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Abstract

In this paper, we investigate the three-dimensional inhomogeneous Navier—Stokes equations with
density-dependent viscosity in presence of vacuum over bounded domains. Global-in-time unique strong
solution is proved to exist when ||Vug||; 2 is suitably small with arbitrary large initial density.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

The Navier—Stokes equations are usually used to describe the motion of fluids. In particu-
lar, for the study of multiphase fluids without surface tension, the following density-dependent
Navier—Stokes equations act as a model on some bounded domain 2 C RN(N =2,3),
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or +div (pu) =0, in Q x (0, T],

(pu); +div (pu @ u) —div Qu(p)d) + VP =0, inQ x (0,71,

divu=0, in Qx[0,T], (1.1)
u=0, on 02 x [0, T],

Pli=0=po, uli=0=up, in Q.

Here p, u, and P denote the density, velocity and pressure of the fluid, respectively.

d= [Vu + (Vu)T]

1
2
is the deformation tensor. u = w(p) stands for the viscosity and is a function of p, which is
assumed to satisfy

e CI[O, 00), and u > n> 0 on[0,00) forsome positive constant 12 (1.2)

In this paper, we study the initial boundary value problem to the system (1.1)—(1.2).

The mathematical study for nonhomogeneous incompressible flow was initiated by the Rus-
sian school. They studied the case that w(p) is a constant and the initial density pp is bounded
away from 0. In the absence of vacuum, global existence of weak solutions as well as local strong
solution was established by Kazhikov [5,20]. The uniqueness of local strong solutions was first
established by Ladyzhenskaya and Solonnikov [21] for the initial boundary value problem, see
also [24]. Furthermore, unique local strong solution is proved to be global in 2D [25]. In recent
years, Danchin initiated the studies for solutions in critical spaces. He [9,10] derived the global
well-posedness for small initial velocity in critical spaces, where density is close to a constant.
For some subsequent works, refer to [1,23] and the references therein. We remark that in the very
interesting papers [11,12], Danchin and Mucha studied the case for which density is piecewise
constant, see also some generalizations in 2D [17].

When initial vacuum is taken into account and () is still a constant, Simon [25] proved the
global existence of weak solutions. Later, Choe and Kim [7] proposed a compatibility condition
as (1.4) below to establish local existence of strong solution. Global strong solution allowing
vacuum in 2D was recently derived by the authors [19]. Meanwhile, some global solutions in 3D
with small critical norms have been constructed, refer to the results in [2,8] and the references
therein.

In general, as long as viscosity u(p) depends on density p, most results were concentrated
on 2D case. Global weak solutions were derived by the revolutionary works [14,22] of DiPerna
and Lions. Later, Desjardins [13] proved the global weak solution with higher regularity for
the two-dimensional case provided that the viscosity function w(p) is a small perturbation of
a positive constant in L°-norm. Very recently, Abidi and Zhang [3] generalized this 2D result
to strong solutions. Regarding the 3D case, Cho and Kim [6] constructed a unique local strong
solution by imposing some initial compatibility condition as follows:

Theorem 1.1. Assume that the initial data (po, ug) satisfies the regularity condition

0<pyeWhi, 3<qg <o, uoeH(}’UﬂHz, (1.3)
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and the compatibility condition

~aiv (o) [Vao + (Vo) ]) + VP = o' (1.4)

for some (Py,g) € H' x L?. Then there exist a small time T and a unique strong solution
(p,u, P) to the initial boundary value problem (1.1) such that

peC(0,T]; W), Vu,PeC(0,T]; HHYNL?*©,T; W',
pr € C(I0, T L), /pu, € L0, T: L%, u; € L*(0,T; Hy),

for any r with 1 <r < q. Furthermore, if T* is the maximal existence time of the local strong
solution (p, u), then either T* = co or

sup (IVo®llze + IVu(®)ll2) = oo. 1.5

0<t<T*

In this paper, we aim to establish global solvability for the system (1.1). Due to the strong cou-
pling between viscosity coefficient and density, it’s more complicated and involved with variable
coefficient u(p) and requires more delicate analysis, compared to [8], where u is a constant.

