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Abstract

We prove existence of solution for an elliptic system on a bounded domain in dimension two. We use
the Galerkin scheme in the product of Hilbert spaces. The nonlinearities may have subcritical or critical
exponential growth.
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1. Introduction
We prove existence of solution of the system

—Av= "+ f(u) in Q

—Au=ocu?2+g(w) in Q 0
v,u>0 in
v=u=0 on 0%,
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where © C R? is a bounded domain with smooth boundary, A, > 0 are parameters, 0 <
q1,92 < 1, f, g : R — R is a continuous functions and

0 < f(s)s < Cls|" exp(as?), )
0 < g(s)s < C|s|”* exp(Bs?) 3)

where 2 < p1, p» <00, o, B > 0 and C > 0 are constants.

Remark 1.1. The results of this paper also work for a system with u, ..., u,, variables and m
equations —Au; = )»,-u?i + fi(uj) where j =0(i),o0 :{1,2,...,m} — {1,2, ..., m} is a permuta-
tion such that ok(i) #ifork=1,2,...,m—1and ¢” (i) =i, the index k stands for composition
of functions, see [ 1] for the concept of m-coupled elliptic systems. Conditions (2)—(3) should be
changed accordingly for each f;.

‘We state our main result.

Theorem 1.1. Suppose that f, g : R — R are continuous functions satisfying (2) and (3) respec-
tively. Then there exist A*, o™ > 0 such that for every A € (0, *) and o € (0, 0*) the problem (1)
has positive weak solutions v, u € Hg () N HXQ).

A function £ has subcritical growth at oo if for every y > 0

h )
fim PO

§—>00 e)/Sz
The critical growth of & at oo means that there is 3 > O such that

h(x, .
lim M =0 Vy>ypy and lim

§— 00 eysz §—>00 VS

|h(x, s)]
—— =00 Vy <wp.

Equations like —Au = h(x, u) with 7 having critical or subcritical growth have been studied
in [2-7]. The Trudinger—Moser inequality [8—10] has a crucial role, since it indicates the space
of functions one has to work to seek for solutions. The inequality reads as follows. Given u €
H} (), then

Sl ¢ LY(Q) forevery ¢ >0, “)

and there exists a positive constant L such that

sup /eﬂ"lzdx < L forevery & <4m. 5)

el 1y =1
Hy@="q

Elliptic systems of type

—Av=f(x,v,u) in
—Au=g(x,v,u) in (6)
v=u=0 on 0%,
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in © ¢ R? where f(x,v,u), g(x, v, u) are continuous functions with f behaving like exp (o|u |2)
as |u| — oo and g behaving like exp(B|v|?) as [v] — oo have been studied in [11-13], see also
the references therein. Other applications of elliptic systems with exponential growth are [14,15].
When finding a solution for (6) by means of topological methods, monotonicity assumptions
on f and g are required as well as conditions on the behavior of f and g for u and v near
zero are imposed. The domain should be convex or the gradients V,g and V, f should satisfy
some condition. To deal with variational methods, another class of assumptions on f and g is
asked in order to find critical points of a functional corresponding to (6). In [16] the authors
study a Hamiltonian system of Schrodinger equations with exponential growth at infinity. They
have found finite Morse index solutions which correspond to critical points of linking type on
Lorentz—Sobolev spaces. The finite dimensional part of the solution is obtained by means of
a Galerkin approximation scheme. A similar idea is pursued in [17] in Sobolev spaces. The
study is further developed in [18], where the authors prove the existence of semiclassical ground
state solutions of a singularly perturbed system. Here we do not assume hypotheses leading to
variational techniques, we only require (2)—(3).

2. Approximation of the system

In the course of the proof of Theorem 1.1 we approximate the system (1) by using Lipschitz
continuous functions f, gr : R — R which tend uniformly to f, g as k — oo, respectively. Let

—k[F(—k — }) — F(=k)], if s <—k
—k[F(s — 1) — F(s)], if —k<s<-—1
k2s[F(—2) — F(— P, if —1<s<0
fels) = K21F(2) — (b, it 0<s<l ™
K[F(s+7) — F(9)l, if l<s<k
KIF(k+ ) — Fh], if s>k

where F(s) = fos f(&)dE. The definition of g is analogous, we only replace F by G(s) =
fo g©)dé.

