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Abstract

We study the following nonlinear Schrédinger equation

iy = —Au+Vu—alufu, (t,x)eR! xR?,

where a > 0, g € (0,2), and V (x) is some type of trapping potential. For any fixed a > a* := || Q ||%, where
Q is the unique (up to translations) positive radial solution of Au —u + u3 =0in R, by directly using
constrained variational method and energy estimates we present a detailed analysis of the concentration and
symmetry breaking of standing waves for the above equation as ¢ /2.

© 2013 Elsevier Inc. All rights reserved.

MSC: 35J20; 35J60

Keywords: Constrained variational method; Energy estimates; Concentration; Standing waves; Nonlinear Schrodinger
equation; Symmetry breaking

1. Introduction

In this paper, we study the concentration and symmetry breaking of standing waves for the
following nonlinear Schrodinger equation (NLS) with a trapping potential and an attractive non-
linearity
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iny=—Au+V@u—alulfu, (x) ek xR? (1.1)

where @ > 0, 0 < g < 2, and V (x) is a trapping potential. Eq. (1.1) with g = 2 arises in Bose—
Einstein condensates (BEC) as well as nonlinear optics, which has been studied widely in recent
years, see for examples, [6,9,18,23,28]. In fact, when g = 2 the above equation (1.1) is the so-
called mass critical NLS in R?, so ¢ = 2 is usually called a mass critical exponent for (1.1). This
paper is focused on the case where g approaches 2 from the left (¢ * 2, in short), which is what
we mean by the almost mass critical NLS.

For (1.1), the standing waves are the solutions of (1.1) with the form: u(z, x) = et Do (x),
which implies that ¢, (x) satisfies the following elliptic partial differential equation

—Au+V+o)u—alufu=0 inR>2 (1.2)

When g =2, (1.2) is also called the time-independent Gross—Pitaevskii (GP) equation of Bose—
Einstein condensates, where w represents the chemical potential, V is an external potential, and
a is a coupling constant related to the number of bosons in a quantum system. Here a > 0
(resp. < 0) means that the BEC is attractive (resp. repulsive). In this paper, we consider only the
attractive case, i.e., a > 0. It is well known that a minimizer of the following Gross—Pitaevskii
(GP) energy functional

E,(u) :=/(|Vu(x)| +V(x)|u(x)| x——/| (x)|‘1+ dx (1.3)
RZ

under the following constraint

fuzdle (1.4)

solves (1.2) for some Lagrange multiplier @ € R. Based on these observations, to seek the stand-
ing waves of (1.1) we need only to get solutions of (1.2), and this can be done by solving the
following constrained minimization problem associated with GP energy (1.3)

da(q) = inf E, (), (1.5)
{ueH, [p2 u? dx=1}

where H is defined by
’H::{ueHl(Rz): /V(x)|u(x)\2dx<oo}. (1.6)
R2

Here V (x) : R — R7 is locally bounded and satisfies V (x) — oo as |x| — oo. Without loss of
generality, by adding a suitable constant we may assume that

inf V(x)=
xeR2
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and inf g2 V (x) can be attained. Under this kind of conditions on V (x), the existence of ground
states of (1.2) was first studied by Rabinowitz in some general cases in [24].

Throughout this paper, we denote by ||lu||> the norm of any functions u € L?>(R?) and C
denotes a universal constant which may be different from place to place.

The earlier work related to the minimization problem (1.5) can be actually tracked back to
the papers [19,20,25,26,29-31] and the references therein. A simple scaling argument shows that
for the supercritical case, that is ¢ > 2, (1.5) does not admit any minimizer for all a > 0. But,
in the subcritical case (i.e., 0 < g < 2), (1.5) admits at least one minimizer for any a > 0, see
e.g., [6,19,20]. Moreover, some qualitative properties, such as the uniqueness, concentration and
symmetry, of the minimizers of (1.5), for any fixed 0 < g < 2, were discussed as a — 400 in [6,
23] and references therein. However, for the mass critical case (i.e., ¢ = 2), from a physical point
of view (see, e.g., [3,4,27]), there exists a critical cold atom number below which BEC occurs,
and collapse occurs otherwise. Mathematically, this was proved very recently in [1,9]. Roughly
speaking, the authors proved in [1,9] that there exists a constant ¢* such that (1.5) admits at least
one minimizer if and only if a < a*, where

) 2
a*:=10l3,

and Q is the unique (up to translations) radially symmetric positive solution of the following
scalar field equation [8,15,16]

