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Abstract

Optimal partial mass transport, which is a variant of the optimal transport problem, consists in transport-
ing effectively a prescribed amount of mass from a source to a target. The problem was first studied by
Caffarelli and McCann (2010) [6] and Figalli (2010) [12] with a particular attention to the quadratic cost.
Our aim here is to study the optimal partial mass transport problem with Finsler distance costs including
the Monge cost given by the Euclidian distance. Our approach is different and our results do not follow
from previous works. Among our results, we introduce a PDE of Monge—Kantorovich type with a double
obstacle to characterize active submeasures, Kantorovich potential and optimal flow for the optimal partial
transport problem. This new PDE enables us to study the uniqueness and monotonicity results for the ac-
tive submeasures. Another interesting issue of our approach is its convenience for numerical analysis and
computations that we develop in a separate paper [14] (Igbida and Nguyen, 2018).
© 2018 Published by Elsevier Inc.
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1. Introduction

The Monge—Kantorovich (MK) problem (or optimal transport) aims to find the best way to
move all mass from a given source into a prescribed target. The source and target are modeled
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by two finite Radon measures u, v € M;(RN ) with M(RN ) = v(RV) and the problem can be
written as

min Ky) = / c(x, y)dy oty = p, wydty =v
yeM; (RN xRN)
RN xRN

where 7, #y and m,#y are marginals of y (see Section 2) and c(x, y) is a given ground cost,
i.e., c(x, y) is the cost one pays to move one unit of the material from x to y. This problem
and related topics are central in the optimal transport theory which has become popular in the
last few decades with applications in PDEs, differential geometry, image processing and many
other areas. For a further discussion on the MK problem, its history and applications, we refer to
pedagogical books [1], [21], [22] and [23].

The partial Monge—Kantorovich (PMK) problem (or optimal partial transport) is a very natural
extension of the original optimal transport problem. The problem aims to study the case where
only a part of the commodity (respectively, consumer demand) of total mass m needs to be
transported (respectively, fulfilled). Given u, v € M;(RN ) and a prescribed total mass 0 <m <
min { w(@®NY, v(RN) } the PMK problem reads as follows

min 4 K() = / oy medty <p, mby <v, y®Y xRV ) =m
yeM; (RN xRN) .
RN xRN

This generalized problem brings out new unknown quantities pg := m,#y and p; := m,#y. Here,
po and p; are the sites where the commodity is taken and the consumer demand is fulfilled, re-
spectively. Like the full transfer case (see e.g. [23, Theorem 4.1]), the existence of optimal plan is
guaranteed for a lower semicontinuous cost ¢ by the direct method. In Caffarelli and McCann [6],
the uniqueness is shown in the case of disjoint supports for cost ¢ satisfying the so-called left
twist condition, which includes a typical example c(x, y) := h(x — y) with a strictly convex
function 4. Figalli [12] improves the uniqueness result by removing the disjointness assumption
on the supports. For the quadratic cost, the authors in [6] also show local cle regularity of the
free boundary up to a closed singular set in the case where the supports of w and v are separated
by a hyperplane; in the case of overlap, Figalli proves local C! regularity away from the com-
mon region (see [12, Theorem 4.11]) and Indrei [16] obtains local C'* regularity away from
the common region and a set of singular points as well as Hausdorff dimension estimates on the
singular set. For the general cost, Chen and Indrei [8] build up the regularity depending gradu-
ally on the cost: a locally Lipschitz cost implies a rectifiable free boundary, a C! cost implies a
locally Lipschitz free boundary, and a C* cost satisfying Ma—Trudinger—Wang condition implies
local C1-¢ regularity. Concerning numerical approximations, Barrett and Prigozhin [3] study the
problem from the numerical point of view for the case where c(x, y) = |x — y|.

In this paper, our aim is to give a rigorous theory study of the PMK problem with the cost
given by a Finsler distance c(x, y) = dr(x, y) (including the case of Euclidean distance cost). We
introduce first the Kantorovich-type duality for the PMK problem with general costs. Then, using
the triangle inequality satisfied by dr, we introduce the notion of Kantorovich potential for the
PMK problem with Finsler distance costs. Recall that in the case c(x, y) =[x —y |2, the obstacle
Monge—Ampere equation (cf. [6,12]) plays an important role to gather many informations on the
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PMK problem. In our case, we introduce the obstacle Monge—Kantorovich (OMK) equation and
show how it is information-rich PDE for the PMK problem and how it can operate effectively. In
particular, our variational approach gives an interesting issue for numerical computation (cf. [14]
and a forthcoming paper on Lagrangian costs [15]). And the connection with the PDE allows us
to prove the uniqueness of active submeasures and the monotonicity for Finsler costs, which do
not satisfy the left twist condition, via L! techniques for PDE.

Before giving the plan of the paper, let us take a while to comment our approach and main
ideas. It is not difficult to see that the PMK problem is a bilevel optimization problem that aims
to find the active submeasures with the constraint on the total mass as well as the optimal plan.
The authors in [6] introduce a Lagrange multiplier A for the mass constraint, add a point at in-
finity which acts as a tariff-free reservoir for transporting the extra mass, and study the relations
given by classical duality results. In their duality, X is a parameter to be straightened to study the
original PMK problem. In this way, they could deduce existence and uniqueness of minimizers
when the supports of © and v are disjoint. As to the strategy of [12] is to study directly the min-
imization problem by studying the convexity of the function that associates to each m the total
Monge—Kantorovich work. In particular, this allows the author to prove the uniqueness without
the disjoint support condition on wu and v. The techniques used in [6,12] also deduce the unique-
ness for costs which require existence and uniqueness of optimal plan in the full transfer case (see
[6, Proposition 2.9], [12, Remark 2.11] for precise statements). However, these techniques do not
work for the uniqueness of active submeasures of the PMK problem with Finsler distance costs.
Our point of view is to obtain the uniqueness via the study of the OMK equation. Our approach
is different and our results do not follow readily from previous works. We begin by handling
directly the problem for general costs by adding two arbitrary sites in RV to process the problem
into a balanced optimal mass transportation. Taking the cost for free to the new sites, we show
that the new total work coincides with the total work of the PMK problem. Moreover, combin-
ing this with classical duality results, we introduce a bilevel maximization problem to provide a
natural dual partial Monge—Kantorovich (DPMK) problem for the optimal partial transportation.
In the case of Finsler distance, the variable of the DPMK problem can be expressed as a couple
(1, u) where u can be interpreted as the Kantorovich potential associated with the PMK problem
and A would be used to give informations on active submeasures. Recall that in the case where
the cost is given by the square of the Euclidean distance (cf. [6]), the connection between the
obstacle Monge—Ampere PDE and the PMK problem is given by a map that associates to each
value parameter A a solution of the Monge—Ampere PDE. In our case, we introduce a map that
associates to each value A a solution of the OMK equation. Then, we show how a right value Ap,
enters in connection with the Kantorovich potential to bring out the solution of the PMK prob-
lem. Among the main issues of our approach, the uniqueness of the active submeasures holds
true in the case where p and v are absolutely continuous without disjointness condition of the
supports. As a consequence, we also obtain the monotonicity of active submeasures with respect
to Lagrange multiplier A.

The paper is organized as follows: In Section 2, we start in the first part by recalling the
Kantorovich duality for a general lower semicontinuous cost function c. In the second part of
Section 2, we summarize our main results on the PMK problem for a general cost c as well as for
the case where c satisfies the triangle inequality. The third part deserves the results for the case
of Finsler distance and the OMK equation. The remaining sections aim to prove the main results.
The proof of the duality is given in Section 3. We study the existence and uniqueness issues
for the OMK equation in Section 4. In Section 5, we show the connection between the OMK
equation and the active submeasures for the PMK problem by using the DPMK problem and the
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partial minimum flow problem. Thanks to this connection and the results on the OMK equation,
we deduce the uniqueness of active submeasures. To finish the proof of the main results, we study
some strong L' continuous dependence and monotonicity of the solution of the OMK equation

with respect to the obstacle in Section 6. We terminate the paper by an appendix in which we
give a chain rule for the tangential gradient to a measure.

2. Preliminaries and main results

In this section, we recall the Kantorovich duality for the optimal transport problem with a
general cost ¢ : RY x RN — [0, +00]. After that, we summarize our main results. The details of
the proofs are given in the remaining sections.

Given metric spaces X1, X», a measure n € Mj(Xl) and Borel map T : X| —> X», we
denote by Tyn the pushforward measure of n by T,

Tun(B) .= n(T_l(B)) for every Borel subset B C X».
2.1. Preliminaries on Monge—Kantorovich problem

To begin with, we assume that ©(RY) = v(R"). The Monge—Kantorovich (MK) problem
reads as

min | K(y) := / o)y 1y €T (uow) b,
RN xRN

where

T (i, v) = {y € M;‘(RN x RNty =, Ty#y = v}.
Here 7y, 7y : RN x RN — R¥ denote the standard projections and are given by 7, (x, y) = x,
my(x,y)=yforanyx,ye€ RY . The measure y € 7T (i, v) is called transport plan. One of basic

concepts in the optimal transport theory is the Kantorovich duality that can be restated as follows:

Theorem 2.1. (c¢f. [23], Chapter 5) Let ¢ be a lower semicontinuous cost function (l.s.c.) and
JTRRS M;’(RN) be such that w(RN) = v(RN). Then

(i) The MK problem has an optimal plan and the Kantorovich duality holds true, i.e.

min {K(y) :y € T (u,v)} =sup / udp + / vdv: (u,v) € Sc(u,v) ¢, 2.1
RN RN

where

Sc(p,v) = [(u, V) € LL(RN) X LL(RN) tux)+v(y) <c(x,y) Vx,ye€ RN} .
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(i) It does not change the value of the supremum in the right-hand side of (2.1) if one restricts
the definition of S. (i, v) to those functions (u, v) which are bounded and continuous.

