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Abstract

In this paper we study the effects of simultaneous homogenization and dimension reduction in the context
of convergence of stationary points for thin nonhomogeneous rods under the assumption of the von Kdrmén
scaling. Assuming stationarity conditions for a sequence of deformations close to a rigid body motion, we
prove that the corresponding sequences of scaled displacements and twist functions converge to a limit
point, which is the stationary point of the homogenized von Kdrman rod model. The analogous result holds
true for the von Kédrmén plate model.
© 2017 Elsevier Inc. All rights reserved.

MSC: 74B20; 74G65; T4E30; 74K10; 74Q05

Keywords: Elasticity; Homogenization; Dimension reduction; Convergence of equilibria

1. Introduction

Boosted by the rigidity result of Friesecke, James and Miiller [13], the rigorous derivation
of various approximate models from three-dimensional nonlinear elasticity theory and its vari-
ational justification have become a prominent research topic in the last decade. In particular,
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based on a refined rigidity result [14], a whole hierarchy of limiting lower-dimensional models
has been derived by means of I'-convergence techniques [4,9]. In this paper, we only refer to the
derivation of nonlinear inextensible rod models [22,24]. In all these models however, the material
is assumed to be fixed, i.e. does not have a microstructure. There is also a vast literature on study-
ing the effects of simultaneous homogenization and dimension reduction in various contexts [5,
8,18], but we will focus on the derivation of rod models. In [20] the authors studied a linearized
rod model assuming its homogeneity along the central line and nonhomogeneous microstructure
in the cross section. A systematic approach combining rigidity estimates [14] and the two-scale
convergence method [1] was presented in [27] for the model of bending rod under the assump-
tion of periodic microstructure. The same homogenized model has been obtained in [21] without
periodicity assumptions, while using a I'-convergence method tailored to dimension reduction
in higher-order elasticity models. This method has been previously applied for the derivation of
homogenized von Kdrmén plate [31] and linearized elasticity models [7], and in this paper we
briefly outline how it accomplishes the homogenized von Kdrméan rod model (see Section 2.5).

The main purpose of this paper is to study convergence of stationary points of thin three-
dimensional inhomogeneous rods in the von Kdrmén scaling regime. The above mentioned
I"-convergence techniques roughly assert that a compact sequence of minimizers of scaled ener-
gies converges (on a subsequence) to a minimizer of the limit energy. However, due to nonlinear-
ities, these minimizers are typically only global and do not necessary satisfy the corresponding
Euler-Lagrange equation. Secondly, it is possible that there exist stationary points that are not
minimizers and thus their convergence can not be analyzed by the I'-convergence approach.
Convergence of stationary points of thin elastic rods in the bending regime has been first studied
in [25] on a simplified model of thin 2D strips and thenafter extended to the full 3D problem
in [23]. In order to identify the limit equations, besides the rigidity estimate, the authors also
used compensated compactness and careful truncation arguments. Later on, convergence of sta-
tionary points of thin elastic rods in higher-order scaling regimes (including the von Karman
scaling), under physical growth conditions for the elastic energy density, has been established
in [10]. However, in all these models the rod material was assumed to be fixed, i.e. without a
microstructure.

In this paper we allow for possibility of materials with a microstructure (including ran-
dom) and study the effects of simultaneous homogenization and dimension reduction in the
context of convergence of stationary points in the von Kdrman rod model. Let us denote by
Q=0,L)xwC R a three-dimensional rod-like canonical domain of length L > 0 and cross-
section w C R? bounded, having a Lipschitz boundary. The (scaled) energy functional of a rod
of thickness & > 0 occupying material domain 2, = (0, L) X hw associated to a deformation
y" : @ — R3 is defined on the canonical domain by

eh(y”)=/wh(x,vhy”)dx—/fh-yhdx. 1)
Q Q

Above W’ is an elastic energy density describing an admissible composite material (see Sec-
tion 2.2), Vuy" = (91 y" | %azyh | %83 y") denotes the scaled gradient of the deformation, and f”
describes an external load. It is well known that different scaling regimes with respect to the
thickness % in the applied load and elastic energy lead in the limit to different rod models [ 14,
30]. In the von Kdrmdn scaling of the rod, which is the subject of the research here, we assume
that the elastic energy of a sequence (y") satisfies
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: 1 h h
limsup — | W"(x, Vpy")dx < 00. 2)
no
Q

The forcing term scales as f" = h3 f, where f = fres + f3es with f5, f3 € L*(0, L), meaning
that only normal loads to the mid-fiber of the rod are considered. One can prove that under this
scaling of the forces the global minimizers satisfy the assumption (2), see [ 14] for details.

Under assumption (2) on a sequence of deformations (y”) one can also prove, based on the
theorem of geometric rigidity [13], that there exist sequences of rotations (R") ¢ SO(3) and
constants (¢") c R3, such that transformed deformations Szh = (RMHT yh —ch converge to the
identity deformation on (0, L) in the L?-norm, i.e. $" — xe1, and moreover, V;,3" — I in the
L%-norm [22] (cf. Theorem 2.1 below), where I is the 3 x 3 identity matrix. Furthermore, the
scaled displacements, defined by

ah ah
i —xi ;i .
uh(xl)zf 1h2 dx’, vl.h(xl)=f7’dx/ fori =2,3, 3)
w w
and the twist functions
1 P — x3 Pl
wh(x)) = / SEELEWNG @)
w(w) h?

w

where u(w) = fw (x% + x%)dx’ , converge (weakly) on a suitably extracted subsequence to
(u, v2,v3, w) € HY(0, L) x H2(0, L) x H2(O, L) x HY(0, L) (see Theorem 2.4 for more de-
tails). If one assumes the natural fixed boundary condition at one end of the rod, then it can be
shown that R” can be taken to be identity and " can be taken to be zero (see Remark 2.2 below).

The strain sequence (G”) is implicitly defined through the decomposition of the scaled gradi-
entas Vj, f)h =Rh I+ thh), where (Rh) denotes the sequence of rotation functions constructed
in Theorem 2.1. Convergence results from Theorems 2.1 and 2.4 allow for the representation of
the symmetrized strain sym G” as the sum of a fixed and a corrector (and remainder) term as
follows:

sym G" = sym(i(mgy)) +sym Vy 1/fh +o" , (@)
fixed term corrector term

where the fixed term is

'+ 5 (09 + (1)) — vixz — Vi3
mg = —w'x3 , (6)
w'xy

with 1 denoting the inclusion of vectors into 3 x 3 matrices, the sequence ("), called the cor-
rector sequence, satisfies (1//{’, hl//él, hw;‘) — 0, fw(xzwg — xy/ré‘)dx’ — 0 in the L?-norm and
| sym V4" 12() < C, while the rest sequence (o) converges to zero in the L2-norm. The
corrector term plays the role of the corrector in homogenization. Utilizing the I'-convergence
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method developed for the bending rod model in [21], we can analogously perform the simulta-
neous homogenization and dimension reduction process in the von Kdrmén case and obtain that
the corresponding homogenized model, i.e. the I'-limit of A~*£"(3") as h |, 0, is given by

L
E%u, va, v3, w) = Ky (ma) — /(fzvz + f3v3)dxy,
0

where the functions u, vy, vz and w are the weak limits of the scaled displacements and the
twist functions, respectively, and m is given by (6). Moreover, the resulting limit elastic energy
density (depending on a given subsequence of the diminishing thickness (%)) can be calculated
according to

K (ma) = lim f Q" (x,1(ma) + sym Vp i )dx )
Q

where Q" is the quadratic form approximating the energy density W”, and (Iﬂ,]:l ,) the sequence
(which we call the relaxation sequence) that satisfies certain minimality property (see (21), (22)
below). Confer Section 2.5 for more details.

As we already stressed out, our aim is to study the stationary points of the energy functional
&£ rather than just global minimizers attainable through the I'-convergence techniques. The weak
form of the Euler—Lagrange equation of the functional £”, assuming the zero boundary condition
on the zero cross-section {0} x w, formally reads:

[ (DW! 91" %40 = ot + fag) =00 ®

Q

for all test functions ¢ € Hﬂi(Q, RH={pec H(Q) : @1{0}xe = 0}. This notion of stationarity
is the standard one, but possibly not best suited for the nonlinear elasticity. Namely, it is still an
open question whether under physical growth assumptions on the energy densities W, global
or suitably defined local minimizers of £” satisfy the Euler—Lagrange equation [3]. In this pa-
per we additionally require linear growth and continuity of the stress (cf. hypothesis H5 below).
This is also done in [23,25]. There is an alternative notion of first-order stationarity in elastic-
ity, proposed by Ball in [3], and that concept is compatible with a physical growth condition
which roughly says that the energy blows up if the deformation degenerates. While the authors
in [10] managed to deal with the alternative stationarity condition and to systematically derive
the corresponding stationarity conditions for the limit models, our method is not compatible with
that mainly because of the possibility of interpenetration of the matter and we remain in the
previously discussed setting.
Now we are in position to state the main result of the paper.

Theorem 1.1. Let the sequence (W") describe an admissible composite material (see (C1),
(C2), (C3) below) and let (y") C Hﬂl(Q, R3) be a sequence satisfying (2). Then the sequence
of deformations and sequences of scaled displacements (we take 3" = y") converge (on a subse-
quence) as follows:
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yh — x1e1 strongly in HI(Q, R3) ,

ul ~u weakly in H(} o, L),

vlh — v; strongly in H& 0,L), and v; € Hg(O, L)fori=2,3,
wh = w weakly in HOl O,L).

Let " = h3(fres + f3e3) with fo, f3 € L*(0, L) be an external load and assume that (y")
are stationary points of the energy functional ", i.e. solve equation (8), then (u, v, v3, w) is a
stationary point of the limit energy functional E°.

