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1. Introduction

Over the years, great attention has been paid to the study of spreading speeds and traveling waves
for reaction-diffusion equation models. A prototype equation is the KPP-Fisher equation

ou 9%u
—=u(l—u)+

T PR (1.1)
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Hutchinson [7] first introduced the time-delayed Fisher equation

2

u 0°u
E:u(t,x)(l—u(t—t,x))—i—w. (1.2)

Since then there have appeared many time-delayed and diffusive models, see, e.g., [5,8,11,13,14,18]
and references therein. In particular, Gourley and Wu [5] presented a survey on delayed nonlocal dif-
fusive systems in biological invasion and disease spread. As a starting point of this paper, we consider
the following population model introduced by Aiello and Freedman [1]:

{u,(t) aup(t) — yuit) —ae Tuy(t —1), (13)

up () = o™ Tuy(t — 1) — Bu,

where «, B, y and the delay 7 are positive constants. In this system, u; and u;; denote respectively
the numbers of immature and mature members of a single species population. The delay 7 is the time
taken from birth to maturity. The cvuy, term is the birth rate, —y u; represents deaths of immatures,
fﬂurzn deaths of matures and the remaining delayed term, appearing in both equations with opposite
signs, is the adult recruitment. Gourley and Kuang [4] introduced a diffusive term to system (1.3) by
allowing for individuals moving around:

ou; 9%u; —yt 1 ~ge”
¥= iﬁ—yuﬁaum—e Yo \/ﬁe it Xup(t—1,y)dy,
1
R
(1.4)
AUm 82 —(e=y)?

omo_ e Vi 4djt t—1,y)dy — Bu.
at " ax2 ,/«/471(1, ¢ X ttm( y)dy = P

Al-Omari and Gourley [2] studied the traveling waves for the second equation of system (1.4) with
d; = 0. Thieme and Zhao [16] investigated a large class of scalar integral equations and, as an ap-
plication example, proved the coincidence of the spreading speed and the minimal wave speed of
monotone traveling waves for the following equation describing mature individuals:

dum
S iy Aty — g(um)+fr(n(r>,x—y)}‘<r)f(um<t—r,y))dy,
o & (15)

up(t,x) =¢(t,x), te[-1,0], xeR",

which is more general than the second equation of system (1.4). As mentioned in [2], a more realistic
population model is the following nonlocal reaction-diffusion equations with distributed time delay:

oo 0
au; 92u; 1 —(—y)?
8_tl=d o 2‘ YU + oy — oz// 47rdse Wi xugp(t—s,y)e VS f(s)dyds,
1
0 —o0

(1.6)

ot 4md;s

N

aum rr —Gxy)? —vs 2
—_— 8x2 +a// e M xum(t—s,y)e Y f(s)dyds — Bug,.
0 —o0
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Al-Omari and Gourley [3] obtained the existence of traveling wavefronts of the second equation
of (1.6) in the case where f(s) = (s/r%)e=5/" and r is sufficiently small. If we assume that F : R - R
satisfies the symmetry F(s, y) = F(s, —y) > 0, then the following system

T
a
B—Ltl:dAu +a//F(s,y)u(t—s,x—y)dyds—ﬁuz(t,x),

0 R

(1.7)
T

av
E:DAV—yv+au—a//F(s,y)u(t—s,x—y)dyds,

0 R

where 7 € (0, 00], is a generalization of system (1.6). Clearly, when u =up, v =u;, d =dy, D =d;,
T =00 and

F(s,y) = Le’%’”m
’ Jards ’

system (1.7) is reduced to (1.6).

The purpose of this paper is to study the asymptotic speed of spread, the existence and nonex-
istence of traveling waves for system (1.7). Our methods are quite different from those in [2,3]. For
convenience, we call the u and v equations in (1.7) as the mature and immature equations, respec-
tively. Throughout this paper, we assume that d, D, «, 8, y are positive and

(H1) [5° [% F(s.y)dyds=A,0<A<1,F(s,y)=F(s,—y)>0,5>0, yeR;
(H2) [5° [0, F(s. )e*V =) dyds < oo for all ¢ >0 and A > 0.

The rest of this paper is organized as follows. In Section 2, we use the theory developed in [9] to
establish the spreading speed ¢} and traveling waves for the mature equation in the case of T < oo,
and show that ¢} coincides with the minimal wave speed for monotone traveling waves. We then
extend these results to the case T = oo by the method of the finite-delay approximation introduced
in [20]. In Section 3, we obtain the spreading speed and traveling waves for immature equation by
using the expression of v in terms of u. Consequently, both mature and immature equations have the
same spreading speed and minimal wave speed.

2. The mature equation

Let C be the set of all bounded continuous functions from [—7,0] x R to R, X be the set of all
bounded continuous functions from R to R, R, :=[0, +00) and R_ := (—o0, 0]. Clearly, any element
in X or in the space C := C([—7,0],R) can be regarded as a function in C. We equip C with the
compact open topology, that is, " — ¢ in C means that the sequence of functions ¢" (0, x) converges
to ¢ (0, x) uniformly for (6, x) in every compact set. Moreover, we can define the metric function d(-,-)
in C with respect to this topology by

oo

d@¢,y)=Y

k=1

MmaXge[—7,0], x|<k [# (0, X) — ¥ (6, X)|
2k

. Yoy el

so that (C, d) is a metric space.
Define f:C — X by

f<¢><x>=a/fF(s,y>¢><—s,x—y>dyds—ﬁ¢>2<o,x>, vxeR.
0 R
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It then follows that the mature equation can be written as
ou
E(t’ X)=dAu(t,x) + f(up)(x), t>0, xeR, (2.1)

where u; € C with u(0,x) =u(t+0,x), 0 € [-7,0], x € R. Let {T(t)}¢>0 be the solution semigroup
on X generated by the heat equation

au
— =dAu, (2.2)
ot
that is,
_(xfy>2
e~ adr
¢(y)dy, VoeX, t>0, xeR. (2.3)

Tt x) =/
4 VAmdt

Thus, we can write (2.1) into the following integral equation:
t
u(t,x) =T{)u(, )(x) + / Tt —s)f(us)(x)ds, t>0. (2.4)
0

Definition 2.1. A function u € C([—7,00) x R, R) is called an upper (a lower) solution of (2.1) if it
satisfies

t
u(t,x) > () T(t)u(o, ~)(X)+/T(t—s)f(us)(x)ds, vVt >0, xeR. (2.5)
0

2.1. The case of T < 00

In order to apply the theory developed in [9] to the mature equation with T < oo, we first intro-
duce some necessary notations and assumptions from there.

