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the stochastic damped sine-Gordon equation with homogeneous
Neumann boundary condition. It is shown that for any positive
damping and diffusion coefficients, the equation possesses a
random attractor, and when the damping and diffusion coefficients
are sufficiently large, the random attractor is a one-dimensional
random horizontal curve regardless of the strength of noise. Hence
its dynamics is not chaotic. It is also shown that the equation
has a rotation number provided that the damping and diffusion
coefficients are sufficiently large, which implies that the solutions
tend to oscillate with the same frequency eventually and the so-
called frequency locking is successful.
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1. Introduction

Let (£2, F,P) be a probability space, where

2={w=(w1,0,...,0n) € C(R,R™): w(0) =0},
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the Borel o-algebra F on £2 is generated by the compact open topology (see [1]), and P is the
corresponding Wiener measure on . Define (6;)¢cr On §2 via

b () =w(-+t) —w(), teR.

Thus, (2, F, P, (6;)¢er) is an ergodic metric dynamical system.
Consider the following stochastic damped sine-Gordon equation with additive noise:

m
du +adu+ (—KAu+sinu)dt = fdt+ Y hjdW; inUxR* (11)
j=1

complemented with the homogeneous Neumann boundary condition

ou
— =0 ondUxRT, (1.2)
on

where U C R" is a bounded open set with a smooth boundary dU, u = u(x,t) is a real function
of xeU and t >0, o, K > 0 are damping and diffusion coefficients, respectively, f € H'(U), hje

H2(U) with % =0onadU, j=1,...,m, and {Wj}j:1 are independent two-sided real-valued Wiener
processes on (£2, F,P). We identify w(t) with (W1 (t), Wy (t), ..., Wn(t)), ie.,

o(t) = (W1i(t), Wa(t),..., Wn(®), teR.

Sine-Gordon equations describe the dynamics of continuous Josephson junctions (see [18]) and
have been widely studied (see [3-5,11,13-15,17-19,25,26,29-31], etc.). Various interesting dynamical
scenarios such as subharmonic bifurcation and chaotic behavior are observed in damped and driven
sine-Gordon equations (see [3,4,19], etc.). Note that interesting dynamics of a dissipative system oc-
curs in its global attractor (if it exists). It is therefore of great importance to study the existence and
the structure/dimension of a global attractor of a damped sine-Gordon equation.

As it is known, under various boundary conditions, a deterministic damped sine-Gordon equation
possesses a finite-dimensional global attractor (see [15,16,27,29-31]). Moreover, some upper bounds
of the dimension of the attractor were obtained in [15,29-31]. In [26,27], the authors proved that
under Neumann boundary condition, when the damping is sufficiently large, the dimension of the
global attractor is one, which justifies the folklore that there is no chaotic dynamics in a strongly
damped sine-Gordon equation.

Recently, the existence of attractors of stochastic damped sine-Gordon equations has been studied
by several authors (see [5,13,14]). For example, for Eq. (1.1) with Dirichlet boundary condition consid-
ered in [13], the author proved the existence of a finite-dimensional attractor in the random sense.
However, the existing works on stochastic damped sine-Gordon equations deal with Dirichlet bound-
ary conditions only. The case of a Neumann boundary condition is of great physical interest. It is
therefore important to investigate both the existence and structure of attractors of stochastic damped
sine-Gordon equations with Neumann boundary conditions. Observe that there is no bounded at-
tracting sets in such case in the original phase space due to the uncontrolled space average of the
solutions, which leads to nontrivial dynamics and also some additional difficulties. Nevertheless, it is
still expected that (1.1)-(1.2) possesses an attractor in the original phase space in proper sense.

The objective of the current paper is to provide a study on the existence and structure of random
attractors (see Definition 2.2 for the definition of random attractor) of stochastic damped sine-Gordon
equations with Neumann boundary conditions, i.e. (1.1)-(1.2). We will do so in terms of the random
dynamical system generated by (1.1)-(1.2) (see Definition 2.1 for the definition of random dynamical
system).
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The following are the main results of this paper:

(1) For any o > 0 and K > 0, (1.1)-(1.2) possesses a random attractor (see Theorem 4.1 and Corol-
lary 4.2).

(2) When K and « are sufficiently large, the random attractor of (1.1)-(1.2) is a one-dimensional
random horizontal curve (and hence is one-dimensional) (see Theorem 5.3 and Corollary 5.4).

(3) When K and o are sufficiently large, the rotation number of (1.1) exists (see Theorem 6.4 and
Corollary 6.5).

The above results make an important contribution to the understanding of the nonlinear dynamics
of stochastic damped sine-Gordon equations with Neumann boundary conditions. Property (1) extends
the existence result of random attractor in the Dirichlet boundary case to the Neumann boundary case
and shows that system (1.1)-(1.2) is dissipative. By property (2), the asymptotic dynamics of (1.1)-(1.2)
with sufficiently large « and K is one-dimensional regardless of the strength of noise and hence is not
chaotic. Observe that p € R is called the rotation number of (1.1)-(1.2) (see Definition 6.1 for detail)
if for any solution u(t,x) of (1.1)-(1.2) and any x € U, the limit lim;_ ”(tt”‘) exists almost surely
and

. ou(t,x)
lim

t—o00 t

=p forae wef.

Property (3) then shows that all the solutions of (1.1)-(1.2) tend to oscillate with the same frequency
eventually almost surely and hence frequency locking is successful in (1.1)-(1.2) provided that « and
K are sufficiently large.

We remark that the results in the current paper also hold for stochastic damped sine-Gordon
equations with periodic boundary conditions.

It should be pointed out that the dynamical behavior of variety of systems of the form (1.1) have
been studied in [22-25] for ordinary differential equations, [26,27] for partial differential equations
and [6,21,28] for stochastic (random) ordinary differential equations. In above literatures, two main
aspects considered are the structure of the attractor and the phenomenon of frequency locking. For
example, in [28], the authors studied a class of nonlinear noisy oscillators. They proved the existence
of a random attractor which is a family of horizontal curves and the existence of a rotation number
which implies the frequency locking.

The rest of the paper is organized as follows. In Section 2, we present some basic concepts and
properties for general random dynamical systems. In Section 3, we provide some basic settings about
(1.1)-(1.2) and show that it generates a random dynamical system in proper function space. We prove
in Section 4 the existence of a unique random attractor of the random dynamical system ¢ generated
by (1.1)-(1.2) for any «, K > 0. We show in Section 5 that the random attractor of ¢ is a random
horizontal curve provided that « and K are sufficiently large. In Section 6, we prove the existence of
a rotation number of (1.1)-(1.2) provided that « and K are sufficiently large.

2. General random dynamical systems
In this section, we collect some basic knowledge about general random dynamical systems
(see [1,8] for details). Let (X, | - ||x) be a separable Hilbert space with Borel o-algebra 5(X) and

(82, F,P, (6s)ter) be the ergodic metric dynamical system mentioned in Section 1.

Definition 2.1. A continuous random dynamical system over (£2,F,P, (0)ter) is a (B(RT) x F x
B(X), B(X))-measurable mapping

P RY"x2xX—=>X (t,o,u)— @, w,u)

such that the following properties hold:
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(1) ¢(0,w,u)=u forall we 2 and u € X;
(2) pt+s,w,) =@, 00,9, w,-)) forall s,t >0 and w € £2;
(3) @ is continuous in t and u.

