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Abstract

In this paper we consider the Hénon problem in the unit disc with Dirichlet boundary conditions. We
study the asymptotic profile of least energy and nodal least energy radial solutions and then deduce the exact
computation of their Morse index for large values of the exponent p. As a consequence of this computation
a multiplicity result for positive and nodal solutions is obtained.
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1. Introduction

In this paper we study problem
—Au = |x|*ulP " u in B,
{u:O on dB, (1)

where @ > 0, p > 1 and B stands for the unit ball of the plane. When « > 0 problem (1.1)
is known as the Hénon problem since it has been introduced by Hénon in [23] in the study of
stellar clusters in radially symmetric settings, in 1973. For o = 0 problem (1.1) coincides with
the Lane-Emden problem

u=>0 on dB, (1.2)

{ —Au=ulPlu in B,
and we will see that the connections between (1.1) and (1.2) are deeper. Indeed radial solutions
to (1.1) can be viewed as radial solutions to (1.2) in a sense which will be clarified in Section 2.

The appeal of the o > 0 case is due to various aspects. First, when the dimension N of the
space is N > 3, (1.1) admits solutions also in the supercritical range of p, as observed by Ni in
[26], where another critical exponent has been shown in the radial framework. The second main
reason of interest is the symmetry breaking phenomenon due to the term |x|* which allows the
coexistence of radial and nonradial solutions also in the case when they are positive. It is known
indeed that also solutions which minimize the energy are not radial when « is large enough, see
[32].

In this paper, carrying on the study of the Hénon problem started in [6], we consider (1.1)
in the unit disc, where it admits solutions for every p > 1 and no critical exponent appears and
in particular we focus on large values of p, where concentration phenomena take place and
nonradial positive solutions arise. Indeed it has been shown in [1] and [22], both dealing with
the Lane Emden problem, that radial solutions behave like a spike. Such kind of concentration
differs from the one occurring in the higher dimensional case when p approaches the critical
exponent: firstly because solutions stay bounded, secondly because the concentration of nodal
solutions follows different paths (and has different limit problems), depending on the nodal zone
which is focused. In this context then we analyze the asymptotic behavior of solutions to (1.1)
for large values of p, starting from the radial ones, both positive and sign changing. What we
obtain is that, in the radial setting, the concentration phenomena known for the Lane Emden case
(o =0) in the plane extend to solutions to (1.1), strengthening the connections between the two
problems. In particular the limit of some of the parameters coincide as the effect of the large
exponent p removes the influence of the term |x|*, even if the concentration takes place at x =0
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where its effects are usually higher. Nevertheless this term plays a significant role that shows
in the asymptotic profiles of the solutions, affects their Morse index and produces nonradial
solutions, also even positive ones.

Let us present which type of solutions we are interested in and the main results.

Since we are in the plane and HO1 (B) is compactly embedded in L?(B) for every p, problem
(1.1) admits solutions for every value of p > 1 and o > 0. Solutions can be found minimizing
the Energy functional

1 1
Ew) = —/|Vu|2 — —/|x|°‘|u|f’+‘ (1.3)
2 p+1
B B

constraint on the Nehari manifold

N={veH!B) : fle|2=/|x|“|v|p+1}.

B B

The solutions produced in this way are positive in B and are called least energy solutions.
Nodal solutions can be obtained instead minimizing £ () on the nodal Nehari manifold

Nooa={v € HY(B): v+ 0, [ 1V0F P = [ lxfeut o+,
VA0, [y Ve = [y e irt

that has been introduced in [9] and [10]. Here st (s7) stands for the positive (negative) part
of s. Minima on Ao have the least energy among nodal solutions to (1.1) and are called least
energy nodal solutions. By a result in [10] they have two nodal regions, which are the connected
components of the set {x € B : u(x) # 0}. Moreover in [11] it has been proved that least en-
ergy solutions partially inherit the symmetries of the domain, being foliated Schwarz symmetric,
namely axially symmetric with respect to an axis passing through the origin and nonincreasing
in the polar angle from this axis (see also [28]).

Let us recall that the Morse index of a solution u is the maximal dimension of a subspace
X € HJ (B) where the quadratic form

0u(¥) :=f|vw|2 — plx|*|ulP "y ? dx (1.4)
B

is negative defined. The least energy and the least energy nodal solutions have Morse index 1
and 2 because they are constrained minima on manifolds of codimension 1 and 2, respectively,
see [10]. From a different perspective the quadratic form Q,, is associated with the linearized
operator at u

Ly(y) = =AY — plx|*lulP'y

with Dirichlet boundary conditions and the Morse index can be computed counting (with mul-
tiplicity) the negative eigenvalues of L, in HO1 (B), but also some negative singular eigenvalues.
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This equivalence and the characterization of Morse index in terms of the singular eigenvalues of
L, is given in details in [6] and will be essential for our aims.

The aforementioned minimization procedure can be done, in principle, in any subspace of
HOI(B), and particular attention has been devoted to the one of radial functions HOI,rad(B)' Re-

stricting the energy functional and the (nodal) Nehari manifold to the space Hol,rad(B) of radial
functions, we end with a least-energy positive radial solution or with a least-energy nodal radial

solution to (1.1) that we denote respectively by u }) and uf) highlighting the number of nodal

domains. Again the radial Morse index of u i, and u%, is respectively 1 and 2, where by radial

Morse index we mean the number of the negative radial eigenvalues of L,, namely eigenvalues
which are associated with a radial eigenfunction. But the Morse index of u}, and u%, depending
on p and on « can be larger, implying that the least energy solutions are not radial. Indeed this

is the case at least for the nodal solution u%, since it has been proved in [2] for « =0 and in [7,

Theorem 1.1] for & > 0 that m(uf,) > 4 + [o/2] for every p (here [-] stands for the integer part).
In [25] instead it has been shown that the Morse index of any radial solution to (1.1) diverges as
o — oo and this implies that least energy solutions are nonradial when « is large enough.

In this paper we analyze problem (1.1) as p — oo, finding the asymptotic profile of radial
least-energy solutions u}, and ué and then compute the exact Morse index of these solutions,
depending on «, for sufficiently large values of the exponent p. Next we will see that the knowl-
edge of the Morse index allows to distinguish between different solutions to (1.1), that can be
produced by minimizing the energy on the (nodal) Nehari manifold in some other subspace of
Hj(B).

The paper is organized as follows. Section 2 is devoted to the asymptotics of the radial so-
lutions, which can be deduced without too much effort from the analysis carried out for the
Lane-Emden problem in [1] (concerning positive solution) and [22] (concerning nodal least en-
ergy solution).

For large values of p problem (1.1) is linked to the weighted Liouville problem

—AU =|x|%eY in R?,
{ fRZ lx|%eY dx < o0 (1.5)
and to the family of its radial solutions described by
224 a)?s
Ua;é(X)Zlog W’ 8 >0 (16)

Imposing the condition U (0) = 0 selects uniquely the parameter § (and so the solution to (1.5))
as

S(a) =22+ a)>. 1.7)

As enlightened in [22], when describing the asymptotic behavior of nodal solutions also a singu-
lar Liouville problem arises. In the present case it is a singular version of problem (1.5), precisely

_ — |xl2U _ ; 2
{ AU = |x|% Q2+ a)ymydo in R4, (1.8)

Jre 1x1%eY dx < 00

where &y denotes the Dirac measure supported at x = 0. A family of radial solutions is given by
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2 o
2 ((2+oz)2(2+}/)> 8|x|2%7

@4+a)2+y) \ 2
(&Hm—ﬁf—)

24+«
=Ua+z+Tay;5(x)+Tylog|x|, 6§>0

(1.9)

Za,y;é(x) = log

where U(HHT(XWS is a solution to (1.5) as defined in (1.6) with « replaced by o + z%y.

In order to state the results on the asymptotics of the solutions we need some more notations.
Concerning the minimal energy radial solution u},, it is known by ODE arguments that it has
only one critical point at x = 0. We therefore let

[ B
. pp=(pup ) T,

p =ub(©)

and define the rescaling

Pl —up©) 1

up(x) = u},(O) ,Op

We shall see that

Theorem 1.1. Let o > 0 be fixed and let u ;, be a least energy radial solution to (1.1) correspond-
ing to o.. When p — oo we have

wp— e pp—0, (1.10)

42 + a)?

) N
& Q2 4 a)? + |x|2+e)? in Cie(R7). (L.11)

Upx) = Ugs)(x) =lo

For what concerns the minimal energy nodal radial solution u%, we write uf,(x) = uf,(r) for

r = |x|, and denote by r, its unique zero in [0, 1), so that A; , =[0,rp,) and Ay , = (rp, 1) are
its nodal zones. It is known by ODE argument that it has two critical points in [0, 1): the first one
is 0 while the second one is o), € A3 ,. We therefore have two extremal values

wp =[O, 2y =|e)|,
two scaling parameters
L =
pp=(plur O™ ==, o) =(plus(oy)P~ )7,
and two rescaled functions
2,1 2
~ p(uy(p,r) —uy(0))
upp(r)= P p2 P aSO§r<—1,
u3,(0) oh
2,2 2
~ puy(pyr) —uy(op))
uz p(r)= p p2 ph asO§r<—2.
MP(O'[)) p[)
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The asymptotic behavior of u?, is described by next Theorem.

Theorem 1.2. Let o > 0 be fixed and let uf, be a least energy nodal radial solution to (1.1)
corresponding to a. When p — oo we have

Ui,p —> %Eez(f+ﬁ> ~22.46, M2, p — e2+Vo ~ 1,17, ,o;—>0 asi=1,2
(1.12)
where t ~ 0.7875 is the unique root of the equation 2/elogt +t =0, and
~ 4(2+0l)4 . 1 2
ur,p(x) = Uy5()(x) =log GO T 0t ) in Cpy. (R%). (1.13)
Moreover
=0, Loo, 2o (1.14)
Pp Pp
2
op 2 2Fa
op =0, — = L (1.15)
Py 24
where £ is a fixed number, £ >=7.1979. Starting from € we define
4 (2 2ty
v =V4+202-2~83740,  Sr(a) ::i( Z“z) . (1.16)
14
Eventually
’JZ,p(x) g Za,y;éz(a)(x) (1.17)
1 2 2 e
52+ a0)*C+y)S(|x| 27
=log2( )72+ y) 8a(a) x| in CL_(R2\ {0]).

)24 \ 2
(320 121 5577)

This Theorem extends already known results for the Lane Emden equation to the Hénon
problem. Surprisingly the limit values of the maximum and the minimum of the radial solutions
ufp are not affected at all by the term |x|* and they are exactly the same of the Lane Emden
case which have been characterized in [1] and [22]. The dependence on the parameter o appears
instead in the limit of the two rescaling Uy s(o) and Zy,y:5, () -

Section 3 is devoted to the computation of the Morse index of u}, and uf, for large values
of p. By taking advantage of the asymptotic study in Section 2 and on the characterization of the
Morse index given in [6] we prove the following results:

Theorem 1.3. Let « > 0 be fixed and let ul, be a least energy radial solution to (1.1) correspond-
ing to a. Then there exists p* = p*(a) > 1 such that for any p > p* we have
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y=1+2[2 1.18
mGuy) =142 (1.18)

Theorem 1.4. Let o > 0 be fixed and let u%, be a least energy nodal radial solution to (1.1)
corresponding to «. Starting from the number £ determined by (1.15) we set

242 2
= J; =¥%5.1869. (1.19)

For all a > 0 there exists p5 = p3(a) > 1 such that for any p > p} we have

2+« o
mu) = 2{ : K—‘ ) B] (1.20)

when o # oy = 2(% — 1), while when o = ay, it holds

o o

(2+a)/<+2’72-‘5m(ui)§(2+a)/<+2’72-‘+2 (121

Here [¢] = min{k € Z : k > t} stands for the ceiling function.

In the case « = 0, Theorem 1.4 gives back the Morse index of the Lane-Emden problem com-
puted in [13] since 2[«] +2[0] = 12. The papers [14] and [8] perform an analogous computation
in dimension N > 3, respectively in the case « =0 and o > 0.

