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Abstract

Uniform estimate for the solutions of elliptic equations with high-contrast conductivities in Rn is con-
cerned. The space domain consists of a periodic connected sub-region and a periodic disconnected matrix 
block subset. The elliptic equations have fast diffusion in the connected sub-region and slow diffusion in 
the disconnected subset. Suppose ε ∈ (0, 1] is the diameter of each matrix block and ω2 ∈ (0, 1] is the con-
ductivity ratio of the disconnected matrix block subset to the connected sub-region. It is proved that the 
W1,p norm of the elliptic solutions in the connected sub-region is bounded uniformly in ε, ω; when ε ≤ ω, 
the Lp norm of the elliptic solutions in the whole space is bounded uniformly in ε, ω; the W1,p norm of 
the elliptic solutions in perforated domains is bounded uniformly in ε. However, the Lp norm of the second 
order derivatives of the solutions in the connected sub-region may not be bounded uniformly in ε, ω.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Uniform estimate for the solutions of elliptic equations with high-contrast conductivities in Rn

is concerned. The problem has applications in acoustic propagation in porous media, modeling of 
electromagnetic media, oil recovering process, the stress in composite materials [6,8,14,15,22]. 
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Suppose Y ≡ [0, 1)n is a cube in Rn for n ≥ 3, Ym is a simply-connected sub-domain of Y
with dist(Ym, ∂Y ) > 0, Yf ≡ Y \ Ym, τ ∈ (0, ∞), �τ

m ≡ {x|x ∈ τ(Ym − j) for some j ∈ Z
n} is a 

periodic disconnected subset of Rn, �τ
f (≡ R

n \ �τ
m) denotes a periodic connected sub-region 

of Rn, ∂�τ
m represents the boundary of �τ

m, and Kα,τ (x) ≡
{

1 if x ∈ �τ
f

α if x ∈ �τ
m

for α, τ > 0. The 

equation that we consider is ⎧⎨⎩−∇ · (Kω2,ε∇� + G) = V in R
n,

lim|x|→∞ |�|(x) = 0,
(1.1)

where ω, ε ∈ (0, 1] and G, V are given functions. If G, V are bounded with compact support, 
a solution of (1.1) in Hilbert space D1,2(Rn) (see definition in section 2) exists uniquely for each 
ω, ε by energy method. The L2 norm of the gradient of the solution of (1.1) in the connected 
sub-region �ε

f is bounded uniformly in ω, ε if G, V are small in �ε
m. However, the L2 norm of 

the gradient of the solution of (1.1) in matrix blocks �ε
m can be very large when ω closes to 0. 

This is different from the case of uniform elliptic equations, in which uniform bound for W 1,p

or Lipschitz norm holds in the whole domain [4,5,13,16,21]. To consider nonlinear problems, it 
is necessary to know whether the uniform bound of the solution of (1.1) in ω, ε can be extended 
to Lp space for any p ∈ (1, ∞). We note that the Lp estimate of the second derivatives of the 
solution of (1.1) in the connected sub-region �ε

f may not be bounded uniformly in ω, ε (see 
Remark 3.1).

There are some literatures related to this work. Lipschitz estimate and W 2,p estimate for 
uniform elliptic equations with discontinuous coefficients had been proved in [16,21]. Uniform 
Hölder, W 1,p , and Lipschitz estimates for uniform elliptic equations with Hölder periodic coeffi-
cients were shown in [4,5]. Uniform W 1,p estimate for uniform elliptic equations with continuous 
periodic coefficients was considered in [10] and the same problem with VMO periodic coef-
ficients could be found in [25]. Uniform W 1,p estimate for the Laplace equation in periodic 
perforated domains was considered in [20] and the same problem in Lipschitz estimate was stud-
ied in [24]. For non-uniform elliptic equations with smooth periodic coefficients, existence of 
C2,α solution could be found in [13]. Uniform Hölder and Lipschitz estimates in ω, ε for non-
uniform elliptic equations with discontinuous periodic coefficients were shown in [27].

In this work, uniform W 1,p estimate in ω, ε for non-uniform elliptic equations with discon-
tinuous coefficients in Rn is concerned. We remark that the uniform W 1,p estimates for (1.1)1 in 
bounded domains with Dirichlet boundary conditions are derived in [28], but the constants in the 
estimates are proportional to the size of the bounded domains. Indeed, the results and the esti-
mate techniques in [28] cannot be used in the problem here. To study the problem, we follow the 
approach developed by Avellaneda and Lin [5] for uniform (interior) W 1,p estimates for elliptic 
equations with rapidly oscillating, periodic coefficients. Our main effort is the proof of the uni-
form Lp gradient estimate for the solution of (1.1) for V = 0 case. First, we use the compactness 
argument to establish uniform Hölder and Lipschitz estimates. These estimates are then used to 
derive uniform bounds as well as error estimates for Green functions and their derivatives. Fi-
nally, the Lp gradient estimate is obtained by representing solutions using Green functions and 
by applying the Potential theory. After the Lp gradient estimate available, the other Lp estimates 
for the solution of (1.1) can be obtained by using duality argument, Sobolev embedding theory, 
and extension theory. It is shown that the W 1,p norm of the elliptic solutions in the connected 
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sub-region �ε
f is bounded uniformly in ε, ω; when ε ≤ ω, the Lp norm of the solutions in the 

whole space Rn is bounded uniformly in ε, ω; the W 1,p norm of the elliptic solutions in perfo-
rated domains �ε

f is bounded uniformly in ε. In [27], Lipschitz estimate for the solution of (1.1)
is derived if G, V are piecewise smooth and if V in �ε

m is small. Here no smoothness for G, V
and no smallness for V in �ε

m are needed.
The rest of this work is organized as follows: Notation and main results are stated in section 2. 

In section 3, we list some auxiliary lemmas: a priori estimates for interface problems, uniform 
Hölder and Lipschitz estimates in ω, ε for non-uniform elliptic equations, and a convergence 
result for non-uniform elliptic equations. To derive uniform W 1,p estimate for the solution of 
(1.1), we need uniform bounds as well as error estimates for Green functions and their derivatives. 
The derivation of these results for Green functions is in section 4. Proofs of main results are given 
in section 5. In Appendix A, we present the proofs of some lemmas claimed in section 3.

