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Abstract

The anti-maximum principle for the homogeneous Dirichlet problem to —A pu = A|u|? 2y 4+ f(x) with
positive f € L°°(2) states the existence of a critical value Ay > A such that any solution of this problem
with A € (A1, A ¢) is strictly negative. In this paper, we give a variational upper bound for A s and study its
properties. As an important supplementary result, we investigate the branch of ground state solutions of the
considered boundary value problem in (A1, A3).
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1. Introduction

Consider the problem

—Apu=AulP?u+ f(x) ing,
{ g (D3)

u=~0 on 0€2,

where A pu :=div (|Vu|P’2Vu), p > 1, » € R is a spectral parameter, and 2 C R¥ is a bounded
domain of class C!%, § € (0, 1), with boundary 92, N > 1. Without mentioning otherwise, we
always assume that f € L*°(Q2), f >0, and f = 0. The problem (D,) is a perturbation of the
nonlinear eigenvalue problem

—Apu= AMulP2u in 9,
(1.1)

u=>0 on 0%2.

Below, we will often employ the first and second eigenvalue of (1.1) which can be defined,
respectively, as

fQ |Vul? dx )

A1 :=inf
fQ|u|”dx

e Wy (@)\ {0}}
and

A2 :=1inf{A > A1 : A is an eigenvalue of (1.1)}.

Recall that 0 < A1 < Ap, [2], the first eigenfunction ¢; is unique modulo scaling, [1,24], and
@1 can be chosen strictly positive in €2, [30]. Any second eigenfunction ¢, has exactly two
nodal domains, [9,14]. In particular, ¢y = (p;r + ¢, , where gozr :=max{gy,0} £ 0 and ¢, :=
min{¢;, 0} £ 0. Moreover, any eigenfunction of (1.1), as well as any weak solution of (D;),
obeys Cl’y(ﬁ)-regularity for some y € (0, 1), [3,23].

Among qualitative properties of solutions of (1, ), the information on a sign is of fundamental
importance. It is well-known that the following maximum principle is valid, [16,30]:

(MP) if A < A1, then any solution u of (D, ) satisfies u > 0 in .

On the other hand, it was observed by Clément & Peletier [8] for p =2 and by Fleckinger et
al. [15] for p > 1 that the following anti-maximum principle holds. Namely, there exists A y > A1
such that

(AMP) if A € (A1, Lf), then any solution u of (D, ) satisfies u < 0 in €.

We will always assume that A ¢ is the maximal value such that (AMP) holds.

Although Ay > A1 for any fixed f, it is known that A ; depends on f and cannot be bounded
away from X uniformly with respect to f, see [5,10,27]. However, apart from this fact, not much
is known about other properties of A ¢, and it seems that even constructive bounds for A ; have
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not been systematically studied. We can refer only to the following lower bound obtained in [17]
in the case p =2 and f € L91(R2):

Ko

AfzM+ ————— 7
(JoF+11dx)"

where o > 0 and f are defined through the L?(£2)-orthogonal decomposition f = ag; + f,

g > N for N >2 and ¢ =2 for N = 1, and the constant K does not depend on f, yet K is not

explicitly quantified. In this respect, (AMP) for the analogous Neumann problem

—Apu = plulP2u+ f(x) inQ,

u (1.2)
— =0 on 0%2,
av

is more developed. Note that (AMP) for (1.2) is valid on a maximal interval (0, i ), [5,8]. It
was shown in [8] that uy > w>/4 when p =2 and N =1, where u; is the second (or, equiv-
alently, the first nonzero) eigenvalue of the Laplace operator under zero Neumann boundary
conditions. Later, it was proved in [5] that for p > N,

Jo IVul? dx

RS Wl”’(SZ) \ {0} and u vanishes on some ball in Q} ,
Jo lulP dx

M >inf{

and no uniform lower bound is possible provided p < N. See [20] and [29] for generalizations.
We also refer the reader to the survey article [25] for the overview of results about (AMP) for
(D), (1.2), and related problems.

The aim of this paper is to provide an explicit upper bound for the maximal value A of
validity of (AMP) for (D,). Let us define the critical value

fo |Vul? dx

* :=inf
P S P dx

: /fudx:O, we Wy @)\ {0} . (1.3)
Q

Theorem 1.1. Let p > 1. Then )»’;- € (A1, A2] and the following assertions hold:

(1) If)ﬁ} <X, then Ly < )f}.

(i) If p=2o0r N =1, then iy < 17.

We also state some properties of A’}.
Proposition 1.2. Let p > 1. The following assertions hold:
(1) If there exists a second eigenfunction ¢> such that fQ ferdx #0, then )ﬁ; < A and thus

Ap < )»";p < Ap.
(ii) There exists a sequence { f,,} C L°°(2) such that )&;ﬂ — A asn — +00.
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Several additional basic properties of A y and A’; are discussed in Lemma 2.1 below.

Apparently, the information for the linear problem (p = 2) is more accurate. This is mainly
due to the presence of the Fredholm alternative, which states, in particular, that (D;,) is uniquely
solvable provided A € (A1, A2), and (D,) is solvable at A = A, if and only if fQ fo2dx =0 for
any second eigenfunction ¢,. While a counterpart of the Fredholm alternative for the general
p-Laplacian is relatively well-developed when A is in a neighborhood of A; (see, e.g., [13,28]
and references therein), the situation near higher eigenvalues is more complicated due to the lack
of full description of the spectrum of the p-Laplacian. Because of that, the inequality A ; < k;‘c
remains an open problem if the following three assumptions are simultaneously satisfied: p # 2,
N >2, and A’} = A

The definition of )\’J‘c and the results of Theorem 1.1 are connected with energy properties of
solutions of (D;,). Namely, recall that (weak) solutions of (D, ) are in one-to-one correspondence

with critical points of the energy functional E; € C! (Wol’p (2), R) given by

1
E; (u) :=—H)\(u)—/fudx, where H, (1) :=f|Vu|”dx—k/|u|”dx.
p
Q Q Q

Suppose that u € Wé’p(Q) is a solution of (D,) with E, (1) = 0. Since u is a critical point of
Ej, we have, in particular, that (E} (u), u) = H, (u) — [ fudx = 0. It follows from E; (u) =
(Ei(u), u) =0 that

fQ|Vu|pdx
dx =
JolulPdx [f” =

Comparing these equalities with the definition (1.3) of A%, we directly get the first part of the
following result.