The proof of the following convergence result was done in [19] and uses explicit expression
of the sequence (7). An analogous statement concerning g and g also holds.

Lemma 2.1. Let f : R — R be a continuous function such that sf(s) > 0 for every s € R. Then
there exists a sequence fi : R — R of continuous functions satisfying

(i) sfr(s) >0 VseR;

(ii) Vk € N 3¢, > 0 such that | fr(§) — fi(m)| <cklé —nl V&, neR;

(iii) fr converges uniformly to f on the bounded subsets of R.

The sequences f; and g of the previous lemma enjoy additional growth properties. The
following lemmas was proved in [4].

Lemma 2.2. Let f, g : R — R be continuous functions satisfying (2) and (3) for every s € R.
Then the sequence fy of Lemma 2.1 satisfies
(i)Vk eN, 0 <sfi(s) < Cyls|P' exp(4as?) V|s|
(ii)Vk eN, 0 <sfi(s) < Cals|>exp(das?) V|s|

>

1
~
=
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where C1, Co > 0 are constants independent of k. Analogous statements to (i) and (ii) are true if
one replaces f, fr, p1 and a by g, g, p2 and B, respectively.

Let f, and g, be the sequences given by Lemma 2.1 and Lemma 2.2. Before proving Theo-
rem 1.1 we first obtain a sequence of solutions (v,, u,) of the system below

—Av=M"+ f)+ 1 in Q
—Au=ocu? + g,(v) + % in
v,u>0 in
v=u=0 on 0.

®)

We will use the Galerkin method together with the following fixed point theorem, see [11],
[20] and [19].

Lemma 2.3. Let ® : R? — R¥ be a continuous function such that (®(5),8) = 0forevery§ € R4
with |&| =r for some r > 0. Then, there exists zg in the closed ball B, (0) such that ®(z9) =0.

The main result in this section is the following.

Lemma 2.4. There exists \*, 0™ > 0 and n* € N such that (8) has a weak solution (v, u,) with
vy > 0 and u, > 0 in Q for every A € (0, 1), o0 € (0,0™*) and n > n*.

2.1. Proof of Lemma 2.4

Let B={wi, ws,..., Wy, ...} be an orthonormal basis of H(} (2) and define
Wm = [w17w27'~-7wm]5
to be the space generated by {w1, wa, ..., wy}. Define the function @ : R?" —» R2™ guch that

P, 8) = (Fi1(n,8), 20, 8),.... Fu(1.8), G1(0,§), G2, ), ..., Gn(n, §))

Where (7)’ S) = ()715 )72’ (RS r]n’“ él? 527 sy %‘m) € R2n17

1
Fj(r;,g):/Vvaj—k/(v+)qle—/fn(u+)wj—;/wj, j=12,...,m,
Q Q

Q Q

1
Gj(n,g):/Vquj—J/(u+)q2wj—/gn(v+)wj—;/wj, j=12,...,m,
Q Q

Q Q
m
v= Zéiw,- e Wn
i=1
and

m
I/L:mei e Wy,.
i=1
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Therefore
1
(®(. £). (1.£)) =/|Vv|2—A/(v+)‘“+‘ —/fn<u+)v — ;/v )
Q Q Q Q
1
+/ IVul® —o /(u+>q2+‘ —/gn(mu — —/u,
n
Q Q Q Q
where vy = max{v,0} and v_ = vy — v, uy =max{u,0} andu_ =u4 —u.

Given v, u € W,, we define
1 1
Q,={xeQ:ux) > ;}
and
5 1
Q={xeQ:|vx)| > ;}.