Au—u+u’=0 inR? whereu € H'(R?). (1.7)
Furthermore, if there are numbers p; > 0 and a constant C > 0 such that the trapping potential
V (x) satisfies
n
V(x)=nh(x) l_[ |x —x;|P with C < h(x) < 1/C forall x € R?, (1.8)
i=1
the authors in [9] also studied the concentration and symmetry breaking of minimizers for (1.5),
provided that g =2 and a /' a*.
Motivated by the works mentioned above, in this paper we are interested in addressing the

limit behavior of minimizers for (1.5) when g ' 2 and a > a*. Towards this purpose, we first
note from [33] that the following scalar field equation

2 2
Au—=u+=ut""=0, whereq e (0,2]andu € H'(R?) (1.9)
9 q

admits, up to translations, a unique positive solution which is radially symmetric about the origin.
We denote this unique solution by ¢, = ¢, (|x|), and throughout the paper, we set

* . q
a’ = g I3

Moreover, by [33] we have the following Gagliardo—Nirenberg inequality
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g
/|u(x)|q+2dx < Cq{/|Vu(x)|2dx} /|u(x)|2dx, ue H'(R?), (1.10)
R2 R2 R2

q+2 — q+2
T 2az >

where the best constant C,; =
Note that

and the above equality holds at u(x) = ¢, (|x]).

a; —>a* asq /2.
Therefore, for any fixed a > a* there exists a constant ¢ > 1, independent of ¢ > 0, such that

5_; >0 > 1as g / 2, which further implies that

1

a \ 24
<—*> — +o0 asq 2. (1.11)
4q

In view of the infinity limit in (1.11), the following main result of the present paper shows the

concentration behavior of minimizers for (1.5) as g /2.
Theorem 1.1. For any fixed a > a*, assume that

VeC'(R?), lim V(x)=oco and inf V(x)=0.

|x[—00 xeR?

Let uy € H be a non-negative minimizer of (1.5) with q € (0,2). Then, for each sequence {qj}
with q; /' 2 as k — oo, there exists a subsequence of {qy}, still denoted by {qy}, such that ug,
concentrates at a global minimum point yy of V(x) in the following sense: for each large k,
ug, has a unique global maximum point zj, € R2, and satisfies

1 1
im (“2) T (L) Tz ) = — WY g w2
kli“3<><a;k> "’"k((a;;k) x“")‘@mnﬂ(ﬁ) (R, (11D

where Z; — yo as k — oo.

Theorem 1.1 gives a detailed description of the behavior of the minimizers of (1.5) as ¢
approaches the critical exponent 2 from below. Roughly speaking, Theorem 1.1 shows that a
minimizer of (1.5) behaves like

N TR
u (x)%(—) Q( Ik ) as gy /' 2.
* az, Vel Ql2 Ve

The proof of Theorem 1.1 is based on precise energy estimates of the GP energy d,(¢q). In fact,
we prove in Section 2 [Lemma 2.2] that

2

q
2 — 2~ (a \Z4
dq(q) = — 2_[1(%) <—*) asq /2,
4q
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and therefore d,(q) - —oo as g 2 in view of (1.11). As a byproduct of the proof of Theo-
rem 1.1, we shall be able to provide in Lemma 2.1 the refined information (compared with those
obtained in [6]) on the minimum energy d,(q) as well as its minimizers, where d,;(q) is defined
by

d,(q) = inf E,(u),
atd {ueH'(R?), [po u?dx=1} 4

and

E,(u) :=/|Vu(x)|2dx - %/|u(x)|q+2dx, ue H'(R?). (1.13)
q
R2 R2

Furthermore, we want to show that the concentration point yg in Theorem 1.1 is located in
the flattest global minimum point of V (x). Towards this conclusion, we shall assume that the
trapping potential V (x) has n > 1 isolated minima, and that in their vicinity V (x) behaves like
a power of the distance from these points. More precisely, we shall assume that there exist n > 1
distinct points x; € R? with V (x;) = 0, while V (x) > 0 otherwise. Moreover, there are numbers
pi > 0 such that

Vix)= 0(|x —x,~|p") near x;, wherei =1,2,...,n, (1.14)

% exists forall 1 <i <n.

Let p =max{py, ..., pn}, and let 1; € (0, oo] be given by

and lim,_,

\%
Ai = lim i (1.15)
X—>X; |x — xi|[7
Define A = min{A{, ..., A,} and let
Z={xj: Aj = A} (1.16)

denote the locations of the flattest global minima of V (x). By the above notations, we have the
following result, which tells us some further information about the concentration point yy given
by Theorem 1.1.