(iil) If c(x,y) < Cu(x) + C,(y) for some (C,,C,) € LL x L1, then the dual problem on the
right-hand side (called Kantorovich dual problem) has an optimal solution.

(iv) If the cost function satisfies the triangle inequality and c¢(x, x) = 0 for any x € RV, then the
Kantorovich dual problem can be rewritten as

sup /ud(v—pc) tu€lLipe g,
RN

where Lip. := {u ‘RVi>R:ue L}L N Lllj, u@) —ulx) <cx,y) ¥x,ye RN}. A solution
of the Kantorovich dual problem is called Kantorovich potential.

An interesting situation where the triangle inequality is fulfilled corresponds to the case where
the cost is proportional to a distance. Monge’s original optimal mass transport problem corre-
sponds to the Euclidean distance. The case where the cost ¢ is given by a continuous Finsler
distance has been studied recently in [13] (see also [20] for the symmetric case).

Let us begin with a reminder concerning Finsler metric. A continuous function F : RY x
RN — [0, +00) is called Finsler metric on R if

e F(x,.) is positively 1-homogeneous Vx € R i.e.

F(x,tv) =tF(x,v) forevery x eRY veR" and 1 > 0;
e F(x,.) is convex for every x e RV,

In addition, in this paper, we assume that F’ is nondegenerate in the sense that there exist 8, « > 0
such that

alv] < F(x,v) < B|v| forall (x,v) e RN xRV,
The Finsler distance dr on RY is defined by

1

dr(x.y) = inf / FEW,Em)dr: £ €T R L, 22)
0

where I'y (RN) is the set of Lipschitz curves on [0, 1] taking values in RY joining x to y. Under
the above assumptions, it is known that the inf problem (2.2) is actually the minimum and that
dF is not necessary symmetric distance, i.e. dp satisfies

e dr(x,y)>0;dp(x,y)=0if and only if x = y.
e dp(x,y) <dp(x,z) +dr(z,y) forany x,y,z e RV,

Please cite this article in press as: N. Igbida, V.T. Nguyen, Optimal partial mass transportation and obstacle
Monge-Kantorovich equation, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.01.034




YJDEQ:9187

6 N. Igbida, V.T. Nguyen / J. Differential Equations eee (eeee) see—eee

An example of a Finsler metric which is not a norm in R is given by F(x,v) =av™ + bv*
with 0 < a # b. More generally, for each x € R fixed, given vectors d7, ..., dy; # 0 depending
on x such that, for any 0 # v € RN, 1maxk { (v, dl?‘)} > 0, we define

<i<

F(x,v) := max {(v,df)} for any v e RV

1<i<k

which turns out to be a Finsler metric. Numerical solutions for this kind of Finsler metrics are
studied in [14].
For a Finsler metric F, the polar function F* of F is defined by

F*(x, p) :=sup{(v, p): F(x,v) <1} for x, peR".
It is easy to see that F* is also a continuous, non-degenerate Finsler metric and

(£, p) < F*(x, p) F(x,v) ¥x,v, peRN,

Now, we consider the optimal transport problem of moving  into v with the cost ¢ = dF. Since
the cost d satisfies the triangle inequality and dr(x, x) = 0 for any x € RV, we have

min{IC(a) : oeTL’(,u,v)}:sup /ud(v—u):ueLide
RN

In the case where F(x,v) = |v| for any (x,v) € RN x RY it is clear that df is the Euclidean
distance. For regular densities x and v, Evans and Gangbo [11] proved that the characterization
of the Kantorovich potential may be given by a nonlinear PDE of the p-Laplacian type with
p = oo. Since [5], this PDE is called Monge—Kantorovich equation and formally reads

{_v.cp:v—u in D'(R) 2.3)

uelLip, ® - Vu=|d|.

Roughly speaking, the flux @ in (2.3) is called the transportation flow and its total variation |®|
gives the density of the transportation. Formally, the second line of (2.3) conceives the equation

@ € 35, (Vu),

where B(0, 1) is the Euclidean closed unit ball.
As we will see, among our results, we give a generalization of the PDE (2.3) for general
Finsler metrics. Actually, for a Finsler metric F, (2.3) reads formally

—V.-®d=v—pu in D'RN)

. 2.4)
uelLlipg,, ®-Vu=F(, ®).

In general, since @ is a finite Radon vector measure, the second equation of (2.4) needs to be
understood in the sense of tangential gradient with respect to a measure. More precisely, a couple
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(u, ®) is said to satisfy the PDE (2.4) if (u, ®) € Lipg, x Mp(RV;RN), -V .d =v — pin
D' (RM) and

@ @ o
@VM)“/!:F ,@() s |CD|— ae.in R".

Here, we denote by % the density of ® with respect to |®| and by V|¢u the tangential gradient
of u with respect to |®| (cf. [4,5,17]) which is well-defined for any Lipschitz continuous function.
Following [17, Lemma 4.9], given ® € M;(RY; RY) and n € M (RY) such that -V - & =y
in D'(RY), we have

P P
/El-v,@,gdm:/@-vgdm:/gdn forall & € C®(RY). 2.5)

RN RN RN
Moreover, one can prove that (using approximation and (2.5))
¢ N N
] -Vio/&d|®| = | &dn forall &£ € Lip(R™) N Cp(R™).
RN RN

2.2. Main result for the PMK with general costs

Assume that pu, v € M;’(RN ) are compactly supported and

Myax = min{M(RN), V(RN)}-

Given a total mass m € [0, mp,x], the PMK problem aims to transport effectively a total mass
m from a supply submeasure of p into a submeasure of v. The set of submeasures of mass m is
given by

Subm (12, v) = { (00, p1) € MF ®Y) x M@ 2 po < i, p1 <, po®) = p1(RY) =m}.

Then the PMK reads as

min { K(y) := / cx,dy: yemmu,v) ¢, (2.6)

RN xRN
where
(i, v) = {y €T (0. 1) : (00, p1) € Subm (12, v) |-
An element (pg, p1) € Subm(u, v) is called a couple of active submeasures if it solves the

PMK (2.6). That is, there exists an optimal plan y of the PMK (2.6) such that y € 7T (pg, p1).
Our main result concerning duality for the PMK problem with general costs is the following.
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Theorem 2.2. Let i1, v € M;(RN) be measures with compact supports X and Y, m € [0, mpux].
Assume that c is lower semicontinuous and bounded on X x Y. The PMK problem has a solution
0* € Wm(w, v) and the Kantorovich duality turns into

K(c*)= min / cdy
Y €T m(i,v)
RN xRN
2.7

= max /qﬁdu—i—/t//dv—i-)»m: LeRT, (¢, 9) eSHu,v) ¢,
RN RN

where
St i={@. )L x LL: ¢ <0, ¥ <0and ¢@) + ¥ (») + 4 clx,y) Vr,y RV}

Moreover, 6 € TT m(i, v) and (A, ¢, V) € RT x Sg‘ (u, v) are solutions, respectively, if and only
if
¢(x) =0 for (u —m#o)-ae. x eRY, Y (y) =0 for (v—my#o)-ae yeRY

2.8
and ¢(x)+ ¥ (y) +Ar=c(x,y) for o-a.e. (x,y)eRN x RV, @9

The maximization problem on the right hand side of (2.7) is called dual partial Monge—
Kantorovich (DPMK) problem.

Remark 2.3. See that the duality formulation (2.7) is slightly different from Caffarelli-McCann’s
duality (see [6, Corollary 2.7]) which reads as follows: for any fixed parameter X,

min / (c—=MNdy ¢ = max /u(x)du—}— / v(y)dv, 2.9)
yeTl <(u,v) u(x)+v(y)<c(x,y)—xr
RV xRN u(x)<0,v(y)<0  RY RY

where
T <(u,v) = {y € MZ‘(RN xRN two#ty < u, Tty < v}.

See that the mass constraint disappears in this formulation, which is not the case for (2.7). How-
ever, the connection between both formulations (2.7) and (2.9) is clear in the case where

min f (c—Mdy (2.10)
y eIl <(u,v)
RN xRN

has a unique optimal plan y for each A. Indeed, in this case the duality (2.7) can be seen as
a consequence of the Caffarelli-McCann one. To see this, we fix a total mass m and we use
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[6, Corollary 2.11] to choose A* such that the unique solution y;+ of (2.10) w.r.t. A* satisfies
Yar (RN x RY) = m. It follows that the left hand side of (2.7) is less than or equal the right hand
side. The inverse inequality can be verified directly. Yet, the uniqueness of the problem (2.10)
is not true in general, especially for Finsler distance cost. As to the dual formulation (2.7), it is
direct and closely connected to the PMK problem. The parameter A is a variable and permits
to handle the mass constraint. For numerical computation concerning the PMK problem, the
formulation (2.7) with A as a variable is very useful. This issue is discussed in [14].

