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Abstract

We verify the 3-dimensional Glassey conjecture for exterior domain (M, g), where the metric g is asymp-
totically Euclidean, provided that certain local energy assumption is satisfied. The radial Glassey conjecture
exterior to a ball is also verified for dimension three or higher. The local energy assumption is satisfied
for many important cases, including exterior domain with nontrapping obstacles and flat metric, exterior
domain with star-shaped obstacle and small asymptotically Euclidean metric, as well as the nontrapping
asymptotically Euclidean manifolds (R", g).
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to show how integrated local energy estimates for certain linear
wave equations involving asymptotically Euclidean perturbations of the standard Laplacian lead
to optimal existence theorems for the corresponding small amplitude nonlinear wave equations
with power nonlinearities in the derivatives. The problem is an analog of the Glassey conjecture
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in the exterior domain, see Hidano—Wang—Yokoyama [11] and the references therein. In partic-
ular, for spatial dimension three, we prove global existence of small amplitude solutions for any
power greater than a critical power, as well as the almost global existence for the critical power.
The critical power is the same as that on the Minkowski space. On the other hand, for dimension
four and higher, the current technology could only apply for the radial case, and we obtain exis-
tence results with certain lower bound of the lifespan, which is sharp in general. The non-radial
case is still open, even for the Minkowski space, when the spatial dimension is four or higher.

Let us start by describing the asymptotically Euclidean manifolds (M, g), where M = R"\KC
with smooth and compact obstacle K and n > 3. Without loss of generality, when C is nonempty,
we assume the origin lies in the interior of C and IC C By = {x € R" : |x| < 1}. By asymptotically
Euclidean, we mean that

n
2=280+81(") +g2x), g = gij()dx'dx/ = Y gij(x)dx'dx/ (H1)
i,j=I

where (g;;) is uniformly elliptic, (go,;j) = Diag(1, 1, ---, 1) is the standard Euclidean metric, the
first perturbation g is radial, and

DO 2DV gy Lo (an ST Ve (HLI)
ijk 120

Here, Ag = {|x| <1}, A; = {21_l <|x| < 21} for I > 1, and we say g is radial, if, when writing
out the metric g, with g» = 0, in polar coordinates x = rew with r = |x| and w € S"~1, we have

g =280+ g1 =81 (dr* + gn(r)rido.

In this form, the assumption (H1.1) for g is equivalent to the following requirement

> 2RV @ — 1, g2 = Dllzeap ST Ve (H1.2)
>0

When g = go + §(g1 + g2) with sufficient small parameter §, we call it a small perturbation.
Notice that this sort of assumption and its role in local energy estimates seems to have started
with Tataru [34] for Schrodinger equations and Metcalfe—Tataru [23] for wave equations. See also
Tataru [35], Metcalfe-Tataru—Tohaneanu [24] for similar assumptions regarding the interaction
with rotations.

We shall consider Dirichlet-wave equations on (M, g),

Ogu= (32— Agu=F, xe M,t>0
u(t,x)=0,xedM,t >0 (1.1)
u(0, x) = ¢(x), 0 u(0, x) = ¥(x),

where A, is the Laplace—Beltrami operator associated with g.
Now we can state the local energy assumption that we shall make

Hypothesis 2. For any R > 1, we have

10w, )l 2125y < CUBl 1+ 1912 + 1 F Il 22), (H2)
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for any solutions to (1.1) with data (¢, ¥) and the forcing term F(¢,x) vanishes for |x| > R.
Here 9 = (9;, V) is the space—time gradient, and the constant C may depend on R.

Let us review some important cases where the assumption (H2) is valid. First of all, when
g1 = g2 =0, it is true for any nontrapping obstacle K. In which case, we have

1@u (), u()ll 2z = @Sl g1 + 11l 2)

with oe(t)g(t)_("_l) € Lt1 N Ltz, for any homogeneous solutions to (1.1) with data (¢, ) sup-
ported in Bgr. See Melrose [ 18], Ralston [26] and the references therein. For the case where g is a
compact perturbation of go, and M is assumed to be nontrapping with respect to the metric, one
also has (H2) for the Dirichlet-wave equation for all n > 3 (Taylor [36], Burq [2]). For general
nontrapping asymptotically Euclidean manifolds without obstacles, it is also known to be true
(Bony—Hifner [1]), at least when (H1.1) is replaced by

Vg kIS ) 1178, Y "2l v gy el Lo ap ST, (HL1")
>0

for some & > 0, where (x) = /1 + |x|2. At last, it is known from Metcalfe-Sogge [21] and
Metcalfe—Tataru [22] that we still have (H2), if g is a small asymptotically Euclidean metric
perturbation, and the obstacle is star-shaped (thatis, C={ro: 0 <r <y(w) <l,w € S”’l}, for
some smooth positive function y).