Define the reflection operator R on C by R[u](@, x) = u(@, —x). Given y € R, define the translation
operator T, on C by Ty[u](0, x) =u(8, x — y). For any given r > 0, define C; :={¢p € C: 0< ¢ <r} and
Cr:={peC: 0<¢<r}. Aset DCC is said to be T-invariant if Ty[D] =D for any y € R. For a given
operator Q : Cr — C;, we make the following assumptions:

(A1) Q[R[u]l=R[Q[u]]l, Ty[Q[u]]l = Q[Ty[ul]l,Vy e R.

(A2) Q :C; — Cy is continuous with respect to the compact open topology.

(A3) Q : Cr — Cr is monotone (order preserving) in the sense that Q[u] > Q[v] whenever u > v
in Cr.

(A4) Q : G — C, admits exactly two fixed points 0 and r, and for any positive number ¢, there is
o € Gy with ||a| < € such that Q[a]> .

(A5) One of the following two statements holds:
(a) Q[C] is precompact in C;.
(b) The set Q[Cr](0,-) is precompact in X, and there is a positive number ¢ < T such that

Q[u]@,x) =u(®@+¢,x) for —t <0 < —¢, and the operator

u(0,x), -T<6 <-4,

SLul®. ) = { Qul®.%). —¢<0<0,
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has the property that S[D] is precompact in C; for any T-invariant set D C C, with D(O0, -)
precompact in X.

In applications, the operator Q is taken as the solution maps of a given evolutionary system with
spatial structure. (A1) is implied by the property that both u(t, —x) and u(t,x+ y),Vy € R, are also
solutions whenever u(t, x) is a solution; (A2) follows from the continuity of solutions for initial val-
ues with respect to the compact open topology; (A3) is a consequence of the comparison principle;
(A4) is satisfied if the spatially homogeneous system has exactly two equilibria 0 and e* > 0 in the
order interval [0, e*], and there exist positive sub-equilibria as close to 0 as we wish, the latter being
implied by the existence of a strongly monotone full orbit in [0, e*] connecting O to e*; and (A5) rep-
resents certain compactness property of solution maps with respect to the compact open topology. In
particular, (A5)(b) was motivated by time-delayed reaction-diffusion equations.

A straightforward computation shows that the spatially homogeneous equilibria of (2.1) are u; =0
and uj = %for f]RF(s, y)dyds. To establish the spreading speed and traveling waves for (2.1) with
T < 0o, we use [9, Theorems 2.17, 4.3 and 4.4] with 8 = uJ. In what follows, we present a series of
lemmas to verify the conditions assumed in these theorems.

Lemma 2.1. Forany T < oo and ¢ € Cug, (2.1) has a unique mild solution u(t, x; ¢) on [0, oo) and u(t, x; )
is a classical solution to (2.1) for (t, x) € (T, 00) x R. For any pair of upper solution u(t, x) and lower solution

u(t, x) with ug > ug, u(t, x) > u(t, x) holds fort >0 and x € R.

Proof. Under the abstract setting in [10], a mild solution of (2.1) is a solution to its associated integral
equation (2.4). By expression of f, we know that f is Lipschitz continuous on any bounded subset
of C and quasi-monotone on C in the sense that

f(@)— f(¥) =0 whenever ¢ >+ with ¢(0) =v(0).

Then the existence and uniqueness of u(t, x; ¢) follows from [10, Corollary 5] with S(t,s) =T(t,s) =
T(t—s),t>s5>0, B(t,$)= f(¢) and vt (t,x) = u3, v~ (t,x) = 0. Moreover, by [10, Theorem 1], it fol-
lows that u(t, x; ¢) is a classical solution if t > 7. Using [10, Corollary 5] with v*(t, x) = ii(t, x; ¢1) and
v~ (t,x) = —o0, we have u(t, x; ¢1) > u(t, x; @). Again using [10, Corollary 5] with v*(t, x) = oo
and v~ (t,x) = u(t, x; ¢2), we have u(t, x; q"zﬂ) > u(t, x; ¢2). This implies that the comparison prin-
ciple holds. O
Let Q; be the solution map of (2.4), that is,
()0, =u(t+6.x:¢), Voe[-T,0], xeR, ¢p€Cy.

Then we have the following result.

Lemma 2.2. {Q;};>0 is a semiflow on Cug, and forany t > 0, Q; : C”§ — Cug is subhomogeneous.