Our main result proves the existence of global strong solution, provided [|Vug||;2 is suitably
small allowing large fluctuation of density.

Theorem 1.2. Assume that the initial data (pg,ug) satisfies (1.3)—(1.4), and 0 < py < p.

Then there exists some small positive constant €y, depending on , q, p, w = sup u(p), W,
[0,p] -
IVie(po)llLa, such that if

Vuoll 2 < €o, (1.6)

then the initial boundary value problem (1.1) admits a unique global strong solution (p, u), with

peC([0,00); W),  Vu, P eC([0,00); H')NL},.(0,00; W),
pr € C([0,00); LY),  /pu; € Li2.(0,00; L?), u; € L},.(0,00; Hy), (1.7)

foranyr, 1 <r <gq.

The main idea is to combine techniques developed by the authors in [8,18] and time weighted
energy estimates successfully applied to compressible Navier—Stokes equations by Hoff [16].
Let’s briefly sketch the proof. First we assume that ||V (p)| s is less than 4M and ||Vu||i2

is less than 4||Vuo||i2 on [0, T], then we prove that in fact |Vu(p)| s is less than 2M and

||Vu||i2 is less than 2||Vuol|i2 on [0, T'], under the assumption [|Vug||;2 <€ < % On the other
hand, the control of ||[Vu(p)llre and ||[Vu|| 2 lead to uniform estimates for other higher order
quantities, which guarantees the extension of local strong solutions.

One of the main ingredients is a time independent estimate for || Vu||; 1~ which is essentially
due to exponentially time decay estimates for # in bounded domain. As a consequence, Theo-
rem 3.6 holds true. However, this is not the case for the whole space, that’s the main reason why
we only treat system (1.1) in bounded domain.
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Remark 1.1. Most recently, Abidi and Zhang [4] proved the global wellposedness for the sys-
tem (1.1) under the assumption that ||ug|| ;2| Vuoll;2 and || (p0) — 1|l are small.

Remark 1.2. Theorem 1.2 also holds for the 2D case. Since the proof is quite similar, we omit it
for simplicity.

The rest of the paper is organized as follows: Section 2 consists of some notations, definitions,
and basic lemmas. Section 3 is devoted to the proof of Theorem 1.2.

2. Preliminaries

Q is a bounded smooth domain in R3. Denote

ffdx:gz/fdx.

For 1 <r < oo and k € N, the Sobolev spaces are defined in a standard way,
L'=L"(Q), Wk = {feL’: v"feL’},
HY=wk2 o ={feC{: divf=0}.
HO1 = C_go, H(ia = C(‘)’OJ, closure in the norm of H'.

High-order a priori estimates rely on the following regularity results for density-dependent
Stokes equations.

Lemma 2.1. Assume that p € wha 3 < g <oo,and0<p<p.Let (u, P) € Hol,g x L2 be the
unique weak solution to the boundary value problem

—div Qu(p)d) + VP =F, divu=0 inQ2, and / dx =0, (2.8)
n(p)
where d = % [Vu + (Vu)T] and
peC'0,00), pu<u(p)<m onl0,pl.
Then we have the following regularity results:
(1)If F € L?, then (u, P) € H*> x H' and
1 I %
lull gz + 1P/ gt =C | —+ —— VIl g ) 1F1 22, 2.9
M 5 t2
e E 2
where 0, satisfies
1 1 @6 1 -3
L 1_6 P
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(2)If F € L" for some r € (2,q), then (u, P) € W>" x Wb and

i +
IV | IF I (2.10)
o

1
lullwzr + 1P/ () lyir <C m +

where

2 -3
g =— .1
Sr—6 ¢

Here the constant C in (2.9) and (2.10) depends on €2, q, r.

