Journal of Colloid and Interface Science 488 (2017) 61-71

Contents lists available at ScienceDirect

Journal of Colloid and Interface Science

journal homepage: www.elsevier.com/locate/jcis |

A minimal model for solvent evaporation and absorption in thin films

@ CrossMark

Matthew G. Hennessy *, Giulia L. Ferretti, Jodo T. Cabral, Omar K. Matar

Department of Chemical Engineering, Imperial College London, South Kensington Campus, London SW7 2AZ, United Kingdom

GRAPHICAL ABSTRACT

Evaporation

log(h(t) — hoo)

Solvent

Film formation

hoc

k Dy, a

ARTICLE INFO

ABSTRACT

Article history:

Received 11 August 2016
Revised 25 October 2016
Accepted 25 October 2016
Available online 31 October 2016

We present a minimal model of solvent evaporation and absorption in thin films consisting of a volatile
solvent and non-volatile solutes. An asymptotic analysis yields expressions that facilitate the extraction
of physically significant model parameters from experimental data, namely the mass transfer coefficient
and composition-dependent diffusivity. The model can be used to predict the dynamics of drying and film
formation, as well as sorption/desorption, over a wide range of experimental conditions. A state diagram
is used to understand the experimental conditions that lead to the formation of a solute-rich layer, or

.Ir(ﬁ{r‘:vgqg; “skin”, at the evaporating surface during drying. In the case of solvent absorption, the model captures
Evaporation the existence of a saturation front that propagates from the film surface towards the substrate. The the-
Sorption oretical results are found to be in excellent agreement with data produced from dynamic vapour sorption
Desorption experiments of ternary mixtures comprising an aluminium salt, glycerol, and water. Moreover, the model
Diffusion should be generally applicable to a variety of practical contexts, from paints and coatings, to personal
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care, packaging, and electronics.
© 2016 Published by Elsevier Inc.

1. Introduction

Thin evaporating films that are composed of a volatile solvent
and non-volatile solutes play an important role in a broad
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spectrum of applications ranging from paints and coatings [1,2],
ink-jet printing [3], and flexible electronics [4]. Over the last dec-
ade, theoretical and experimental advances in film drying have
led to innovative and cost-effective techniques for manufacturing
multifunctional materials via evaporative self-assembly [5] and
lithographic processes [6-8], which, under certain conditions,
result in the stratification of mixture components in the direction
that is normal to the film surface. This stratification can be advan-
tageous in the case of scratch-resistant coatings [9] or detrimental


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcis.2016.10.074&domain=pdf
http://dx.doi.org/10.1016/j.jcis.2016.10.074
mailto:m.hennessy@imperial.ac.uk
mailto:giulia.ferretti08@imperial.ac.uk
mailto:giulia.ferretti08@imperial.ac.uk
mailto:j.cabral@imperial.ac.uk
mailto:o.matar@imperial.ac.uk
mailto:o.matar@imperial.ac.uk
http://dx.doi.org/10.1016/j.jcis.2016.10.074
http://www.sciencedirect.com/science/journal/00219797
http://www.elsevier.com/locate/jcis

62 M.G. Hennessy et al./Journal of Colloid and Interface Science 488 (2017) 61-71

in the case of drying, where it can lead to warping, wrinkling, or
cracking [10,11]. An equally relevant process is the absorption of
solvent from the surrounding environment by a dry film or matrix.
This plays a crucial role in the controlled release of pharmaceuti-
cals [12], food science [13], and personal care products such as
anti-perspirants [14].

In all of the aforementioned technologies, quantitative and pre-
dictive understanding of solvent evaporation and absorption in
thin films is essential. Thus, a number of theoretical studies have
been carried out to which aim to develop models of these pro-
cesses [15]. In the case of film drying, Eckersley and Rudin [16]
derived a simple model that can account for two key stages that
are often observed in experiments. The first of these is the
constant-rate period, whereby evaporative mass loss takes place
at a uniform rate over time. This is followed by the falling-rate per-
iod, where mass loss slows due to the depletion of the volatile spe-
cies. Remarkably, Eckersley and Rudin’s model is able to capture
these two stages without explicitly considering the spatial varia-
tion of the film composition. Extended models that are based on
the diffusion equation [17-20] have been used to study concentra-
tion gradients throughout the film and, in particular, the onset of
viscous or brittle solute-rich skins below the free surface [21,22].
The formation of a skin is expected to occur when the depleted sol-
vent cannot be replenished sufficiently quickly due to local
decreases in the rate of mass diffusion. Detailed models based on
thermodynamic principles have been proposed as a means of accu-
rately describing the transport of heat and mass during the drying
process [23-25]. Finally, there is a wide body of literature concern-
ing the application of hydrodynamic models to the problem of film
drying [26,27]. These models explicitly account for the motion of
the liquid phase and have been used to understand flow-driven
solute deposition, e.g., the coffee-stain effect [28-31]; skin forma-
tion [32,33]; and the onset of Marangoni instabilities caused by
composition gradients at the evaporating surface [34-38].

In the particular case of polymeric films, the problem of theo-
retically describing the absorption of solvent has received consid-
erable attention due to the possibility of non-Fickian diffusion in
these systems [39]. Several models have been proposed which
aim to couple the diffusion of absorbed solvent throughout the film
with the elastic [40-42] or viscoelastic [43-46] response of the
polymer network. Simplifications of these models that neglect
the detailed mechanics of the polymer matrix have been proposed
in the context of drug delivery [47-49].

The extensive detail of existing models [50-52] for solvent
evaporation and absorption in thin films has enabled a wealth of
insight to be gained into these technologically relevant processes.
However, the complexity of these models can restrict their practi-
cal use, since sophisticated computational methods and a large
number of parameters may be required to solve the governing
equations and hence make theoretical predictions. Therefore, the
goal of this paper is to develop a practical and efficient approach
to modelling solvent evaporation and absorption in thin films.
Our approach is based on a “minimal” descriptive model that con-
tains a limited number of physically meaningful parameters, which
can be linked to key experimental observables, and is robust
enough to be used as a predictive tool. Novel analytical expressions
are derived from the model and used to systematically extract
parameter values from experimental data.