Formula (1.18) highlights a discontinuity of the solution’s set of the Hénon problem (1.1)
corresponding to the even values of o which is typical of the nonlinear term |x|* and has been
already observed in several papers among which we can quote [29], [18], [8] as an example.
In particular, in (1.18), 1 is the amount of the radial Morse index of u}, while 2 f%-| is the
contribution of the non radial Morse index, due to the term |x|%, and comes from the asymptotic
profile in (1.11).

Formula (1.20) instead exhibits two discontinuities, one corresponding to the even values of o
and the other corresponding to the sequence «,, such that #K is an integer. In order to analyze
them we rewrite the Morse index as

2. o 24« B
m(up)—2+2’72-‘+2’7 T 1}

and we observe that 2 is the radial contribution to the Morse index of u?,, while 2 (%—| is the (non-
radial) contribution of the rescaling of u%, in the first nodal zone which has the same limit profile

as u},. The term 2 |_2+T"‘/< - 1-| is instead the (nonradial) addition coming from the rescaling of
u% in the second nodal domain, and it is the major part of the Morse index. What happens is
that the behavior in the second nodal zone, where the solution is smaller, has a greater influence
due to the effect of the singular term in (1.8), and we will see in Section 3 that it gives rise to a
multiplicity result.

The existence of this sequence «,, seems a new phenomenon which is peculiar of dimension 2
since it does not appear in higher dimensions where each nodal region brings the same contribu-

tion (radial and nonradial) to the total Morse index, see [8]. It suggests that the set of solutions to

Please cite this article in press as: A.L. Amadori, F. Gladiali, The Hénon problem with large exponent in the disc, J.
Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.11.017




YJDEQ:10094

8 A.L. Amadori, F. Gladiali/ J. Differential Equations eee (eeee) eee—eee

(1.1) changes in correspondence of that values of ¢;,, and indeed the number of distinct nonradial
solutions that we produce later on in Theorem 1.6 increases by one unit.

Finally in Section 4 we give some existence and multiplicity results, by minimizing the energy
functional £ (#) on some suitable spaces of invariant functions. To this end for any integer n > 1
we denote by R 2n any rotation of angle , centered at the origin, and we let G2« el be the subgroup

of 0(2) generated by R27‘r Next, we denote by H, ! ,, the subspace of H (B) glven by functions
which are invariant by the action of G 2, namely

Holyn ={ve HO1 (B): v(x) =v(g(x)) forany x € B, forany g € Ga. },
and we introduce the n-invariant Nehari manifolds
Ny :={ueH,: f [Vul* = f e[| P,
B B

and the nodal n-invariant Nehari manifold

Ninoa ={v € H,: v £0, [ 1V0F P = [ oot e+,
VA0, [ IVuT = [y xI*om P+,

Since H, ! 0.n 1s compactly embedded in L?(B) for every p > 1, by standard methods (see, for
instance, [10] or [11]) it follows that min,eps, () and mingeps, € (u) are nonnegative and
attained at two nontrivial functions, that we denote respectively by u! p.n and ufm. They are
weak and also classical solutions to (1.1); up’n is positive in B and is a least energy solution in

nod

H(} ,» While uf,,n changes sign and is a least energy nodal solution in Holyn. Furthermore their
n-Morse index, i.e. the number of negative eigenvalues of the linearized operator L, which have
corresponding eigenfunction in Hol‘n’ is given by m,, (u ,) =1 and m, (u? ».n) = 2, because they
are minima on manifolds of codimension 1 and 2, respectlvely. Comparing the n-Morse index of
i n With the n-Morse index of the radial solution ulp and using a strict monotonicity result in
the angular variable of [17], we are able to prove

Theorem 1.5. Let o > 0 be fixed. Then, there exists an exponent p* = p*(«) such that problem
(1.1) admits at least [ 5] distinct positive nonradial solutions for every p > p*(a).

The exponent p* here is the same of Theorem 1.3 and the nonradial positive solutions we
found are invariant up to a rotation of an angle 27r/n for n = 1,...[%], respectively. Let us
remark explicitly that the first one is the least energy solution.

Coming to nodal solutions, we shall prove that

Theorem 1.6. Let o > 0 be fixed. Then, there exists an exponent p3 = p; () such that problem
(1.1) admits at least {HT“K — 1] distinct nodal nonradial solutions for every p > p3 ().

Here the number « is the same of Theorem 1.4 and p3 = max{2, p3} for p3 as in Theorem 1.4.
The fact that p%‘ has to be greater than 2, instead of coincide with pg, is technical in order to dis-
tinguish nonradial solutions and we do not believe it is necessary. The nonradial nodal solutions
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. . . _ 24 .
found are invariant up to a rotation of an angle 27 /n for n =1, ...[=5%« — 17, respectively.

Again, the first one is the least energy nodal solution. When o = 0 Theorem 1.6 provides 5 so-
lutions, and gives back a previous multiplicity result in [20] to which these last two results are
inspired.

Nonradial solutions (both positive and sign-changing) have been produced also in [16,33,24,
3,4] by different methods. [16], [33] rely on a finite dimensional reduction method and construct
solutions (respectively positive and sign-changing) with n symmetric concentration points placed
along the vertex of a regular polygon. We mention also [15], dealing with the Lane-Emden prob-
lem. The symmetries of the n-invariant least energy solutions are consistent with theirs, and it is
reasonable to conjecture that our positive solutions u . _» coincide with the ones in [16], supported
by the fact that we obtain the same number of solutions, but possibly this is not true anymore
for nodal solutions. Indeed in the Lane-Emden case it is known that the zero set of solutions
produced in [15] touches the boundary, while [20] showed that this does not happen to the so-
lutions of type “%.m at least when n = 4,5, and a similar result holds also when « > 0. [24]
and [4], instead, prove a nonradial bifurcation respectively w.r.t. the parameter o, which arises in
correspondence of even values of «, and w.r.t. the parameter p. Let us stress that the bifurcation
in [24] allows to produce, for any given p, an infinite number of nonradial solutions arising as «
increases. In a complementary way the multiplicity results stated in Theorems 1.5 and 1.6 yield
a finite number of solutions arising for any given value of « (imposing that p is large). Some of

such nodal solutions ufw are nonradial for every value of p > 1. This is certainly the case for

n =1 (i.e. the least energy solution), and we conjecture the same holds until n < HT“ﬂ, where
B~ 2,305 is a fixed number introduced in [3] and related to the computation of the Morse index
of u%, when p approaches 1. Indeed the same paper shows that uf,’ ,, are nonradial also when p is
close to 1, for that values of n. Conversely for n = |_2+T°‘,B—| e (HT“K — 1—| the curve p — u%,’n
coincides with the one of radial solutions p ui for p close to 1, and then it branches off giving

rise to the continuum of nonradial solutions exhibited in [4].
2. Connections with the Lane-Emden problem and asymptotic profile

In order to study radial solutions to (1.1) we let r = |x| for x € B and we perform the following
transformation

2

2 p—1 2+«
UO%Z(EIE) u(r), t=ro, 2.1)

which has been introduced in [12] and used in [18] and [19] in order to study the Hénon problem,
and transforms radial solutions to (1.1) into solutions of the one dimensional problem

{—(tv/)/:t|v|p_1v, 0<t<l1, 22)

V'(0)=0, v(1)=0

Solutions to (2.2) can be seen as radial solutions to (1.2) corresponding to the same exponent p
and the correspondence among radial solutions to (1.2) and radial solutions to (1.1) is one-to-one.
The condition v’(0) = 0 can be not so evident and indeed it has been proved in [6, Proposition
4.6] and [7, Lemma 4.3] that any solution to (2.2) that satisfies
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1

/ t(W)? dt < oo (2.3)
0

is a classical solution and satisfies v'(0) = 0. It is then possible to apply a uniqueness result of
[27] to have that for any integer m > 1 there exists only a couple of radial solutions to (2.2) that
are one the opposite of the other and classical solutions (see, for instance, [7, Proposition 4.1])
which have exactly m nodal zones, meaning that u }, and uf, are unique up to a sign. So we denote
hereafter by v}, the unique positive solution to (2.2) and by v%, any solution to (2.2) with 2 nodal
zones. These solutions can be found minimizing the energy functional associated with (1.2)

1 1
E(w) = —/Nw|2 - —/|w|f’+1
2 p+1
B B

on the radial Nehari set or on the nodal radial Nehari set, namely
N = (w e Hyg(®) [ 190 = [ 1wy
B B

Neadinod == {w € Hy 1,q(B) : w™ #£0,w™ #£0,w", w™ € Naa)

and they are known as radial least energy and nodal least energy solutions to (1.2).

The asymptotic behavior of the radial least energy solution vllJ has been studied in [ 1] while the
case of the radial least energy nodal solutions vlz7 has been faced in [22]. Indeed radial solutions
to (1.2) tend to concentrate in the origin as p goes to oo but, differently to what happen in the
high dimensional case, the extremal values remain bounded when p — oo so that the solutions
behave like a spike and the concentration is different when it takes place in the first nodal domain
or in the subsequent one.

The limit problem related to the first nodal domain and hence to the positive solution v}, is the
Liouville equation

_ —_,V : 2
AVV_e in R4, 2.4)
Jree¥ dx < oo,
whose radial solutions are
Vs(x) =1 788 §>0 2.5)
=1lo as § > 0. .
N N e

In particular the unique solution to (2.4) which satisfies the additional conditions V (0) = 0 is the
one with § =8, i.e.

64

V(x):=log —.
(8 + Ix2)°

(2.6)

To describe the behavior in the second nodal domain it is also needed a singular Liouville equa-
tion, which is described in details in [22], and we write here in the form
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_ _ L,V _ 2
{ AV =e 2wy 8o in R=, @)

Jre eV dx < oo,

where & stands for the Dirac measure centered at x = 0 and y is a real parameter. The family of
its radial solutions is given by

22+ y)%8|x|”

Z,.s(x):=log
’ (5 + x2+7)?

) =Uy,s(x)+ylog|x| asdé>0, (2.8)

where U,.s is a radial solution to the weighted Liouville equation (1.5) with « replaced by y.
Imposing that, for some fixed £ > 0 that we make clear very soon, V (t) = V (|x|) satisfies also

V(®)=0 and V'({)=0
selects uniquely the parameters y and § as

|4 +4€2+V.

y=y(@)=v202+4—2 and § =8(0) = (2.9)

In the following we shall write Z; = Z,, (¢);5(¢) for such function. Notice that the parameter H in
the notation used in [22] is identified by the relation

4 12

2 t1+}/
—H(b) ::/tezfdt=2(2+y)a/4( +”2) St
, ) (8+17)
22+ )Pty

e L/
§ + 02ty (2.9))/()

Before entering the details of the asymptotic behavior, let us spend some words about the

relation between the limit problems for the Lane-Emden equation, (2.4) and (2.7), and the ones
for the Hénon equation, (1.5) and (1.8).

Remark 2.1. A slight variation on the transformation (2.1), namely

2 24a

s=2+arT, V(s)=U(r), (2.10)

maps weak radial solutions to (2.4) (respectively (2.7)) into weak radial solutions to (1.5) (re-
spectively (1.8)). Indeed for any test function ¢ € C(Cfrad(Rz) we have

o o 2 o0 o

V'é ds — 14 ds = / U'v'd _/ I4+a U d
/s ¢’ ds /se 1) s(2.1<))—2+a rU ' dr r e’ Yyrdr
0 0 0 0

for ¥ (r) = ¢ (s). So the family of solutions of the weighted Liouville problem (1.5) defined by
(1.6) and the one of the Liouville problem (2.4) defined by (2.5) are related by
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)zs(r) = Vs(s), (2.11)

U
A 2+«
a'(T

and in particular the solutions which are null at the origin are Uy.s(«)(r) = V (s) as defined in
(1.7) and (2.6), respectively.