The proof of Lemma 2.1 has been given in [6], although the lemma is slightly different from
the version in [6]. We sketch it here for completeness.

Proof of Lemma 2.1. For the existence and uniqueness of the solution, please refer to Giaquinta
and Modica [15]. We give the a priori estimates here. Assume that F € L. Multiply the first
equation of (2.8) by u and integrate over €2, then by Poincaré’s inequality,

/2M(p)|d|2dx=/F~udx§ NEl 2 - Nullpz <CNFllp2 - [[Vull 2.
Note that

2/|d|2dx=/|Vu|2dx,

hence

IVull 2 < Cu IFll 2. (2.11)

P
Since / ) dx = 0, according to Bovosgii’s theory, there exists a function v € HO1 , such
n(p

that
divv= ——,
wu(p)
and
Vvl2=<C H P
V]2 < — .
g w(p) |l 2

Multiplying the first equation of (2.8) by —v, and integrating over €2, then making use of Poincar-
€’s inequality, one obtains
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2
f P dx:—/F~vdx+2/,u(p)d:Vvdx
u(p)

SIFN 2 - lvll +Cr- [ Vull 2 - [IVVll 2

m
<ClFlg2-IVoll2 +C; AENp2- 1Vl g2

7
<C—=-|FI ZH—
E L

On the other hand,

PZ PZ
—d —d
/M(p) "Zﬁf w2t

The first equation of (2.8) can be re-written as

Hence,

i
<C?-||F||L2. (2.12)

—Au—i—V( P >_ F_,2d-Viu@)] _ PYiue)]

np))  wp) w(p) ©(p)?

By virtue of the classical theory for Stokes equations and Gagliardo—Nirenberg inequality, we
have

P
llell g2 + HV <—>
wu(p)
(sl |15 )
L2

n(p)
<C ( HEN 2 + 1 IVIR)]TLe - 1Vul 2 + w M IVI)]llze - H

I/\

H PV u(p)
12 n(p)?

Lq-2

)

<C [g—lanLz + 1 VT o - IVul P - [Vl

02 P -6,
V|——= ,
H <M(P)> 12 :|

+ w  IVIk()]llLa - H
w(p) |

where 0, satisfies

By Young’s inequality,
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P
lull g2 + HV<—)
n(p)

1 L
< Cg_lllFlle +Cu * IIV[M(/O)]IIZ : (IIVMIIL2 + H

LZ
P
u(p)

)

_ -1l n %
<Cp HIFN +Cp 2 - (1 + ;) VIR - I1F 2

1 m é
<C|—+——=IVIrIlq | IFllz2- (2.13)
ﬁ M6+2
Similarly,
1 m é
lullwzr + IV (P/u(o)llr <C m + T VI | IF L (2.14)
i Eer
where
2 -3
r = 4 . q— O
Sr—6 ¢

3. Proof of Theorem 1.2

The proof of Theorem 1.2 is composed of two parts. The first part contains a priori time-
weighted estimates of different levels. Upon these estimates, the second part uses a contradiction
induction process to extend the local strong solution. The two parts are presented in Sections 3.1
and 3.2, respectively.

3.1. A priori estimates

In this subsection, we establish some a priori time-weighted estimates. The initial velocity
belongs to H!, but some higher-order estimates independent of time are required. To achieve
that, we take some power of time as a weight. The idea is based on the parabolic property of
the system. In this subsection, the constant C will denote some positive constant which maybe
dependent on €2, g, but is independent of pg or 1, and may change from line to line.

First, as the density satisfies the transport equation (1.1); and making use of (1.1)3, one has
the following lemma.

Lemma 3.1. Suppose (p, u, P) is the unique local strong solution to (1.1) on [0, T, with the
initial data (po, uo), then it holds that

0<p(x,t)<p, forevery(x,t)eQx][0,T].