The predictive capability of the model is achieved by requiring
it to have a minimal number of “inputs”, namely the initial film
composition and the time evolution of the film thickness (or film
mass). A simple fitting procedure will then “output” values for
the remaining physical parameters. Based on these parameters,
the model can subsequently make quantitative predictions about
the drying and absorption processes, including skin formation, as
the system conditions, e.g., the initial film compositions or

thicknesses, are varied. An overview of how the model can be
applied to the problem of film drying is illustrated in Figure S1.
To verify that the model is able to accurately capture film drying
and solvent absorption, we compare theoretical predictions of
the film thickness to experimental data produced from dynamic
vapour sorption experiments using ternary mixtures of a salt,
humectant, and water. The agreement between theory and exper-
iment is found to be excellent.

2. Model formulation

We consider the behaviour of a mixture consisting of a volatile
solvent and one or more non-volatile solutes. The mixture forms a
long layer on top of a horizontal and non-permeable substrate, as
illustrated in Fig. 1. The surface tension of the mixture is assumed
to be sufficiently strong that deformations in the film surface from
the flat state can be neglected; thus, the finite thickness of the film
can be described by a function of time h(t). Depending on the
atmospheric conditions above the film surface, solvent can either
evaporate from the film, causing a decrease in the thickness, or
be absorbed from the atmosphere, leading to an increase in the
film thickness. We refer to these as the “drying” and “sorption”
problems, respectively. In evaporating systems with large solvent
excess, the drying problem effectively describes film formation.

To simplify the mathematical description of the drying and
sorption problems, a number of assumptions about the system
are made. Diffusion is assumed to be the sole means of mass trans-
port within the bulk and adequately described using Fick’s law
with a composition-dependent diffusivity D. We do not consider
convective transport or any hydrodynamic effects. The exchange
of solvent with the atmosphere is described using a phenomeno-
logical mass flux J that must balance the diffusive flux at the film
surface. Any temperature changes, such as those resulting from
evaporative cooling, are assumed to be sufficiently small that the
system can be treated as isothermal. Furthermore, due to the large
horizontal extent of the film in comparison to its initial height, the
system is treated as one dimensional. Finally, we make the impor-
tant assumption that the density differences between the solvent
and solutes are negligibly small so that the mixture density can
be taken as constant.

Under these assumptions, conservation of solvent in one
dimension leads to a nonlinear diffusion equation for the solvent
fraction ¢ given by
dp 0 8¢>}
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where z denotes the vertical distance from the substrate. In this
problem, the mass and volume fractions are interchangeable due
to the assumption that the mixture has a constant density p. Fur-
thermore, the quantity 1 — ¢ corresponds to the combined fraction
of non-volatile solutes, effectively reducing the problem to a
“pseudo-binary” system. A complete ternary description is then
recovered by the explicit dependence of the model parameters on
the ratio of non-volatile species. To capture the general trend of
the diffusivity of solvent decreasing in regions of increasing solute,
we assume that D has a simple functional form given by

D(¢) = (Do — Dw)¢" + D, (2)

where Dy and D, represent the effective diffusion coefficients in
“wet” (solvent-rich) and “dry” (solute-rich) layers, respectively,
and the exponent a is a fitting parameter.

The form of the diffusivity given by (2) is expected to be well
suited for describing glass-forming systems that exhibit a near-
constant diffusion coefficient below the glass transition [53]. For
polymer systems that remain above the glass transition, several
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Fig. 1. Schematic diagrams of solvent evaporation (a-c) and absorption (d-f) in mixtures composed of a volatile solvent and non-volatile solutes. Increasing darkness
corresponds to decreasing solvent fraction. The mixtures form thin films on top of a non-permeable substrate. Typical pathways through the phase diagram during solvent
removal (a) and absorption (d) in the case of a ternary mixture. The initial and equilibrium solvent fractions are denoted by ¢; and ¢., respectively. The evaporation process
can be decomposed into four main stages (b); the first two describe the constant-rate period whereby the decrease in film thickness is approximately linear with time. The
third and fourth correspond to the falling-rate period, in which the rate of thinning decreases due to the formation of a solute-rich skin near the surface of the film (c). This
skin inhibits the transport of fresh solvent to the film surface. Similarly, the absorption process has four key stages (e); the first three correspond to onset of a saturation front
that propagates from the film surface towards the substrate (f) and the last describes the expansion of the film to its steady state.

exponential forms for D have been proposed based on phe-
nomenology [54,55] or derived from free-volume theory [56,57].
Exponential forms of D will tend to zero as ¢ — 0 much faster than
the polynomial form of (2) with D, = 0, leading to differences in
the diffusion-limited regimes of solvent absorption and evapora-
tion. However, these differences will only be substantial if the
diffusion-limited regime is entered early in the drying problem,
or is prolonged in the sorption problem. The polynomial form (2)
is otherwise expected to be an adequate representation of the dif-
fusivity for general systems. By considering the detailed interac-
tions between the solvent and solute(s), it is also possible to
derive functional forms for the diffusivity that can account for elas-
tic effects [58] and maximum packing of solute [17,20]. However,
we refrain from incorporating additional physics into the model
in order to retain its simplicity.

At the non-permeable substrate located at z = 0, we impose a
no-flux boundary condition given by

o
="

To derive boundary conditions at the film surface located at
z = h(t), we use the fact the only the solvent can exchange mass
with the surrounding atmosphere. By letting | denote the volume
flux of solvent through the film surface, conservation of solute
and solvent gives, respectively,

z=0. (3)

DD P 0, z=ho), (4a)
D)2y~ J@), 2= (4b)

The terms that are proportional to dh/dt account for the fact
that each mass balance in (4) holds across a moving surface. We
will use the convention that ] < 0 and J > O correspond to solvent

entering and leaving the film, respectively. By adding the two
boundary conditions in (4), a differential equation for the film
thickness is obtained:

dh
Gt = Joh.0). (5)

Inserting (5) into (4b) yields a simplified boundary condition for
the diffusive flux of solvent:
0

~D(¢) 5y = (1= 4U(@).