Hence we define

(®,8), M,8) =(P®,8), M,E)+ + (P, §), 0, 8))-, (10)
where
(D07 £). (1. £))s = f Vo2 — 2 f vy / Falug)v
Qlnq2 QlnQ2 QlnQ2
! / v+ / \Vul* — o / ()t — / gn(vp)u
n
QlnQ2 QlnQ2 QlnQ2 QlnQ2
./
_Z ",
n
Qlng2
and

(D1, ), (0, £))_ = f Vol = A / () +! — / Falws)v

(Q},HQ%)C (Q},HQ,%)C (Q}lﬁﬂﬁ)f

1
- / v+ / |Vul> — o / (uy) P — / gn(v)u
(Q,LHQ,%)C (SZ,‘,MQ,%)C (Q,'mSZ%)C (Q}IOSZ,%)"‘

.

1 .

n

(QLInQ2)e

where (2} NQ2)* ={x e Q:x ¢ Q. NQ2}.
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Step 1. Estimate in () N Q2).
Since 0 < g1, g2 < 1, then

1 q1+1 q1+1
[ won <f(v = ol < il
QlnQ2
and
2+l < @+l et < o+l
/ (u4) f ()™ = ul Pyl < Callulpy,
QlnQ2
By Lemma 2.2 item (i), we obtain

/ Ju(up)v

QlnQ2

sc/|u+|"1*‘|v|exp(4a|u+|2)dx

<c N %|v|"l>exp(4a|u+|2>dx
e R (an
/ PRZS / exp(da(p1 + DlugP)dx
Q
P el

+C /|v|”1+1 /exp(4(x(p+ Dlug?)dx

Q Q

e

= CUNg r g+ 10171 ) f exp(da(p1 + Dlul?)dx
Q

Also,

/ gn(v-‘r)u

QinQ2
1 (12)
pa+l
< O 1 gy + 1) | [ xpC4Bra+ DIvP
Q

From (9) and (11) we conclude that
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(q>(777 S)v (77’ S))+

1
> Joyneg IVOP = ACIIG o
el
—Ca(lull 1 gy + 11751 ) f exp(da(pi + Dlul)dx
Q
1
Sl [ 1P - oCh, (13
Qlng2
1
pa+l1
—Callul 1 gy + 1015001 ) f exp(4B(p2 + Dv[*)dx
Q
C.
_TSHMHHOI(Q)-
Step 2. Estimate in (2} N Q2)° =Q — (2} N Q2).
If x € () N Q2)° we have [u(x)| < 1 and [v(x)| < 1, then
(! < o < |9 — (14)
+ = = P+
(hNe3)F (@hneR)F
and
)Pt < e+ < Q) — (15)
+ = = et
()NR)° (N3¢
By Lemma 2.2 item (ii) we have
5 1
Salwp)v <C lut|lv]exp(dalvy|)dx < |S2|€v<p(4oz)n—2 (16)
(9}109,21)6 (Q},DQ%)C
and
1
/ gn(vp)u<C / v |lul exp@BlvgHdx < IQIeXP(‘HB)n—2 (17)
(QLOQ%)C (Q}lﬁﬁ,%)‘f
Hence from (14)—(17) we obtain
2 i LY
(®01,8), (1,6)— > fignga)e VU = MRz — IR0 expde) — — —
2] (13)

+ / IVul? — o |Q|

(Qna2)e

1
B |Q|CXP(4,3)E Y
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Thus (10), (13) and (18) imply
2 q1+1 q@+1
(@00.6). (0.6 = [0l g, + Nl g = ATV G — o Cllulfryt
i
P1 P1 2
Callulf g + 10y ) | [ expiatpn + D
Q

pzl+1 (19)
P2 P2 2
= Calllally g + 1007, ) /exp(4ﬁ(pz+1)|v| )dx

Q

3 Cs 1 1
_”v”HOI(Q) - 7”””1-1(}(9) - MQlW - |Q|6XP(4G)E

2 _ g0 Olexniag) L — 1%
— 7 — ol q2+1 — [Qlexp@p) 7 — 7
Step 3. Verifying the hypothesis of Lemma 2.3.
Denoting by
G 01 = el ) + 10131 g
we obtain

(@0, &), 1,8) = @, v)I* = AC|u, 1! — o Cll(u, v) |

1

IEal
— Cell(u, v) |7 / exp(da(pr + Dul?)dx
Q
1
P2+l
— Ol v / exp(B(ps + DlvP)dx
Q
Cs 119
= vl = QI — 1Qlexpde) 5 —
1 1|9
+ —01Q0— o — 1Q1exp(h) —; — 5.