Theorem 1.2. Under the assumptions of Theorem 1.1 and let V (x) satisfy also the additional
condition (1.14), then the unique concentration point yo obtained in Theorem 1.1 has the prop-
erties:

. _ a \ -
y€Z and lim |zk—y0|<—> =0. (1.17)
k—00 :]kk

Remark 1.1. We should mention that if V (x) has some symmetry, for example

n
Vix)= 1_[ |x —x;|?  with p >0,

i=1
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and x; are arranged on the vertices of a regular polygon, Theorem 1.2 implies the symmetry
breaking occurring in the minimizers of (1.5) as g ' 2: there exists g, satisfying 0 < g, <2
such that for any g, < ¢ < 2, the GP functional (1.5) has (at least n different) non-negative
minimizers, each of which concentrates at a specific global minimum point x;. We note that the
symmetry breaking bifurcation for ground states for nonlinear Schrédinger or GP equations has
been studied in detail in the literature, see, e.g., [11,13,14].

The results of the paper can be extended to general space dimensions N different from 2, if
the exponent ¢ in the last term of (1.3) is restricted to the interval (0, %), and the limit ¢ 2 is

replaced by g / %. We finally remark that the concentration phenomena have also been studied
elsewhere in different contexts. For instance, there is a considerable literature on the concentra-
tion phenomena of positive ground states of the elliptic equation

R2Au(x) — V(@)u(x) +u’(x)=0 inRY (1.18)
as h — 01, see [5,7,21,32] and references therein for more details.

This paper is organized as follows: Section 2 is devoted mainly to the proof of Theorem 2.3
on energy estimates of the minimizers for (1.5). We then use Theorem 2.3 to prove Theorem 1.1
in Section 3 by the blow up analysis, and then we prove Theorem 1.2 at the end of the section.
2. Energy estimates

The main purpose of this section is to establish Theorem 2.3, which addresses energy es-
timates of minimizers for (1.5). For any 0 < g < 2, let ¢, be the unique (up to translations)

radially symmetric positive solution of (1.9). It then follows directly from Lemma 8.1.2 in [6]
that ¢, satisfies

2
/|V¢q(x)’2dx =/|¢q(x)|2dx= m/|¢q,(x)|q+2dx. 2.1)
R2 R2 R2

Moreover, one can obtain from [2] that there exist positive constants §, C and Ry, independent
of ¢ > 0, such that for any |x| > Ry,

gy ()| + | Vg (x)| < Ce™?! forg e[1,2]. (2.2)
Furthermore, a simple analysis shows that ¢, satisfies
¢q(x) > Q(x) stronglyin H'(R?) and a} :=|l¢4ll§ —>a*:=[QI5 asq /2.(23)

We next denote Eq (u) the following energy functional without the potential

E, () ::/|Vu(x)|2dx - %/W(x)\"“dx, ue H'(R?), 2.4)
R2 R2

and consider the associated GP energy
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d,(q) = inf E,(u). 2.5
a(Q) {ueHl(Rz), fRzuzdx=l} q() ( )

It is well known from Chapter 8 in [6] that if ¢ € (0, 2), then there exists a unique (up to transla-
tions) positive minimizer for d,(¢) at any a > 0. The following lemma gives refined information
on the minimum energy d, (q) as well as its minimizers.

Lemma 2.1. Let g € (0,2) and ¢, be the unique radially symmetric positive solution of (1.9).
Then,

q 2

2—q g\ a\24
d —__Z- 417 - , 2.6
w=255(2) (%) 20
and the unique (up to translations) positive minimizer of d, (q) must be of the form
Bg () = == (7). wh (‘”)m @7
x)= Ty X where 1, = . .
/ ||¢q I 7 \2a;

Proof. By using the Gagliardo-Nirenberg inequality (1.10), it follows from (2.4) that

q
E () >/|W(x)|2dx— %(/Wu(x)\zdx)z, for any u € H'(R?) and /uzdxz 1.
q
R2 R2

R2

Let

[T

g(s)=s——s2 fors €[0,00). (2.8)

S

L .
We know that g(s) attains its minimum at s = (Za* )2-

3 2 =
SR
q

.8 = r , which then implies that

[NY
(S}

—-q

This yields that

9 2
- 2 = b=l
da(q) > g(7]) = —Tq@) (;—*> . (2.9)

q

On the other hand, we introduce the following trial function

w (x )—m¢q(tx) fort € (0, 00),

and fRz II/fé |2dx =1 for all 7 € (0, +00). We then obtain from (2.1) that
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dx =
/| vild ||¢q||2/' P dx=r’

RZ
and
/|¢;}q+2d _ 2/|¢>q|’”2d +2t‘1.
||<zsq||“+ 2a;
RZ
Hence
da(q) < Eq(¥)) = I —*tng( %), forany t € (0, 00),
a
q

where g(-) is given by (2.8). Thus, we may take ¢ = 7, that is,

this and (2.9) then imply the estimate (2.6). Moreover, d, (g) is attained at ng x)= ”gﬁ% (g %),
and the proof is therefore done in view of the uniqueness (cf. Chapter 8 in [6]) of positive mini-
mizers for d,(g). O

Remark 2.1. For any fixed a > a*, since a;; — a* as g /' 2, there exists a constant o > 1,

independent of g > 0, such that .z > o > 1 as g is sufficiently close to 27. Therefore, we further
have

1
) .
T, = <ﬂ) RN 400 and d,(q) > —oco0 asq 2. (2.10)
ZQ:;

By applying Lemma 2.1, we are able to establish the following estimates.