2. Notation and main result

Ws,p(D) is a Sobolev space with norm ‖ · ‖Ws,p(D), Ck,α(D) is a Hölder space with norm 
‖ · ‖Ck,α(D), W

s,p

loc (D) ≡ {ζ | ζ ∈ Ws,p(D) for any compact subset D of D}, C0,α
loc (D) ≡ {ζ | ζ ∈

C0,α(D) for any compact subset D of D}, and [ζ ]C0,α is the Hölder semi-norm of ζ , where 
s ≥ −1, p ∈ [1, ∞], k ≥ 0, α ∈ [0, 1) (see [2]). H 1

loc(D) ≡ W
1,2
loc (D), Lp(D) ≡ W 0,p(D), 

Hs(D) ≡ Ws,2(D), and Ck(D) ≡ Ck,0(D). C(Rn) is a space of continuous functions in Rn, 
C∞(Rn) is a space of infinitely differentiable functions in Rn, C∞

0 (D) is a space of infinitely 
differentiable functions with compact support in D, and C∞

per(R
n) is the subset of C∞(Rn)

of (0, 1)n-periodic functions. Hs
per(D) is the closure of C∞

per(R
n) under the Hs norm and 

‖ζ‖Hs
per(D) ≡ ‖ζ‖Hs(D∩(0,1)n) for s ≥ 1. D1,2(Rn) ≡ {ζ ∈ L

2n
n−2 (Rn)|∇ζ ∈ L2(Rn)} under the 

norm ‖ζ‖D1,2(Rn) ≡ ‖∇ζ‖L2(Rn) is a Hilbert space (see page 168 [18]). supp(ζ ) denotes the sup-
port of ζ . Define ‖ζ1, · · · , ζi‖B1 ≡ ‖ζ1‖B1 + · · · + ‖ζi‖B1 and ‖ζ‖B1∩B2 ≡ ‖ζ‖B1 + ‖ζ‖B2 for 
Banach spaces B1, B2. B(x) is a ball centered at x and Br(x) is a ball centered at x with radius 
r > 0. For any set D, |D| is the volume of D, D is the closure of D, XD is the characteristic func-
tion on D, dist(x, D) is the distance from x to D, ∂D is the boundary of D, D/r ≡ {x| rx ∈ D}
for r > 0, and

−
ˆ

D

ζ(x)dx ≡ 1

|D|
ˆ

D

ζ(x)dx if ζ ∈ L1(D).

Define ‖ |ζ‖ |
C0,α(D∩�ε

f )
≡ ‖η‖

C0,α(D/ε∩�ε
f /ε)

and ‖ |ζ‖ |C0,α(D∩�ε
m) ≡ ‖η‖C0,α(D/ε∩�ε

m/ε) where 

η(x) = ζ(εx), ε, α ∈ (0, 1). If �nτ is a outward normal vector on τ(∂Ym − j) for τ > 0 and 
j ∈ Z

n, we define, for any function ζ and x ∈ τ(∂Ym − j),

ζ,±(x) ≡ lim
t→0+ ζ(x ± t �nτ ), �ζ
τ(∂Ym−j)(x) = ζ,+(x) − ζ,−(x). (2.1)

Next we give two statements:

A1. ω, ε ∈ (0, 1],
A2. Ym with diameter less than 1 is a smooth simply-connected sub-domain of Y ⊂R

n, n ≥ 3.
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The assumption on Ym (that is, A2) is only for convenience of presentation. More general case is 
possible. Our main result is Theorem 2.1. Others are the consequences of Theorem 2.1.

Theorem 2.1. Under A1–A2, p ∈ (1, ∞), and G ∈ [Lp(Rn)]n with compact support, a W 1,p

loc (Rn)

solution of ⎧⎨⎩−∇ · (Kω2,ε∇� + G) = 0 in R
n

lim|x|→∞ |�|(x) = 0 (2.2)

exists uniquely and satisfies

‖Kω,ε∇�‖Lp(Rn) ≤ c‖K1/ω,εG‖Lp(Rn), (2.3)

where c is independent of ω, ε.

By Theorem 2.1, Potential theory, duality argument, and Sobolev embedding theory, we have 
the following two results.

Corollary 2.1. Under A1–A2, p ∈ (1, ∞), and G ∈ [Lp(Rn)]n with support in Br(0) for r > 0, 
then the solution of (2.2) satisfies{‖Kω,ε�‖Lp(Bt (0)) ≤ ct,r‖K1/ω,εG‖Lp(Rn) for p ∈ (1,∞),

‖Kω,ε�‖Lp(Rn) ≤ c‖K1/ω,εG‖
L

np
n+p (Rn)

for p ∈ ( n
n−1 ,∞).

(2.4)

Here t > 0; ct,r is independent of ω, ε but dependent on t , r; c is independent of ω, ε, r .

Corollary 2.2. Under A1–A2, p ∈ (1, ∞), and V ∈ W−1,p(Rn) with support in Br(0) for r > 0, 
a W 1,p

loc (Rn) solution of ⎧⎨⎩−∇ · (Kω2,ε∇�) = V in R
n

lim|x|→∞ |�|(x) = 0 (2.5)

exists uniquely and satisfies

‖Kω,ε�,Kω,ε∇�‖Lp(Bt (0)) ≤ ct,r‖K1/ω,εV ‖W−1,p(Rn), (2.6)

where t > 0 and ct,r is independent of ω, ε but dependent on t , r . In addition to V ∈ Lp(Rn)

with compact support, then⎧⎨⎩‖Kω,ε�‖Lp(Rn) ≤ c‖K1/ω,εV ‖
L

np
n+2p (Rn)

for p ∈ ( n
n−2 ,∞),

‖Kω,ε∇�‖Lp(Rn) ≤ c‖K1/ω,εV ‖
L

np
n+p (Rn)

for p ∈ ( n
n−1 ,∞),

(2.7)

where c is independent of ω, ε.
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Theorem 2.1 and Corollaries 2.1, 2.2 are proved in section 5. For ε ≤ ω case, Theorem 2.1
and Corollaries 2.1, 2.2 imply the following estimate.

Corollary 2.3. Under A1–A2 and ε ≤ ω and if both G, V are smooth enough with support in 
Br(0) for r > 0, then a W 1,p(Rn) solution of (1.1) exists uniquely and satisfies⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

‖�,Kω,ε∇�‖Lp(Bt (0)) ≤ ct,r

(‖K1/ω,εG‖Lp(Rn)

+ ‖K1/ω,εV ‖W−1,p(Rn)

)
if p ∈ (1,∞),

‖�,Kω,ε∇�‖Lp(Rn) ≤ c
(‖K1/ω,εG‖

Lp(Rn)∩L
np

n+p (Rn)

+ ‖K1/ω,εV ‖
L

np
n+p (Rn)∩L

np
n+2p (Rn)

)
if p ∈ ( n

n−2 ,∞).