Following Kantorovich—Rubinstein duality in the case where the cost satisfies the triangle
inequality, we prove the following result.

Theorem 2.4. Under the assumptions and notations of Theorem 2.2, assume moreover that the

cost function c satisfies the triangle inequality and c¢(x, x) = 0 for any x € RN, Then the DPMK
problem can be rewritten as

K(o*)zmax{p(x,u) :=/ud(v—,u)+)»(m—v(RN)) : xzocmdueLﬁ}, (2.11)
where
Lé‘ = {u € Lip. : 0<u(x) <A foranyx GRN}.

In addition, o € Tm(u,v) and (A, u) € RT x Lf, are solutions of the PMK and of the
DPMK (2.11), respectively, if and only if

u(x) =0 for (W — my#o)-a.e. x € RY, u(x)=x Jor (v —my#o)-a.e x € RV 2.12)
and u(y) —u(x) =c(x,y) for o-a.e. (x,y)¢€ RN x RN .

The proofs of Theorem 2.2 and Theorem 2.4 are given in Section 3.
2.3. Main results for Finsler distance costs

Coming back to the Finsler distance cost dr, we introduce a new nonlinear PDE that we call
the obstacle Monge—Kantorovich (OMK) equation. Then, we use this PDE to show the unique-
ness of active submeasures whenever the data u and v are absolutely continuous with respect to

Lebesgue measure.
To introduce our PDE, we see that the dual formulation (2.11) may be written as

I}\lza())( (muax {Dw):ue LgF}) .

Moreover, formally, for any fixed A > 0, the Euler-Lagrange equation associated with the prob-
lem

max {DGh.u) : u € Ly, } (2.13)

is given by the following PDE
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6—V.-d=v—p in D'(RN)
(P)) ®-Vu=F(,®)
ue LQF, 0 € 9o, 2 (u).

This is a double obstacle problem associated with the PMK problem (2.6) with ¢ = dr. And,
formally we conclude that the study of the PMK is closely connected to the study of the depen-
dence of a solution of (P;) with respect to A. Our aim now is to study this connection to get a
characterization of active submeasures of the PMK problem. Before going further, let us give the
notion of solution to the OMK equation (P,).

Definition 2.5. For a fixed A > 0, a triplet (6, ®, u) € Mp(RY) x M(RN; RN) x Lip,, is said
to be a solution to the OMK equation (Py) if u € L?,F and we have

0—V-d=v—pu in D'RY)
& @) Vigu() = F(x, %(x)), |®-ae. x € RN

u=0, 6 -ae.in RY and wu=2xr, 6F-ae. in RV,
where 07 is the positive and negative part of the measure 6 given by the Jordan decomposition.

Without abusing, we also say that a Radon measure 6§ € M, (R") is a solution of (P} ) if there
exists (@, u) € Mp(RY: RY) x Lipg, such that (0, @, u) satisfies the OMK equation (Py).

To set the connection between the OMK equation and the active submeasures, let us denote
by 1 A v the measure of common mass of x and v. Recall that if u, v e L'(RY) then u A v €
L'(RN) and

(u A v)(x) =min{u(x), v(x)} forae. x e RV,

In general, the measure u A v is defined by (see [2])

uw AV(A) =inf{iu (A1) + v(Ay) : disjoint Borel sets A1, Az, such that A1 U Ay, = A}.

Theorem 2.6 (Existence of a solution to the OMK equation). Given i, v € M; (RN) and » >0,
the OMK equation ( Py) admits at least one solution (6, ©, u). Moreover,

0" <p—pAv<pand 0T <v—puAv<v
for any solutions (6, @, u).

Because of the degeneracy of the OMK equation, the question of the uniqueness of a solution
for (P,) is delicate. In fact, one cannot in general expect the uniqueness of the components
@ and u of solutions for the OMK equation (P;). However, we can prove the uniqueness of
the component & whenever p and v are absolutely continuous with respect to the Lebesgue
measure.
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Theorem 2.7 (Uniqueness of 0). Assume that i, v € L'(RN)*. Let 01 and 0> be two solutions to
the same OMK equation ( P;). Then 0,6, € LI(RN) and 61 = 6.

Now, we come to the connection between the OMK equation and the PMK problem.

Theorem 2.8 (Active submeasures and OMK equation). Let ., v € M,‘f (RN) be compactly sup-
ported.

(1) For any A = 0 and 0, a solution of the OMK equation ( P.), the couple

(po, p1) := (1t = 65, v — 6,")

is a couple of active submeasures corresponding to my, = (u — 0, YRM).

(ii) Conversely, if (po, p1) € Subm(u, v) is a given couple of active submeasures and m € [(u A
V)(RN), myax] then for any iy > 0 such that

Am € arg max {max D u) ue L(AiF}} )
A>0 “

the measure 0, defined by
G;m =u—pp and 9)::1 =V —p]
is a solution of the OMK equation (P,,).
Following Theorems 2.8 and 2.7, we have the following result for the PMK problem.

Corollary 2.9 (Uniqueness of active submeasures). Let i, v € L' (RN) be compactly supported
andm € [||u AV||p1, Mmax]. There exists a unique couple of active submeasures.

To end up this section of main results, we propose to study the maps that associate to each
A >0 the corresponding active submeasures and their total mass in the case p,v € LY(RM).
Thanks to Theorems 2.6, 2.8 and 2.7, for any A > 0 there exist a unique mass m; := (i —
0, Y(RN) and a unique couple of active submeasures (,0())‘, ,oi\) =(u—-09, ,v— 9;' ) corresponding
to m,,. Let us define the maps

m : [0,00) — [(AV)RY), Myl
A — m(d) :=my,
and
R : [0,00) — L'®RY)xLYRN)
Ao = ROY=(pg.p7)-

To simplify the presentation, let us denote

Subepi (1, v) := {(p0, p1) : po and p; are active submeasures for some m € [[| A V|| 1, Mpax ]}
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Theorem 2.10. Let w, v € L' (RY)" be compactly supported. We have that

(i) the map m is continuous, non-decreasing and surjective;
(ii) the map R is continuous, non-decreasing and surjective from [0, 00) to Subgp: (1, v).

It is known that the monotonicity of active submeasures corresponding to the mass m is ob-
tained for continuous cost ¢ (see [6, Theorem 3.4]) and that the monotonicity corresponding
to Lagrange multiplier X is guaranteed for costs satisfying the left twist condition (see [6, Sec-
tions 2 and 3]). Our result confirms that even if the Finsler distances do not satisfy the left twist
condition, the monotonicity w.r.t. Lagrange multiplier A still holds true. Also, notice that in the
quadratic case, Davila and Kim establish a Lipschitz continuous dependence of m; on A (see [9,
Theorem 4.5]). We do not know if this kind of results holds true for Finsler distances or not.

Remark 2.11.

(i) The uniqueness of active submeasures falls to be true in the case where m < (i A v)(RY).
Indeed, in this case, all submeasures pg = p; < 1 A v of mass m are optimal. This is not
a contradiction with our PDE approach. Because there is no such an OMK equation with
A > 0 characterizing the PMK problem in this case.

(i1) In general, the uniqueness of active submeasures does not hold true if both © and v are not
in L. For example, on R, take u = §; + 83, v = 82, where & is the Direct mass at k in R.
Then all submeasures of mass m are optimal for any m. However, we do not know if this
holds true if one of s, v belongs to L' (RY). Our arguments use PDE techniques and need
both  and v to be L' functions.

(iii) Uniqueness result was obtained in [19, Lemma 5.1, Proposition 5.2] in the quadratic case
when m = m,,,,, by using completely different arguments. These arguments can be adapted
to handle more general costs satisfying regularity conditions on the balls B!(y, R) := {t €
RY :¢(t,y) < R} and Bg(x, R) :={w € RN : c(x, w) < R)}. That is, for any xg € 8B£(., R)
for i = 1,2, there exists a sequence of subsets of the ball which shrinks nicely to xp. One
can prove that this is true in the case where F(x, v) = F(v) is independent of x.

3. Kantorovich-type duality
The aim of this section is to prove Theorems 2.2 and 2.4.

Proof of Theorem 2.2. The existence of an optimal plan o* € T (i, v) can be shown by the
direct method. Next, for any o € 7T (i1, v) and (A, ¢, ¥) € RT x Sg‘(,u, V), we have

/¢(x)du(x)+[I/I(y)dv(y)—l—)»mg/¢(x)dnx#a+/w(y)dny#a+km

]RN RN ]RN RN
— / (@) +¢¥(y)+21)do 3.1

RN xRN

< / c(x, y)do.

RN xRN
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Hence,

sup /¢du+/wdv~|—km (L eRT, (¢, ¥) € SH(p,v) 50671;111(1M U)IC(G).
RN RN

In order to prove the converse inequality, we add two points £ € RV \ X and § € RV \ Y as extra
production and consumption positions, respectively. Let us consider X:=XU {x}, Y:=YU {3}
as metric spaces (induced by the Euclidean distance) and the measures on X and Y defined,
respectively, by

pw=p+@¥)—m)d and V=v+ (uX)—m)d;.
Obviously, ,&(}A( ) = $(¥). Then, let us consider the extra cost on X x ¥

2x. y) cix,y) if (x,y)eX xY
c(x,y):= . A N
Y 0 if x=Xory=y.

