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Abstract
Let

d? d

be a second order elliptic operator and consider the reaction—diffusion equation with Neumann boundary
condition,

Lu = AuP forr € (R, 00);

u'(R) = —h;

u > 0 is minimal,

where p € (0,1), R >0, h > 0 and A = A(r) > 0. This equation is the radially symmetric case of an
equation of the form
Lu=AuP inRY — D;
Vu-n=—honaD;
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u > 0 is minimal,

where

d 32 d 3
L = .. _ b:
Z ai.j Bxiaxj Z ! ax;
i,j=1 i=1

is a second order elliptic operator, and where d > 2, h > 0 is continuous, D C RY is bounded, and n
is the unit inward normal to the domain R¢ — D. Consider also the same equations with the Neumann
boundary condition replaced by the Dirichlet boundary condition; namely, u(R) = h in the radial case and
u = h on 0D in the general case. The solutions to the above equations may possess a free boundary. In the
radially symmetric case, if r*(h) = inf{r > R : u(r) = 0} < 0o, we call this the radius of the free boundary;
otherwise there is no free boundary. We normalize the diffusion coefficient A to be on unit order, consider
the convection vector field B to be on order ™, m € R, pointing either inward (—) or outward (+), and
consider the reaction coefficient A to be on order r—/, j € R. For both the Neumann boundary case and the
Dirichlet boundary case, we show for which choices of m, (£) and j a free boundary exists, and when it
exists, we obtain its growth rate in & as a function of m, (&) and j. These results are then used to study the
free boundary in the non-radially symmetric case.

© 2015 Elsevier Inc. All rights reserved.
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1. Introduction and statement of results

Let D C R4, d > 2, be a bounded open set with smooth boundary such that RY — D is con-
nected. Let

d 32 d 9
L= .. — b — 1.1
ijZ=1 o dx;0x; ; 0 (b

be a strictly elliptic operator in R? — D with smooth coefficients a = {a,‘,./}?’ =1 and b = {b; }id=1 ,
and let A > 0 be a smooth function on R? — D,

In this paper, we consider two reaction—diffusion equations with sub-linear absorption, which
are of the same form, but which have different boundary conditions, one the Neumann condi-
tion and the other the Dirichlet condition. We first describe the case of the Neumann boundary
condition. We consider the following reaction—diffusion equation in the exterior domain R¢ — D,

Lu= Au” inRY — D;
Vu-n=-—honoD;

u > 0 is minimal, (1.2)
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where p € (0, 1), h > 0 is continuous, and where 7 is the unit inward to the domain RY — D. By
minimal, we mean that the solution u satisfies u = lim,,_, o, u,,, Where for large n, u, solves

Lu= Au” in B, — D:
Vu-n=-—honodD;
u=0ondBb,, (1.3)

with B, denoting the ball of radius n centered at the origin. Existence for (1.3) will be shown in
section 2 by the method of upper and lower solutions. Uniqueness for (1.3), the nonnegativity of
uy, and the fact that u,, is increasing in » all follow from a standard maximum principle argument
for semi-linear equations. From these facts, we obtain uniqueness for the solution to (1.2). The
maximum principle shows that u,, attains its maximum on dD. Thus, we also obtain existence
for (1.2) if the sequence {u,,(x)}zozl is point-wise bounded for x € d D. The solution to (1.2) also
attains its maximum on 9 D.

When d = 3, u can be thought of as the equilibrium quantity of a reactant after having un-
dergone a long period of L-diffusion and convection with sub-linear p-th power absorption with
absorption coefficient A in an exterior domain which is being supplied with the reactant via
a normal boundary flux 4, and where complete and instantaneous absorption occurs far away.
Note that the convection term in L has been written as — Z?:l b; aix,-; under this convention, the
reactant is convected in the direction b. We call b the convection vector field.

A priori, it is not clear that a solution exists to (1.2) for every operator L and every reaction
coefficient A. If the convection vector field b points very strongly outward and/or if the reaction
coefficient A is very small, then one could imagine that the absorption term cannot overcome the
boundary flux and convection, leading to lim,,_, o, #,, = 00. (In the linear case, A = 0, a solution
exists if and only if L possesses an appropriate Green’s function [4].) However, we believe that
in fact the solution always exists, as Theorem 1 below will suggest.

We now turn to the corresponding reaction—diffusion equation with the Dirichlet boundary
condition; namely, the equation

Lv=Av” inR? - D;

v=nhondD;

v > 0 is minimal, (1.4)
where & > 0 is continuous. Similar to the previous case, minimality means that the solution v
satisfies v = lim,,_, o, v, Where for large n, v, solves

Lv=Av”in B! — D;

v=honoD;

v=0on aBn. (15)
Existence for (1.5) will be shown in section 2 by the method of upper and lower solutions.
Uniqueness for (1.5), the nonnegativity of v, and the fact that v, is increasing in n all follow

from a standard maximum principle argument for semi-linear equations. From these facts, we
obtain uniqueness for the solution to (1.4). The maximum principle shows that v, attains its
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maximum on dD. Since v, = h on d D, we conclude that {v, (x)};’lo:l

x € D, and thus v(x) = lim,— c0 U, (x) is the unique solution to (1.4).

The interesting phenomenon that arises in the case of sub-linear absorption is the possibility
of a free boundary. Specifically, there may exist an open set €2 satisfying D C € € R? and such
that the smooth solution to (1.2) or to (1.4) is positive in & — D and identically zero in RY — Q.
The reason that this can occur is that when the solution gets small, the absorption term is still
relatively large since p € (0, 1).

The free boundary for equation (1.4) in the case that the domain is not an exterior domain, but
rather a bounded domain or an infinite slab, has been investigated by numerous authors. In many
of these papers, the boundary value 4 is fixed at 1 (the solution is interpreted as a concentration
level of a reactant), the absorption coefficient A is a constant A, and one studies the critical value
A* such that the solution v = v;,_ satisfies infvy > 0if A < A* and infv) = 0if A > A*. For A > A*,
the region where v = 0 is known as the “dead core.” See, for example, [1-3,6].

For equations (1.2) and (1.4), the existence and the location of a free boundary depend on
the operator L, on the reaction term A and on the boundary term /. In this paper we study this
dependence.

In order to investigate the free boundary quantitatively, we will first and foremost consider the
radially symmetric case. This is the case in which D = Bg, h is a constant, A(x) depends only
on |x| and L is of the form

is point-wise bounded for

L=A(x])A — B(lx]) — - V.
x|

When L is of the above form, we will call it a radially symmetric operator. The results obtained
for the radially symmetric case will be used to obtain results for the general case. We denote by
L the radial part of L; that is

d? d
E:A(r)ﬁ —B(r)E, (1.6)

where B(r) = B(r) — (d_lrw. In the radially symmetric case, by uniqueness, the solutions to
(1.2) and (1.4) are radial, and thus (1.2) for a function u(x) and (1.4) for a function v(x) reduce
to the following equations for functions u(r) and v(r) respectively, where r = |x|:

Lu = Au? forr € (R, 00);

u'(R) = —h;

u > 0 is minimal; (1.7)

Lv=Av” forr € (R, 0);

v(R)=h;

v > 0 is minimal, (1.8)
where 4 > 0 is a constant, A = A(r) and L is as in (1.6). We call B the radial convection

vector field. As before, by minimal we mean that u = lim,,_, o, 4, and v = lim,,_, o, v, Where for
large n, u, and solves
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Lu = Au? forr € (R, n);
u'(R) = —h;
u(n) =0, (1.9)

and v,, solves

Lv=AvP forr € (R,n);
v(R) =h;
v(n) =0. (1.10)

For the radially symmetric case, we define
ry =inf{r >R:u®) =0}, rh =inf{r >R:v() =O}.

If r, < 0o (], < 00), we call ry; (r}y) the radius of the free boundary for (1.7) (for (1.8)). In this
case, u(r) =0 (v(r) =0), for all r > ry, (r > rp). If rj; = 00 (rj, = 00), then there is no free
boundary. Of course, r, and r}, depend on the radius R of the open set D = Bg, but R is fixed
throughout this paper so we suppress this dependence. We write ry, = ry (h) and r}y =r},(h) to
denote the dependence of the radius of the free boundary on the Neumann or Dirichlet boundary
value /. Under the assumption that A, B and A have power order growth or decay as r — oo,
we will investigate whether or not ry, (k) and r},(h) are finite, and in the case that they are finite,
we will investigate how the asymptotic behavior of r} (k) and of rj,(h) as h — oo depend on
these power orders. Dividing (1.7) by the power order of A allows us to normalize. Thus, in the
sequel we will assume that A is bounded and bounded from O:

Ci <A(r) <Cy, forr > R where 0 < C; < C,. (1.11)

It turns out that the asymptotic behavior of rj(, (h), and to a bit lesser degree, of rl*) (h), depend in
a quite interesting and complicated fashion on the sign and power order of B and on the power
order of A.