Here t > 0; ct,r is independent of ω, ε but dependent on t , r; c is independent of ω, ε.

Proof. Let �ε�|�ε
f

denote the extension function of �|�ε
f

on Rn (see Theorem 2.1 [1]). If 
ε ≤ ω, by Theorem 2.1 [1] and Poincaré inequality, the solution of (1.1) satisfies

‖�‖Lp(Bt (0)∩�ε
m) ≤ ‖� − �ε�|�ε

f
‖Lp(Bt (0)∩�ε

m) + ‖�ε�|�ε
f
‖Lp(Bt (0)∩�ε

m)

≤ c‖ε(∇� − ∇�ε�|�ε
f
)‖Lp(Bt (0)∩�ε

m) + ‖�ε�|�ε
f
‖Lp(Bt (0)∩�ε

m)

≤ c(‖Kω,ε∇�‖Lp(Bt (0)) + ‖�‖Lp(Bt (0)∩�ε
f )), (2.8)

where c is independent of ω, ε. Eq. (2.8), Theorem 2.1, and Corollaries 2.1, 2.2 imply the re-
sult. �

For ω ≤ ε case, Theorem 2.1, Corollaries 2.1, 2.2, and compactness argument imply the fol-
lowing estimate in a perforated domain �ε

f .

Corollary 2.4. Under A2, ε ∈ (0, 1], and p ∈ ( n
n−2 , ∞) and if both G ∈ Lp(�ε

f ), V ∈ L
np

n+p (�ε
f )

have compact support, then a W 1,p(�ε
f ) solution of⎧⎪⎪⎨⎪⎪⎩

−∇ · (∇� + G) = V in �ε
f

(∇� + G) · �nε = 0 on ∂�ε
m

lim|x|→∞ |�|(x) = 0
(2.9)

exists uniquely and satisfies

‖�‖W 1,p(�ε
f ) ≤ c

(‖G‖
Lp(�ε

f )∩L
np

n+p (�ε
f )

+ ‖V ‖
L

np
n+p (�ε

f )∩L
np

n+2p (�ε
f )

)
, (2.10)

where c is a positive constant independent of ε and �nε is a normal vector on ∂�ε
m.

Proof. Consider the following equation⎧⎨⎩−∇ · (Kω2,ε∇�ω + GX�ε
f
) = VX�ε

f
in R

n,

lim |�ω|(x) = 0.
|x|→∞
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By Theorem 2.1 and Corollaries 2.1, 2.2,

‖Kω,ε�ω,Kω,ε∇�ω‖Lp(Rn) ≤ c
(‖G‖

Lp(�ε
f )∩L

np
n+p (�ε

f )
+ ‖V ‖

L
np

n+p (�ε
f )∩L

np
n+2p (�ε

f )

)
,

where c is a positive constant independent of ω, ε. Fixing ε and letting ω → 0, by compactness 
principle, there is a sequence {�ω} converging weakly to � ∈ W 1,p(�ε

f ) which satisfies (2.9), 
(2.10). �
Remark 2.1. Let us mention that there is an interesting problem related to (1.1). If Ym is replaced 
by, say, two disjoint balls with a distance δ > 0 between them, how would the constant c in (2.3)
depend on δ? For what value of p, is the constant c in (2.3) independent of δ? In this setting, 
Theorem 1.9 in [17] gives an L∞ estimate (independent of ε, δ) for the gradient provided ω2

stays away from 0. Also Theorem 1.2 in [7] gives an estimate on the gradient in terms of δ for 
ω2 = 0 and ε = 1. We shall pursuit this problem in the later work.

3. Some auxiliary lemmas

Here we list some lemmas. Basically they can be derived by modifying the arguments in [27]. 
If one result is not obvious, we give its proof in Appendix A. Otherwise we refer the reader 
to [27]. The listed lemmas are an imbedding result (Lemma 3.1), uniform estimates for interface 
problems (Lemmas 3.2–3.5), and a convergence result (Lemma 3.6).

Lemma 3.1. There is a constant c independent of ε ∈ (0, 1] such that⎧⎪⎨⎪⎩
‖ζ‖

L
2n

n−2 (�ε
f )

≤ ‖�εζ‖
L

2n
n−2 (Rn)

≤ c‖∇ζ‖L2(�ε
f )

‖ζ‖
L

2n
n−2 (�ε

m)
≤ c‖∇ζ‖L2(Rn)

if ζ ∈ D1,2(Rn).

Here �ε is the extension operator for functions defined in �ε
f (see Theorem 2.1 [1]). If ζ is 

defined in Rn, then �εζ means �εζ ≡ �ε(ζ |�ε
f
).

Proof. This lemma follows from Theorem 4.31 [2] and Theorem 2.1 [1]. �
By A2, one can find a positive constant d0 and smooth simply-connected domains S0, S1, S, 

A, S2 satisfying

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ym ⊂ S0 ⊂ S1 ⊂ S ⊂A⊂ Y ⊂ S2,

dist(Ym, ∂S0),dist(S0, ∂S1),dist(S1, ∂S),dist(S, ∂A) ≥ d0 > 0,

dist(A, ∂Y ),dist(Y, ∂S2),dist(S2,�
1
m \ Ym) ≥ d0 > 0,

diameter of Ym is less than 1 − 10d0.

(3.1)

Lemma 3.2. Let p ∈ (1, ∞) and ω ∈ (0, 1]. Any solution of

−∇ · (Kω2,1∇U + Q) = F in S2 (3.2)
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satisfies

‖Kω,1U,Kω,1∇U‖Lp(Y ) ≤ cJω,

where c is a constant independent of ω and

Jω ≡ ‖U‖Lp(S2\Y) + ‖K1/ω,1Q‖Lp(S2) + ‖K1/ω,1F‖W−1,p(S2)
. (3.3)

Proof of Lemma 3.2 is given in Appendix A.

Lemma 3.3. Let p ∈ (n, ∞) and ω ∈ (0, 1]. Any solution of⎧⎪⎨⎪⎩
−∇ · (Kω2,1∇U + Q) = F in Y \ ∂Ym

�U
∂Ym = 0

�Kω2,1∇U + Q
∂Ym · �ny = ζ

(3.4)

satisfies

‖Kωi,1U‖Ck+1,1−n/p(S\Ym)∩Ck+1,1−n/p(Ym) ≤ c
(‖U‖L2(Yf ) + ‖ζ‖Ck,1−n/p(∂Ym)

+ ‖Kωi−2,1Q‖Ck,1−n/p(Yf )∩Ck,1−n/p(Ym) + ‖Kωi−2,1F‖Wk,p(Yf )∩Wk,p(Ym)

)
,

where i, k ∈ {0, 1}, c is independent of ω, and �ny is the unit outward normal vector on ∂Ym. See 
(2.1) for (3.4)2,3 and (3.1) for S.