Proposition 1.3. Let p > 1. If A < A%, then (D,) has no solution u such that E; (u) = 0. More-
over, the following assertions hold:

(i) If A < Ay, then, in addition to (MP), any solution u of (D)) satisfies E (u) < 0.
(i) If A\ < A < A%, then any solution u of (D,) satisfies Ej (1) > 0.

More can be said if we consider the branch of ground state solutions of (D, ) with A € [A%, 1).
By the ground state solution of (D;) we mean a solution u which satisfies

E;,(u) < E)(v) for any other solution v of (D).

It can be easily seen that (D, ) possesses a ground state solution for any A € [A?, A2), see, e.g.,
Lemma 4.6 below. In the following theorem, we provide some qualitative properties of the
corresponding branch (A, u) € [)ﬁ'}, X)) X Wé "P(Q), which reveals the connection with Theo-
rem 1.1.

Theorem 1.4. Let p > 1. The following assertions hold:
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@ If »= )\? < Ay, then any ground state solution u of (D,) is sign-changing and satisfies
E; (u) = 0. Moreover, u is a minimizer for A’;.
(i) Let f > 0. If)ﬁ} < A < Ay, then any ground state solution u of (D) is sign-changing and

satisfies Ej(u) < 0.

We schematically depict the results of Theorem 1.1 (i), Proposition 1.3, and Theorem 1.4
(taking into account the nonexistence result [15, Theorem 1] for (D;,,)) on Fig. 1 below.

This paper is organized as follows. In Section 2, we prove Proposition 1.2 together with some
other properties of A s and )\?. In Section 3, we discuss some auxiliary results needed for the
proof of Theorems 1.1 and 1.4, and Proposition 1.3. Then, in Section 4, we prove three latter
statements. Finally, Section 5 is devoted to some remarks and discussion.

*®

2. Some properties of A Y,

Let us provide several basic properties of Ay and /\3‘(. In particular, the following lemma
contains Proposition 1.2 and the assertion )ﬁ} € (A1, Ap] of Theorem 1.1.

Lemma 2.1. Let p > 1. The following assertions hold:

@) A’} possesses a minimizer;

(i) A < )ﬁ; < A2,
(iii) if there exists a second eigenfunction ¢ such that fQ fordx #0, then )ﬁ} < A2,
(iv) if p=2and N = 1, then there exists f such that fQ ferdx =0 and )L’} < A2;
(V) if p=2, then Ay = A’} = A for f = ¢1 (modulo scaling);
(vi) there exists a sequence { f,} C L°°(2) such that )L’;n — A1 as n — +o0.

Proof. (i) The existence of a minimizer for )\? can be easily proved by standard arguments. By

definition, any minimizer u satisfies u s 0 and fQ fudx =0.
(ii) Since f > 0, f #£ 0, and the first eigenfunction ¢ is strictly positive, [30], the inequality

A< A* dlrectly follows from assertion (i). Let us show that )\’;« < ). Fix any second eigenfunc-

tion ¢p = (p2 + ¢, . Assume first that fQ f (p2 dx # 0. Then we can find @ > 0 such that

B\ (u)

*

Fig. 1. Dependence of the energy Ej (1) of the ground state solution u of (D; ) on A, provided f > 0 and A 7 < A
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/f(aﬁl’;r+¢{)dx:a/f¢;dx+ff¢5dx:0.
Q Q Q

Since (,03E € W(; b (2),cf. [19, Lemma 7.6], ozgz); +¢, is admissible for the minimization problem
(1.3) defining k*}. Therefore, from

[rveEran=sa [ 6t ax @1
Q Q

we deduce that

ol Vol |Pdx + Vo, |Pdx
al [oley |Pdx + [ole; |Pdx

Assume now that fg f(p; dx = 0. In this case, (p;r is admissible for (1.3), and hence (2.1) again
leads to the desired inequality A? < A2. The remaining case fQ S, dx =0 is similar.

(iii) Suppose, by contradiction, that there exists a second eigenfunction ¢, such that
Jo fe2dx #0 and 1% = A,. Assume first that [, f<p2i dx # 0. Arguing as in assertion (ii),
we can find o > 0, o # 1, such that fQ f(ozgogL + ¢, )dx =0, and hence, recalling that )ﬁ} = A2,
we get from (2.2) that w = oc(pi|r + ¢, is a minimizer for A%. Thus, by the Lagrange multiplier
rule, we obtain w1, 42 € R such that || + |u2| > 0 and

1 /le|”_2(Vw,V$)dx—)Ll*f/|w|'"_2w5dx +u2/f$dx=0, V&eWOl’p(Q).
Q Q Q

(2.3)
If we suppose that u; = 0, then f = 0, which is impossible. Therefore, 1 # 0. Moreover,
w2 # 0 as well. Indeed, if we suppose that uy = 0, then (2.3) states that oup;' + ¢, is a second
eigenfunction. However, since a % 1, C17 (Q)-regularity of both ¢, = (p;' + ¢, and ozgz); +
¢, contradicts the Hopf maximum principle at the boundary between nodal domains, see [14,
Lemma 2.4]. Thus, @us # 0 implies that

(1 _
sign (—) (@p +¢3)
%)

is a solution of (D, ). But this is again impossible in view of [14, Lemma 2.4], since « # 1 and
any solution of (D;) belongs to C!+¥ (R). Suppose now that fQ fgoi|r dx =0. Thus, w = (pi|r isa
minimizer for A’;. = A and hence it again satisfies (2.3) with some Lagrange multipliers u; # 0
and uy € R. That is, either w is a second eigenfunction (provided w2 = 0) or a proper scaling of
w is a solution of (D,) (provided w> # 0). In both cases, we get a contradiction, since the Hopf
maximum principle implies w ¢ C¥ (Q). The case fQ fo, dx =0 is similar.