Lemma 2.2. Let a > a™ be fixed, and suppose that

Ve €L (R?),  lim V@) =oo and  inf V(x)=0.

Then,

da(q) —da(q) >0 asq /2, (2.11)

and

/V(x)|uq(x)|2dx—>0 asq 72, 2.12)
RZ

where u,(x) is a positive minimizer of (1.5).
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Proof. By the definitions of c?a (g) and d,(q), it is easy to observe that

da(q) — dalg) > 0. (2.13)
We next choose a suitable trial function to estimate the upper bound of d,(g) — d, (g).ForR >0

fixed, let pg(x) € Cgo(RN) be a cut-off function such that pg(x) = 1 if x € Br(0), pgp(x) =0if
x € BSR(0), and 0 < gg(x) < 1, |[Vo(x)| < S for any x € Bag(0) \ Br(0). Set

WR,q(X) = AR qWR ¢(x) = AR g@r(X — xo)ng (x —xg9) withxg e Rz, (2.14)

where éq (x) defined in (2.7) is the unique (up to translations) positive minimizer of d, (g9), and
AR, 4 > 01is chosen so that [|wg 4 ||% = 1. It is easy to calculate that

(AL g 113
2 < N
2 0RGDI$g)Pdx  [g, 164 ()] dx

2
1< A}, =

where 7, > 0 is as in (2.10). Since 7, — 00 as ¢ /' 2 and ¢,(x) decays exponentially as
|x| — oo, we then have

I, 1Bg 0P dx

0< A% —1 {——7"———7—
fa S84, 100 ()1 dx

< Cque_z‘SRT‘i < Ce R g q /2,

where § > 0 is as in (2.2). It hence follows from the above that

q+2

1< A’,{qu (14 Ce™R) 2 <1 44Ce™Rw, (2.15)

In the following, one could take a special value of R, for instance R = 1.
Direct calculations show that

/|V<{sq(x)|2dx—f|va,q(x)|2dx
R2

R2

/ |Vg|*dx — /|V[¢R(x — x0)By (x — x0)]|* dx
R2

R2

f|v(/3q|2dx—/(|V¢R|2|</3q|2+|¢R|2|V<qu|2+2V¢R¢RV¢q¢q)dx
R2 R2

C [ ~ 2C
< p/|¢q(x>|2dx + f|V¢q<x>|2dx +% / V641161 dx. (2.16)
B B BY,

Using (2.2), we obtain that
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C 7 2 C 2
ﬁ/!%(x)\ dx:ml 7g |6q (7q )| dx
R

By

C CRrt,
< F / |¢q|2d.x < 24872513‘@ < Ce*ﬁRTq'

R
B,
Similarly,
f|v¢q( )| / | ¢q(x)| dx < CR‘L’ e 2R L CoORY
I|¢q||2
qu
and

2C
e

It then follows from (2.16)—(2.19) that

/ |V, ()| dx - / Vi ()] dx| < Ce™ asq 72,

R2 R?2

One can also calculate that

/|<5q(x)|"+2dx—/|@R,q(x)|‘”2dx </|<13|‘”2dx < CeRn
R2 R2 ¢

Moreover, we have

2

2 AR X X
fV(x)|wR,q(x)| dx = Il¢q||2/V(5+xo>¢%(a)¢§(x)dx’

R2

which implies that

lim / V@)|wr.g ()] dx =V (x0)
2

2.17)

(2.18)

(2.19)

(2.20)

2.21)

holds for almost every xg € R2. Therefore, we choose xg € R? such that V (xp) = 0, and it follows

from the above estimates that
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0 < da(q) — da(q) < Eq(wr,g(x)) — da(q)
=E, (AR,qu’R,q(x)) —E (‘lgq (x))
= (Eq(AR.qWR 4 (X)) = Eq (DR 4 (X)) + Eq (R 4 (x)) = Eq($g(x))

2a 2
< (A%e,q /|VwR q| dx+q_ A(H f|wR q|q+ dx
R2

+/V(x)|wR,q(x)|2dx+ /|V<Z>q|2dx—/|vw,e,q(x)|2dx

R2 R2 R2

2a ~
= q+2d _ ~ q+2d
+ q+2'/|¢q| x /IwR,q(x)| x
R2 R2

< Ce kw0 / V(x)|wR,q(x)|2dx -0 asq /2, (2.22)
RZ

which then implies (2.11). By applying the estimate
2 ~ ~
/ V(0)|ug()|" dx = da(q) = Eq(ug () < da(q) — da(q),
R2
we finally conclude (2.12) in view of (2.11). O
Based on Lemmas 2.1 and 2.2, we can establish the following delicate estimates.