Having described the main assumptions about the linear problem, let us now turn to the non-
linear equations. Let n > 3, p > 1, we consider the following nonlinear wave equations,

Ogu = a(u)|drul? + Z'}zl ajw)|ojul? = Fp(u, du), xeM
u(t,x)=0,xeoM,t >0 (1.2)
u(0,x) = ¢ (x), 9u(0, x) = ¢ (x),

for given smooth functions a and a;, as well as the radial problems (with g =0, K = B))

Ogu =aloul? +b|Vul|? = G, (u, du), x € M
u(t,x)=0,|x|=1,t>0 (1.3)
u(0,x) =¢(x), 0u(0, x) =¥ (x),

for given constants a, b. When /C is empty, it is understood as a Cauchy problem in (1.2).

For such problems posed on the Minkowski space, it is conjectured that the critical power p
for the problem, to admit global solutions with small, smooth initial data with compact support
is

pe=1+ n—1

in Glassey [7] (see also Schaeffer [28], Rammaha [27]). The conjecture was verified in dimen-
sion n = 2, 3 for general data (Hidano-Tsutaya [9] and Tzvetkov [37] independently, as well as
the radial case in Sideris [29] for n = 3). For the radial data, the existence results with sharp
lower bound on the lifespan for any p € (1,1 + 2/(n — 2)) was recently proved in Hidano—
Wang—Yokoyama [11] (see also Fang—Wang [6] for the critical case n =2 and p = 3), which
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particularly verified the Glassey conjecture in the radial case. On the other hand, for any spatial
dimension, the blow up results (together with an explicit upper bound of the lifespan) for (1.2),
with Fj,(u, d;u) = [0,u|” and p < p., were obtained in Zhou [40], Zhou—Han [41] when g is
a compact metric perturbation. Recently, in [38], the author extended the existence results in
[9,37,11] to the setting with small space—time dependent asymptotically flat perturbation of the
metric on R” with n > 3, as well as the three dimensional nontrapping asymptotically Euclidean
manifolds.

We can now state our main results. The first result is about the problem (1.2) with general
data, which verify the 3-dimensional Glassey conjecture in exterior domains, with asymptotically
Euclidean metric perturbation, under the local energy assumption.

Theorem 1.1. Let n = 3, K be empty or smooth and compact obstacles, and p > 2. Consider
the problem (1.2) on (M, g) satisfying (H1) and (H2). There exists a small positive constant &,
such that the problem (1.2) has a unique global solution satisfying u € C([0, 00); Hg(M)) N
C1 ([0, 00); H*(M)), whenever the initial data satisfy the compatibility conditions of order 3,
and

DIV D% (Vo )l 2y =€ < 0, 161l 12y < 00 (1.4)

o] =<2

Moreover, when p = 2, there exists some c > 0, so that we have unique solution satisfying u €
C([0. TeJ: HR(M)) N C ([0, Te]; H* (M), with T, = exp(c/e).

The almost global existence result in the case p = 2 corresponds to the semilinear version
of the John—Klainerman theorem [13] in R3 (see Wang—Yu [39] and the references therein for
recent related work for asymptotically Euclidean manifolds), as well as the seminal work of
Keel-Smith—Sogge [14] for nontrapping obstacles. Notice that we have considerably improved
the required regularity.

Here, by the compatibility conditions of order 3, we mean that

¢x)=0,¥(x)=0,A¢+ Fp(¢,¥) =0 (1.5)

for any x € 9 M. In general, we see from Eq. (1.2) that, formally, there exist @ such that

O u(0, x) = OL (I, Jr_1¥)

for x € M, where Ji f = V=K f = (Ve f )a|<k- Then the compatibility conditions of order k + 1
is precisely ®;(Jj¢, Jj_1¥)(x) =0 for any x € M and 0 < j < k. Similarly, for Eq. (1.1),
formally, there exist &Jk such that

3 u(0, x) = O (Jkd, Je—1¥, k-2 F)

for x € M, where JiF(x) = 3=KF (0, x). Then the compatibility conditions of order k + 1 is
precisely d~>j(Jj¢, Jji—1¥,Jj2F)(x)=0forany x € 9M and 0 < j < k.

In particular, as special cases, we have the following corollaries, for which, as we have
recalled, it is known that we have (H1) and (H2). See [1,18,26] and Lemma 3.1 for the cor-
responding local energy estimates.
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Corollary 1. Let M = R3 and g be a nontrapping asymptotically Euclidean perturbation of the
flat metric (H1) with (H1.1")), then the 3-dimensional Glassey conjecture is true.

This recover Theorem 1.1 in [38] for the case of asymptotically Euclidean manifolds. Notice
that we have also slightly relaxed the metric assumption.

Corollary 2. Let n = 3, g = go and K be empty or a nontrapping obstacle, then the Glassey
conjecture is true.

Corollary 3. Let g be a small, asymptotically Euclidean perturbation of the flat metric, and K
be a star-shaped obstacle, then the 3-dimensional Glassey conjecture is true.

Turning to the problem (1.3) with radial data, we have long time existence of the radial solu-
tions, in spirit of [11], where the lower bound of the lifespan is sharp in general [40,41].