From the assumptions on ¢, we have that ¢ is l.s.c. and bounded on the compact metric space
X x Y. Using Theorem 2.1, we have

min / ¢(x,y)dy = max /ﬁdﬂ—i—/ﬁdf).
PeTT (,D) (@,0)eSs (A9 J J
X Y

~

XxY

Fixed any y € 7T ({4, D), set y; := yLxxy the restricted measure of y on X x Y. It is easy to see
that 7w #y; < pu, my#y; <vand y (X x Y) > m. Let us define y := WM € 7T (1, v) and

/ c(r, )y < / c(x, y)dys = f &(x, ).

XxY XxY Kx¥

This implies that

min / c(x,y)dy < min / ¢(x,y)dy = max /ﬁd/l + / vdv.
Y €T m(p,v) VeIl (i.0) J (@,9)eS: (1, 9) J /
XxY XxY X Y

To finish the proof, for any (i1, v) € S;(ft, V), we can moreover assume that iz, v have finite
values. Set u] :=u + 0(3), v; := 0 + u(x) and A := —ua(x) — 0(y) > 0. Since a(x) + v(y) <
¢(x,y), weseethatu; <0in X, vy <0inY and u;(x) + vi(y) < c(x,y) — A for any (x, y) €
X x Y. So, extending arbitrarily u; and vy up to R¥ such that (ui,vy1) € Sg‘ (u,v), we get

/ﬁ(x)d/l 4 / 8(y) d = / Ao du + / 803 dv + (W(Y) — MR + (L(X) — D ()
12 X Y

X Y
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_ / (600 + 0(5)) du + / (50) + (%) dv — @) + 5(5)m
Y

X
=/u1(x)du+/v1(y)dv+km.
X Y
Thus
min / c(x,y)dy < max /ﬁdﬁ—i—/ﬁdf)
YTl m(u,v) (#,0)€S(f1,D)
XxY X Y

< sup /¢du+/¢dv+km L3 20, (@) € SHu.v)

RN RN

From the above arguments, the supremum is actually the maximum.

At last, by the duality (2.7), o € T (i, v) and (A, ¢, ¥) € RT x Sg‘(,u, v) are solutions of
the PMK and of the DPMK, respectively, if and only if the two inequalities in (3.1) are equalities.
This is equivalent to the optimality condition (2.8). O

Now, we prove the duality for the case where the cost satisfies the triangle inequality.

Proof of Theorem 2.4. We see that

min / c(x, y)dy = sup{D(r,u) : AanndueLz‘}.
Vejtm(ﬂv”)
RN xRN

Indeed, for any y € 7T (1, v) and u € Lﬁ, we have

/ud(v—,u)—i—k(m—v(RN))z/—u(x)d,u—l—/(u(y)—k)du—i—km

RN RN RN

< [—udmy + [wo)-nangyoam oy
RN RN

< / c(x, y)dy(x,y).

RxRN

Conversely, for a given A > 0 and (¢, V) € S;\ (u, v), we consider

up(x):=sup (¥ (y) +Ar—c(x,y)) <A and u(x):=max{u;(x),0} Vx e RV,
yey

By using the triangle inequality, u is 1-Lipschitz with respect to c. Moreover, —u > ¢ and u(y) —
A > (y) VyeY (where we use the condition c(y, y) =0). So
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/ud(v — )+ Am—v(RY)) > /¢du+ / ¥ dv + Am.
RV RN RN

By Theorem 2.2, the duality and the existence of a solution (A*, u*) are proven. For the optimality
condition (2.12), we use again the duality and (3.2) similarly to the case of general costs c. O

Remark 3.12. If ¢ satisfies the triangle inequality and c(x,x) =0 for any x € RV then the
DPMK problem can be also written as

max /ud(v—p,)—l—k(m—,u(RN)):)»eR*', uelip., —A<u<0

RN

Indeed, in the construction of u from (¢, ), we can take
ui(y) =x12;f( (c(x,y) —¢(x) =) and u(y):=min{u;(y),0} Vy e R".

4. OMK equation

The aim of this section is to study the existence and uniqueness of solutions for the OMK
equation (P, ). Besides this, we also show some estimates for solutions 6 of the OMK equation
which are useful for later use. We will make use of variational techniques for the existence while
the uniqueness and the estimates of 6 are shown by using PDE techniques. In this section, we do
not really need the compactness of the supports of x and v.

4.1. Existence of solution to the OMK equation

The existence of solution to the OMK equation is based on the dual approach. More precisely,
by applying the Fenchel-Rockafellar dual theory to the problem (2.13), we introduce a minimum
flow-type problem (for the minimum flow problem and some its variants, one can see [21, Chap-
ter 4]). And then we show that the OMK equation is given by the optimality condition for the
two problems.

Proposition 4.13. Let ., v € M} (RV) and 1 > 0 be fixed. We have

®

max /ud(u—,u):min[/F(x,—(x))d|d>|+k/d91: (@,90,9‘)65}, 4.1)

ais @)
FrN RN 0

where
S = {<q>,e°,91> e Mp@®RY; RY) x MRy x MFRY): =V -d=v—-0"— (1 —e°>}.

‘We need some elementary lemmas concerning the set Lipg, of 1-Lipschitz functions w.r.t. dr.
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Lemma 4.1. Let F be a continuous, nondegenerate Finsler metric and u € Lipg,. Set u, :=

e * u, where pq is the standard mollifier on RN . Then

limsup F*(x, Dug(x)) <1 forall x e RN.

e—0

Proof. Let x € RN be fixed. There exists some ||&|| = 1 such that

(Dug(x) - &) — lim ueg(x +hée) —ue(x)
F(x,&)  h—>0t F(x, h&,)
S pe(®) (u(x +hé — 1) —u(x —1)) dr

= lim X
h0+ F(x, h&;)

F*(x, Dug(x)) =

This implies that

[ pe(t)dp(x —t,x —t + h&:)dt

N
F*(x, Dug(x)) < limsu R
’ Y F(x, hE,)

1
[ pe®) [ F(x — t + Thé,, hE:) dr dr

< lim 2 0

T h—0t F(x, hs‘g)
S pe(F(x —1,&)dt

- F(x,&)

On the other hand, there is a sequence &, — 0 such that

limsup F*(x, Du.(x)) = 8lig0 F*(x, Dug, (x)).

e—0
Since ||&;, || =1, up to a subsequence of {&;, }, we can assume moreover that
&, — & as g, — 0.
Thanks to (4.3), we get

[ pe, () F(x —1,&,)dr
F*(x, Dug, (x)) < &

F(x,&,)

Let ¢, — 0, using (4.4), (4.6) and (4.5), we obtain

[ pey()F(x —1,&,)dt

limsup F*(x, Du.(x)) = lim0 F*(x, Dug, (x)) < limORN =1.
En—> En—>

F(x,&,)

e—0

4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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Remark 4.14. The lower semicontinuity of F' is not enough to hold (4.2). Indeed, take the lower
semicontinuous, non-degenerate Finsler metric F on R defined by

Fa.goy= BT xX=0 tcr
20| if x>0

and u is 1-Lipschitz w.r.t. dr given by

if 0
u(x):{x1 X = for x e R.

2x if x>0
Then,
Ipl if x <0
F*(x,p)=11 and u',(x) :/pg(s)u’(x — s)ds.
E|p| if x>0 2

Therefore, u’s(0) = [ pe(s)ds +2 [ pe(s)ds = % and F*(0,u’¢(0)) = % > 1.
[s>0] [s<0]

It is known that if u € C'(R") then
u(y) —u(x) <dp(x,y) ¥x,y € RN (i.e.,u € Lipg,) if and only if F*(x, Vu(x)) <1 Vx e RV,
The latter is equivalent to
q-Vulx)<F(x,q) Vx eRV, \Z} eRV.
In the case where u is non-smooth, we have the characterization via the tangential gradient.

Lemma 4.2. For any u € Lipy, and ® € M, (RN RN) such that V - ® € M,(RY), we have

3(x).v u(x) < F(x 3(x)) |®|-a.e. x e RY
|| I =T g RS '

Proof. Taking u. as in Lemma 4.1, for any Borel subset B, we have
/q’v a0 1'/®<)V<)d|<1>|
_— u = l1im —(X) - Ug (X
o e—0) |® g
B B

< 1imsup/ F*(x, Vug(x))F(x, %(x))d@l(x).
e—0

Letting ¢ — 0, using again Fatou’s Lemma and Lemma 4.1, we get
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|<I>|

®
(x) Viou(x)d|P| </F(x,m(x))d|<b|.
B

The proof ends up by the arbitrariness of Borel set B. 0O

Proof of Proposition 4.13. The case A = 0 is obvious. Let us now assume that A > 0.
1. We show that

®
max /ud(v—u)ginf{/F(x,ﬁ(x))d|q>|+x/d91: (@,90,91)65}.
ueLdF B BN

Fix any u € LQF and (®,6°,0') € S. Taking u as a test function in the equation —V - & =
v—0'—(u—8%, using Lemma 4.2, we have

P
fud(v—u): |¢|v@|ud|q>|+/ud91 —/ud@o

RN RN RN RN
o 1
< | F(x, E'(x))dldﬂ +a [ a6
RN RN

So

. o I 0 Al
sup /ud(u—u)flnf[/F(x,ﬁ(x))d|d>|+)»/d6 - (0,606 )es}.

s
ueLdFRN RN RN

It is not difficult to see that the supremum is actually a maximum by the direct method.
2. Obviously, we have

max[/ud(v—,u):ueLﬁF}zsupi/ud(u—u):ueLﬁF, ueC”(RN)}_
RN RN

It remains to show that

sup[/ud(v—,u):ueCl’l(RN)ﬂLgF}

“.7)
—mm{/F(x (x))d|d>|+k/d01: (cb,eo,el)es}.