Proof. Suppose ¢, ¢1,¢2 € Cug- For any € > 0 and tp > 0, define

w(t, x) = [u(t, x; ¢1) — u(t, x; ¢2)

;0 ko:= sup  w(t,x);
te[0,tp], xeR

2,(2):=[-1,0]x[-p+2z,z+p], Vp>0, zeR;

€
= su @0 €= oo
1Pl2,) (97)()&8/) (Z)|¢’ 0 2(2 4 3actg)e3eto
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Without loss of generality, we assume ko > supge(—_r o, xer W(0,X). Then, there exists (t*,x*) €

[0, to] x R such that w¢(0, x) < ko < w(t*, x*)+¢€p, (t, 0, x) € [0, tp] x [—T, 0] x R. We choose n =

and M = M(e, tg) > 0 such that for any t € [0, to],

2
L dy < feo,
N Amdt o

ly|>M

T
//F(r,z)w(s—r,x*—z)dzdf<IWSIQM(x*>+€0?

and

1 y2
e 4 F(r,z2)W(s —r,x* —y —2)dzdrdy < |ws| ) + €0.
RfO/R/M y y s12y(x*) 0

=

_£
23ty

(2.6)

(2.7)

(2.8)

Therefore, together with (2.4) and 0 < u(t,x; ¢;) < uj < % (i=1,2), we have if |¢1(0,x) —

B
$2(0,%) |2y ) <1, then

[Wel o) < €0+ W(t*, x")

t*
<€+ TE)W(O, ) (x*) +/T(r* —9)|f(usC.s01)) = fusC.s d2)) | (x*) ds
0

1 2 .
<eo+/we s w(0,x* — y)dy
R

%

t*
+a/
0

t*
+2a0//«/471d(t* S)

to to
<e+n+eo +Ol/[|Ws|9M(x*) + €] ds +2a/[|Ws\QM(x*) + €0 ds
0 0

T
1 2
— e WY F(r,2)w(s —1,x* — y —2)dzdrdyds
/f/ = (r, 2yw( y - 2)dzdrdy

=

2

e mws(o, X" —y)dyds

=0+ €0(2 + 3atg) + 3 / [Wsl2y o) ds.
0

By Gronwall’s inequality, we have

Wil < [+ €02+ 3atg) |e** =€, Vte[0,tol.

(2.9)

Summarizing the discussion above, we obtain that for any € > 0, tgp > 0, and compact subset K C

[—7,0] x R, there exist 7 > 0 and a compact set £2;(x*) such that K C £y (x*) and

[welk < [Welgyae) <€ forte[0,tp] whenever [¢1 — ¢2|eyn+) < 7.
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This shows that Q; is continuous in ¢ with respect to the compact open topology uniformly for
t € [0, to]. Note that the metric space (CL,; ,d) is complete. By the triangle inequality and the continuity
of Q; in t from Lemma 2.1, it then follows that Q.(¢) is continuous in (t, ¢) with respect to the com-
pact open topology. Since (2.4) is an autonomous system, {Q;};>o is a semiflow on Cug- Because u=0

and u = uJ are solutions of (2.4), it follows from the comparison principle that Qt(Cug) C Cug, t>0.
For any ¢ € Cug and p € [0, 1], pu(t, x; ¢) is a lower solution to (2.1), which implies pQ(¢) < Q¢(p¢).
Hence, Q; is subhomogeneous on Cu§ fort>0. O

Lemma 2.3. For any t > 0, Q; satisfies (A5) with r = u3.

Proof. Let T(t) be the solution map of (2.2). It follows that {T(t)};~¢ is a linear semigroup on X and
T(t) is compact for each t > 0. Given tg > T,

to+6

Qe [#1(60, %) =u(to + 6, x; ¢) = T(to +6)$ (0, ) (x) + / T(to+0 —s) f(us)(x)ds.
0

By the properties of T(t) and the boundedness of f, we see that Qg is compact when ty > 7.
Thus, Q; satisfies (A5)(a) when t > 7. Given tg € (0, T], we now prove that Q, satisfies (A5)(b) with
Q = Qg,. To prove S[D] is precompact, it suffices to show that for any given compact interval I C R,
u(t, x; ¢) is equi-continuous in (t, x) € [0, tg] x I for all ¢ € D.

By the absolute continuity of integral, we have that for any € > 0, there exists g > 0 such that
|f0t Tt —s)f(us)(x)ds| < 16_2 for any t € (0, §p]. On the other hand, D(0, -) is precompact in X, so for
any € > 0 and the above I, there exists 81 > 0 such that |¢ (0, x1) — ¢ (0,x2)| < 26—4 for all ¢ € D when
X1,X2 € I with |x; — x2| < §1. Thus, for any tq, ty € [0, 8o], X1, X2 € I with |x; — x2| < 81, we have

u(tr, x15 @) — u(tz2, x2; )| < |ults, x1: 9) — ¢ (0, x1)| + |u(t2, X2; ¢) — $(0, x2) |
+[#(0,x1) — $(0,x2)| (2.10)

and each term in the right-hand side of (2.10) is less than % under appropriate choice of §g. As

illustration, we take the first term for example. Choose M > 0 and §y properly such that

T
Uy

€
/ e’yzdy<ﬁ and +/4d5oM < 81,
|yI>M

then we have

lu(ti. x1:¢) — ¢ (0, x1)|

t

/ T(t1 — 5)f (us)ds

0

1
< —/€7y2|¢(0,><1 — VAdt1y) — $(0,x1)|dy +
AT
R

1 2 €

< — VP (0, x1 —/4dt1y) — ¢ (0, d —

= f e [6(0,x1 — V/AdEry) — $(0,x1)|dy + 5
ly|>MUly|<M

€+€+€_E (21])
24 24 127 6 ’

X

Therefore, we obtain |u(ti, x1; @) — u(tz, x2; ¢)| < % Since Q; is compact when t > 7, it follows that
u(t, x; ¢) is equi-continuous in (t,x) € [8o,to] x I for all ¢ € D. That is, for above € and I, there
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exists & > 0 such that |u(ty, x1; ¢) — u(tz, x2; ¢)| < % for all ¢ € D when tq,ty € [§p, to] and x1,x2 € 1
with |t1 — t2]| + |x1 — X2]| < 82. Let 8 := min{dp, 81, 62}, then we have for any € and I € R, there exists
8 > 0 such that |u(ty, x1; ¢) — u(ta, x2; ¢)| < € for all ¢ € D when tq,t; € [0,tg] and x1,x, € [ with
[t; — t2] + |X1 — X2| < §. Hence, Q; satisfies (A5)(b) when t € (0,7]. O

Let Q; be the restriction of Q; to éug- It is easy to see that Q; :C_ug — (fu5 is the solution semiflow
on C_ug generated by the following functional differential equation

du »
E=f(uf), t>0, (212)

where
T
F@#) =a/¢<—s)/ F(s, y)dyds — B¢*(0), V¢ €Cy.
0 R

Then we have the following result.
Lemma 2.4. For any t > 0, Q; satisfies (A4) with r = u3.