Lemma 3.3 can be proved by a modification of the argument of Lemma 3.2, so we skip its 
proof. The following result is a local estimate around the interface.

Lemma 3.4. Let ω ∈ (0, 1], τ ∈ (1, ∞), x0 ∈ τ∂Ym, and B1/2(x0) ⊂ τY . Any solution of⎧⎪⎨⎪⎩
−∇ · (Kω2,τ∇U) = FXτYf

in B1/2(x0) \ τ∂Ym

�U
B1/2(x0)∩τ∂Ym = 0

�Kω2,τ∇U
B1/2(x0)∩τ∂Ym · �ny = ζ

(3.5)

satisfies

‖Kω,τU‖Ck+1,α(B1/8(x0)∩τYf )∩Ck+1,α(B1/8(x0)∩τYm) ≤ c(‖Kω,τU‖L2(B1/2(x0))

+ ‖ζ‖Ck,α(B1/2(x0)∩τ∂Ym) + ‖F‖Ck(B1/2(x0)∩τYf )),

where k ∈ {0, 1}, α ∈ (0, 1), �ny is the unit outward normal vector on τ∂Ym, and c is a constant 
independent of ω, τ . See (2.1) for (3.5)2,3.

Proof of Lemma 3.4 is given in Appendix A. We find X(i)
ω ∈ H 1

per(R
n) satisfying, for ω ∈ (0, 1]

and i ∈ {1, · · · , n},



932 L.-M. Yeh / J. Differential Equations 261 (2016) 925–966
⎧⎪⎪⎨⎪⎪⎩
−∇ · (Kω2,1(∇X

(i)
ω + �ei)) = 0 in Y,ˆ

Yf

X
(i)
ω (y)dy = 0, (3.6)

and find X(i)
0 ∈ H 1

per(�
1
f ) ∩ H 1

per(�
1
m) satisfying, for i ∈ {1, · · · , n},

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

X
(i)
0 = 0 in Ym,

−∇ · (∇X
(i)
0 + �ei) = 0 in Yf ,

(∇X
(i)
0 + �ei),+ · �ny = 0 on ∂Ym,ˆ

Yf

X
(i)
0 (y)dy = 0,

(3.7)

where �ei is the unit vector in the i-th coordinate direction and �ny is a unit outward normal vector 
on ∂Ym. See (2.1) for (3.7)3. By Lax–Milgram Theorem and Poincaré inequality [12], X(i)

ω exists 
uniquely. By energy method, Theorem 6.30 [12], and Lemma 3.3, the solutions of (3.6)–(3.7)
satisfy

‖X(i)
ω ‖W 2,∞(Yf )∩W 2,∞(Ym) ≤ c, (3.8)

where c is a constant independent of ω. Define X(i)
ω,τ (x) ≡ τX

(i)
ω ( x

τ
) and X ≡ (X

(1)
ω , X(2)

ω , · · · ,

X
(n)
ω ), Xω,τ ≡ (X

(1)
ω,τ , X

(2)
ω,τ , · · · , X(n)

ω,τ ) for ω ∈ [0, 1] and τ ∈ (0, ∞). Denote by 
ω for ω ∈ [0, 1]
a n ×n matrix function whose (i, j)-component is ∂iX

(j)
ω . By remark in pages 17–19, 94–95 [14],

Kω ≡
ˆ

Yf ∪Ym

Kω2,1(I + 
ω(y))dy for ω ∈ [0,1] (3.9)

is a symmetric positive definite matrix dependent only on ω. Here I is the identity matrix. By 
(3.8), it is not difficult to see that there are positive constants d1, d2 independent of ω such that

d1I ≤ Kω ≤ d2I. (3.10)

One example below shows that the Lp norm of the second order derivatives of the solution of 
(1.1) may not be bounded uniformly in ω.

Remark 3.1. Suppose η is a bell-shaped smooth function satisfying η ∈ C∞
0 (B1(0)), η ∈ [0, 1], 

and η(x) = 1 in B1/2(0). Employ η, X(1)
ε,ε for ε ∈ (0, 1], and (3.6) to obtain⎧⎪⎨⎪⎩

−∇ · (Kε2,ε∇(ηX
(1)
ε,ε) − Kε2,εX

(1)
ε,ε∇η + Kε2,εη�e1

)
= −Kε2,ε(∇X

(1)
ε,ε + �e1)∇η in B1(0),

|ηX(1)
ε,ε |(x) = 0 for x /∈ B1(0).

By (3.8), we see
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‖X(1)
ε,ε∇η − η�e1‖W 1,∞(B1(0)) + ‖(∇X

(1)
ε,ε + �e1)∇η‖L∞(B1(0))

is bounded uniformly in ε, but ‖ηX(1)
ε,ε‖W 2,p(B1(0)∩�ε

f ) for p ∈ (1, ∞) is not bounded uniformly 
in ε.

Next we state one result but omit its proof because the proof is similar to the arguments of 
Lemmas 4.1–4.3, 5.1–5.3 [27].

Lemma 3.5. Let � > 0 and ω, ε ∈ (0, 1]. Any solution of

−∇ · (Kω2,ε∇U + Q) = F in R
n (3.11)

satisfies

[U ]
C0,μ(B1/2(x

∗)∩�ε
f )

≤ c
(‖Kω,εU‖L2(B1(x

∗)) + ‖K1/ω,εQ,K1/ω,εF‖Ln+�(B1(x
∗))

)
, (3.12)

‖Kω,ε∇U‖L∞(B1/2(x
∗)) ≤ c

(‖U‖L∞(B1(x
∗)∩�ε

f ) + ω‖U‖L2(B1(x
∗)∩�ε

m)

+ ‖|Q‖|
C0,μ(B1(x

∗)∩�ε
f )

+ ω−1‖|Q‖|C0,μ(B1(x
∗)∩�ε

m)

+ ‖εμ/2−1K1/ω,εQ,K1/ω,εF‖Ln+�(B1(x
∗))

)
, (3.13)

where μ ≡ �
n+�

, x∗ ∈ R
n, and c is a constant independent of ω, ε, x∗.

In addition to Q = 0 in Rn and F = 0 in �ε
m, any solution of (3.11) satisfies

‖∇U‖L∞(B1/2(x
∗)) ≤ c

(‖U‖L∞(B1(x
∗)∩�ε

f )

+ ω‖U‖L2(B1(x
∗)∩�ε

m) + ‖F‖Ln+�(B1(x
∗))

)
, (3.14)

where x∗ ∈ R
n and c is a constant independent of ω, ε, x∗.