For given u € X and E, F C X, we define
d(u, E) = inf [lu — v||x
veE
and

dy(E, F) =sup d(u, F).

uekE

dy(E, F) is called the Hausdorff semi-distance from E to F.

Definition 2.2.

(1) A set-valued mapping @ — D(w) : 2 — 2X is said to be a random set if the mapping @ —
d(u, D(w)) is measurable for any u € X. If D(w) is also closed (compact) for each w € £2, the

mapping w +— D(w) is called a random closed (compact) set. A random set w > D(w) is said to be
bounded if there exist ug € X and a random variable R(w) > 0 such that

D(w) C {ueX: lu—ugllx <Rw)} forallwe .

(2) A random set w +— D(w) is called tempered provided for P-a.s. w € 2,
tlim e P sup||Ibllx: b e D(6_rw)} =0 forall g > 0.
— 00

(3) A random set w +— B(w) is said to be a random absorbing set if for any tempered random set
w +— D(w), there exists to(w) such that

@(t,0_tw, D(0_w)) C B(w) forallt >to(w), w € 2.

(4) A random set w — Bi(w) is said to be a random attracting set if for any tempered random set
w +— D(w), we have

lim dy(@(t, 6-tw, D(0_w)), B1(w)) =0 forallw e £2.

t—00

(5) A random compact set w — A(w) is said to be a random attractor if it is an random attracting
set and ¢(t, w, A(w)) = A(6;w) for all w € 2 and t > 0.

Theorem 2.3. (See [8, Theorem 1.8.1].) Let ¢ be a continuous random dynamical system over (§2, F,P,
(0)ter)- If there is a tempered random compact attracting set w — B1(w) of ¢, then w — A(w) is a ran-
dom attractor of ¢, where

A = Je(r.0-r0.B1(0-r0). weg.

t>0 >t

Moreover, w — A(w) is the unique random attractor of ¢.
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3. Basic settings

In this section, we give some basic settings about (1.1)-(1.2) and show that it generates a random
dynamical system. Define an unbounded operator

A:D(A) = {u € H%(U): g—z

= o} — [*(U), u+ —KAu. (3.1)
au

Clearly, A is nonnegative definite and self-adjoint. Its spectral set consists of only nonnegative eigen-
values, denoted by ;, satisfying

O=lpg <A <A< <A< (Ai—> 400 asi— 00). (3.2)

It is well known that —A generates an analytic semigroup of bounded linear operators {e*"‘t}@o on
L2(U) (and H}(U)). Let E = H'(U) x L2(U), endowed with the usual norm

1
Y It ez = (IVUll? + ull® + (v)?)? forY = (u,v)7, (33)

where || - || denotes the usual norm in L2(U) and T stands for the transposition.

The existence of solutions to problem (1.1)-(1.2) follows from [10]. We next transform the problem
(11)-(1.2) to a deterministic system with a random parameter, and then show that it generates a
random dynamical system.

Let (2, F,P, (6;)tcr) be the ergodic metric dynamical system in Section 1. For j € {1,2,...,m},
consider the one-dimensional Ornstein-Uhlenbeck equation

dzj+zjdt =dW;(t).

Its unique stationary solution is given by

0 0
z,-(@ta)j):/es(eta)j)(s)ds:—/eswj(s+t)ds+a)j(t), teR.
—00 —00

Note that the random variable |z;(w;)| is tempered and the mapping t — z; (6;wj) is P-a.s. con-
tinuous (see [2,12]). More precisely, there is a 6;-invariant 29 C 2 with P(£20) = 1 such that
t— zj (Brwj) is continuous for w € 29 and j=1,2,..., m. Putting z(f;w) = Z;-":] hjz;(6rwj), which
solves dz +zdt =)7L  hjdW;.

Now, let v =u; — z(6;w) and take the functional space E into consideration, we obtain the equiv-
alent system of (1.1)-(1.2),

{u =V + z(6rw), (3.4)

v=—Au—oav—sinu+ f + (1 —a)z(6iw).

Let Y=, v)T, C= (70A 7([“), Fbiw,Y) = (z(6;w), —sinu + f + (1 —a)z(6;w)) T, problem (3.4) has

the following simple matrix form

Y =CY + F(6iw, Y). (3.5)

We will consider (3.4) or (3.5) for w € £2p and write §2p as §2 from now on.
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Clearly, C is an unbounded closed operator on E with domain D(C) = D(A) x H'(U). It is not
difficult to check that the spectral set of C consists of only following points [27]

—a+a? -4
ui=——5——" i=012..

and C generates a Cp-semigroup of bounded linear operators {ecr}t>0 on E. Furthermore, let
F@(t,Y):= F(6iw, Y), it is easy to see that F®(.,-) : RT x E — E is continuous in t and globally Lips-

chitz continuous in Y for each w € £2. By the classical theory concerning the existence and uniqueness
of the solutions, we obtain (see [20,29]).

Theorem 3.1. Consider (3.5). For each w € §2 and each Y € E, there exists a unique function Y (-, w, Yo) €
C([0, +00); E) such that Y (0, w, Yo) = Yo and Y (t, w, Yo) satisfies the integral equation

t
Y(t, , Yo) =e Yo + / e“IF (0w, Y (s, , Yo)) ds. (3.6)
0

Furthermore, if Yo € D(C), there exists Y (-, w, Yg) € C([0, +00); D(C)) N C1((R*, +00); E) which satis-
fies (3.6) and Y (t, w, Yo) is jointly continuous in t, Yo, and is measurable in w. Then, Y : RT™ x 2 x E - E
(or Rt x £ x D(C) — D(C)) is a continuous random dynamical system.

We now define a mapping ¢ : RT x 2 x E— E (or RT x £ x D(C) — D(C)) by

$(t, 0, ¢0) =Y (t, 0, Yo(@)) + (0, 26r)) ", (3.7)

where ¢o = (ug, u1)T and Yg(w) = (ug, u1 — z(w)) . It is easy to see that ¢ is a continuous random
dynamical system associated with the problem (1.1)-(1.2) on E (or D(C)). We next show a useful
property of just defined random dynamical systems.

Lemma 3.2. Suppose that pg = (27, 0) . The random dynamical system Y defined in (3.6) is po-translation
invariant in the sense that

Y(t,w,Yo+po)=Y({t, w,Yo)+po, t20, wef2, YoeE.