Big part of the proof of Theorem 1.1 (compactness) does not differ much from the case of
materials without a microstructure, which is already available in the literature. These results are
comprised and properly referenced in Theorems 2.1 and 2.4 below in Section 2. Hence, the main
focus here is the statement that stationarity of the sequence of deformations y” of the energy
functional £” (in the sense of (8)) implies the stationarity of the point (i, v2, v3, w) for the limit
energy functional £°. The key in proving that statement are the orthogonality properties provided
in Lemma 2.5 and Lemma 3.1, respectively, which essentially allows us to identify two se-
quences: the relaxation sequence (1//,},’1) from (7) and the sequence of correctors (") from (5) up
to L2-concentrations, which are irrelevant for identification of weak limits. Namely, Lemma 2.5
tells us that the orthogonality property is automatically satisfied by the relaxation sequence (w,f;),
while Lemma 3.1 proves this property for the sequence of correctors (") by using the equa-
tions. The proof of Lemma 3.1, together with the proof of Theorem 1.1, and identification of
limit Euler—Lagrange equations are the subject of Section 3, while some technical results can
be found in the Appendix. We emphasize at this point that, up to some technical peculiarities,
the same approach can be utilized for studying the convergence of stationary points of the von
Kdarman plate model, and the analogous result holds true.

Finally, in Section 4 we consider materials with random microstructure satisfying the von
Karman scaling and provide an explicit cell formula for the limit energy density of the functional
KC(ny (cf. Proposition 2.6). This result also covers the case of materials with periodic and almost
periodic microstructure.

2. Preliminaries
2.1. Notation

The set 2 = (0, L) x w C R3 is a Lipschitz domain describing the canonical configuration
of a rod of length L > 0 and shape o C R2. Vectors e, e, e3 denote the canonical basis of
R3 and (x1, x") € R3, with x” = (x2, x3) € R?, denote the coordinates of a point in R with re-
spect to that basis. Also, we will frequently use the projection of a point x € R? to x’-plane,
denoted by p,(x) = (0,x")T. For a given thickness i > 0, the scaled gradient is denoted by
Vi, = (01, %82, %83). The space of real 3 x 3 matrices is denoted by R3*3_ while Rg;n?’ Rslf‘j and
SO(3) denote the subspaces of symmetric, skew-symmetric, and special orthogonal matrices, re-
spectively. For a skew-symmetric matrix A we denote its axial vector by axl A = (A3p, A3, A21).
By ¢ : R? — R3*3 we denote the inclusion ¢(v) = v ® e;. Depending on the context, by | - | we
denote both the Lebesgue measure of a set and the euclidean norm of a vector in R?. The space
of smooth functions on [0, L] which are vanishing at zero will be denoted by C(?O([O, L]), while
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the space of smooth functions on € with compact support will be denoted by C2°(£2). Given two
functions ¢, ¥ € L'($2, R3), we define the rwist function (¢, ¥) : (0, L) —> R by

tg, ¥)(x1) =/(x2¢ — x3¢)dx’.

Finally, the moments of a function W € L' (2, R**?) are denoted as follows. The zeroth moment
W : (0, L) — R**3 is defined by

W(x)) = / W (x)dx’, 9)

[0

and first-order moments \’17, U 0,L) — R3*3 are defined by

(ff(xl)zfxzqr(x)dx’, @(xl)Z/X3\lz(x)dx’. (10)

w w

2.2. von Kdrmdn rod model — supplement

Let @ C R? be a Lipschitz domain with Lebesgue measure |w| = 1 and assume that coordinate

axes are chosen such that
/xzdx/ = / x3dx’ = /xzxgdx/ =0.
w

w w

By Q" = (0, L) x hw we denote the material domain of a rod-like body of thickness 4 > 0 and
length L > 0. Performing the standard change of variables ; > x > x € , given by x| = Xy,
x' = %)?’ , we will in the sequel work on the canonical domain € = (0, L) x w. For every h > 0,
the (scaled) energy functional of a deformation y” : @ — R3 is given by expression (1).

For the elastic energy densities W we have more or less standard hypotheses for nonlinear
composite material, which are listed in the sequel.
Nonlinear material law. Let «, 8, o and k be positive constants such that @ < . The class
W(e, B, 0, k) consists of all measurable functions W : R3%3 [0, 4o00] satisfying:

(H1) frame indifference: W(RF) = W(F) for all F € R3>*3 and R € SO(3);
(H2) non-degeneracy:

W(F) > adist?’(F,SO(3)) forall F e R
W (F) < Bdist>(F,SO(3)) forall F € R**3 with dist>(F, SO(3)) <o;
(H3) minimality at identity: W (1) =0;
(H4) quadratic expansion at identity: W(I + G) = Q(G) + o(|G|*) as G — 0 (G € R¥3),

where QO : R33 5 Risa quadratic form;
(H5) linear stress growth: [DW (F)| < «(|F| + 1) for all F € R3*3.
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Admissible composite material. For a, 8, 0 and k positive constants as above, a family of
functions W" : Q x R3>3 — [0, +00] describes an admissible composite material of class
W(e, B, o, k) if the following hypotheses hold:

(C1) for every h > 0, W" is almost everywhere equal to a Borel function on £ x R3*3;

(C2) forevery h > 0, Wh(x,) e W(a, B, 0, k) forae. x € Q;
(C3) there exists a monotone function r : [0, +00) — [0, +00) such that »(8) | 0 as § | 0 and

VG eR¥3 | Vh >0 : esssup |W(x, I +G)— 0"(x,G)| <r(IG])IG|?, (11)
xXeQ

where Q" (x, -) are quadratic forms defined in (H4).
The given quadratic form Q" (x, -) can be (uniquely) represented by a positive semidefinite linear

operator Al (%), ie.

1
o"(x,F)= EA’"(x)F :F, forall FeR> andforae.x e Q.

Assuming that Q" corresponds to an elastic energy density W” belonging to a family of elastic
energy densities describing an admissible composite material of the class W(«, 8, 0, k), one can
easily prove that Q" is a Carathéodory function which satisfies:

(@) alsymF|?> < Q"(x, F) = Q"(x,sym F) < B|sym F|?, for all F € R3*3;
(d) |Q"(x, F) — Q" (x, F»)| < B|sym F| — sym F>|| sym F| + sym F|, for all Fy, F» € R3*3,

2.3. Rigidity and compactness
Using the theorem of geometric rigidity [ 13], the following result has been established in [22].

Theorem 2.1. Let (y") ¢ H'(Q, R3) be a sequence satisfying

1
lim sup — / dist?(V,y", SO(3))dx < +00.
ho h

Q

Then ther_e exist: a sequence of maps (R™y c ([0, L], SO(3)), a sequence of constant ro-
tations (R") ¢ SO3) and constants (c") € R3 such that the sequence (3"), defined by 3" =
(RMT yh — ¢t satisfies
1V 3" = R"ll2() < Ch2, (12)
IR™ Il 20,1y < Chr,

”Rh — I||L2(0,L) E Cl’l .
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The sequence of constants (c”) in the previous theorem can be chosen such that

/()A’{l_xl)dX=0, /‘)Aiihdsz fori =2,3.
Q Q

Next, we introduce the following ansatz for (3"):

h 2w R}, Ry 2 oh
y=x1+h"[u" —xr—= —x3— | +h°B},

I = hx; + ol + R2whxt + B2, fori=2,3,
where x+ = (0, —x3, x2), and functions ul, vé’, vél, and w” are defined in (3) and (4).

Remark 2.2. Using (12), the Poincaré inequality, the fact that vy (0, x2, x3) = (0, hxa, hx3), and
the construction from [22], it can be shown that |R"(0) — I| < Ch3/2 for some C > 0. Thus the
boundary condition imply that R” can be taken to be equal to identity matrix and ¢” can be taken
to be zero (i.e., we can take " = y").

Remark 2.3. Observe that the proposed ansatz is a slight modification of the ansatz for the same
sequence (j/h) from [22, Theorem 2.2 (f)]. In lieu of terms (vl.h)/, i =2,3, we set %R;’l, respec-
tively. This enables us to control the full scaled gradient of the corrector sequence (8") in the
L2-norm (see Theorem 2.4 below), which is crucial for application of our method in the analysis
afterwards.

Theorem 2.4. Let the assumption and notation of the previous theorem be retained and let
yh(O, x2,x3) = (0, hxa, hx3). For sequences (uh), (vl.h), i =2,3, and (wh) defined above, we
have the following convergence results which hold on a subsequence:

u =~ u weakly in HOl O, L),
vlh — v; strongly in Hol (0,L), and v; Hg(O, L) fori=2,3,
wh —~w weakly in HO1 O,L).

Moreover, the sequence of corrector functions (") satisfies the uniform bounds: || p" || 2@ =
Ch and | ViB" || 12(q) < C.

Proof. The proof follows the lines of the proof of Theorem 2.2 from [22], but we include it here
for the reader’s convenience. From Remark 2.2 we conclude that we can take 3" = y”. Let us
define

1
Al = E(Rh —1.

From the previous theorem we have ||Rh —1 ||L2(0’L) < Ch and || (Rh)/||L2(O’L) < Ch, which im-
plies the uniform bound || A% || 1.y < C. Therefore, (up to a subsequence) A" ~ A weakly
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in H'((0, L), R3*3). From the compactness of the Sobolev embedding HLY((0, L), R3>3) —
L>®((0, L), R3*3), we conclude A" — A strongly in L>((0, L), R3*3). Direct calculation re-
veals the identities

1 1
A4 (AT = —pA"(AMT  and o sym(R" — ) = E(Ah + ANy,
which respectively imply AT = —A and
1 h 1 2 . o) 3x3
7wz sym(R" —I) — EA strongly in L>°((0, L), R°*7). (14)

Since ||V, y" — R"|| 2@ < Ch?, using the triangle inequality and established convergence re-
sults, we conclude

1
E(Vhyh —I)— A strongly in L?(Q, R>*3). (15)

By construction we have fOL u’ (x1)dx; = 0. Thus, the Poincaré and Jensen inequalities together
with (14) imply

Cp
"1l 20,0y < CPI@"Y 2001y < ﬁnaly? — 1l 22q)
CpPyo b ph Cp o
< ﬁllal)ﬁ — Rijll2 + ﬁ”Rll — 2@ =C.

Therefore, up to a subsequence u” — u weakly in H'(0, L). Similarly, fOL vlh (x1)dx; = 0 for
i=2,3, and

hy 1 h
||(Ui ) ”LZ(O,L) < E”alyl ||L2(Q) = C.