(iv) Let us consider the following simple example:

—u”" =xu+ (1 —sin(x)) in (0, m),
u(0)=u(r)=0.

(2.4)
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Note that f(x) = (1 — sin(x)) > 0 a.e. in (0, 7). Moreover, since ¢ = sin(2x), we have
fon fo2dx =0. One can easily find an explicit solution u; of (2.4) and obtain that fon Sfuyydx =
0 for some Ag € (3,3.5) C (A1, A2). Thus, A‘} <Ao< A2.

W) If p =2 and f = ¢, then the definition (1.3) of k’} coincides with the definition of the
second eigenvalue Ay by the Courant-Fisher variational principle, that is, A’} = X2. The equality

Ay =A% can be also observed easily by the Fredholm alternative. Indeed, consider the problem
(D)) with p=2and f = ¢y, 1i.e.,

—Au=iu+¢@i(x) ing,
u=0 on 0%2.

2.5)

If we try to find a solution of (2.5) in the form u = C¢;, where C € R, then we obtain that

ux)=-— o1(x), xe.

A— A
This shows that u is strictly negative whenever A > A1. By the Fredholm alternative, u is the
unique solution of (2.5) for A € (A1, A2), and if A = A3, then u + «a¢; is a solution of (2.5) for
any o € R and ¢;. Since each ¢; is sign-changing, we can take || large enough in order to
conclude that u + ag> also changes sign. That is, (AMP) is valid with A ; = k*‘f = A2.

(vi) Since ¢ € WOl "P(Q), there exists a sequence {v,} C C°(£2) such that v, — ¢ strongly
in W,'? (), that is,

/|Vv,1|pdx—>/|Vg01|de and /|Unlpdx—>/|<p1|de (2.6)
Q Q

Q Q

as n — +00. Moreover, we can assume that each v, > 0.

Since supp v, is compactly contained inside of €2, we can find a sufficiently small ball B, C
Q\ suppv,. Let &, € C{)’O(Q) be such that &, <0, supp&, C B,, and fQ |VE,|P dx = 1 for each
n € N. Taking any sequence {8,} C (0, +00) such that 8, — 0 as n — +o00, we deduce from
(2.6) that

\Y% )P d Vo, |Pd y
fQ' (vn + Bnén)| x le v |P dx + By Ay asn— 4oo. @2.7)

Jolvn+BukalPdx [ valP dx + B [ 16417 dx

Now, we take for each n € N any function f,, € L>(2) such that f,, =1 on suppuv,, f, =
ap >0on By, and f, > 0on 2\ (suppv, U B,). Adjusting a constant a, > 0 in such a way that

/fn(vn+,3n$n)dx= / vndx+an,3n/§ndx=0,
Q

SUpp Vn By

we make v, + f,&, admissible for (1.3). Thus, (2.7) implies that )»’;;7 —> Arasn— +00. O

The following important property of A’; can be obtained directly from (1.3).
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Lemma 2.2. Let p > 1, and let u € W(}’p(Q) \ {0} be such that [, fudx =0.If A < 1%, then
H; (u) > 0. If A = A%, then H) (u) > 0.

3. Auxiliary results

Let us state several auxiliary results which will be used in Section 4 below. Note that any
solution of (D, ) belongs to the Nehari manifold

Nii= Jwe Wy (@) {0} : Hk(w)z/fwdx
Q

Since we assume that the function f is fixed, we do not indicate the dependence of the Nehari
manifold on f by an additional index in the notation ;. Let us collect some basic properties of

Ni.
Lemma 3.1. Let p > 1. The following assertions hold:

() Ifu € Wy'P () satisfies

H;\(u)-/fudx>0, 3.
Q

then there exists a unique t, > 0 such that t,u € N, and

P
p—1

>|foudx

|foy Fudx|7T
ly = T
| Hy ()| 1

— sign (H, (u)) . 3.2)

. Ey(tyu)= <l -1
| Hj (u)| P=T

4
Moreover, if Hy(u) <0, then t, is a point of global maximum of E, (tu) with respect to
t > 0. If Hy (1) > 0, then t, is a point of global minimum of E, (tu) with respectto t > 0.

(ii) N, # @ for any A € R.
(iii) Ifu € Ny, then & E;(tw)|,_, =0 and

Es(u) = (l - 1) Hy (1) = (l - 1) f fudx. (3.3)
p p J

Proof. To prove assertion (i), for fixed u € Wol’p (£2) consider the fibering functional
tP
E,(tu) = —H, (u) — t/fudx, t>0.
4
Q

If u satisfies (3.1), then we can find 7, > 0 such that E?_tE)‘ (t”)|z=t =0, which yields t,u € N;.
Other properties of t, trivially follow from the definition of E; (tu).

Please cite this article in press as: V. Bobkov et al., Estimates on the spectral interval of validity of the anti-maximum
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Let us prove assertion (ii). Since f # 0, we can find a function u € C3°(2) with the support
of arbitrarily small measure such that fQ Sfudx # 0, or, without loss of generality, fQ fudx > 0.
By the Poincaré inequality [19, (7.44)] we have

A
N
/|Vu|pdxz ON /|u|pdx,
|supp u|
Q Q

where wy is the volume of a unit ball in RY. Therefore, for any fixed A € R we can ask for the
support of u to be of sufficiently small measure in order to get H, (#) > 0. Then, assertion (ii)
follows by applying assertion (i) to u.

Assertion (iii) is trivial. O

The following lemma is a consequence of [1, Theorem 2.1] and [30, Theorem 5].

