated with water dissociation and CO,
contamination in the aqueous solution can be expected to
be progressively masked by the increasing amount of added
counterions as volume fraction grows at fixed particle
charge. On the contrary, AC + S (I) and FNEQ (1) differ consid-
erably at lower volume fractions, especially when the salt
concentration is low. In this region the realistic
non-equilibrium effects linked to chemical reactions in solu-
tion are the most important [22].

(iv) As volume fraction increases, AC +S (I) and ST models start
to deviate, reaching a maximum deviation at intermediate
volume fractions. The effect is more striking the larger the
surface charge density and the lower the salt concentration
(see mainly Fig. 5). A large part of such numerical discrepan-
cies are associated with the different ionic mobility of the
chosen added counterions, H" for the AC+S (I) model, as
compared to that of the K* cations of the salt. They affect dif-
ferently, not only the surface potential but also the relax-
ation and retardation forces acting on the particle, with
strong influence on the final electrophoretic mobility. The
electric dipole induced on the particle by the electric field
has a braking effect on the particle motion for high surface
conductance conditions (Dukhin number Du > 1), known
as relaxation effect [24], like those in Fig. 5. Furthermore,
larger fluxes of counterions and coions driven by the field
in the AC + S (1) case should be expected due to the increas-
ing concentration of ions in the double layer in comparison
with the ST model. This might lead to larger retardation
forces (viscous stress on the particle by momentum transfer
from the double layer ions to the liquid) for the AC+S ()
case. A complicating finding regards the fact that the elec-
trophoretic mobility deviation between AC+S (I) and ST
models in the intermediate region of volume fractions
increases (see Fig. 5) as surface charge density rises. It seems
that the magnitude of the stationary induced dipole moment
should decrease in such conditions for the more realistic
AC+S (I) model in comparison with the ST one, and there-
fore, the effect of braking on the electrophoretic mobility
should decrease as well. In fact, it has been numerically
shown [49] that realistic models predict less significant
induced electric dipole moments than those in pure
salt-free conditions for the same systems due to the partic-
ular distributions of ions in the double layer at the larger
ionic strength environments of realistic models. If in our
case a similar result were applicable, the relaxation force

would be less important and the electrophoretic mobility
might increase in spite of the expected enhancement of
retardation effects.

In any case, it is important to point out the remarkable approx-
imation of the ST model in predicting electrophoretic mobilities for
most of the typical salt concentrations, even as low as 107> M KCl,
at arbitrary volume fractions, provided that the particle surface
charge density is low, and also for low volume fractions when
the particle surface charge density is high. We believe that our
numerical calculations can help in elucidating the question of the
importance of neglecting the correct computation of the added
counterions and the effects of water dissociation and CO, contam-
ination, constraining or supporting its validity from a quantitative
point of view. In general, all the effects will be screened by the
superior influence of the salt beyond a particular concentration
limit. For such cases, the ST model constitutes an easy tool for mak-
ing rigorous predictions of the electrophoretic mobility without
invoking the degree of sophistication of more general models that
require extra numerical efforts and larger computational times.

3.3. Predictions of dc electrical conductivity

Finally, we explore the dc electrical conductivity of the same
suspensions studied in Section 3.2 according to AC+S (I), FNEQ
(I) and ST models. Again, we will check under which conditions
the simpler ST model may suffice to bring about rigorous predic-
tions. In analogy with the previous study, we will start with a com-
parison of AC+S (I) and FNEQ (I) models in Fig. 6. Note that:

(i) The conductivity curves show low-volume fraction plateaus
followed by increasing trends at moderate-to-high volume
fractions. For the AC+S (I) model the initial plateaus are
due to the dominance of the salt ions over that of the added
counterions at low volume fractions whatever the average
salt concentration. The pure salt-free model in dashed red
line predicts conductivities quite lower than those of the
AC+S (I) model even at the lowest salt concentration of
10~ M KCl in the region of low volume fractions.