RN
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On the other hand,
sup{ / ud(v—p):ue€ C“(RN)mLﬁF}
RN

=sup{/ud(u—,u):ueCl’l(RN), F*(x,Vux)) <1, 0 <u(x) <A VxeRN]

RN

— — inf {f(u) n g(Au)],
ueV
where

Flu):=— / ud( —p) YueV:=Cc ' ®")(MC®RY),
RN
A@w) = (Vu, —u,u) € Z := Cp(RY; RY) x C,RY) x C,(RY)

and, for all (¢, z,w) € Z,

0 if z(x) <0, w(x) <A and F*(x,q(x)) <1 Vx eRV
g(q.z,w):=

+00 otherwise.
We use the W1-®_norm and L-norm for the spaces V and Z, respectively, i.e.,

lully == llullpee + IVullze and [|(g, z, w)llz := llglize + lIzllze + lwllze.

Now, applying the Fenchel-Rockafellar dual theory (see e.g. [ 10], Chapter III, Theorem 4.1 with

the choice ug = > there. Note that the assumption A > 0 is used in this step), we have

inf F(u) +G(Au))
ueV

- max <—]-'*(—A*(<D,90,91)) — g*(cb,eo,el)).
(@,00,0H e Mp(RN ;RN x M (RN ) x M (RN)

The proof of (4.7) is completed by computing explicitly the quantities in this maximization prob-
lem. For completeness, let us give the results of this computation.
e Since F is linear, F*(—A*(®, 0°, 1)) is finite (and is always equal to 0) if and only if

(=A*(D,0°,0Y), u) = Fu) = — / ud(v — p) forany u eV,

RN

or equivalently

(@, Vu) — (0°, u) + (0", u) = (v — p,u) forany ueV.
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This means that
V.- &o=v—-0"'—(u—0° in D'RY).
e For G*(®, 69, 01), we have

G*(@,60°, 0" = sup (@, ¢)+ sup  (6%72)
geCpRN;RN):F*(x,q(x))<1,YxeRN 72eChH(RN):z<0

+ sup ', w)
weCy(RN):w<i

[ F(x, %(x))d|cb|+x [ de'if 6°>0 and ' >0
RN RN O

+00 otherwise.

Proposition 4.15. Given 1, v € M; (RY) and ). > 0. We have that

(i) ifu and (P, 69, oY) are solutions for the duality (4.1) then (6, ®,u) := ®! - 09, @, u)isa
solution to the OMK equation ( Py). Moreover 7 =0', 6= =0% if » > 0.

(i1) Conversely, if (0, ®, u) is a solution to the OMK equation (P, ) then u and (P, 09, ol =
(®, 07, 07) are solutions for the duality (4.1).

Proof. (i) Letu € L?lp and (P, 69, 6') € S be solutions for the duality (4.1). Then (@, ®,u) :=
(CA- 09, ®, u) is a solution to the OMK equation (P;). Indeed, we have

0—V-®d=v—pu in D'[RY)

and

d _ o 1 0
ud(v —p) = WV|¢|ud|®|+ ud6” — | udd

D
SfF(x, @(x))d|¢|+kfd91 (by Lemma 4.2).

From the optimality of u and (®, 69, 91), using Proposition 4.13, we have that

P

(0]
3| ) Vioux) =F(x, —(x)), |®|-a.e. x,

||
u=0, 0%-ae. and u = A, 61 ae.

By the Jordan decomposition, we get ot <!, 6= <60 and thus

u=0,0 -ae. and u=2x, 6" -ae.
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So (0, ®, u) is a solution to the OMK equation (P,). It remains to verify that 6~ = 09 and
91t = 0! in the case A > 0. Since A > 0, we deduce that 60 and 6! are concentrated on two
disjoint sets. Thus 7 = 6! and #~ = #° by the Jordan decomposition.

(ii) Conversely, assume that (8, ®, u) is a solution to the OMK equation (P, ). We see that

/ud(v—u): %V@\Lfd@l—i-/ud@
RN RV RN
o}
=/F(x,ﬁ(x))d|<l>|+/kd0+.
RN RN

The optimality of u and (®, 6, 6T) follows immediately from the duality (4.1). O
We have the following estimates for solutions 8 of the OMK equation.

Proposition 4.16 (Estimate of solutions 0). Given i, v € M;(RN )and A > 0. Let (6, ®, u) be
a solution to the OMK equation ( P;). Then

0" <u—puAv=<pu and 0+§v—uAv§v.
Proof. Case 1: If . =0, thenu =0, ® =0 and
O=v—pu=v—uAv—(EU—uAv).
By the Jordan decomposition, 67 <v —pu Avand 8~ < — A v.

Case 2: Let us now assume that A > 0. For 0 < ¢ < A, let us consider the Lipschitz continuous
functions of one variable

0 ifr<i-—ce¢
— (-
Tgl(r):z M ifA—e<r<a, VreR
e
1 ifr>A

For& e C¥ (RV) such that £ > 0, we take Tgl (u)& as a test function in the equation  — V- & =
v — . We get

®
[Tsl(u)SdQ—i—/m-Vm (T;(u)g) d|®| =/T81(u)§d(v—u). 4.8)

Thanks to Lemma A.1 (see Appendix), we get

/3 Viol (7. ¢ ) dip] = /(TW(u)Vw i)+ [ o vET o)
@] ‘ ‘ @] o " 49)

> | —-V§ '( )d|P|
-VET, (u)d|D|.
=] 0| e
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Using (4.8) and (4.9), we see that
1 @ 1 1
T, (u)§do + N VET, w)d|®| < [ T, (w)§d(v — )

= [ lwsdo - pav—e-pan)  @10)

< / T w)Ed(w — u Av).
Since u < A, for any x € RY, we have

T u)(x) = xju=r(x) as & — 0.

Now, using Lemma A.1 (ii), the non-degeneracy of F' and the definition of solution for (P, ), we
have |®| ([u = A]) =0 (i.e. ® gives no mass on the set [u = A]). This implies that

)
0 VET! (u)d|®| — 0 as & — 0.

Letting ¢ — 0 in (4.10), we get
/ £dO < / Ed(v — u Av) for any éeCfo(RN), £>0.
[u=A] [u=A]
Using the definition of solution for (P,), we have u =0 for 6 -a.e. Since A > 0, we deduce that
/ gdot = / £do < / £d(v — A v) forany £ e CXRY), £ >0.
[u=A] [u=A] [u=A]

This implies that 7 <v — i A v on [u = A] and that 8+ < v — u A v (since 67 is concentrated
on [u = A]). At last, using ng (u)£ as a test function in the equation 6§ — V - & = v — u, where

-1 if r <0
T2(r):=) -1+~ if0<r<e VreR,
&
0 if r>e

we can prove in the same way that 0~ <y —pu Av. 0O
Proof of Theorem 2.6. The proof follows directly from Propositions 4.13, 4.15 and 4.16. O

As a consequence of Proposition 4.13, we have the following result that will be useful later.
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Corollary 4.17. Let p, v € M;f (RY) be such that v(RY) < u(RN). We have

sup{ f ud(v —p):u € Lipg,,u ZO}
RN
@ 0
= min { Flx, —(x)d[®|: =V - d=v — (u— 0 )}.
(.00 My RV RV)x M (RV) | | D]
R

Proof. Using the assumption v(R") < 1(RV), there exists (@, 0°) € M,(RY; RY) x M;f (RY)
such that —V - ® =v — (n— 69). This implies that

O
inf /F(x,—(x))d|d>|:—V~<I>=v—(u—60)}:=C<+oo.
(@.60eMy BV RN Mf @) L) |D]
R

Now, taking u as a test function in the equation —V - ® = v — (u — 0°), we get

d 0 ®
/ud(u—u):/ﬁvmudldﬂ—/ud@ S/F(x,ﬁ(x))d|d>|.

RN RN RN RN

Hence,

sup{/ud(u—u):u €Lipgp,u 20}
IRN

) 0 (4.11)
< inf (x (x))d|<I>| V- d=v—-—(u-—-20 )}
(@,eo)eMb(RN;RN)xM;r(RN)

=C < +4o0.