Corollary 3.1. Let x∗ ∈ R
n, τ, r ∈ (0, ∞), and ω ∈ (0, 1]. Any solution of

−∇ · (Kω2,τ∇U) = 0 in Br(x
∗) (3.15)

satisfies

∣∣Kω,τU
∣∣ (x∗) ≤ c

∣∣∣∣ −
ˆ

Br (x∗)

|Kω,τU(y)|2dy

∣∣∣∣1/2

, (3.16)

for some constant c independent of ω, τ , x∗, r .
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Proof. First we assume x∗ = 0 and define �(y) = U(ry). Then (3.15) implies

−∇ · (Kω2,τ/r∇�) = 0 in B1(0).

Note τ/r ≤ 1 or 1 < τ/r . If τ/r ≤ 1 (resp. 1 < τ/r), inequality (3.12) (resp. Theorem 7.26 [12]
and Lemma 3.4) implies

[�]
C0,α(B1/4(0)∩�τ

f /r)
≤ c‖Kω,τ/r�‖L2(B1(0)), (3.17)

where α, c are positive constants independent of ω, τ , r .
Suppose 0 ∈ �τ

f , by (3.17),

|U(0)| = |�(0)| ≤
∣∣∣∣�(0) − −

ˆ

B1/4(0)∩�τ
f /r

�(y)dy

∣∣∣∣ +
∣∣∣∣ −

ˆ

B1/4(0)∩�τ
f /r

�(y)dy

∣∣∣∣
≤ c([�]

C0,α(B1/4(0)∩�τ
f /r)

+ ‖�‖L2(B1(0)∩�τ
f /r)) ≤ c

∣∣∣∣ −
ˆ

Br(0)

|Kω,τU(y)|2dy

∣∣∣∣ 1
2

. (3.18)

So (3.16) holds for x∗ = 0 ∈ �τ
f case. If 0 �= x∗ ∈ �τ

f , by translation, we see that (3.16) is true 
for x∗ ∈ �τ

f .
Suppose 0 ∈ �τ

m. If τ/r ≤ 1, by maximal principle [12] and 0 ∈ τ
r
Ym, maximal value of |�|

in the region τ
r
Ym is bounded by the maximal value of |�| on the boundary of τ

r
Ym. Since (3.16)

holds in �τ
f for any τ ∈ (0, ∞),

|U(0)| = |�(0)| ≤ max
z∈ τ

r
∂Ym

|�(z)| ≤ max
z∈ τ

r
∂Ym

c

∣∣∣∣ −
ˆ

Bd0 (z)

|Kω,τ/r�(y)|2dy

∣∣∣∣1/2

≤ c

∣∣∣∣ −
ˆ

B1(0)

|Kω,τ/r�(y)|2dy

∣∣∣∣1/2

= c

∣∣∣∣ −
ˆ

Br(0)

|Kω,τU(y)|2dy

∣∣∣∣1/2

,

where d0 is defined in (3.1) and c is independent of ω, τ/r . If τ/r > 1, we argue as (3.18) and 
we conclude that (3.16) holds for 0 ∈ �τ

m case. If 0 �= x∗ ∈ �τ
m, by translation, we see that (3.16)

is true for x∗ ∈ �τ
m. �

By Lax–Milgram Theorem [12], Lemma 3.1, and Theorem 2.1 [1], we see that if F ∈
C∞

0 (Rn), a D1,2(Rn) solution of

−∇ · (Kω2,ε∇U) = FX�ε
f

in R
n (3.19)

exists uniquely for all ω, ε ∈ (0, 1]. Moreover, the solution of (3.19) satisfies, for any x ∈ R
n,

‖Kω,εU‖ 2n
n

+ ‖Kω,ε∇U‖L2(Rn) ≤ c‖F‖ 2n
n

, (3.20)

L n−2 (R ) L n+2 (R )
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where c is independent of x, ω, ε. By (3.12), (3.14), and (3.20), we also have

‖U‖W 1,∞(Rn) ≤ c‖F‖
L

2n
n+2 (Rn)∩Ln+�(Rn)

, (3.21)

where � > 0 and c is a constant independent of ω, ε. By [3] and remark in pages 17–19, 
94–95 [14], we see that there is a sequence of the solution {Uε} of (3.19) satisfying, for each 
fixed ω ∈ (0, 1] and r > 0,⎧⎪⎨⎪⎩

Uε → U in L2(Br(0)) strongly

Kω2,ε∇Uε →Kω∇U in L2(Br(0)) weakly

FX�ε
f

→ |Yf |F in L2(Br(0)) weakly

as ε → 0, (3.22)

where |Yf | is the volume of Yf and Kω is the one in (3.9). The U in (3.22) satisfies

−∇ · (Kω∇U) = |Yf |F in R
n. (3.23)

Moreover, we have

Lemma 3.6. Let � > 0, ω, ε ∈ (0, 1], and F ∈ C∞
0 (Rn). The difference between the solution of 

(3.19) and the solution of (3.23) satisfies

‖Uε − U‖L∞(Rn) ≤ cε‖F‖
W

1, 2n
n+2 (Rn)∩W 2,n+�(Rn)

,

where c is a constant independent of ω, ε.

Proof of Lemma 3.6 is given in Appendix A.

4. Approximation of the Green functions

This section containing three subsections presents uniform bounds and approximations for 
Green functions. The first subsection is the uniform bounds of the zero order and the first order 
derivatives of Green functions �ω

τ (x, y) of the Poisson equations. The second subsection is an 
approximation of the second derivatives of �ω

τ (x, y) for τ ∈ (0, 1]. The third subsection is an 
approximation of the second derivatives of �ω

τ (x, y) for τ ∈ [ 1
n+1 , ∞).

4.1. Green functions of the Poisson equations

For any τ ∈ (0, ∞) and ω ∈ (0, 1], let �ω
τ denote the Green function of{

−∇y · (Kω2,τ (y)∇y�
ω
τ (x, y)) = δ(x − y) in R

n,

�ω
τ (x, y) → 0 as |x − y| → ∞.

(4.1)

By Theorem 5.4 [19], remark in pages 62, 67 in [19], and Lemma 3.3, function �ω
τ exists 

uniquely in H 1 (Rn \ {x}) ∩ W
1,1

(Rn) and
loc loc
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⎧⎪⎨⎪⎩
�ω

τ (x, ·) ∈ C(Rn \ {x}),
�ω

τ (x, y) = �ω
τ (y, x) for x �= y,

�ω
τ (x, y) = τ 2−n�ω

1 ( x
τ
,

y
τ
).