Proof. Since (2.12) is cooperative and irreducible, it generates an eventually strongly monotone semi-
flow on Cug (see [12, Corollary 5.3.5]). Note that

}/(0)=a//5(s,y)dyds>o,
0 R

which implies that the equilibrium 0 is unstable. Thus, the equilibrium uj is globally attractive for
(212) in C_ug \ {0}. Let t > O be given. Then there is an integer ng =ng(t) > 0 such that Q;’O = Qnot is
strongly monotone on Cu;- By the Dancer-Hess connecting orbit lemma (see, e.g., [19, Section 2.1]), it
follows that there exists a two-sided sequence of points {¥;}nez in CL,; such that

Ynt1 = Qe(¥n),  Vns1 > ¥n, VneZ,

and
lim v, =0, lim ¢, = u3.
n——oo n—oo
Then we further have

Yntng+1 = Q?U Y1 > Q?O Yn = VYntny, VYNEZ,

and hence, {Y¥}nez is a strongly monotone full orbit of the map Qt. This implies that Q; satisfies
(Ad) withr=ul. O

Lemma 2.5. Forany ¢ € Cug \ {0}, there exists to = to(¢) > 0 such that

u(t,x;¢) >0, Vt>tg, xeR.
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Proof. We first claim that u(t,x;¢) > 0 for all t > 0 and x € R when the initial data ¢ satisfies
¢(0,-) 0. In fact, since f(¢)(x) > —Bl¢(0,x)]> when ¢ >0, we have

t
u(t) > Tt)e(0, -)+/T(t—s)[—,3u2(s)]ds, vt > 0. (2.13)
0
Let v(t) be the solution to the following integral equation
t
v(t) =T (t)v(0) + / T(t —s)[-Bv3(s)]ds, Vt>0, (2.14)
0

with v(0) = ¢(0, -). By the comparison principle for the integral equation (2.14), it follows that
ut)(x) > v()(x), VvVt>=0, xeR.
Since (2.14) is the integral form of the reaction-diffusion equation
vi=dAv — Bv3(t,x), t>0, (2.15)

we see that all mild solutions to (2.15) are classical for t > 0. Since v(0) = ¢ (0, -) # 0, by the standard
strong comparison theorem for reaction-diffusion equation (2.15), we have v(t)(x) > 0, Vt > 0, x € R,
and hence, u(t)(x) >0, Vt >0, x e R.

Let ¢ € Cu§ \ {0} be given. By the semigroup property of the solution maps of (2.4) and the claim
above, it suffices to prove that there is tgp > 0 such that u(to, -) # 0. Assume, by contradiction, that
u(t,-) =0 for all t > 0. Since

t

u(t) =T()¢(0, -)-I—/T(t—s)f(us)ds, vt > 0,

0
it then follows that f(u;) =0 for all t > 0. Letting t — 0", we obtain f(¢) = 0. Since ¢(0, -) =0, we
have
T
0=fP)x)=a / f F(s, y)¢p(=s.x—y)dyds.
0 R
Thus, ¢ (s, y) =0,Vs € [—1,0], y € R, that is, ¢ = 0, which is a contradiction. Clearly, this proof works
for either T < +o00 or T =+0c0. O
Now we are in a position to prove the main results of this section.
Theorem 2.1. Let T < +o0 be given. Then there exists c; > 0 such that the following statements are valid:
(1) Forany c > ¢}, if ¢ € C,,; with 0 < ¢ < uj, and ¢(-,x) = 0 for x outside a bounded interval, then

limtﬁoo, |x|>ct u(t,x;¢)=0.
(2) Forany 0 <c <cj and any ¢ € Cyz \ {0}, lim¢— o0, < U(E, X; ) = u3.
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Proof. From Lemmas 2.1-2.4, we see that for any ¢t > 0, Q; satisfies (A1)-(A5). Then statement (1) is
a consequence of [9, Theorem 2.17(i)]. Since Q1 is subhomogeneous on CL,;, by [9, Theorem 2.17(ii)],
we can choose r =1, to be independent of o > 0. Let ¢ and ty be chosen as in Lemma 2.5. Define

_ u(t, x; ¢)

= min
(t,x)€lto,to+T1x[—T,T] 2

By Lemma 2.5, we know 0 < 0 < Q¢y+¢[¢](-,x) for x € [-r,r]. Then for any ¢ € Cug \ {0} and any
0 <c <c¥, we use [9, Theorem 2.17(ii)] with v = Qg+ [¢] to obtain

lim Q¢ Qe4c[]](0,x) =uj, uniformly for 6 € [—7,0].

t—o00, |x|<ct
This implies that lim;_, oo, xj<cc U(t, X ) =u3. O

As a consequence of [9, Theorems 4.3 and 4.4], the following result shows that c} is the minimal
wave speed for monotone traveling waves of (2.4).

Theorem 2.2. Let T < +00 be given, and c3 be as in Theorem 2.1. Then the following statements are valid:

(1) Forany 0 < ¢ < ¢}, Eq. (2.4) has no traveling wave U (x — ct) connecting uJ to 0.
(2) Forany c > c}, Eq.(2.4) has a traveling wave U (x — ct) connecting uJ to 0 such that U (s) is nonincreasing
inseR.