Lemma 3.2. Let p > 1 and A > A1. Then (D,) does not possess nonnegative solutions. That is,
any solution is either nonpositive or sign-changing.

Lemma 3.3. Let p > 1. If u is a solution of (D,)) and fQ fudx =0, then u is sign-changing.

Proof. Let u be a solution of (D;) for some A € R such that fQ fudx = 0. Since u € Ny,
we have H, (#) =0, and hence Lemma 2.2 implies that A > A% > Aj. Therefore, u is either
nonpositive or sign-changing, as it follows from Lemma 3.2. Suppose, by contradiction, that
u < 0. Since fgfudszand f>0,wehave f =0on A:={x € Q: u(x) <0}. Due to
C17 (Q)-regularity of u, the set A is open. Therefore, A and u are the first eigenvalue and the
first eigenfunction of (1.1) on the domain A, respectively. Since f is nontrivial, we have f £ 0
on ©\ A, which implies A N 2 # @. Let a ball B C A and a point Xo € €2 be such that xo €
0B NdANQ. Then u(xp) =0, and by the Hopf maximum principle % > 0 (see, e.g., 30,
Theorem 5]), where v is an outward unit normal to 0 B. However, since u < 0 in the whole of €2,

we obtain a contradiction with C1:¥ (Q)-regularity of u. Therefore, u changes sign. O

Finally, the following lemma is a consequence of the definition of the second eigenvalue, see,
e.g., [7, Remark 4].

Lemma 3.4. Let p > 1. If there exists u € Wol’p(Q) such that u* # 0 and H; (u*) <0, then
A > Ao,

4. Proofs of the main results

First, we prove a weak form of Theorem 1.1 (i) by showing the nonstrict inequality A y < A
Then, we prove Theorem 1.1 (ii), Proposition 1.3, and Theorem 1.4. For technical convenience,
we postpone the completion of the proof of Theorem 1.1 (i) to the end of this section.

We start with the following lemma. Recall that )»} defined by (1.3) possesses a minimizer, see
Lemma 2.1 (i).

Lemma 4.1. Let p > 1. If 1’} < Ay, then any minimizer u for 1% is a sign-changing solution of
(D;‘; ) and satisfies E)g; (u) =0. ’

Please cite this article in press as: V. Bobkov et al., Estimates on the spectral interval of validity of the anti-maximum
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Proof. Let u be a minimizer for )ﬁ}. In particular, u # 0 and fQ fudx = 0. By the Lagrange
multiplier rule, there exist vq, v2 € R such that |v{| 4+ |v| > 0 and

Vi /|Vu|p_2(Vu,V$)dx—A’}/|u|p_2u§dx +vsz§dx:0, VE € Wy P (Q).
Q Q Q

4.1
Note that v; # 0, since otherwise (4.1) yields f = 0, which contradicts our assumptions on f.
Suppose that vy = 0. In this case, (4.1) implies that )\f‘f is an eigenvalue of (1.1) and u is an
eigenfunction associated with )G‘f". Recalling that A; < )»f;- < Ay by Lemma 2.1 (ii), we conclude
that )\*f = A2. However, it contradicts our assumption )\’} < Ao. Therefore vy # 0, and hence we

deduce from (4.1) that the function

is a solution of (D«A»;). Since fQ fvdx =0 and v € Ny, we get from Lemma 3.1 (iii) that
Exj.(v) =0, and Lemma 3.3 implies that v is sign-changing. O

The following direct corollary of Lemma 4.1 gives us a weak form of Theorem 1.1 (i).

Corollary 4.2. Let p > 1. If)ﬁ; <A, then Ly < A’}.

Let us now prove Theorem 1.1 (ii). Hereinafter, ||u| := ( fQ |u]? dx)l/ P stands for the norm
of u in L?(R2).

Lemmad43.Let p>1.If p=2o0or N=1, then Ay 5)»’;-.

Proof. Assume first that p =2.If )ﬁ} < Ap, then the desired conclusion is given by Corollary 4.2.
Suppose that A’;- = A2. Then Lemma 2.1 (iii) implies that fQ fe2dx =0 for any second eigen-
function ¢,. Therefore, (D}“7') has a solution w by the Fredholm alternative. If w is sign-changing,
then Ay < )ﬁ}, and hence we are done. Let w have a constant sign. Note that for any « € R and
any @2, w + o, is also a solution of (D;_7_). Since any ¢» is sign-changing, we can take |«| large
enough in order to deduce that w + a @, also changes sign, and the proof for the case p =2 is
finished.

Assume now that p > 1 and N = 1. Recall that if )\’]‘c < A3, then the assertion is given by
Corollary 4.2. Suppose that A? = A2. By the definition of A7, the inequality Ay < A’} will be
established if we prove the existence of a sign-changing solution of (D;) in an arbitrarily small
neighborhood of A;. Assume, without loss of generality, that Q = (0, 1). We easily see that v is
a solution of (D) if and only if u = ||v/|| v is a solution of the problem

(| 1P’y = MulP"u 4 ] PPV £ (x)in (0, 1),
u(0)=u(1)=0.

4.D)»
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To obtain the claim, we will sketchily show that (17, 0) € R x W(: "7(0, 1) is a bifurcation point for
(4.1),. For a given h € w-Lr 0, 1),let R(h) Wol’p(O, 1) be a unique solution of the problem

—(u'1P72dY =h  in (0, 1),
u(0)=u(1)=0.

Then R seen as a map L"(0,1) — Wol’p(O, 1) is completely continuous for any r > 1, [12,
p- 229]. Note that u is a solution of (4.1); if and only if u satisfies the operator equation

=R (Mulp_zu n F(u)) :

where the composition operator F : W(}’p(O, 1) —» L*°(0,1) is defined by F(u)(x) =
lu/[*P=D £ (x). It is not hard to see that H, (u) := R (A|u|P~2u + F(u)) defines a completely
continuous map Wol’p(O, 1)~ Wol’p(O, 1). Thatis, I — Hj, : W(}’p(O, 1)~ WJ’P(O, 1) is a con-
tinuous compact perturbation of the identity / in WO1 70, 1).