Next, the basic energy inequality of the system (1.1) reads
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Theorem 3.2. Suppose (p, u, P) is the unique local strong solution to (1.1) on [0, T, with the
initial data (po, uo), then it holds that

t
/p|u(r>|2dx+//M(p)|d|2dxdssCﬁ-||uo||iz, forevery 1€[0,T],  (3.15)
0
or in other words,

t
/,0|M(l)|2dx+g//|Vu|2dxds§C~ﬁ- luoll,. forevery t€[0,T]. (3.16)
0

The proof is standard. For more details, please refer to [22].
Denote

M =V (po)llLa,

and

1
Mr= + (4M)ﬁ’ VG[Z’CI)

==

1
1 /o

Theorem 3.3. Suppose (p, u, P) is the unique local strong solution to (1.1) on [0, T, with the
initial data (pg, uo), and it satisfies

sup [Viu(o(®))llLe <4M, (3.17)
t€[0,T]
and
sup [|Vu(@®)|7, <4 Vuol3, < 1. (3.18)
tel0,T]

There exists a positive number C1, depending on 2, q such that if
Ciu (M5 + M*M9)p* - [|Vuoll7, < In2, (3.19)

then
| T
i / IV/pus 7, dt + up_ IVu)|7, <2/ Vuol3,. (3.20)
tel0,T
-0

Before proving Theorem 3.3, let us introduce an auxiliary lemma, which is a result of the
W22 estimates in Lemma 2.1.
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Lemma 3.4. Suppose (p, u, P) is the unique local strong solution to (1.1) on [0, T'] and satisfies

sup [Vu(p @)l <4M.
t€l0,T]

Then it holds that
IVull g < CMallpull 2 + CM3 - 52 || Vull;,.
Proof. The momentum equations can be rewritten as follows,

—=2div (u(p)d) + VP = —pu; — (pu - Vyu. (3.21)

It follows from Lemma 2.1 and Gagliardo—Nirenberg inequality that

IVull o < CM (llpuell 2 + llpu - Vul12)

=CMzpuillp2 +CMa-p - lullps - IVullLs
< CMallpusll 2+ CMs - - IVall - [Vl
By Young’s inequality,
2 2

IVl < CMallpusll g2+ CM3 - 57 - | Vull},. O

Proof of Theorem 3.3. Multiplying the momentum equations by u; and integrating over <2 yield

d
/p|ut|2dx+5/u(p)|d|2dx

=

fpu~Vu~utdx +c/|w(p)|-|u|-|Vu|2dx.

Here we have used the fact that

O [u(p)]+u-Vu(p) =0,

which is a consequence of mass equation and the fact divu = 0.
Applying Gagliardo—Nirenberg inequality and Lemma 3.4,

‘/pu-Vu-u,dx
1

< gnﬁmtniz + Cllv/pullzs - IVully s

< Pl + Cp - IVul, -1V

< cIVpu72 +Co - I Vulll, - [ Vul g

1 _ _
< —lIVpuellZ, +Cp - IVull3, - [CMznpuzuLz + CM§p2||w||iz] :
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and similarly,
C/ V()| - ul - Vul* dx

<ClIVr)ligs - lull s - 1Val7a

3 3

<CIVR s - IVullZ, - [VullZ,
3 3
<CM|\Vul2, - | CMallpu; |l 2 + CM2B2 | Vul3, |
= 12 2(lpurll 2 P Ullpa | -

Hence, by Young’s inequality,

d
fp|u,|2dx+5/u(p>|d|2dx
1 2 1 2 2-3 6 1 2
< GBI+ g IVpu I + CMIB IVl + Sl
3

4
c(mm? -5 vu)’ CMM3 -5 - ||Vu|l®
+ 2 PHIVul ) + 3P IVully,

=<

oo | W

I/Pue 2, +C <M22 +MAMS + MM23) P IVulS,.
So we have
d _
f plusl*dx + — / u(p)d*dx <C (M% + M“M%) 0 IVaS,. (3.22)