10" | 5.10° M
. 5.10°M

10°M
10°M

K, (uS/cm)

Fig. 6. dc conductivity K4 as a function of particle volume fraction for different
average KCl concentrations. Surface charge density ¢ =—0.05 uC/cm?, particle
radius a = 250 nm, H" as added counterions. AC + S (I) model: solid red lines; AC + S
(I) model, no salt added: dashed red line; FNEQ (/) model: dash-dotted blue lines;
FNEQ (/) model, no salt added: dotted blue line. Average KCl concentrations:
1075M, 10~ M, 5 x 10> M. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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The conductivity plateaus remain until the volume
fraction is high enough to increase the conductivity due to
the large number of added counterions at every average salt
concentration.

The FNEQ initial conductivity plateaus are firstly due to the
ionic species linked to the realistic chemistry of the aqueous
solution. As salt concentration increases, the low volume
fraction conductivity plateaus augment correspondingly.
The behavior as volume fraction increases is similar to the
one for the AC+S (I) model already described, as the role
of added counterions becomes more relevant the larger the
volume fraction. In all cases the AC + S (I) model conductivity
predictions are lower than the FNEQ ones for every salt con-
centration, due to the additional ionic sources in solution of
the latter.

The largest relative discrepancy observed between AC + S (1)
and FNEQ (I) will diminish the larger the salt concentration,
as it is confirmed in Fig. 6. Note that for the maximum KCI
concentration studied of 5 x 10~> M, both models have not
yet attained a full convergence for the majority of particle
volume fractions, unlike the corresponding electrophoretic
mobilities in Fig. 3. It seems that the conductivity of the sus-
pension is more sensitive to the influence of the realistic
aqueous solution than the electrophoretic mobility of a sin-
gle particle. Thus, it will be unnecessary to account for real-
istic aqueous chemistry in most of the cases of
moderate-to-high salt concentrations, and the much simpler
and easier to handle AC+S (I) model would suffice. The
question of the incorrect accounting of added counterions
by the ST model will be addressed in the following compar-
ison between AC + S (I), FNEQ (I) and ST models.

In Figs. 7 and 8 we show the electrical conductivity of the same
suspensions studied in Figs. 4 and 5 according to AC + S (1), FNEQ (I)
and ST models. The most remarkable features observed in Figs. 7
and 8 are:

()

K, (uS/cm)

In the case of the lowest surface charge density of
—0.1 puC/cm? studied in Fig. 7, all the models predict similar
values of the conductivity for the largest salt concentration
of 107*M KCI and volume fractions lower than around

T T T T T T '.
72
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Fig. 7. dc conductivity Ky as a function of particle volume fraction for different
average KCl concentrations. Surface charge density ¢ = —0.1 pC/cm?, particle radius
a=100nm, H* as added counterions. ST model: solid dark lines; AC + S (I) model:
dashed red lines; FNEQ (/) model: dash-dotted blue lines. Average KCl concentra-
tions: 1075 M, 10~ M, 10~* M. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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Fig. 8.
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Same as Fig. 7 but for a particle surface charge density ¢ = —10.0 uC/cm?.

1072, For larger volume fractions, the ST model starts to sep-
arate from the rest of model predictions. A similar feature is
found in Fig. 8 for the largest surface charge density of
—10.0 uC/cm? although the onset of volume fraction sepa-
rating the point of divergence between ST and the rest of
models decreases. As previously referred, the salt acquires
the main role at such high concentrations, tending to screen
the effects relative to the realistic aqueous solution.

As volume fraction increases, the added counterions
increase their number as well, raising the overall conductiv-
ity. This feature is not correctly dealt with by the ST model,
considering in addition that the added counterions are H" for
AC + S (1) and FNEQ (I) models, hence the underestimation of
the conductivity by the classical model. This is confirmed
when particle charge increases, since a lower volume frac-
tion is necessary to start the deviation of general models
from the ST.