For the rest of the paper, the conditions (5) and (6) will be used
in place of (4). We choose a simple form of the solvent flux [59-
61,54] given by

J=ki¢(h(t),t) — e, )

where ¢, is equilibrium solvent fraction and k is a mass transfer
coefficient. By invoking thermodynamic principles [57,62,63,50], it
is possible to derive nonlinear relationships between the flux J
and the solvent fraction ¢. As shown in Section S2 of the Supple-
mentary Material, a nonlinear flux does not lead to substantial
changes in the drying problem. However, significant quantitative
discrepancies can arise in the sorption problem. It is important to
emphasise that the qualitative features of the dynamics remain
unchanged, and the asymptotic approach that is developed for the
model based on the simplified flux (7) can also be applied to the
case of a nonlinear flux. Implications for the accurate description
of common film drying processes are discussed in Section 5.

To close the model, initial conditions must be prescribed. We
assume that the film is initially well mixed, corresponding to spa-
tially uniform distributions of solvent and solute. Thus, the initial
conditions for the system can be written as

d)(zv 0) = (bi: h(o) = hi7 (8)

where the initial solvent fraction ¢; is a constant and h; denotes the
initial thickness of the film.

z=h(t). (6)
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A useful identity can be derived by integrating (1) over the
thickness of the film and making use of (4b) and (5), leading to

h(t)
/0 d(z.t)dz = h(t) — (1 - ¢)h. 9)

Eq. (9) can be used to relate the total mass of solvent in the film to
its thickness and thus shows that these two quantities are inter-
changeable. We will see below that, despite the model being based
on Fickian diffusion, sorption does not necessarily lead to film thick-
nesses, and hence film masses, that scale like the square root of
time.

2.1. Non-dimensionalisation

The model is cast into non-dimensional form in order to identify
the key parameter regimes. Tildes denote the dimensionless coun-
terpart of a dimensional variable. The vertical coordinate z is writ-
ten in terms of the initial film height so that z = h;z. Time is written
in terms of the time scale of mass transfer, leading to t = (h;/k)t.

Finally, the diffusivity is written as D(¢) = DyD(¢), where
D(¢) = (1 - 8)¢" +0 =~ ¢+, (10)

with § =D, /Dy < 1 being the ratio of dry to wet diffusivities. A
Péclet number, Pe, for this system can be defined as

Pe = kh; /Dy, (11)

which represents the ratio of the diffusive time scale T4 = hf /Do to
the time scale of mass transfer, T, = h;/k. It is important to empha-
sise that the Péclet number as defined in (11) does not give a true
representation of whether diffusion will be fast or slow compared
to solvent evaporation/absorption because the diffusivity can
change by several orders of magnitude as the solvent fraction
changes from ¢; to ¢. due to its dependence on the local film
composition.

Upon dropping the tildes, the non-dimensional diffusion equa-
tion is given by

00 _ 9 [y 429

Pe St — 2 oo 5] (12a)

which has boundary conditions

op B

o 0, z=0, (12b)

¢

—D(¢) 5, =Pe(1=9)(¢ —¢e), z=h(D). (12¢0)
The film thickness evolves according to

dh

= 1e(h(D).6) = ¢e]. (12d)
The initial conditions are

¢p=¢;, h=1 t=0. (12e)
The integral (9) in dimensionless form reads
h(t)

/ ¢(z,t)dz =h(t) — 1 + ¢;. (12f)

0

The steady-state film thickness, h,,, can be readily deduced
from (12f) using the fact that ¢ — ¢, as t — oo; this yields

1-¢
h, = L 13
T— (13)
The relationship in (13) provides a simple way to infer either ¢,
or ¢; from experimental measurements of the equilibrium film
thickness.

The dimensionless model (12) will now be analysed using a
combination of asymptotic and numerical methods; details of the
computational scheme are given in Section S3 of the Supplemen-
tary Material.

3. Film drying

We first consider the scenario of complete drying by setting
¢. =0 in the governing equations. The alternative case when
¢ > 0 is discussed in Section 3.1.5. The analysis of drying can be
split into two parts depending on whether the rate of evaporation
is fast or slow compared to the initial rate of diffusion. The relative
rate of these two processes is characterised by the initial Péclet
number, € = Pe ¢; “, where the factor of ¢{ accounts for the initial
value of the diffusivity, i.e., D ~ ¢{ at t = 0. We first assume that
the initial composition of the film is such that the initial Péclet

number is small, ¢ < 1, thus implying ¢; > Pe'/". We refer to this
as “solvent-rich” drying. We briefly consider “solute-rich” drying,
characterised by ¢; = O(Pe'/?) or smaller, in Section 3.2.

3.1. Solvent-rich drying

We assume that ¢ < 1 and ¢ <« Pe. The first inequality defines
the case of solvent-rich drying. The second inequality is not essen-
tial but it will facilitate a discussion of all of the key drying stages,
of which there are four. Three of these stages are illustrated in Fig-
ure S3; the fourth and final stage can be considered a sub-stage of
the third. The four stages essentially arise from the different bal-
ances that occur between the left- and right-hand sides of the dif-
fusion equation (12a), which themselves are caused by the
decrease in the diffusivity during the drying process. Thus, plotting
the diffusivity as a function of the solvent fraction enables the
onset and transition between various drying stages to be visu-
alised, as shown in Fig. 2. The drying dynamics can be understood
by tracing out the path along the diffusivity curve starting from the
initial value of the solvent fraction ¢; and ending at ¢., which we
take as zero for now. The evolution of the film thickness across
the drying stages is illustrated in Fig. 1(b).

A detailed mathematical analysis of each drying stage is given
in Section S4 of the Supplementary Material. We now summarise
these stages and present the key results that are relevant for film
drying experiments.

3.1.1. Stage (i): initial depletion

The first drying stage is characterised by t = 0(¢) with
Pe'’" « ¢ < ¢; and it describes the dynamics on the diffusive time
scale. Here, the initial depletion of solvent from the film surface
leads to the formation of a compositional boundary layer that
grows in thickness until it reaches the substrate. The film thickness

log (D) A
Initial depletion and
quasi-steady

Pefp---------2----
Skin

~ ot/ ~ pel/e log(¢)

Fig. 2. A state diagram of the drying process can be created by plotting the
(dimensionless) diffusivity as a function of the solvent fraction. By tracing out the
path along the curve starting from ¢ = ¢; and ending at ¢ = ¢,, the different stages

that will occur during drying can be predicted.
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in this stage is given by h(t) ~ 1 — ¢;t, which is valid for t ~ & < 1.
Due to the slow rate of evaporation on the diffusive time scale, the
decrease in film height is negligible, making this stage difficult to
detect in experimental measurements of the film thickness.