Before investigating the behavior of r}; () and r},(h), we present a result which suggests that
a solution to (1.7) exists for every operator L as in (1.6), regardless of how strongly outward the
convection vector field B might point or how small the reaction coefficient A might be.

Let exp™ (x) denote the nth iterate of e*; that is, exp(!) (x) = ¢ and exp™ (x) = ee"p("m("),
n>2.

Theorem 1. Assume that L is as in (1.6) with A satisfying (1.11). Assume that for some positive
integer N, one has B(x) < exp(N)(x) and A(r) > (exp(N)(r))_l. Then the solution to (1.7)
exists.

‘We now turn to our main focus, the question of whether r}'{,(h) and rz‘) (h) are finite, and if they
are, the asymptotic behavior of r;’\‘,(h) and rj(,(h) as h — oo. We begin with the case in which
the solutions to (1.7) and (1.8) can be specified explicitly; namely the case that A and A are
constant and B = 0. One looks for the solution u to (1.7) in the form u(r) = y(c — ). In order

A(l—p*\
2A(1+p))1 P

that this solve the differential equation one is led to [ = % and y = yaa,p = (
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2
Then in order that u(r) YA, A,p(c — r) -7 satisfy the Neumann boundary condition, one is led

toc=R+ ((1 ” L ) = . Thus, the explicit solution is

L
T—

0, r>rih),

where the radius of the free boundary ry; (h) is given by

1
1 [2°(14p)A\™5 1-p
*(h)=R a3 -
ry (h) + 1—p< N 1)
A similar calculation for (1.8) gives
Al=p)?\ 15 2 ‘
v(r) = (Zaaty) TP rp () =P, R<r <rp(h);
O r>rp(h),

where the radius of the free boundary r7(h) is given by

1 2(1+p)A 1-p
*(h)=R h2 .
rp(h) +1—P< A >

Note that when p — 1, we have r]’f, (h), rZ (h) — oo, as expected, since there cannot be a free
boundary in the linear case. Note also that the smaller p is, the larger the order of the free bound-
ary as a function of h. At first glance this might seem surprising since, for fixed #, the radius
of the free boundary approaches oo when p — 1. However there are two opposing phenomena
at play in p-th order absorption. Where the solution is very small, the p-th order absorption
is stronger the smaller p is, however where the solution is large, the p-th order absorption is
stronger the larger p is. Since we are now considering large /2, which causes the solutions in both
the Neumann and the Dirichlet cases to take on large values, it is this latter phenomenon which
causes the order of the radius of the free boundary as 4 — oo to be larger when p is sma]ler

When h — oo, rj;(h) grows on the order h 1+£ while r7,(h) grows on the order h =" . Thus,
for large h, the free boundary forms farther away in the case of the Neumann boundary condition
than in the case of the Dirichlet boundary condition. In the general case, this phenomenon persists
when the convection vector field B points outwards, but not necessarily when B points inwards.
See Remark 2 after Theorem 5 in particular, and also Remark 2 after Theorems 3 and 4 and the
remark after Theorem 6.

We now consider convection vector fields B which point outward. We begin with the case in
which there is no free boundary for any / and the borderline case where the existence of a free
boundary depends on the value of .

In the sequel we will write f(r) =~ g(r) to indicate that there exist constants c, co > 0 such
that c1g(r) < f(r) <cag(r), forall r.

Theorem 2. Consider the solutions u to (1.7) and v to (1.8), where L is as in (1.6) with A
satisfying (1.11). Let r3,(h) and r},(h) denote the free boundary radii for u and v respectively.
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i. Assume that

and that

A(”)Sm,

for some K > 0 and some € > 0. Then there is no free boundary for any h > 0; that is r};(h) =

ri(h) = oo, for all h > 0.
ii. Assume that

0<B=0(r"")
and that
A(r)y~r 2.
Then there is no free boundary for sufficiently large h and there is a free boundary for suffi-
ciently small h; that is r3;(h) = r}y(h) = oo, for sufficiently large h, and r3,(h), r},(h) < oo, for

sufficiently small h.
iti. Assume that for some K > 0,

rm
B(r) > —,
(r) > X

for some m > —1, and
K
A(r) < —,
rl

for some j <2.If

m+4j>1,

then there is no free boundary for any h > 0; that is r3,(h) = r},(h) = oo, for all h > 0.
iv. Assume that

B(r)~r",
and that

Ay ~r,
where m > —1 and

m+j=1.
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Then there is no free boundary for sufficiently large h and there is a free boundary for suffi-
ciently small h; that is r3;(h) = r}y(h) = oo, for sufficiently large h, and ry,(h), r},(h) < oo, for
sufficiently small h.

Remark. It is interesting and a little surprising that there are parameter values for which the
existence of a free boundary depends on the boundary value 4.

Still considering convection vector fields which point outward, we now turn to the case where
there is a free boundary for all /.

Theorem 3. Consider the solutions u to (1.7) and v to (1.8), where L is as in (1.6) with A
satisfying (1.11). Let ry,(h) and r}y(h) denote the free boundary radii for u and v respectively.
Assume that
B(r)~rM, for some M > —1 (1.13)
or that
0<Br)=0(""). (1.14)

Let

M, if (1.13) holds;
—1, if (1.14) holds.

Also assume that

Ay ~r,
for some j < 2.
i If
m+4jel0,1),
then

* l*_p * l—pl
rN(h) ~ hd-m=pDpr and rD(h) ~ hT-m=j ;
ii. Ifm+ j <O, then
* Lop A=p_
I"N(h) ~ hr—m=i and rz‘)(h) ~ hT-m—j

Remark 1. The theorem shows that the quantity m 4 j determines the order of the exponent in
the radius of the free boundary for both (1.7) and (1.8). For the reason noted in the paragraph after
(1.12), the smaller p is, the larger the order of the free boundary as a function of 4. Interestingly,
for ry,, when p — 0, this order goes to oo if m + j > 0 (the regime of less effective absorption),
while this order stays bounded if m + j < O (the regime of more effective absorption). On the
other hand, for r7;, the order always stays bounded when p — 0.



R.G. Pinsky / J. Differential Equations 260 (2016) 5075-5102 5083

Remark 2. Note that ry, growths faster than r},.
We now consider convection vector fields B which point inward.
Theorem 4. Consider the solutions u to (1.7) and v to (1.8), where L is as in (1.6) with A
satisfying (1.11). Let ry,(h) and r},(h) denote the free boundary radii for u and v respectively.
Assume that B satisfies
B(r)~ —r",
with m > —1. Assume that for some N > 0 one has
rN <A@ < rN, for large r.
Then
* * ~ -

ry(h), rp(h) ~ (logh) ™ . (1.15)
Remark 1. In contrast to the case in which the convection vector field points outward, when the
convection vector field points inward on a power order larger than !, the order of the radius of

the free boundary is insensitive to the power order of the reaction coefficient.

Remark 2. Note that at logarithmic orders, r}, growths at the same rate as r},. In light of Theo-
rem 5 below, we suspect that in fact r}, grows faster than ry,. See Remark 2 after Theorem 5.

It turns out that the asymptotic behavior of r} (k) is very sensitive to small changes in the
convection vector field B when the convection vector field points inward and is on the order rl
This sensitivity does not hold for r}, (k). For this case, we present a result only in the case that
the reaction coefficient is on unit order.