Conversely, let us consider a sequence An — +00 as n — +00. Thanks to Proposition 4.13, there
exist u, € L and (®,, 62, 6]) € S such that

ns Yy, Uy

/F(x,g—”|(x>)d|d>n|+xn/de,}=fund<v—u>

RN RV RN

§sup{/ud(v—y,):ueLide,uzO}§C.
RN

4.12)

It is not difficult to see that {(<I>,,, 9,?, 9,,)} is bounded in Mp(RY;RY) x Mp[RN) x
/\/lb(]RN ). Thus, up to a subsequence, (P, 9,1 , 9,}) converges to some (P, 60, 6‘1) weakly* in
MR RYY x Mp(RN) x Mp(RN). Ttis clear that0' =0, 69> 0and —=V-® = v — (u —09).
Now, using the lower semicontinuity of the functional f F(x, %(x))d|<b| w.r.t. the weak* con-
vergence in variable ® (see e.g. [2, Theorem 2.38]) and passing to the limit in (4.12), we obtain
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/F( CI)( Nd[®| < i /F( n (x))d| Dy |
x, —(x < lim X, X
|| n—>-+00 | @] !
RN RN

Ssup{/ud(v—,u) u eLide,MEO}.
RN

The proof is completed by combining this with (4.11). O
4.2. Uniqueness of solution 0 to the OMK equation

We usually identify a measure with its density function with respect to Lebesgue measure £V
when the measure is absolutely continuous w.r.t. £V. In this subsection, we focus on the proof
of the uniqueness for the solution 6 of the OMK equation (P, ) which is then used to show the
uniqueness of active submeasures for the PMK problem. The result of uniqueness is somehow
optimal in view of Theorem 2.8 and Remark 2.11 (ii). Our proof will be based on the doubling
and de-doubling variable technique (the technique was known in PDEs, due to [18], see also [7]
and the references therein). It uses mainly the following result.

Lemma 4.3. Let . > 0 and ., v € L'(RN)*. Suppose that (6;, ;, u;), i = 1,2, are solutions to

the same OMK equation (Py). Then 61,0, € LYRY) and, forany € € C° RN x RY) such that
& >0, we have

/ / 61(x) — () FE(x, y)dxdy < / / | (V& + V,€) [d]®1](x)dy

RN RN RN RN
+/f|(Vx€+Vy$) [d[P2[(y)dx (4.13)
RN RN
+//I(v—u)(X)—(V—M)(y)lé(x,y)dxdy-
RN RN

Before giving the proof of this lemma, let us show how it enables us to prove the main result
of uniqueness in Subsection 2.3.

Proof of Theorem 2.7. Fixed any « € C2° (RM), a > 0, let us choose
e (x, y) == pe(x — y)a(x +y)
as test functions in (4.13). Note that V& + V&, =20, (x — y)Va(x + y). We have
[ [ vieiwar= [ [ 196+ v,aladenm
RN RN RN RN

=2//ps(x—y)IVOé(X+y)|dyd|<D1|(X)

RN RV
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22//Ps(l)wa(zx—l)|dld|¢’1|(x)
RN RN
—>2/ [Va(2x)|d| D] (x).
RN
Similarly, [ [ V& + Vy&|d|P2|(y)dx — 2 [ [Va(2y)|d|P2|(y). Next, since f:=v—p €

RN RN RN
L', we have

//If(x)—f(y)lé‘s(x,y)dxdy=f/If(x)—f(y)lpg(x—y)oc(x+y)dxdy

RN RN RN RN
< llalloe / / 1) = FOloe(x — y) dydx
RN RN
— Jlalloo / / () = f(x — 1)]pe () didx
RN RN
— Jlelloo / Fu()dx — 0,
RN

by the fact that Fy(x) := f | f(x) — f(x —1)|pe(t)dt, and F, — 0in L'. Thus (4.13) leads to
RN

f 01(x) — 62(0))  a(2x)dx <2 / IVar(2x)]d|®1](x) + 2 / Va@pld®al(y).  (4.14)
RN RN RN

Take a sequence «,, € C° (RN) such that XB©O,n) < < XB©,n+1) and |Vay,| < C. Substituting

a, into (4.14) and letting n — +-00, using the finiteness of ®;, we get f O1(x) =6, (x)Tdx <0.
RN

Hence 6 < 6. Since 61 and 6, have the same role, we obtain 6y = 6,. O

Now, we give the proof of Lemma 4.3. Let us consider the Lipschitz continuous function
H.(r) .= min(r+/8, 1) foranyreR.

Proof of Lemma 4.3. Thanks to Proposition 4.16, we have 01,6, € LI(RN). Let us con-
sider the test functions & (x, y) 1= He(u1(x) —ua(y) + ep(x, y))é(x, y) where £ € C*° (RN x
RN), £ >0, pe C®°RY xR¥) and 0 < p < 1. For each y, considering £(., y) as a test func-
tion, we have

/ Ho(u1 (6) — ua(y) + £p (x, y))E(x. )61 (x) dx
RN
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D
+ 3 |(x) V@ |x (He(u1(x) —ua(y) +ep(x, y)E(x, y)) dP1](x)

RN

= / He(u1(x) —ua(y) +ep(x, y)&(x, y) (v — p)(x)dx.

RN

Integrating with respect to y, we get

/ /Ha(ul(x) —u2(y) +ep(x, y)&(x, )1 (x) dxdy

RN RN

f / )V (01 (3) = 120) e, YDECE ) AIDIWAY g 15,

RN RN

_ / / Ho(u1 () — ua(y) + £p (. y)E(. y) (v — ) (x)dedy.

RN RV
Similarly, applying for (67, @2, uz), we get
[ [ et = 20+ ety 0200 dye
RN RN

O]
+ / / o O)-Viouly (a1 () = 123) +ep(x, »IECH 3) di®2d0dx 45

RN RN

_ f / H (1 (x) — 13(3) + £p(x, y)ECE, y) (v — @) (y)dydx.

RN RN

From (4.15) and (4.16), we have

Ii(e) + I(e) + I3(g) =0, 4.17)
where
Ii(e) ;== / / He(u1(x) —uz(y) +ep(x, y))§(x, y)(01(x) — 62(y)) dxdy
RN RN

_ / / Ho(u1 () — ua(y) + £p (. y)E(, ) (v — ) (x)ddy

RN RN

+ f / Ho(u1 (6) — ua(y) + £p(x, y)EC. ¥) (v — ) (y)dxdy:

RN RN

Please cite this article in press as: N. Igbida, V.T. Nguyen, Optimal partial mass transportation and obstacle
Monge—Kantorovich equation, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.01.034




YJDEQ:9187
N. Igbida, V.T. Nguyen / J. Differential Equations eee (eeee) see—eee 27
b(e) == / / 3 I(x) Vid|x (He(u1(x) —u2(y) +ep(x, y)&(x, y)) d@1](x)dy;
RN RN

O
and I3(¢) := —/ / F;(y)-vm\,y (He (u1(x) —uz(y) +ep(x, y)§(x, y)) d|P2|(y)dx.
RN RN

Recall that
/ Vg(x)dx =0 forany g € Lip(RV) N C.(RM). (4.18)
RN

For short, in the following computation, we denote by H, := Hg(u1(x) — u2(y) + ep(x, y)) and

H]:= H(u1(x) — uz2(y) + €p(x, y)). Using the chain rule in Lemma A.1, we have

(e )—//m(x) (V& H, + Vi, ui HJE + eVipHJE)d| D |(x)dy

RN]RN
// () (6 + 9,0 He o (Vi s = Via(9) i
RN RN
- 6(Vap + V) HIE) |y (x)dy 4.19)
/ f 00 (V€ +9,) Hdl1 ()
RN]RN
/ / OO Yy HE D10
RN RN

where, in the second equality, we used (4.18) and the fact that £ € C2° (RN x RV) as follows:

//E(x) VyEHy — Vusr(y)HJE 4+ eVypHLE) d| P |(x)dy

RN RN

d
=/ﬁ(x>/vy (e (1 () — 2 (y) + £p(x. y))E(x, ¥)) dyd|1 | (x) =
RN

On the other hand,

/ / m(x)(vxp + Vyp) H. (u1(x) — ua(y) + p(x, y))Ed| 1] (x)dy

RN RN

/ / 1D, |(x)(vx:0 + Vyp)X [—ep<u;(x)—uz(y)<e(1—p)] Ed|cbl|(x)dy — 0.
RN RN

(4.20)
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Indeed, since @ gives no mass on the set [u; = u>(y)], for each y (using again Lemma A.1 (ii),
the non-degeneracy of F and the definition of solution for (P;)),

D
Fe(y) = f ﬁ(x)(vxp + Vy;O)X[fepSLn(x)fuz(y)fs(lfﬂ)]sdm)l [(x)
RN

D
m(x)(vxp + Vy:o))([m (x)=u2(y)]gd|q>1 |(x) =0;

RN
and moreover,
[Fe(0)] = / [(Vep + Vyp)l€d|®|(x) € L'RY).
RN
Using the Lebesgue Dominated Convergence Theorem gives (4.20). Next, by (4.19) and (4.20),
liminf/, > — f / | (Vi€ + V&) [d| D] (x)dy. 4.21)
RN RN
In the same way, we have
limginfl3 > —/ / | (Vxé + Vyé;‘) [d| D> |(y)dx. (4.22)
RN RN

Concerning [1(¢), we have the convergence in pointwise (x, y),

He(uy(x) —uz(y) +ep(x, y)) = Signg (u1(x) — u2(») + p (X, ¥) X[y ()= ()15

where

1ifr>0

Signg (r) = {o ifr<0

Since v — € L', then

Ii(e) —> / f(91(X) — 62(y)) (Signg (w1 (x) = u2(y)) + PO, V) Xy (0)=ua (1) & dxdy
RN RN

- / /((V — @) — (v = ) () (Signg (w1 (x) = u2()) + PO, V) Xy ()1=us (1) € dxedy
RN RN
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> / / (61(x) — B2(y)) (Signi (1 () — w2 () + P0E. ) Xar (ry—aa(oy1) & dxdy
RN RN

—//|(v—m<x>—<v—u><y>|s<x,y>dxdy,

RN RN
where we used the assumption 0 < p(x, y) <1 and therefore
Signd (u1(x) — ua(y)) + P, ) Xuy (x)=ua ()] < 1.
Now, by density, we can choose p(x, y) := Sign(J)r(Ql (x) — 62(y)), so that

liminf 1, (¢) = / / 61 (x) — B23)) & — / / 0= W) — 0 — WMIEC, y) dxdy.