3.1.2. Stage (ii): quasi-steady

The second stage is characterised by t=0(1) with
Pe'’® « ¢ < ¢, and describes the dynamics on the evaporative time
scale. Diffusion is sufficiently fast that concentration gradients
across the film are small. The solvent fraction evolves quasi-
steadily as evaporation thins the film.

Stage (ii) is captured by writing ¢ = ¢;¢ in the dimensionless
model (12). Taking ¢ — 0 then yields a leading-order solvent frac-
tion, ¢y, that is uniform in space, which can be used to show that
the film thickness in this stage is given by the implicit expression

ho(t) =1+ ¢

ho(t) + (1 — ¢>i)log{ } tt=1. (14)

1

The leading-order solution for the film thickness (14) describes
the complete thinning of the film to its equilibrium thickness in the
absence of concentration gradients. Furthermore, the analysis indi-
cates that, to leading order, the drying kinetics in stage (ii) are
solely determined by the form of the evaporative flux and thus
the rate of thinning is set by the time scale of evaporation
Tevap = hi/k. A comparison of film thicknesses computed from the
leading-order solution (14) and a numerical simulation of the full
model (12) is shown in Fig. 3. The leading-order solution appears
to do an excellent job at capturing the entire drying process and,
in particular, the constant-rate period. However, a closer inspec-
tion of the final drying stage (see the inset of Fig. 3) shows that
there is a retardation of the drying process, which the leading-
order solution (14) is unable to capture. This retardation is caused
by the formation of a solute-rich skin at the surface of the film,
details of which are presented in the Supplementary Material. Nev-
ertheless, the leading-order solution (14) can be used in practice as
a means of extracting Tevap by fitting this curve to experimental
data in the constant-rate period of drying.

3.1.3. Stage (iii): skin formation

The third stage of drying captures the formation of a solute-rich
skin and is defined by t = O(1) with 6% « ¢ = O(Pe'/"). At this
stage, enough solvent has been removed to induce a large change
in the diffusivity, leading to the time scales of evaporation and dif-
fusion becoming commensurate. A large gradient in the solvent
fraction forms near the film surface because diffusion becomes

1.00 T .

——— Numerical

% Uniform ¢
0.80 [

O Non-uniform ¢

0.60 1
0.18

h(t)

0.40 | ]
0.16

0.20 ]
0.14 X

0.00 - -
10

10

Fig. 3. Evolution of the film thickness during film drying. Lines correspond to
numerical simulations. Stars and circles correspond to the asymptotic solution in
stages (ii) and (iii)-(iv), respectively. Parameters are ¢ = 0.85, Pe = 1072, 5 =107,
¢.=0,and a=3.

too slow to replenish depleted solvent. This composition gradient
corresponds a skin. The lack of solvent near the surface leads to a
substantial decrease in the rate of drying.

The transition between stages (ii) and (iii) occurs when the

magnitude of the solvent fraction is ¢ ~ Pe'’® < 1, the film thick-
ness is

h~(1—=¢)(1+Pe'", (15)

and can be experimentally identified as the point where the
leading-order solution (14) begins to significantly deviate from
experimental data. In Fig. 3, the stage (ii)-(iii) transition can be seen
when t ~ 1.5.

The circles in the inset of Fig. 3 denote the film thickness that is
computed from a numerical simulation of the asymptotically
reduced model in this stage. The solution is able to capture the
decrease in the rate of thinning that the leading-order solution in
stage (ii), given by (14) and shown as stars, could not.

The asymptotically reduced model in this stage depends on two
dimensionless parameters: a and §. Numerical simulations of the
full model (12) are used to explore how the parameters a and ¢
influence the long-term evolution of the film thickness. Fig. 4(a)
focuses on the role of a with § fixed. As predicted from the analysis
of stages (i) and (ii), the initial evolution of the film thickness is the
same for all values of a (see, e.g., (14)) and follows the quasi-steady
evolution corresponding to a = 0 (constant diffusivity). However,
since the parameter a controls how sharply the diffusivity
decreases with the solvent fraction, it also sets the time at which
skin formation occurs and the thinning rate slows. Interestingly,

h(t) — heo

h(t) — heo

(b)

Fig. 4. The influence of the dimensionless diffusivity D(¢) = ¢* +  on the evolution
of the film thickness when a varies (a) and when & varies (b). The solid lines
correspond to numerical simulations and the dashed lines denote the long-term
drying rate as calculated from (16). Parameters are Pe = 1072, ¢; = 0.85, and ¢, = 0.
In panel (a), we have set 5=10"; in panel (b), we take a = 4. In both cases,
he,=1-¢;.
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the long-term thinning rate approaches a constant value (on a
semi-log plot) that is independent of a. Fig. 4(b) shows the influ-
ence of § for fixed a, and reveals that the dry diffusivity J selects
the final rate of film thinning, which can understood by analysing
the long-term dynamics that occur in the fourth and final drying
stage.

3.1.4. Stage (iv): final drying

The fourth and final drying stage is entered when the solvent
fraction is sufficiently small that the diffusivity can be treated as
constant; this occurs when ¢ < ' and t>> 1. The governing
equations in stage (iv) are linear and can be solved using a Fourier
series. The solution for the film thickness can be used to show that
the final rate of thinning is given by

%[log(h(t) —h)] ~ —(1 = )7 A50, (16)

where 5 = Pe™' (1 — ¢;)"'5 and /, is the smallest positive root of
Jotanjg =671 (17)

Eq. (16) suggests that a convenient method for experimentally mea-
suring the combination 155 is by plotting log(h —h.), where
h., =1 — ¢; when ¢, = 0, and then calculating the slope of the curve
near the end of the drying process. Once 425 is known, the physi-
cally relevant value of § can be isolated by solving (17). Details of
this procedure will be given in Section 5.1.