Theorem 5. Consider the solutions u to (1.7) and v to (1.8), where L is as in (1.6) with A = Ay
and B(r) = —%, where Ag, By are positive constants. Let r;’{,(h) and ";3 (h) denote the free
boundary radii for u and v respectively. Define

By
u=—>0.
Ap
Assume
A=1.
Then

1— -
ri(h) ~ h P and rl(h) ~h' 2. (1.16)



5084 R.G. Pinsky / J. Differential Equations 260 (2016) 5075-5102

Remark 1. Theorems 5 and 3 demonstrate the particular sensitivity of ry (k) in the case that the
convection vector field is pointing inward on the order rl Indeed, when the reaction coefficient
A is on unit order, the diffusion coefficient is a constant and B(r) = — @, Theorem 5 shows that

the power order of r;‘, (h) runs from i;_—p to 0 as By runs from 0 to oco. In contrast, Theorem 3
shows that when A and the diffusion coefficient are on unit order and B points outward on the

1-p
order %, then r;t, (h) ~ h'*r  while if B(r) ~ r™, for m > —1, then the power order of r;‘, (h) runs
from }I_—ﬁ to oo as m runs from —1 to 1.

Remark 2. Note that ry, growths faster than rj; when w € (0, 1), but r}, growths faster than
r;‘\‘, when p > 1. When the convection vector field B points outward, Theorem 3 shows that
ry, growths faster than rJ,, while when the convection vector field B points inwards at a power
order larger than r~!, Theorem 4 shows that at logarithmic order, ry and rj, grow at the same
rate. Now Theorem 5 shows that for a small band of inward pointing convection vector fields B
whose power order is r~! that is, whose strength and direction fall between those considered in
Theorems 3 and 4, ry, grows faster for the ones that point inward more weakly and 7}, grows
faster for the ones that point inward more strongly. This would suggest that in fact rj, grows
faster than ry, for the inward convection vector fields of Theorem 4.

We now consider the general non-radially symmetric case. Now 4 is a function defined on d D
instead of being a constant. For our final two theorems below, we will write this function in the
form hhg, where hg is a continuous, strictly positive function on D, and & > 0 is a parameter.
For equations (1.2) and (1.4), we define the free boundary inner radii ry~ (h) and r};~, and the

free boundary outer radii r;':,’+(h) and rffr(h), by

ry”(h) =inf{|x|:u(x) =0}; ryT(h) = sup{|x|:u(x)>0};
rp” () =inf{|x| :v(x) =0}; 57 (h) = sup{|x|: v(x) > 0}.

Recall that a subset D C RY satisfying 0 € D is called star-shaped with respect to 0 if the line
segment connecting 0 to x is entirely contained in D, for all x € D.

We begin by considering the d-dimensional Laplacian in a general domain. Using Theorem 5,
we will prove the following result.

Theorem 6. Consider the solutions u to (1.2) and v to (1.4), with L = A and A =~ 1. In the case
of (1.2), assume that D C R? is star-shaped with respect to 0. Let the boundary term in (1.2) and
(1.4) be given by hhqo, where hq is a continuous, strictly positive function on 9D, and h > 0 is a
parameter. Then

1—p
*,+ ~ ¥ ~ h T prd=D{0=7) -
ry (h) ATy (h) &~ h +p+@-Dl-p) ;

_ I-p
rEty Ty~

Remark. As an addendum to Remark 2 after Theorem 5, note that in one dimension, r;’\‘,’i grow
+ . . . + + .

faster than rl*)’ , in two dimensions, r;,’ and "1*5 grow on the same power order, and in three

dimensions or higher, r;k')’jE grow faster than r;:,’i
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We now consider non-radially symmetric operators. For an operator L as in (1.1), defined on
all of R?, define

BT(r) = sup ad -b(x); B (r)= |iln_f )r—c -b(x), r>0. (1.17)

lx|=r
Analogous to (1.11), we normalize by requiring the diffusion matrix a to satisfy

d
Ci1< ) aij(x)vvj < Cy, forall v e R? satisfying |v| = 1 and all x € R. (1.18)
ij=1

Define

d d d
AB™ ()= inf (Zai,i(x) -> ai,j(x)%%f +Zx,-bi(x)). (1.19)
i

i,j=1 i=1

For the next theorem, we will use the following terminology. If f =~ g, we say that F satisfies
the upper (lower) bound satisfied by f if F(r) <cg(r) (F(r) > cg(r)), for all r and some ¢ > 0.

The theorem below converts the results of Theorems 1—4 to results for the non-radially sym-
metric case.

Theorem 7. Consider (1.2) and (1.4) with L as in (1.1) defined on all of RY and satisfying
(1.18). Let the boundary term in (1.2) and (1.4) be given by hhgo, where hg is a continuous,
strictly positive function on 3D, and h > 0 is a parameter. Let B* be as in (1.17) and let AB~
be as in (1.19). For (1.2), assume that D is star-shaped with respect to 0.

i. Assume that A satisfies the bound specified in Theorem | and that B™ satisfies the bound on
B specified in Theorem 1. Then the solution to (1.2) exists;

ii. Assume either that A satisfies the bound in Theorem 2-i and that AB~ > 0, or that A satisfies
the bound in Theorem 2-ii and B~ satisfies the bound for B in Theorem 2-ii. Then there is no
free boundary for (1.2) or (1.4);

iii. Assume that A satisfies the lower (upper) bound in Theorem 3 and assume that BT satisfies
the upper bound (B~ satisfies the lower bound) for B in (1.13) of Theorem 3. Then the free
boundary outer radii r;’"_(h) and r;’+ (h) (free boundary inner radii r;':,’_ (h) and r?)’_ (h)) satisfy
the upper (lower) bounds satisfied by ry,(h) and r},(h) in Theorem 3;

iv. Assume that A satisfies the lower (upper) bound in Theorem 3. Assume that B satisfies the
upper bound for B in (1.14) of Theorem 3 (that AB~ satisfies AB~ > 0). Then the free boundary
outer radii r;f,’+ (h) and r;,’+(h) (free boundary inner radii r;t,’_ (h) and r;;_ (h)) satisfy the upper
(lower) bounds satisfied by ry;(h) and r}y(h) in Theorem 3 withm = —1;

v. Assume that A satisfies the bound in Theorem 4 and that B satisfies the upper bound (B~
satisfies the lower bound) for B in Theorem 4. Then the free boundary outer radii r;‘,’+(h) and
r;‘)’+(h) (free boundary inner radii r:,’_(h) and r;k)’_ (h)) satisfy the upper (lower) bounds satis-
fied by ry;(h) and r},(h) in Theorem 4.

We expect that the results in Theorems 6 and 7 for (1.2) hold without the requirement that
the open set D be star-shaped. It was necessary for our method of proof, which makes heavy use
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of point-wise comparison methods. Such methods are more flexible with the Dirichlet boundary
condition than they are with the Neumann boundary condition.

The method of proof used in all of the theorems involves the construction of appropriate upper
and lower solutions. In certain instances, these upper and lower solutions have a relatively simple
form, but frequently they are quite complicated.

The rest of the paper is organized as follows. In section 2 we recall the theory of upper and
lower solutions, and deal with a technical issue that arises with regard to the construction of
such solutions. In section 3, we give a quick proof of Theorem 1 by constructing a simple up-
per solution. In section 4 we first give the rather delicate and involved proof of Theorem 3, by
constructing appropriate upper and lower solutions. Then we use that proof to give a quick proof
of Theorem 2. In section 5 we construct fairly simple upper and lower solutions to prove Theo-
rem 4. In section 6, we construct upper and lower solutions of a different sort than what has been
constructed so far to prove Theorem 5. In section 7 we prove Theorems 6 and 7 by constructing
appropriate upper and lower solutions with the help of the radially symmetric upper and lower
solutions already constructed.

2. Existence and comparison via the method of upper and lower solutions

A C%Afunction V,} > 0 is an upper solution to (1.3) if it satisfies LV," <0 in B, — D and
VV,:r .1 < —hondD.A C?function V., = 0is a lower solution to (1.3) if it satisfies LV,” >0
inB,—D,VV,-n>—hondD and V,” =0 on dB,. Similarly, a C2-function V,j‘ >0 1is an
upper solution to (1.5) if it satisfies LVn+ <0in B, — D and Vn‘" > h on 8D, while a C2-function
V. = 0is alower solution to (1.5) if it satisfies LV,” >0in B, — D, V,” <hondDand V, =0
on d B,. A standard application of the maximum principle for semi-linear equations shows that if
there is a solution u,, to (1.3) and V" is an upper solution (V,~ is a lower solution), then u, < V,*
(u, = V). The corresponding statement also holds for solutions v, to (1.5). A fundamental
result states that if there exist an upper solution V,ZJr and a lower solution V,~ to (1.3) (to (1.5))
such that V,~ < Vn+, then in fact there exists a solution u,, to (1.3) (v, to (1.5)) [5]. The solution
un (vy) necessarily satisfies V,” <u, < V,F (V,” <v, < V,").