Hence, (up to a subsequence) vlh — v; weakly in H 1(0, L). Moreover, since

ayh
(vf‘)’zflTy’dx’—)A“ strongly in L?($2, R3*3) |

w

one concludes that A;; = vlf fori =2,3. Since A;; € HY(0, L), we conclude v; € H2(0, L) for
i =2, 3. Next, we consider the sequence of twist functions (wh). Note that they can be written
as

1 Ryt —x3 1
wh(x)) = m/xz ST — h—2/y§'dx’ dx’
w w
1 Ryl —x 1
SRR (SR [ .
w(w) h h?
w

w

yéldx/ dx’.
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For the above integrands we have (according to (15) and the Poincaré inequality):

R |
A e yé’dx’ — Asxy  strongly in L2();

h R
w
h=lylh —x 1
% —3 ygdx/ — —Asxz  strongly in L2(Q).
w

Therefore, w" converges strongly in the L?-norm to the function w = A3, € L?(0, L). Using the

a priori estimate ||V}, yh— RI| 2 =<C h? and the normality of rotation matrix columns, we con-
clude the uniform bound || (w")’|| 120,y < C. Hence, w’ — w weakly in the H'-norm. Observe
that the limit matrix A € H'((0, L), R**3) is completely identified by the limits u, w € H'(0, L)
and vy, v2 € H%(0, L) in the following way

0 —vy, —v§
A=lv, 0 —w|. (16)
vy w 0

Finally, we consider the sequence of corrector functions (8") given by:

By Rl Rl
Bl (x) = w —u"(x1) +x2 2‘:61) +x3 31}fo) ,
Bw=3 (M—v?(m)—hwh(xl)x%) . i=2,3.

For brevity reasons, let us denote 81.” = %3,', then for i = 2,3 we compute

R 1 R + R
h 1 hh h 1 1
bl = aint + it = (oot - Rl + S
The first term on the right-hand side is bounded in the L?-norm due to I Vh yh —R" I 2@ = Ch?,
and the second one due to (14). Thus, [|3; 8112y < Ch for i =2,3. Since [, B} (x)dx’ =0,
using the Poincaré inequality we conclude

187Gt 2agg < € (18280 et Mgy, + 1038 (1, )Is,,) ) Forae xi €O, L).

Integrating the latter inequality along x-direction yields the L2(2)-bound on ,3{’ of order O (h).
The identity

oy — (R | Ry
1 hy/ 21 31
- (u ) + X2 + X3 )
h? h h
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directly implies the uniform bound ||9; ﬂ{' lz2(@) < C. Straightforward calculations reveal

1 .
08! = (a;?yl.h — 5 — (=D —aij)hwh) . fori,j=2.3,

where we have used ajx,# =(-1I1 - d;j). Furthermore,
B +B] 1

(symVﬂh),-j = = <sym(Vhyh — U)., , fori,j=2,3,
2 h ij

which implies the uniform bound |/(sym V,Bh)inLz(Q) < Ch for i, j = 2,3. Note that for
a.e. x1 € (0, L) the function (ﬂé’ (x1,4), ,3§’ (x1, -)) belongs to the closed subspace

B={aecH (@, R? : /a(x/)dx’zo,/(xwz—x2a3)dx’=0 ,

@ [0

on which a Korn type inequality [29] holds

182 01 M+ 1831 My <€ D sym VB (1,9
i,j=2,3

Integrating the latter with respect to x1, yields the respective uniform H'(£2)-bound. Hence, we
proved [|8"||;2(q) < Ch. Finally,

1 3]-h
1B = - (Ty -y h(wh)’xf‘)

1oyt =R 1
= %—Z[(alyf’—R{li)dx/—h(wh)/xf‘ , fori,j=2,3,
w

and the previously established convergence results imply |/9; ,3th| 12() < C. Thus, we have

h o h

proved ||V, ,Bh Il L2 =< C. The boundary conditions for wh, v, u", v, u follow from the bound-

ary condition for y”, Remark 2.2 and the above convergence results. O
2.4. Strain and stress estimates

For every h > 0, using the rotation matrix function R”, the strain tensor G is implicitly
defined through the following decomposition of the scaled deformation gradient

Viy" = RM(I + h>G"y.
The explicit identity G" = h=2(R"T (v,y" — RM) directly implies with (12) the L2-uniform

bound on the sequence (G"). Hence, there exists G € L?(2, R3*3) such that G — G on a
subsequence. Our aim is to describe the symmetrized strain sym G” in more detail. First, we

Please cite this article in press as: M. Bukal et al., Derivation of homogenized Euler-Lagrange equations for von
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explicitly involve the limit functions u, w € H 10, L) and vy, v» € H%(0, L) into our ansatz (13)
in the following way:

h
—x

y1h2 =u — xovh — x305 + Yl
—hxi v

e l:#—ku)xil—l—l/fih, fori=2,3,

where

1
wlf‘zz(vih—v,~)+(wh—w)xil+,8ih, fori =2,3.

Previously established convergence results imply that (W{’, hzﬁé’,hl//él) — 0 strongly in the
L?-norm. Moreover, the derivatives are given by

Rh / Rh /
ol =y — o — (B2 o) (B ) Lo,

h h
/ Rh
h, h .
| :#—?w g, forj=2,3,
1
8;’1//h_u(1—6”)(w —w)+ Bl fori,j=23,

oyl = ((vf’)/ — v;) + ((u)h)/ _ u/) X o g, fori=2.3,

which together with known convergence results immediately gives || sym V" || 2 < C. In-
voking (16), we obtain the following representation:

1
5 sym (v,,y - 1) — e @ e1 + sym((A'py)) + sym Vyyh . 17)

Additionally, using (ﬂé‘ (x1, ), ﬁ;‘ (x1,-)) € Bfora.e. x; € (0, L), one can easily check that
/(x31#2 — xyYhdy' = —(w" - w)/(x2 +x3)dx’ — 0 strongly in L*.

Next, we compute the symmetrized strain using decomposition (17):

1
symG" = — sym ((R)T V" = 1) = hzsym((Rh 1)thy>+ S sym(Viy" — 1)

1 1
=3 sym((R" — DT (Vy" — R")) — 7 sym(R" — 1) + ﬁ sym(Vy,y" — 1)

- 1
=0 — 2 sym(R" — I + u'e; ® e + sym((A'pyr)) + sym Vj,y"

Please cite this article in press as: M. Bukal et al., Derivation of homogenized Euler—Lagrange equations for von
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=u'e; ® e +sym@(A'py)) — %Az + sym V¢t + o
=:symH + sythl/rh + o ,
where 6", o' — 0 strongly in L2(2, R3*3), and sym H = u'e; ® e + sym(1(A'py)) — %AZ. In

this way we decomposed sym G” into a fixed and a corrector part. A part of sym H can be further
transferred to the corrector terms as follows:

symH = (u/ + % ((vé)2 + (v§)2>> el ® ey +sym(i(A'py))

/ /
1 /0 2v3w/ 2 _}}211}
+ = v;w - w”+ (vy) 2v2v3 ,
—vhw vhv} w” + (v})

=:sym(z(mg)) + sym Vhozh — symz(&lah) ,

where

1
ma = (i + 3@ + @) Jer + A (18)
and
/ /
X2V3W — X3VHW
h _ 1 2 /2 1 1o
a’'(x)=h| sx2(w” + (v)") + 5x30,03
%xzvévg + %xg(u)2 + (vé)z)
Finally, we have decomposition
sym G" = sym(1 (my)) + sym V"' + 0", (19)

with the updated corrector sequence " (by adding the function o to the original ¥") and the

L?-zero convergent part o'

The stress field E” : @ — R3*3 is defined by
h 1 h 2~h
E :=ﬁDW ¢, I+h"G").

The assumption (C3) on W, in particular estimate (11), implies that W" is differentiable a.e. in
x € Qand

VG eR¥3 Vh>0: esssup|DW(x, I +G) — A"(x)G| < r(|G))|G],

xeQ

and therefore (see the property (a) of Q"),

IDW" (., I +h*G")| < r(h*|G")h*|G" + Bh*|G"|, ae.in .

Please cite this article in press as: M. Bukal et al., Derivation of homogenized Euler-Lagrange equations for von
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Let us denote the set
By :={xeQ : h*|G"(x)| <1},
then from the previous inequality
IDW"(., I +h*G")| < Ch?|G"| pointwise in By, ,
which yields
|E"| < C|G"| pointwise in By, .

On the other hand on Q\ By, i.e. on the set where |G”| > h~2 a.e., applying hypothesis (HS) we
conclude

|EM < % <|1 +R2GM + 1) < % <h2|Gh| V34 1) <C|G"| pointwise in 22\ By, .
Therefore, we have a uniform estimate on the whole set,
|E"| < C|G"| pointwise in Q, (20)

which together with the uniform L2-bound for the strain sequence (G") implies the uniform
L?-bound on (E") and consequently the weak convergence (on a subsequence)

E'" ~E inL*(Q,R¥>3).
2.5. Representation of elastic energy functionals

In this subsection we briefly recall a variational approach for general (non-periodic) simulta-
neous homogenization and dimension reduction in the framework of three-dimensional nonlinear
elasticity theory. This approach has been thoroughly undertaken in case of von Karmén plate [31]
and bending rod [21], while the linear plate model has been outlined in [7]. The theorem on ge-
ometric rigidity provides a decomposition of the symmetrized strain to a sum of a fixed and a
corrector part (cf. previous section). Utilizing the corresponding Griso’s decomposition [16,17]
gives a further characterization of the corrector part, which enables an operational representa-
tion of the elastic energies (cf. Lemma 2.5 below), suitable for the application of appropriate
I"-convergence techniques to eventually identify the limiting elastic energy.