Proof. Since Cpg =0 and F(t,w,Y) is po-periodic in Y, Y(t, w, Yo) + po is a solution of (3.5) with
initial data Yo + po. Thus, Y(t, w, Yo) + po=Y(t,w, Yo + po). O

Note that ,u;L — 0 as @ — +o0, which will cause some difficulty. In order to overcome it, we
introduce a new norm which is equivalent to the usual norm || - ||y1,;2 on E in (3.3). Here, we
only collect some results about the new norm (see [27] for details). Since C has at least two real
eigenvalues 0 and —a with corresponding eigenvectors g = (1,0)T and n_; = (1, —) ', let E; =
span{no}, E_1 =span{n_1} and E1; = E1 + E_1. For any u € L2(U), define ii = ﬁ fu u(x)dx, i.e., the
spatial average of u, let [2(U) = {u € L2(U): &t =0}, H'(U) = H'(U)NL2(U) and Ez, = H'(U) x L2(U).
It's easy to see that E = Eq1 @ E; and E; is invariant under C. We now define two bilinear forms on
E11 and Ey; respectively. For Y; = (u;, v)T €Eq1,i=1,2, let

a? o o
(Y1,Y2)E, = I(Ul, uy) + SUT Vi, Sua+va), (3.8)
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where (-,-) denotes the inner product on L2(U), and for Y; = (uj, v{)" € Ez, i=1,2, let

2
1 1 o o o
(Y1.Y2)E,, = (A2u1, A2up) + (7 - Ml)(ul, uz) +<5u1 v S+ V2>, (3.9)

where A2 = VKV (see (3.1) for the definition of A) and § € (0, 1]. By the Poincaré inequality
12 2 1l
|Azu|® = Allul®, YueH'(U),

(3.9) is then positive definite. Note that for any Y € E, ¥ = fU Y(x)dx € Eq; and Y — Y € Eyy, thus we
define

(Y1,Y2)g = (Y1, Y2)g,, + (Y1 = Y1,Y2 — Y2)p,, forYy, Yy €E. (3.10)
Lemma 3.3. (See [27].)
(1) (3.8) and (3.9) define inner products on E11 and Ej;, respectively.
(2) (3.10) defines an inner product on E, and the corresponding norm || - || g is equivalent to the usual norm
I+ g1 2 in (3.3), where

1
2

2
At ol - s -al?)

e = (L puiz+ | Lu+v
E=1 2

2 2 3
o o 1 _
:<7||u||2+HEu+v +HA?uH2—8k1||u—u||2> (311)

forY =(u,v)" €E.
(3) In terms of the inner product {-,-)g, E1 and Eq1 are orthogonal to E_1 and E, respectively.
(4) In terms of the norm || - ||g, the Lipschitz constant Lg of F in (3.5) satisfies

Lr < (3.12)

QI N

Now let E; = E_1 & E2», then E; is orthogonal to E; and E = E1 & E3. Thus, E; is also invariant
under C. Denote by P and Q (=1 — P) the projections from E into E; and E,, respectively.

Lemma 3.4.

(1) Forany Y e D(C) NEy, (CY,Y)g < —a||Y||§, where

A (3.13)

(2) letQ | < e 9 fort > 0.
(3) e“'PY = PY for Y € E, t > 0.

Proof. See Lemma 3.3 and Corollary 3.3.1 in [27] for (1) and (2). We now show (3). For Y € D(C)NEq,
since ey =eC{CY =0, we have e’y = ey =Y. Then, by approximation, e'Y =Y for u € Ey,
t >0, since D(A) N E; is dense in Eq. Thus, e““PY = PY for Y € E, t >0. O
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We will need the following lemma and its corollaries.
Lemma 3.5. For any € > 0, there is a tempered random variable r : 2 +— R™ such that
|z0cw)| < er(w) forallteR, we 2, (3.14)
where r(w), w € §2 satisfies
e () <rGw) <eIr(w), teR, we 2. (3.15)
Proof. For j e {1,2,...,m}, since |zj(w;)| is a tempered random variable and the mapping ¢

In|z;(6;wj)| is P-a.s. continuous, it follows from Proposition 4.3.3 in [1] that for any €; > 0 there

is a tempered random variable rj(w;j) > 0 such that

W < |zj(w))| <rj(w)),

where rj(w;) satisfies, for P-a.s. w € £2,
e illrj(w)) <rjBrwj) <elflrj(w)), teR.
Taking €1 =€ =--- = €y, = €, then we have

m

m
|20 || <D |zj@cwp| - Il <D rj@wplihjll < e i lihjll.

j=1 j=1 j=1
Let r(w) = Z;L ri(wplh;jll, (3.14) is satisfied and (3.15) is trivial from (3.16). O
Corollary 3.6. For any € > 0, there is a tempered random variable ' : 2 — R such that
||A%z(9tw) | <eMr(w) forallteR, we 2,
where (@) = Y1, rj(w)) ||A%hj || satisfies
e~ (w) <1 (Grw) < e (w), teR, we .
Corollary 3.7. For any € > 0, there is a tempered random variable r”’ : 2 — R™ such that
|Az(rw)| < e'r(w) forallteR, we 2,
where 1" (w) = Y _iL; rj(wj)||Ahj | satisfies

e 1wy <1’ Brw) < e (w), teR, we .

(3.16)
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4. Existence of random attractor

In this section, we study the existence of a random attractor. Throughout this section we assume
that pg =2mwng = (27,0)" € E; and § € (0, 1] is such that a > 0, where a is as in (3.13). We remark
in the end of this section that such § always exists.

The space D(C) can be endowed with the graph norm,

IYIg=1Ylle+ICYleg forYeD(C).

Since C is a closed operator, D(C) is a Banach space under the graph norm. We denote (D(C), || - IIz)
by E and let E; =ENE;, B, =ENE,.

By Lemma 3.2 and the fact that operator C has a zero eigenvalue, we will define a random dy-
namical system Y defined on torus induced from Y. Then by properties of Y restricted on E;,, we can
prove the existence of a random attractor of Y. Thus, we can say that Y has a unbounded random
attractor. Now, we define Y.

Let T! = E{/poZ and E =T! x E;. For Yo € E, let Yo := Yo (mod pg) = Yo + poZ C E denotes the
equivalence class of Yo, which is an element of E. And the norm on E is denoted by

IYolle= inf |IYo+ ylE.
yepoZ

Note that, by Lemma 3.2, Y (t, w, Yo + kpo) = Y (t, w, Yo) + kpo, Vk € Z for t >0, w € 2 and Yo € E.
With this, we define Y: R* x £ x E — E by setting

Y(t, w,Yo) =Y(t, w, Yp) (mod po), (41)

where Yo = Yo (mod po). It is easy to see that Y:R' x £ x E— E is a random dynamical system.
Similarly, the random dynamical system ¢ defined in (3.7) also induces a random dynamical sys-
tem @ on E. By (3.7) and (4.1), @ is defined by

@ (t, w, ®o) =Y(t, w, Yo) + Z(6:w) (mod po), (4.2)

where &g = ¢ (mod po), Z(6;w) = (0, z(B;w)) T and Yo = ®¢ — Z(w) (mod py).
The main result of this section can now be stated as follows.

Theorem 4.1. The random dynamical system Y defined in (4.1) has a unique random attractor w +— Ag(w),
where

Ao@) = JY(r.0-c0,Bi1(0_r0)), we,
t>0t2>t

in which w +— By (w) is a tempered random compact attracting set for Y.

Corollary 4.2. The induced random dynamical system ® defined in (4.2) has a random attractor w +— A(w),
where A(w) = Ag(w) + z(w) (mod pg) forall w € $2.

Proof. It follows from (4.2) and Theorem 4.1. O

To prove Theorem 4.1, we first introduce the concept of random pseudo-balls and prove a lemma
on the existence of a pseudo-tempered random absorbing pseudo-ball.
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Definition 4.3. Let R : 2 — R* be a random variable. A random pseudo-ball w € £2 — B(w) C E with
random radius w — R(w) is a set of the form

> B(w) = {b(w) € E: |Qb(w)|; < R(w)}.

Furthermore, a random set w +— B(w) C E is called pseudo-tempered provided w — QB(w) is a
tempered random set in E, i.e., for P-a.s. w € £2,

Jim e P sup{||Qb|lg: be B(6_;w)} =0 forall g > 0.
—00

Notice that any random pseudo-ball w — B(w) in E has the form w + E1 x Q B(w), where
w+> QB(w) is a random ball in E;, which implies the measurability of w — B(w).