Theorem 1.2. Let n >3, p> p.=1+4+2/(n — 1), K= By, g0 =0, (M, g) satisfying (H1)
and (H2). Consider the problem (1.3) with radial data, there exists a small positive constant &,
such that the problem has a unique global radial solution satisfying u € C([0, 00); H[z) (M)) N
C([0, 00); HY(M)), whenever the initial data satisfy the compatibility conditions of order 2,
and

Z IVE(VE, Wl 2y = & < €0, 191l L2a1) < 00 (1.6)

la|<1

Moreover, when p < p., there exist some ¢ > 0, so that we have unique radial solutions sat-
isfying u € C([0, T,1; H3(M)) N C'([0, T,1; H'(M)), with T, = exp(ce'~P) for p = p. and
T, = ce2p=D/I=D(=D-2 for | < p < p,.

Remark 1. The smallness assumption (1.6) on the initial data could be weakened to be of “mul-
tiplicative form”, asin [11].

As before, it is clear that Theorem 1.2 applies for the flat or small asymptotically Euclidean
metric, in the domain exterior to a ball.

Corollary 4. Let g be a small, radial, asymptotically Euclidean perturbation of the flat metric,
and K = By, then the radial Glassey conjecture is true, for dimension n > 3.

Remark 2. Comparing the current Theorem 1.2 with Theorem 1.1 in [11], we do not need to
assume p < 1 4+2/(n —2), which, in R”, is partly due to the H? regularity. The reason, for us to
avoid the restriction in the case of exterior domain, is that we have the radial Sobolev embedding
H! c L™ (see Lemma 2.1), which is not valid in R".

As in [11] and [38], one of the main ingredients in the proof is the local energy estimates
with variable coefficients, in spirit of [21,10]. The local energy estimates first appeared in
Morawetz [25], which are also known as the Morawetz estimates. By now there are exten-
sive literatures devoted to this topic and its applications, without being exhaustive we mention
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[33,16,30,14,2,15,32,12,20,21,23,8,31,24,35,17]. Based on (HI) and (H2), we could prove the
following version of the local energy estimates. See (1.14) for the notations.

Theorem 13 Let (M, g) satisfying (H1) and (H2), then for' any solutions to (1.1) with
(¢, ¥, F) € H), x L2 x (LE* + L!L?), we have u € C([0, 00); H},(M)), and

lullLene IOl + 12 + IF L gy g2 (1.7
To prove the existence results, we need the following higher order local energy estimates,

Proposition 1.4 (Higher order local energy estimates). For (M, g) satisfying (H1) and (H2),
there exists R > 4 such that, we have

lullegenee S ) 1OV, D% (Yo, ¥ll2 + 1Z°Fll ey g1 12

o] <k

+ D NZTVFO,0) 2 + 107 Fll poon2) 12 5y (1.8)
lyl<k—1

for any solutions to (1.1) satisfying compatibility condition of order k + 1. Here and in what
follows, Br means {x € M : |x| < R}.

For the existence results with p < p., we will also require a relation between the KSS type
estimates [14,12,21] and the local energy estimates. Basically, it is known that, the local energy

norm, together with the energy norm, could control the KSS-type norm, see, e.g., [14,19,21] and
[38] Lemma 3.4. Moreover, a dual version also holds, see e.g., [23].

Lemma 1.5. For any 1 € [0, 1/2), there are positive constants Cy, and C, independent of T > 2,
such that

10wl o122 )+ I~ el g2 ) < CONT) 2 llullLeneqo.rrem, (1.9)
180l 2 g2 g2y + ™l g2 g2y < CuT V27 ullLEnEGo. 710 - (1.10)
Moreover, we have

1L ge sy 120 i < CONTY2IF a2 o, (1.11)
||F||LE*+L1TL§([0,T]xM) = CMTI/Q_M”FHIQ‘(L?TL%)' (1.12)

Here we use LqT to stand for L?([O, T)).
This paper is organized as follows. In the next section, we recall some Sobolev type estimates,
in relation with trace theorem and Hardy’s inequality. In Section 3, we give the proof of the
local energy estimates, Theorem 1.3 and Proposition 1.4, based on (H1) and (H2), as well as a

relation between the local energy estimates and KSS type estimates, Lemma 1.5. In the fourth
section, we give the proof of the three dimensional Glassey conjecture, following the approach
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of [11,38], adapted in the setting of exterior domains. In the last section, we prove the radial
Glassey conjecture.