In the following we only provide basic steps of the method and state the final results. To start
with, let us define so called lower and upper I'-limits. For a monotonically decreasing to zero
sequence of positive numbers (h) C (0, +00), m € L?*(22,R?) and an open set O C (0, L), we
define:

Ky (m, 0) = inf{ lim inf / 0" (x, symi(m) + sym V" )dx |

Oxw

Wl s )y — 0in L2(0 x w0, R?), t(y4, i) — 0in L2(0)} :

Please cite this article in press as: M. Bukal et al., Derivation of homogenized Euler—Lagrange equations for von
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IC?;Z)(m, 0)= inf{ lim sup / Qh(x, symi(m) + sym Vhlph)dx |
10

Oxw

W gt hpy - 0in L2(0 x 0, R?), t(y2, ¥¥) — 0in LZ(O)} )

The above infimization is taken over all sequences (I/Jh) C H'(0 x w,R?) such that (wf', hwé’,
hxpf) — 0 and twist functions t(wf, w;’) — 0 strongly in the L>-topology as & — 0. The iden-
tical proof to the one presented for Lemma 3.4 in [31] gives the continuity of IC(h) and ICz;l) with
respect to the first variable. Utilizing a diagonal procedure yields the equality of IC(h) and IC?Z)

for a subsequence, still denoted by (%), on LZ(Q, R3) x O, where O denotes a family of open
subsets of (0, L). More precisely this is done by choosing a countable dense subset of L2(€2, R?)
and a countable dense family of open subsets of 2 and then using the continuity property (see
[7] for details). This asserts the definition of the functional

Ky (m, 0) =K, (m, 0) =K}, (m,0), Vme LY (Q,RY, VO €O. (21)

Adopting the strategy developed in [21, cf. Lemma 2.9 and Lemma 2.10] and [31, cf. Lemma 3.8]
one can prove the following key lemma. The proof is given in [7, Lemma 2.1] and the orthogo-
nality property is proved in [21, the proof of (III) in Lemma 2.9].

Lemma 2.5. Let (h) C (0, +00), h | 0, be a sequence of positive numbers which satisfies (21) for
every open set O C (0, L). Then there exists a subsequence, still denoted by (h), which satisfies
that for every m € L*(2,R3) there exists (wf,‘l) C H'(Q,R3) such that for every open subset
O C (0, L), we have

Km0 =tim [ 0" e symaon) + sym ¥y yar, 22)

Oxw

and the following properties hold:

(a) (w},:’l,l’ hl//r}:l’z, hl/ff:lﬁ) — 0 and t(wrZ,Z’ 1//2,3) — 0 strongly in the L>-norm as h |, 0.
(b) The sequence (|symvhw£'1|2) is equi-integrable and there exist sequences (\Pf,’1) C
3x3 p .
HLY((0, L), R>*%) and (19,},‘!) c HY(Q,R) satisfying: \IJ,},’1 — 0, z?,ﬁ — 0 strongly in the

skw
L%-norm, and

sym Vi, = symi (W) p,) + sym V90 .

Moreover, (|(\D,’,ll)’|2) and (|Vy, z?,ﬁ |2) are equi-integrable (on a subsequence) and the follow-
ing inequality holds

lim sup (||%||H1<0) + ||vhﬂ,’;||Lz(0xw)) <CBIMT2one + 1>
hl0

for some C > 0 independent of O C (0, L).
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(c) (orthogonality) If (gah) Cc HY(Q,R%) is any other sequence that satisfies (a) and (sym Vy, (ph)
is bounded in LZ(Q, R3X3), then

}Llir(}/ Ah(syml(m) + sythw,},’,) :sym Vh(phdx =0. (23)
Q

(d) (uniqueness) If ((ph) c HY(Q, IR3) is any other sequence that satisfies (22) and (a), then
Isym Vi, —sym Vig | 12(0) — 0,
and (| sym Vy,¢"|?) is equi-integrable.

An important feature of the method is the localization property of the relaxation sequence
(w,f;), i.e. if we know the relaxation sequence for the interval (0, L), the relaxation sequence for
an arbitrary open subset O C (0, L) and fixed m € L2(2, R?), is simply obtained by restriction.
This follows from formula (22).

Finally, we provide the integral representation of the functional Ky (cf. [21, Proposi-
tion 2.12]). Recall from (18) that my is of the form my = (1’ + %((vé)2 + (vg)z))e1 + Alpyr.
Therefore, we consider the mapping m : L?(0,L) x L*>((0, L), Rskxva) — L%(Q, R3) defined by
m(o, W) = oe1 + Wp,.

Proposition 2.6. Let (h) C (0, 400) be a sequence monotonically decreasing to zero. Then there
exists a subsequence, still denoted by (h), and a measurable function QO :(0,L) xR x R3 >R
depending on (h), such that for every open subset O C (0, L) and every (o, V) € L%0,L) x
L2((0, L), R>*3) we have

skw

Kny(m(e, ¥), 0) = / 0°(x1, 0(x1), axl W (x1))dx; . (24)
0

Moreover, for a.e. x1 € (0, L), Qo(xl, ) R* — R is a bounded and coercive quadratic form.
At this point we also define function Q(l) (0, L) xR3 >R by

Q?(xl,v)znéiélQo(x],z,v) forall v e R® and a.e. x; € (0, L),
V4

and function gg : (0, L) x R3 - R satisfying Q(l)(xl, axl F) = 0%x1, 0o(x1, axl F), axl F) for
all F e R:l:‘j and a.e. x1 € (0, L). One can also prove that Q(l)(x 1,-) is a bounded and coercive
quadratic form for a.e. x; € (0, L). The linear operators associated with the quadratic forms

0%x1, -, -) and Q°(xy, -) are denoted by A°(x;) and A(l)(xl), respectively.
2.6. Variational derivative of the limit elastic energy
Let (k) C (0, +00) be a monotonically decreasing to zero sequence and let m € L*(Q2,R3)

be given. According to Lemma 2.5, there exist a subsequence still denoted by (/) and a re-
laxation sequence (1//,?1) c HY(Q,R3), depending on m, satisfying (wr}rlz,l’hl/frﬁ,Z’ h@[/”;j) —0
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and t(wh 1//;’1 ;) = 0 strongly in the L?-norm, such that the limit elastic energy Kqy)(m) :=

m,2°

Kny(m, (0, L)) is given by

Kny(m) = }lli%,/ Qh (x, symi(m) + sym Vhlp,’;)dx
Q

1
= 1}% 3 Al (symi(m) + sym Vi, y) : (symi(m) + sym Vg ydx .
Q

In the following we compute the variational derivative of ;) at the point m. Letn € L*(Q,R3)
be a test function. Then, by definition

SIC(m) . K@ +e¢en) — K@m)
—[n] =1lim .

(25)
om el0 e

With a trick of successive adding of the corresponding relaxation sequences and using the or-
thogonality property (23), for a suitable subsequence of (#) we calculate:

Ky (m +en) — Ky (m)

o1
= lhl?a 5 A" (symi(m + en) + sym Vhw,ﬁJren) 2 (symi(m + en) + sym Vhl//r]:l+gn)dx
Q

1
— }lliroli / Ah(syml(m) + sym Vhtﬂrﬁ) : (symi(m) 4 sym thp,’;,)dx

Q

1

= }11% 3 / Ah(symz(m +éen) + sythi//,,hHm) :symi(m + en)dx

Q

1

—lim < / Ah(symz(m) + sym Vj, w,ﬁ) :symi(m)dx

102
Q

o1
= %13 3 / Ah(syml(m + en) + sym Vh‘ﬂ;ﬁ-ksn) 2 (symi(m) + sym Vy 1//Z)dx
Q

€
+ LTS 3 /Ah(syml(m + en) + sym Vhl/f,ZJren) s (symi(n) + sym Vyyrhydx
Q

1
— }llir(} > / Al (symi(m) 4 sym Vj, %Z) :symi(m)dx
Q

1
= }ziirol 3 / Ah(symz(m) + sym Vht/f,},’q) :symi(m + en)dx
Q

—}—}liirolg/Ah(symz(n)—i—sythWf):syml(m—i—en)dx
Q
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1
- lhifa 5/Ah(symz(m) +sym V) sym i (m)dx
Q
= }zi?(%g f Al (symi(m) + sythi/f,},;) :symi(n)dx
Q

2
+}11?3%/Ah(symz(n) + sym Vj,y) - symu(n)dx.
Q

Finally, according to the definition (25) and utilizing the uniform L°°-bound for the sequence of
tensors (A"), we infer

8Ky (m)

[n] = lim / A" (symi(m) + sym Vi, y!) - symu(n)dx . (26)
m hl0
Q

3. Derivation of homogenized Euler-Lagrange equations — proof of Theorem 1.1

Taking the L>-derivative of the energy functional £ defined by (1), one finds the Euler—
Lagrange equation in the weak form:
)
Syh

[9]= / (DWW, Viy™) Vg — B (fag2 + fo) ) dx =0, @27)

Q

for all test functions ¢ € H(})(Q, R3).Let y" bea stationary point of £ k i.e.itsatisfies (27). From
the frame indifference of W it follows that RT DW" (x, RF) = DW"(x, F) for all R € SO(3),
F € R33 and a.e. x € , which implies (using that Viy" = R"(I + h2G"))
DW"(x,Viy"y = R'DW"(x, I + h*G") =h>R"E" . (28)
Taylor expansion around the identity gives
DW"(x, I +h*G" =n*D*W"(x, NG" + " (x, h*G"),
where ¢ is such that |¢" (-, F)|/|F| < r(|F|) uniformly in €, for all F € R3*3 and & > 0. The

latter follows from the assumption (11) on admissible composite materials. Since D2wh x, )=
Al (x) and Ah (x) is a symmetric tensor, the above identity yields

1
E') = A" sym G" () + " (x, h2GT, (29)
which after employing (19) leads to (recall that m, = (u’ + %((vé)2 + (vg)2)>el + A'py):

1
E" = A (symi(mg) + sym Vi y") + ﬁ;”c, R2G"y 4+ Ao (30)
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3.1. Orthogonality property

In order to identify the fixed part m, of the symmetrized strain as a stationary point of the
limit energy, we first prove the following result.