Of course, the radially symmetric equations (1.9) and (1.10) are particular cases of (1.3) and
(1.5) respectively. In the sections that follow, we will construct radially symmetric upper and
lower solutions Vn+, V, to (1.9) and (1.10), satisfying V,” < Vn+. This will prove existence of
the solution u,, to (1.9) and the solution v, to (1.10) and also give upper and lower bounds on u,,
and v,. In fact, these upper and lower bounds will be independent of n for sufficiently large n;
thus they will also provide upper and lower bounds for the solutions u and v to (1.7) and (1.8).
In the last section, these radially symmetric upper and lower solutions are used to construct
appropriate upper and lower solutions for (1.3) and (1.5), under the additional assumption that
D is star-shaped in the case of (1.3). This will give existence and upper and lower bounds for the
general case.

We deal here with one technical issue that will arise in the construction of the radially symmet-
ric upper and lower solutions. We will construct radially symmetric upper and lower solutions in
the following form. Let 0 < R < ¢, let/ > 1 and let fdE :[R, ¢] — (0, 00) be smooth functions.
Consider the functions

(c—nlftr), R<r<ec,

Vci(r): 0 r>c
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Since I > 1, it follows that V is a C!-function on [r, 00); however, since we have not assumed
that / > 2, V is not necessarily C > at » = c. We wish to show that the maximum principle for
semi-linear equations still holds. (We illustrate this with regard to the solution u, to (1.9); the
same thing holds with regard to the solution v, to (1.10).) Namely, if n > ¢ and u, is a solution
to (1.9), we wish to show that if V,~ satisfies LV~ > A(V,7)?, on [R, ¢) and (V") (R) > —h,
then u, (r) > V.7 (r) on [R, n], and if V" satisfies LV.F < (V.F)P on [R,c) and (V) (R) < —h,
then u,(r) < VC+(r) on [R, n]. Since VCjE does not depend on n, letting n — oo in the above
inequalities will then give

u>V._ on[R,c0), 2.1)
and
u <V'on[R,o00), 2.2)

where u is the solution to (1.7). Now (2.1) implies that r*(h) > ¢ while (2.2) implies that
r*(h) <c.

Nothing extra needs to be done in the first case. Indeed, since V" isa C 2_function on [R,c)
and vanishes continuously at c, it follows from the maximum principle for semi-linear equations
that u, > V. on [R, c]. Then since u, > 0 on [c¢,n] and V" =0 on [c, n], we conclude that
u, > V. on [R, n]. Now consider the second case. Since Vj‘ — Uy is C2on [R, n] except at c,
it follows by the maximum principle for semi-linear equations that either V." —u,, > 0 on [R, n]
or V. —u, on [R, n] attains a negative minimum at c. We show that this second situation cannot
occur. For convenience, denote V" — u, by W. Note that lim, , .- W”(r) exists as an extended
real value; it is finite if / =2 and is equal to o0 if / € (1,2). Assume now that W attains a
negative minimum at c. It follows that W’(¢) = 0 and lim,_, .- W” () > 0. But this is impossible
by the maximum principle for semi-linear equations. More precisely, an application of the mean
value theorem shows that W solves an equation of the form LW — HW =0 in [R, ¢), where
H=H(r)>0in [R,c]. (H(c) > 0 because u,(c) > 0 since W is assumed to be negative at c.)
Thus the above conditions on W yield the contradiction lim,_, .- (LW — HW) > 0.

3. Proof of Theorem 1

Let F(r) =exp(N)(r). SoB<Fand A > % Let

Ur)y=y+ e~ Jr F()ds,

F(R)

Note that U’(R) = —h. We will show that for an appropriate choice of y > 0, U will satisfy
LU < AUP. Thus, U will be an upper solution for (1.9), for all n. Since 0 is a lower solution,
this proves that a solution to (1.7) exists.

Recalling (1.11), we have

LU@) = —F?R) (AF2 — AF' + BF)(r)e~ [ F®)s < (C;%))hﬂ(r)e* JrF®ds (3 1)
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We have

AU = Y. 32
(r) (”)_m~ (3.2)

Since sup,- g F3(rye™ Jx F@)yds - 00, it follows from (3.1) and (3.2) that if y is chosen suffi-
ciently large, then U is an upper solution. O

4. Proofs of Theorems 2 and 3

We first prove Theorem 3. Then we prove Theorem 2, which will follow from the proof of
Theorem 3 after making minor revisions.

Proof of Theorem 3. We present the proof for ry. Upon its completion, we explain how the
proof for rj, follows from the proof for r,. For the solution u, to (1.9), we look for upper and
lower solutions in the form

Y]
Vi) = (c—nr)f@r), R<r<c @)
0, r>c,

where ¢ > R, [ > 1 and f > 0 is smooth. From the discussion in section 2, we may ignore the
fact that V might not be C? at r = ¢. We emphasize that f, ¢ and [ will not depend on n, and thus
V will be independent of n. The function f and the value ¢ will depend on the boundary flux 4.
If such a V with ¢ = c¢(h) is an upper solution for all n > c(h), then it follows that the solution
u =lim,_, o u, to (1.7) satisfies u < V, and consequently, the radius of the free boundary r* (k)
satisfies r*(h) < c(h). Similarly, if such a V with ¢ = c(h) is a lower solution, then it follows
that u > V, and consequently, »*(h) satisfies r*(h) > c(h).

In order that V be an upper or lower solution to (1.9), it must satisfy a differential inequality in
[R, n] corresponding to the differential equation, and a differential inequality at R corresponding
to the boundary condition. Substituting V into the differential equation in (1.9), it follows that in
order that V be an upper solution for all large n, f must satisfy the differential inequality

Af" = (% + B(n)f’ + <l(l —4 lB(r))f <APe—nTIP P R<r<e,

(c—1r)?2  c—r
“4.2)

and in order that V be a lower solution for all large n, f must satisfy the above differential
inequality with the direction of the inequality reversed. Substituting V into the boundary condi-
tion in (1.9), it follows that in order that V be an upper solution, f must satisfy the boundary
differential inequality

I(c—R)'"F(R) — (c =)' f'(R)>h, (4.3)

and that in order that V be a lower solution, f must satisfy the above boundary differential
inequality with the direction of the inequality reversed. We are interested in this inequality for
large h. As noted, we will consider c to be a function of 4. The function f will depend on /4 only
through its dependence on c. The parameter / will be chosen independent of / and c.
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We consider f in the form
fr)=0c"(1+r7*), where§ € R, 0 >0andk =c~ -, with L > 0. (4.4)

The values 6, § and L will be chosen independent of c. The inequality (4.3) becomes
Olic— R e (1+ R )+ (c = R kR > . (4.5)

Thus, recalling that k = ¢~ L it follows that if max(l —8 — 1,1 —&— L) > 0, then condition (4.5)

1
will be fulfilled for large & if ¢ = c(h) > M hmax(=35-17=5-L) for some appropriate M > 0 (which
depends on the constants /, R, #). Similarly, (4.5) with the direction of the inequality reversed
1

will be fulfilled if ¢ = c(h) < MhmxU=3-171=5-1)  for some appropriate M > 0. Thus, if we can
find values ™, 87 and L™ (as well as an appropriate value for ) such that (4.2) holds, and if we
also find values /=, 6~ and L~ (as well as an appropriate value of 6) such that (4.2) holds with
the direction of the inequality reversed, and if furthermore, max(I*™ — 86T — 1,17 — 6t — L*) =
max(I~ —38~ — 1,17 =8~ — L7) > 0, then it follows that the radius of the free boundary r*(h)
satisfies

r*(h)~h max(li—éi—ll.li—éi—Li)' (4.6)

We assume now that A ~ 1, B(r) ~r™ and A(r) ~r~/, where m > —1 and m +j < 1. After
dealing with this situation, we will explain how to deal with the case that 0 < B(r) = or—hH
and A ~ r/ with Jj < 2. Thus, we assume that there exist positive constants Cq, C> such that
Cl<A<Cy,Cir"™ < B@r) < Cyr™ and Cir~7 < A(r) < Cor~J. From (4.4), it follows that
S/ <0and f” > 0. Thus, to get an upper solution, it is sufficient to consider (4.2) with A = C,
B=Cyr™ and A =Cyr . Similarly, to get a lower solution, it is sufficient to consider (4.2)
with the inequality reversed and with the above substitutions for A, B and A with the roles of C|
and Cj reversed. Substituting in (4.2) with f as in (4.4) and with A, B and A as above, we will
obtain an upper solution if the following inequality holds for all large c:

kr—k=1c=? 10— De=3(1 + r—k
Cob (ki + 1yr—t-2e=d 2R ekt s W= DA A0
c—r (C—r)2
"1+ rF)ed _
u) Sepclr—j(c_r)—l(l—p)c—ép(l_’_r—k)p’ R<r<c. @7
c—r