Similarly the solutions of singular weighted Liouville problem (1.8) defined by (1.9) and the
ones of the singular Liouville problem (2.7) defined by (2.8) satisfy

Za,y.(m)z%(r) = Zy:5(9)- 2.12)

2

In particular the additional conditions (2.9) for (2.7) correspond to the following additional con-
ditions for (1.8)

2
2 Tha
+°‘z) (2.13)

U(ly) =0, U'(Ly)=0, for£a=<

and select uniquely the parameter y = y(£) and 8> () = (#)Hy 8(¢), where y(€) and 6(¢)
are given by (2.9). It is also worth of noticing that they are the same values of the parameters
selected in (1.16), and that for this particular choice we have

ly ¢

/’1+“eza%52<“)dr = 2Jro{/sez“s)ds= 2+ay.
2.100 2 2

0 0

Some more notations are needed to describe the asymptotic behavior of the solutions. Con-
cerning the positive least energy radial solution v},, its maximum is v [l, (0), so we introduce the
scaling parameter

.
e = (p (v},(O))p = (2.14)

and the rescaled function

- (v)(ept) — v, (0)) 1

(1) = P ”1 p for0<rt < —. (2.15)
v, (0) £p

Extending some previous results in [31], in [1] it has been proved that

Proposition 2.2. Let vll7 > 0 be the radial least energy solution to (1.2) related to the exponent p.
Then as p — o0 we have vll,(O) — /e, ep —> 0and

v, — V inCL.[0, 00). (2.16)

For what concerns the least energy nodal radial solution vf,, welet 0 <t ), <h,=1its
zeros, and 7y, , = 0, so that its nodal zones are By , = [to,p, t1,p) and By , = (t1 p, 12, p). It has
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only two critical points, s1,, =0 € By, and 52, € By p, corresponding to two extremal values.
We define two scaling parameters

; 11 .
g = (pluy(sip!P™H77 asi=1,2 (2.17)
and two rescaled functions

2ol 2(a.
T () :=p(v’3(8;’0 — vpsip)) for0<r <. (2.18)
P U%;(Si,p) - 8;7

The asymptotic profile of this solution v12, has been described in the paper [22] where the param-
eters 7 and £ have been characterized. We report here a slight modified statement of their result,
already appearing in [13].

Proposition 2.3. Let vlz7 be a least energy nodal radial nodal solution to (1.2) related to the
exponent p. Then as p — 0o we have

v2(0)] — { T ~2.46, [V2(s2,p)| = 2O A 117, & >0 asi=1,2 (2.19)

where t ~ 0.7875 is the unique root of the equation 2/elogt +t =0, and

vy, >V in Cp, [0, 00). (2.20)
Moreover
t t
=0 Lo, L0, 2.21)
£ &
p p
52.p = 0, 2P s 07,1979, (2.22)
817
Uop — Z in Co. (0, 00). (2.23)

Since the solutions to the Lane-Emden equation are linked to the ones of the Hénon equations
by means of the transformation (2.1), the asymptotic behaviors of the last ones stated by Theo-
rems 1.1 and 1.2 follow easily Propositions 2.2 and 2.3. We report only the proof concerning the
nodal solution ui, because the other one is very similar.

Proof of Theorem 1.2. By means of the transformation (2.1), it is clear that the items related to
the Lane-Emden solution vf, and the respective ones for the Hénon problem uf’ are linked by the
following relations

2 2
__ 4 24a _ W2
Tp =1, O =52p > ,
2
240\ 7T - 2 THa
wip= ()T 26l o= (52e) T

~ ~ 2 A4
ui p(r)="vp 2+a 2 ).
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2

Since (2+T°‘)1’Tl — 1 then lim,_ 00 pti,p = limp_ o0 |vf,(s,',p)|. So the claims concerning p;, ,,
p;, rp, and o, readily follows by the results recalled in Proposition 2.3, in particular the second
item in (1.15) is implied by (2.22). Eventually (1.13) and (1.17) follow by (2.20) and (2.23), by

the computations made in Remark 2.1. O
3. The Morse index of u}, and u%,

In this section we address to the computation of the Morse index of radial least energy so-

lutions u}) and u?, when p goes to oo. By definition the Morse index of a radial solution u, to

(1.1), that we denote by m(u ), is the maximal dimension of a subspace of H& (B) in which the
quadratic form Q,, is negative defined, or equivalently, is the number, counted with multiplicity,
of negative eigenvalues in H& (B) of

—A¢ — plx|®lup|”~'¢ = An(p)¢ inB (3.1)
¢=0 on dB. .

Similarly the radial Morse index of u ,, denoted by m1,,4(u ), is the number of negative eigenval-
ues of (3.1) in H&rad(B), namely the eigenvalues of (3.1) associated with a radial eigenfunction.
It is known by [7, Theorem 1.3] that the radial Morse index is equal to the number of nodal zones,
that is mmd(u},) =1 and mrad(u%,) = 2. In the paper [6] it has been proved that the Morse index
(or radial Morse index) of u, is the number, counted with multiplicity, of negative eigenvalues
Kh( p) (negative radial eigenvalues K;lad( p) resp.) of the singular eigenvalue problem

_ R~
—9 = plal*lu, 13 = TG in 5\ (0 a2

$=0 on 0B,

in Ho (Ho,rad 1esp.). Here Ho := HOl N £ and L is the Lebesgue space

L :={w: B — R measurable and s.t. / Ix| 2w?dx < 400}
B

with the scalar product | B |x| 2% w dx, which gives the orthogonality condition

wly = / Ix| 2wyrdx =0 forw, ¥ € £
B

and Lyag and Ho raq are their subspaces given by radial functions. Of course Ho (0 rad resp.)
are Banach and Hilbert spaces with the norm

||w||2Ho=/|Vw|2+|x|—2w2 dx.
B

By weak solutions to (3.2) we mean a function $ € Ho that satisfies
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-~ 1~ ~ o~
/V¢Vw = plx|*lupl”” pw :Ai(P)/ x| “pw (3.3)
B B

for any w € Hp. Let us remark that, since C(‘)’O(B \ {0}) is dense in Ho with respect to the norm
|l - I, (see Lemma 5.1 in the Appendix), it is enough to take the test functions w in (3.3) in
C3°(B \ {0}). Nevertheless by [6, Proposition 3.1] a weak solution q) is a classical solution to
(3.2)in B\ {0}.

Moreover these singular eigenvalues An( p) have the useful property that can be decomposed
as

An(p) =AM (p) + 2, (3.4)

where k2 are the eigenvalues of the Laplace-Beltrami operator on Sy, and K;ad( p) are the radial
singular eigenvalues of (3.2), which are all simple by [6, Property 5]. Then an eigenfunction
¢n € Ho corresponding to Ay (p) is given, in polar coordinate (r, 8), by

$n(r.0) = ¢ (r) (A cos(k0) + B sin(k)) (3.5)

where a;ad € Ho.rad 1s an eigenfunction associated with K;ad( p)and A, B eR.

This decomposition allows from one side to easily compute the Morse index of a radial so-
lution u, knowing only the radial eigenvalues K;ad( p) and, from the other side, is useful to
understand the feasible symmetries that nonradial solutions can have in order to prove the exis-
tence results, see Section 4.

Performing again the transformation in (2.1) and letting ¥ (¢) = (?; (r) we have that the com-
putation of the Morse index is linked to the singular Sturm-Liouville problem

_ n _ ip—1y, — =15,
{w(el‘léf-l()) ,dtp|vp| Y =t"19;(p)y forte(0,1) (3.6)

where v p fori =1, 2 is defined in (2.1) and the radial singular eigenvalues Arad( p) are linked to
the singular eigenvalues V;(p) by the relation

Q+a) .

AT ) =9, (p)

see [6, Lemma 4.10]. Recall that y is a weak solution to (3.6) means that

1 1 1
/rw’w/ dr—p/r|v;',|”—1w dr=ﬁ,-(p>fr—lx/w dt (3.7)
0

0 0

for every ¢ € H raq Or for every ¢ € C0 Lad (B A {OD).

The space H raq is introduced to obtain compactness in the variational formulation of (3.2) or,
equivalently, (3.6). Anyway compactness is possible only for negative eigenvalues, as rigorously
proved in [19]. As far as
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1 i 1p—
Sy 1 (191 = ploj 17— ¢2dr) dr

R'(¢) = fol =YY

has a negative infimum on Hg rad, such infimum is attained by a function vy, € Ho,rag Which is
a weak solution to (3.6) corresponding to

9 (p) =min {R'(¢) : ¢ € Houa. ¢ #0}. (3.8)

Next if R has a negative infimum also in the subspace of Hg rag orthogonal to ¥, p» Meaning
that

1
ARV :»/flwdz =0, (3.9)
0

such infimum is attained by a function ¥ ;, € Ho rad» ¥2,pLV1,p, Which is a weak solution to
(3.6) corresponding to

Dy(p) = min {R1(@) : ¢ € Hoaa 9 #0, #Lv1p ), (3.10)

and the procedure can be iterated.

These generalized radial singular eigenvalues T)’j.( p), (associated with v 11) or vlzj) have been
studied in [6, Subsection 3.1] and [7, Section 3] where it is proved, among other things, that they
are all simple and the only negative eigenvalues of (3.0) are

— 1<%/ (p) <0, and (3.11)
Vi(p) <—1<D3(p) <0 (3.12)

for any value of the parameter p. Besides the radial Morse index of u}, and u% coincides with the
number of negative eigenvalues of (3.6) [6, Proposition 1.1]. Furthermore also the Morse index
can be computed starting from the singular eigenvalues as follows:

Proposition 3.1. For every a > 0 the Morse index of u;, is given by

. 12 :
mui)=23" {% /—’v\;(p)—‘ —i (3.13)
j=1

asi=1,2.

Indeed formula (3.13) is obtained putting together [6, Theorem 1.2] and [7, Theorem 1.3], and
recalling that in dimension N = 2 the multiplicity of the eigenvalues A; = —j 2 of the Laplace-
Beltrami operator are Ngo =1, N; =2 for j > 1.

Therefore the Morse index of least energy radial solutions for large values of p can be deduced
by the asymptotic behavior of the singular eigenvalues and of the related eigenfunctions. It is
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therefore needed to look at the limit eigenvalue problem, which can be deduced from (3.6) via
the asymptotic behavior of the functions vj, recalled in previous Section. As the latter depends

heavily by the number of nodal zones, we deal first with the minimal energy radial solution u }, (in
Subsection 3.1), and then with the minimal energy nodal radial solution u%, (in Subsection 3.2).

1

3.1. The case of the positive solution u,

In this subsection we analyze the least energy radial solution u }, in order to compute its Morse

index, depending on o when p is sufficiently large. By the aforementioned results in this case
(3.6) has only one negative eigenvalue which will be simply denoted by v{(p) henceforth. It
satisfies (3.11) and formula (3.13) simplifies into

24+«
m(u},)zZ’rT\/—vi(p)—‘ —1. (3.14)
Then the result in Theorem 1.3 is a consequence of Proposition 3.1 once we have proved that:

Proposition 3.2. Let v (p) the unique radial singular negative eigenvalue of (3.6) corresponding
to U117‘ Then

lim vi(p) =—1 (3.15)
p—>00

Before proving Proposition 3.2, which is the core of the present subsection, let us deduce
Theorem 1.3 from it.