By Definition 4.3, if w — B(w) is a random pseudo-ball in E, then w +— B(w) (mod pg) is random
bounded set in E. And if w — B(w) is a pseudo-tempered random set in E, then w — B(w) (mod pg)
is tempered random set in E.

Lemma 4.4. Let a > 0. Then there exists a tempered random set w + Bg(w) := Bo(w) (mod pg) in E such
that, for any tempered random set w +— B(w) := B(w) (mod pg) in E, there is a Tg(w) > 0 such that

Y(t,0_¢w, B(0_tw)) CBo(w) forallt > Tg(w), w € 2,

where w +— Bg(w) is a random pseudo-ball in E with random radius w — Ry(w) and w +— B(w) is any
pseudo-tempered random set in E.

Proof. For w € £2, we obtain from (3.6) that

t
Y(t, @, Yo(@)) = e Yo(w) + / e“CIF (bsw, Y (s, 0, Yo(w))) ds. (4.3)
0

The projection of (4.3) to E; is

t

QY (t,», Yo(w)) = e Q Yo(w) + / e“CIQF (05w, Y (s, w, Yo(w))) ds. (4.4)
0

By replacing w by 6_;w, it follows from (4.4) that

t
QY(t,0_w, Yo(O_tw)) = e Q Yo (O_tw) + / e“ D QF (Bs_tw, Y (s, 0—¢w, Yo(0_¢w))) ds,
0

and it then follows from Lemma 3.4 and Q2 = Q that

lQY(t.6-w. Yo(O_ )|

t
<e | QYo(O-w)| ; + / e M I | F(Os—¢, Y (5. 0o, Yo (O_t)))]| ; ds. (4.5)
0
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By (3.11), Lemma 3.5 and Corollary 3.6 with € = %

| F(Bs-c. Y (5. 6-c0, Yo(0-1))) | ¢

2 2
= <O‘T |26s—cn | + ” (1 — %‘)z(@s,tw) —sin(Y) + f|| + [ A2z0s0) |

1
2
— 53| 205 ) — 2(05_cw) ||2>

< ((® =30 +3) | 2(Os—c @) ||” + 3|[sin(Y) | + 31 f11* + | A2 z(s—cw)||7)
< (@2 = 30 +3)e") (r(@))? + e (' (@) + 31U| + 31 1)
<a1e2 (@) +e2 I () + ay,

where Y, satisfies Y (s, 0_iw, Yo(O0_t@)) = (Yu, Yy) ', a1 = Va2 —3a +3, a = /3|U| + 3| fl? and
|U| is the Lebesgue measure of U. We find from (4.5) that

2 a
[QY(t.0—tw, Yo(b_iw))| ; <e ™| QYo(O-_tw) |, + S e ') (ar(w) +1' () + %2(1 —e ™).
Now for w € 2, define

4 ’ 2ap
Ro(w) = E(alr(w) +1' () + -

Then, for any pseudo-tempered random set w > B(w) in E and any Yo(0_;w) € B(6_;w), there is a
Tg(w) > 0 such that for t > Tg(w),

[QY(t.6_tw. Yo(b_)) | < Ro(w), e 2,

which implies

Y(t, 0_tw, B(G_tw)) C Bo(w) forallt > Tg(w), w € $2,

where @ — Bo(w) is the random pseudo-ball centered at origin with random radius @ +— Ro(w).
In fact, w — Ro(w) is a tempered random variable since w + r(w) and w +— r'(w) are tempered
random variables. Then the measurability of random pseudo-tempered ball @ +— Bg(w) is obtained
from Definition 4.3 and w +— Bg(w) is a random pseudo-ball. Hence, w > Bg(w) := Bo(w) (mod pg)
is a tempered random ball in E. It then follows from the definition of Y that

Y(t, 60—, B(0_ w)) CBo(w) forallt>Tp(w), w € 2,
where Tg(w) = Tp(w) for w € £2. This complete the proof. O
We now prove Theorem 4.1.

Proof of Theorem 4.1. By Theorem 2.3, it suffices to prove the existence of a random attracting set
which restricted on E is tempered and compact, i.e., there exists a random set w — B (w) such that
w+— QBi(w) is tempered and compact in E; and for any pseudo-tempered random set w +—> B(w)
in E,
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dy(Y(t, 6—tw, B(0_¢w)), B1(w)) > 0 ast— 0o, w € 2,

where dy is the Hausdorff semi-distance. Since pseudo-tempered random sets in E are absorbed by
the random absorbing set w — Bg(w), it suffices to prove that

dy (Y (t,6—tw, Bo(6—tw)), B1(w)) = 0 ast— 0o, w € 2. (4.6)
Clearly, if such a w — Bj(w) exists, then w +— Bq(w) := B1(w) (mod pg) is a tempered random com-

pact attracting set for Y. We next show that (4.6) holds.
By the superposition principle, (3.5) with initial data Yo(w) can be decomposed into

Y1=CY1 + F(6w. Y(t, @, Yo())), Yio(w) =0 (4.7)

and
Y2=CYs,  Yoo(w)="Yo(w), (4.8)
where Y (t, w, Yo(w)) is the solution of (3.5) with initial data Yg(w) € Bo(w). Let Y{(t, w, Yi0(w))
and Y»(t, Yyo(w)) be solutions of (4.7) and (4.8), respectively. We now give some estimations of
Y1(t, w, Y10(w)) and Y;(t, Y20(w)), which ensure the existence of a random attracting set which re-

stricted on E; is tempered and compact.
We first estimate Y (t, Y2o(w)). Clearly, (4.8) is a linear problem. It is easy to see that

Y2(t, Y20(@)) = e Yoo (),

which implies (with @ being replaced by 6_;w) that
|QYa(t, Y20(0—t) ||z < [e€" Q| - || Q Y206 | ; <e ™ Ro(6—tw) > 0 ast— oco. (4.9)
For Y1 (t, ®, Y10(w)), we show that it is bounded by a tempered random bounded closed set in E,
which then is compact in E since E is compactly imbedded in E. Note that

t
Y1(t, o, Yio(®)) =/ef<f—S>F(esa), Y (s, @, Yo(®)))ds, (4.10)
0

it then follows that

QN

[QY1 (5600, Yio@-c) [ < S (1 = e 3) (@r@) +7(@) + 2 (1-e),  (411)

where a; = Va2 —3a +3 and a; = /3|U| + 3|/ f||> are the same as in the proof of Lemma 4.4,

|U| denotes the Lebbesgue measure of U.
We next estimate CQ Y1(t,0_tw, Y1o(f_tw)). We find from (4.10) that

t
CQYq(t,0-¢w, Y10(0_w)) /ec“ ICQF (Bs—tw, Y (s, 0—¢w, Yo (O_¢w))) ds
0

ec(t—s)CF(gs_tw, Y(s.0_cw, Yo(6_tw)))ds

|
o
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Then,
t
[CQYi(t, 60—, Y1o(O—iw)) |, < / e Y| CF (fs—t, Y (5, 0—t, Yo (0—t))) | pds. (4.12)
0