1.1. Notations

Finally we close this section by listing the notations.

e A<B means that A < C B where the constant C may change from line to line.

o (X0, x', ..o, x") = (r,x) e R"*" and 9; = 3/dx%, 0 < i < n, with the abbreviations d =
(80,01, ++, 3p) = (0, V). 0¥ = 0" - -- 9™ with multi-indices o, B € ZTI. The vector fields to
be used will be labeled as

Y= (Ylv Tt Yn(n+l)/2) = (V, Q)v Z= (atv Y)
with rotational vector fields 2;; = x;0; — x;0;, 1 <i < j <n. Sometimes, we use Z =k to denote
(Z%) | <k-

e With the Dirichlet boundary condition, we define H 5 (M) as the closure of f € C(‘)’o(M ),
with respect to the norm

1A gy ony = IV Fll2qany-

When M =R", H'! means the closure of Cg" with respect to the H! norm.
e The space lj]'(A) (1 <g < o0) means

lluellzs cay = I1(Pj )ulr, x)) 15 a) = |l (IIZqu)j(X)M(t,X)HA) iz

for a partition of unity subordinate to the (inhomogeneous) dyadic (spatial) annuli,
> i=0 Pj (x) = 1. Typical choice could be a radial, nonnegative ®o(x) € C3° with value 1 for

|x| < 1,and O for |x| > 2, and ®;(x) = ®(27/x) — (2! 7/x) for j > 1.

e || - |lE, is the energy norm of order m > 0,
leell £ = luell £y = 100l p 2y sarys NllE, = D 12 2 (1.13)
loe|<m
Also, we use || - || to denote the local energy norm

lellie = 00ull,212; 210 @ pry TN/ 72021200 @ sy (1.14)

On the basis of the local energy norm, we can similarly define |lu||.g,, and the dual norm
LE* =1, L2L2R, x M).

o llull x4y = infy=y,u, (lurllx + lluzlly)

o For fixed R > 1, let B(x) = ®o(x/R) € C3° such that § =1 for |x| < R and vanishes for

|x| > 2R. Based on §, we set B1(x) = B(x/2), B2(x) = B(2x),

g§=pB4x)g0+ (1 —B(4x))g = go + (1 — B(4x))(g1 + 82). (1.15)
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which agrees with g for |x| > R/2 and g¢ for |x| < R/4. Notice that for these functions, we have

A=pA=p)=1=p1,0,0—Bu=0z(1—Pu, O;(1 — f)u=0z(1 — 2)u.
2. Sobolev-type estimates
In this section, we recall several Sobolev type estimates in relation with the trace theorem and
Hardy’s inequality. At first, we have the following trace theorem (see Lemma 2.2 in [11], (1.3),
(1.7) in [5] and the references therein)
Lemma 2.1. Let n > 2, then
Ir® DR uro)l 2 Slull 2z + 1Vl 20050 - 2.1)

We will also need the following variant of the Sobolev embeddings.

Lemma 2.2. Letn > 2. Foranym e R and k > n/2 —n/q with q € [2, 00), we have

”<r>(n_l)(l/2_l/q)+mu||Lq(M)§ Z ||(l’>mYau||L2(M). (22)
la|<k
Moreover, we have
I oS D> ™Y ull 2y (2.3)
la|<[(n+2)/2]

where [a] stands for the integer part of a.

When M = R", it is precisely Lemma 2.2 in [38] (see also Lemma 3.1 in [17]). For the
exterior domain, the estimates follow from a simple cutoff argument and the classical Sobolev
embedding.

When dealing with (1.2), we need to have a local control of u, from Vu, which is achieved by
the Hardy inequality.

Lemma 2.3 (Hardy’s inequality). Let n > 3 and M = R"\KC with smooth and compact K. Then
foranyu e Hé(M), we have

/7l 200y SUV I 201y - (2.4)

Proof. It is classical, see e.g., Colin [4], Chabrowski—Willem [3]. For reader’s convenience, we
give an explicit proof in the case of star-shaped obstacle here. By density, it suffices to prove
(2.4) foru e C8° (M). For this case, we have

o o
1
/ lu/r>r"tdr = — u?d,r"2dr
n—
¥ (@) Y ()
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@]

1 o 2
= u*r"2 — / r"2ud, udr
n—2 r=p@) N2
Y (@)
, -~ 2 /0 1/2
<— / lu/rPr"~dr / BeulPr"tar |,
n—2
(w) (w)
which, after integrating with respect to w, yields (2.4). O
As a direct consequence, we have
Proposition 2.4. Let n =3 and u € Hll) (M) N H3(M), we have
lullzoon S D IV ull 20ary- 2.5)

la|<1

Proof. Since I C B; and R > 1, we can view (1.— ,B)y as a function in R”. By the Sobolev
embedding H>(M N Byg) C L°(M N Byg), and H' N H?> ¢ L>®(R"), we have

llell Looary < Nl BullLoe(mnB,g) + 111 — B)ull Loorr)

SBullg2mung,gy + 11— Bull g2 e

Sl p2unpyg) + Z IVV@ull 20

| <1

<Y IV ull 2y

<1
where we used Hardy’s inequality in the last step. O
3. Local energy estimates

In this section, we give the proof of the local energy estimates, Theorem 1.3 and Proposi-
tion 1.4, based on (H1) and (H2). In addition, we prove Lemma 1.5.

3.1. Local energy estimates with variable coefficients

To begin, let us recall local energy estimates with variable coefficients, which are essentially
obtained in [21,22] (see also [23,10,11,39] and [38] Lemma 3.1).