RN RN RN RN
Combining this with (4.17), (4.21) and (4.22), we obtain Lemma 4.3. O
5. OMK equation vs active submeasures
5.1. Partial minimum flow problem
Recall that in the connection between balanced MK problem and the Monge—Kantorovich
equation the so called minimum flow problem is a key ingredient. For the PMK problem, the
definition of minimum flow problem, that we call here the partial minimum flow problem, as

well as its connection with the PMK problem are given in the following proposition.

Proposition 5.18 (Partial minimum flow problem). Let i1, v € M;‘ RN be compactly sup-
ported. For any m € [0, mp,x ], we have

min{K(o): 0 € Tm(u,v)} =max {D(A, u): (A, u) e RT x Lﬁp}

= min /F(x 3(x)) d|®|(x): (@,60°6") € Ui, v)
- ) |q)| . ’ ’ m ,bL, ’

(5.1)

where

Wi (i, v) = {(cb, 6°,0") € MpRY; RV) x MFRY) x My RY): 0°RY) = u(RY) —m,
'R =vRY)—mand —V - d=v—0'—(u—0° in D/(RN)].

The last minimization problem in (5.1) is called the partial minimum flow (PMF). We have an
immediate consequence.
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Corollary 5.19. If (®,60°,6') € Wn(w,v) is an optimal solution to the PMF problem and
09 <, 01 < v then py = pu —60° and py :=v — 0! are active submeasures of the PMK prob-
lem. Conversely, if po and p1 are active submeasures to the PMK problem then there is a vector
measure ® such that (D, 99, 91) = (D, u— pg, v — p1) is a solution to the PMF problem.

Note that we do not have any constraints of type ° < i or ! < v in the definition of the
PMF problem. However, following Theorem 5.20 and Proposition 4.16, these constraints are
automatically satisfied for any optimal solutions (P, 69, 61) whenever m € [(x AV)(RN), Mpay].
The case m < (1 A v)(RY) is not interesting for the optimal partial transport problem because
of the obviousness of solutions.

Proof of Proposition 5.18. The first equality has been shown in Theorem 2.4. Let us prove the

second equality. First, for any (A, u) € RT x L?IF and a triplet (®,0°,0') € W (u, v), using
Lemma 4.2, we have

/ud(v—u)+k(m—v(RN))=/ud(v—u)—k/d@l

RN RN RN
§/ud(v—,u)+/ud90—/ud01
RN RN RN
=/v|¢|u<x)3<x>d|d>|s/F(x,3<x>>d|<I>|.
J o] J el

This shows that

max{D(k, u): (A, u) e RT x L?,F}

< inf /F(x g(x)) d|®|(x): (@,60°6") € Un(i, v)
= ) |CD| . ’ ’ m l‘l’a

RN

Now, let (po, p1) be a couple of active submeasures for the PMK problem w.r.t. m. Thanks to
Corollary 4.17, there exists ® € My, (RY; RY) such that —V - & = p; — po and

D
/F(x»@(x))d|q’|=sup[/ud(m—PO)3M€LiPdf~»MZO}

RN RV
=min{K(0): 0 € Tm(po, p1)}.

Let us set
Gozzu—po and 6! =V —p.

Then (P, 6°,61) € W (i, v) and
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@ .
/ F(x, @(x))dlcbl =min{K(0) : 0 € Tm(po, p1)}

RN

— . + A
=max {D(A,u): (h,u) eRT x L} }. O
5.2. Link between the OMK equation and the PMK problem

The connection between the OMK equation and the PMK problem appears when we deal
with the extremal condition between the PMF problem and DPMK problem. Roughly speaking,
the optimality condition in the duality of the DPMK and PMF problems corresponds to (P;) for
some A.

Theorem 5.20. Let i1, v € M;(RN ) be compactly supported.

(1) Given m € [0, mpyax ] and a solution (P, 09, 9]) to the PMF problem and (., u) is a solution
to the DPMK problem. Setting 0 := 0! — 69, the triplet (0, ®, u) is a solution to the OMK
equation ( Py,). Moreover, 0T =0 and 6~ = 6% ifm > (u A v)(RV).

(i1) Given . >0 and (0, ®, u) a solution to the OMK equation ( Py ). Then (A, u) is a solution to
the DPMK problem corresponding tom = (u — 07)YRN) and (&, 09, oYy :=(®,0-,0)is
a solution to the associated PMF problem.

Proof. (i) From the optimality of (P, 09, 491) and of (A, u), using Proposition 5.18, we have

P

fud(v—u)+x(m—v<RN)>=/F(x,@(x»dm

RN RN
or

/ud(v—u):/F(x,%(x))d|®|+kfd91.

RN RN RN

Thanks to Proposition 4.13, we have that u and (®, 0% 01) are solutions for the duality (4.1).
Using Proposition 4.15, we have that (6, ®, u) is a solution to the OMK equation (P;). Now, let
us show that 67 = 6! and 6~ = #° for the case m > (w A V)(RN). We divide into two cases: If
m = (u A v)(RY), then the total cost of the associated optimal partial transport problem is zero.
This implies that ® =0 and 6 =0 -0 =v—pu=v—pAv-— (u — i A v). By the Jordan
decomposition, we have

9+=v—,u/\\1§91 and 07=u—u/\v§90.
Using the constraints on the total mass of 60 and of 6!, we obtain
9+=v—,u/\v=91 and 97=M—MAv=€O.

If m > (u A v)(RY) then A > 0 and the conclusion follows from Proposition 4.15.
(i1) The proof is similar to the one of Proposition 4.15 (ii) with the use of the duality (5.1). O
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We are now ready to give the proof of the connection between active submeasures and solu-
tions 8 of the OMK equation.

Proof of Theorem 2.8. First, let 9, be a solution of the OMK equation (P). Thanks to Proposi-
tion4.16,0 < u—06, <pand0<v —9;' < v. Then, using Theorem 5.20 (ii) and Corollary 5.19,
we deduce that pp :=u — 0, and p; :=v — 9):" are active submeasures.

Conversely, letm € [(1 A V)(RY), mpyax ] and (po, p1) be a couple of active submeasures. Let
(Am, um) be a solution of the DPMK problem. Thanks to Corollary 5.19, there exists a flow &
such that (&, u — po, v — p1) is a solution of the corresponding PMF problem. And, thanks to
Theorem 5.20 (1), 6y, :=V — p1 — i + po is a solution of the OMK equation (Py,,) and

0 =v—pi, 6, =p—pp. O

Thanks to the above connection, let us give the proof of the uniqueness of active submeasures
by using the result of the OMK equation.

Proof of Corollary 2.9. Assume that (pg, p1) and (19, n1) € Suby (1, v) are two pairs of active
submeasures. We will show that pg = 19 and p; = n;. Let Ay > 0 be fixed such that

Am € arg max {max {D(k, u) :ue L?,F}] .
>0 u

Let 01, 6> be Lebesgue functions with negative and positive parts defined by
0 =v—p1, 0 =un— po,
and 6 =v—n1, 6 =p—no.
Thanks to Theorem 2.8, 61 and 6, are solutions to the same OMK equation (Py,,). So, using the
uniqueness in Theorem 2.7, we deduce that 6; = 6, and that 6;” =6, , 8]+ = 92+ . This implies
that po =no and p1 =n;. O

6. Monotonicity

In order to study the maps m and R defined in Section 2, we study the monotone and contin-
uous dependence of the solution 6, of the OMK equation (P, ) on the parameter A.

Proposition 6.21 (Monotonicity and continuity of 0,). Let w,v € M;f RNY be compactly sup-
ported and absolutely continuous. Let (0,, ®,, u,) be a solution to the OMK equation ( Py).

(i) Let 0 < Ay < A2 and 6,,,0,, be solutions to the OMK equations (Py,) and (Py,), respec-
tively. Then

9;1 39;2 and 6;, > 6, .

(i1) If a nonnegative sequence A, — X then 0,, — 0 strongly in L'®RM).