Assume that || (u, v)|| = r for some r > 0 to be chose later. We deduce that

2
/exp(4oz(171 +1)|u|2)dx§fexp <4a(P1 +1)r (” ”> >dx (20)
Q Q
and
2
/exp(4,3(l?2+1)|v|2)dXS/eXP (4/3(P2+1)r <” ”> )dX- 2n
Q Q
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Observe that in order to apply the Trudinger—Moser inequality (5) we impose

4a(pr+ Dr? <4r and 4B(pr + Dr? < 4x.

Therefore,
( T )1/2 ( T )l/Z
<|—— and r < | — .
a(pr+1) B(p2+1)
Then
u 2
sup /exp da(py + Dr? <—) dx <L
llull <1 flaell
and
v \2
sup /GXP 4B(pr+ Dr? (—) dx < L,.
vl <1 vl
Hence,

1 -
@, §), (,€)) = r2 —ACrIH! — gCrott — CoLIT 1 — Cy L2 p2
1 Q] 1
Cg 1
— T M& g — 1Qlexp(da) 5 — 5 —olQl

1 Ql
12 exp(4B)— — .
n n

Choose r such that

2 1 2
i CﬁLlplﬂr‘”1 >0
2 4
and
2 1 2
r IZxa) r
?—C7L22 rP? ZZ
Thus,
1
(4CeL{" )2
and
r < !

- _1 1 :
4C7Ly> Y2

Please cite this article in press as: A.L.A. de Araujo, M. Montenegro, Existence of solution for a nonvariational
elliptic system with exponential growth in dimension two, J. Differential Equations (2017),
https://doi.org/10.1016/j.jde.2017.10.022




YJDEQ:9067

10 A.L.A. de Araujo, M. Montenegro / J. Differential Equations eee (eeee) ese—eee

The following choice of r is exactly what we need. Let

1

1
. 1 1 1 pi3 21 pid 2
T i —— — ;’7<a(p1+1)) '3 (ﬂ(p2+1))
24CeLIV T Y12 240 LS?T )2t
Hence
2
(@, 6), (,8) = 5 —ACritl —gCret! — S8y —)|Q| q1+1

el Ql ol exnias L _ 12!
?—Cﬂ |n‘12+1_| | exp( ’B)ﬁ__

1
— |Qlexp(da)-7 —

Define p; = % —ACr9*! and p) = % — o Cr%2*t!, We choose A* > 0 such that ,01 > 0 for
rl-a

A < A®and o™ > 0 such that p; > 0 for 0 < o*. Therefore, we take A* = ISC and 0™ = 5.
We thus take n* € N such that
MRl + Q1)+ D o2l +Qlep(@p) 1+
T plaa)5 + 3 qz+1 XPEP)-3
p1+p2
< 9
2

for every n > n*. Let &, n € R™ be such that |(n,&)| = |n| + |£| = r, then for o < o*, A < A*
and n > n* we obtain

(@, £), (0, €)) > % n % - 0. (22)

Step 4. Existence of a solution pair (vy, u,).

Notice that for every n € N, f,, and g, are Lipschitz functions, then by Lemma 2.3 for ev-
ery m € N there exists (v, z) € R with |(y, z)| < r such that ®(y, z) = 0, that is, there exist
Um, Uy € Wy, satisfying

| s v |l = ””m”[—[&(g) + ”Um”HOl(Q) <r foreverym e N
and such that
1
/vvmvw:)L/(Um+)qlw+/fn(um+)w+ _fw YweWy, (23)
n
Q Q Q Q
and
1
VupyVw =0 | (upn)P?w+ | gnmpw+— | w Yw e Wp,. 24)
n
Q Q Q Q

Since W,,, C H& (2) Vm € N and r does not depend on m, then the sequences (v,,) and (u,,)
are bounded in H(} (€2). For a subsequence, there exist v,, u, € H(} (2) such that
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Um — v, weakly in Hj (Q)
and
m — u, weaklyin Hj ().