(4.2)

Lemma 4.1. For any τ ∈ (0, ∞) and ω ∈ (0, 1], there is a constant c independent of τ , ω, x, y
such that⎧⎪⎪⎪⎨⎪⎪⎪⎩

∣∣�ω
τ (x, y)

∣∣ ≤ c|x − y|2−nK1/ω,τ (x)K1/ω,τ (y),

|�ω
τ (x, y)| ≤ c|x − y|2−n if |x − y| ≥ τ(1 − 6d0),

|∇x�
ω
τ (x, y)| ≤ c|x − y|1−nK1/ω,τ (x)K1/ω,τ (y),

|∇y�
ω
τ (x, y)| ≤ c|x − y|1−n if |x − y| ≥ τ(1 − 5d0).

(4.3)

For any ω ∈ (0, 1] and x ∈ �1
f ∪ �1

m, there is a constant d > 0 so that

|∇x∇y�
ω
1 (x, y)| ≤ c|x − y|−nK1/ω2,1(x) if 0 < |x − y| < d, (4.4)

where c is a constant independent of x, y, ω. See (3.1) for d0; (4.4) holds only in a small neigh-
borhood of x.

Proof.

Proof of (4.3)1. First we assume ω, τ ∈ (0, 1] and x, y ∈ �τ
f . Set r ≡ |x − y| for x, y ∈ �τ

f . Let 

F ∈ C∞
0 (Br/3(y)) and find � ∈D1,2(Rn) satisfying

−∇ · (Kω2,τ∇�) = Kω,τF.

By Lax–Milgram Theorem [12], Lemma 3.1, and Theorem 2.1 [1], � is solvable uniquely in 
D1,2(Rn). By Definition 5.1 and remark in pages 59, 62, 67 [19] as well as Corollary 3.1, we 
see, for x ∈ �τ

f ,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
�(x) =

ˆ

Br/3(y)

�ω
τ (x, z)Kω,τ (z)F (z)dz,

|�(x)| ≤ c

∣∣∣∣ −
ˆ

Br/3(x)

|Kω,τ�(z)|2dz

∣∣∣∣1/2

≤ c

∣∣∣∣ −
ˆ

Br/3(x)

∣∣Kω,τ�(z)
∣∣ 2n

n−2 dz

∣∣∣∣ n−2
2n

,

(4.5)

where c is independent of τ , ω, r , x, y. Lemma 3.1, (4.5), Theorem 2.1 [1], and Hölder inequal-
ity [12] imply

∣∣∣∣ ˆ

Br/3(y)

�ω
τ (x, z)Kω,τ (z)F (z)dz

∣∣∣∣ ≤ c

∣∣∣∣ −
ˆ

Br/3(x)

∣∣Kω,τ�(z)
∣∣ 2n

n−2 dz

∣∣∣∣ n−2
2n

≤ cr
2−n

2 ‖Kω,τ∇�‖L2(Rn) ≤ cr
4−n

2 ‖F‖L2(B (y)), (4.6)

r/3
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where c is independent of τ , ω, r , x, y. Since y ∈ �τ
f , equations (4.1), (4.6) and Corollary 3.1

imply

∣∣�ω
τ (x, y)

∣∣ ≤ c

∣∣∣∣ −
ˆ

Br/3(y)

|Kω,τ (z)�
ω
τ (x, z)|2dz

∣∣∣∣ 1
2≤ c

rn−2
,

where c is independent of τ , ω, r , x, y. So (4.3)1 holds for x, y ∈ �τ
f , ω, τ ∈ (0, 1]. Together 

with (4.2)3, we see that (4.3)1 also holds for x, y ∈ �τ
f , τ ∈ [1, ∞) and ω ∈ (0, 1]. By a similar 

argument, the other cases of (4.3)1 also hold.
Inequality (4.3)2 follows from Theorem 3.1 [12], (3.1)4, and (4.3)1.

Proof of (4.3)3. If y �= 0, we define r ≡ |y|. For τ ∈ (0, ∞) and ω ∈ (0, 1], both (4.1) and (4.2)2
imply

−∇z · (Kω2,τ (z)∇z�
ω
τ (z, y)) = 0 for z ∈ Br/2(0).

If �(z) ≡ �ω
τ ( r

2z, y), then

−∇ · (Kω2,2τ/r (z)∇�(z)) = 0 for z ∈ B1(0).

Suppose 2τ/r > 1, by Lemma 3.4,

|∇�(0)| ≤ cK1/ω,2τ/r (0)‖Kω,2τ/r�‖L2(B1(0)),

where c is a constant independent of ω, τ/r . By (4.3)1,

|∇x�
ω
τ (0, y)| = 2

r
|∇�(0)| ≤ c|y|1−nK1/ω,τ (0)K1/ω,τ (y),

where c is independent of y, ω, τ/r . Suppose 2τ/r ≤ 1, by (3.14) and (4.3)2,

|∇x�
ω
τ (0, y)| = 2

r
|∇�(0)| ≤ c

r
‖�‖L∞(B1(0)) ≤ c|y|1−n,

where c is independent of y, ω, τ/r . If x �= 0 and x �= y, then we shift x to 0 and repeat the above 
argument to obtain the estimate for |∇x�

ω
τ (x, y)| in (4.3)3 for τ ∈ (0, ∞) and ω ∈ (0, 1].

Inequality (4.3)4 follows from (4.1), (4.3)2,3, (3.1)4, maximal principle [12], and Lemma 3.3.

Proof of (4.4). If x ∈ �1
f , set d̃ ≡ dist(x, �1

m) > 0. If y ∈ B
d̃/4(x) \ {x} and r ≡ |x − y|, then, 

by (4.1) and (4.2)2,

−�z∂yi
�ω

1 (z, y) = 0 in Br/2(x),

where ∂yi
is the partial derivative with respect to yi for i ∈ {1, · · · , n}. By Theorem 2.10 [12] and 

(4.3)3,

|∇x∂yi
�ω

1 (x, y)| ≤ c‖∂yi
�ω

1 (·, y)‖L∞(Br/2(x)) ≤ c|x − y|−n,

r



938 L.-M. Yeh / J. Differential Equations 261 (2016) 925–966
where c is a constant independent of x, y, ω. So we prove (4.4) for x ∈ �1
f . Eq. (4.4) for x ∈ �1

m

is proved in a similar way. �
Lemma 4.2. The Green function �ω

1 for ω ∈ (0, 1] in (4.1) satisfies⎧⎨⎩−∇x · (Kω2,1(x)∇x∂yk
�ω

1 (x, y)) = 0 in R
n \ {y}, y /∈ ∂�1

m,

sup
|x−y|∈[r1,r2]

|∇x∇y�
ω
1 (x, y)| < ∞ for any r1, r2 > 0, (4.7)

where yk is the k-th component of y = (y1, · · · , yn), ∂yk
is the partial derivative with respect 

to yk , and k ∈ {1, · · · , n}.