Integrating with respect to time on [0, 7] gives

t t
1
—/fplut|2dxds+ sup /|Vu|2dx§Cu_l (M§+M4Mg).53.f||w||‘zzds.
® 0 s€[0,1] - 0

Applying Gronwall’s inequality,

T
1
—//p|u,|2dxdt+ sup /|Vu|2dx
Jad 0 t€[0,T]

T
<|IVuoll?, -exp{ Cpu™" (M5 + M*MS) - p° - / IVull},dt
0

According to Theorem 3.2 and the assumption (3.18),
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f||Vu||L2dr< sup [Vul:- /uwands
0

<cp B lluol;,
<Cp"-p- [ Vuola. (3.23)
Hence, we arrive at
T

1 2 2

— polus|“dxdt + sup |Vu|“dx

g t€[0,T]

< |IVuoll, exp{C1p 2 (M3 + M*MD) - 5* - | Vuo |12, }. (3.24)

Now it is clear that (3.20) holds, provided (3.19) holds. O

As a byproduct of the estimates in the proof, we have the following result

Theorem 3.5. Suppose (p, u, P) is the unique local strong solution to (1.1) on [0, T, with the
initial data (po, uo), and it satisfies the assumptions (3.17)—~(3.19) as in Theorem 3.3. Then

T

1 p
— / tl/pusl?ode + sup ]| Vul?, < == Vuo|2,. (3.25)
153 o 1€[0,T] M

Proof. Multiplying (3.22) by ¢, as shown in the last proof, one has

T

1
;/rnﬁuzuizdw sup t]|Vull?,

Lind 1€[0,T]
0

=< ;//M(P)|d|2dxdt.exp{clg—2(M22 +M4M26) 5 ”VMOHiz} (3.26)
-0

According to Theorem 3.2,

[ [weondrands <c 5wl <5 190 (327)
0

Hence, owing to the assumption (3.19),

T

1
M/rnfutandH sup t||Vu||L2

tel0,T
)
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Cp _ _
< 7||wo||iz -exp{Cipu (M3 + M*MS) - p* - | Vo3 )
C . 0 2
<—"lVuol?,. ©
I

Theorem 3.6. Suppose (p, u, P) is the unique local strong solution to (1.1) on [0, T], with the
initial data (pg, ug), and it satisfies the assumptions (3.17)—(3.19). Then

T
sup t/plurl2dX+g/t||Vutllizdt
te[0,T]
0
< C||Vugll3, - ©1 - exp{CO2} (3.28)
and
T
sup t2/pluz|2dx +g/t2||vut||iz dt
t2€[0,T] 0
0
<o IVuoll?, - O - exp{COs}, (3.29)
where
M4—8 M2M8—10 —4 M2_4
© = /if + Mgp G /if + M2MEp2. (330)

Proof. Take 7-derivative of the momentum equations,
pug + (pu) - Vuy —div Qu(p)dy) + VP = —pgu; — (pu); - Vu +div Qu(p)id).  (3.31)
Multiplying (3.31) by fu, and integrating over €2, we get after integration by parts that

td
s [ ol ax 2t [ uiota P ax
=—t/p,|ut|2dx —t/(,ou), -Vu-u;dx —t/Zu(p), -d-Vusdx . (3.32)

Let us estimate the terms on the right hand side of (3.32). First, utilizing the mass equation and
Poincaré’s inequality, one has

—t / prlus|* dx

=—2t/,ou-Vu,-utdx

_1
<Cp2-t-lI/purlps - IVuellg2 - llull o
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_1 i 3
<Cp2 -1+ IVpurl - Ipurll fo - [ Vuell 2 - | Vull 2
) 1 3
< CpH 1+ Pl - IVuell - 1 Vull 2
1 3 =
= g Vil + Cp=> - 57t pudll s - Va7 (3.33)

Second, utilizing the equation for ©(p),

—Zt/M(p), -d-Vuysdx

§th|u| V()| - 1d| - [Vuy | dix

<Ct-IVu()llps - IVuellp2 - dlige - lull Lo
<CMt-||Vugll g2 - | Vull3,,. (3.34)