Similarly, we will get a lower solution if the above inequality with the direction of the inequality
reversed and with the roles of C; and C; reversed holds for all large c.
Multiplying both sides of (4.7) by 8~Prk+2(c — r)c?, we rewrite it as

10— Dr¥t2 11— 1r?
(I—Dr +( )rJr

—-r c—r

Co0'P <k(k +1)(c —r) 4 20kr + k™ e —r) +

[Pk lr'"+2) < CirF2 i (e — )PP (1 4 7K DR < < (4.8)
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Recall that k = ¢~ L. If we find values | = 11,8 =87, L = L+ and § = 0, independent of c,
such that (4.8) holds for all large ¢, then we will have an upper solution, while if we find values
I=17,6=6",L=L"and 6 =67, independent of c, such that (4.8) with the roles of C; and C»
reversed and with the inequality reversed holds for all large c, then we will have a lower solution.
Consider for a moment (4.8) without the factor 6!=7. In fact, if we can find values [T, 8%, LT
such that with & = 1, for all values of r € [R, c], the order of the left hand side of (4.8) as ¢ — o0
is less than or equal to the order of the right hand side, then we can attain (4.8) by making 6
sufficiently small. Similarly, if we can find values [~, 6™, L™ such that with 8 = 1, for all values
of r € [R, c], the order of the left hand side of (4.8) as ¢ — oo is greater than or equal to the
order of the right hand side, then we can attain (4.8) with the inequality reversed and with the
roles of Cy and C» reversed by making 6 sufficiently large. Since all the terms on the left hand
side of (4.8) are positive, it suffices to compare the orders of the terms on the left hand and right
hand sides, for r in the various appropriate ranges.

Consider the left hand and right hand sides of (4.8) first for » = O (1) as ¢ — oo. The first and
third terms on the left hand side are on the order ¢! ~L, while the rest of the terms are of smaller
order. The term on the right hand side is on the order ¢! ~(1=P!+(=P) Thuys for an upper solution
weneed 1 — L <1—(1— p)l+ (1 — p)d;thatis,

L
l—8§m. (4.9)

For a lower solution we need

L
l—SEE. (4.10)

Now consider » = ¢ for some « € (0, 1). The left‘hand side is on the order ¢”*2+* and the
right hand side is on the order ¢(! =P +1=(=p)+k+2=j Thys, for an upper solution we need

L
—s<—""7 4.11)
I-p

while for a lower solution we need
l—m—j

[—6>
l—p

4.12)

We have skipped over the transition range between r = O(1) and r = «c. If one substitutes
r = c? for some B € (0, 1), and makes an analysis of the orders of the left hand and right hand
sides (similar to the analysis we make below in the case r = ¢ — ¢~ P), one finds that if (4.9)
and (4.11) hold, then the order of the left hand side is less than or equal to that of the right hand
side, while if (4.10) and (4.12) hold, then the order on the left hand side is greater than or equal
to that of the right hand side. We leave this to the reader. Thus, no additional restriction on the
parameters is necessary to deal with this range of r.

Consider now the case that r — ¢. If 1 — I(1 — p) < —1, then the left hand side of (4.8)
blows up at a smaller order than the right hand side as r — ¢, while if 1 —I(1 — p) > —1, then
the left hand side blows up at a larger order. When 1 — /(1 — p) = —1, then multiplying both
sides by ¢ — r and letting » — ¢, we find that the resulting limit on the left hand side will be of
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smaller or equal order to that of the right hand side if (1 — p)§ — j > 0. On the other hand, the
resulting limit on the left hand side will be of larger or equal order to that of the right hand side
if (1 — p)§ — j <0. Thus, for an upper solution, we need

2
l>—— or
l—p
2 J
|=—— and § > —, (4.13)
l—p I—p
while for a lower solution we need
2
l < or
l-p
) .
[ = and 8 < — . (4.14)
l-p l—p

Finally we consider the case that 7 is close to c. It is enough to consider r = ¢ — ¢~#, with
B > 0. The right hand side of (4.8) is on the order ¢k 2=/ +AU(1=p)=D+(1=p)3 '\yhile the left hand
side is on the order ¢max(k+2+m.k+2+8) plike what occurred in the three ranges of r we treated
above, here we will need to consider the upper and the lower solution cases separately.

We first consider the upper solution case. When m > 0 and g € [0, m), then the order of the
left hand side of (4.8) will be less than or equal to that of the right hand side if m < —j + 8((1 —
p) — 1) + (1 — p)é. For an upper solution, (4.13) has already forced us to choose [ > 1% )
we assume here that this condition holds. Since we require that the above inequality hold for
all such B € [0, m), and since, by our assumption, /(1 — p) — 1 > 0, we obtain the condition
m < —j+ (1 — p)d, or equivalently § > ']"_ﬂ (If m <0, then we don’t obtain any restriction
here.) Now consider 8 > m Vv 0. Then the or(fer of the left hand side of (4.8) will be less than or
equal to that of the right hand side if 8 < —j 4+ B(I(1 — p) — 1) + (1 — p)§, or equivalently, if
B2 —I1(1—-p)) <(l— p)d— j.Since we require this for arbitrarily large B, we need [ < 1Ep-
However, we have already assumed that / > %. Thus, we conclude that we need [ = % With

this choice, the above inequality becomes § > ﬁ. Thus, the analysis for this range of » shows
that in order to have an upper solution, we need

2 j v 0
= and §> LMV 9 (4.15)

-p l—p

Now we consider the lower solution case. When m > 0 and 8 € [0, m), then the order of
the left hand side of (4.8) will be greater than or equal to that of the right hand side if m >
—j+ Bl — p)— 1)+ (1 — p)§. The above inequality must hold for all 8 € [0, m). We will
assume now that / = 1% (This choice has been made with hindsight.) Note that this does not
interfere with the condition (4.14) that we already obtained in order to get a lower solution.
With this assumption, the above inequality will hold for all relevant g8 if m > —j + (1 — p)é,
or equivalently, if § < '11%” (If m <0, then we don’t obtain any restriction here.) Now consider
B >m Vv 0. Then the order of the left hand side of (4.8) will be greater than or equal to that of
the right hand side if 8 > —j 4+ (I (1 — p) — 1) + (1 — p)S. By our choice of [, this reduces to

B> —j+ (1 — p)é. In order for this to hold forall 8 >m Vv 0, weneedm Vv 0> —j + (1 — p)d,
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+m

or equivalently, § < %. Thus, the analysis of this range of r shows that in order to have a

lower solution we can choose

1 .
l:l andsfw.

(4.16)
-p I—p

Putting everything together, we see that in order to have an upper solution, it suffices for the
parameters to satisfy (4.9), (4.11), (4.13) and (4.15). Recall that we have assumed that m > —1
and that m + j < 1. We choose

I 2 8+:1+m+j

LT=1—m—j. 4.17)
l—p

In order to have a lower solution, it suffices for the parameters to satisfy (4.10), (4.12), (4.14)
and (4.16). We choose

1 .
L S S B (4.18)
1—p 1—-p

Note that [T — 6T =1~ — 8~ and L™ = L. Thus, recalling the discussion ending at (4.6), it
follows that (4.6) holds. If m 4 j € [0, 1), then

jE_l—m—j

max(li—Bi—l,li—Si—Li)zli_(Si_L —1——(1—m—j)=
-P
l—m— i
w, 4.19)
l—p
while if m + j <0, then
l—m—i
max(I — 8 — 1, F st —LF) =/F st 1= o
l—p
p—m—J (4.20)
l—p

Parts (i) and (ii) of the theorem now follow from (4.6), (4.19) and (4.20).