The dashed lines in Fig. 4 represent the long-term thinning rates
that are predicted from (16), all of which are asymptotically
approached by the numerical solutions of the full model (12).
The numerical solutions are seen to tend more rapidly to the
asymptotic thinning rate (16) for larger values of §; this is due to
the condition defining stage (iv), i.e., ¢ < 6"/% being satisfied ear-
lier in the drying process.

3.1.5. Incomplete drying

Analysing the case of incomplete drying, whereby ¢, > 0, is rel-
atively straightforward. In essence, the parameter ¢, selects the
final stage of the drying process; see Fig. 2. If ¢, > Pe'/?, then the
system always evolves quasi-statically and the formation of a skin
can be avoided. In this case, the equation governing the (dimen-
sionless) film thickness can be written as

dh 1- ¢
E*_(]_(pe)"rTv (18)

which satisfies h(0) = 1. However, when ¢, < Pe'/“, skin formation
is very likely. If 6"/% « ¢, < Pe'/®, then only drying stages (i)-(iii)
will be entered, whereas all four stages will occur if ¢, < 8'/°.

3.2. Drying of a solute-rich film

If the film is initially rich in solute, i.e., if ¢; = O(Pe"/®) or smal-
ler, then the system begins to dry from stage (iii) or (iv), leading to
instant skin formation.

4. Film sorption

The non-dimensional model (12) can also describe the situation
whereby a film absorbs solvent from the surrounding atmosphere.
We first analyse the case of a dry film absorbing solvent by setting
¢; =0 and ¢, > 0. The case when ¢; # 0 will be discussed in Sec-
tion 4.1.2. The solvent fraction is rescaled according to ¢ = ¢.®
so that @ =1 corresponds to the equilibrium saturation. In this
case, the diffusivity can be written as D(®) = & + A, with
A = 5¢,.“ being a key parameter of the model.

Similar to the drying problem, there are two sorption regimes;
these are based on the magnitude of the equilibrium Péclet num-
ber € = Pe¢.“, where the factor of ¢.* accounts for the value of
the diffusivity at equilibrium, D ~ ¢2 as t — co. If € > 1, corre-
sponding to ¢, < Pe'/?, then the increase in diffusivity as the film
absorbs solvent is not sufficiently large to make absorption the
rate-limiting process. That is, the time scale of diffusion is always
much greater than that of absorption when € > 1. However, if
€ < 1, corresponding to ¢, > Pe'/%, then the film becomes suffi-
ciently saturated that the diffusive time scale falls below that of
solvent absorption. We refer to the € < 1 (¢, > Pe'/) and € > 1
(¢ < Pe'’™) cases as “strong” and “weak” saturation, respectively.

4.1. Strong saturation

We begin by considering the case when the saturation is strong,
i.e., when € = Pe¢.® < 1. To elucidate all of the key stages in this
limit, the additional assumptions that A < € and a > 1 are made.
There are four stages that can be considered, the mathematical
details of which are presented in Section S5 of the Supplementary
Material. The evolution of the film thickness and solvent fraction
across these stages is illustrated in Figs. 1(e) and 5, respectively.
In summary, the four sorption stages are:

i. Initial saturation t < €'/@+) and & < A'/": This describes the
initial saturation of the film which is confined to a thin layer
near the surface of width O(A"/9*'e-1),

ii. Saturation front t = O(€V/@1) and & = O(€!/@*V): The sur-
face becomes sufficiently saturated with solvent to induce
large increases in the diffusivity. The rapid flow of solvent
from regions of high diffusivity (the film surface) to low dif-
fusivity (the bulk) leads to the onset of a diffuse saturation
front, centred about z = s(t), that propagates from the sur-
face of the film towards the substrate. This saturation front
separates regions of the film that are dry, & ~0 for
z < s(t), from regions that are partially saturated, ¢ > 0 for
z > s(t).

iii. Transition €@V <t < 1 and €@V < @ <« 1: The satura-
tion front reaches the substrate and the solvent fraction
begins tending towards a spatially uniform state due to the
fast rate of diffusion. The expansion of the film is negligible
up to this point, meaning stages (i)-(iii) are unlikely to be
detectable in experimental measurements of the film
thickness.

iv. Quasi-steady t = O(1) and @ = O(1): Newly absorbed solvent
is rapidly and uniformly distributed throughout the film,
leading to a solvent fraction that evolves in a quasi-steady
manner. The increase in volume is sufficiently large to
induce O(1) changes in the film thickness. The film, there-
fore, expands until its equilibrium thickness is reached.

We present the key results from analysing stage (iv), which are
pertinent to film sorption experiments.

[y

iv) Quasi-steady

iii) Transition
)

X
X
} (ii) Saturation front
}

(i) Initial saturation

|

s(t) 2/h(t)

Fig. 5. The dynamics of solvent absorption in the limit of strong saturation,
€ =Pe¢." < 1. There are four key stages to consider.



M.G. Hennessy et al./Journal of Colloid and Interface Science 488 (2017) 61-71 67

4.1.1. Stage (iv): quasi-steady

In this stage, the time scale of diffusion is much faster than that
of solvent absorption; thus, at each point in time, the solvent
appears to be in a steady-state profile. We find that the leading-
order solution for the solvent fraction in stage (iv) is uniform in
space, which can be used to show that the film thickness is given
by the implicit expression

1 1—(1—¢e)ho
1
1- ¢e o8 |: ¢e

If the equilibrium solvent fraction is small, ¢. < 1, then the
leading-order film thickness (19) can be simply written as

h071+

] T (19)

ho(t) =1+ e(1 — ) +0(¢7). (20)

Taking t — oo in (20) shows that the steady-state film thickness
in the limit of small solvent absorption is given by hg — 1 + ¢.,
which are the first two terms in the small-¢, expansion of the true
equilibrium thickness, h,, = (1 — ¢.)"' =1+ ¢, + O(¢?). The form
of (20) suggests that in the limit ¢, < 1, all experimental data
should collapse onto a master curve given by

¢ (hg—1)=1-¢e". (21)

Fitting experimental data to either (20) or (21) will provides a
simple means of extracting the time scale of absorption, h;/k, and
thus deducing a value for the mass transfer coefficient k.