Proof of Theorem 1.3. The limit (3.15), together with (3.11), ensures that vi(p) — —1 from
above, so that 2%«/—1)1( p) —> ZJ’T"‘ from below and then (3.14) gives

m(uL)%Z[HTa—‘—lzleQ{%—‘

because the ceiling function is left-continuous. The conclusion follows because the Morse index
is a discrete quantity, and therefore it must be definitely equal to its limit. O

Proposition 3.2, in turn, is proved by sending p — oo in the Sturm-Liouville problem (3.6),
or better into its rescaled version. To enter the details we define

~ Yy (epr)  forrel0,1/ep)
= 3.16
V() iO elsewhere ( )
for £, as in (2.14). Since ¥, € H raq then 1/71, € Drad, where
Dpaa = D2 (R?) N Lraa(R?). (3.17)
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Here D'2(R?), as usual, is the closure of Cgo (R?) under the L?-norm of the gradient, and

Lrad (]Rz) denotes the space of measurable functions g : [0, c0) — R such that fooo i1 g2 dt < o0.
Draq has the Hilbert and Banach structure induced by the norm

e ¢] 2

Winw=| [ (1024w P)ar |

0

and it actually coincides with the closure of C(C)>O (0, 00) under this norm (see Lemma 5.2 in the
Appendix).
_ Moreover ¥, is an eigenfunction for (3.6) related to the eigenvalue vi(p) < 0 if and only if
¥ satisfies

— () —r Wy =r o (p)yr asr e (0,1/ep) (3.18)
Here

p—1
forr € [0, 1/¢p). (3.19)

2.1 p=1 1
Wp(r)zpep‘vl,(spr)‘ = 1+;vp(r)
By the convergence result in [22] recalled in (2.16) as p — oo we have

Wp (r) — W1 (r) = eV(r) = 3 in Cl(z)c[(), OO) (320)

64
B +r2)

where V has been defined in (2.6). Therefore the natural limit problem for (3.18) is

_ Y — 14 B
{ (o) =r(Wsh)e =0 (3.21)
¢ € 7—)rad
As usual we mean that ¢ solves the equation in weak sense, i.e.
o o0
/}wwdr:/r<wh+%>¢¢m (3.22)
r

0 0

for every ¢ € Draq or equivalently for every ¢ € C;°(0, 00).
Eigenvalues to (3.21) are attained in Dy,q as far as they are negative. In particular the first

eigenvalue of (3.21) is f1 = —1, which is simple and attained by the function
()= s (3.23)
r) = , .
Tll 8+r2

as shown in [13, Section 5]. It is the unique negative eigenvalue, see Proposition 5.4 in the
Appendix.
We are now ready to prove Proposition 3.2.
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Proof of Proposition 3.2. Since vi(p) > —1 for every p by (3.11), it suffices to show that

limsupvy(p) < —1. We shall prove it by a suitable choice of the test functions in the varia-
p—>00

tional characterization (3.8) showing that, for every 0 < ¢ < 1 there exists an exponent p, > 0
such that vy (p) < —1+ ¢ for p > p,.
Let us take a cut-off function ® € C7°(0, 0o) such that

0<om <l o] <2 or=] ="K (3.24)
- - ~— R’ o 0 r> 2R. ’

Letting €, and 7 as defined in (2.14) and (3.23), respectively, we set

0p(r) =1 (f) @ <i> ., asrelo,1]. (3.25)

p €p

The function 1 is decreasing on (2%00) with lim n;(r) =0, and fooor_ln%dr = 1. So we
r—0o0

can choose R = R(¢) in such a way that

mE)Sm@R <7 forr> R, (3.26)
00 R
/r—ln%qﬂdr Z/r_anIdr >1—¢/2. (3.27)
0 0

Notice that since £, — 0 we may assume w.l.g. that p is so large that 1/¢, > 2R, so that ¢, €
Ho,rad- Inserting the test function ¢, into the variational characterization (3.8) gives

1 _
fyr (19,7 = ployIP='g2dr) ar
folr_lq)zdr

vi(p) <

’

next we compute all the terms.
First, since for all functions f and g we have [(fg)’]2 =f (fgz)/ + f2(g")?* we get

Jonta- [ o 2) ()

[ (D)o ()T

and rescaling
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L
=/ST71(S) 771(S)<I>Z(S) dS+/S771(S) (‘b(s))]
0 0

Concerning the first integral, because ® has compact support contained in [0, 2R] we have

+00
/
/ ’1 771<I>2 = / s} (,71@2) ds
0 0
and since 71 solves (3.21) corresponding to 81 = —1 we get

+00 +00

:—/s_l 2p 2ds+/sW1n%<D2ds.
0 0

Therefore
1 +o00 +o00 o0
/r|¢;,|2dr=— / st d%ds + f szn%QZdH/sn%(qf)zds (3.28)
0 0 0 0

Next we compute

1 1

2
_ _ r r
[rogi=izar= oo (o ()0 (5)) o
p p

0 0
Rescaling and using the properties of ® we get

e¢]

_ / WP d2ds (3.29)
0

where W), has been introduced in (3.19). Similarly

o0
- / sl 0 (s)ds (330)
0
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Putting (3.28), (3.29) and (3.30) into the variational characterization (3.8) gives

Jyr (10p2 = plopir=1g2 ) dr
fo r—l(pf,dr
— Ooos_ln%CIDzds —i—fooos(W1 p)n1<1>2ds —i—fo SNy (d>)
fooos—l %dﬂds

fooos(W1 p)n1d>2ds +f0 SN (<I> )2ds
fo s—1 %®2ds '

vi(p) <

2ds

=—1+

But using the explicit law for 1y given in (3.23) and the properties of ® we have

€

Ep 2

3¢2 3
/Snf(s) ((q))/)z _/sﬁl( )d (%v()4R2/ 8 @8
0

so that

Jos(W! = Wp)n? @2 (s)ds + 3

v <—14+
1(p) fooos_lnzdﬂ(s)ds
°°s|W1 Wp’n ®2ds + 3 3
(337) 1—¢/2

On the other hand by the properties of & we have

+oo 2R
/S‘W -W ‘nl(b ds < sup |[W'— — Wyl snids
o (0,2R) o

and since W, — W uniformly on [0,2R] we can take p, in dependence by ¢ and R(¢) large
enough such that

sup |w! - Wyl < for p > p;.
(0.2R) 8f snid

Eventually we end up with vi(p) < -1+ 5= <—-1+e. O

2

3.2. The case of the nodal solution u »

For the nodal solution u% problem (3.6) has two negative eigenvalues, that will be simply
denoted by vi(p) and v, (p) in the following, and satisfy (3.12). Therefore to compute the asymp-
totic Morse index according to Proposition 3.1 we need to compute the limit of the two negative
eigenvalues vi(p) and v2(p), and precisely we shall see that:
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Proposition 3.3. Let vi (p) and v2(p) be the radial singular negative eigenvalues of (3.6) and let
k be as defined in (1.19). Then

hm vi(p) = —k?~-269 (3.31)
lim vy (p) =—1. (3.32)
p—>00

Before going on, let us see how Theorem 1.4 can be easily deduced by Propositions 3.1 and

Proof of Theorem 1.4. Thanks to (3.12) and (3.32) one can see as in the proof of Theorem 1.3
that

24+« o
(T\/—vz(p)—‘ —- 1+ IVE-‘ .
Besides (3.31) yields that 2J“T"‘«/ vi(p) = 2+“K and then

ECONES

2 2

2+oc

provided that Kk is not integer, that is « # «;,. In this case formula (3.13) yields

m(u )_)2"2'|+2’72—}2—a1(—‘

and the first part of the claim follows since the Morse index is a discrete quantity. Otherwise we
cannot pass to the limit inside formula (3.13), because the ceiling function is not continuous at
%K. Nevertheless the just exposed arguments show that

2 2 2

2+ oy 24w, 24+,
v—vi(p) | € K, Kk+1

for large values of p, which concludes the proof. 0O

To prove Proposition 3.3 we begin by taking ¥; ,, € Ho,rad, the eigenfunctions of (3.6) corre-
sponding to v127 and to v;(p) for j =1, 2 normalized such that

1
/r‘lllfj,pwk,pdr =58k (3.33)
0

Next, using the notations introduced in Section 2, for j = 1, 2 we define the rescaled eigenfunc-
tions
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. i £ li-1.p lip
Vip&pr or —t <r <

&p P (3.34)

=i
f (r) =
P 0 elsewhere,

with 8; as in (2.17), in such a way that

ti,p 1

o0
~ 2
/fl (W},,,) dr = / rly?, drgffle%p dr=1 (3.35)
0 ti—1,p 0

ti,p

1
r ((IZ;'-,,,)’)2 dr = / r (w;,p)z dr < /r (w;,p)z dr. (3.36)
0

ti—l,p

Then the functions IZ; » belong to the space Dy,q introduced in (3.17) and they satisfy

~ I , : ~ ti_ t;
() (s ) et
' r €p €p
for
~ -1
i i 2 NPT Vi, p(r)|”
Wy, (r) :=p(e},) ‘vp(e;r)‘ = ’1 = (3.38)
Equation (3.37) is meant in weak sense, namely
o o
~ . v (p) ~
/r(lﬂ;',p)’(p’ :/r (W; + -/r2 ) Ip}’p(pdr (3.39)
0 0
for every ¢ € Cgo (0, co) whose support is contained in <t’e#, l;—f)
P P
Proposition 2.3 yields that when p — oo
Wiy W =e"® = % 00 10,00) (3.40)
P (8 +r2)2 oc
2(2 28rY
W[%(V) N W2(r) = Zyis(r) — (+7)/)V2 in CI?)C(O’ 00) (3.41)
(5 + r2+7/)

where V and Z,.s have been defined in (2.6) and (2.8), respectively and y and § are fixed in
(2.9). Therefore the natural limit problems for (3.37) are

—(ruY = iy B
!(”/f)—r(WJrrz)‘” r € (0, 00), (3.42)

¢ € Drug

whose weak solutions are meant in the sense of (3.22).
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Fori =1 (3.42) coincides with (3.21) and, as already recalled, it has only one negative eigen-
value 1 = —1 with eigenfunction 7 given by (3.23). Also for i = 2 there is only one negative
eigenvalue

2 2
ﬂlz_K )

2 . . . . . .
where k = 4/ % = HTV is the fixed number introduced in (1.19). Such negative eigenvalue is

simple and its related eigenfunction is

N 2k8 1"

- 3.43
8412« ( )

m(r) =

see Proposition 5.5 in the Appendix.

The proof of Proposition 3.3 is quite long and involved. We divide it in two parts by dealing
first with the first eigenvalue and after with the second one. In doing this we also compute the
limits of the rescaled eigenfunctions and show that

Proposition 3.4 (First part of Proposition 3.3). Let vi(p) be the first radial singular negative
eigenvalue of (3.6) corresponding to v[z,. Then as p — 0o we have
vi(p) = —k? >~ —26.9, (3.31)

Jll’p —0 weakly in Dyaq and strongly in LY. (R?), (3.44)

loc

and, up to an extracted sequence,
'le,p — A 77% weakly in Dyoq and strongly in leoc (R?), (3.45)
for some A e R, A #£O.

Proposition 3.5 (Second part of Proposition 3.3). Let vy(p) be the second radial singular nega-
tive eigenvalue of (3.6) corresponding to v[%. Then as p — oo we have

va(p) > —1, (3.32)
1222 »—>0 weakly in Dyag and strongly in L. (R?), (3.46)

loc

and, up to an extracted sequence,

{/721717 — An, weakly in Drag and strongly in L? (R?), (3.47)

loc

for some AR, A#O.

The present line of reasoning has many similarities with the one used in [13] for the Lane-
Emden equation. Indeed Proposition 3.4 represents a slight generalization of their arguments,
even though the proof that we are going to present directly uses the singular problems (3.6) in-
stead of approximating them with regular Sturm-Liouville problems in collapsing annuli. Propo-
sition 3.5, instead, is completely new since in the Lane-Emden equation (o« = 0) the estimate
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(3.12) is sufficient to see that [/—v2(p)] = 1 for any value of p and therefore the contribution
of the second eigenvalue to the Morse index is constant.

First we need some estimates that we introduce in a series of lemmas. As a preliminary we
define the function

fr)=priyeP~l 0<r<1 (3.48)

and prove some useful properties that descend by the convergence stated in Proposition 2.3 and
improve [13, Proposition 6.10].

Lemma 3.6. We have
fo(r)=prilu ()P~ < C foranyr=0and p > 1. (3.49)

Moreover for any p > 0 there exist R(p) > 1, K(p) > 1 and p(p) > 1 such that for any R >
R(p), K > K(p) and p > p(p)

max | f,() : r € [e)R, e2/K1U[e3K, 11} <20 (3.50)

where 8[1) and 8?, are as defined in (2.17).

Proof. (3.49) has been obtained in [13, (2.15)]. As for (3.50), it can be proved following the line
of [8, Lemma 2.11]. Let

6452

2y +2)%8s7 12
8+ sz)2

. 1 2 __
(5+sV+2)2 and g(s):=W'(s)s” =

h(s):= Wz(s)s2 =

where W' and W2 are as defined in (3.40) and (3.41). For every given p > 0 we choose K =
K (p) > 1 such that h(%) < p and h(K) < p and R = R(p) > 0 such that g(R) < p. This is
possible since h(s) — 0 as s — 0, and h(s), g(s) — 0 as s — co. We let

hp(s):= f,,(ef,s) = Wg(s)s2 and g,(s) := fp(sll,s) = W;(s)s2

with W;, as in (3.38). The convergences in (3.40) and (3.41) imply that 4, (s) — h(s) uniformly

in [1/K, K] and also
f 8% =h ! <h ! +p<2
r\x =" \kx)="\kx)TP="F

fpeaK) =hy(K) <h(K)+p <2p
if p is large enough. Moreover g,(s) — g(s) uniformly in [0, R] and also

fp(ebR) =gp(R) < g(R)+p <2p

if p is large enough.
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In[13, Lemma 6.7 and 6.9] (see also[8, Lemma 2.11]) it is proved that the function f},(r) has
an unique maximum point in each nodal zone of v,,, precisely there are 0 < ¢, <t,, <dp <1
such that f, is strictly increasing in (0, cp) and in (t1,,,dp), while it is strictly decreasing in
(¢cp,t1,p) and in (dp, 1).