In order to compute ¢}, we use the linear operators approach developed in [9, Theorem 3.10]. Let
M; be the solution map of the following linear equation

%(t,x):dAu(t,x)—ka‘//F(s, yyu(t —s,x—y)dyds. (2.16)
0 R

Since each mild solution of (2.1) is a lower solution of (2.16), it follows that, by [10, Corollary 5],
Qt[od] < Mi[¢],Vt >0, ¢ € Cug- Let ;4 >0 and By (t) be defined as [9]. Then B, (t) is the solution map
of the following equation

T

=du’v(t) +a/Fu(s)v(t —s)ds (217)
0

dv(t)
dt

satisfying vg € C, where

Fu(s)= [ F(s,y)e"Vdy.

%\

Since (2.16) is cooperative and irreducible, it follows that its characteristic equation

T
A —du? —a/Fu(s)e_“ds:O (2.18)
0



J. Fang et al. / ]. Differential Equations 245 (2008) 2749-2770 2759

admits a real root A; () which is greater than the real parts of other ones (see [12, Theorem 5.5.1]).
Then e’ js an eigenvalue of B (t), which is greater than the real parts of other ones (see
[6, Lemma 7.4.1]), with a positive eigenfunction. Obviously A (0) > 0 since

T
2z (0) =afFM(s)e**f<°)5 ds > 0.
0

Define ®; () = A (1)/ . Since Az (1) > du?, we have @, (co0) = oc.
Suppose Ms be the solution map of the following equation

T
Z—Ltl(t,x):dAu(t,x)—eu(t,x)+ot//F(s,y)u(t—s,x—y)dyds. (2.19)
0 R

Similarly, the properties discussed above also hold for B;(t), AS and @£ (). By [10, Corollary 5], the

comparison principle for (2.19) holds. Let I\?If be restriction of M to (:’u;. It is easy to see that I\A/ItE is
the solution semiflow generated by the following functional differential equation

T

d

d—lz=—eu(t)+//F(s,y)u(t—s)dyds, t>0, (2.20)
0 R

with initial data ug € C_u;- By the continuous dependence on initial data of solutions to (2.20), we
have that Ve > 0,tp > 0, In > 0 such that Mf[n] < % for t € [0, to], which, together with the com-
parison principle for (2.19), implies Mf[¢] < Mf[n] = I\71§[;7] < % for all ¢ € C; when t € [0, to].
Thus, each mild solution of (2.1) through ¢ € C; is an upper solution to (2.19) with t € [0, to]. Then

comparison principle implies that Mf[¢] < Q¢[¢] for all ¢ € C;, when t € [0, to]. Consequently, by
[9, Theorem 3.10], we obtain

inf @£(u) <k < inf &7 ().
n>0 n>0
Letting € — 0T, we obtain
¢k = inf @, ().
n>0

Further, by [9, Lemma 3.8], (c}, u}) can be determined as the positive solution to the following
system

aP;
Pr(c,m)=0, 7 (c,n) =0, (2.21)
u

where

T
Pr(c, ) =du® —cu + o / Fu(s)e=*ds. (2.22)
0
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2.2. The case of T = 00

We consider the equation

d
H_Ltl(t’ X)=dAu(t,x) + o f f F(s, y)u(t —s,x—y)dyds — ﬂuz(t, X). (2.23)

Ry R
A straightforward computation shows that (2.23) admits exactly two spatially homogeneous equilibria

u;:=0and uy:= %‘1 Linearizing (2.23) at u; yields

0
ET';(t, X) =dAu(t, x) + o / / F(s, p)u(t —s,x— y)dyds. (2.24)
Ry R
Using the linear semigroup generated by the heat equation (2.2), we further write (2.24) as the fol-

lowing integral equation

u(t,x) = /ko(t,x —y)u(0, y)dy
R
t

+a//l<0(t—s,x—y)//F(r,z)u(s—r,y—z)dzdrdyds
R R, R

0

t s
:uo(t,x)+a////ko(t—s,x—y)F(r,z)u(s—r,y—z)dzdrdyds, (2.25)
0ROR

where ko (t, x) is the Green function of (2.2) and

ug(t, x) =/ko(t,x —»u(, y)dy
R

t 00

+a////ko(t—s,x—y)F(r,z)u(s—r,y—z)dzdrdyds,
R s R

0

which depends only on the initial data u(t, x) with (t,x) € R_ x R. By changing the order of integra-
tion for variables s and r in (2.25), we then obtain

t t
u(t,x)=u0(t,x)+a////ko(t—s,x—y)F(r, 2u(s—r,y —z)dzdsdydr. (2.26)
0OR T

R

Under the linear transformations

and
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(2.26) can be written as

t t
u(t,x):ug(t,x)+o¢f/f/kg(s—r,y—z)F(r,z)u(t—s,x—y)dzdsdydr. (2.27)
0OR TR

Again, by changing the order of integration for variables s and r, we write (2.27) as the following
integral form

t
u(t, x) = ug(t, x) +//k(s, yu—s,x—y)dyds, (2.28)
0 R
where
t
k(t,x):a//ko(tfs,xfy)F(s, y)dyds.
0 R

Therefore, we can use the theory of spreading speeds for integral equations developed in [16]. Define

d(c,\) = / f k(t, x)e D dxdt, VYc>0, A >0.
R; R

By [16, Proposition 4.1(1)], we have
@(c,)) =ado(c, V¥ (c,r),

where

QO(C,A)z//lc(t,x)e’“”m dxdt
R, R

and

w(c,\) = / / F(t, x)e &+ dxdt.