Lemma 3.1. Let n > 3 and M = R". Consider the linear problem Ogu = F with g(x) = go +
Sh(x) satisfying

DO 20k il Lo an <1 Var.
jk 10
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Then there exists a constant 8y, such that for any 0 < § < &y, we have the following local energy
estimates,

el eS8l 2 + 1N gy p 12 (3.1)
In addition, the same results apply for solutions to (1.1), when M = R"\IC with star-shaped K.
Notice that by the assumption, we have
Og=0-— r(l)](x)Bl-Bj + r{(x)aj,

where ||3“V0(x)||lla\LooN3 ||8“r1|| fat+ <34, for all @. With this observation, the case M = R”"

LOO ~
follows from [2%] In the case of star-shaped obstacle, we need only to observe further that the
boundary term will be of favorable sign and can be disregarded, see [21,22]. We omit the details
here.

3.2. Local energy estimates in exterior domain

With Lemma 3.1 at hand, we could give the proof of Theorem 1.3. First of all, by Duhamel’s
principle, it suffices to prove

lullLeneSIl g + 1l 2 + IF e (3.2)

for solutions to (1.1). We divide the proof into three steps: controlling the local part, the local
energy, and the energy.

3.2.1. Controlling the local part

At first, we notice that it is possible to choose Ry > 4 large enough such that, g, as defined in
(1.15), satisfies the condition in Lemma 3.1 for any R > Ry. As a consequence, we have

lullzeneSI0u©) 2 + 1050l pr 12 (3.3)
Now, we define u; as the solution of the Dirichlet-wave equation with data (81¢, 81¥) and

forcing term 81 F, and up = u — uj.
For u1, we have trivially

1@ur, ull 2028y SIB1GNr + 1B1¥ 2 + 1B Fll 22 SIPN g1 + 1V M2 + 1 FllLex, (34)

by (H2) and the Hardy inequality (2.4).
To estimate u;, we introduce u( as the solution of the Cauchy problem in R"

Oguo = (1 = B1)F,uo(0,x) = (1 — B¢, duo(0, x) = (1 = B1)y.
For ug, we know from (3.3) that,

luollLe SNl 1 + 19 ll2 + IFlLEs- (3.5)
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Now, similar to [30], let w = uy — (1 — B)ug, noticing that

Ogl(d — Bluol = Og[(1 — Puol = (1 — f)Oguo + [Ag, Bluo = (1 — BOF + [Ag, Bluo,
it is easy to see that
Ogw =B, Azlug, wlpm =0, w(0,x) =0, d;w(0,x) =0

due to the support properties of K, 8. Noticing that [, Az]ug is supported in |x| < 2R, we could
apply (H2) to obtain

1@w, w2125y SN Agluoll 2,2 Slluol - (3.6)
Recalling u = uj +uy =uj + w+ (1 — Buog, (3.4)—(3.6), we arrived at

1@, 202 gy SNDN gy + 11122 + I Fll e 3.7)
3.2.2. Controlling the local energy

Turning to the full local energy estimates, we divide u into Bou + (1 — B2)u. For (1 — Bo)u,
due to the support property, and g agrees with g for |x| > R/2, we observe that

Oz;(1=Bu=0(1 - Blu=(1—B)F +[Ag, B2]u.

Viewing (1 — B2)u as a solution of the Cauchy problem, we get from (3.3) that

lullLe < WBaullLe +11(1 = BullLe
S8 = B)u(O) 2 +11(1 = B2 FllLee + 1@t )] 22 5

There, applying (3.7), we get

luleeSiolgy + ¥l + I FllLes (3.8
which is the local energy part of (3.2).

3.2.3. Controlling the energy
It remains to control the energy norm in (3.2). For this, we introduce a modified energy norm

1/2

A(t)z(M/utz(t,x)+gij(x)28,'u(t,x)8ju(t,x)\/@dx ,

where |g|, (gij ) are the determinant and inverse matrix to the matrix (g;;). From geometrical
point of view, it is a natural definition of the energy. By the uniform elliptic assumption, it is
equivalent to the classical energy norm E. For A(¢), we know from the definition, after integra-
tion by parts and noticing that d;u|yp = 0, that
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2
dAU):i/mFJEML (3.9)

dt
M
After integration in time, we get for any T,
T
AX(T) < AX(0) + f/ e FIVIgldxdr 191G, + 113 + lullLs] Flls-
0 M

Applying (3.8), we know that
||au(T)niggAz(T)gnm@é W12+ IFIZ
and so

lulLeneSIel g + 1l 2 + IF e,
which is (3.2). This completes the proof of Theorem 1.3.
3.3. Higher order estimates

In this subsection, we give the proof of the higher order local energy estimates, Proposi-
tion 1.4, based on Theorem 1.3 and Lemma 3.1.