Obviously,

CF (B0, Y (5. 000, Yo(6_c0))) = < —sin(Yy) + f + (1 — a)z(fs—tw) ) ’

asin(Yy) —of —a(l —a) — Az(6s_tw)

where Y, satisfies Y (s, 0_c, Yo(6_c@)) = (Yy, Yy)T. By (3.11), Lemma 3.5, Corollaries 3.6 and 3.7

i _a
with € = 3,

| CF(6s—c, Y (5, 6, Yo(0—c))) | 2
< %oﬂ |sincva)|* + %az IFI2 + %a2(1 — @)?||265—c)|* + 4] Az(6s—c) |
+3]| A% sin(v) | +3]A2 F|* +30 - )?| A2 26|
<+ 1021 - e I (@) 430 - e I (@)’
+ 429 (r”(a)))2 +3 ||A% sin(Yy) ||2

7 a a
< <a3 + %all —ale2Ir(w) + 4311 — ale2 I (w)

2
+2e3 9 () + V3] A sin(Yy) ||> ’

where a3 = \/%alel + %otzllfll2 +3||A%f||2. Then, (4.12) implies
lcQYi(t, 0w, Y1o(0—w)) | ;
t
a
< 5(1 —e ) + ﬁ/e‘“(f‘” | A2 sin(yy)| ds
0
2(\7 .
+ A (%aﬂ —alr(w) + V311 —alr' () + 2r”(w)> (1—e"2Y). (4.13)

For the integral on the right-hand side of (4.13), we note that

| A7 sin(Yy)| < A2 Vo] <aa| QY (s, 0_cw, Yo(O_(w))

E’

where a4 = +/2/(2 — §). Since
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lQY(s, 60—, Yo(6_tw))|

S

<e | Qo) + / e~ | F (B, Y (1. 000, Yo(0_)) , dT
0

we find that
t
/ p—a(t=9) HA% sin(Yy) || ds
0

N
<agte™™||QYo(O—tw) |, +as / / e D) F(0r—cw, Y (1, 0w, Yo(O—tw))) | ; dT ds

<agte™ ™| QYo(0-cw) |
t

+ a4 / (%(mr(a)) 1 (@) (e 29 —em2) 4 ‘L—Z(e‘“(“s) - e‘“f)> ds
0

—aute | Q¥a0- @) + 22 e +7@) (20 - F) e )

1
4 2% (E (1—e) - te-“f>. (414)

a
Combining (4.11), (4.13) and (4.14), there is a T(w) > 0 such that for all t > T (w),
[QYi(t.0—tw, Y1o(6—t)) |z = | Q Y1 (t, 0-cw, Y10(0—t)) | + [ CQY1(t, O-¢, Y10 (0—t)) |
< Ri(w), (4.15)

where Rq(w) = asr(w) + agr’ (w) + r"(w) + a7 is a tempered random variable, in which as =
4a1+2«/_01|1 —af + 8«/_01114 ag= 4+4f\1 —af + 8\/—114 and a; 202+203 + Zfaza4

Now, let w — B1(a)) be the random pseudo -ball in E centered at origin with random radius
o+ Ri(w), then w — Bi(w) is tempered and measurable. By (4.9), (4.15) and

QY (t,0—t, do(0—t®)) = QY1(t, 0@, Y10(6—tw)) + QY2 (t, Y20(6—t)),
we have for w € £2,
dy (Y (t, 6—¢w, Bo(6—tw)), B1(w)) - 0 ast — oo.

Then by the compact embedding of E into E, w — QB;(w) is compact in E,, which implies that
w +— Bi(w) := B1(w) (mod pp) is a tempered random compact attracting set for Y. Thus by Theo-
rem 2.3, Y has a unique random attractor w — Ag(w), where

Ao(@) =) JY(r.0-c0.B1(0_r0). weg.
t>0 2>t

This completes the proof. O
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Remark 4.5.

(1) For any @ > 0 and A1 = KA1 > 0 (see (3.2)), there is a & € (0, 1] such that a > 0 holds, where a is
as in (3.13) and 2, is the smallest positive eigenvalue of —A and a constant.

(2) We can say that the random dynamical Y (or ¢) has a unique random attractor in the sense that
the induced random dynamical system Y (or @) has a unique random attractor, and we will say
that Y (or ¢) has a unique random attractor directly in the sequel. We denote the random attrac-
tor of Y and ¢ by w +— Ag(w) and w +— A(w) respectively. Indeed, w — Ag(w) and w +— A(w)
satisfy

Ag(w) = Ag(w) (mod po), A(w) = A(w) (mod pg), we .

—
w

For the deterministic damped sine-Gordon equation with homogeneous Neumann boundary con-
dition, the authors proved in [27] that the random attractor is a horizontal curve provided that
o and K are sufficiently large. Similarly, we expect that the random attractor w +— A(w) of ¢ has
the similar property, i.e., A(w) is a horizontal curve for each w € £2 provided that « and K are
sufficiently large. We prove that this is true in next section.

By (2), system (1.1)-(1.2) is dissipative (i.e. it possesses a random attractor). In Section 6, we will
show that (1.1)-(1.2) with sufficiently large o and K also has a rotation number and hence all the
solutions tend to oscillate with the same frequency eventually.

=

5. One-dimensional random attractor

In this section, we apply the theory established in [7] to show that the random attractor of Y
(or ¢) is one-dimensional provided that o and K are sufficiently large. This method has been used by
Chow, Shen and Zhou [6] to systems of coupled noisy oscillators. Throughout this section we assume
that po =2mng = (27,0)" € E; and a > 4Lf (see (3.13) for the definition of a and see (3.12) for the
upper bound of Lr). We remark in the end of this section that this condition can be satisfied provided
that o and K are sufficiently large.

Definition 5.1. Suppose {®“},cg is a family of maps from E; to E; and n € N. A family of graphs
o L(w)={(p, ®°(p)): p € E1} is said to be a random npg-periodic horizontal curve if w > £(w)
is a random set and {®®},c satisfy the Lipschitz condition

|2 (1) — @“(p2)|; <llp1 — p2lle forallpy,pr € By, we 2

and the periodic condition

®“(p +npg) =P%(p) forallpeEq, weS.

Clearly, for any w € £2, ¢(w) is a deterministic npg-periodic horizontal curve. When n=1, we
simply call it a horizontal curve.

Lemma 5.2. Let a > 4Lf. Suppose that w +— £(w) is a random npg-periodic horizontal curve in E.
Then, w — Y (t,w, ¢(w)) is also a random npg-periodic horizontal curve in E for all t > 0. Moreover,
o> Y(t,0_tw, L(6_;w)) is a random npg-periodic horizontal curve for all t > 0.

Proof. First, since Y is a random dynamical system and w +— £(w) is a random set in E, w +—>
Y(t, w, £(w)) and w +— Y(t,0_;w, £(0_;w)) are random sets in E for all t > 0. We next show the
Lipschitz condition and periodic condition.