Theorem 2.3. Under the assumptions of Lemma 2.2, there exist two positive constants C1 and C»,
independent of q, such that

a\ =7
/|qu| dx < C2<—*) asq /2,
dq

2

2=
/qu|q+2dx<C2< ) Yoasq 2. (2.23)
ag

Q
—
Se
~—
N’N

I\J
[S]

C a
la;

Proof. By Remark 2.1 and Lemma 2.2, we have d,(g) — —oo as g ' 2, and also
2 2a +2
|Vug|"dx < ——= | lug|?"~dx. (2.24)
q+2
2 R2

This estimate and the Gagliardo—Nirenberg inequality (1.10) yield that
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2a* % 2 g
+q2/|uq|‘”2dx< (/|qu|2dx> < (%/luﬂ‘”zdx) ,
1 R2 R2 1 R2

which then implies that

2 2
/|u o2 < AT ()T (AT
a4 2a \a} “a az )
RZ

This establishes the upper estimates of (2.23) in view of (2.24).
We address the lower estimates of (2.23) as follows. The proof of Lemma 2.1 implies that

o T
da(‘])—Eq((bq)—g(SO), SO—Tq—(2> (a;) s

where g(-) is defined as in (2.8). Since g(s) is strictly decreasing in s € [0, so], it follows that for
any o € (0, 1),

g(s0) < g(asp) <0 and Yy :=a(—lna+1)€(,1).

Moreover, direct calculations show that

q
aso — 4w (eso)? 208 —
0< tim £ _ i O —im e TI% <,
a2 g(s0) a2 a3 92 2—gq
0 a; 0
which hence implies that for any « € (0, 1),
I+ ya I+ vo ~
0> g(asg) > 5 g(so) = > d,(q) asq /2. (2.25)
We now claim that for any fixed 0 < « < 1, there holds
/|qu|2dx >asg asq /2. (2.26)

R2

Indeed, if (2.26) is false, then there exists o € (0, 1), as well as a subsequence of {g}, still
denoted by {¢q}, such that

S1 ::/Wuqlzdx <opso asqg 2.
R2

Consequently,
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%
a
da(q) = Eq(ug) > / |Vug > dx — a—(/ |qu|2dx) =g(s1) > glapso).  (2.27)
q
R2 R2

Applying (2.25), (2.27) and Lemma 2.2, we then have

14 Ve = -
%da(q) <da(q) <da(g) +1,
equivalently,

1— -
0 3u(q) > —1.

This contradicts the fact that d,(q) — —oo as ¢ 7 2. Hence, (2.26) holds.
Therefore, we obtain the lower estimates of (2.23) by applying (2.24) and (2.26), and the
lemma is proved. O

3. Concentration and symmetry breaking

This section is devoted to proving Theorem 1.1 and Theorem 1.2 on the concentration and
symmetry breaking of minimizers for (1.5) as ¢ ' 2, where a > a™ is fixed. Towards this pur-
pose, we always denote by u,(x) a non-negative minimizer of (1.5). Set

a _ﬁ
gq:=€(q) = (;) >0, 3.1)

q

then ¢, — 0 by Remark 2.1. Define the L?(R?)-normalized function

Wy (x) :=gquqy(ggx).

It then follows from Theorem 2.3 that there exist two positive constants C| and C;, independent
of g, such that

c1<f|qu|2dxgcz asq /2,
RZ
Ci <f|wq|q+2dx<cz asq /2. (3.2)

We now claim that there exist a sequence {y,}, Ro > 0 and 5 > 0 such that

lim inf / lig|*dx =1 > 0. (3.3)

g4—0
BRO (ygq )
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In fact, if (3.3) is false. Then for any R > 0, there exists a sequence {wy, }, where g ' 2 as
k — 00, such that

lim sup f |tbqk|2dx =0.
k%ooyeRz
Br(y)

By Lemma I.1 in [20] or Theorem 8.10 in [17], we then deduce from the above that wy, —k> 0
in LP(R?) for any 2 < p < oo. This however contradicts (3.2), and the claim is therefore estab-
lished.

For the sequence {y,,} given by (3.3), set

Wq (X) = Wq (X + ye,) = Equg(egX + &4 Ve,)- 3.4)

Then (3.2) implies that wy (x) is uniformly bounded in H 1(R?) as g 2, and the estimate (3.3)
leads to

limil(q)f / lwg|*dx =1 >0, (3.5)
Eg—>
! Bg, (0)

which therefore implies that w, cannot vanish as g 7 2.