As salt concentration decreases, the FNEQ (/) model remark-
ably separates from AC +S (I) and ST predictions, showing
larger conductivity values. In these conditions, the impor-
tance of the realistic contributions of the aqueous solution
to the conductivity increases progressively, adding their
effects to the rest of charged constituents of the suspension.
As in Figs. 4 and 5, AC + S (I) and ST predictions tend to con-
verge at low volume fractions as the role of the added coun-
terions has a limited effect on the conductivity at such low
particle concentrations.

In addition, AC + S (I) and FNEQ (I) models tend to converge
as volume fraction increases at fixed salt concentration and
particle surface charge density, as clearly shown in Figs. 7
and 8. This is due to the decreasing importance in such con-
ditions of the realistic chemistry of the solution.

Note finally that AC + S (I) predictions for different salt con-
centrations tend to converge as volume fraction increases at
fixed particle surface charge density. The same is observed
for FNEQ (I) predictions. Furthermore, both models share
the same convergence limit. Instead, ST predictions for dif-
ferent salt concentrations tend to converge at high volume
fractions but at a lower convergence limit in comparison
with the one of the previous models. These facts mark the
onsets of the volume fraction regions where the conductivity
starts to be independent of both salt concentration and ionic
contributions of the realistic aqueous solution, and begins to
be controlled mainly by the charged particles and their
added counterions, at least for not very high salt concentra-
tions. The smaller ST conductivity limit can be mostly
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related to the smaller ionic mobility coefficient of salt
cations in comparison with that of the added counterions,
and of course, the neglecting of the specific role of the latter.

4. Conclusions

In this work, we present a general electrokinetic model for con-
centrated suspensions in aqueous electrolyte solutions. In addition
to the ions from a dissolved salt in solution, our calculation fea-
tures a correct balance of the added counterions released by the
particles and also effects associated with the realistic chemistry
of the aqueous solution, related to water dissociation and carbon
dioxide contamination. Due to the many different couplings that
can be established between all the ionic species, some of them
linked by non-equilibrium chemical reactions in solution, a unique
general model cannot be built which encompasses all possible
cases. For this reason, the general model in this work corresponds
to the typical situation of a concentrated suspension whose added
counterions coincide with one of the aqueous solution. Classically,
the dominance of the ions of a dissolved salt over any others in the
solution for typical conditions has made the standard model to
consider only the ions of the salt and neglect the remaining spe-
cies. In this work we have tried to make a theoretical analysis
about the limits of applicability of the standard (ST) electrokinetic
model in aqueous electrolyte solutions. To that aim, the ST model
is compared to a more general model that correctly includes the
added counterions (AC +S), and to the most general one (FNEQ)
that accounts also for a non-equilibrium scenario for chemical
reactions in a realistic aqueous solution. In addition, a detailed dis-
cussion has been performed regarding the different salt concentra-
tion averages in the concentrated suspension referred either to the
whole suspension volume (S) or just to its liquid part (I). As a gen-
eral rule, the presence of salt concentrations larger than around
5 x 107 M in solution at low-to-moderate particle volume frac-
tions makes the ST model a real good approximation of more
advanced models if the particle surface charge density is low. At
lower salt concentrations, ST and AC + S (I) electrokinetic predic-
tions tend to converge because of the minor role the added coun-
terions play in such conditions, but clearly separate from FNEQ
predictions due to the realistic effects of the aqueous solution
not taken into account in the other two models. Also, for large vol-
ume fractions the role of added counterions becomes dominant
over those of the salt ions for typical salt concentrations, and gen-
eral models tend to converge leading to larger deviations from the
ST model the larger the particle surface charge density. In sum-
mary, classical electrokinetic assumptions have been questioned
and information about their applicability has been given. We
believe that this work can help in establishing the limits for a cor-
rect use of the ST model for concentrated suspensions based on the
cell model concept, and assess the conditions under which the
more general model cannot be substituted by simpler descriptions
of the electrokinetics of concentrated colloidal suspensions.
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