Further the convergence of g, to g in c?

1[0, 00) implies that ¢, € [0, )R] if p is large

2
enough, as well as the convergence of /), to & in CloOC (0, c0) implies that d), € [%p, sf,K]. Then
the monotonicity properties of f, yield

for) < fo(epyR) <2p when r € [} R. 11, p].
£o(r) < £ (812]/1() <2p when r € [, €2 /K],
Fpr) < fo(e3K) <2p when r € [e7 K, 1]

when p is large enough. This concludes the proof. 0O

Taking advantage from (3.49) it is not hard to obtain some general estimates, precisely the
eigenvalues are bounded and the rescaled eigenfunctions are bounded in Dy,gq.

Lemma 3.7. There exist p > 0 and C > 0 such that for every p > p we have

—C =vi(p) <n2(p) <0 (3.51)
/ r(h )2 dr<C (3.52)
0

foreveryi, j=1,2.

Proof. Using v; , as a test function in (3.7) gives

1
[r ()
0

~1, vi(p)
(p|v,%|f’ TS )wf,pdr
(3.53)

“H(fp +vi(p) Y dr,

1
/ r
0

1
/ r
0
where f), is defined in (3.48). Taking advantage from (3.33) one can extract vy (p) getting that

1

1
2
V1(p)=/r(¢{,p) —r~ ' fpui ,dr = — sup fp(r)/r*‘wﬁpdrz—c
0

re(0,1
0 0,1)

for p large enough, by (3.49). Besides, since vj(p) < 0 for j = 1,2 by (3.12), (3.53) also yields
that
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1

1
/ / _lfpllfjpdr< sup f,,(r)f Yy? dr=C.
0

So also (3.52) is proved, recalling (3.49) and (3.33). O

Lemma 3.8. Let 1/f’ be as defined in (3.34) for i, j = 1,2 and p, a sequence with p, — 00.
Then, there exist an extracted sequence (that we still denote by py), a number v; <0 and a
function Iﬁ € Draq which is a weak solution to (3.42) with ,3’ substituted by v; such that

J;p — J; weakly in Dyaq and strongly in L, (R?)
as p — oQ.

Proof. By (3.51) it is clear that there is an extracted sequence v;(p,) — v; < 0. Moreover
estimate (3.52) implies that 1//’ are uniformly bounded in Dyyq for i, j = 1,2. Then, up to
another extracted subsequence

¥, = Ut weakly in Dyag

J;;Pn — J} strongly in L?>(Bg) ¥V R > 0

J;,p,l — J; almost everywhere in R2.
In particular 1Zi € Draq and taking advantage from the fact that the sets (¢;—1,,/ 8;, tip/ g ) in-
vade (0, c0) by (2.21), for every ¢ € C0 (0, 00) we can choose n so large in such a way that

supp ¢ C (ti—1 pn/epn t pn/s ) and w‘ solves

o0 (0.¢] o0
-/Ar(fplj-yp)’q)’ dr:/er,lZ;’pw dr—i—vj(p)/r*ll%’p(p dr
0 0 0

The weak convergence in Dy,q then implies that

oo

/ @) dr - / r @Y dr

o0 o0
/ 'pgodr—>/r*]1;;-(pdr
0 0

while the strong convergence in L? (BR) and the fact that Wli, — W'in CllOC (0, 0co) implies also

loc
that
o0 o
i i7i
/rWijﬁpgo dr—)/rW wj(p dr
0 0
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getting that J; solves (3.42) in weak sense. O

Remark 3.9. Since the negative eigenvalues and eigenfunctions of the limit problem (3.42) are
known, an immediate consequence of Lemma 3.8 is that or v; = —k2, —1, or 0 or, else, w} =0

fori =1, 2. Precisely if J}l # 0 then v; = —1 or 0, and similarly if ijZ #0thenv; = —«?% or 0.

For what concerns the first eigenvalue, the general estimate (3.12) forbids v; = 0. Next
Lemma shows that neither v; = —1 is possible because the limit of first eigenvalue cannot over-

pass the lowest eigenvalue among the limit problems, which now is 512 = —«2.

Lemma 3.10. We have limsup vy (p) < —k2.

p—>0o0

Proof. It suffices to repeat the proof of Proposition 3.2 with n% instead of 51, after choosing

R=R(e) > (Sﬁ in such a way 77]2 is decreasing in (R, 4-00), it satisfies n%(r) < n%(R) < % for
r > R and

00 R
/r‘l(n%)zcb2 dr > /r—l(n%)zqﬂ dr>1-¢/2
0 0
oo
since by definition /r_l(n]z)zdr =1. O
0

We are now ready to prove Proposition 3.4.

Proof of Proposition 3.4. Thanks to Lemma 3.10 we know that (up to an extracted sequence)
v1(p) = 1 < —k? < —1. So the reasoning in Remark 3.9 assures that wll = 0 and leaves open
only two options: or wlz =0, or, else 7] = —«2. In the second case Lemma 3.8 yields that any
sequence p, — oo has an extracted subsequence such that wll o 0, showing (3.31) and
~ k) l‘lk
(3.44). Finally wlz o An% for some constant A # 0, concluding the proof.
) nk

Eventually it is left to check that 1/712 #0.Letus fixad > 0suchthat§ <«?/12and R = R(5)
and K = K (8) as in Lemma 3.6. By the definition of v{(p) and by (3.33) it follows

1 1

—oipy == [ (1,2 = plFr ) dr = [ privdi @

0 0
I 3
spR 71
= / privaP~ (4 ) dr + / priva P~ (Y, ) dr
0 s},R
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8[271( 1

s [ o+ [ pridie e

2
8pK

hto

=1i(p) + L(p) + 3(p) + l4(p)
Besides, for every rg, r1 € [0, 1]

r

fprw 1P~y p)zdr—/f,x )—F—

o

2 ! 2
W1, p) dr < max fp(r)/@ r= max fp(r),

ro<r<ri ro<r<ri

so the estimate obtained in Lemma 3.6 assures that I(p) + I4(p) < 46 for p > p(5).
For what concerns the first integral, rescaling according to 8[1, gives

R
_ 1,71 2
L(p) = / rWh ! )2dr
0
where W1 — Wlin CI%C[O +00) by (3.40) and 1//1 b 0 in leoc(Rz) as noticed before. Then

there ex1sts p2 (8) > O such that I1(p) <§if p > p2(8) With respect to third integral, rescaling
according to &2 » gives

K

I(p) = / rWo (Ut ) dr

K

where Wg — W2in CD (0, +00) by (3.41) and @Zf’ — % in L2 (R?) by Lemma 3.8. Then

there exists p3(§) > 0 such that

loc

K
I5(p) < / FW2FD2dr +8 for p > p3(s).

1
K
Summing up, taking p = max{p(§), p2(8), p3(8)} we have

K
frWZ(Jf)Zdr > —vi(p) — 68 for p> p

€1
K

and, passing to the liminf and using Lemma 3.10,
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k
/rW2($12)2dr > —limsup v (p) — 68 > k> — 68 > k%/2>0

1

K
by the choice of §. Hence 1;12 # 0, concluding the proof. O
Eventually we deal with Proposition 3.5.

Proof of Proposition 3.5. Recalling (3.12) in order to prove (3.32) it suffices to show that for
any ¢ > 0 there exists p, > 1 such that

np)<-1l+e¢ (3.54)

for p > p.. Let us take a cut-off function @ as in (3.24). Letting 811, and n; be as defined in (2.17)
and (3.23) respectively, we set

r r
Yp =1 <—1> o (—1> +ap1/f]’p asr €[0,1] (3.55)
€p €p

where R = R(¢) > 0 is by now fixed and satisfies (3.26), (3.27), while a, € R is such that
@pLr,p according to (3.9), namely

Jortm (—) ® (—) Y1 p(r)dr

Jo r )2 dr

1

- _ |1, (L I
o) /r N (5},) o <€L> Y1,p(r)dr. (3.56)

0

1

Notice that since ¢ »

— 0 we may assume w.l.g. that p is so large that gil > 2R, so that ¢, €
V4
HO,rad-
We insert the test function ¢, into the variational characterization (3.10) of v2(p) and get

Jor ((ep)? = plo2ir='g2) dr

1 _
/0 r 1gplzydr

n(p) = , (3.57)

then we compute all the terms.
First we claim that a, — 0 as p — oo. Indeed we can write

1

ll,p
fr_lm (%) ® (%) Vi dr = f rhn (il) ® (%) Vip(r)dr
8P 817 8[’ 817

0 0
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1

+ / P (%) ® (Ll) Y1p(r)dr
€p €p

,p

Rescaling with respect to 811, we have that

n

.IP
ep

,p
—1 r r —1 71
[ (—1)<1>(—1> a0 dr= [ e
8[7 8[7

0

and since %” — 00 by (2.21), recalling that the support of ® is compact we get
p

[e¢]

:fs*‘m(s)qns)%‘,p(s)ds -0

0

as p — oo, because Jll » 0 weakly in L,q(R?) by Proposition 3.4. Further the same property

(2.21) implies that
1
_ r r
/ I (—1> P (—1> Y1p(r)dr =0
L €p €p

t i

for p so large that 2—1” > 2R. Next
P

[ (2 (3)+())) -

1 1

/
r r
—i—af,/r(lp]”p)Z dr+2ap/rw{,p (n} <3_1> @2 <3_1)> dr
P P
0

0

and since 811, — 0, the same computations made to obtain (3.28) in the proof of Proposition 3.2
give
o [e¢) [e ¢
=— / s~ ) @%ds + f sWim)?®%ds + f s(n)*(®)?ds
0 0 0
1 1 ’
2 /N2 / r r
+ap F(WI,p) dr +2ap rWLP n 8_1 o} 8_1 dr (3.58)
p p
0 0

Please cite this article in press as: A.L. Amadori, F. Gladiali, The Hénon problem with large exponent in the disc, J.
Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.11.017




YJDEQ:10094

32 A.L. Amadori, F. Gladiali / J. Differential Equations eee (eeee) see—eee
Moreover
1 1 2 1
2,p—12 2,p—1 r r 2 2,p=1.,2
/rp|vp|1’ (ppdrzfrp|vp|p (m (8—1><I><8—1>) dr+ap/rp|vp|p vt pdr
0 0 b b 0
1
2 p—1 r r
+2ap | rplvy P Y pm | | @ | | dr
p P P 81 81
o P P

and rescaling with respect to 8 in the first integral, since - > 2R we get

00 1

= f sWy(1)*®%ds +a;, f rploplP Y pdr
0 0
1
2,p—1 r
+2a1,/VP|Up|P Y1,pm (—1> o <—1> dr. (3.59)
&
0 p p
Putting together (3.58) and (3.59) we obtain
1 1 [e'e]
[ rigyfar = [rpgirtgiar = [T as
0 0 0
o o
+/s[W1 W‘ (m) <I>2ds+/s(m)2(<b/)2ds
0 0

1

+a? / r(h 7 = P3Pt ) dr
0
1

, r r\Y 9 1 r r
+2ap/r Vip|lm|l )23 =p,lP " Y pm | | @ | |4
) €p €, €y €,

Since 1, solves (3.6) we get

(3.33)

1 1
(@i =pudirud,ar=ne [0t dr = )
0

and similarly
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(st (5) (7)) -z tmam (5) (7)o
1| = — 1) - Lpm | — —
A CY A R CYA T
r
= Vl(p)/ n (-;7) d (g) Y, pdr e —vi(plap.