It follows from Lemma 3.4 that

—ZI/M(,O), -d-Vuy,dx

IA

0| —

CM? _ _
IVl (MR 1o}, + MEBH 1 Vull2)
C 2M4/_)2 2M8,(_)8
2t ouell}s + 2

IA

0| —

wo IVl + V|3 (3.35)

Finally, taking into account the mass equation again, we arrive at
—t /(pu)t -Vu-u;dx
=—t/,0u~V(u~Vu-u,)dx—t/pu,'Vu~uldx
2 2 192
ft/,olul-IVul 'IutlderCt/plul AVTul - us | dx

+t/p|u|2-|w|-|wt|dx+rfp|u,|2-|w|dx

4
=Y U (3.36)
i=l1

Hence, it follows from Sobolev embedding inequality, Gagliardo—Nirenberg inequality, and
Lemma 3.4 that
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T <Cp-tllullzs - Nullgs - [Vulls
<Cp-tl|Vuyll 2 - IVull 3 - [Vl g
_ _1 _
= Ch-1Vurll 2 - [Vuls - (Map? sl 2 + MRVl )
1 CM3?p> CM3p¢
< gtV + lj o, - IVull}, + —=2— -t Vull}%.  (3.37)
Similarly, it holds that
Jh<Cp v? 2
2 < CB - tlugll s - 1Vull g2 - ulls
<Cp -t Vgl g2 |Vl g - Va3
1 cM?p? CM37p°
< g Vil + =2 tll/punlz, I Vullys + —2— ¢l Vull 2, (3.38)
and
T3 < Cp-tlVugll g2 [Vl s - llull7
1 cCM2p3 CM3p®
< gg-tnwzuiz + =2t pud3 IV}, + —2— -t Vul 5. (3.39)
Owing to Lemma 3.4 and Sobolev embedding inequality,
Jo < Ctll/puslls - | Vull 2
1 3 3
< Ctll/pug|2, - B3 VullZ, - I Vull 2
1 cp?
< git IVl + =5 /purlz - 1 Vul2. (3.40)
Combine all the above estimates (3.33)—(3.40),
L] 2 2
t pluPdx + p -t Vuy |7,
dt -
C,l_)3 CM2ﬁ3
<=5 tlpud3s  IVull} s + —2— - tl/pucll, - IVull}
M250 2M4 52
2| Vall} + 2t ouell
CM*M3p8
+——2 1| Vul 3 +/p|u,|2dx. (3.41)

Applying Gronwall’s inequality,
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T

sup 1« [ pludx -+ [ 11V ar
t€[0,T] 0

0 =
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r CM4—6 CMZMS—S
P p
< /( MZ -t||Vu||;%+T tVul 3 +||fut||L2>

; Cp® CM3p° . CM*M;3p?
- eXp f 3 + ”Vu“LZ +
; ® ® ®

Taking (3.20) and (3.23) into account,

T

sup t/plutlzdx +g/l||Vuzlliz
te[0,T] 0

0

-exp{C(p—4 M§p2)}.
K® IS

According to Theorems 3.2, 3.5 and the assumption (3.18)

T

4

Wﬁu,niz] dt

r CM4—6 CMZMS—S
p P
f( ; -r||wn;%+T tVul 3 +||«/_Mt||Lz)

/tIIVMIILz 1< sup 1] Vull7, - SUP IIVMIILz /IIVMII

0,7
0 t€[0,T]
C-p?
< ——luol3, <
Similarly,
T
C-p?
/tnwn dt < =——Vuoll7,.
J Iz

And by virtue of Theorem 3.3,

/||\/,(_)u,||i2dt <p - IVuol3,.
0

Hence,
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T
sup 1 [ pluidx -+ [ 1191, ar
t€[0,T] 0

M4 =8 M2M8 =10 —4 M2 =4
§C||w0||iz< ;3’) ¥ Mg” +u)-explc %Jr lif i)Y Gar)

On the other hand, multiplying (3.41) by ¢, one has

d (t*
( [ ot dx)w 21V |2,

dt
C,(_)3 CMZ,(_)3
S 2P|y, - IVull}, + lj 2ol - IVull}s

CM3pb CM>*M3p?
TZ 2 Vul ) + T2 N pu 1}

+

cM*M3p® 5
! 21Vall s +1 [ plugl dox.