Until the end of this proof we denote v = v, and u = u,,.
Take k € N, then for every m > k one has

1
/vaVwk =)\/(um+)‘“ Wk +/fn(um+)wk + ;/wk Yw € Wy
Q Q

Q Q

and

1
/Vumek:a/(um+)‘12wk+/gn(vm+)wk+;/wk Y wy € Wy.
Q Q Q Q

Thus from (25) and (26)

/vaVwk—>/Vvak
Q Q

and

/Vumek—>/Vquk.
Q Q

We now use (25), (26) and Sobolev compact imbedding. Letting m — oo we obtain

1 1
Af(vm+)ql wk+/fn(um+)wk+ ;/wk - )\/(U+)qlwk+/fn(u+)wk+ ;/wk
Q Q Q Q

Q Q

and

1 1
Uf(”m+)q2wk+/gn(vm+)wk+ ;fwk — U/(u+)q2wk +/gn(v+)wk + ;/wb
Q Q Q Q

Q Q
By (27), (28), (29), (30), (31) and (32)

vaVwk Zk/(v+)q1wk+/fn(u+)wk+%/wk Ywi € Wi

Q Q Q Q

and

11

(25)

(26)

27

(28)

(29)

(30)

€2y

(32)

(33)
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1
VuVwg =0 | up)Pwr+ | gn(vp)wi +— | wr Ywi € Wg. (34)
n
Q Q Q Q

But [Wi]ren is dense in HO1 (£2), hence by linearity we get

/Vva:)»/(m.)q‘w+/fn(u+)w+l/w VweHol(Q) 35
n
Q Q Q Q
and
/Vqu:a/(u+)qzw+/gn(v+)w+l/w Vw e HL (). (36)
n
Q Q Q Q

Step 5. Maximum principle, that is, v,, u, > 0 in Q.
We continue to denote v = v, and u = u,,. We are going to prove that v, u > 0 in 2. Notice
that v, u > 0 in Q2. Indeed, inserting v_,u_ € HO1 (R2), then from (35) and (36) we obtain

/VUVU_:A/(v+)qv_+/fn(u+)v_+l/v_
n
Q Q

Q Q
and
1
VuVu_ =1 | u)u_+ | gn(v)u—+— [ u_.
n
Q Q Q Q
Implying
—v_ P = | VoVo_ = | fu(up)v +l v_ >0
- H()I(Q)_ - n\U4+)U— n - =
Q Q Q
and

1
2
—||u— = | VuVu_ = vpu_ + — >0,
”M ||H(}(Q) f uvu /gn( +)M n/u

Q Q Q
thus v— =0 and u_ =0 a.e. in Q. By the strong maximum principle v, # > 0 in 2.
3. Proof of the theorem
In this section we prove Theorem 1.1. We state a lemma already established in [21]. We will

use the unique solutions w; and wy of the problems (37) and (38) to bound from below the
solutions v, and u,, of (8), respectively.
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Lemma 3.1. Let 0 < g1, g2 < 1. There exist unique smooth solutions W and W, of problems

—Aw =w{" in Q
wy; >0 in Q (37)
w; =0 on 0Q

and
AW, =0 in Q
wy >0 in Q (38)
wy =0 on 09Q.