It is sufficient to prove the Lipschitz condition and periodic condition valid for w + £(w) in D(C)
since D(C) is dense in E. Clearly, for w € £2 and t > 0,
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Y(t, o, @) ={(PY(t,w,p+D“(D), QY (t,w, p+ P“(p))): p€ E1ND(C)}.
For p1,p2 € E1 N D(C), p1 # p2, let Yi(t,w) = Y (¢, @, pi + @“(pi)), i=1,2, p(t,w) = P(Y1(t, ®) —

Y, (t,w)) and q(t, w) = Q (Y1(t, w) — Y2(t, w)), where P, Q are defined as in Section 1. We have by
Lemma 3.4

t
PYi(t, @) = e P(p;i + @“(p)) + f e“IPF (6w, Yi(s, ) ds
0

t
:P(pi+¢w(p,-))+/PF(05a), Yi(s,w))ds, i=1,2,
0

and then, %PYi(t, w) = PF(6rw, Yi(t,w)), i =1, 2, it then follows that

d d
ap(t, W)= EP(Y1 (t, ) — Ya(t, w))
= P(F(6iw, Y1(t, )) — F(6rw, Y2(t, ®))). (5.1)

Since p(t,w) +q(t,w) =Y1(t, w) — Y(t, w),

d d
E(P(t, w) +q(t, w)) = a(yl (t, ) — Ya(t, ®))
=C(Y1(t,w) — Y2(t, w)) + F (6w, Y1(t, w)) — F (0w, Ya(t, w)),

then, by the orthogonal decomposition,

d
aq(t, w) =C(Y1(t, ) — Ya(t, w)) + Q (F (6w, Y1(t, w)) — F (i, Ya(t, ®)))
= Cq(t, w) + Q(F (6w, Y1(t, )) — F (6w, Y2 (t, ®))). (5.2)

We find from (5.1) that

o) =2<p(r o). Lpe w)>

gt NE AT g
> =2|pt. o), - |P(F(brw. Y1(t, ) — F(Brw, Ya(t, »)))|
> =2Le(|pt @) + |t @) ot )] ).

Similarly, by (5.2) and Lemma 3.4,

d
gl ol; < 2o o)+ 2L (|pe. o) glac. )] + ac.o)]7).

Because a > 4Ly, if there is a tp > 0 such that ||q(to, w)||F = ||p(to, )| g and since ||p(t, w)||g # 0 for
t >0, then

d
il (ato); = [pe.o)]}) <@L - 20[ato. o)} <0.
t=to
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which means that there is a to > to such that for t € (to, fo),

la. )z = [P @) < [a©. )] = [pO.0)[;
= |®“ (1) — 2“2 |} — lIp1 — p2li}

<0,

namely, [|q(t, ®)|[E < [Ip(t, )|l for t € (to. to).
If there is another t1 > tg such that ||q(t1, w)||g = ||p(t1, ®)| E, then

d

il Uat o~ [pe.o)]}) < GLe — 20 g, o) <o.
t=tq1

which means that there is a £; > t; such that for t € (t1,t1), ||q(t, w)||g < ||p(t, )| . Continue this
process, we have for all t >0, ||q(t,w)||g < ||p(t, )|k, ie.,

[Q (Y1t w) = Ya(t, )| < | P(Y1(t, @) — Ya(t, @)

E’

which shows that w — Y (t, w, £(w)) satisfies the Lipschitz condition in Definition 5.1.
We next show the periodic condition. We find from Lemma 3.2 that

Y(t.w,p+@“(p)) +npo=Y(t.®, p+npo+ D“(p)).

Since ®®(p) = ®®(p +npy), Y(t,w,p + ¥ (p)) +npo=Y(t,w, p +npg + ®“(p + npo)). It follows
that

QY(t.w,p+@“(p)) = QY(t,w, p+npo + P (p +npo)).

Consequently, w +— Y (t, w, £(w)) is a random npg-periodic horizontal curve for all t > 0.
Moreover, for any fixed w € 2 and t > 0, @ =0_;w € 2 is fixed. Then, Y(t, @, £(®)) is a determin-
istic npg-periodic horizontal curve, which yields the assertion. O

Choose y € (0, §) such that

2/1 1
—<—+ )<1, (5.3)
a\y a-—2y

where % is the upper bound of the Lipschitz constant of F (see (3.12)). We remark in the end of this
section that such a y exists provided that « and K are sufficiently large. We next show the main
result in this section.

Theorem 5.3. Assume that a > 4Lf and that there isa y € (0, %) such that (5.3) holds. Then the random
attractor w — Ag(w) of the random dynamical system Y is a random horizontal curve.

Proof. By the equivalent relation between ¢ and Y, we mainly focus on Eq. (3.5), which can be
viewed as a deterministic system with a random parameter w € £2. We write it here as (3.5), for
some fixed w € £2.
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Observe that the linear part of (3.5),, i.e.

Y=cCY (5.4)

has a one-dimensional center space E¢ = span{(1,0)} = E; and a one co-dimensional stable space
ES = E,. We first show that (3.5),, has a one-dimensional invariant manifold, denoted by W (w), and
will show later that W (w) exponentially attracts all the solutions of (3.5),.

Let F®(t,Y) =F(6iw, Y), w € £2. For fixed w € £2, consider the following integral equation

t t
Y(t)=etE + / eCIPFO(s, Y (s))ds + / e“CIQF?(s,Y(s))ds, t<0, (5.5)

0 —00
where & = PY(0) € E;. For g: (—00, 0] — E such that SUPr<o lle¥tg(t)|lg < oo, define

t t

(Lg)(t) = / eCt=9) pg(s)ds + / eCt=90Qg(s)ds, t<O0.

0 —00

It is easy to see that

1 1 1 1
suplle”" (Lg)(®) ] ; < (— + —) sup|le”*g()] ; < <— + )sup}le“
£<0 Y a—-v) <o Yy a—=2y )0

which means that ||L| < % + = 2y Then, Theorem 3.3 in [7] shows that for any & € E1, Eq. (5.5) has

a unique solution Y®(t, &) satisfying SUP<o lle?tYe(t, £)||g < oo. Let

0

h(a),é):Q?‘“(O,E):/e’CSQF‘”(s,Y/“’(s,g))ds, weR.

—00

Let
W) ={+hw§: §€E}, weg.
For any € € (0, y) in Lemma 3.5 and Corollary 3.6, we have
1 a
[h(O—tw. &) < €(a1r(w)+r(w)) +—, 20 (5.6)

Observe that

t t

Yw(t,s):eCf5+/eC<H>PFM(s, Y?(s,8))ds + / eCIQF (s, Y (s, w, €)) ds

0 —00

t
— Ct(g_—_‘_h(w’s) +/6C(t S)Fw S Yw(s s))
0
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ie, Y®(t, &) is the solution of (3.5) with initial data & + h(w, &) for t < 0. Thus, for Yo(w) =
&+ h(w, &) e W(w), there is a negative continuation of Y(t, w, Yo(w)), i.e.,

Y(t, 0, Yo(w)) =Y, &), t<0. (5.7)

Moreover, for t > 0, we obtain from (3.6) and (5.7) that

Y(t, w, Yo(w))

t
— U (e +h(,5) + / eI (05, Y (5, @, Yo())) ds
0

t 0
:eCté+/ec(t’5)F(Gsa),Y(s,a), Yo(w)))ds + / eCCIQF(s, Y¥(5,6))ds
0 —00
0
:eCté+/ec(t’5)F(Gsa),Y(s,a), Yo(w)))ds + / e“CIQF (65w, Y (s, w, Yo(w))) ds
0 —00

t t
:e“g+/ec(f‘S>PF(esw,Y(s,w, Yo(w)))ds + / e“CIQF (65w, Y (s, w. Yo(w))) ds
0

t 0
:ea<.§—i—/e‘CSPF(QSa),Y(s,a), Yo(a))))ds) + / e"CQF (Brasw, Y (t +5, 0, Yo(w))) ds.
0 —00

Then by the uniqueness of solution of (5.5) for fixed w € £2, we have

t

h(etw,e“ (g +fe’C5PF(95a), Y(s, o, Yo(a))))ds)>

0
0
= [ Qs ¥ (e 4 5.0, Vo)) ds,
—o0

and then for t > 0,

Y(t, 0, W(w)) =W 6w). (5.8)

By (5.7) and (5.8), W (w) is an invariant manifold of (3.5),,.