Ry R
It follows from [16, Proposition 4.2] that ®g(c, 1) = fR+ e@?=ct gt Let A°(c) = g, then @(c, 1) < o0
for 1 € (0, 2°(c)), and limy,_ s () = oo for every ¢ > 0.
Define
c*=inf{c >0: ®(c, 1) <1 for some A > 0}.
By similar arguments as in [20], we have the following two results.

Lemma 2.6. The following statements are valid:

(1) Foreachc >0, &(c, L) is a convex function of A € (0, A°(c)).
(2) c¢* € (0, o0) and for any ¢ > c*, there exists some A > 0 such that @ (c, 1) < 1.
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(3) There exists a unique .* € (0, A°(c*)) such that c* and A* are uniquely determined as the solutions of the
system

d
e N=1.  d)=0. (2.29)

Lemma 2.7. The following statements are valid:

(1) Forany c > c*, there exists some A > 0 such that P(c, 1) <O.
(2) There exists a unique A* > 0 such that c* and A* are uniquely determined as the solutions of the system

oP
P(c,1) =0, —(c,A) =0, (2.30)
A
where

P(c, A):dkz—ck+a//F(s,y)e*(y_“)dyds.
R, R

Consequently, we have lim;_, oo (C3, i03) = (c*, A¥).
The following result is on the existence and uniqueness of solutions of (2.23).

Lemma 2.8. For any ¢ € C(R_ xR, [0, uz]), (2.23) has a unique mild solution u(t, x; ¢) € C(R+ xR, [0, uz])
through ¢.

Proof. Define H: C(R_ x R, [0, u]) - C(R, R) by
H()(x) = f(#)(x) + 5ap (0, %),

where § > 2 is a constant. For any ¢ € C(R_ x R, [0, u3]), we define

lploo = sup [p(6.%)|.
0,x)eR_xR

It is easy to verify that H(-) is a nondecreasing map with respect to pointwise ordering and Lipschitz
continuous with L = (3 4+ §)« being Lipschitz constant. Thus (2.23) can be rewritten as

2—1:(& X) =dAu(t,x) — dou(t, x) + H(ue)(x), (2.31)

and its associated integral form with u(@, x) =¢ (0, x), 0 <0, xR, is

t

u(t. %) = Ts(OH(0, ) () + / Ts(t — $)H(us)(x) ds. (232)
0

where Ts(t) is the solution map of the equation

Z—Ltl(t, X) =dAu(t, x) — dau(t, x), (2.33)



J. Fang et al. / ]. Differential Equations 245 (2008) 2749-2770 2763

given by
T (t)q&(x)—/ e e~ 5(1)d (2.34)
’ _R VA ds V- ’

One can show that Ts(t) is a positive operator with |Ts(t)|e < %% < 1, Vt >0, and is increasing
with respect to ¢.
For a given ¢ € C(R_ x R, [0, u3]), let
E={veCRy xR_xR,R): 0<v(t,0,x) <up, v(0,0,X)=¢(0,x)}.
Define S C E by
S ={v e E: there is u € C(R? R) such that v(¢,6,x) =u(t +6,x)}.

For simplicity, we assume that each v € S has the form v(t + 6, x). Define d; : S x S — R by

d,(u,v) = sup [ut+6,% — vt +6,x))e ™.
(€.6,0€R, xR_ xR

Then (S, d,) is a complete metric space. Now we define an operator on S by

46
GO +0.%) = { Ts(t+0)p(0, ) X) + fo Ts(t+6 —s)H(us)(X)ds, t+6>0,
Pt+0,x), t+6<0.
Hence, from the increasing property of the both operators T(t), t > 0 and H, it follows that

t+6
0< Ts(t +0)$ (0, -)<x>+/T,s(t+e—s)H<us>(x)ds
0

46
<Ts(t+0)uy + / Ts(t+6 —s)H(uz)(x)ds
0

=u,. (2.35)

This implies G(S) € S. Foru,ve S and t+6 > 0,

|Gu)(t+6,%) — GV)(t+0,x)|

t+6

< / |Ts(t+6 — $)[H(us)(x) — H(vs)(x)]| ds
0
t+6
<L / |Ts(t +6 —9)| |us — Vsloods
0
t+0
<L / e 80— 1y |0 ds. (2.36)

0
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Since

sup Jus — Vsloe ™ = d;. (u, v), (2.37)
s=0

it follows that

|G)(t+6,%) — G)(t+0,x)|e
t4+6
<L / efsoc(t+975)ef)u(tfs)dk(u’ v) ds
0

e—k(t+9)—5a(t+9)

(A+8a) (t46)
e —1|d,(u, v
A+ [ ] A1 V)

L
< —d; (u,v), 2.38
T oa L, v) (2.38)

which implies

d,.(G(w), G(v)) < dy (u, v). (2.39)

A+ da

Choose A sufficiently large such that HLM < 1. Then by the contracting mapping theorem, we see
that G has a unique fixed point in S, that is, (2.23) has a unique mild solution u(t, x) in S satisfying

u(@,x) =¢,x), v(@,x) € (—o00,0] xR. O

We define upper and lower solutions to (2.24) in the same way as in Definition 2.1. Then the
following result is valid.

Lemma 2.9. Assume u(t, x) and u(t, x) be upper and lower solutions of (2.24), respectively. If g > ug, then
u(t,x) >u(t,x),vt >0,xeR.

Proof. Define v(t,x) =u(t, x) — u(t, x). It then follows that v(t, x) is an upper solution of (2.24). Thus,
we have
t
v(t,X) > vol(t, x) + //k(s, y)v(t—s,x—y)dyds, (2.40)
0 R
where vo(t,x) and k(s,y) are defined as in (2.28). Since 0 < vq(t,x), the comparison principle
[15, Lemma 3.2] implies that v(t,x) >0. O

The following results show that c* is the spreading speed for solutions of (2.23) with initial func-
tions having compact supports.