Eventually
1 1 oo
/r|¢;|2dr—/rp|vf,|"—‘¢,%dr=—/s—1<n1>2d>2ds
0 0
o o
+/s Wl (m)*® 2ds+/s(n1)2(©’)2ds —vi(pa; (3.60)
0 0

On the other hand by the definition of ¢, it follows
1 1 2
r r
[raa=] () (5))
g €
0 0 P p

1 1

+ a2 / r ) + 2a,,/r*1m (%) ® (%) Y1)
0 o €p €p
1

2
_ r r
= / r 1 ni —1 b —1 — 61127
(3.33),(3.56) 8[7 Sp
0

and rescaling with respect to ¢ 11, and using the properties of ®

o
:/s_l(m)2d>2ds —al. (3.61)
0

Inserting (3.60) and (3.61) into (3.57) we obtain
— s )2 0%ds + [ s [Wl — W},] (12®2ds + [ s(n)2(®")2ds — vy (p)a?
JoZ s~ )2 d2ds — as

S s [ W= wh] 2eds + [ sn)X@)2ds — i (p) + D a
fooos_l(m)2cl>2ds —a,z, ’

v (p) <

=—1+

By the choice of R we have
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00 2R
/ SO2(@)2ds = / SoA(@)2ds
0 R
2R 2R
U4 / 2 (5)ds / 2 38
[ S S .
=gz (3.26) 4R2 8
R

Therefore using also (3.27) we get

o 1+f0°°s’W]—W;,‘(m)zdﬂds—i—%s—(vl(p)—i—l)al%
np) < — )

2

&
1-5—a2

Since a, — 0 and v;(p) is bounded, we can choose p = p, so large that

a[2?<§ and (vl(p)—l—l)a >——

16
On the other hand by the properties of ® we have
+0o0
f s ‘Wl — Wll,‘ (r]l)z(l)zds < sup |W1 - W117| /sn%ds
., (0,2R) ;

and since W[l, — W! uniformly on [0, 2R] we can possibly enlarge p; in such a way that

sup |W1—W;| for p > pe.
(0.2R) 16[ snids

Eventually we end up with

€
v 14+ ——<—-1+4e¢,
T RS S
which concludes the proof of (3.32). Next Lemma 3.8 and Remark 3.9 yield also (3.46) and
(3.47).
In particular wz » Anp weakly in Dy,q and strongly in L2 (Rz) for some A € R. It remains
to show that A # 0, which can be seen reasoning as in the proof of Proposition 3.4. Recalling the
definition of vy (p) and the normalization in (3.33) we have

1

1
2
—a(p) = / r ((vfﬁ,,,) - p|v,%<r>|"—1w§,,,> dr < / PPl (P92 dr
0 0

For any ¢ > 0 we choose R = R(¢) and K = K (¢) as in Lemma 3.6 and we divide the interval
(0, 1) in the following way
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s},R %
:/rp|v127(r)|”_11ﬂ22,pdr—l—/rp|v12,(r)|p_11ﬂ22’pdr
0 eLR
S%K 1
+ / PPl (P12 dr + / rpl2 ()P 2 dr
3 e2K

=1(p)+ L(p)+ I3(p) + 14(p)

By the same computations made in the proof of Proposition 3.4, Lemma 3.6 and the normaliza-
tion in (3.33) imply that there exists p, such that

1
Ii(p) = / rplus (P~ s () dr <

2
es K

1
max  f,(r) / rys () dr

2K <r<l1
e2K (3.62)

&p

< max f,(r)<e
S;K<r<1

and in the same manner

L(p) < max , fpr) <e (3.63)

1 ‘p
e,,R<r< %

Rescaling the integral I3(p) we have instead

812)1( K
r 2 [7—1 2 d — 2 72 2 d
PPy dr = | sWis) (92,) ds

1

K

I(p)=

K
s [W,%(s) — W2(s)] (17}22’[,)2 ds +/sw2(s) (fp’ip)z ds
1
K
K

< sup 'Wﬁ(s)—Wz(s)‘—i-C/s(lzzz,p)z ds

1
x <Ix|<K

== \ > lemw \

1

K

by (3.33) and the boundedness of W2. Next (3.41) implies that WI% converges uniformly in
[+, K1to W2, while 1/7227,, — 0in L%(Bg), for every K, as p — oo by (3.46) and Lemma 3.8,
showing that /3(p) — 0 as p — oo and there exists an exponent p, such that for any p > p, it
holds
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I3(p) <2e. (3.64)
Finally, rescaling the integral /1 (p) we have

1
e, R

R
I(p) = / rp|v[2,|p_lw22’pdr=/sW[£ (Jz{p)zds
0 0
R R R
=fs(W; — Wl) (le’p)zds+/‘sWl ((&21’17)2_(14”1)2> ds+A2/sW1(r]1)2 ds
0 0 0
R R

< sup Wll,(s)—Wl(s)‘+C/s
|x|<R

~ 2
() an?|ds+4° [swhan? as
0 0

by (3.33) and the boundedness of W'. Next (3.40) implies that W]i converges uniformly in [0, R]
to W! while le » = Any in LZ(BR) as p — oo by (3.47), showing that there exists an exponent
De such that for any p > p, it holds

R

Ii(p) < A? / sWhn)2ds + 2e. (3.65)
0

Finally from (3.31) we have that for any & > 0 there exists p} > 1 such that for any p > p¥ it
holds

n(p)<—-l+e. (3.66)

Choosing p > max{pe, pe, Pe, pr} then (3.62), (3.63), (3.64) and (3.65) imply that

R
l—e<—m(p) < A2/5W1(m)2ds + 6¢ (3.67)
0
giving
R
AZ/sz(m)zds >1—7¢>0

0

for ¢ < % This implies that A # 0 and concludes the proof. O
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4. Least energy solutions in symmetric spaces

In this section we want to find new solutions to (1.1) which admit some rotational symmetry.
To this end, for any angle ¥, we denote by Ry the rotation of angle ¥ in counterclockwise
direction centered at the origin and by Gy, the subgroup of SO (2) generated by Ry, . In particular
we consider angles ¢ = 27” withn € N, n > 1, so that G- is a proper subgroup of SO (2).

We say that a function u defined in B is n-invariant if it satisfies

v(x)=v(g(x)) foreveryx € B, forevery g e Gax. 4.1)
Next we denote by H(}’n the subspace of HO1 (B) given by functions which are n-invariant, namely
Hol’n ={ve HO1 (B): v(x) =v(g(x)) foranyx € B, forevery g € G }. 4.2)

For n =1, Gy, = {1} is the trivial subgroup of SO(2), so the space Hol’1 coincides with
HO1 (B), while all the other spaces HO1 ,, are strictly contained in H(; (B). Observe also that G2z

is a subgroup of Gy if m is a multiple of n showing that Holym c Holyn in this case. Lastly

m

Hol,rad - H()"n for every n. In order to obtain new n-invariant solutions let us recall for a while
how positive and sign changing solutions to (1.1) can be produced when the problem has a
variational structure, as in our case, namely when solutions are critical points for the energy
functional £ (u) as defined in (1.3). It is standard, in this situation, to find solutions looking at the
minima of &£ (u) constraint on the manifold

N:={veH}(B): st.v#0, £'w)v=0)
where £'(u) denotes the Fréchet derivative of £ in u. In order to find sign changing solutions,

instead, the nodal Nehari manifold has been introduced, see [9] and [11] and nodal solutions can
be found looking at the minima of £ () on the manifold

Nood :={v e H(B) : s.t. v, v™ #£0, '@t =0, &t =0)

where sT and s~ denote the positive and the negative part of s respectively. As an example of
how this procedure can be performed to obtain solutions to the Hénon problem we quote [11]
and [10] that deal with nodal solutions.

The same construction can be repeated in the symmetric spaces Hol’n after introducing, for
every n > 1, the n-invariant Nehari manifold

Np={veHj, v#0, &@)v=0}
and the nodal n-invariant Nehari manifold

Ninod = {v € Hol’n vt v £0, Ewt =0, @t = 0}

Since, for every p > 1, HO1 ,» is compactly embedded in L?(B), it is quite standard to see that
min, e, £(u) is attained at a nontrivial function, that we denote by u},’n and call least energy
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n-invariant solution. By the principle of symmetric criticality in [30] these functions pn € HO1
are symmetric critical points for £(u) and hence, are weak solutions to (1.1) that are positive in
B by construction.

In a similar way also min,¢ a7, , £ () is attained at a nontrivial function that we denote by

,nod
u
p n

shows that u . are weak solutions to (1.1) that change sign in B by construction. When n =1

ul . and u? 1 comc1de with the least energy and the nodal least energy solutions to (1.1) that

have been studied in [1]and [21].

In the remaining of this section we shall prove that, for suitable values of the integer n, such
least energy n-invariant solutions are nonradial and distinct one from another, thus obtaining
the multiplicity results stated in the Introduction as Theorems 1.5 and 1.6. Non-radiality will be
proved by considerations based on the Morse index in the spaces H, I while the fact that such
solutions do not coincide follows by a strict monotonicity result in [17] The present multiplicity
result is inspired by an analogous one in [20], dealing with nodal solutions to the Lane-Emden
problem. In this last paper the spaces H(}’n are slightly different since the functions in [20] have

and call least energy nodal n-invariant solution. Again the principle of symmetric criticality

to be symmetric with respect to one variable. Basically in [17] it is shown that solutions in H(in,
under some additional assumption which is satisfied in the present situation, are symmetric with
respect to a direction in a sector of amplitude 27” so that the solutions in [20] are, up to a rotation,
the same we found here working in HOI, ,, Without imposing an extra symmetry. Note that while
in [20] this procedure produces results only in the case of nodal solutions, in the framework of
the Hénon problems it finds a wider range of applications.

In the following subsection we define the notion of Morse index in the symmetric spaces HO1 n

and we compute it for the least energy solutions u },,n and u%’n by taking advantage from their

minimality. Next, using the asymptotic results obtained in Section 3, we compute it also for the
radial solutions u}, and uf,, when the parameter p is large. Eventually in the last subsection we
prove the multiplicity results.

4.1. The n—symmetric Morse index

Working in the symmetric spaces H& .- 1 = 1 we need to adapt the notion of Morse index to
these spaces. To this end, if u, is a solution to (1.1) that belongs to H&, , we denote by m,, (up)
the Morse index of u,, in the space Holn, namely the maximal dimension of a subspace X of
HO1 ,, in which the quadratic form @, is negative defined, or equivalently, the number of negative
eigenvalues of the linearized operator L,, which have corresponding eigenfunction in HO1 .- We
refer hereafter to m,, (up) as the n-invariant Morse index of u .

Following [10] it is not hard to see that when u, = u},,n or u, = u?,,n are the least energy
n-invariant (or least energy nodal n-invariant) solutions to (1.1), then

mu(u), ) =1 and m,(u3, ) =2. 4.3)

Indeed a minimum u,ll of £(u) on N, satisfies (5’/(u,1,)1//, Y¥) > 0 for every ¥ on the tangent
space to NV, where £ (u) is the second Fréchet derivative of £ at u and {, ) is the pairing. Since
(E" W)Y, ¥) = Qu(¥), where Q, is the quadratic form as in (1.4), and N, has codimension 1,
this shows that m, (u}) < 1. The fact that the n-Morse index of u} is exactly one then follows
observing that, since u,11 e N, we have
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1 1,2 1 1 1,2
Q1 (uy) = / Vu,|” — p/ x| o, [P = (1 - p)/ Vu,|” <0.
B B B

In the same way a minimum u% of £(u) on N, nod satisfies (8”(14,%)1//, Y) = 0 for every ¥ on
the tangent space to N, nod. Since Ny, nod has codimension 2 in Hé ,» it follows that m, (u%) <2.

Besides both the positive and negative part of u% belong to NV, so that
Q.2 ((uz)™) =/|V(u,%)i|2 —p/ || 1P = (1= p)/ IV () *? <0,
B B B

which proves that m(uﬁ) = 2 because (uﬁ)"r and (u%)_ are linearly independent and concludes
the proof of (4.3).
Generally speaking, for any solution u, to (1.1) that belongs to Holn [6, Proposition 1.1]

states that m, (u,) coincides with the number of negative singular eigenvalues Kh (p) of (3.2)
which have corresponding eigenfunction in HO1 - Coming to radial solutions, as in the case of

the functions u }, and u?) studied before, the n-invariant Morse index can be computed starting
from the decomposition recalled in Section 3:

An(p) =AM (p) + 2, (3.4)

and the shape of the corresponding eigenfunctions
Gn(r. 0) = ¢ (r) (A cos(k0) + Bsin(k0)). (3.5)

Indeed A, ( p) (when it is negative) has a corresponding eigenfunction in Hol’ , if and only if either
k =0 in (3.4), since the corresponding eigenfunction is radial so that belongs to H(},n for every
n, or, else if A cos(kf) + B sin(k6) belongs to H(},n’ namely when k is a multiple of n (i.e. k/n is
an integer). In particular the multiplicity of An (p), when it is not zero, is either 1 corresponding
to k =0 in (3.4), or 2 corresponding to k = In for some positive integer /.