Proof. By (4.1), (4.2), (4.3)3, Corollary 6.3 [12], and Lemma 3.4, we obtain (4.7)1. By (4.3)3, 
(4.7)1, Corollary 6.3 [12], and Lemma 3.4, there is a constant c such that, if |y − z| > t for any 
t > 0,

‖∂yk
�ω

1 (·, y)‖
C1(Bt/2(z)∩�1

f )∩C1(Bt/2(z)∩�1
m)

≤ c. (4.8)

Eq. (4.8) implies (4.7)2. �
Remark 4.1.

(1) By Lax–Milgram Theorem [12], Theorem 2.1 [1], and Lemma 3.1, we see that for any 
ω, ε ∈ (0, 1] and F, Q ∈ L∞(Rn) with compact support, a D1,2(Rn) solution of

−∇ · (Kω2,ε∇� + Q) = F in R
n

exists uniquely. By Definition 5.1 and remark in pages 59, 62, 67 [19], Green Theorem, and 
(4.3)3 of Lemma 4.1,

�(x) =
ˆ

Rn

�ω
ε (x, y)F (y)dy −

ˆ

Rn

∇y�
ω
ε (x, y)Q(y)dy in R

n. (4.9)

(2) Tracing the proof of Lemma 4.1 [12] as well as employing (4.3)3 of Lemma 4.1, we see that 
if ω ∈ (0, 1] and F ∈ L∞(Rn) with compact support, then the D1,2(Rn) solution of

−∇ · (Kω2,1∇�) = F in R
n

satisfies � ∈ C1(�1
f ) ∩ C1(�1

m) and

∇�(x) =
ˆ

Rn

∇x�
ω
1 (x, y)F (y)dy for any x ∈ �1

f ∪ �1
m.

Tracing the proof of Lemma 4.2 [12] and employing Lemma 4.1, we obtain
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Lemma 4.3. If ω ∈ (0, 1], Q ∈ L∞(Rn) ∩C
0,α
loc (�1

f ) ∩C
0,α
loc (�1

m) with support in Br(0) for some 

r > 0, and α ∈ (0, 1), then the D1,2(Rn) solution of

−∇ · (Kω2,1∇� + Q) = 0 in R
n

satisfies, for any x ∈ �1
f ∪ �1

m, t > r , and j ∈ {1, · · · , n},

∂j�(x) = −
ˆ

Bt (0)

∂xj
∇y�

ω
1 (x, y)Q(y)dy + K 1

ω2 ,1(x)Q(x)

ˆ

∂Bt (0)

∇y�(x, y)nj dσy

+ K 1
ω2 ,1(x)Q(x)

ˆ

Bt (0)

∂xj
∇y�(x, y)dy. (4.10)

Here � is the fundamental solution of the Laplace equation in Rn, xj is the j -th component of 
x = (x1, x2, · · · , xn) ∈ R

n, and nj is the j -th component of �n = (n1, n2, · · · , nn) denoting a unit 
outward normal vector on ∂Bt(0). Moreover, there is a constant c independent of ω, r such that∣∣∣∣∇�(x) +

ˆ

Rn

∇x∇y�
ω
1 (x, y)Q(y)dy

∣∣∣∣ ≤ cK 1
ω2 ,1(x)|Q(x)| for x ∈ �1

f ∪ �1
m. (4.11)

Proof. Define, for any t > r > δ > 0 and x ∈R
n,

�δ(x) ≡ −
ˆ

Bt (0)

∇y�
ω
1 (x, y)ηδ(|x − y|)Q(y)dy,

where ηδ(x) = η(x/δ) and η ∈ C∞
0 (R) is an even function satisfying η ∈ [0, 1], η(x) = 0 in |x| ≤

1/2, η(x) = 1 in |x| ≥ 1, and η′(x) ≥ 0 for x ≥ 0. By (4.3)3 and (4.7)2, we see �δ ∈ C1(Rn). By 
(4.3)3, �δ converges to

�(x) ≡ −
ˆ

Bt (0)

∇y�
ω
1 (x, y)Q(y)dy in L∞(Rn) as δ → 0.

Define ϕω(x, ·) and x ∈ �1
f ∪ �1

m as

ϕω(x, y) ≡ �ω
1 (x, y) − K1/ω2,1(x)�(x, y) in R

n.

Note for any x ∈ �1
f ∪ �1

m, there is a small neighborhood Bd(x) of x such that

�yϕω(x, y) = 0 for y ∈ Bd(x).

So ϕω(x, ·) is smooth in a neighborhood Bd(x) of x ∈ �1
f ∪ �1

m and is piecewise smooth 
in R

n.
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If x ∈ �1
f ∪ �1

m, t > r > δ, and j ∈ {1, · · · , n}, by Green’s formula,

∂j�δ(x) = −
ˆ

Bt (0)

∂xj

(∇y�
ω
1 (x, y)ηδ(|x − y|))Q(y)dy

= −
ˆ

Bt (0)

∂xj

(∇y�
ω
1 (x, y)ηδ(|x − y|))(Q(y) − Q(x))dy

+ K 1
ω2 ,1(x)Q(x)

ˆ

∂Bt (0)

∇y�(x, y)nj dσy

− Q(x)

ˆ

Bt (0)

∂xj

(∇yϕω(x, y)ηδ(|x − y|))dy.

By (4.3)1,3, (4.4), and following the proof of Lemma 4.2 [12], if δ closes to 0, then ∂j�δ(x)

converges to ∂j�(x) in (4.10) for any x ∈ �1
f ∪ �1

m, t > r , and j ∈ {1, · · · , n}. So we prove 
(4.10).