Theorem 2.3. Let ¢ € C(R_ x R, [0, uy]) and u(t, x; ¢) be the solution of (2.23). Then the following state-
ments are valid:

(1) Forany ¢ > c*, if lim Supjy|_, oo SUPge(— o007 (6. x)e~+C0—=XD — 4 o6 forsome ¢ € (c*, ¢) and % > O with
P(c,2) <O, then

lim  u(t, x;¢)=0.

t—o00, |x|>ct
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(2) Forany 0 <c < c*,if ¢ #0, then

lim  u(t,x; ¢) =us.
t—o00, |x|<ct

Proof. We use similar arguments as in the proof [20, Theorem 2.1]. In the case where ¢ > c*, let

¢ (0, x) be given as in statement (1). It then follows that there exists a large positive number y such
that

ot %) <yer@ 2 y(t x)e(—00,0] xR, z=1 or —1.

For z=1 or z= —1, we define u(t,x) = yemt‘z"). A straightforward computation indicates that
u(t,x) is an upper solution of the linear equation (2.24). Note that u(t,x; ¢) is a lower solution of
the linear equation (2.24). By the comparison principle (see Lemma 2.9), we obtain, with z = ﬁ and
x#0,

u(t, x; ¢) <ii(t,x) = ye e vt x) € [0, 00) x R,

which implies limy_, oo, jx>ct U(t, X; ¢) = 0 since ¢ > C.
In the case where 0 < ¢ < c*, we define

$(0,x,7):=min[¢®,x),ul}, V©,x e[-7,0]xR.
Since lim;_, o ¢} =c* and ¢ # 0, there exists 77 > 0 such that
c;>c and eCyr\{0}, Vi>m

Given t > 14, let u(t, x; ¢) be the solution of (2.1) with finite delay 7 and ug = ¢. Note that u(t, x; ¢)
is an upper solution of (2.1) with finite delay . By the comparison principle (see Lemma 2.1), it then
follows that

u(t, x; ¢) > ut,x;¢), V(t,x) €[-7,00) xR,
which, together with Theorem 2.1(2), implies that

uy > limsup u(t,x;¢)> liminf u(t,x;¢)> liminf u(t,x; ¢>)—u2, VT > 17.
t— o0, x| <ct t— o0, |X|<ct t—o0, [X|<ct

Thus, we have lim;_, o xj<cr U(t, X; @) =up since lim;, o uj =up. O

Remark 2.1. By similar comparison arguments as in the proof of Theorem 2.3(1), it follows that
Theorem 2.1(1) still holds if we replace the compact support assumption on initial function with
the condition that limsupy_, o, SUPse[_7.0) ¢ (0, x)e*¥ < +o0 for some ¢ € (c},c) and A > 0 with
P:(C, %) <O.

Theorem 2.4. Let c¢* be the asymptotic speed of spread of (2.23). Then the following statements are valid:
(1) For any c > c*, (2.23) has a traveling wave solution U (x — ct) such that U (&) is continuous and nonin-

creasing in & € R, and U (—o0) = uy and U(+00) =0
(2) Forany 0 < ¢ < c*, (2.23) has no traveling wave U (x — ct) connecting u, and 0.
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Proof. Case 1. For ¢ > c*, since lim;_,o ¢} = c*, there exists 7o > 0 such that ¢ > c}, VT > 19. By
Theorem 2.2, Eq. (2.1) with T =n, n > 19, has a traveling wave U,(x — ct) such that U,(—o0) =
%fg Jz F(s, y)dyds and Up(+o0) = 0. Thus, we have

Jn(U)(E) :=dU”(§)+CU’(§)+Oé/fF(S,J’)U($—y+CS)dde—/3U2($)=0. (2.41)
0 R
Define
n
Hn (U)(§) 1=(XU(§)+05//F(S,)/)U(%‘—y+CS)dyd5—ﬂU2(S),
0 R

then {Hn(U)(S)}g;m is uniformly bounded for all n > tg9 when U (§) is bounded.
By the theory of linear ordinary differential equations, we obtain the general solution of (2.41) as

1
U€) =kie"s 4 kpe'?s 4+ ————
d(rp —r1)
& 00
x [ f e L (U) () dn + / e"(f”)Hn(uxn)dn}, (2.42)
—00 g
where ki and k, are arbitrary constants, and
—c —+/c? 4+ 4da —C++/c2 + 4da
r1:T<O, r2:T>O.

Since Uy (&) satisfies (2.41) and is bounded, it follows that U, (&) satisfies (2.42) with ki =k, =0, that
is,

3 00
Un(§) = / e H, (Uy) () dn + / erz@—")Hn(unm)dn}. (243)

_1
d(ry —r1) K /

Therefore, we obtain that U, (£), U, (¢§) and U,’(¢§) are uniformly bounded for n > 1o from the
straightforward computation. By the spatial translation invariance of (2.1), we may assume that
Un(0) = uz_g Then by Arzela-Ascoli theorem and diagonal procedure, it follows that {(Un(§), U; (%),
UJ/(¢))} has a convergent subsequence which is convergent uniformly on each compact set. For
simplicity, we use the same notation. Denote the pointwise limit of {U,(&)} by U.(§). Then
(Un(8), Up(8), Uy () — (Ux(8), UL (&), UJ(&)) pointwise. Define

J)E) ¢=dU”(§)+cU'(§)+//F(S,J’)U(E—y+CS)dyd$—ﬁU2($)- (2.44)
R, R

Let n — oo, then J,(Up)(€) — J(U,) (&) pointwise, which implies that U.(¢§) is a solution of
J(U)(&) =0. For each n, U, (&) is nonincreasing and

un(—oo)=% / f F(s.y)dyds,  Un(+00) =0,
0 R
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which implies that U,(¢) is nonincreasing and bounded, and further U,(+oo) exist. Since
JWU,)(E) =0, Uy(Foo) both satisfy the equation with x being variable:

ax+ b[1 —x]x=0. (2.45)

This implies that
uz
Ui(—00) =up > 5= Ux(0) > Uy (400) =0.