Thanks to this in the present setting the general formula for the symmetric Morse index [6,
Corollary 4.11] becomes

. LT1r2
mn(u’[,)=i+2§:|:r—1’7 ’;“,/—vJ-(p)—lH (4.4)
=1

where v;(p) are the negative singular eigenvalues associated with v ,1, and v% that have been
studied in Section 3, [ ] and [] stand respectively for the ceiling function and the integer part.

We can then deduce from the asymptotic behavior of v;(p) obtained in Propositions 3.2 and
3.3 the value of the n-Morse index of u }, and u% for large values of p.

Corollary 4.1. Let o > 0 be fixed and let u }, and u%, be a least energy radial and a least energy
nodal radial solution to (1.1) corresponding to a respectively. Then there exists p* = p*(a) > 1
and p3 = p5(a) > 1 such that for any p > p* we have
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mag=1+2[ 1 [4]]

and for any p > p5 we have

2y 12+« lra
mn(up)_2+2[;[ : K—1H+2[ﬂﬂ]

ifoa#o;=2(L—1),o0r

veal |5 [ 51 e =2 a [ [ 55 eJoa[f [5]

if @« = «; for some integer i.

Here the exponents p* and p} are the same of Theorem 1.3 and 1.4 and « is as defined in
(1.19).

4.2. Nonradial n—symmetric solutions

Next we turn to the least energy n-invariant solutions u},,n € H(} , constructed before, and
1
P
In this case it is interesting to understand if the least energy solutions u },n and u ;, . coincide or
not. Luckily this last issue has been tackled by Gladiali in [17] who showed the following:

show that, at least for some values of n, they do not coincide with the radial positive solution u

Proposition 4.2 ([17] Theorem 1.1 and Theorem 1.2). Let u € H(in be a solution to (1.1), with
p > 2 ifu changes sign, that satisfies

my(u) <2.

Then, or u is radial or, else there exists a direction e such that u is symmetric with respect to this
direction in a sector of angle 27” and it is strictly monotone in the angular variable in a sector of
amplitude 7.

1

From this it follows that whenever u »

to the strict angular monotonicity.
With the aid of this last consideration, and using Corollary 4.1, we can prove Theorem 1.5.

,and u }, . are nonradial then they do not coincide, due

Proof of Theorem 1.5. We consider the functions u},,n obtained minimizing £(u) on N, for
n=1,2,...,[5]. First we want to show that they are not radial so that the positive solution
u},’n does not coincide with u},. To prove this we recall that m,,(u},’n) =1 by (4.3). On the other

hand by Corollary 4.1 we know that mn(u},) =142 [% [51] for p > p*, so that mn(u},) > 1

when % f%-| > 1 meaning n < |_%-| Then u}, does not coincide with u},’n for any p > p* and

nell,..., [%l}by Morse index considerations. It lasts to prove that u; 7 u; 2 F i F u}) raq-
’ ’ 1)

But this follows from Proposition 4.2 by the strict angular monotonicity of u ;,’ , 1n a sector of
amplitude T. O
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As an easy consequence, adding the radial solution u 117 then we obtain

Corollary 4.3. Let o > 0 be fixed. Then, there exists an exponent p* = p*(«) such that problem
(1.1) admits at least 1 + f%'l distinct positive solutions for every p € (p*(a), 00).

As noticed in [17] the solutions u! p.n Of Theorem 1.5 exhibit the same monotonicity and sym-
metry properties of the functions sinn6, cosnf. Up to a rotation, they are symmetric with respect
any direction (cos hr i iZ %) for h =1, ...n, their maxima and minima either are attained alter-
nately for 6 = and they are strictly monotone in each sector among two consecutive critical
points, or the max1mum (minimum) is placed in the origin and the minima (maxima) are attained
atd = 2th This result is consistent with some previous existence results by [16] where positive
solutions to (1.1) with n symmetric concentration points placed along the vertex of a regular
polygon are constructed via a finite dimensional reduction method. It is reasonable to conjecture
that our solutions u }7 ,, coincide with theirs, and this conjecture is strengthened by the fact that
we obtain exactly the same number of different solutions.

A consequence of the method we used in the proof is that when n > |_g-| then m, (ul )=1and

we strongly believe that 1! pon p in this case, meaning that for « fixed we can construct only
a finite number, 1 + { 1, of posmve distinct solutions to (1.1). Of course the number of positive
solutions we found increases with «, corresponding to its even values, but for any o > 0 fixed
the number of distinct solutions is finite and depends on «. Precisely for every n =1,...[%]
there exists an exponent p, = p,(«) (characterized by the condition n v{(p) < —4/(2 + o)? as
p > py) such that the least energy solution u},’ ,, 1s nonradial as p > p,. In particular since HOI’1
coincide with HO1 (B) then the least energy solution of (1.1) is nonradial when p > pj.

Finally we recall that following [5] it can be proved that for p sufficiently close to 1 problem
(1.1) possesses a unique positive solution. The Morse index of u}, when p is close to 1 has
been computed in [3] and starting from this [4] produced (%] branches of nonradial solutions
bifurcating from the curve p +— u}, as p € (1, 00). Such branches are made up by functions in

HO1 , and detach exactly at p,, it is therefore natural to conjecture that they coincide with the

curve (p, u},’n) as p > py.
Next we turn to the case of nodal solutions.

Proof of Theorem 1.6. We consider the functions u? o obtained minimizing £ (x) on /\/n nod for
n=1,2,..., |'2;°‘ k — 17. First we show that they are not radial so that the solutions u? o do not
coincide with the least-energy nodal radial solution u? »- To prove this we recall that by previous

considerations mn(u%m) =2 for every p > 1. On the other hand by Corollary 4.1 we know that

2 124« lra
=2 T T[]

for p > p% where « isasdeﬁnedin(l 19), sothatmn(u%) >2if 1 [2]>1or L [H2 —1]> 1.

But from (l 19) it suffices that 1 PJ““ 1—| > 1 meaning that n < PJ”" 1—|.
|'2+Ot

Then u does not coincide w1th u for any p > pyandn e(l,.. — 17}, and Propo-

sition 4.2 ylelds that, for p > 2 every u’ ».n 18 strictly increasing w.r.t. the angular variable in
a sector of amplitude Z, and strictly decreasing in the subsequent sector of amplitude 7. In
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particular 1> v #* upn ash#nefl,..., [HT"‘K — 11} and up , # u?, for every p > p3 which
concludes the proof. O

As an easy consequence, adding the radial solution ui, then we obtain

Corollary 4.4. Let a > 0 be fixed. Then, there exists an exponent p; = p3(a) such that problem
(1.1) admits at least fHT“K] distinct positive solutions for every p € (p%k (@), 00).

Also the solutions u? ».n Of Theorem 1.6 exhibit the same monotonicity and symmetry proper-
ties of the functions sinn6, cosnd, which are consistent with some previous existence results by
[33] where nodal solutions to (1.1) with n symmetric concentration points placed along the ver-
tex of a regular polygon are constructed via a finite dimensional reduction method, for p large.
See also the paper [15] for the Lane-Emden case corresponding to o = 0.

We do not know if the solutions found with our construction coincide or not with the ones
in [33], even if they possess the same type of symmetries. Observe, in fact, that when o = 0
the solutions in [20] are not of the type of the ones in [15] since the nodal line of the first ones
does not touch the boundary while the nodal line of the second does. We suspect that also in the
Hénon regime the same behavior is possible, namely some of our solutions should have nodal line
touching the boundary while some other not, depending on « and #. It should be very interesting
indeed to study the asymptotic behavior of n-invariant least energy solutions for large values of
p in order to understand this point.

Moreover also in this case the number of different solutions we can find increases with «,
but differently from the previous case the number changes corresponding to the integer values of
2+°‘ ==k instead of the even values of «. This seems to be a new phenomenon which has never been
hlghhghted before.

Finally the Morse index of u?, has been studied also in [3] where it has been shown that there

exists § > 0 such that m(uz) =2 |_2+T"ﬁ-| for p € (1,14 8). Here 8 ~ 2,305 is another fixed

number. Next in [4] [“”‘ -1] - [”T“ p] branches of nonradial solutions that bifurcate from
the curve of radial solutions are produced, comparing the value of the Morse index (or, better of
the eigenvalue v; (p)) at the ends of the existence range. The number of the solutions obtained by
bifurcation is lower than the one obtained here by minimization on rotationally invariant spaces.
It seems that forn =1, ... HT“ B — 1] the solutions ufw are nonradial for every p > 1 and the
two curves p > ufw and p — uf, do not intersect each other. This is certainly true for n = 1

because m(u%’l) = 2 by [10], while m(uz) >4 + [a/2] by [7, Theorem 1.1]. Conversely for

n= |—2+T°‘ ,3-| Y e |_2+“K — 1-| the curve p — u%, coincide with the one of radial solutions for p
under a certain value p,, see [3], and then it branches off becoming nonradial.

5. Appendix

We report here the almost straightforward proofs of some basic facts. First we show some
characterizations of the weighted Sobolev spaces that we have used in Section 3, next we study
the limit singular eigenvalue problems (3.42).
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5.1. Some density properties in weighted Sobolev spaces

Throughout the paper we have used the following notations for some weighted Lebesgue
spaces:

L:={w: B — R measurable and s.t. / Ix| " 2w?dx < 400},
B

LR?) :={w :R* - R measurable and s.t. / Ix| " 2w?dx < +oo}
RZ

and Lraq, Lad(R?) as the subspaces of £(B) and of £ made up by radial functions. Starting from
this we have introduced

Ho:=Hy(BYNL, Horad:=Hy(B) N Lrag, Drad:i=D"?(R?) N Lraa(R?),

where H(}(B) and D'2(R?) are the usual spaces, namely Hol(B) is the closure of C{°(B)
1
under the norm (fB |Vw|2dx)2 and DV2(R?) is the closure of C(‘)’O(Rz) under the norm

( fRZ |Vw|2dx) 2. Such weighted Sobolev spaces have been endowed with the natural norms

1
2

/ <|Vw|2+ |x|_2w2> dx |

B

o
lelpw = [ (g +r716%) ar
0

We check that, using these norms, C3°(B \ {0}) is dense in H and similarly C§°(0, o0) is dense
in Drad-

w4,

1

2

Lemma 5.1. H is the closure of Ci°(B \ {0}) with respect to the norm || - ||3,.

Proof. Let ¢ € Hp and ¢ > 0. We can choose 0 < p < 1/2 so small that

2
fIV¢>| + x| g dX<§ CRY;

Let W € C!(B) be a cut-off function with the properties

\S]

0 0< <p,
o<wm <1, W= ®O=HI=r gy <2 (5.2)
1 as 2p<|x| <1,

k)

First we show that
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¢l =W)llx, <e. (5.3)

Indeed using that, by the choice of ¥,
8
IV (@(1—¥) > <2(1 — W)?|Vg|? +2¢%V (1 — W)|> <2|V|* + ;«pz,
gives

/IV(¢(1—‘P))Ide=/IV¢|2dx+ / IV (p(1 — W) [dx
B

sz\Bp
8
2 2 S 2
§/|v¢| dx +2 / V| dx+p2 / 2dx 5.4)
B, Bay\B, Bap\By

3262

2/ Vo |? 432 / |x|_2¢)2<%

By, B2p\B,

where last step follows by (5.1). Furthermore
/|x|_ $*(1 — W)?dx < / x| 2 2dx<—

thanks to (5.1).
Next we show that there is a sequence ¢, € C3°(B \ {0}) with support contained in B \ B,
such that

¢n — W in Hy (5.5)
as n — 00. (5.5) together with (5.4) implies that

6n = Sllry < llon — dWli3, + 11OV — DI, <26

for n large enough, showing the density of C5°(B \ {0}) into ¢ and concluding the proof.