As usual, part of the difficulty comes from the fact that the vector fields do not preserve the
boundary condition u|3; = 0 in general. Despite of the difficulty, we know that d; preserves the
boundary condition and commutates with the equation. As a consequence, provided the solution
to (1.1) satisfies the compatibility condition of order k£ + 1, by Theorem 1.3, we have

S uleae S D IVIVE Wl + Y 187 FO, 0,2

0=<j<k | <k ly|<k—1
J
+ > 19/ Fllppey 2 (3.10)
0=<j<k

Here, we have expressed the initial data of Btj u, through Eq. (1.1), by the combination of V¥¢,
V¥ and 9% F (0, x).
To extend the vector field from 9; to Z, we observe first

1Z%|lLEnE SN ZE Boull LENE + 1 2% (1 — B)ull LENE-
For the second term, || Z%(1 — B2)ullLenE, notice that
0zZ%(1 — Bu = [Og, Z*1(1 — Bo)u — Z*[Og, folu + Z%(1 — B2) F.

For [Og, Z%], by (H1.1), we know that, for any given § > 0, there exists Ry > Ry, such that for
any R > Ry, there exists ¢; (x) such that
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0g, Z°Tol <ci1(x) D 1270v]+ca(x) Y 127w
lyI=lal ly|<le|

with |¢; (xX)|| i < §. Here, we used the fact that the first perturbation is radial, which commu-
X
tates with the rotational vector fields €2.
Applying Lemma 3.1, together with these information,

1220 - oullene S Y. V. (Vo W)lz+ Y. 127 FO.0)].2

Y=l [yI<lel—1
+ 110, Z2°10 = Bullees + Y~ 107 ull 212
lyI=<lel+1

+ ||Z0l(1 - ﬁZ)F”LE*+L}L§

S IV Ve Wl + Y I1Z7FO,0),

ly|<lal lyI<lal-1
+8 > 1270 =Bullce+ Y 187ul2,2,
lyI=le| ly|<le|+1
+ Z ”ZVF”LE*+L,1L§‘
lyI<lal

Summing over || < k and setting § small enough to be absorbed by the left, we conclude that

lullLenE, < N1B2ullLEnE, + (1 — BullLEnE,

SNV (Vo W2 + 127 Fll gy 12
lyl<k

+ Y NIZ7FO.0 2+ Y 107wl LEnE®R- (3.11)
ly|<k—1 lyI<k

To complete the proof of Proposition 1.4, it suffices to give the control of the last term in
(3.11).

3.3.1. Controlling the local part

Let us prove Proposition 1.4, by (3.10), (3.11), and induction.

The case k = 0 follows from Theorem 1.3. Assume it is true for some k = j > 0, then for
k = j + 1, since the problem satisfies the compatibility condition of order j + 2, we have the
compatibility condition of order j 4 1 for w = d;u, and

Ogw =0, F, wlap =0, w(0,x) =, w0, x) = Az + F(0, x).
At first, we observe that
2 2
197 0%l L2nr00) 12 By SN0 OW (120150 28y F 107 VUl 1200100012 By

with |y | = j. For the second term, using elliptic estimate, we get
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2
87V u||L§(BR) S ||Ag3y“||L§(BZR) + ||ay“||L§(BZR)

SI Agull 2y + D 18%ul 2050
lor|<j+1=k

2
S 1070 ull L2 (ypy + 197 Fll2(pypy + E 10%ull 12, z)»
lo|<j+1

where in the last inequality, we used Eq. (1.1).
In conclusion, we get
2 2
197 07wl L2nr0yL2 gy S N0 OWl 12n150) 128y + 107 VUl L2L00) L2 Bp)
S 1970wl (r2n 10012 (8yp) + 197 Fll (120100012 (B

+ > 8%l 2nr 2
la|<j+1

4
S ”w”LEjﬁEj + ||u||LEjﬂEj + 0 F”(LIZQL?O)L,%(BzR)’

where, in the last inequality, we have used the Hardy inequality, Lemma 2.3.
By (3.12) and the induction assumption, we have

2
D 17 ulieneme S lulleene; + Y 19792l (20121284
lyl=j+1 lyl=Jj

Shullg;ne; +wlcene + Y 197 Fll ooniz 2 s

lyl=Jj
S D IV 7V W2 + 127 Fllppey g2
lyl<j+1
+ Y NZ7FO0 2+ Y 107 Fllpooni2yi2 gy
lyl1<j lyI<ij

Then, by (3.11) with k = j + 1, llullLE;,,nE;,, is controlled by

Jj+l1

D IV (Ve W2 + 127 Fllppey 12 + D 127 FO, )2

=i+l V1=
+ Z 10" ull L EnE (BR)
lyl<j+1
S Z 1V, 7 (Yo, Wllz2 +1Z7 Fll gy g1 g2 + Z 1ZY F(0, )l 2
lyl<j+1 =
+ Z ||3VF||(Lf°mL?)L§(BzR)'
lyl=j

This completes the proof of Proposition 1.4.