Lemma 3.1. Assume V (x) € C!(R?) satisfies lim|y|— oo V (x) = 00 and inf, .2 V (x) = 0. Then
{eqYe,} is bounded uniformly for q /' 2. Moreover, for any sequence {qi} with gy £ 2, there

k
exists a subsequence, still denoted by {qy}, such that zy := exys, —> Yo, Where g 1= g4, is given
by (3.1), and yo € R? is a global minimum point of V (x), i.e. V (yo) = 0.

Proof. It follows from (2.12) and (3.4) that
/ V(@) |ug (0] dx = / V(egx +egye) | wg ()| dx >0 asq /2. (3.6)
R2 R2

Suppose {&;ye,} is unbounded as g ' 2, i.e. &, — 0. Then there exists a subsequence, denoted
by {g,} with g¢,, /' 2 as n — o0, such that

&ni=¢g — 0 and g,lye,|—> 00 asn— oo.

By the assumptions on V, there exists Cy > 0 such that V (x) > Cy if |x]| is large sufficiently. We
then derive from (3.5) and Fatou’s Lemma that

Wy, (x)|2dx >nCp >0,

lim inf / V(enx + €nYe,)

n—0o0

Wy, (x)|2dx > /limian(s,,x +&nYe,)
n—o0
R? R?2
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which however contradicts (3.6). Thus, {&4ye,} is bounded uniformly for g 2. Moreover, for

. k . .
any sequence {gx} with gx — 2, there exists a convergent subsequence, still denoted by {gx},

k .
such that z; := ery;, — yo for some point yg € RZ,
Finally, using (3.5) and Fatou’s Lemma again, we know that

.. 2 . 2
lim 1nf/ Vi(erx —{-skygk)’qu(x)‘ dx > V(y) / lim ’qu(x)‘ dx > V(y)n,
k— o0 k— 00

R? Bg, (0)

which, with (3.6), implies that V (yg) = 0, and the lemma is therefore proved. O
Since u, is a minimizer of (1.5), it satisfies the Euler-Lagrange equation
1 .
—Aug(x) + V(xX)ug(x) = pgug(x) + au3+ (x) in ]R2, 3.7

where u, € R is a Lagrange multiplier and satisfies
qa 2
=d -— T2 dx.
Mg . (q) q+2/|“q| X
R2

It then follows from Lemma 2.2 and (2.23) that there exist two positive constants C; and C»,
independent of g, such that

—Ch < /,Lq&‘; <—C; asq /2.
By (3.1) and (3.7), w4 (x) defined in (3.4) satisfies
—Awg (x) + 2V (egx + £q Ve, JWq (x) = 2 tgwg (x) + afwd T (x) in R2. (3.8)
Therefore, by passing to a subsequence if necessary, we can assume that, for some number 8 > 0,
Hger — —B* <0 and wy:=wy —wo >0 in H'(R?)asq /2,

for some wo € H'(R?). By passing to the weak limit of (3.8), we deduce from Lemma 3.1 that
the non-negative function wy satisfies

—Aw(x) = —B*wk) +a*wd(x) inR>. (3.9)

Furthermore, we infer from (3.5) that wo = 0 in R?, and the strong maximum principle then
yields that wy > 0 in R?. By a simple rescaling, we thus conclude from the uniqueness (up to
translations) of positive solutions of (1.7) that

wo—i (Blx —xol) for some xq € R?, (3.10)

0l
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where ||w0||% = 1. Note that |Jwg||> = 1. Then, wy converges to wq strongly in LZ(R?) and in
fact, strongly in LP(RZ) for any 2 < p < oo because of H 1(R?) boundedness. Furthermore,
since wy and wy satisfy (3.8) and (3.9) respectively, standard elliptic regularity theory gives that
wy converges to wy strongly in H'(R?).

Proof of Theorem 1.1. Motivated by [9,32], we are now ready to complete the proof of Theo-
rem 1.1 by the following three steps.

Step 1: The decay property of uy := ug, . For any sequence {g}, let wy := wg, > 0 be defined
by (3.4). The above analysis shows that there exists a subsequence, still denoted by {wy}, sat-

. . k . .. .
isfying (3.8) and w; — wy strongly in H'(R?) for some positive function wy. Hence for any
o >2,

/ |lwg|“dx — 0 as R — oo uniformly for large k. (3.11)

IxI>R
Since g, < 0, it follows from (3.8) that
—Awy —c(x)wg <0,  where ¢(x) =ay, wi (x).
By applying De Giorgi—-Nash—Moser theory (see [10, Theorem 4.1]), we thus have
1
max wi < C( f |wk|"‘dx> ,
By (§)
B (&)

where £ is an arbitrary point in R?, and C is a constant depending only on the bound of
lwk Il Lo (B, (£))- We hence deduce from (3.11) that

wi(x) = 0 as |x| = oo uniformly in k. (3.12)

Since wy satisfies (3.8), one can use the comparison principle as in [12] to compare wy with

] . . .
Ce™ 211, which then shows that there exists a large constant R > 0, independent of k, such that

B
wi(x) < Ce™ 2P for [x| > R as k — oo. (3.13)

By Lemma 3.1, we therefore obtain from (3.13) that the subsequence

1 —_
up(x) i=ug (x) = gwk <x Zk)

&k

decays uniformly to zero for x outside any fixed neighborhood of yg as k — 0o, where g = g,
zx € R? is defined as in Lemma 3.1, and yo € R? is a global minimum point of V (x).