The following lemma of [19] is used to show that (v,, u,) converges to a solution (v, u) of

(D).
Lemma 3.2. Let Q be a bounded open set in RN, h : @ — R be a sequence functions and

o - 2 — R be a sequence of functions such that ¢ (hy) are measurable in Q2 for every k € N.
Assume that i (hy) — y a.e. in L, fQ |k (hi)urldx < C for a constant C independent of k and

s — 00 when @i (s) — 0o. Then y € LY(Q) and or(hy) —> yin LY(Q).
3.1. Proof of Theorem 1.1
By Lemma 2.4 the system (8) has a weak solution (v, u,) with v,, u, € HO1 () and v, >
0,u;, > 0 for each n € N. Since 0 < g1,g2 < 1 and by virtue of the fact that f, and g, are
Lipschitz continuous, then Av!' + f,(u,) + % € LP(Q) and oul? + g,(vy) + % e LP(Q2) for
p > N. Hence Uy € cle(Q)and u, € Cl’“z(_ﬁ) with 0 < a1, ap < 1, see [22]. Therefore, v,, €
Hy (@) N Ch1(Q) and u, € H}(Q) N C12(Q).
Using (25) and (26), for each n € N, n > n* we get
vy — v, weakly in HOl () asm — o0 39
and
Uy — U, weakly in HO1 (2) as m — oo. 40)
Therefore for each n > nx,
lvn ”1-101 Q) < liminf ||vy, ”[-[01 Q) =r
and
|17 ”H(}(Q) < liminf ||uy, ||H(§(Q) =r,

where r does not depend on n. Thus there exist v, u € HOl (2) such that

v, — v weakly in HO1 (2) asn — o0 “n
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and
up — u weakly in Hj (2) as n — oo. (42)

The Sobolev compact imbedding for 1 <s < oo implies

v, — vin L*(Q) and a.e. in Q

and

u, — u in L*(R) and a.e. in Q.

Notice that

v, >0 in Q (43)
v, =0 on 0%

and
—Au, >oul?, in Q
u, >0 in Q 44)
u, =0 on 0J2.

L L )
i w, =191y, Zn=02 'y, w i
Rescaling as A~y and a1 € obtain

q1
Wy Wy
—A ; > A ;
AdiT Aa-l
and
q2
Zn Zn
—A . >0 .
o @1 o 21
hence
1 2
—Aw, >w!' and — Az, >z (45)

The comparison result of [23, Lemma 3.3], implies w,, > w; and z, > Wy Yn € N, that s,

1

v, > AT wy ae. inQVneN (46)
and
1
U, >0 92U ae. in Q2VneN. 47)

Letting n — oo in (46) and (47) we obtain
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1 1 .
v>Al"rwy and u > o2 w, a.e.in

then v, u > 0 in Q.
We accomplish by showing that v and u are true solutions of (1). Since

v, — vae.in Q2

and
U, — u a.e.in Q,
we obtain
f(up) = f(u) ae.in 2
and
g(vy) — g(v) ae. in Q.
Moreover,
Jn(un) = f(un) ae.in Q
and
gn(vy) —> g(vy) ae. in Q.
Therefore
Jn(un(x)) = f(u(x)) a.e. in Q (48)
and
gn(v,(x)) — g(v(x)) a.e.in Q. (49)
Recall from (35) that
/anVw=A/(vn)qlw+ffn(un)w+%/w VweH&(Q) (50)
Q Q Q Q
and
fVu,,Vw =0 [(un)‘72w +/gn(vn)w + % / w Vw e Hy(Q). (51)
Q Q Q Q

Taking w = u,, in (50) and w = v, in (51), using (39) and (40), Holder and Young’s inequali-
ties we obtain
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/fn(un)undx <C (52)
Q

and
/gn(vn)vndx =C, (53)
Q

for every n € N, where C > 0 is a constant independent on .
Lemma 3.2 implies

fulun) = f(u)in L'(Q) (54)

and
gn(v) = g(v) in L(S). (55)
It follows from (4) that e”z, e € L' (), and in view of (2) and (3) and Holder inequality we

conclude that f(u), g(v) € L2().
By (50) and (51) we get

/Vva:A/vq‘w+/f(u)w Yw in Hy () (56)
Q Q Q

and
/Vqu:a u‘”w—}—/g(v)w Vw in Hy (). (57)
Q Q Q

By the fact that f(u), g(v) € LZ(Q) and L v, o u?2 € LZ(Q), expressions (56) and (57) yield
v, u € H*(). Thus

—Av=rv"" + f(u)
and

—Au=ou?+g().
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