We now turn to the case that 0 < B(r) = O(r~!) and A ~ r/ with j < 2. For the upper so-
lution, the worst case for the drift is B(r) = %, so we will need to consider (4.8) with m = —1,
while for the lower solution, the worst case for the drift is B(r) = 0, so we will need to con-
sider (4.8) (with the inequality reversed) with the three terms containing m on the left hand side
deleted. For the upper bound everything goes through as above, leading to the conclusions (4.9),
(4.11), (4.13) and (4.15) with m = —1. For the lower bound, we obtain (4.10), (4.14) and (4.16)
as before. However, for the case r = ac with a € (0, 1), the left hand side of (4.8) is on the order
c!** instead of on the order ¢t +*that is, it is as if m = —1. Consequently, we are lead to
(4.12) with m set at —1. Thus, our conclusion is as before, but with m set at —1. This concludes
the proof for r3.

We now explain how the above calculations also give us the corresponding result for r7},.
In order to obtain upper and lower solutions for the solution v, to (1.10), we use the very same
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form for the test functions V, f asin (4.1) and (4.4), and use the very same choices of 1+, 8%, L*E
The only difference will be our choice of ¢ = c(h). Thus, the differential inequalities (4.2) and
(4.7) will hold when we use I+, 8%, L™, while the reverse inequalities will hold when we use
{7,587, L™ . Instead of the boundary inequality (4.3) and its corresponding reverse inequality, we
need the inequality

(c—R)f(R)>h, (4.21)

and its corresponding reverse inequality. Whereas (4.3) led to (4.5), the inequality (4.21) leads to
the inequality

0c— R ¢ (1+R ™) >h. (4.22)
1
Whereas (4.5) was fulfilled with ¢ = ¢(h) > Mhmx(=-17=5-L)  for some appropriate M > 0,

(4.22) is tulfilled if c =c(h) > M hﬁ for some appropriate M > 0, and of course the reverse
1
inequality to (4.22) is fulﬁlled if c =c(h) < MhT=5, for some appropriate M > 0. From (4.17)

and (4.18), we have 7— 8+ = 1*—15* = l_lmp . Thus, we obtain rJ,(h) ~ hT- m"j O

Proof of Theorem 2. We first consider r},. Then we show how the proof for r} also works
for r},. We will prove parts (iii) and (iv) of the theorem. The small change in the argument that
is needed to prove parts (i) and (ii) is the same as that noted in the final paragraph of the proof
of Theorem 3 to handle the case that m = —1 there. Virtually all of the work for the proof of this
theorem has been done in the proof of Theorem 3. In that theorem we thought of ¢ as ¢ = c(h)
with & large. In the present case, we don’t think of ¢ as a function of /. For part (iii), the case in
which m 4+ j > 1, we want to show that for any given & > 0, we can choose c arbitrarily large
and find a lower solution V of the form given in (4.1). This will show that r},(h) > c, for any
¢, and thus that r;‘\‘, (h) = oo. For part (iv), the case in which m + j = 1, we want to show that
for sufficiently large %, we can choose c arbitrarily large and find a lower solution V of the form
given in (4.1), and we want to show that for sufficiently small /, we can choose c arbitrarily large
and find an upper solution V of the form given in (4.1). (We need c arbitrarily large even for the
upper solution because we only know that the differential inequality (4.8) holds for sufficiently
large c.) This will show that r;‘\‘, (h) = oo for large h and that r;‘{, (h) < oo for small A.

We first construct a lower solution in the case that m + j > 1 or that m 4+ j =1 and & is
sufficiently large. The function V in (4.1) is constructed from a function f as in (4.4). The
analysis in the construction of a lower solution in the proof of Theorem 3 goes through verbatim.
We are led to choosing /=, 8~ and L~ as in (4.18). This gives |~ = — p 8~ = '{'t{ L™ =
1 —m — j. With this ch01ce for sufficiently large c, V will solve the d1fferent1al inequality (4.8)
with the direction reversed, and with the roles of C; and C; reversed, as needed for a lower
solution. We also need V to solve a boundary differential inequality at R. So when m + j > 1,
we need for (4.5) to hold with the inequality reversed, for any fixed %, and for arbitrarily large c,
while for m + j = 1, we need for this inequality to hold for sufficiently large %, and for arbitrarily
large c. Substituting in (4.5) the values obtained above for /, § and k = ¢, and reversing the
inequality, we obtain the inequality
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m+j

/ i m+j—1
= emti-I gt I}Sh.

(4.23)

L —
-

1 P ,L m+j—
9[1 (c— R)Tr ¢ 1= P(14+R"" 1)+(c—R)
p

When m + j > 1, the left hand side of (4.23) converges to 0 when ¢ — oo; thus, indeed (4.23)
holds for any /2 > 0 and arbitrarily large c. When m + j = 1, the left hand side of (4.23) converges
to 6 R~ when ¢ — oo; thus, (4.23) holds for sufficiently large / and arbitrarily large c.

We now turn to the construction of an upper solution in the case that m + j =1 and & is
sufficiently small. The analysis in the construction of an upper solution in the proof of Theorem 3
goes through verbatim. We are led to choosing [, 8% and L™ as in (4.17). This gives [T =
17 , 8t = l+m+J , LT =1—m — j. With this choice, for sufficiently large ¢, V will solve the
d1fferent1al 1nequa11ty (4.8) as needed for an upper solution. We also need V' to solve a boundary
differential inequality at R. So we need for (4.5) to hold for sufficiently small /# and arbitrarily
large c¢. Substituting in (4.5) the values obtained above for /, 8 and k = ¢, and using the fact
that m 4 j = 1, we obtain the inequality

[ :
0
1 -

The left hand side of (4.24) converges to § R~> when ¢ — oo; thus (4.24) holds for sufficiently
small / and arbitrarily large c. This completes the proof for r},.

For r},, the only change is that the boundary inequality required is different. For the case of
m+j> 1 or m + j =1 and h sufficiently large, instead of the boundary inequality (4.5) with
the inequality reversed, we need

L
1-

(c—RTF e T (1+R™) +(c— R)TF _llﬂRz}zh. (4.24)

0(c—R)'c?(1+R™) <h.

Substituting the values appearing in the penultimate paragraph above for [=,8~ and k = ¢~ %,
we obtain the inequality

L -
=

0(c—R) <h. (4.25)

mtj m+j—1)

(14 R

When m + j > 1, the left hand side of (4.25) converges to 0 when ¢ — oo; thus, indeed (4.25)
holds for any & > 0 and arbitrarily large c. When m 4 j = 1, the left hand side of (4.25) converges
to (1 + R™1); thus, (4.25) holds for sufficiently large & and arbitrarily large c. For the case
m + j = 1 and h sufficiently small, we need (4.25) with the inequality reversed; that is,

0(c—R)=7c 7 (14 R7Y) > h. (4.26)

The left hand side of (4.26) converges to 6(1 + R’]) when ¢ — o0; thus, (4.26) holds for suffi-
ciently small / and arbitrarily large c. This completes the proof for rj;. O



R.G. Pinsky / J. Differential Equations 260 (2016) 5075-5102 5095

5. Proof of Theorem 4

As with the proofs from the last section, we present the proof for ry, and then, upon its
completion, we explain how the proof for 7}, follows from the proof for r};. For the solution u,
to (1.9), we look for upper and lower solutions V in the form (4.1) with [ = 1% In order for
V to be an upper solution, the function f appearing in the definition of V must satisfy (4.2) and
(4.3) with [ = %. In order for V to be a lower solution, the function f must satisfy (4.2) and

(4.3)with = % and with the inequality reversed. If such a V with ¢ = ¢(h) is an upper (lower)
solution, then it follows that r*(h) < c(h) (r*(h) > c(h)).
For the lower solution, we consider f in the form

f =eZka+likrm+l (51)

’

with k£ > 0 independent of c¢. Then (4.3) with/ = ﬁ and with the sign of the inequality reversed
becomes

»1+l_kRm+1

(c — R)Trk(m + 1) R™ k¢ (e R)Toh o2k kR (5.2)

+1

For sufficiently large c, the left hand side of (5.2) is bounded from above by e@k+Dem Thus,

for sufficiently large 4, (5.2) will hold if we choose ¢ = c(h) = Cy(log h)ﬁ, for an appropriate
Co > 0 We will now show that we can pick & in the definition of f so that (4.2) holds with
I = 1 and with the sign of the inequality reversed. It will then follow that V is a lower solution,

and consequently that r*(h) > c(h) = Co(logh) T , for large A, thereby proving the lower bound
in the theorem.