Next, we show that W (w) attracts the solutions of (3.5),, more precisely, for the given w € £2,
we prove the existence of a stable foliation {Ws(w, Yg): Yo € W (w)} of the invariant manifold W (w)
of (3.5),. Consider the following integral equation

t

Y(t)=ey +/eC“—S>Q(F‘°(s, Y(s)+YO(s, & +h(®,6)))
0
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—F?(s,Y(s, & + h(w, §))))ds
t

+/ec<r IP(F(s, V() + Y (5, + h(, §)))
— F¢

(5, Y“(s.& + h(w, §))))ds, t=>0, (5.9)

where & +h(w, &) e W(w), n=QY(0) € E; and YO(t, £ + h(w, £)) :=Y(t, w, & +h(w, £)), t >0 is the
solution of (3.5) with initial data & 4+ h(w, &) for fixed w € §2. Theorem 3.4 in [7] shows that for any
& € E1 and n € E,, Eq. (5.9) has a unique solution Yo, g, 1) satisfying sup;>g levtyet, &, ME < oo
and for any & € Eq, 11, n2 € E2,

sggeyfn YO & m) — YOt £.m2) | p <Ml — nalle. (5.10)
=

where M= ——1—— Let
1-2 (G+5)

h(w,&,m) =&+ PY®(0,£,7)
0

—e+ / e~CP(FO(s, V(s £, 1) + YO (5. £ + h(w, £)))

[ee)

—F?(s,Y(s,§ + h(w,§))))ds

Then, Ws(w, & + h(w,§)) = {n + h(w, &) + ﬁ(w,é, n): n € Ep} is the stable foliation of W (w) at
& +hw,§).
Observe that

YO &)+ Y2t & +h(w,£) — YO(t, & +h(w,§))
=Vt £, 1)

= (n+h(.&) + h.£. 1) — & —h. £))

t

n / eC(tfs)(Fw(s, V2@, £, m) + Y“(s. & + h(w, §)))

0
—F?(s,Y“(s, & + h(w,§))))ds (5.11)

and

YO(t, n +h(w, &) + h(w, £, 7)) — Y (¢, & + h(w, £))
=€ (n+h(,&) +h,&n) — & —h,¥§)

t

_‘_/‘eC(t—S)(F(U(S7 Y“’(s,n—i—h(w,g)-i-ﬁ(w»Svn)))
0

—F?(s,Y“(s, & + h(w, §)))) ds. (512)
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Comparing (5.11) with (5.12), we find that

YOt E,m) =Y (t, n +h(w, &) + h(w, &, M) — Y(t, & +h(w,§), t=>0. (5.13)

In addition, if = 0, then by the uniqueness of solution of (5.9), Y®(t,&,0) =0 for t > 0, which
associates with (5.10) and (5.13) show that

fggeyfllY“’(t, N +h@. &) +h@.6,.m) =Y (t.6 +h(@.8)], <Ml (5.14)

for any £ € E1 and n € E;.

We now claim that w — W (w) is the random attractor of Y. Let w + B(w) be any pseudo-
tempered random set in E. For any w +— Yg(w) € w — B(w), there is w — &(w) € E1 such that

Yo(0—tw) € Ws (60—, £ (O—tw) + h(0_w, E(O_ w))).
Let n(6_tw) = QYo(0—tw) — h(6—tw, £E(6—tw)). By (5.6), it is easy to see that

1 ’ et a
sup  [n6-cw)| < sup  ||QYoO—cw)| + (@1r(@) + 7' (@))e + 2.
Yo(0_tw)eB(O_tw) Yo(0_tw)eB(O_tw) a—e€ a

It then follows from (5.14) and the fact that w — Q B(w) is tempered that

sup [Y (¢t 6_tw, Yo(b_tw)) — Y(t.60_tw, EO_(w) + h(0_1w. £ (0_cw))) |
Yo(O-tw)EB(O—tw)
<Me™”  sup  |n6-cw) |
Yo(0_r@)eB(O_to)
< Me™ 7t sup |QYo(O—tw)| + M (a17(@) + 1 (@))e 7" + ﬂe”’t
Yo(0—rw)€B(0—tw) a—e

—0 ast— oo,
which associates with (5.8) lead to
dy (Y (t, 6—tw, B(O—_tw)), W (w)) = 0 ast — oo.
Therefore, Ag(w) = W (w) for w € £2. Next, we show that w +— Ap(w) is a random horizontal curve. In
fact, for some random horizontal curve w +— £(w) in E, for example, £(w) = {(p, ®“(p)): ®“(p) =c,

p € E1}, w € 2, where c € E; is constant, it must be contained in some pseudo-tempered random set,
for example @ > By|¢|; (w), where By () is a pseudo-ball with radius 2||c||g. Then, for w € £2,

dy (Y (£, 0—tw, L(0—)), Ag(w)) — 0 ast — oo,

which means that lim¢_ o Y (t, 0—tw, £(0_tw)) C Ao(w). Since Ag(w) is one-dimensional, we have for
w e S2,

Ao(w) = tl_i)rgo Y(t,6-tw, L(0_;w)).

It then follows from Lemma 5.2 that w — Ag(w) is a random horizontal curve. O
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Corollary 5.4. Assume that a > 4L and that there isa y € (0, %) such that (5.3) holds. Then the random
attractor w +— A(w) of the random dynamical system ¢ is a random horizontal curve.

Proof. It follows from Corollary 4.2, Remark 4.5 and Theorem 5.3. O

Remark 5.5. At the beginning of this section, we assume that a > 4Lf. Since a = % — % - %| and
Lr < % we can take o, A satisfying § —|§ — %\ > g, where 11 is the smallest positive eigenvalue
of A and its value is determined by the diffusion coefficient K. On the other hand, we need some

¥ €(0, 9) such that (5.3) holds. Note that

. <1 1 ) (] 1 )
min [ — + =(—+
ye@.H\y a—2y y a-=2y

which implies that there exist «, A1 satisfying

V2

y—C=y2e  (3v2—4)a’

> 72\/5 > §
GBV2—da o

s (5.15)

Indeed, let c = 33/‘5/24, then for any o > +/2c and Aq > c, there is a § > 0 satisfying

such that (5.15) holds.

6. Rotation number

In this section, we study the phenomenon of frequency locking, i.e., the existence of a rotation
number of the stochastic damped sine-Gordon equation (1.1)-(1.2), which characterizes the speed that
the solution of (1.1)-(1.2) moves around the one-dimensional random attractor.

Definition 6.1. The stochastic damped sine-Gordon equation (1.1) with boundary condition (1.2) is
said to have a rotation number p € R if, for P-a.e. w € £2 and each ¢g = (ug,uq)" € E, the limit
limy— 0o M exists and

li

t—o00

. Po(t,w. do)
m — = PTo,

where 19 = (1,0)7 is the basis of E;.