We turn then to the proof of (5.5). Indeed ¢ W € HO1 (B \ By), and, since C3°(B \ B,) is dense
in Hj (B \ B)) there exists a sequence ¢, € CS°(B \ B,) such that ¢, — ¢ in H} (B \ B,).
Next we extend v, to be zero in B, so that ¢, € C;°(B \ {0}) and satisfies

/ V(g — ¢W)|2dx = f IV(¢n — ¢ ®)|Pdx — 0 (5.6)

B B\B,

and clearly by the Poincaré inequality in HJ (B \ B))
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/ | — G dx = / |$n — $W|*dx — 0
B\B,
as n — oo. From this last equality follows also that
/ 2400~ 90Pdx = [ 16110, — pwPdr = o5 [ 16, - pwPax 0
B\B, B\Bp
and together with (5.6) proves (5.5). O
Lemma 5.2. Dy, is the closure of Cgo (0, 00) with respect to the norm || - ||p,,,-

Proof. We take ¢ € Dryq and & > 0 and show that there exists ¥ € C5°(0, oo) such that

g —¥ip,, <2e. (5.7)

To begin with, we choose 0 < p < 1/2 so small that

2p 00
2
/2 —1,42 n2 -1 €
[(r|¢| +r ¢)dr+f(r|¢| +r ¢)dr<§ (5-8)
0

1
P

and we take a cut-off function W € C lad (R?) with the properties

0 asO0<r<pand 2/p<r,

Oo<v¥@r) <1, VY@=
=¥ = ) {l as 2p <r <1/p,

5.9
2 <r <2p,
|\I-’/(r)|§ /p asp=<r=<2p
2p  as 1/p<2/p.
Clearly l¢ — ¥lp,, < ll¢(1 —W)p,, + ¢V — ¥lp,, and (5.7) follows after checking sepa-
rately that

(1 —W)p,, <&, (5.10)

and that there exists ¥ € C5°(0, 00) such that

oV —¢¥llp,, <eé. (5.11)
Concerning (5.10) we have
o0 0 o0
/r (1 — W) [dr < 2/ rl¢’1>(1 — W)%dr +2/r¢2|(1 — WY )2dr
0 0 0
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and (5.9) gives

2p 00 2p %
2/r|¢/|2dr+2/r|¢/|2dr+8/qub2dr+8/rp2¢2dr§
0 1 o P 1
P P
2
2p o0 2p R 32
2/r|¢’|2dr+2/r|¢’|2dr+3z/r—1¢2dr+3z/ rlo2dr < 3;
0 1 o 1
P P
by (5.8). Besides
0 2p o0 )
-1 2 —142 142 &
rleg(l—=W|dr < [ rm¢"dr+ [ r ¢dr<33
0 0 %

by (5.9) and (5.8).
Turning to (5.11), it suffices to see that there exists a sequence ¥, € C;°(0, 0o) with support
contained in (p, 2/p) such that

2 2
A o

6w — vl =/r (@w) — v [*dr +fr—1 6w — [ dr 0

o o

as n — oo. But since ¢V € HO1 (B2 \ Bp) it is clear that there is a sequence in C§°(p,2/p)
P

,rad

such that || ¢V — ¢, ||H01 (B2\B,) 0. Extending 1, to zero on (0, p) and (%, o0) gives the needed
P

2

o
sequence because clearly /r (o W) — v, |2 dr — 0, but also
o

; ;
-1 _ 2 L _ 2
re oW — Yy |"dr < pe r oW — v, |- dr
P P

and using Poincaré inequality in HO1 (B1\ B% ) gives
P

%/ (W) —y,[*dr—0. O
P
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5.2. The limit eigenvalue problems

Here we describe the negative eigenvalues and the respective eigenfunctions of the two limit
eigenvalue problems

—(r) =r(W+E)n  re.o0), )
1 € Drad B
where D;,q is as defined in (3.17),
8 28r2k—2
1 _ 2 _
YOS EEr MO ey
(84r2)
with k = ZJFTV asin (1.19) and y and § have been fixed in (2.9).
Let
. (1|2 = Wiy dr
Bi= inf Jo“r (9] V) (5.12)

¥€Draa\0) Jo r— Yy 2dr

If ,B{ < 0, since the functions W' decay at infinity the arguments of [6, Proposition 3.1] can
be adapted to see that it is attained by a function n‘i € Dyaq Which solves (3.42) for i = /3{ in

weak sense, i.e.
o
fr(n ) 1) dr—/ ( ) (pdr (3.22)
0 0

for every ¢ € Druq or equivalently for every ¢ € C§°(0, 00). In this case the function n’i is called
an eigenfunction related to 8 ’1

Lemma 5.3. If,Bi < 0, then it is attained by a function nil € Dyag which solves (3.42) for B! = ,Bi
in weak sense.

Proof. Let us consider a minimizing sequence ¥, € Dyyq with
o0 o
72 P2 _ —1,2 i
/r(|¢n| —w wn)dr_ﬂn/r v2dr, B, — B <0. (5.13)
0 0
Without loss of generality we may take that v, is normalized such that

oo
/r—lw,fdr =1 (5.14)
0

Hence 1, is bounded in Dy,q because
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o0 oo

/r|1//;,|2dr 5/rwf1//,%dr5 sup

0,
5 5 [0,00)

o0
rZWi(r)‘ fr_ll//,%dr <C
0

thanks to (5.14) and the fact that r2W(r) — 0 as r — 00. So, up to a subsequence, i, — 1 €
Drag weakly in Dy,g and strongly in L2(B r) for every R > 0. Let us check that

o o
/rW“/f,%dr—) /rWinzdr. (5.15)
0 0

Indeed for every ¢ > 0, there exists R > 0 such that

sup rZWi(r)‘ <e. (5.16)
[R,00)
Next
00 R 00
/rWi (1//3—n2>dr < /rWi (w,%—nz)dr + /rWi (1//3—772>dr .
0 0 R
But
R R R
/er (vt =) dr| = sup W"frnb,%—n2|drsc/r|w3—n2|dr+o
0 ' 0 0

as n — oo because ¥, — 1 in L>(Bg), and

o (0.¢] o
frWi (1//,%—772) dr| < sup rPWir) fr_lw,%dr+/r_ln2dr <Ce
[R,00)
R 0 0
by (5.16) and since the Fatou’s Lemma implies that
x o
/r*‘nzdr gnminf/r*lw,fdr: 1.
n—o0
0 0

Next we check that n minimizes the quotient in (5.12), namely

o0 0 0
/r|n’|2dr—frWinzdr—ﬂifr_ln2dr§0.
0 0 0

Since ﬁi < 0, Fatou’s Lemma applies giving that
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o o0 00
/rln/|2dr—/rWinzdr—,Bi/r_lnzdr
0 0 0
o0 00 00
§liminf(/r|w,;|2dr—,anr—lwr%dr> —frWinzdr
n—>0oo
o0 00
— limi i.2 _ i 2 _
(5.13) lkrigéf/rw Y dr /rW n°dr=0
0 0

by (5.15). Eventually, as n minimizes the quotient in (5.12), it is standard to see that (3.22)
holds. O

Next, if

‘Bi . inf fooor(“bllz _ Wiwz) dr
SRS Y Joor y2dr
fooo r~In|¥dr=0

<0,

the same arguments of Lemma 5.3 yield that it is attained by an eigenfunction 775 € Draq Which
solves (3.42) for ' = B} in weak sense. Further such ), is the weak limit in Dyyq of a minimizing

sequence 773 ,, Which satisfies fooo r! n’i né ,dr =0, and so

o
/riln’inédr:O. (5.17)
0

Conversely, one can see that if (3.42) has a nontrivial solution 1’ corresponding to some g’ < 0,
then such B' is an eigenvalue according to (5.12) and n' is the related eigenfunction.
We prove that

Proposition 5.4. Asi =1, ,311 = —1 is the only negative eigenvalue of (3.42). It is simple and the
related eigenfunction is

4r

—. 3.23
8+r? 629

nr) =

Proposition 5.5. As i =2, ﬂ% = —«? is the only negative eigenvalue of (3.42). It is simple and
the related eigenfunction is

K

ni(r) = (5.18)

-
8+ r2e’

Proof of Proposition 5.4. In [13, Sec. 5] it has been shown that /311 = —1 is the first eigenvalue
of (3.42) and n} given by (3.23) is a related eigenfunction. It remains to show that
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O A ) L
By = in o >0
¥€Dpyg\(0) Jo r~y2dr
S r~nlydr=0

Assume by contradiction that ,321 < 0, then there exists n; € Dyad Which solves (3.42) for ! = ,321
in weak sense, and satisfies (5.17). By (5.17) it follows that there exists R > 0 such that n%(R) =
0, and r;é is not constantly zero on (0, R) either on (R, 00). So the functions

n%(r) as0<r<R

0 asr >R

0 as0<r<R

n%(r) asr >R

Yi(r) = { and ¥2(r) = [

are not trivial and belong to Dy,q. Using them as test functions in the weak formulation (3.22)
gives

9] R R
[r (@it =wiwn?)ar= [ r(wi? - wan?)dr =g [ wnrar <o, 519)
0 0 0
[r (@9 =wiwaR)ar= [ r(ws - wi2)dr =g} [+ lar <0. .20
0 R R
Next we compare 1 and p with the function
8 —r2
¢(r)= 81,2 r>0
which solves in classical sense
—(re") =rwl¢ r>0 (5.21)

and satisfies £ > 0 on [0, +/8), £ < 0 on (v/8, 00), £(+/8) = 0. Notice that ¢ does not belong to
Drad, anyway its restriction to [0, V8] belongs to the space H(} +ad (0, \/g), i.e. the set of functions

on (0, +/8) which have first order weak derivative satisfying
V8
/r ((w/)2 n W) dr < oo and ¥/ (v/8) = 0.

0

Hence it is an eigenfunction for the regular eigenvalue problem

—(ry) =r (W +o)y  re,V3),
¥ € Hy 1,q(0.4/3)

corresponding to o = 0, and since ¢ > 0 on [0, +/8) it must be a first eigenfunction, implying
that
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NG
/ r ((1//)2 —w! (w)Z) dr =0 forevery ¢ € Hy ,q(0,V/8). (5.22)
0

If R < +/8, then Yy € Hé rad (05 \/g) since its support is contained in [0, «/g] and

V8 NG NG
/r((¢;)2+¢f) drgfr(w[)zerrs/r—ledr.
0 0 0

But in this case (5.19) would contradict (5.22), therefore R > +/8.
Next we show that R > +/8 clashes with (5.20), concluding the proof. To this aim we perform
a Kelvin transform and define

—1
+1

64
(1 + 8r2)2

~ 8r2 . R
(=207 = 8:2 . ) =T, We=rtwleTh =

as 0 <r < 1/+/8. Notice thatE € H()l,rad (0,1/+/8) and VT/(r) is bounded. It is not hard to see that
E is an eigenfunction for

—(ry) =r(W+o)y  re@©1/V8),
Ve H()l,rad(o’ l/\/g)

corresponding to o = 0. Indeed

() = () == )|, = (W o) | =,

Besides since E <0on [0, 1/+/8), it must be a first eigenfunction, implying that

1/+/8

/ r ((1//)2 - W(w)z) dr =0 forevery ¥ € Hy ,q(0,1/+/8). (5.23)
0

On the other hand, as we are taking that R > /8, the support of @z is contained in [0, 1/ «/g)
and ¥, € HJ ,,(0, 1/+/8) since

rad

1/v/8

[ r(@2+83)ar= [ (rnr+rud)ar < [rpiar+s [ y3ar
0 N N 7

with Yy € Dyaq. Eventually
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1/4/8 1//3
[ (@7 = W@ ar= [ (w307 = wo e dr
0 0
= f (- wnr)ar = Rf r(? — W) dr <0
8

by (5.20), which contradicts (5.23). O

Proof of Proposition 5.5. It is easy to see that 5> is an eigenfunction for (3.42) with i = 2 re-
lated to some eigenvalue B2 if and only if n?(r) = n'( %r" ) and ' is an eigenfunction for

(3.42) with i = 1 related to the eigenvalue 8! = 82/« 2. Therefore Proposition 5.4 concludes the
proof. O
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