Arguing as in [12, Proposition 2.2] (see also [11, Theorem 4.1]), we see that for any § > O the
following index formula is satisfied:

—1 forxe (i, ),

deg,, 1. I—R(|-1772), B(0,8),0) =
Wop““)( ) 1 for & € (hos 13),

where “deg” denotes the Leray-Schauder degree, B(0, §) is a ball in WO1 (0, 1) with radius §
centered at 0, A3 is the third eigenvalue of the one-dimensional p-Laplacian, and A, < A3 by,
e.g., [11, Section 3].

Using the above-mentioned facts, we can argue in much the same way as in [12, Theorem
1.1] to obtain that (A7, 0) is a bifurcation point for (4.1),. Moreover, if uy — Xy as k - 400
and uy is a solution of (4.1),, belonging to the bifurcation branch emanating from (A2, 0), then
uk/||u;€|| — ¢ in Wol’p(O, 1) up to a subsequence, see [12, p. 231]. Thus, since ¢, is sign-
changing, uy is also sign-changing for sufficiently large k. Therefore, we conclude that vy =
(173 | ~2uy is a sign-changing solution of (D,,,) for such k, and the proof is complete. O

Now we are going to prove Proposition 1.3. Assertion (i) of Proposition 1.3 directly follows
from the combination of Lemma 3.1 (iii) with the fact that A, (v) > 0 for any v € WO1 P@)\ {0}
provided A < A1. Assertion (ii) of Proposition 1.3 follows from the combination of Lemma 3.1
(iii) with the first part of the following result.

Lemma 4.4. Let p > 1. If L € (A1, k*) then any solution u of (D,) satisfies H) (u) < 0. I]‘k*
A2, then any solution u of (D, ) satlsﬁes HA* (u) <0.

Proof. Suppose first, by contradiction, that there exists A € (Al,k*) and a solution u of
(D) such that Hy (u) > 0. Actually, the equality here is impossible, s1nce otherwise u € N,
gives fQ fudx =0, which contradicts Lemma 2.2. Therefore, H) (1) > 0 and consequently
fQ Sfudx > 0due to u € N, . Moreover, the same assumptions occur if we argue by contradiction

in the case A = )»’} < A2.
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The inequality fQ fudx > 0 implies fQ futdx > 0, and hence u cannot be nonpositive.
Moreover, Lemma 3.2 implies that # cannot be nonnegative, as well. Thus, u is a sign-changing
function. Assume first that fQ fu~ dx <0. Then we can find @ € (0, 1) such that

/f(au++u_)dx:ot/fu+dx+/fu_dx=0. “4.2)
Q Q

Q

On the other hand, since u is a solution of (D, ), we get

H,(u™) = / futdx. 4.3)
Q

Combining (4.3) with (4.2), we conclude that
Hy(au™ +u")=a’Hy(u) + Hy(u™) =

zaP/fu+dx+/fu_dx=(oz”—a)/fu+dx<0,
Q Q

Q

since « € (0, 1). However, it contradicts Lemma 2.2 applied to the function aut +u~. Assume
now that fQ fu~ dx =0. In this case we again get a contradiction with Lemma 2.2 in view of
(4.3), provided X € ()»1,)\?). If A= A? < Mo, then we see that ¥~ is a minimizer for )\? and
hence Lemma 4.1 gives a contradiction. O

Remark 4.5. Note that for A € (A1, A r) we have u < 0 by (AMP), which yields fQ fudx <0,
and hence the result of Lemma 4.4 simply follows from Lemma 3.1 (iii). That is, the result of
*

Lemma 4.4 is nontrivial only for A € [A 7, A f]'

Let us now prove Theorem 1.4. First, we show that (D, ) has a ground state solution pro-
vided A is not an eigenvalue of (1.1). With a slight abuse of notation, we will write |Vu| :=

(fqVul? dx)l/p for the norm of u in Wg""(Q).

Lemma 4.6. Let p > 1. If A is not an eigenvalue of (1.1), then (D)) possesses a ground state
solution.

Proof. By the results of [18, Theorem 3.1, p. 60] or [26, Theorem 3], (D, ) possesses a solution
for any A which is not an eigenvalue of (1.1). If this solution is unique (as it is for p = 2) or if
there are finitely many solutions, then we are done. Let us assume that for some admissible A
there is an infinite sequence of solutions {v,} C Wé P(Q) of (Dy) such that

E; (v,) = inf{E) (w) : w is a solution of (D,)}.

If {v,} is bounded in WO1 "7 (Q), then, up to a subsequence, {v,} converges strongly in WO1 P(Q) to
a solution of (D,) since E satisfies the Palais—Smale condition provided X is not an eigenvalue
of (1.1). On the other hand, if we suppose that, up to a subsequence, |Vv, || - 400 asn — +00,
then the normalized sequence consisted of v, := IIVU—Snu converges (again up to a subsequence)
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weakly in Wol‘p (2) and strongly in L?(2) to some v € W(}’p (€2). Moreover, each v, satisfies
the equation

fx)

— ATy = A|on P20, +
p n n n —
Vv, [|P~!

in the weak sense. By the Nehari constraint, v, € Ny for any n € N, and

~ . Jo fUndx
H@)=1—A|tnl? ="2"""" 50 asn— +oo.
A( n) ” n” ”an”p_]
Consequently, ||v,|| does not converge to 0, which implies that v £ 0. Thus, {v,} converges
weakly to an eigenfunction of —A ,, and hence A is the associated eigenvalue, which is impossi-
ble. O

Assertion (i) of Theorem 1.4 is based on Lemmas 4.1 and 4.4 and follows from the following
result.