A comparison of the asymptotic solution for the film thickness
given by (19) with a numerical solution of the full model (12) is
shown in Figure S8. The exceptional agreement between these
two solutions provides verification that, despite the complicated
dynamics that occur in stages (i)-(iii), the film thickness is mainly
driven by the relatively simple quasi-steady dynamics of stage (iv).
This fact has significant experimental implications: since diffusion
is a higher-order effect and does not enter the leading-order solu-
tions for the film thickness, tracking the evolution of the film
height in absorption experiments in the strong-saturation limit
will provide limited information on the values of the wet and dry
diffusivities, Dy and D, respectively, as well as the diffusivity
exponent a.

Had we assumed that € < A, then the time scale of diffusion,
even at t = 0, would be faster than absorption and thus the entire
process would be described by stage (iv). Similarly, if 0 <a < 1,
then the rapid initial increase of the diffusivity leads to stage (iv)
being entered almost immediately.

4.1.2. Absorption by a pre-saturated film

The initial solvent fraction, ¢;, plays only a minor role in the
sorption problem; it selects which of the four stages the evolution
of the system begins from. The overall increase in the diffusivity of
a pre-saturated film means that the solvent fraction more rapidly
approaches a quasi-steady state compared to if the film was ini-
tially completely dry. Thus, by assuming that the solvent fraction
evolves quasi-steadily, we find that @ ~ ¢;'[1 — (1 — ¢;)/h] and
the film thickness is determined from (18).

4.2. Weak saturation

When ¢, = O(Pe'/*) or smaller, the time scale on which the sur-
face of the film approaches equilibrium saturation becomes smal-
ler than or commensurate with the time that is required for the
saturation front to reach the substrate. The expansion of the film
occurs before the solvent fraction reaches a quasi-steady state
and thus the evolution of the film thickness deviates from that pre-
dicted by (19), as shown in Figure S8. We leave a detailed analysis
of this saturation stage as an area of future work.

5. Model validation with experiments

Film drying and sorption experiments were carried out as a
means of (i) verifying that the mathematical model presented in
Section 2 is able to accurately describe these processes and (ii)
illustrating how the asymptotic solutions can be used to extract
key physical parameters of the system. The experiments are based
on ternary solutions consisting of aluminium chlorohydrate (ACH;
50 wt% hydrated dialuminum chloride pentahydroxide aqueous
solution, Summit Research Laboratories Inc.), glycerol (Sigma-
Aldrich), and deionised water (obtained from a Milli-Q source),
which act as model systems for an important class of personal care
products, namely anti-perspirants [14]. Typical drying rates for
these systems are relatively slow, of the order of 1 um-min~!, com-
mensurate with a range of paint-drying, dip-coating, and other
drying processes [64-67]. For drying processes of considerably
higher rates (~100 pm-min~'), a nonlinear expression for the sol-
vent flux J might be required, as discussed in Section S2 of the Sup-
plementary Material.

At atmospheric pressures and temperatures below 40 °C, only
water evaporates (“solvent”) while both ACH and glycerol remain
in the solution or film (“solutes”) [14]. Glycerol acts as a “humec-
tant” and modulates both drying and sorption/desorption kinetics,
as well as the thermodynamics of the system. Under certain condi-
tions [11,14], a transient skin is formed upon drying. When apply-
ing the model (12) to this system, the mixture is effectively
“coarse-grained” such that the two solutes, glycerol and ACH, are
treated as a single non-volatile component with volume fraction
1 — ¢. The ternary mixture thus becomes “pseudo-binary”. Impor-
tantly, however, the model parameters, namely the diffusion and
mass transfer coefficients, are dependent on the ACH-glycerol
ratio, enabling the accurate parameterisation of the ternary
system.

Solutions were prepared with a fixed ACH mass fraction of 0.15
and varying glycerol mass fractions ranging from 0 up to 0.15. After
preparation, the solutions were left to homogenise and reach equi-
librium over a time span of two hours. Thin films of height
130 + 10 pm were then prepared by depositing 10 pl of solution
onto a balance pan using a pipette (Eppendorf). Dynamic vapour
sorption (DVS-Advantage, Surface Measurement Systems Inc.)
was used to monitor the change in mass of the film during the
evaporation/absorption processes with a resolution of +10 pg.
The measurements of the film mass were then converted into film
thickness by assuming that the cross-sectional area of the film
remained constant during each experiment. The relative humidity
(RH) of the atmosphere was controlled by pumping a mixture of air
and water vapour into the drying chamber at a standard total gas
flow rate of 200 sccm, which otherwise had little influence on
the evaporation/absorption processes.

The equipment was programmed to carry out the experiments
as follows. First, the initial films were dried for a period of five
hours at 0% RH. During this time, the film mass reached a steady
state, signifying the end of the drying process. Film sorption was
then initiated by increasing the RH to 20% and maintaining this
value for 200-400 min. In the case of a 0% glycerol mixture, a
sequence of alternating absorption/evaporation cycles followed
the initial drying period whereby the RH of each absorption cycle
was increased from 0% to 80% in 20% increments and held for
480 min. After each absorption cycle, the saturated film was dried
at 0% RH for 480 min.

Due to the presence of ACH and glycerol in the films, it was pos-
sible for the total water loss in the drying experiments to exceed
the initial amount of deionised water that was added to the mix-
tures. This “enhanced drying” is explained by the presence of water
in the initial ACH complexes. During drying, the water in the ACH
complexes is exchanged with glycerol and the excess is free to
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evaporate from the film [14]. Accounting for water in the ACH
complexes is possible by a judicious choice of the parameter ¢;,
which represents the initial fraction of water in the film. In prac-
tice, ¢; is calculated in the drying experiments using measure-
ments of the equilibrium film thickness and (13) under the
assumption that ¢, = 0.

5.1. Drying experiments

Experimental data from drying experiments using films consist-
ing of 0% and 15% glycerol are presented in Fig. 6(a). As predicted
from the analysis of film drying in Section 3.1, the evaporation pro-
cess can be decomposed into multiple stages. First, there is an ini-
tial period whereby a significant fraction of water is shed from the
layer and the film thins at a rate that is approximately constant
[stages (i)-(ii)]. The rate of thinning then decreases [stages (iii)-
(iv)] and subsequent changes in the film thickness are small.