523

(3.12)
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3.4. A relation between KSS type norm and local energy norm

In this subsection, for reader’s convenience, we give a proof of (1.11) and (1.12) in
Lemma 1.5.
As usual, we use a cutoff argument [14]. Let F| = Fx|xj<r and F, = F — F].

”F“LE*+L1TL)2( 5 ”Fl ”LE* + “FZHLITL)Z(
i/2 —1/2 1/2
SI2PF@ )Rz 2 + T Pl 2Pl 2
i/2 1/2
SI2PFE )R 0z 2+ 112 Pl 2

1/2
S Pl

Similarly,
“F”LE*+L1TL§ 5 ||2j/2F1 (t, x)cbj(x)”[}L?TL; + T_M|||X|HF2||L1TL%

SR 0P 03,2127 2 g+ T Fal g2

T
12—
/ST ”F”]é‘(LZTL%)-
This completes the proof.

4. Glassey conjecture with dimension 3

In this section, we will prove Theorem 1.1, mainly based on Lemma 2.2 and Proposition 1.4.
As usual, we shall use iteration to give the proof. We set ug = 0 and recursively define w1
(k > 0) be the solution to the linear equation

Ogurr1 = FpQug, orur), ug1(t, ) oy =0, upy1(0, x) = @ (x), dug11(0, x) = ¥ (x).

Note that the compatibility condition (1.5) ensures that, we still have the compatibility condition
of order 3 for u4 1, and we can apply Proposition 1.4.

By the smallness condition (1.4) on the data, there is a constant Cy so that ||u1 |l . g,nE, < Ci6,
and

2 2
lullLEanes < CLIY =2V, )2 + CUIZ=>Ogull 112
+CUIZ= 0gu(0, )l 2 + 19! Ogull 012y 128y

We shall argue inductively to prove that there exists &g > 0 such that for any ¢ < g9, we
have

lurllLE,nE, <3Che, 4.1

for all kK > 1. It has been true for k = 1. For k > 1, assume we have (4.1) for any u; with
j<k.



C. Wang / J. Differential Equations 259 (2015) 510-530 525

At first, by Proposition 2.4, we know that
1251w oo Sl 2 (4.2)

which particularly gives us |Z='u j(t, x)|Se, j <k by the induction assumption.
It follows from the definition of F), that,

2=V Fp (e, ) (1, 0] < C Nk (8, ) o) Buge 1P~ (12 ugedue] +1Y=" dug| + 107 k),

where C(¢) is a continuous increasing function. Thus, if ¢ < 1, we have

> 1Z% Fp ke 810) 0. )| 2 SeP ™ (e + 19200, )| 12)-

la|<1
For ||8,2uk(0, )|l 72, using the definition of uy, we get

1820 ) 12 Sl Aguer(0, I 12 + | Fatr1. dru—1)(0, )l 2 Se + 7 e

and so

> 2% Fy (ke d,u) (0, ) 2 e 43)

la|<1

Similarly, |8,2uk|,§|Aguk| + |0ug—11P<|Voug| + |dug—1|, and so

d='F 3 <C dui|P~1(v="d 3

| p (i, dup) (2, x)| < C(llugllLge ) [0ug [ (] Ul + [0ug—1l),

for some continuous increasing function C. Then
1 —1
”8S Fp(uka 81‘”/()”(L?ML?O)LE(BZR)S(HMIC”EZ + ””k—l”Ez)p ||uk||LEzﬂE2§8p-
Summarizing the above estimates, there exists C; such that
luk1llLE, < Cre + Cae? + CrI Z=2F (uy, i)l p2- 4.4

By (4.4), to complete the proof (4.1), it suffices to show

> NZEFpu, 9l 2 Sl gy, - (4.5)

| <2
Notice that there exist smooth functions b;, 1 <i <5, such that

|Z=2Fpy(u, 3;u)| < b1 ()||0u|”~ 1| Z=20u| + |ba(u)||8u|P~ 2| Z=" du|?
+ b3 ) [19ul? " Zul| Z=" du| + 1ba(u)19u|? | Zul* + |bs )| |dul? | Z ul.
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By Lemma 2.2, we have

l[ull £

(r)

Using (4.2), smoothness of b; and (4.6), we see that u is bounded and

OulS——=. 1Zu|SlullE, - (4.6)

|Z=2Fp(u, 8) | S10u|P~ 1 (1 Z=20ul + 1252l /(r) + |0ul? 2| 2" u)>.
The first term can be dealt with as follows, by (4.6), Lemma 2.2, and the fact that p > 2,

N9ul?= 1Z=20ul +1Z=2ul /D) 11 12

- (- |1Z=2ul
S} =g 17 P20l 2 )~ D2 <|Zfzau|+ m )l

-2 —1/2—(p—
Slllg, “r) 2P Z=20u] +1252ul /D) 5
-2
Slullg g, luell ™

Similarly, for the second term, we get
119ulP 21 Z=49u Py 12 S IHraull fy o 1)~ P22 2= 0
Sl *14r) =22 22 9u) g,

2 2
S ||M||LEZ||M||f§2 .