Step 2: The detailed concentration behavior. Let Zx be any local maximum point of uy. It then
follows from (3.7) that
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L
— q,
u () > (%) C>cel

This estimate and the above decay property thus imply that zx — yo as k — oo. Set

wy = epuk (exX + Zk), (3.14)
so that wy, satisfies (3.2). It then follows from (3.7) that

Al 2 = N 2 = * = qitl 2

—Awg(x) + & V(erx + Z) Wi (X) = € g Wi (x) +ag, w” (x)  in R~ (3.15)

The same argument as proving (3.9) yields that there exists a subsequence of {w}, still denoted

by {wg}, such that wy —k> wo in H 1(IRZ) for some nonnegative function wg > 0, where wy satis-
fies (3.9) for some constant 8 > 0. We derive from (3.15) that

—& 2
Bi(0) > [ —klae )™ b as k — oo, (3.16)
a* 2a*
qk

which implies that wy(0) > (2’5; 2*)%. Thus, the strong maximum principle yields that wp(x) > 0
in R2. Since x = 0 is a critical point of wy for all k > 0, it is also a critical point of wy. We
therefore conclude from the uniqueness (up to translations) of positive radial solutions for (1.7)
that wy is spherically symmetric about the origin, and

wo = L (ﬂ|x|) for some 8 > 0. 3.17)

1l

- 2 1 . . . -
One can deduce from the above that wy; > (zﬂa +)2 at each local maximum point. Since wy

decays to zero uniformly in k as |x| — o0, all local maximum points of wy stay in a finite ball
in R2. Since wy —k> wo in ClzOC (Rz) and x = 0 is the only critical point of wy, all local maximum
points must approach the origin and hence stay in a small ball B.(0) as kK — oco. One can take
€ small enough such that 111(’)’ (r) <0 for 0 < r < e. It then follows from Lemma 4.2 in [22] that
for large k, wy has no critical points other than the origin. This gives the uniqueness of local
maximum points for wg (x), which therefore implies that there exists a unique maximum point
7y for each {uy} and {zx} goes to a global minimum point of potential V (x) as k — oo.

Step 3: The exact value of B defined in (3.17). Let {gx}, where q; ' 2 as k — o0, be the subse-
quence obtained in Step 2, and denote uy := u,, . Recall from Lemma 2.2 that

qk

. 7 _ o
da(qr) = da(gr) +0(1) = — kL (q—k) ks,:2+0(1) as k — 00,

2 \2
which yields that
9k
lim = qu,fda(qk) = —klir{:o<q?k) T et (3.18)
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On the other hand,

da(Qk)=/|Vuk| dx——/Iuk|4k+2dx+fV(X)|uk| dx

R2 R2

a
23;2[f|vwk|2dX—i/|wk|qk+2dxi|+/V(x)|uk|2dx
gk +2
RZ RZ Rz
qk
) _ 2 5 2
> & [/IVwkl dx—(/lvwkl dx) } (3.19)
R2 R2

where wy := wy, is as in (3.14). Set ,ng = fRZ Vg |2 dx. Since wy(x) LY wo(x) strongly
in H'(R?), we have

lim B = ||Vl = B2, (3.20)
k—o00

where (2.1) is used. Let fx(t) =t — ¢ % , where t € (0, oo) A simple analysis shows that fk( )

attains its global minimum at the unique point #; := (q" )29k ‘1k ,and also fi(tx) = - ‘”‘ (q" ) =T ‘ik
We hence deduce from (3.19) that

li 2d > i 2) > i
im, 5 ka0 > lim 5= () > lim 5

2
Si(t) =—

— 4k
which, with (3.18), leads to the limit

lim fi(B7)/fi(t) = 1.

k— 00
‘We then obtain that

lim B2 = lim fp=¢ !,

Jim pf = lim 1 =e
and therefore we have g = e 2 by applying (3.20), which, together with (3.14) and (3.17)

give (1.12). We thus complete the proof of Theorem 1.1. O

Following the proof of Theorem 1.1, we next address Theorem 1.2 on the local properties of
concentration points. Under the assumption (1.14), we first denote

Vix) =V(x)/|x —x;|Pi, wherei=1,...,n,
so that the limit lim,_, ,, Vi (x) = Vi(x;) is assumed to exist foralli = 1,...,n.