Values for the physical parameters associated with the films can
be estimated by fitting the non-dimensional model (12) to the
experimental data. As previously mentioned, we take ¢. =0 and
calculate ¢; from the equilibrium film thickness using (13). Thus,
the non-dimensional model depends on four unknown parame-
ters: a, Pe, ¢, and the evaporative time scale Tevap = hi/k. The latter
three of these act as proxies for the physical parameters Do, D,
and k, respectively. Three of these four parameters can be easily
determined by fitting the asymptotic solutions of the drying prob-
lem to the experimental data.

A visual guide of the fitting procedure is given in Fig. 6(b). First,
a value for the mass transfer coefficient k is determined by fitting
the asymptotic solution for the film thickness in stage (ii), given by
the dimensional version of (14), to the constant-rate period of the
drying curve, which we identify as the initial portion of the curve
with negative curvature. Eventually, the asymptotic solution of
stage (ii) begins to deviate from the experimental data, which
marks the transition into the third drying stage. From the analysis
of Section 3.1.3, this transition is expected to occur when the film
thickness is of order h ~ h..(1 + Pe'/?); see (15). Therefore, a value
of Pe'/® = (kh;/Do)"* can be determined by calculating (h — h..)/h.
at the point at which the asymptotic solution in stage (ii) begins to
depart from the experimental data. In Fig. 6(b), this departure can
be seen to begin when (h — h,.)/h; ~ 1072. The dry diffusivity D,
can be calculated using the asymptotic thinning rate of stage
(iv); in dimensional terms, this is given by

where Jo solves Jgtan(i) = (1 — ¢;)(khi/D.). However, if
(1 — ¢y)(khi/D,) > 1, which is expected when there is a significant
reduction in the thinning rate due to skin formation, then iy ~ /2.
Therefore, a value of D, can be straightforwardly estimated using
(22) after the rate on the left-hand side has been calculated from
the experimental data and /, is approximated by 7/2.

This fitting methodology determines three of the four model
parameters. The final step in the fitting is to isolate the values of
a and Dy. To do this, numerical solutions of the full non-
dimensional model (12) are fit to the experimental data using Pe
as the single fitting parameter. Knowing Pe, the values of a and ¢
can subsequently be determined.

The solid lines in Fig. 6(c) correspond to numerical simulations
of the model using parameters obtained by our fitting procedure.
The model is able to capture the experimental data with a remark-
able degree of accuracy. Model parameters for the film with 0%
glycerol were found to be ¢; =0.86, Teysp =14 min, a=3.38,
Pe=1.0-10"* and 6=13-10"7. In terms of dimensional
quantities based on an initial film thickness of h; = 130 um, we
find that k=9.2-10°mmin~!, Dy =1.2-10° m?>min~', and
Dy =1.6-10""? m%min' For the 15% glycerol film, the model
parameters are ¢; = 0.72, Teyap =20 min, a=4.0, Pe=7.0- 1074,
and 6 =5.1-10°°, which lead to values of k= 6.5-10"° m-min~!,
Do=12-10°m?min~!, and D, =6.2-10" m?min~'. The
higher value of D, in the latter case is expected due to the plasti-
cisation of the film by the addition of glycerol, suppressing its glass
transition at room temperature, and the trivial reduction of the
ACH phase volume.

Using the values of the physical parameters obtained for the 0%
and 15% glycerol mixtures, it is now possible to make quantitative
predictions about the drying dynamics that occur in films with dif-
ferent initial compositions and thicknesses. For instance, Fig. 7(a)
shows a contour plot of the drying curves for arbitrary glycerol
fractions between 0% and 15% that have been computed by simu-
lating the model with parameter values obtained by interpolation.
From this data, it is possible to predict, for a given composition, the
time that is required for 99% of the solvent to be removed from the
film, which is shown as the dashed curve in Fig. 7(a). Fig. 7(b) illus-
trates how the drying curves depend on the initial height of the
film when the initial glycerol fraction is held at 15%. The dashed-
dot line shows the time tos that is required for 95% of the solvent
to evaporate from the film. The linear relationship between tgs
and h; arises from the fact that, up to this point, the films are in

d -2 2 stage (i)-(ii) of the drying process and thus the time scale is set
—[log ((h — hy)/h)] = =75(1 — ¢;) * (Do /R, 22 , ,
dt llog (( =)/l ol 91) (Do /1) (22) by that of evaporation, h;/k. These figures illustrate how the model
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il °
0.80 [*, - 4l & o
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Fig. 6. Drying of ternary ACH-glycerol-water mixtures in 0% relative humidity. (a) Raw experimental data of the film thickness as a function of time. (b) A visual guide to
fitting the asymptotic solutions of the drying problem to experimental data. The time scale of evaporation, h;/k, can be determined by fitting the quasi-steady solution in
stage (ii), given by (14), to the constant-rate period of the drying curve. The point at which the quasi-steady solution departs from the data can be used to infer a value of Pe'/“.
The asymptotic thinning rate predicted from the solution in stage (iv), given by (16), can be used to calculate the dry diffusivity D.... (c) Model fits (lines) to experimental data

(symbols) of 0% (circles) and 15% (squares) glycerol mixtures.
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Fig. 7. Predictions of the evolution of the (normalised) film thickness h(t)/h; with
time for (a) various initial glycerol compositions and fixed initial film thickness
(130 um), and (b) at fixed initial glycerol concentration (15%) and various film
thicknesses, up to 1000 um. In panel (a) the dashed line corresponds to the time
required for 99% of the solvent (water) to evaporate. In panel (b) the dashed-dot line
represents the time needed for 95% of the solvent (water) to evaporate.

can provide a wealth of quantitative insight into film drying over a
wide range of conditions from only a small amount of experimen-
tal data.