Please cite this article in press as: N. Igbida, V.T. Nguyen, Optimal partial mass transportation and obstacle
Monge—Kantorovich equation, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.01.034




YJDEQ:9187

N. Igbida, V.T. Nguyen / J. Differential Equations eee (eeee) see—eee 33

Lemma 6.4 (Monotonicity of total mass). For any ) > 0, let 0) be the solution of the OMK
equation (Py) and m;, := (11 — 0, )(RY) = (v — ;")) (RN). If 0 < A < Ay then

(L AVRY) <my, <my, < Mgy
Proof. Thanks to Proposition 4.16, we see that u Av < p— 6, and therefore (1 A v) (RM) <my,.
Since © — 6, <u and v — 9; < v, we have m;, < my,x. For the monotonicity, due to Theo-

rem 5.20, (A1, u;,) and (A2, u;,) are solutions to the DPMK problem w.r.t. m;; and m;,. By
optimality, we have

[ 100 = s, = 0@ = [ 00 = 0+ a0V,
and
[ a0 = 0 sy < 0@ = [0 = 0+ 1y~ 0@V
Adding both sides, we obtain
Army, + Aomy, > domy, + Ajmy,,
or
(A2 —Ap(my, —m,, ) >0. O
To prove Proposition 6.21, we use the following result whose proof is given in [6].

Theorem 6.22. (/6, Theorem 3.4]) Let Fg;n be the set of optimal transport plans of the mass
m > 0. There is a curve m € [0, min{||u|[ 1, V]| p1}] — y™ € Fg;,t along which the left and

right marginals y™%¢ dominate those of y™ whenever & > 0.

Proof of Proposition 6.21. (i) Set m; :=m;;, > (u A V)(RN),i =1,2. Since A; < A, and
Lemma 6.4, we have m; < my. Thanks to Theorem 6.22, there exist pairs of active submea-
sures (pé‘i , pi” ) corresponding to the mass m;, i = 1, 2, such that

s
Py < pg* and pi' < py?. ©6.1)

By Theorem 5.20 (ii), (A1, u;,) is a solution to the DPMK with mass my. Set 6 :=v — ,01M —

uw—+ ,03‘ . By Theorem 5.20 (i), there is @ such that (8, ®, uy,) is a solution to the OMK equation
(Py;). Due to the uniqueness in Theorem 2.7, we get

A A
O =0=v—p' —p+p;.

Following the proof of Theorem 2.8, we obtain

_ 2 2
0y, =1 —py' and Q;l:v—pll.

Please cite this article in press as: N. Igbida, V.T. Nguyen, Optimal partial mass transportation and obstacle
Monge—Kantorovich equation, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.01.034




YJDEQ:9187

34 N. Igbida, V.T. Nguyen / J. Differential Equations eee (eeee) see—eee

In the same way, we have
—_ A + A
0,,=n—py> and 0,0 =v — p;*.
Combining these with (6.1), we get 6/\_1 > 0;2 and 9){"1 > 9;’2.

(ii) Since 6’;" <u, 0;; < as in Proposition 4.16, we have that |6, | < pu+v € L' and there-
fore {6;,} is equi-integrable. By Dunford—Pettis theorem, up to a subsequence, 6;, converges
weakly to some 6 € LY(RY). Now, let us show that 6 is a solution of the OMK equation (Py).
Once this is done, by the uniqueness in Theorem 2.7, we deduce that 6 = 6, and thus the whole
sequence 8;, — 0; weakly in L'(RY). By the non-degeneracy of F and the definition of solu-

tion for the OMK equation (P;,,), it is clear that {u;,} is bounded and equi-Lipschitz; and that
{®,,,} is bounded in M(RY; RY). So, up to subsequence,

u;, — u uniformly on each compact subset of RV,

and

®;, — ®  weakly* in M,(RY; RV).

Let us show that (0, ®, u) is a solution to the OMK equation (Py). First, it is clear that u € LAF,

/ud@fz lim [ u;,do, =0,

An—A
and
/(u —2)dét = lim /(u;w — Ap)do =0.
In—>A n
Moreover,
[ . (D)n,, 00 N
§do+ | —V&Ed|®|= lim [ £d6,,+ VEd|D;, | = | §d(v—p) VE € CF(RY),
|| A=A |, |

which implies that
06—V -®=v—pyu in D'RY).

It remains to check that %I X)Vipulx) = F(x, % (x)), |®P|-a.e. x in R¥ . Thanks to Lemma 4.2,
this is equivalent to

P

/ Fx, ()] < / %(x)v@m(x)dm 62)

RN RN

Since ®;, — ® weakly* in M,(RY; RY), we have (see e.g. [2, Theorem 2.38])
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o [
/F(x,—(x))d|<l>|§liminf/ Fx, =22 (x))d| Dy, |. 6.3)
|D| hn—> A | D), |
RN RN
On the other hand,
. D), . D,
1 F(x, o do, |=1 —=V d|®
Jim [ G s, | = i, [ Ve, i, dI,|
RN
= lim [ uy,d(v —,u)+/uxnd9,\n 6.4)
An—A

=fud(v—u)+/ud9= %(x)v|¢|u(x)d|d>|.

From (6.3) and (6.4), we deduce (6.2). We have just proved that 65, — 6; weakly in L' (R"). At
last, by the monotonicity of the first part, we deduce the strong convergence in L'(RY). O

Proof of Theorem 2.10. The fact that my, € [(u A V)(RY), myax] and the monotonicity of my,
are given in Lemma 6.4 while the continuity of m;, follows from the continuity of 8;. Let us
show the surjectivity of m,. Fix any m € [(u A V)(RY), myax]. Let (po, p1) be a couple of active
submeasures w.r.t. m. Take A := A, as in Theorem 2.8 (ii), then m; = m.

Now, for the properties of R, the proof follows again from Theorem 2.8 and Proposi-
tion 6.21. O

Appendix A
In this section, we prove a chain rule for the tangential gradient which was used in the paper.
Lemma A.1 (Chain rule for the tangential gradient). Let n € M;(RN ) and u be a Lipschitz

continuous function defined on RN . Let G be a Lipschitz continuous function on R such that the
set of non-differentiable points of G is finite. Then

VyG(u)(x) = G/(u(x))Vnu(x), for n-a.e. x, (A.1)

where G'(u(x)) is the usual derivative with convention G’ (u(x))Vyu(x) =0 if Vou(x) =0 even
G is not differentiable at u(x). In particular, we have

@) anﬁ' = Xu>01Vyut and Vyu~™ = — X[u<01Vylt, n-a.e. in RN
(i) Vyu =0, n-a.e. on the set [u =c]:={x € RN :u(x) = c} for any constant ¢ € R.

Proof. 1. Let us first assume that G is continuously differentiable. To prove (A.1), it is enough
to show that

/ V,G(u) - ®dn = f G/(u)Vnu - ddn,
RN RN
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for every @ € L})(RN; RY) such that ®(x) € T,(x),n-ae. x € RV, where T;,(x) is the tangential

space w.r.t. 1) (see [4,5,17]). Let u, € C*°(R™) be the regularization of u by convolution. Since
u and G are Lipschitz, we have that u, and G o u, converge uniformly to # and G o u on R,
respectively. Thus (see e.g. [17, Proposition 4.5]) V,u, and V, G (u,) converge weakly* to V,u
and V,,G (u) in Ly°(RN; RY), respectively. Since ®(x) € T, (x) , n-a.e. x € RV, we have

/ V,Gw) - ®dn = lim / VG (ug) - @ dn
e—0
RN RN
= lim / VG(ug) - odn
e—0
RN
= lin}) G'(ug)Vu, - &dn
& ]RN
=lim | G'(us)Vyue - ®dn= / G'(u)Vyu - dn.
e—0
RN RN

This gives the result (A.1) whenever G is continuously differentiable by taking
®=V,G(u) — G/(u)V,]u.

V242 —¢ ifr=0

For (i), consider the function G (r) := ) . Then G, is continuously dif-
0 if r<0

ferentiable and Lipschitz on R. Thus we have

/VnGg(u)~¢>dn=/G;(M)Vnwcbdn: / Vyu - ®@dn

RN RN {[u>0]

u
Vu? + &2
}
for every ® € L%(]RN; RY) such that ®(x) € T, (x) for n-a.e. x. Letting ¢ — 0, we obtain
f Vnu+.d> dn= / Vyu.®dn = / X0 Vyu. @ dn.

RN {{u>01} RN

The proof of the positive part ends up by choosing ® := V,u™ — x[u=0)Vyu. A similar proof is
done for the negative part. For (ii), we can assume that ¢ = 0. The proof follows from

Vyu = V,,u+ —Vyu.

2. Now, let us deal with a general Lipschitz function G satisfying our assumptions. Let us call
{r1,72, ..., ra} the set of non-differentiable points of G and set open subsets ; :=u~"'(R\ {r;})
n

and © := (1) ;. In this case, since u is a constant on the set RN \ Q;,i =1,...,n, we have
i=1
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VyGu)(x) = G/(u(x))V,,u(x) =0 for n-ae. x € RY \Q;,i=1,..,n.
It remains to verify that
VyGu)(x) = G/(u(x))V,,u(x) for n-a.e. x € Q. (A.2)

Let us assume that 2 # ¢ (if not, there is nothing to prove). Let G, be a smooth approximation
of G by convolution. Let ® € L,li(RN; RM) be such that ®(x) =0 for n-a.e. x in RV \ . Then

anG(u)QJdn:lirr%)/VnGg(u)¢dn
RV RN

= lirr%) G, (u)Vyuddn
E—>

RN

= é?ll_r)r%)/ G;(u)Vnucbdn (since ®(x) =0, n-a.e. x in RV \ Q)
Q

= / G'(u)Vyuddn,
Q

where we used the Lebesgue Dominated Convergence Theorem. Next, choosing
®=V,Gu) — G (u)Vyu
as a test function, we obtain (A.2). O
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