Therefore, for any ¢ > c*, U, (&) is a traveling wave solution of (2.23).

For ¢ = c*, by the same limiting argument as in [20, Theorem 3.1], we obtain the existence of
monotone traveling wave U (x — c¢*t) connecting u; to 0.

Case 2. The nonexistence of traveling wave is a consequence of the property of the spreading speed
in Theorem 2.3(2), as in the proof of [20, Theorem 3.1]. O

Remark 2.2. If the function F(s,y) in system (1.7) is not symmetric with respect to y, then the
reflection invariance property, as assumed in (A1), does not hold for solution maps Q¢, t > 0, and
hence, we cannot directly use the theory developed in [9] to get the spreading speed and traveling
waves in the case of T < +4o00. However, we are able to obtain spreading speeds c’ in the positive
and negative directions, respectively, and show that ¢} are the minimal wave speeds for monotone
traveling waves in these two directions by extending the theory presented in [17] for order-preserving
maps (with the direction vector 5 ==+1) to continuous-time semiflows.

3. The immature equation

Consider the following equation:

Z—Z:DAv—yv—l—g(ut)(x), (3.1)

where g : Cug — C(R, R) with

g(¢)(><)=a¢(0,><)—a//F(s,y)d)(—s,X—y)dyds,
0 R

where F(s, y) is defined as in (1.7). Here we only consider the case T = oo since the case 7 < oo is

essentially same. Let v, = %auz and U(x —ct), c > c*, be a traveling wave of the mature equation.

Then we have the following result.

Theorem 3.1. Eq. (3.1) has a traveling wave V (x — ct) with V (c0) = 0 and V (—o00) = vy when u(t, x) =
U(x — ct).

Proof. If u(t,x) =U(x — ct), then g(u¢)(x) can be written as the form of G(¢) with & =x — ct and
G(S):aU(S)—a//F(s,y)U(é—y+cs)dyds. (3.2)
0 R

Thus, the traveling wave equation of (3.1)

DV"(E) +cV'(§) —yV(E) +GE) =0 (33)
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has a solution V (§) on R since G is bounded. By the theory of linear ordinary differential equations,

DAz — A1)

—00 £

& 0
1
V(s)zkwhﬂkze*zﬂ[ / eETMG () dn + / e“(“)G(n)dn},

where k1 and ky are arbitrary constants, and

—c—+/c2+4Dy —Cc++/c2+4Dy
M= YO TR g = V- TREY

> 0.
2D 2D

By direct computation, G(co) =0 and G(—o00) = yv;. Specially, when k; =k, =0, V(§) is bounded,
V(oo)=0and V(—oco)=vy. O

On the other hand, (3.1) can be solved in terms of u(t, x):

t
v(t,x) =T, OV X + / Ty (t —s)g(us)(x)ds, (3.4)
0

where (x) is the initial data and Ty, (t) is the solution map of

v
— =DAv — . 35
o0 =Dav—yv (35)

Let ¢* be the spreading speed of the mature equation and ¥ : R — R be nonnegative, bounded and
integrable. Then we have the following result.

Theorem 3.2. Assume that ¢ € C(R_ x R, [0, u2]) \ {0} and has a nonempty compact support. If u(t, x; ¢) is
the solution of the mature equation, then v(t, x) in (3.4) has the following property:

(1) Ve > c*, limy oo, jx)>ct V(E, X; ) =0;
(2) YO < c < c*, limy_ oo, xj<ct V(E X; ¥) = V2.

Proof.
We first claim that for any fixed (s, y) € R™ x R, the following statements are valid:

(1) Yo > c*, limg oo, xzce Ut — S, X — ¥; ¢) =0 and lim— o0, x| 2ct EUr—s) (X — y) = 0;
(i) YO <c <c*, iMoo, |xigct U — S, X — y; @) = U and lim—, o0, xj<cr §(Ue—s) (X — ¥) = Y V2.

Indeed, for any ¢ > c*, when |y| < cs, we have |x — y| > |x| — |y| > |x| — cs. Thus, |x| > ct implies that
|x — y| > c(t — ), and hence, lim¢_, oo, |x|>ct U(t — S, X — ¥; ¢) = 0; When |y| > cs, we take ¢y € (c*, 0),
then there exists tg > s such that

{0 eRY xR: t>1to, [x| >ct} C{(t,x) eRT xR: t>to, x—y|>c1(t—59)}.

This implies that lim;_, s, |xj>ct U(t — S, X — ¥; ¢) = 0. By Lebesgue dominated convergence theorem,
limy_, 0o, x>t &(u¢)(x) =0. Repeating the above process, we then have lim¢_, oo, |x|>ct (Ut—s)(X—y) =0.
Therefore, statement (i) holds. The statement (ii) can be obtained in a similar way.
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Let M > 0 be such that |{|.c <M, |g|lec < M. By expression (3.4), it follows that

/ €7 e yx—yd /t / e o dyd (36)
v(t,x; = [ ——ead Y(x — + ———e 4 g(Ur—g)(X — S. .
( w)Rm ¥ y)y”{\/‘m7 glur—s)(x—y)dy

Thus, we have

vt x 9| < Me ™ + // e g0 )| dyds. 37)
and
[v(t, x:9) — va
<Me 7t 4 //\/_ zlg(ut O — th dyds
<Me ™! // e " eiﬁf g(uf_s)(X—y)—% dyds. (3.8)

Consequently, the claim above and Lebesgue dominated convergence theorem imply that

lim  v(t,x;v¥)=0, Vc>c* and lim v, xv¥)=vy, V0<c<c*.
t— 00, |X| >ct t— o0, |x|<ct

This completes the proof. O
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