We remark that the rotation number of (1.1)-(1.2) (if exists) is unique. In fact, assume that p; and
p2 are rotation numbers of (1.1)-(1.2). Then there is w € §2 such that for any ¢g € E,

Po(t, w,
?( twcbo) — oo,

P10 = lim
t—o0

Therefore, p; = p2 and then the rotation number of (1.1)-(1.2) (if exists) is unique.
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From (3.7), we have

Po(t,w,¢0) PY(t,w, Yo(w) & P(0,z(0w)"
= + , (6.1)
t t t
where ¢o = (ug, u1)T and Yo(w) = (ug, u1 — z(w))T. By Lemma 2.1 in [12], it is easy to prove that
T
lim;_ o0 w =(0,0)T. Thus, it sufficient to prove the existence of the rotation number of the
random system (3.5).
By the random dynamical system Y defined in (4.1), we define the corresponding skew-product
semiflow ©; : 2 x E— 2 x E for t > 0 by setting

O (w, Yo) = (6w, Y(t, ®, Yo)).

Obviously, (£2 x E, F x B, (®¢)r>0) is a measurable dynamical system, where B = B(E) is the Borel
o -algebra of E.

Lemma 6.2. There is a measure (1 on §2 x E such that (2 x E, F x B, u, (O¢)r>0) becomes an ergodic
metric dynamical system.

Proof. Let Prg; (E) be the set of all random probability measures on E and Prp(§2 x E) be the set of all
probability measures on £2 x E with marginal P. We know from Propositions 3.3 and 3.6 in [9] that
Pro (E) and Prp(§2 x E) are isomorphism. Moreover, both Prg (E) and Prp(§2 x E) are convex, and the
convex structure is preserved by this isomorphism.

Let I' ={w > Uy € Pro(E): P-as. wy(Ao(w)) =1, w — W is invariant for Y}. Clearly, I" is con-
vex. Since w — Ap(w) is the random attractor of Y, we obtain from Corollary 6.13 in [9] that I" # .
Let w + [y be an extremal point of I". Then, by the isomorphism between Prg (E) and Prp(§2 x E)
and Lemma 6.19 in [9], the corresponding measure w on §2 x E of w = [ty is (O¢)>o-invariant and
ergodic. Thus, (2 X E, F x B, 4, (O¢)r>0) is an ergodic metric dynamical system. O

We next show a simple lemma which will be used. For any p; = (s;,0)" € E1, i =1, 2, we define

p1<p2 ifs;<ss.
Then we have

Lemma 6.3. Suppose that a > 4Lg. Let £ be any deterministic npo-periodic horizontal curve (£ satisfies the
Lipschitz and periodic condition in Definition 5.1). For any Y1, Yo € £ with PY1 < PY», there holds

PY(t,w,Y1) < PY(t,w,Y2) fort>0, we . (6.2)

Proof. Clearly, if PY; = PY>, then (6.2) holds. We now prove that (6.2) holds for PY; < PY5. If not,
then by the continuity of Y with respect to t, there is a tg > 0 such that PY (tg, w, Y1) = PY (to, w, Y2),
which implies that Y (tg, w, Y1) = Y(to, w, Y2) since Y (tg, w, Y1) and Y (to, w, Y2) belong to the same
deterministic npg-periodic horizontal curve Y (tg, w, £), which leads to a contradiction. The lemma is
thus proved. O

We now show the main result in this section.

Theorem 6.4. Assume that a > 4Lg. Then the rotation number of (3.5) exists.
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Proof. Note that

t

PY(t,®,Yo) PYy 1

%:T"Jr?/w(esw,m,w, Yo)) ds.
0

Since F(Osw, Y (s, w, Yo) +kpo) = F(Osw, Y (s, w, Yg)), Vk € Z, we can identify F(6sw,Y(s, w,Yp)) with
F(Osw, Y (s, w, Yo)). Precisely, define h: E — &£, Y+ {Y}, where £ is the collection of all singleton
sets of E, i.e. £ ={{Y}: Y € E} (see Remark 6.6 for more details of the space £). Clearly, h is a
homeomorphism from E to £. Then,

F(sw, Y (s, 0, Y0)) = h™ (F(6s0, Y(s, @, Y0))).

Thus,

t

-

t
PY(t,w,Yo) PYo 1 /
— 4
t
0

t
= % + % /F(@S(a),Yo)) ds, (6.3)
0

where F=Poh™' o F e L'(2 x E, F x B, p). Let t — 0o in (63), lim;_o 21° = (0,0)7 and by
Lemma 5.2 and Ergodic Theorems in [1], there exist a constant p € R such that

t
1
lim 7 F(Os(w, Yo))ds = pno,

t—o00

which means

. PY(t,w,Yo)
lim —————— =

t—00

PNo

for p-a.e. (w, Yo) € 2 x E. Thus, there is £2* C 2 with P(£2*) =1 such that for any w € £2*, there is
Y (w) € E such that

. PY(t,w, Y5(w))
lim — =~ =

t—00 t

By Lemma 3.2, we have that for any n € N and w € 2%,

. PY(t,w, Y (w) £npo) . PY(t,w, Yj(w)) £npg
lim = lim =

t—o00 t t—o00 t

(6.4)
Now for any w € £2* and any Yq € E, there is ng(w) € N such that

PYg(w) —ng(w)po < PYo < PYg(w) +no(w)po
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and there is a no(w)po-periodic horizontal curve lp(w) such that Yj(w) — no(w)po, Yo, Yg(w) +
no(w)po € lp(w). Then by Lemma 6.3, we have

PY(t,w, Y5 (w) —no(w)po) < PY(t, w, Yo) < PY(t, w, Y5 (w) 4+ no(w)po),
which together with (6.4) implies that for any w € 2* and any Yo € E,

. PY(t,w,Yo)
lim — = P1o.

t—o00

Consequently, for any a.e. w € £2 and any Yg € E,

. PY(t,w,Yo)
lim ————= =

PTo-
t—o00
The theorem is thus proved. O

Corollary 6.5. Assume that a > 4Lf. Then the rotation number of the stochastic damped sine-Gordon equa-
tion (1.1) with the boundary condition (1.2) exists.

Proof. It follows from (6.1) and Theorem 6.4. 0O

Remark 6.6. We first note that the space £ = {{Y}: Y € E} in the proof of Theorem 6.4 is a linear
space according to the linear structure defined by

(X} + BLY) = {aX +BY), fora,BeR, [X},{Y)e&.

Also, for {X},{Y} € &, we define

(X} AY})e = (X, V). (6.5)

It is easy to verify that the functional (-,-)¢ : £ x £ — R defined by (6.5) is bilinear, symmetric and
positive, thus defining the scalar product in £ over R. Moreover, the completeness of £ is from the
completeness of E. Hence, £ is a Hilbert space.

Remark 6.7. In the proof of Theorem 6.4, we used an ergodic invariant measure @ of (£2 x
E, F x B, i, (O¢)>0). It should be pointed out that the measure p on £2 x E that makes
(2 xE, F x B, i, (Or)r>0) becomes an ergodic metric dynamical system may not be unique, be-
cause the convex set I" in the proof of Lemma 6.2 may have more than one extremal points. However,
as mentioned above, the rotation number in Theorem 6.4 and Corollary 6.5 are independent of @ and
are unique.
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