This finishes the proof of (4.5) and so is the uniform boundedness (4.1).
Similar proof will give us the convergence of the sequence {uy}

1
k1 — ullLene < ClIFpQuk) — FpQue—1) 12 < Elluk —ui—1lLENE

provided that &g is small enough.

Together with the uniform boundedness (4.1), we find a unique global solution u € LY°H N
Lip,H 2 with lullLg,nE, < 3Che. Strictly speaking, to complete the proof, we need also to prove
the regularity of the solution u € C,;H>*NC tl H?. As it is standard, we omit details here, and refer
the reader to the end of Section 4 in [38] or [11] P533.

For the remaining case, p = 2, we need only to notice that by Proposition 1.4, we have for
any T > 2

lulmns S D IOV, D%V, W)l + 1ZFll 12

lo|<2

+ 20 NZ7FO 0l + 107 Fllusennsy ez o
lyl=1

for solutions to (1.1) in [0, T] x M. Previous proofs, together with Lemma 1.5 (1.9), give us
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~ 2 2 2
lullLEsnes S €+ Cllulle) ully gy, + 125 8””1;'/2<L2TL§)
~ 2
Se+ (Culley) +InDllully gyng,

which essentially give the almost global existence, as long as e’InT < ¢, i.e., T < exp(c/e)
with small enough ¢ > 0.

5. Radial Glassey conjecture

In this section, we give the proof for Theorem 1.2, based on Lemma 2.1, Proposition 1.4 and
Lemma 1.5.
We set ug = 0 and recursively define uy 1 to be the solution to the linear equation

Ogttk+1 = Gp(ug, Oru), uks1lreds, =0, up+1(0,x) =@, 31410, x) = . (5.1
By assumption, uy are radial functions.
5.1. Global existence

Recall Lemma 2.1, M = {|x| > 1}, where r ~ (r) and the fact that u is radial, we have

Y "D 9u Lo any Sl g, - (5.2)

By the smallness condition (1.6) on the data and the equation, we know from the definition of
G, that, for £ small enough, we have

G p (i, dur) (0, )l 2 S &P Se
p—1
|G p (g, atuk)”(L,sz?O)L%(BzR) < ”uk”El luillLEnE-

With the above estimates, it follows from Proposition 1.4 that there is a constant C3 so that
luillLe, < Cse, and

<1 -1
lur+1llLe, < Cae + C3110="G p(uk, i)l gy 112 + Callull, NurllLene.  (5.3)

As in Section 4, for global existence, we need to prove the uniform boundedness and conver-
gence of the iteration series u,. Here, we only give the proof of the uniform boundedness, which
could be reduced to the proof of

1G p (e, ) s Sl s, (54)

for any p > p. and radial u € LE| N Ej. In fact, by Lemma 2.1, we have
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<1
||Gp(M,8[M)||LET =||8_ G])(uvatu)”lll/zLZLZ
< p—14q<l1
< Woul”™ 9= oullpre

— -1 —(n— —
L R o 0 e e A T TP

-1 —(n— _
Sl ) =m0 g 1 o
-1
S lullg, 19=19ul 2o Sl gy e
provided that (n — 1)(p — 1)/2 > 1, thatis p > p,.

5.2. The critical case

For the critical case p = p¢, by (5.3) and Lemma 1.5 (1.11), we have, for any T > 2,

-1
luksillmng, < Cae+CnTY2I9=1G )y (uk, Q) v 2 2 + Calluadll, Nl
Since p = pc,i.e., (n —1)(p —1)/2 =1, we have

105G p(u, 01011 13ul”~ =" dull 2

<
L2122 ~ L212

< (n—1)/2 p—1 —(n—D(p—1)/2 =1
S dull7 s I1(r) 0= 0ullp2po ;2
p—1 <1
Sl 0= 00l vz 2
1/2
S ulf g g,

where we have used Lemma 1.5 (1.9) in the last step. In conclusion, we have obtained

luks1llLEnE, < C3e + CllukllllelﬁEI InT,

which essentially give rise to the almost global existence, by choosing T such that e’ InT < ¢,
that is, T = exp(ce!~?) with certain small enough c.

5.3. The case p < pc

Similarly, for 1 < p < p,,wehave u=m—1)(p —1)/4 € (0,1/2). By (5.3) and Lemma 1.5
(1.12), we get for any T > 2,

1/2— 1 ~1
lups1llLeng, < Cze+ CTV27H|9= G p s dru) g2 g2 + C3lluxll, Nukllene.

As before, by Lemma 1.5 (1.10),
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151G p (. )l g2 2y < NOulP~ 0= Buel 22
SO 2 <) D20 = a0
S el 00="0ul 22
STV ull] gy, -

With the above two estimates, we get

1—2
lurs1llLene, < C3e+ CT =M lugll] g g,

and then the long time existence in the interval [0, T'] could essentially be proved, by setting T
such that e?T!721 « ¢, i.e.,

2(p—1)
T = ce @—D(p-D-2

with small enough c.
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