Lemma4.7. Let p > 1 and k’} < Ap. Then any ground state solution u of (Dp; ) is sign-changing
and satisfies E,\} (u) =0.

Proof. Since A| < )3} < A2, there exists a ground state solution v of (D;v»;) by Lemma 4.6.
The second part of Lemma 4.4 in combination with Lemma 3.1 (iii) implies that E X (v) >
0. Moreover, we know from Lemma 4.1 that (D;\j ) possesses a sign-changing solution u# with
E X (u) = 0. That is, u is a ground state solution. Therefore, any other ground state solution v of
(D;;; ) also satisfies E X (v) =0, and hence Lemma 3.3 implies that v is sign-changing. O

Let us complete the proof of Theorem 1.4 by obtaining assertion (ii). This assertion will
follow if we show that for A € (A’}, A2) there exists a solution v of (D;) such that E; (v) < 0. In
this case, Lemma 4.6 implies that any ground state solution u of (D, ) also satisfies E (u) < 0.
Consequently, fQ fudx > 0 by Lemma 3.1 (iii), and u cannot be nonnegative by Lemma 3.2.
That is, u is sign-changing.

In fact, we will prove a more general result. Consider the following subset of the Nehari
manifold which contains all sign-changing solutions of (D) ):

My = weW(}”’(sz): wt £0, Hk(wi)szwidx C N
Q

Consider also the corresponding minimization problem:
B :=inf{E; (w): we M,]}.
Proposition 4.8. Ler p > 1, f > 0 a.e. in , and )»ji <Aa. Ifre ()\?, A2), then M #0, B €

(—00,0), and B is attained. Moreover, u is a minimizer for B if and only if u is a ground state
solution of (D,). In particular, u is sign-changing and E, (u) < 0.
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Proof. Step 1. Let us fix A € ()ﬁ}, A2). We start by showing that M; # ¢ and B < 0. Let u

be a minimizer for A’} given by Lemma 2.1 (i). In view of the assumption 1% < A,, Lemma 4.1

implies that u is a sign-changing solution of (D;;e; ) with E 2 () = 0. Then Lemma 3.1 (iii) yields
H;g} (u) =0, and hence we conclude that

Hk?(u+)=/.fu+dx>0, HA?(u—)szu—dx <0,
Q Q

thanks to the assumption f > 0. The continuity of H, with respect to A implies the existence
of A € (A%, 400) such that H; (u™) > 0 for all A € (A%, 1), and H;(u*) = 0. Note that A > A,.

Indeed, if we suppose that X < Az, then Hi(u+) =0 and H;(u™) < 0 lead to a contradiction
thanks to Lemma 3.4. Consequently, recalling that A € (A%, 1), we have

Hy WhH>HuhH >0, Hu)< Hys (u™) <0. 4.4)

Thus, Lemma 3.1 (i) yields the existence of ; > 0 and #_ > 0 such that r, u™,r_u~ € N, and
hence tyut +t_u~ € M,. Therefore, M; # §. Moreover, by (3.2) and (4.4),

[fo fut dx|PT | [y fu dx] 7T
- 1

1 — | < Esw=0, @5)
|Hy. (ut)| 77T | Hy (u=) |7

1
Ey(tiut +t_u") = (— — 1>
P

which shows that 8 < 0.

Step 2. Let us prove that 8 > —oo. The fact M # ¢ implies the existence of a minimizing
sequence {v,} C M, for 8, and in view of (4.5) we can assume that E; (v,) < 0 for each n € N.
It is enough to show that {v,} is bounded in W(;’p(Q).

+
Below, we will denote by {w} the sequence of normalized functions w := ﬁ, neN.

Since ||Vw;—L|| =1 foreachn e N, {wni} converges (up to a subsequence) weakly in Wol""(Q),

strongly in L?(£2), and almost everywhere in  to some w™ € W(}’p (2). In particular, w* >0
and w~ < 0. Moreover, w™ # 0 since H) (w, ) <0 forall » € N, and

H; (w™) <liminf H; (w, ) <0. 4.6)
n—-+00

First, we show that {v;} is bounded in WO1 "P(Q). Suppose, by contradiction, that V| —
400 as n — 400, up to a subsequence. Then, we have

1 C
O<H,\(u)+):7/fw+dx§7—>0,
" Vo [|P=! 2 " Vo [|P=!
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which implies that ||w;"|| > ¢; for some ¢; > 0 and all n € N. That is, w™ 0, and
H, (w') <liminf H (w;}) =0.
n—+o00

Thus, recalling (4.6), Lemma 3.4 applied to w gives a contradiction with A < A, which shows
that {v;}} is bounded in W, ” ().
Second, we show that {v,} is bounded in Wol’p (2). By Lemma 3.1 (iii), we have

0< Ex(v, )—(——1)/fv dx—(——l)HVv ||/fw dx. 4.7

Suppose, by contradiction, that ||[Vv, || = 400 as n — 400, up to a subsequence. Note that
Ej(v,) < ¢2 < 400 for some ¢; > 0 and all n € N, since each Ej(v,) < 0, and {v;'} is
bounded. Therefore, we deduce from (4.7) and Lebesgue’s dominated convergence theorem that
fQ fw™ dx = 0. However, this is impossible since w™ <0, w~ #0, and f > 0. Thus, {v, } is
bounded in W, " ().

Therefore, we conclude that {v,} is bounded in W(:’p (£2), which yields 8 > —oo.

Step 3. Let us now prove that 8 is attained. We may assume that the minimizing sequence
{v,} converges (up to a subsequence) weakly in WO1 "P(Q) and strongly in L?(2) to some v =

* 4+ v~ e Wy'P(R), since {v,} is bounded in W,’” (). Our claim will follow if we show that

{v,} converges (up to a subsequence) strongly in W1 P(Q) and v € M;,.