Lemma 3.1. Let (A") be a sequence of tensors describing an admissible composite ma-
terial, let my be the fixed part of the symmetrized strain defined by (18), and (Yy") C
HY(Q,R?) the corresponding corrector sequence in (19) satisfying: (wlh, hwg, hwg') — 0 and
’t(l//él, W3h) — 0 strongly in the L?>-norm, and | sym Vj,y" 22 < C. Then, for every sequence
(") c HY(Q2, R3) satisfying: (go{', h(pg, hq)é’) — 0 and t(goé’, goé’) — 0 strongly in the L*-norm,
and (| sym Vy,@"|?) is equi-integrable, the following orthogonality property holds

%/M(symz(mdwsymvhwh):symvhgohdx:o. (31)
Q

Proof. Let (v") c H'(Q,R?) and (¢") c H'(2, R?) be sequences satisfying the assumptions
of the lemma. Applying the Griso’s decomposition to the sequence (¢") (cf. [21, Corollary 2.3]),
there exist sequences (®") C H'((0,L),R3 ). (¢") c H'(2,R3) and (") C L}(Q,R>*?)
satisfying:

sym Vi = symi((®")'p.) + sym Vj, 9" + 0", (32)

®" — 0, " — 0, 0" — 0 strongly in the L-norm, and
19" 110,y + 1" 120) + 1V40" 2@ < Cllsym V"l 2. YA>0.  (33)

Furthermore, there exist subsequences (CDh) and (th) (still denoted by (h)) and sequences
(®") c H'((0, L), R?) and (¢") c H (22, R?) such that [{®" # &"} U {(®") £ (P")'}] — 0
and |{¢" # ¢"} U (V" £ V§"}| — 0 as h | 0, and the sequences (|($")’|?) and (|V;¢"|?)
are equi-integrable (cf. [15] and [21, Lemma 2.17]). Notice that, due to equi-integrability of
(] sym V"), the decomposition (32) is valid with (®") and (¢") replaced by (®") and (q~>h).
Also, observe that without loss of generality we can assume that for each £, ®" and ¢~>h are
smooth. The rest of the proof will be divided into two parts showing the property (31) using the
decomposition (32) with (d") and (qgh).

Part 1. The equi-integrability property of the sequence (¢") allows us to modify each ¢" to
zero near the boundary (cf. [31, Lemma 3.6]), thus, making it an eligible test function in the
Euler—Lagrange equation (27). Using the identity (30) and the modified " as a test function in
the Euler—Lagrange equation (27), after division by /2, we obtain (according to (28))

/RhAh (symi(mg) 4+ sym Vy) : V¢ dx
Q

1 s
:/Rh <Eh — h—zg”(.,hZGh) —Ahoh> - Viddx
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-~ -~ 1 ~
= / h(f2s + f30%) — / R" (h—zzh(., h*G") + Moh> L Vigdx.
Q Q

Obviously, the first integral on the right-hand side and the second term in the second integral
converge to 0 as i | 0. Let us examine the term

1 -
ﬁ/Rh;h(.,hZG’l) :Vpdtdx .
Q

Define the sets ) :={x € Q : h2|G"(x)| <h®} for0 <« < 2.0On Sy we have

1c" (-, h2GM)|
h2|Gh|

1ch (-, h2G))|

. D hAGM <k LG <r(h*)|G".
h2|Gh|

IG"| fsup{

Therefore,

3 / RMC (L h?G) Vi dx| < r (W) IR | Lo @) 1G | 2o I VA" [l 12y < Cr(h*) — 0,

Si
as i |, 0. On the other hand, on Q\S}’ we have a pointwise a.e. bound
1
ﬁ|§h(', R2GM)| < C|G"| ae.onQ\SY,

which in fact holds pointwise a.e. on €2. This follows by the triangle inequality from (29) using
(20) and IAh (x)Gh ) < ,3|Gh (x)| for a.e. x € Q. Therefore, using the Cauchy—Schwarz we
find

1 ~ ~
L /RhCh(',thh)IVhfi’hdx <c / 1G9 ¢" dx
Q\Sy Sy
1/2 1/2
<C /|Gh|2dx /|Vh<f~’h|2dx —0.
Q\S Q\Sy

The latter statement (convergence to zero) follows by the equi-integrability property and the fact
that |2\ S7/| — 0, which follows from the Chebyshev inequality. Thus, we have shown

kiil(}/‘ R"A" (symi(mg) + sym Vi) : Vid'dx = 0.
Q
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Since R" — I strongly in the L>-norm, it follows that

}liir(}/Ah(syml(md)—i-sythl/fh):thshdxzo,
Q

while the symmetry property of A" (symi(my) + sym V,y") eventually implies

%liil’ol f Al (symi(my) + sym Vyy") - sym V¢ dx = 0. (34)
Q

Part 2. Again, the equi-integrability property of the sequence (") allows us to modify each "
to zero near the boundary, thus, making the following functions

X1

N = = 1 = o
¢ () = (Bt + Bl rxs — f lfy()ds + B3 (x1)x3. (35)
0

X1

1 [« -
- / d>}1‘3(s)ds — d>§3(x1)x2) ,

0

eligible test functions in the Euler—Lagrange equation (27). One easily calculates

) (@) (en)x2 + (D) (x)xs 5 (D4y) )z —5(53) (x1)xz
sym Vy¢" = 3 (@) (xi)x3 0 0
—5(®h) (x1)x 0 0

= sym((®")'p,).

Using @" as a test function in (27) together with the symmetry property of the matrix
DWh(-, F)FT, we obtain

1 .
w7 DW"(x, R"(1 + h*G")) : v,¢"dx
Q

1 .
= R'DW"(x, I +h*G" I +h*G"HT(RMT : sym V;,¢"dx
Q

— o5 [ RDWI L1 2Gh (R 1412 R ) s il
Q
Z/RhEh(1+h2Gh)T(Rh)T ssymi((®")p,)dx
Q

- f R'E" (%«RW -1 +h(Gh>T(Rh)T> L hVy@ldx .
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Therefore, the Euler-Lagrange equation becomes

/ RME"(I +1n2G"T(RMT : symi((d")p,r)dx
Q

= f R"E" (%((R’@T -+ h(Gh)T(Rh>T) L hVpgtdx + h / (L + f360)dx. (36)
Q Q

Since (h(%’ hqgél) — 0 strongly in the L2-norm, the force term vanishes at the limit. According
to (33), [[(®")|| £2(0,2) 1 uniformly bounded implying the strong convergence hVyd" — 0 in
the L2-norm, therefore,

1 .
lim— | RPEF(RMT —1): hV,¢"dx =0.
hlﬂ}h/ ((R™) ) X))

Q

In order to infer zero at the limit z | O for the remaining term on the right-hand side in (36),
namely

h/RhEh(Gh)T(Rh)T chVyé'dx,
Q

we need to replace the sequence (®”) with the one obtained by means of Lemma A.1. We take
the sequence s, = 1/ /h and obtain a sequence (M) satisfying | D" wie(0,) < Csp for some

C > 0. Notice that we have [|(®") — (®")||;2 — 0. We easily conclude ||hV,¢" |~ < Cs;,

where, in view of (35), notation qAﬁh is self-explaining. From the latter we conclude that

}Zi%h/RhEh(Gh)T(Rh)T chVp¢ldx =0,
Q

which implies

}}%/ RME"(I + h2GMHT(RMT . symz((d:Jh)/px/)dx =0.
Q

Obviously,

lim RER"E"GMT(RMT : symi (") p,)dx =0,
Q

and therefore,

%1/ RPE"(RMT - symi (&) p,)dx =0. (37)
Q
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Next, we prove that
lim / E": symi((®")p,)dx =0. (38)
Q

This follows by writing

/ E": sym1((D")py)dx = / (R"+ 1 = RY) E" (R4 (1 - R’z))T symi (") po)dx,
Q Q

and using the convergence result (37) with the fact that R" — I strongly in the L>°-norm. Now,
recall that

1
Al symi(ng) +sym Vi) = E" — 282Gl + o,

where o — 0 strongly in the L?-norm. Using truncation arguments on the sets Sy and its com-
plement, as in the first part of the proof, we conclude

. [ 2 ~hy . YN,
%ﬂ% i (,h*G") i symi((P7) py)dx =0.
Q

Since limy, o fQ o symi ((éh)/px/)dx = 0, convergence result (38) implies
}zlf(}/ Ah(symz(md) + sym Vi : symz((éh)’px/)dx =0.
Q

From this it follows

%/M(symz(md) +sym V¥ s symi (") py)dx =0. O
Q

3.2. Identification of the limit Euler—Lagrange equations

Let us now more precisely identify terms in the Euler—Lagrange equation (27) and consider
the limit when % | 0. The same reasoning as in Part 2 of the proof of Lemma 3.1 gives, after
division by 42, the Euler—Lagrange equation (27) in the form

/ RMEM(I + n2GMT(RMT - sym V9" dx
Q

= /RhEh (%((Rh)T -y ) +h(Gh)T(Rh)T) chVyo" dx + h/(f2¢§ + frpihdx, (39)
Q Q
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for all test functions ¢h € Hal)(SZ, R3). The aim is now to identify the limit equation in (39) as
h | 0. We will do the computations under the assumption that lim supy, ¢ [| sym Vi || o < 00.