Applying Gronwall’s inequality,

T

sup [ pluPax+ [ 2191, dr
tel0,T] 0

<

[ (cmip CM*M3p®
P p
/(TZ'IZHWHIL%T PIVul}3 + tl/pud; )

0
=4 M2—4
o _
-expyC p—4+ 22 +M2M§p2 .
fad fad

According to Theorems 3.2 and 3.5,

T
fr2||wn dr< sup 21Vult, - sup ||Vu||iz-/||w||izdt
o te[0,T] tel0, 0

cp’ )
= —5 IIVuoll;»
M3 L

Similarly,

; C-
/tZIIVulllezdts
) I

IIVuolle,
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and
T
/tllﬁutllizdt <Cp - IVuoll3,.
0
Hence,
T
sup tz/,o|u,|2dx—}—&/tzHVu;Hizdt
t2€[0,T]
0
M4,59 M2M8,511 =4 MZI(_)4
SCHVMO”sz( ;4 + Mj +75) explcC %+ ;2 +m2mi? ) b

which completes the proof of Theorem 3.6. O

Lemma 3.7. Suppose (p, u, P) is the unique local strong solution to (1.1) on [0, T, with the ini-
tial data (pg, ug), and it satisfies the assumptions (3.17)—(3.19). Then for any r € (3, min{q, 6})

T
/ IVull o di
0
— % _6(r—1)
Sr—=6 _ 3(r=2) 10 1 5r—6 ,0 7
= CIVuoll2 | M, % (145 O exp{COL} + M, " . (3.43)

where ®; (i = 1, 2) is given by (3.30).

Proof. By virtue of Lemma 2.1, one has for r € (3, min{g, 6})

Vullyir < CMy (llpudllr + llou - Vul| L)

6—r 3(r=2)
sCMr(npm;; Noull, & +p~||u||L6-||Vu||Lor/<sr>>

6—r 3(r—=2) 65(r*é) éslrfg
<cMm, (nputu;z' Mourl, & +5- IVl 3 -||Vu||v;l,>.

Applying Young’s inequality and Sobolev embedding inequality,

_5r—6 62;r 3(r2—2) 5r.76 _5r—6 6(r—1)
IVullyir < CM55 - I /purl 3 - IVurll, # +CM, " 7 - [ Vull,y

Hence,
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T
/ ”Vu”Loo dt
0

T
0

T
56 Gz;r 3(r2—2) 5r=6 5,6 6(r—1)
sc/<Mrp T oul F IVl 7 M7 5T [Vl )dr.
0

If T <1, according to Theorem 3.6,

3(r—2)

T

6-r
f I/pucll 5 - IVull, > dt
0

3(r=2)

T
1 62;rr 1 2r _1
= [ (Pivmuz) ™ - (21Vuil ) T ar
0

3(r=2) r+6
6—r T 4r T 4r
| 2r 5 o
<C| sup 12|\/pusrll 2 ‘ ffIIVutlledt /t e dt
te[0,T]
0 0
_30-2 %
<Cu~ "% -|[Vugll2 - O -exp{CO2}.
If T > 1, applying Theorem 3.6 again,
T
/IlﬁurllL{ ANVl 57 dt
0
1 1 6{r . 3(r272) |
< [ (FAivmulie) 7 - (B1vue) 7 e
0
T
6—r 3(r—2) _1
+/(r||ﬁu,||Lz) 7 (tVull2) 7 e
1
3(r=2) r+6
6=r T 4r 1 4r
1 r 2
<C| sup t2|/pucll: : /tIIVutllizdt /t_mdt
t€[0,T] 0 0
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3(r=2) 6+r
o—r T 4r T 4r