First, we show that v+ = (. Suppose that ||Vv || — 0. Since E; (v,) <0, E;L(v+) < 0, and
E;(v,;) > 0 foreach n € N, we have

Ex(va) = Ex(v;)) + Ex(v;) > Ex(v;)) — 0,

which contradicts the minimization property of {v,}. Thus, | Vv, || > c3 for some ¢3 > 0 and all
n € N. Suppose now that ||v;F|| — 0. Then we have

0</|Vv,,+|"dx—,\/|v;|f’dx=/fvn+dx§C||u;f||—>0
Q

which is impossible since || Vv;F|| > ¢3 > 0. Therefore, v % 0. Moreover,

0 < Hy(v") <liminf Hy (v;") =/fv+ dx. (4.8)
n——+00

Indeed, if we suppose that H; (v™) < 0, then, recalling (4.6), we apply Lemma 3.4 to u = vt +
w™ and again get a contradiction with A < ;.

Second, we show that v~ # 0. Suppose that || Vv, || — 0 as n — 4-0c. In this case, the Nehari
constraint v, € NV, implies

ffwn_dxz||an_||1’_1Hl(w;)—>O as n — +oo,
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and we get a contradiction with w™ s 0. Therefore, there exists ¢4 > 0 such that || Vv, || > c4 >0
for all n € N. Then, H) (v,;) < 0 implies v~ # 0, and hence

H)(v7) <liminf Hy (v,) = / fv dx <O. 4.9)
n—+o00
Q

Third, we show that {v,} converges (up to a subsequence) to v = v + v~ strongly in
WO1 "7 (Q). Suppose, by contradiction, that

Vo]l < liminf ||V, ||. (4.10)
n—+00

In view of (4.8) and (4.9), Lemma 3.1 (i) implies the existence of t;,7_ > 0 such that
tyvt,t_v” € N, and hence ty vt + ¢ v~ € M,. Moreover, ¢y # 1 or t_ # 1 due to (4.10).
Since ¢, is a point of global minimum of E; (rv*) with respect to ¢ > 0, and ¢ = 1 is a point of
global maximum of Ej (tv, ) with respect to ¢ > 0 for each n € N, we get

B= /i\f/ltf Ey < Ex(tivt +107) = Ex(tpv) + Ex(t-v7) S B, + Ep(1-v7)
s

. . + . . — . . + . . - _
<liminf £, (u}) + liminf £, (t-v, ) < liminf E, (u;}) + liminf E,,(u,,) = .

a contradiction. Thus, {v,} converges to v strongly in W(;’p (£2), up to a subsequence, which
yields v € M. That is, § is achieved at v.

Step 4. Let us prove that v is a critical point of E;. Note that the constraints for v* given
by M, are not necessarily differentiable. That is, we cannot use the Lagrange multipliers rule
or a deformation lemma over M, . To obtain the result, we employ the quantitative deformation

lemma [31, Lemma 2.3] over W(}’p (£2). The following arguments are inspired by [6].

Suppose, by contradiction, that ||Ef\(v)||(W01,p(Q))* > 0. Since E; € Cl(Wé*P(Q), R), we can
find €, > 0 such that if E;(w) € [B — 2¢, 8 + 2¢] and ||V(v — w)| < 25 for some w, then
| ES (w) ||(W01,,,(Q))* > 85—5. Then, using [31, Lemma 2.3], we obtain a continuous family of home-

omorphisms ®(-, ) in W(;’p(SZ), T € [0, 1], such that

(i) ®(w,7)=w providedt=0ort € (0, 1] and |Ey (w) — B| > 2¢;
(i) Ejp(P(w, 1)) < B forany t € (0, 1] provided E) (w) < g and |V(v — w)|| <34.

We will reach a contradiction by considering the deformations ®(g(s), ) of the function g(s) €
Wol’p(Q) defined as

g(s) = vF4+sv7, s>0.

Note that g(s)™ =v™ and g(s)~ = sv ™. Since v € M}, (4.9) and Lemma 3.1 (i) imply that s = 1
is a unique point of global maximum of E; (sv™) with respect to s > 0, which yields

Ei(8(s) =Ex(") + Ex(sv7) < E(v") + Ex(v7) =8 (4.11)
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for any s # 1, and

%Ex(tg(S)_) =H,(g(s)") — / fg(s)"dx >0 forse(0,1), (4.12)
=1 P
%Ek(tg(s)_) =H,(g(s)") — / fg(s)"dx <0 fors>1. (4.13)
=1
Q

Let us take some constants k4+ > 0 such that x_ < 1 < k4 and |V(v — g(s))|| < § for any
s € [k—, k+]. Considering ¢ > 0 smaller, if necessary, we may assume by (4.11) that

max {Ej (8(k-)), Ex(g(k4))} < p — 2e. (4.14)

Thus, we deduce from (4.14) and assertion (i) that ®(g(k+), 7) = g(k+) for any t € [0, 1].
Therefore, we see from (4.12), (4.13), and the continuity of &, that for any 7 € [0, 1] there exists
S0 € (k—, k4+) such that

Hx(q’(g(So),f)*)—/fq)(g(So),T)*dx:O- (4.15)
Q

Moreover, since g(s)jE = ( for any s > 0 and (4.8) is satisfied, assertion (i) and the continuity of
@ imply the existence of sufficiently small 7o > 0 such that ®(g(sp), 70)* % 0 and

H; (®(g(50), 1)) > 0. (4.16)

In particular, (4.15) yields ®(g(so), 70)~ € N;.. Furthermore, by (4.16) and Lemma 3.1 (i), there
exists # > 0 such that

Hy (11 ®(g(s0), 10) ") — / fti®(g(s0), 1) dx =0,
Q

Ej (14 @(g(s0), 10) ") < Ex(@(g(s0), T0) ). 4.17)
Therefore, we also have £ ®(g(so), T0) T € Ny, which gives 1, ®(g(s0), o) T + P(g(s0), T0)~ €
M.