Proof of Theorem 1.2. For convenience we still denote {gx} to be the subsequence obtained in
Theorem 1.1. Choose a point x;, € Z, where Z is defined by (1.16), and let
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WR.g () = AR g 9R (X — Xig) g, (x — Xiy)
be the trial function defined by (2.14). By (2.22), we know that
da(qr) — da(qr)
< E(wR,qk (x)) - E(q;qk (x — xio))

< / V() |wr g (1) dx + Ce ™R

R2
A2 _ /x
P L / wo<— +xio)|x|f’¢§k () dx + Ce "
4 | Bg, "2 Tgx
2R'qu
A% i,
= Tl / XBaey, (x)%o< +x,o>lx|P¢ (x)dx + Ce™ KT (321)
T‘Ik”¢‘]k “2R2

where 7, > 0 satisfies 7;, = (%)% % @ 1 in view of Lemma 2.1 and (3.1), and x gy, " is the char-

acteristic function of the set Bagy, . Smce ¢4, (x) decays exponentially and ¢4, — Q strongly
in L2(R?), then,

- ([ x
XBae, (x)l/,-()(a +x,~0>|x|l’¢§k(x) sup V,O(x +x;,) - Ce™ SIxl e 1, (RZ)
Byr

and
_ X _
XBaieg, ) Vi (T— +xi0) x|P g, (x) = Vig (xip)[x [P Q*(x) a.e. R? as k — oo.
dk

Noting that Ag 4, — 1 as g /' 2, we thus obtain from (3.21) and Lebesgue’s dominated conver-
gence theorem that

SNEACR) — da(qx)
m ——
k—o00 Sk

—P 2
. g\ [ AR qkf - P ,—0R
< lim | = — Vil — +x; ) |Ix|P x)dx 4+ Cty, Tag
k»oo( 2) I:”(qu”%]Rz XBzRT’”‘( Wiy Tyi o J ¥ ¢ )

1

_ [ x
v [ = . Py d
||Q|| /XBZRQ[ (X) l0<qu +xlo>|x| ¢qk X

_V’O(xlo)e / r0%d 3.22
1012 |x|P Q% dx. (3.22)
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On the other hand, following the proof of Theorem 1.1 we denote zj to be the unique global
maximum point of uy, and let wy be defined as in (3.14). Denote also yg € R? to be the limit of
Zk as k — 00. Since V (yp) = 0, then there exists an x; = yg for some 1 < j < n. We claim that

{E"g;kxj} is bounded in R?. Indeed, if there exists a subsequence, still denoted by {gx}, such that

|%| — 00 as k — o0, it then follows from Fatou’s Lemma that, for any C > 0 sufficiently
large,

d —d, . 2k —x; |Pi
lim M > lim / Viterx + 20| + 2= 52 dx
k—o00 J k—o00
€k R2
. bt _ Zk - Xj
= | lim V;(egx +2) |x + wk 2dx > CV; i(xj), (3.23)
k—o00
R2
which however contradicts (3.22) owing to p; < p = max{pi, ..., pu}, and the claim is therefore

true. Consequently, there exists a subsequence, still denoted by {gx}, such that

L — 7o for some 7 € R (3.24)

&k

Since Q is a radial decreasing function and decays exponentially as |x| — oo, we then deduce
that

da(qr) — da(qr) Ze —x;j P

lim o > lim f Vj(ekx +Zi) |x + <k w7 dx
k—o00 kj k—o00 Ek
2
> V'(x/)f|x+Zo|Pfﬂ)%dx
_Viape? /' Z_o " 0% dx
1oll3
1%
/ j(_X])e fl |pJQ2dX (325)
1oll3

where wo > 0 is as in (3.17), and “=" in the last inequality of (3.25) holds if and only if 7o =
(0,0).

Applying (3.22) and (3.25), it is not difficult to see that, for k large enough, there exists
some c¢; > 0 such that slf > cjsfj, which implies p; > p since g — 0 as k — oo. However,
p =max{pi, ..., pp}, then p; = p. Putting now p; = p in (3.25), and using again (3.22), we
can find that \7j (xj) < ‘71'0 (xiy), which then means that V/ (xj) = 1_/,-0 (xi,) since \_/j (xj) = \_/,-0 (xiy)
for x;, € Z by the definition of Z. Hence, x; = yg € Z must be the flattest global minimum point
of V(x). Based on these facts, using (3.22) and (3.25) we see that (3.25) is essentially an equality,
therefore zg = (0, 0) and (1.17) holds. The proof of Theorem 1.2 is completed. O
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