Using the facts that, up to a term converging to zero strongly in the L?-norm,
1
E" = A symi(mq) +sym Vi) + 5" 126", (40)
R" — I strongly in the L>°-norm, and

}11% R2R"E"(GMT(RMT - sym V9" dx =0,
Q
the limit & | O (if it exists) of
/ RMEM(I +n2GMT(RMT - sym V9" dx
Q

equals the limit

1
}gra/ (Ah(syml(md) +sym V¥ + ﬁg“h(', thh)) - sym V;,¢" dx .
Q

The remainder term hLZ fQ ¢ (-, h2G") : sym V;,¢" dx vanishes in the same way as in the proof
of Lemma 3.1, and in the limit as 4 |, 0, equation (39) reduces to

}li?&/ Ah(symz(md) + sym Vhlph) :sym thbh dx
Q

= lim f R"E" (%((RW -+ h(Gh>T<Rh)T> hVyp" dx +h / (foph + f35)dx
Q Q

(41)

First, consider the test function ¢ (x) = foxl ¢11(t)e; with ¢11 smooth. Since ¢ = ¢p3 =0,
sym Vo = ¢11(x1)e1 ® e1, and hVy¢p — 0 strongly in the L2-norm, (41) amounts to

%%/Ah(syml(md) +sym V") 1 hri(x1)er @ e dx =0. (42)
Q

Next, consider test functions of the form ¢ihj (x) =hxj¢ij(x1)e; fori =1,2,3, j =2,3, where
¢ij is smooth with ¢;;(0) = 0. The functions ¢ihj obviously satisfy (d)ihj I hq&lhj 2 hqﬁl.hj ;) — 0and
t(¢f‘j’2, ¢l.h/.’3) — 0 strongly in the L?-norm. Calculating

sym V¢ = sym (hxj(/{)l{jei [82jijei |53j¢ijei) .
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we easily conclude from (41) that

lim / AM(symi(mg) + sym Vi) : i (xi)e; @ ej dx =0, (43)
Q

foralli =1,2,3, j =2, 3. Finally, consider the test function given by

X1 X1
1 1
" (x) = | @ra(x1)x2 + Di3(x1)xs, ;A / Dy (s)ds + Pz (x1)x3, 7 / D31 (s)ds + Paa(x1)x2 ),
0 0

where ® : [0, L] — ]ngxw3 is smooth and ®(0) = 0. On the right-hand side of (41), using the con-
vergence results: R” — [ strongly in the L>-norm, hG" — 0 strongly in the LZ-norm, A" — A
(the definition of A is given in (16)) strongly in the L°°-norm, as well as the approximation

identity (40) for E h we are left with

}lii%/Ah(syml(md) + Sythi/fh)AT O dx
Q

L X1 X1
—i—/ fZ(XI)/CDZI(S)dS-f-fS(xl)/(DSl(S)dS dxy.
0 0 0
Let us now consider the first term of the obtained expression. Due to the real matrix identity
XY :Z=-X:ZY, for Y being skew-symmetric matrix, the first term equals (up to a minus
sign)

%/M(symz(md) +sym V¥ : DA dx,
Q

and since the first matrix is symmetric, the latter in fact equals to

%/ Al (symi(my) + sym V™) - sym(®A)dx . (44)
Q

The matrix ® A can be explicitly computed, and its symmetric part is given by

Dpovh+ P13vf  3(Pa3vh+ Pr3w)  —3(Pa3vh + Prow)
sym(@A) = | 1(Pp3v} + Pi3w)  Pppvh+ Pw  (P13vh + Piov})
— 31 (@p30) + Prow)  F(P13vh + P12vh) O30 + Pzw

Defining the sequence of test functions ((pg) by

4323v§+<1>13w —@231)5—@1211)
Pt =hxy [ @b+ Po3w | +hxs | Pizvh+ Piovg |,
@130, + P1ovg @305 + Pyzw
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it is straightforward to check that

sym(®A) = sym Vi@t 4+ (P 1205 + D1305)e1 @ g + 0", (45)

where o converges to zero strongly in the L>-norm as & | 0. Observe that the sequence of
test functions ((pﬁ) satisfies ((pz’l, h(pi’m, h(pfm) — 0 and t(<pff"2, <pf‘,3) — 0 strongly in the
L2-norm. Utilizing (45) in expression (44), we confer that due to the orthogonality property
(31), convergence result (42) and strongly to zero convergence of o, the term in (44) vanishes

in the limit as & | 0. Since,

, d>’12(x%)X2 + @)y (x)x3 SPh(x1)xz — 5 Phy(x1)x2 /
sym Vy¢" = 5 Ph3(x1)x3 0 0 =symz(®'p,),
— 2@, (x1)x2 0 0

(40)

the left-hand side in (41) can be written as
}11% / Al (symi(my) + sym Vi y") - symi(@'pyr) dx . (47)
Q

Combining (42), (43) and (47), the resolved limiting Euler—Lagrange equation (41) reads

3

tim [ A" ymin) +sym 90" ssym (e @ et Y0 dya@e; +1(@p0)de
v o i=1,j=2
L
=— / (2®12 + f3P13)dxr, (48)
0

where @, jx) = f(f Ly j(s)ds for j =2, 3. Now, to conclude the proof we claim, that the ob-

tained equation (neglecting the terms Z?:l j=2Pijei ® e in the first sum due to (43)) can be
interpreted as

SKaw)

dm

L
(md)[¢llel + CD/Px'] =- /(fzci)lz + f3®13)dx; . (49)
0

Notice that, due to (42), we could also neglect the first term in (48), but we will make use of
it later. Since (sym Vhl//h) is bounded in the L2-norm, according to [21, Lemma 2.17], there
exists a subsequence (still denoted by (4)) and sequence (1/7}’) such that (| sym Vj, 1/~/h |2) is equi-
integrable and || sym V9" — sym V|| 2oy — 0, where O" C Q such that |2\ 0"| — 0.
From (48) we see that the same limit equation will be obtained if we replace the corrector se-
quence (¥") by (¥"). Let (w,f'm) be the relaxation sequence for m4 from Lemma 2.5. Using the
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coercivity of Q" and the orthogonality properties (23) and (31) of both sequences (1//,?1 ,) and
(&h), respectively, we find that

ol sym V(Y — "7, < / Q" (x, sym Vi (Y, — ¥"))dx

1 -
= E/Ah(symz(md) + sythl/f,},l,d) : syth(lp,ﬁ;d — JMydx
Q

— % / A"(symi(mg) + sym V") : sym V(v — 9™)dx — 0

Q

as h | 0. Therefore, we can also replace the sequence (@h) by (w,’f1 ;) in (48) and (49) follows

from (26). To prove the stationarity of the point (u, vz, v3, w) for the functional EY from the
equation (49) we note the following:

(3(/C(h) omg)

SKC
(u, v, v3, W] = =2
ém

— Y mg)ule), Vu®eH}O,L),

ou
S(KC(pyom 8K
2EWOM (1, vy, wp o) = T ) Vet 4@y, fori =23, Wl € HO, L),
]
Sy omy) S
#(”1 v2, U3, w)[wd] = ﬁ(md)[fb;)dpx/] s de € H(} (0, L) .
Here
0 - o 0 0 —@f 0 0 0
ea=( 5 0 0], @u= 0 0 0 | . ®u=(0 0 -—w
0 0 0 wd) o 0 0 wi 0

This finishes the proof of Theorem 1.1.

In the subsequent part of the section we identify the limit Euler—Lagrange equations. Recalling
the approximation identity (30), the weak convergence E" — E in L?(Q2, R**?), and utilizing
convergence properties for the remainder terms, we can pass to the limit in equation (48) and
obtain

3
/E Sym <¢116‘1®€1+ Z pijei ®ej +1(® px/) /(f2®12+f3¢13)dx1
Q i=1,j=2

In view of identity (46), the latter equals

/(E11¢11+ Z Eij¢ij +x2E1197,(x1) +x3E11P5(x1) (50
i=1,j=2
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L
+x3E1n®)5(x1) — X2E13<1>’23(X1))dx =-— /(fZ&)]Z + f3®13)dx; .
0

Using the moment notation (9)—(10) and the fact that Ci>’1 = @y for j =2,3,(51) becomes

L
3
/ (Eu(ﬁ;] + Z Fijd’ij + E11q~>/]/2 + Ell(i)/{3 + E12CD/23 — E13q)/23>d.X1
0 i=1,j=2

L
=—/(f2&>12+f3&>13)dX1- (1)
0

Now by the arbitrariness of test functions, we easily derive the corresponding strong formulation
for the moments. The zeroth-order moments satisfy

E=0 in(0,L). (52)

The first-order moments £1; and E 11 satisfy second-order boundary-value problems:

El\+ =0 in(0,L),
Ey(L)y=E{,(L)=0,

and

E/\+f3=0 in(0,L),
Ei(L)y=E}(L)=0,

respectively. Finally, the first-order moments E 12 and E 13 satisfy the first-order problem

El,—E;;=0 in(0,L),
Ep(L) =E3(L).

It remains to derive constitutive equations, which connect the moments of the limit stress with
limit displacements and twist functions. For o € L?(0,L) and ¥ € L2((0, L), R;’kxvf ), recall the
functional

L
Ky (m(o, ¥)) = f 0°%(x1, 0(x1), axI W (x1))dxy
0
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where m (o, V)(x) = o(x1)e1 + W (x1)p,’, and the functional

L L
Ky (W) = / 00 (x1, axl W (x))dx; = / 0°(x1, o(x1, axI W(xy)), axl W (x1))dx)
0 0

=Ky (moleo, ¥)),

where op : (0, L) x R? > R is optimal for a given axl V. By Lemma 2.5 (identity (22)), there
exist sequences (1//2) c H'(Q,R?) and (Wé’) C H' (2, R?) such that:

K (e, ¥) = lim / 0" (x, symi(m(o. W) + sym Vy i, )dx
Q

Ky (¥) = lim / 0" (x, symi(mo(o, ¥)) + sym Vj ¥ )dx .
Q

Using the orthogonality property (23) and tricks as in Section 2.6, we calculate:

5K v .
W[m ~lim / Al (sym 1 (m (0, W)) + sym V) : 1 (pen)dx. (53)
Q
8KG (W) ; 0
8—\11[@] = Eﬂ%/ A" (symi(mg(g, ¥)) + sym Vi) i symi(Pp,)dx, (54)

Q

for all ¢ € Cgo([O, L])and ® € Cgo([O, L], R3X3). On the other hand, from the representation of

skw
the function Q? as a pointwise quadratic form, we have

SO (W [
4?\); )[cp] :/A?(xl)axllll(xl) -ax1 @ (xp)dx; . (55)
0

Now, if we consider mg(x) = (' + %((vé)2 + (vg)z))q + A'p,s, it follows from formulae (42)
and (53) that

8’C(h) (m (a . A/))

50 [¢]=0

for all ¢ € Cgo([O, L)), where a(x1) =u’ + %((1/2)2 + (vg)z). In particular, this implies the opti-
mality of the function a for matrix function A’ in the sense that Q(l)(~, axlA’) = QO(-, a,axl A').
Equating expressions in (54) and (55) for ¥ = A’ and gy = a, we obtain the identity

L

/A?(xl)axlA/(xl) -ax]1 ®(x1)dxg :/E:t(Cbpx/)dx,
0 Q
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for all ® € C(‘)’O([O, L], RSI:\S ). From the latter we recognize the following system

—(Adax1A)3 = Eyy
(Aax1A), = Eyy,
—(AYax1A") = Epp — Ei3,

which is a linear second-order system for the limit displacements vy, v3 and the limit twist func-
tion w, and which needs to be accompanied by the following boundary conditions v;(0) =
vlf (L) =0 for i = 2,3, and w(0) = 0. The obtained boundary-value problem represents the
homogenized Euler-Lagrange equations for the von Karman rod model. Finally, the scaled dis-
placement u can deduced from the optimality property of the function a for the matrix function
A’ and the initial condition u(0) = 0.