Since E;(g(s)) = E;(P(g(s),0)) < B for any s > 0 by (4.11), and s9 € (k_, k4), assertion
(i1) and the choice of k4 imply

E; (®(g(s0). 10)) < B. (4.18)

Thus, using (4.17) and (4.18), we obtain the following contradiction:
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B= /i\r/ltf Ej < Ex(t+:®(g(s0), 1) + ®(g(50), 10) )

= Ej (13- ©(g(50), 1)) + E5(P(g(50), 70) )
< Ex(®(8(50), 70) ") + Ex(@(g(s0), 0) ) = Ex(P(g(50), 70)) < B-

That is, v is a critical point of E;.

Step 5. To finish the proof, let us recall that {v,} was an arbitrary minimizing sequence for S,
and B < 0. That is, any minimizer u for 8 is a sign-changing solution of (D, ) with E; (u) = 8.
Consequently, any ground state solution w of (D,) satisfies E;(w) < . Note that w is also
sign-changing and hence w € M. Indeed, Lemma 3.2 implies that w is either nonpositive or
sign-changing. However, if we suppose that w is nonpositive, then fQ fwdx <0, and hence
E;(w) > 0 by Lemma 3.1 (iii), which contradicts 8 < 0. Therefore, we see that w € M, and
E, (w) = B, which establishes the desired claim that u is a minimizer for g if and only if u is a
ground state solution of (D,). O

Arguing in a similar (but simpler) way as in Proposition 4.8, the following fact can be proved.

Lemma 4.9. Let p > 1 and A € (A1, )ﬁ'}-). Then u is a ground state solution of (D,,) if and only if
u is a minimizer for the problem '

inf{Ey(w): weN,, E;(w)>0}.
Let us finally complete the proof of Theorem 1.1 (i).
Lemma 4.10. Let p > 1. If)f;- <Xy, then Ay < )»"}.

Proof. We know from Corollary 4.2 that Ay < )»’Ji». Suppose, by contradiction, that A = )»7-.
Then for any sequence {u,} C (A1, A’}) such that u, — )Lf'} we can obtain from Lemma 4.6 a
sequence of corresponding ground state solutions {u,} of (D, ) with u,, < 0 in Q.

Let us normalize each u, as v, := ”V”—L’;n”. Lemma 4.4 implies H,, (v,) < 0 for every n € N,

and hence v, converges (up to a subsequence) to some v < 0, v # 0, weakly in Wol’p (€2) and
strongly in L”(€2). Moreover, each v, satisfies the equation

fx)

—Apvp = tn|vn? 2un +
pUn nlVUn n —
Vi ||P~!

in the weak sense. Suppose first that {u,} is unbounded in W(i "P(Q). Then we see from the
last equation that v is an eigenfunction and )»’} is a corresponding eigenvalue. However, this is

impossible since )L*f € (A1, A2). Therefore, {u,} is a bounded sequence in WO1 "7 (), and hence

{u,} converges (up to a subsequence) to some u < 0 weakly in Wé 'P(Q) and strongly in L? ().
Suppose that ||Vu,| — 0 as n — +4-o0. Since each u,, is a solution of (D, ), we have

/fé dx=(H], (u,),§)—>0 asn— +oo foranyé e Wé’p(Q),
Q
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which yields f =0, a contradiction. Therefore, there exists ¢; > 0 such that ||Vu,|| > c; for all
n € N. Since H,,, (u,) < 0 by Lemma 4.4, there exists ¢ > 0 such that [lu,|| > ¢z > 0 for all
n € N. Thatis, u #0.

We conclude from the weak convergence that u is a solution of (DA?_), and by the weak

lower semicontinuity argument we have lim 1inf Ey, (uy) > E X (u). Since u < 0, Lemma 4.7
n—+0o0

implies that E I (u) > 0. Let us show that this is impossible. Recall that any minimizer v for
)L? (which exists by Lemma 2.1 (i)) is a sign-changing solution of (D;;;) with E ,\7_(1)) =0, see
Lemma 4.1. We have two possibilities: either E;g} (W) =0or Ekf‘f (vE) # 0. In the former case,
HA? (v¥) =0 by Lemma 2.1 (ii), which contradicts Lemma 3.4. Therefore, the latter case takes
place, which yields Hks} (v%) # 0. By Lemma 3.1 (i) and the continuity of H; with respect to
A, for any sufficiently large n € N we can find £ > 0 such that £Xv* e NV}, and £F — 1 as
n — +oo. That is, t,7 vt + 1, v € M, CN,,, and E,, (t; vt +1,v") > 0 as n > 4o0.
Thus, we get a contradiction, since any u, is a minimizer of E,,, over N, u, (see Lemma 4.9), but
liminf E,,, (u,) > EA? (u) > 0. The proof is complete. O

n—-+00

5. Discussion
Let us provide several final remarks.

1. The critical value A"f defined by (1.3) can be obtained via a general theory developed in
[21,22].

2. Along with (AMP), one can consider a weak anti-maximum principle which states that
there exists Xf > Ay > A1 such that any solution u of (D;.) Xvith re (A, Xf) satisfies u < 0.
In this case, the estimates of Theorem 1.1 remain valid for A y instead of A 5.

3. It was proved in [4, Theorems 17 and 27] that (AMP) holds true provided f € L>®(R)
satisfies a weaker assumption fQ fo1dx > 0 instead of f > 0. Although )G’/i- is well-defined
for such f, we do not know whether )»”} bounds A ¢ as in Theorem 1.1. A

4. Let us recall that the inequality Ay < X’; is an open problem provided the following three
assumptions are simultaneously satisfied: p#2,N>2,and A’} =A\.

5. Most of the existence results for (D,), as well as properties of )ﬁ}, obtained in the present
paper remain valid under considerably weaker assumptions on f than f € L>(2) \ {0} and
f = 0. However, since (AMP) requiring the latter two assumptions was our primary object
of study, we omitted general statements in order to keep the exposition more transparent.
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