2r
4r
+C< sup r||\/ﬁut||Lz> : /zznwznizdr /rﬂdr

t€[0,T]
0 1

1

3(r—2

3-2) 1 y (D) 1
SCu™ F |[Vuoll20] exp{CO} +Cpu™ ¥ (5) [Vuoll 207 exp{CO2}

1
2

_ 302 o 1
<Cu % 1+; IVuoll 2 - ©F - exp{COs}.

On the other hand,
T T
6(—1) 4r=6 2 C-p
/IIVMIILZ’ dt = sup [[Vull,; -/IIVMIIdetSTIIVuollLZ-
0 0 -

tel0,7T]

Therefore,

T
/ IVl oo di
0
_5=6 _30=2) x=6 p

“\2
<C|Vuoll2 | M55 p= % <1+§) O exp(CO} + M,

1 6(r—1)

éc2(M»ﬁvﬁvﬁ)”VM0”L2 O
Theorem 3.8. Suppose (p, u, P) is the unique local strong solution to (1.1) on [0, T] and the

assumptions (3.17)—(3.18). There exists a positive number €y, depending on Q, q, M, p, i, i
such that if

Vuoll,2 < €0,
then

sup [Vu(o)llLe <2M , (3.44)
t€[0,T]

and

sup [[VellLa <2[Vpollra.
1€[0.T]

Proof. Consider the x;-derivative of the equation for w(p),

Qi (), + (iu - V(o) +u - Voju(p) =0.
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It implies that for every ¢ € [0, T'],

t
IVi(e) @ lize < IVi(po)llLe - exp / IVull L ds
0

=< 190200} 1o - exp { C2(M, 7, . ) - 1 Vol 2|

Choose some small positive constant €, satisfying

=<5, € Cip (M3 +M*M)p* <In2,

N =

and
€0 CZ(M’ 157 ﬁv&) = In2.

In view of Lemma 3.7, if || Vug|l ;2 < €0, (3.44) holds.
Similarly,

t
IVoliza = IVpollLa - exp / Vullpoo ds
0

=2|IVpollLa,
Therefore, Theorem 3.8 is proved. O

3.2. Proof of Theorem 1.2

1625

With the a priori estimates in Section 3.1 in hand, we are prepared for the proof of Theo-

rem 1.2.

Proof. According to Theorem 1.1, there exists a T, > 0 such that the density-dependent Navier—
Stokes system (1.1) has a unique local strong solution (p, u, P) on [0, T;]. We plan to extend the

local solution to a global one.

Since ||Vu(po)llze = M < 4M, and due to the continuity of Vu(p) in LY and Vug in L2,
there exists a 71 € (0, Ti) such that supy, 7, [[V(p)(®)llLe < 4M, and at the same time

SUPo<¢<Ty IVull2 < 2| Vuoll 2.
Set

T* =sup{T| (p,u, P) is a strong solution to (1.1) on [0, T']} ,
(p, u, P) is a strong solution to (1.1) on [0, T],

Tl*zsup T| sup [[Vu(p)llre <4M, and sup [|Vul ;2 <2||Vuol 2.

0<t<T 0<t<T
Then T|* > T1 > 0. Recalling Theorems 3.3 and 3.8, it’s easy to verify
T* — Tl*’

provided that |Vug||;2 < €p as assumed.

(3.45)
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We claim that T* = co. Otherwise, assume that 7* < co. By virtue of Theorems 3.3 and 3.8,
for every ¢ € [0, T*), it holds that

IVo@llze <21VpoliLe, and [[Vu(®) 2 < v2[Vuoll 2, (3.46)
which contradicts the blowup criterion (1.5). Hence we finish the proof of Theorem 1.2. O
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