4. Stochastic homogenization

In this section we will give an explicit cell formula for the quadratic form Q° (limit energy
density in expression (24)) under the assumption of random material along the characteristic
dimension of the rod. Providing the cell formula for the limit energy in the stochastic setting,
we will also recover periodic and almost periodic structures. The methods we are using here
are largely based on works [11,19,32]. Firstly, we will introduce the general notion and tools of
stochastic homogenization, thereafter we will explore the tools needed for thin structures and
finally derive and prove the cell formulae.

4.1. Stochastic homogenization

Definition 4.1. A family (7 ).cr» of measurable bijective mappings 7y : E — E on the proba-
bility space (€, .#, P) is called a dynamical system on E with respect to PP if:

1. T is additive, i.e. Ty o Ty = Ty, forall x, y € R";

2. T is measure- and measurability-preserving, i.e. Ty B is measurable and P(7, B) = P(B) for
allx e R" and B € .,

3. The mapping A: E x R* — E, defined by A(p, x) = Ty (p), is measurable in the pair of
o-algebras (% x L", . F), where L" denotes the family of Lebesgue measurable sets.

The key property, which will allow us to derive the cell formula, is ergodicity.

Definition 4.2. A dynamical system 7T is called ergodic, if one of the following (equivalent)
conditions is fulfilled:

1. If f: E — E is measurable s.t. f(p) = f(Txp) for all x € R" and a.e. p € E, then f is
P-a.e. equal to a constant.

2. If for some B € % for all x € R" the set (Ty B U B) \ (T, BN B) is a null set, then P(B) €
{0, 1}.

One of the most important consequences of ergodicity is the famous Birkhoff’s ergodicity
theorem:
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Theorem 4.1. Let T be an ergodic, dynamical system and g € L' (E). Then

1
Jim f (T, P)dx = f g(p)dP(p) (56)
A

t

for almost all p, for all bounded Borel sets A C R" with |A| > 0.

Let L?(E) denote the set of measurable p-integrable functions b: E — R. In order to guaran-
tee that the spaces LP(E) for p > 1 are separable we assume that the o -algebra .% is countably
generated. The dynamical system allows for more structure on the space E. Denote by U (x) the
unitary operator

U(x): L*(E) = L*(E), Ux)b=boT,.
If for b € L%(E) and 1 < k < n the limit

. b(Th.e, ) — b(p)
m -———
hl0 h

exists in the L2-sense, then we call it the k-th derivative of b and denote it by Dyb. The operators
Dy, are infinitesimal generators of the maps T, . Thus, i Dy, ..., iD, are commuting, self-adjoint,
closed and densely defined linear operators on the separable Hilbert space L%(E). Let Dy (E)
denote the domain of the operator Dy, and define the space wl2(2) as

WbL2(8) :=Di(E)N...ND,(E),

equipped with norm

n
1B15y12(z) = 1617202y + D _I1DibI z)-
k=1

We also define the semi-norm
n
bly12gz) = D_IDibl 72z
k=1
and analogously the following Sobolev-type spaces:
Wh2(B):={be L*(E) : D{'... Db e L*(E), aj +...+ay <k},

Wo2(B) = ﬂ wk2(g).
k>0

Furthermore, we define the set of stochastically smooth functions as

C®(E):={f € WO(E) V(a1 ...,an) €N, D ...D%be L¥(E)}.
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The space C*°(E) is dense in L*(2) ([6], Lemma 2.1(b)) and separable ([6], Lemma 2.2). At
this point we would like to emphasize, that in the stochastic setting we do not have Poincaré-
or Sobolev-type estimates. Hence, the L2-integrability of higher-order derivatives does not yield
an L°°-bound on the derivatives. Especially, the space W!2(Z) is in general incomplete w.r.t. to
the seminorm | - |yy12(g). Therefore, we introduce its completion denoted as W!2(E). Differ-

ential operators Dy then extend uniquely as operators W'2(2) — L%(E) to continuous opera-
tors W'2(8) — L%(E). The n-tuple of differential operators D = (Dy, ..., D) will be called
stochastic gradient.

We say that elements p € E are fypical, if the identity in the Birkhoff’s ergodicity theorem
(56) holds for all g € C*°(&), and a trajectory x > T, p will be called typical, if p is typical.
Note that separability of C*°(E) implies that almost every p € E is typical. This enables us to
prove the following.

Lemma 4.2. Let n = 1. Then for every b € L%(E) with f: b(p)dP(p) = 0, there exists g €
WL2(E) such that

Dig=>b.

Remark 4.3. Notice that the zero mean value is necessary, since f Di1g(p)dP(p) = 0 for any
geWh ().

Proof. By [11, Proposition A.9.], there exists a decomposition
L*(B) = F;,(8) ® F,,)(E) B R,
where

Fr,(8):=Clp2{Dy : x € W2(E)},

F2,(B):=Cl2{D x x : x € W2(B)}.
For n =1 we have D x x = 0 by definition, and the statement follows. O

The concept of two-scale convergence was first introduced by Nguetseng in [28] for periodic
problems, while Allaire further developed the concept and methods to a versatile tool [1]. For the
stochastic setting, the first definition was given in [6]. However, that concept is not well suited
for our purpose and we will instead use the following (slightly altered) definitions and results
given in [32].

Definition 4.3 (Weak stochastic two-scale convergence). Let (T, p)xecrr be a typical trajectory
and (v®) bounded sequence of functions in L%(2). We say that (v®) stochastically weakly two-

~ " . 2 .
scale converges to v” € L?(Q2 x B) w.r.t. § and we write v& — v? if

lim / Ve ()Q)B(T, 1, F)dx = f [ vP (x, P)p(x)b(p)dxdP(p)
Q 2 Q
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for all ¢ € C°(2) and b € C*°(E). Vector-valued functions are said to stochastically weakly
two-scale converge, if every component stochastically weakly two-scale converges.

Remark 4.4. The difference in this definition to the original one in [32] is the space C*°(E)
instead of C%(Z) for the test functions b. This allows us to skip the assumption of a metric
on E. Observe that the limit v may depend on the choice of the typical element, moreover, the
sequence (v®) may convergence for some typical elements, while not for others. From now on
we fix a typical § € E and suppress any dependence on it.

Definition 4.4 (Strong stochastic two-scale convergence). Let (v¢) C L?(2) be a weakly stochas-

tic two-scale convergent sequence with limit v0 e L2(Q x E). We say that (v°) converges
strongly stochastic two-scale to v° if additionally

1i£/v8(x)u€(x)dx=//v°(x,p)u°(x,p)dxdp(p)
Q 2 Q

for every (u®) C L*(2) weakly stochastically two-scale converging to u® € L>(Q x E). We

2
denote that by v® = v°.

2
Lemma 4.5 (Extension of the test functions). If v¢ — v, then

lsiig/vs(XW(X)b(Tg—lxlﬁ)dx=//v(x,p)<p(X)b(p)dde(p)
Q E Q

holds also for b € L*(E).

Lemma 4.6 (Compactness). Let (v°) be a bounded sequence in L*(2), then there exists a sub-

2
sequence (not relabeled) and v € L2(Q x B) such that v¢ — v.

Lemma 4.7. Let (u?) be a bounded sequence in W'2(2). Then on a subsequence (not relabeled)
ut — u® in Wh2(Q) and there exists u' € L*>(2, W"2(E)) such that

2 2
ut > u® and Vu® = vu® + Dul.

The next lemma shows that convex/quadratic functionals are compatible with this concept of
two-scale convergence. A similar statement with proof can be found in [19].

Lemma 4.8 (Lower-semicontinuity and continuity of quadratic functionals). Let (u®) be a

2
bounded sequence in L*(2, R") such that u® — u® € L>(Q x 8, R"). Let Q : 2 x R" — [0, 00)
be a measurable map such that for a.e. p € E, Q(p,-) is a bounded positive semidefinite
quadratic form, i.e. there exists a > 0 such that

10(p,v)| <alv|?, VYveR".
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Then

lim f O(T,-1, 7o (1)) dx > / / (. u’(p, x)) dP(p)dx.
Q Q E

If additionally u® 2 ud, then
. ~ & . 0
£1£/Q<T8‘]X1p’” (x))dx—//Q(p,u (p,x))d]P’(,o)dx.
Q Q E

4.2. Application in elasticity

In this subsection we closely follow [26], where analogous results where derived for the peri-
odic case. Since most of the statements can be proved in the same fashion, we will skip those. In
the following we work only with a one-dimensional dynamical systems 7', i.e. n = 1. We could
assume additional microstructure in the cross section (see for instance [21] for the periodic case
of bending plate), but for simplicity omit that.

Let (g5,) be a sequence of positive numbers, such that ¢ | O for z | 0. The random energy
density W" : R? x 8 x R3*3 — [0, +-00] is then defined by

W, p, FY=W(T, 1, p, F), (57)
n Xl
where

(S1) forae. p e E, W(p, ) is continuous function on R3x3;
(S2) forae.pec &, W(p,-) e W(a, B, 0,k);
(S3) there exists a monotone function r : R; — (0, +00) such that ¥(§) | O as § | 0 and

VG eR¥™3, Vi >0 : esssup|W"(x, p, I + G) — Q"(x, p, G)| < r(IGIG|?,

xeQ

where Qh (x, p, -) are quadratic forms defined as in (H4).

The limiting material properties depend strongly on the relation between & and ¢j,, more specifi-
cally on y € [0, +00] defined by

=1lim—.
L4 hl0 &p

To study the above introduced energies we need Sobolev-type spaces not only in E, but also on
E x w. Hence, we define

WL2(E x w) := W (w, L*(E)) N L*(w, W2 (B)),
equipped with seminorm

2 2 2 2
|M|W1*2(E><w) = ”Dlu”LZ(EXw) + ||32M||L2(Exw) + ”83””L2 EX(/)) .
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Similarly as in the purely stochastic Sobolev space, by W!?(E x w) we denote the completion
of WI'2(E x w) w.rt. the seminorm | - lw12(gxw)- The following statement about stochastic
two-scale limit of scaled gradients can be proved as in [19].