We have f' = —k(m + )™ f and f” = k*(m + 1)*>r®" f — km(m + 1)r™~! . By assump-
tion, there exist constants Cj, C, > 0 and N > 0 such that C; < A(r) < Cy, —Cor™ < B(r) <
—Cir'™, Clr_N <A(r) < Cer. Thus, in order to get a lower solution, in (4.2), it suffices to
consider the reverse inequality and to substitute —Cr™ for B (since f’ < 0), to substitute CorV
for A, to substitute C1k>(m + 1)2r?" f — Cokm(m + 1)r™~! f for Af”, to substitute Cy f for
Af and to substitute Cy f’ for Af’ (since f/ < 0). Recall also that [ =

tutions in (4.2), multiplying both sides by and grouping certain terms we obtain

— Cokm(m + D™ '+

o 4C1k(m +1) =2C; ,
(I=p)c—r)

2C1(1 - p) - CQ}’N ei(lip)(Zka-Hikrm-H)
A=p)2c—r)? " (c—r)?

k(m +1)(k(m +1)Cy —

,r<R<c. (5.3)

. —(1— +1_
The maximum of CyrVe=( ) (k™™ —kr

" over r € [R, c], occurs of course at r = ¢ and is
equal to Cche_(l_”)kaH. Thus, for any k& > 0, it follows that for all large c, this last term
is no greater than Z(Cl‘%l;f). Thus, in order to obtain (5.3), it suffices to choose k > 0 so that
4C1k(m + 1) —2C, > 0 and

k(m + 1) (k(m + 1)Cy — C2)r*™ > Cokm(m + Dr™ ', r <R <c.
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Since m > —1, clearly the first inequality holds for all sufficiently large k. Since m > —1, we
have 2m > m — 1 and thus the second inequality also holds for sufficiently large k.
We now turn to the upper solution. We consider f in the form

17 m+1 m+1
I —2kC kr
ye

s

with k, y > 0, independent of c. Then (4.3) with [ = % becomes

2
I-p

lkcm-H _kRM+1

2 m m L
(c — R)T7 yk(m + 1) RMezke" " —kR™ T (c— R)Trye? >h. (54

For sufficiently large ¢ (depending on k and y), the left hand side of (5.4) is bounded from

below by ke, Thus, for sufficiently large 4 (depending on k and y), (5.4) will hold if we
1

choose ¢ = c(h) = Co(log h) =+T, for an appropriate Co > 0. We will now show that we can pick

k,y > 0 in the definition of f so that (4.2) holds with [ = —2. It will then follow that V is an

1-p-
upper solution, and consequently that r*(h) > c¢(h) = Co(logh) m;ﬂ, for large h, thereby proving
the upper bound in the theorem.
The same type of considerations that led to (5.3) show that in order to obtain (4.2), it suffices
to obtain the inequality

4Crk 1)—2
k(m+1)(k(m+1)C2—C1)r2m+ Cokim +1) = 2G4 P — Crkm(m + 1)r" '+
(I=p)c—r)

_26d-=p) yp—lﬂe—(l—m(%kc'"“—krm“)’ R<r<ec. 55)
(I=p)2(c—r)? (c—r)?

Now choose k > 0 sufficiently small so that k(m + 1)C, — C; < 0 and 4Crk(m + 1) —2Cy < 0.
Then the first three terms on the left hand side of (5.5) are negative. For say, r > (%)ﬁc, and
c sufficiently large, the last term on the left hand side of (5.5) is smaller than the right hand side
of (5.5). Thus, we conclude that the inequality in (5.5) holds for (%)ﬁc < r < c. On the other

1
hand, for R <r < (%)mc, the first and third terms on the left hand side of (5.5) are negative
and bounded from 0, the second term is negative and the last term is on the order of LLZ Thus,

for sufficiently large c, the left hand side of (5.5) is negative for R <r < (%)ﬁc. Thus, we
conclude that (5.5) holds for the entire range of r as specified. This completes the proof for ry,.

We now explain how the above calculations also give us the corresponding result for rJ,. In
order to obtain upper and lower solutions for the solution v, to (1.10), we use the very same
form as used above, the only difference being that we consider varying ¢ = c(h). For the lower
solution obtained above for (1.9), the boundary inequality took on the form (5.2). For the lower
solution for (1.10), the boundary inequality takes on the form

(c — RyT7 k" =kR™ (5.6)



R.G. Pinsky / J. Differential Equations 260 (2016) 5075-5102 5097

For the upper solution obtained above for (1.9), the boundary inequality took on the form (5.4).
For the upper solution for (1.10), the boundary inequality takes on the form

(c— R)T7 yeske" I kR™ ! o (5.7)

It is easy to see that just as with (5.2) and (5.4), we can fulfill (5.6) and (5.7) by choosing
1
¢ = c(h) = Co(log h) m+T, for an appropriate constant Cp > 0 in each case. Thus, as with ry,, we

obtain, r},(h) ~ (log h)#ﬂ. O
6. Proof of Theorem 5

As with the proofs from the previous two sections, we present the proof for ry, and then, upon
its completion, we explain how the proof for r}; follows from the proof for r};. For the solution

uy to (1.9), we look for upper and lower solutions V in the form (4.1) with [ = ﬁ. In order
for V to be an upper solution, the function f appearing in the definition of V must satisfy (4.2)
and (4.3) with [ = % In order for V to be a lower solution, the function f must satisfy (4.2)
and (4.3) with [ = ﬁ and with the inequality reversed. If such a V with ¢ = c¢(h) is an upper
(lower) solution, then it follows that r*(h) < c(h) (r*(h) > c(h)).

Recalling that A = Ag, that B = —% and that u = %8 > 0, we can write (4.2) with [ = 2

I-p
as

iy (K 4 : 201+ p) 2 AP
! +<7‘m)’”*(a—p)z(c—r)z‘<1—p>r<c—r>)fon<c—r>2'

6.1)
Consider the solution g = g, > 0 to the linear equation
" M 4 / 21
r (I=p)c—r) (I =pyr(c—r)
g(R) =1,
g < 11is maximal. (6.2)
By maximal, we mean that g, = lim,,— o0 g¢:n, Where g.., satisfies
4 2 1
g”+(ﬁ_ )g/_ K g=0 R<rsc—-
r (=p)c—r) (I =pyr(c—r) n
1
g(R)=g<c—;) =1. (6.3)
(Note that by the maximum principle, g.., < 1.) We will show that
gc 1s bounded from 0, uniformly in c. (6.4)

Thus, recalling that A is assumed to be bounded and bounded from 0, it follows that by choosing
8 > 0 sufficiently small (independent of c), the function f;F = §g. will satisfy (6.1) and the
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function f = 8~ g. will satisfy (6.1) with the inequality reversed. The boundary flux condition

(4.3) for an upper solution then becomes

2
l—p

1+ 2
(c—R)TP8—(c—R)T78¢'(R) > h, (6.5)

and for a lower solution it becomes

] (c—R)Tr87 —(c—R)T78§ ' ¢g'(R) <h. (6.6)
4

We will prove that
Cict 1< —g.(R) < Crc*~ !, where Cy, C; > 0 are independent of c. 6.7)

From (6.5)—(6.7) and the fact that ;« > 0, it follows that we can obtain an upper solution for large

2
h by choosing an appropriate ¢ = c(h) with ¢ 71 on the order h, and also a lower solution

2

for large h by choosing an appropriate ¢ = c(h) with ¢ 7! on the order h; that is, for both
1-p

the upper and the lower solution we have c(h) on the order & TR . Thus, we conclude that

1—
r*(hy~h T (=) . Therefore, to conclude the proof, we need to prove (6.4) and (6.7).
To prove (6.4), we construct a lower solution for (6.2) that is bounded from 0, uniformly
over c. Let v, satisfy

4 1
(B — T Yy=_ , R<r<c;
r 1=p)(c—r) r(c—r)
v(R) =0;
v > 0 is minimal. (6.8)

By minimal, we mean that v, = lim,—, ¢ Vc:n, Where v., solves

i <I'L 4 )/ 1 1
vV4+l—————|VV=————, R<r<c— —;
r aQ—=p)(c—r) r(c—r) n
v(R):v(c— l) =0. (6.9)
n

Solving (6.9) gives

r Z

4
1—

— _—_— r _ __4 —1 3+_P
Un;c(r):kn;c/s Hc—s) Pds—fdzz le—2) I—P/S" (c—s)Trds,
R

R R

where

c—1 4 3+p
fR "dzz M (c—z7) TP f;su—l(c—s) =pds

kn;c= 1L 2
Jr "SR —s) Trds
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1 4
. . c—— _4
Since lim,, s oo "sTH(c—s) T-rds = o0, we have
R