5.2. Sorption experiments

Fig. 8(a) presents the data from sorption experiments using a 0%
glycerol mixture at different values of RH. As the RH is increased,
the film is able to absorb more water from the surrounding atmo-
sphere and thus there is a corresponding increase in the equilib-
rium film thickness. Assuming that the films are dry at the start
of each absorption cycle, corresponding to ¢; = 0, the equilibrium
water fraction ¢, can be obtained via (13) using the final height
of the film. We find that ¢. = 0.070, 0.14, 0.22, and 0.38 when
the RH is set to 20%, 40%, 60%, and 80%, respectively. Motivated
by the results of analysing the sorption problem in Section 4.1,
we attempted to fit the experimental data to the asymptotic solu-
tion for the film thickness (19). The only free parameter in the fit-
ting is the time scale of absorption 7,,s = h;/k, which was found to
be 4.8, 3.2, 2.8, and 4.4 min for the absorption cycles at 20%, 40%,
60%, and 80% RH, respectively. The results from the fits are shown
as lines in Fig. 8(a); the agreement between theory and experimen-
tal is excellent.

In the final set of sorption experiments, the RH was fixed to 20%
and the role of the glycerol fraction was investigated. The data
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Fig. 8. Sorption experiments using ternary ACH-glycerol-water mixtures. (a) The
effect of RH on the saturation of 0% glycerol mixtures that begin from the dry state,
characterised by ¢; = 0. Symbols denote experimental data and the solid lines
correspond to the quasi-steady solution given by (19). (b) Sorption experiments
carried out at 20% RH. The experimental data (symbols) can be collapsed onto a
master curve (solid line) given by (21) due to the smallness of the equilibrium
volume fraction ¢, at 20% RH; parameters from the fit are given in Table S1.

from these experiments is tabulated in Table S1. The relative
increase in the film thickness, as measured by the value of
h../hi — 1, was found to be small, suggesting that only a small frac-
tion of water is absorbed in these low-RH conditions. Calculating
the equilibrium fraction according to (13) revealed that ¢. was
indeed small for all of the mixtures that were considered. The anal-
ysis of the sorption problem suggests that any experimental data
associated with small equilibrium solvent fractions should collapse
onto a master curve given by (21). Thus, we attempted to fit the
experimental data of the film thickness as a function of time,
shown as symbols in Fig. 8(b), to the exponential function given
by (20) to determine the time scale of absorption 7,,s. When carry-
ing out the fitting, an approximate value for ¢., given by
¢e ~ h,/hi —1, was used in order to be consistent with the
small-¢, approximation. The experimental data obtained from
films with 0%-10% glycerol fits nicely onto the master curve,
shown as a solid black line. Interestingly, the data from the film
with 15% glycerol seems to slightly deviate from the master curve,
possibly indicating that this system lies outside of the strong-
saturation limit that was analysed in Section 4.1. Resolving this
discrepancy will be an area of future work.

6. Conclusion

We have presented a minimal model of solvent evaporation and
absorption in thin films, based on physical parameters that are lim-
ited in number and relatively easy to determine, which can be used
as a predictive tool. In contrast to explicit models that consider
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detailed physical-chemical processes [50-52], the minimal model
is analytically tractable. Thus, an asymptotic study of the model
was carried out, which yielded novel analytical expressions that
can be used to extract parameter values from experimental data.
In addition, the asymptotic analysis revealed key insights into
the dynamics that can occur during the drying and sorption pro-
cesses. In the case of evaporation, a state diagram can be con-
structed which outlines the stages that occur along the drying
pathway. Importantly, this diagram can also be used to predict
the experimental conditions that will lead to the formation of a
solute-rich skin near the evaporating surface. Such skins play
important roles in, e.g., paints [35] and spin-cast polymer films
[33]. Having predictive control over the physical characteristics
of these skins can, therefore, open innovative pathways for surface
patterning and the fabrication of advanced functional surfaces [9].

A comparison of the theoretical results with data produced
from dynamic vapour sorption experiments showed that the
model is able to accurately capture key features of evaporation
and absorption. In the case of solvent absorption, the kinetics were
entirely set by the mass transfer coefficient k and the film thick-
ness could be described by a single implicit function. The relatively
small time scale on which diffusion plays a leading role in the sorp-
tion problem meant that diffusive effects could not be detected in
the measurements of the film thickness, the latter of which evolves
on a much larger time scale. This fact had important practical ram-
ifications, as the sorption experiments were unable to provide
information about the diffusivity of solvent within the film. The sit-
uation is slightly different in the drying problem because the even-
tual formation of a skin reduces the rate of thinning enough for the
diffusion-limited stage to be detectable in measurements of the
film thickness. In situations where no skin occurs, the drying prob-
lem becomes similar to the sorption problem in the sense that the
rate of thinning is solely driven by evaporation and hence set by
the mass transfer coefficient.

In deriving the minimal model, several simplifying assumptions
were imposed in order to retain the analytical tractability of the
governing equations. If these assumptions cease to be valid, then
the model may need to be extended. For example, evaporative
cooling can influence the drying dynamics through changes in
the diffusivity, which often has an Arrhenius-like temperature
dependence, or via the mass transfer coefficient appearing in the
evaporative flux. The effects of evaporative cooling may only influ-
ence the early stages of drying, however, due to the fact that the
thermal diffusivity is often much larger than the mass diffusivity
|68]; therefore, the film reaches thermal equilibrium before it thins
by an appreciable amount. Due to the simplicity and generality of
the model, incorporating additional physics and using alternative
forms of the phenomenological laws, e.g., for the diffusivity, is a
straightforward task.

Perhaps the most significant modelling assumption is the treat-
ment of the system as one dimensional. When this assumption is
combined with that of a flat surface, our model effectively only
considers films with constant surface area. Such films are rarely
encountered in practice and, therefore, the predictions from a
one-dimensional model could deviate slightly from experimental
data due to geometric effects associated with the change in surface
area. Extending the model to multiple spatial dimensions is cer-
tainly possible [63], although this can come with a marked increase
in complexity as one begins to account for contact line motion and
other hydrodynamic effects [69]. However, the excellent agree-
ment between our theoretical and experimental results, the latter
of which involve films with pinned contact lines and a height-to-
width ratio of roughly 1:100, suggests that our one-dimensional
model can capture the key features with sufficient accuracy to
function as a useful predictive tool of solvent evaporation and
absorption in thin films.
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