Lemma 4.9. Ler (u") ¢ W'2(Q,R?) and u® € L2(Q,R3?) such that u" — u®° strongly in
L2, R3) and let (Vyu") be uniformly bounded in L2(2, R3*3). Then u® depends only on x1.
Moreover,

1. if y € {0, 0o}, then there exists

u' € L2((0, L), W'2(2))3) and u* € L>((0, L) x 8, W2 (w,R?), y =0,
ul € L2(Q, WH2(8))3) and u* € L2(I, Wi2(w, R3)), y =00,

and

2
Viu = (01u° + Dy | Vou?).

2. If y € (0, 00), then there is a subsequence (not relabeled) and a function ul € L2((0, L),
WI2(8 x o, R?)) such that

2 1
Viou = (011 + D' | ;Vx/ul).

4.3. Cell formula

Definition 4.5. For a.e. p € E let Q(p, -) be a quadratic form associated with the energy density
W(p,-). Forevery o e Rand ¥ € R3*3, define the mapping Q?, ‘R x R3 = Rby

skw *

09 (0. ax1 W)

inf [ [ Q(p. (et + ¥py + (D1¥Hpy) + (D191 | V9?)) dx'dP(p), y =0;
= {inf [ [ Q(p,(0er + Wpy) + (D19} | %Vx/ﬁl))dx/dﬂ”(p), 0<y<o0;
inf [ [ Q(p.(er + ¥py) + (D191 | Ved?)) dx'dP(p) y =00,

where the infimum is taken over all W!, 9!, 92 satisfying: wle WI’Z(E, RSkXVS),

Wh2(E)3, y =0,
o' e {WL2(E x w)?, 0<y<oo, and z92e=
L*(w, Wh2(8)), y =00,

L*(8, W' (w,R3), y=0,
W2 (w,R3), y=00.

Proposition 4.10. Let (W") be a family of energy densities describing a random material for
rods defined by (57). Then the limit energy density Q°, defined in (24), is given by Q?, from
Definition 4.5.
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Proof. We only prove the result for 0 < y < oo. The other two cases are very similar. Using the
previous general homogenization result it suffices to prove that for m = m (o, V) = ge; + Wp,/
it holds

1%1( Ky (m, x0 + (=, r))) = 0%, ax1 W),

for all o e R and V¥ € RSkWS , for every Lebesgue point x?, where Ky is given by (22). By
Lemma 2.5, for given m, there exist sequences of functions ¥y ¢ H((0, L),R3X3) and

skw
" c HY(Q,R3), with properties stated there, such that

llig( Ky (m, xl + (-, r)))

. ~
lrli’l(} o %1?6 / Q(Ts_lxlp, t(m) + symL((\Ilh)/px/) + sym Vhl‘}h> dx.

(x?+(—r,r)) X

Using the lower-semicontinuity of quadratic functionals with respect to the stochastic two-scale
convergence we obtain

1 0
£1$<ZK(h) (m5 -x] + (_r7 r)))

1

. . ~ h h
:hng;%% / Q(Tsfl)qp,t(m) + sym((¥")'p,/) + sym V;, 9 )dx

(x0+(—r,r))><w

>11m—1nf / / 0, L(m)+U> dP(p)dx,

rl02r U
(=) Exe

where the infimum is taken over all possible two-scale limits of
syme((W")'per) +sym V9",

i.e.

skw

1
{symL(Dl\Iflpxr) +sym—Vyo! Wl ewh2(2, R¥Y), 9!l e WH2(E x w)3} .
14
Notice that the first term can be absorbed into the second one. To show this we define ! by
‘1’12('0))62 + Wi3(p)x3

p,x) = ——‘1112(,0) + W23(p)x3
‘1113(/0) Wo3(0)x2
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where ™ denotes the primitive of the function. A short calculation reveals that
1 31

sym(; V') =sym((D1W)p,) .
Therefore, the set of weak stochastic two-scale limits is given by

1 1 1 1.2/m 3

—Vy' 19 e W (Exw)'t .

14
Hence, we deduce

. 1 0 0
1‘%(5“’”“’“ x4 (=) = 05 (0, ax W)

For the reverse inequality we fix o, ¥, and let 91 e (W2(E x w))? be such that

1
ff Q(p, L(oer +Wpy) + (D19 —Vx/ﬂl)) dx'dP(p) < &+ QY (0. ax1 V).
%

E o

Defining
9" (x1,x)) = %ﬂlqul p,x),
we observe
sym(V,9") 2 sym(Dlﬁl | %Vx/ﬁ‘l) .
By continuity of quadratic functions w.r.t. stochastic two-scale convergence we have
e+ Qg(g, axl )
> f f Q(p, tger + Wpy) +sym(Dyo' | %vwl)) dx'dP(p)
E o

o1 . ~ h
= lim 5~ / lim Q(TE,.xlp,z(pel+\ppx,)+sym(vhﬁ ))dx/dIP’(p),

PR S R
which finishes the proof. O
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Appendix

Lemma A.l. Let p > 1, Q C RY open, bounded set and (uy) C WHP (2, R™) a bounded se-
quence such that (|Vug|P) is equi-integrable. Let (sy)x be an increasing sequence of positive
reals such that sy — +00 for k — +00. Then there exists a subsequence still denoted by (uy)
and a sequence (zr) C W2 (Q, R™) satisfying: |zx # ur| — 0 as k — 400, (|Vzi|P) is equi-
integrable and ||zi || y1,c < Csi for some C > 0 depending only on dimension d.

Proof. The proof is implicitly contained in the proof of Lemma 1.2 (decomposition lemma) from
[15], but we include it here for reasons of completeness. As in [15], the proof is divided into two
steps. In the first we assume that 2 is an extension domain, while in the second we remove this
restriction generalizing the statement for an arbitrary open set.

Step 1. Let Q C R4 be an extension domain, i.e. an open, bounded set for which there exists
an extension operator Tg : W17 (Q, R™) — wlr(Rre, R™) satisfying:

Tou=u on§2, ||TSZM||WLP(Rd) SCHMHWLP(Qy

In the following we identify the sequence (uj) C wLP(Q, R™) with its extension sequence
(Tquy) € WP (R4, R™). Let us introduce the Hardy-Littlewood maximal function

1
M@u)(x) = flig mB(/) lu(¥)dy,

defined for any Borel measurable function u : R — R™. It is known that for p > 1 and u €
WhP R R™),

IM@) e + IM(Vu)llLr < Cllullyip -

According to [15, Lemma 4.1] (cf. [12]), for every k € N, there exists zx € Wl’oo(Rd, R™) such
that uy = z; on the set S := {M (Vuy)(x) < s¢} and ||zkllyi1,0 < Csk, where C > 0 depends
only on d. Using the argument as in the proof of [13, Proposition A2.], we obtain an estimate on
the Lebesgue measure of the complement of set Sk,

Cc
ISkl < — / (luk| + |Vugl)Pdx, forall k e N. (58)
s
© Vg > 52/2)
The strong convergence of (1) and the equi-integrability property of (|Vuy|?) imply that |S;| =

lug # zx| — 0 as k — o0o. Let A C R be a bounded open subset, then due to the fact that
{ur = zx} = {ur = zx , Vur = Vzi}, up to a set of the Lebesgue measure zero, we have

/|Vzk|pdx= / |Vug|Pdx + f |Vzi|Pdx, forall keN.
A

ANS, AQSE

Since (|Vug|?) is equi-integrable, the first term on the right-hand side can be made arbitrary
small for |A| small enough. For the second term, using (58), we estimate
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fIVZkI”dxs IVzellh o SEI < € / (lug] + |Vug))Pdx, forall k e N,
Si {loke |4+ Vug|>si/2}

and conclude, as above, that limj_, o, f S¢ |Vzk|Pdx = 0. Hence, we proved that for every ¢ > 0
k

there exists 8 > 0 and ko € N, such that for all open subsets A C R? with |A| < & and for all
k > ko it holds

/ |Vzi|Pdx < ¢,
A

which by definition means the equi-integrability of the sequence (|Vzx|?).
Step 2. Let Q be an arbitrary open, bounded set. For a given bounded sequence (u;) C
WP (Q, R™), there exists a subsequence such that

Up —u inWl’p(Q,R’"), Uy — u inLl[;c

(Q,R™).

Let (£2;) be an increasing sequence of compactly contained subdomains of 2 satisfying
|©\Q;| = 0 as I — oo, and let (&) C C°(£2, [0, 1]) be a sequence of cut-off functions such
that §;(x) = 1 for x € ;. Define ity := uy — u, and observe that

lim sup limsup || ik || Lr =0
[—>00 k—o0

and

limsup limsup ||V (gig)| Lr = limsuplimsup |V ® ug + & Vgl e

00 k—>o0 l—-00 k—>o0

<limsup | Vig|Lr <oo.
k—o00

Then, a standard diagonalization procedure applies (cf. [2, Lemma 1.15]) and provides a bounded
sequence (&x)yik) C Wé’p(Q, R™), which can be extended by zero to R4, Since, UV &wu)!?)
is equi-integrable, applying the arguments of Step 1, there exists a sequence (Z) C W17 (2, R™)
satisfying: |Zx # Sikyitk| — 0 as k — 400, (|VZk|?) is equi-integrable and ||Zg [|yy1,00 < Csy for
some C > 0. Since, |zx + v # uy| < |2x # é‘l(k)ﬁk| + |Q\Q[(k)| — 0, (IV(zx + u)|?) is equi-
integrable, and ||Zx + ullyy1.00 < Csi for some C > 0, we identify zx = Zx + u as the sought
sequence. O

Remark A.2. If we assume in the previous lemma that 2 is a Lipschitz domain, as it is the case
in our model of the rod, where 2 = (0, L) X w and w is Lipschitz, then Q2 is also an extension
domain and according to the arguments in Step 1, we can replace the whole sequence (ux) by its
Lipschitz counterpart.
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