C
. 1 3+p
lim kp.c= | s#7 (c—s)T-rds.
n—oo
R
Thus we obtain

r c
3+p

Uc(r)=/dzz_”(c—z)7$/s“_l(c—s)lfl’ds. (6.10)

R z

2
It is easy to check that eiﬁv‘“ is a lower solution for (6.3); it satisfies the boundary condition
in (6.3) and it satisfies the differential inequality obtained by changing the equal sign to >. Thus,

21
. . . ——v,..
by the maximum principle, g,. > e -7 ™, and consequently

2u

ge>e TP 6.11)

To complete the proof of (6.4) we now show that sup,.. p v.(c) < 00.
Making the change of variables s = #c¢ in the inside integral, and then making the change of
variables z = yc in the outside integral, we obtain

1 1

vc(c):/dy(l —y)‘%/ﬂ**l(l —t)%idz (6.12)

R y
c

4 3+
Thus, lime— o0 ve(c) = [ dy (1 — y) 77 fyl t#=1(1 — 1) dt < oco. This completes the proof
of (6.4).

We now prove (6.7). Writing the differential equation in (6.2) as g” + (% — (l_l);‘w)g’ =

U—p?% g, and treating the right hand side as an inhomogeneous term, we solve by the method
used above for v., obtaining the integral equation

r [

ge(r)=1 —/dzzf“(C—z)_%/s“*l(c—s)%gc(s)ds. (6.13)
R z

By (6.4), we can choose y > 0, independent of c, such that y <infr<, . g.(r). Also, of course,
gc < 1. Thus, from (6.13) we have

c

1— g, __4 3+p
— g/ (R)= lim 178 >yR ™(c—R) T» /sl‘*](c—s)lfzds;
r—-Rt* r—R
R
1 C
— . 4 3+
— gl(R) = lim_ 1780) _ pone— gy s /s‘“l(c—s)ﬁds. (6.14)
r—R r —

R
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We have

< p " n
34p 34p 3p ¢t — R

/sﬂ—l(c—sw—?dss(c—R)l-Z /S“_ldb(c—R)l—? —

"

R R

c (Z 3+p
34p 34p 11411155 34p

/s”‘l(c—s)'—f’dsz/s“‘l(c—s)'—?dsz —= 5 et (6.15)

44 2
R

<
3

Now (6.7) follows from (6.14) and (6.15). This completes the proof for r}’{,.

We now explain how the above calculations also give us the corresponding result for 7. In
order to obtain upper and lower solutions for the solution v, to (1.10), we use the very same form
as used above, the only difference being that we vary ¢ = c(h). For the upper solution obtained
above for (1.9), the boundary inequality took on the form (6.5). For the upper solution for (1.10),
the boundary inequality takes on the form

(c— R)T78> h. (6.16)

For the lower solution obtained above for (1.9), the boundary inequality took on the form (6.6).
For the lower solution for (1.10), the boundary inequality takes on the form

(c—R)I%ns—l <h. (6.17)

Clearly, (6.16) and (6.17) can each be fulfilled by choosing ¢ = c(h) = CthTp , for an appropri-

I-p

ate constant Co > 0 in each case. Thus, we obtain rj,(h) ~h™2 . O
7. Proofs of Theorems 6 and 7

We will give the proof of the two theorems for the case of ry,. As will be clear from the proof
below, the proof for r}, is virtually the same, except that we don’t need to assume that D is
star-shaped because now the boundary condition does not contain a derivative.

To prove the two theorems, we simply sketch how to convert the upper and lower solutions
obtained in the radial case to upper and lower solutions in the non-radial case. Since 0 € D, there
exist 0 < R < Ry such that Bg C D C Bg,. Let V(r) be a radial function defined on R — Bpg.
For x € 8D, we have (VV - 7n1)(x) = y (x)V'(r)|,=|x|, for some function y defined on 9D. Of
course, in general, —1 < y < 1; however, by the assumption that D is star-shaped with respect
to 0, it follows that there exists a § > 0 such that § <y < 1. Let {V = V. = V.}, for large &,
be one of the collections of upper (lower) solutions that we constructed for the proofs of the
other theorems. They were all sufficiently regular so that if V/(R) < —h (V/(R) > —h), then
there are positive constants y; < 1 and y, > 1 such that V/(r) < —y1h (V'(r) > —y2h), for all
r € [R, R1]. Thus from the point of view of the boundary flux condition, the collection {Vc( % )}

({VC( I }) would satisfy the upper solution (lower solution) boundary flux inequality on d D. This
Y2

collection of course gives the same asymptotic order for »*(h) as does the collection {V,)}.
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In light of Theorem 5, the above paragraph is enough to complete the proof of Theorem 6. For
Theorem 7, we also need to consider the differential inequalities inside the domain (R? — By or
R? — D) for upper and lower solutions.

Consider the operator L as in (1.1). Recall that by the assumption in Theorem 7, this operator
is defined on all of R?; thus in particular, it is defined on R? — Bp. Let

d
AW =Y a0~

A

For a function V depending only on » = |x|, we have

LV(x)=Ax)V"(r) —

d .. J—
2 GO A ) X vy

By (1.18), we have C1 < A(x) < Cr and 0 < Z;izl a;j,i(x) < Cad. Note that

CiV"(r) < AV (r) < CV"(r), if V/'(r) 2 0;
CV'(r) < Ax)V"(r)y <C1 V" (r), if V'(r) <O0. (7.1)
Assume now that V' < 0, and note that all of the radially symmetric upper and lower solutions we

constructed satisfy this condition. Recalling the definition (1.17), it follows that if B™(r) < Kr™,
for some m > —1 and some K € R, then for any € > 0, for sufficiently large r, one has

d P —_—
2 G Z AW ) X Vi) < K+ or V)L

while if B~ (r) > Kr™, then for any € > 0, for sufficiently large r, one has

d o o(x) —
Lt G A 1y X i) = (K - oIV,

Finally, recalling (1.19), note that if AB™ > 0, then

d ey —
i a”’(rx) A iy — ; “b(x)V'(r) = 0.

Using the above facts, it is easy to verify that for each of the various parts of Theorem 7, the con-
dition given there is enough to guarantee that the radial upper and lower solutions constructed for
the corresponding Theorem mentioned there work as upper and lower solutions for the non-radial
case. O



5102 R.G. Pinsky / J. Differential Equations 260 (2016) 5075-5102

References

[1] C. Bandle, I. Stakgold, Reaction—diffusion and dead cores, in: Free Boundary Problems: Application and Theory,
vol. IV, in: Res. Notes in Math., vol. 121, Pitman, Boston, MA, 1985, pp. 436-448.

[2] R. Pinsky, The dead core for reaction—diffusion equations with convection and its connection with the first exit time
of the related Markov diffusion process, Nonlinear Anal. 12 (1988) 451-471.

[3] R. Pinsky, The interplay of nonlinear reaction and convection in dead core behavior for reaction—diffusion equations,
Nonlinear Anal. 18 (1992) 1113-1123.

[4] R. Pinsky, Universal bound independent of geometry for solution to symmetric diffusion equation in exterior domain
with boundary flux, preprint.

[5] D. Sattinger, Topics in Stability and Bifurcation Theory, Lecture Notes in Mathematics, vol. 309, Springer-Verlag,
Berlin—New York, 1973.

[6] R. Sperb, Some complementary estimates in the dead core problem, in: Nonlinear Problems in Applied Mathematics,
SIAM, Philadelphia, 1996, pp. 217-224.


http://refhub.elsevier.com/S0022-0396(15)00659-2/bib42533835s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib42533835s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib503838s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib503838s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib503932s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib503932s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib533733s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib533733s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib533936s1
http://refhub.elsevier.com/S0022-0396(15)00659-2/bib533936s1

	The behavior of the free boundary for reaction-diffusion equations with convection in an exterior domain with Neumann or Dirichlet boundary condition
	1 Introduction and statement of results
	2 Existence and comparison via the method of upper and lower solutions
	3 Proof of Theorem 1
	4 Proofs of Theorems 2 and 3
	5 Proof of Theorem 4
	6 Proof of Theorem 5
	7 Proofs of Theorems 6 and 7
	References