If x /∈ Br(0), (4.11) is from (4.10) because of Q(x) = 0. If x ∈ Br(0) and r < t , by (2.13) 
in [12] and i, j ∈ {1, · · · , n},∣∣∣∣ ˆ

Bt (0)

∂xj
∂yi

�(x, y)dy

∣∣∣∣ =
∣∣∣∣ ˆ

Bt (0)\Bt−|x|(x)

∂xj
∂yi

�(x, y)dy

∣∣∣∣
≤ c

ˆ

Bt+|x|(x)\Bt−|x|(x)

|x − y|−ndy ≤ c ln
t + |x|
t − |x| ≤ c ln

t + r

t − r
, (4.12)

∣∣∣∣ ˆ

∂Bt (0)

∂yi
�(x, y)nj dσy

∣∣∣∣ ≤ c

∣∣∣∣ t

t − r

∣∣∣∣n−1

, (4.13)

where c is a constant. If t is much larger than r , then the right hand sides of (4.12)–(4.13) are 
bounded by a constant independent of ω, r . Together with (4.10), we obtain (4.11). So we prove 
the lemma. �

Next we derive an approximation of the second derivatives of �ω
τ for τ ∈ (0, ∞). The case of 

τ ∈ (0, 1] is considered in subsection 4.2 and the case of τ ∈ [ 1
n+1 , ∞) is in subsection 4.3.

4.2. For τ ∈ (0, 1] case

Let �ω
0 for ω ∈ (0, 1] denote the Green function of{

−∇y · (Kω∇y�
ω
0 (x, y)) = δ(x − y) in R

n,

�ω
0 (x, y) → 0 as |x − y| → ∞,

(4.14)

where Kω is the symmetric positive definite matrix in (3.9). By (3.10) and change of variables, 
the �ω in (4.14) can be transformed to the fundamental solution of the Laplace equation in a new 
0
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coordinate system. By the results in page 17 [12], we see �ω
0 (x, ·) ∈ H 1

loc(R
n \ {x}) ∩C(Rn \ {x})

and there is a constant c independent of ω such that

⎧⎪⎪⎪⎨⎪⎪⎪⎩
�ω

0 (x, y) = �ω
0 (y, x) for x �= y,

�ω
0 (x, y) = ν2−n �ω

0 ( x
ν
,

y
ν
) for any ν > 0,

|�ω
0 (x, y)| ≤ c|x − y|2−n for x �= y,

|∇y�
ω
0 (x, y)| ≤ c|x − y|1−n for x �= y.

(4.15)

Lemma 4.4. For any ω, τ ∈ (0, 1],

sup
|x−y|≥1−4d0

|�ω
τ (x, y) − �ω

0 (x, y)| ≤ cτλ, (4.16)

where c, λ are positive constants independent of ω, τ . See (3.1) for d0.

Proof. Fix x ∈ R
n and let c1 = sup

|x−y|≥1−6d0

|�ω
τ (x, y) − �ω

0 (x, y)|. By (3.1), (4.3)2, and (4.15)3, 

the c1 is independent of ω, τ , x. By (4.3)4 and (4.15)4, �ω
τ (x, ·) and �ω

0 (x, ·) are Lipschitz 
continuous functions in Rn \ B1−5d0(x). In other words,

|∇y�
ω
τ (x, y)| + |∇y�

ω
0 (x, y)| ≤ c2 for y ∈ R

n \ B1−5d0(x), (4.17)

where c2 is independent of ω, τ , x. Define θω,τ,x ≡ sup
|x−y|≥1−4d0

|�ω
τ (x, y) − �ω

0 (x, y)| for any 

fixed ω, τ , x. By (4.3)2 and (4.15)3, there is a y∗ satisfying

|x − y∗| ≥ 1 − 4d0 and θω,τ,x = |�ω
τ (x, y∗) − �ω

0 (x, y∗)| ≤ c1.

Pick a number β > 9 so that ρ ≡ θω,τ,x

βc2
≤ d0, where c2 is from (4.17). By (4.17), we see, for any 

y ∈ Bρ(y∗),

|�ω
τ (x, y) − �ω

0 (x, y)| ≥ |�ω
τ (x, y∗) − �ω

0 (x, y∗)|

− |�ω
τ (x, y) − �ω

τ (x, y∗)| − |�ω
0 (x, y) − �ω

0 (x, y∗)| ≥ θω,τ,x

5
. (4.18)

Let F ∈ C∞
0 (Bρ(y∗)), F ∈ [0, 1], F = 1 on Bρ/2(y∗), ‖∇F‖L∞(Bρ(y∗)) ≤ 4

ρ
, ‖∇2F‖L∞(Bρ(y∗)) ≤

16
ρ2 . Put F in the right hand side of (3.19) to get Uτ and of (3.23) to get U . By Lemma 3.6, for 
any � > 0 and ω, τ ∈ (0, 1],

‖Uτ − U‖L∞(Rn) ≤ c3τ |ρ| −(n+2�)
n+� , (4.19)

where c3 is a constant independent of ω, τ , x. By (3.19), (3.23), (4.17)–(4.18), and Remark 4.1,
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|Uτ (x) − U(x)| =
∣∣∣∣ ˆ
�τ

f

�ω
τ (x, y)F (y)dy −

ˆ

Rn

�ω
0 (x, y)|Yf |F(y)dy

∣∣∣∣
≥
ˆ

�τ
f

|�ω
τ − �ω

0 |(x, y)F (y)dy −
∣∣∣∣ ˆ
�τ

f

�ω
0 (x, y)F (y)dy −

ˆ

Rn

�ω
0 (x, y)|Yf |F(y)dy

∣∣∣∣
≥ c4ρ

n+1 −
∑
j∈Zn

τ n|Yf |∣∣�ω
0 (x, yj )F (yj ) − �ω

0 (x, zj )F (zj )
∣∣ for yj , zj ∈ τ(Y − j)

≥ c4ρ
n+1

(
1 − c5τ

ρ2

)
, (4.20)

where c4, c5 are independent of ω, τ , x. If 1 − c5τ

ρ2 > 1/2, (4.19) and (4.20) imply ρn+1 ≤
cτ |ρ| −(n+2�)

n+� , which implies (4.16). If 1 − c5τ

ρ2 ≤ 1/2, then ρ ≤ cτ 1/2. That again implies (4.16). 
So this lemma is proved. �
Lemma 4.5. For any ω, τ ∈ (0, 1] and |x − y| > 1 − 3d0,∣∣∇y�

ω
τ (x, y) − (

I + ∇X(y/τ)
)∇y�

ω
0 (x, y)

∣∣ ≤ cτλK1/ω,τ (y), (4.21)

where I is the identity matrix and c, λ are positive constants independent of ω, τ , x, y. See (3.1)
for d0 and remark after (3.8) for X.

Proof. Define T(i1,i2)
ω as follows. For i1, i2 ∈ {1, · · · , n}, we find T(i1,i2)

ω ∈ H 1
per(R

n) satisfying

⎧⎪⎪⎨⎪⎪⎩
∇ ·

(
Kω2,1

(
∇T

(i1,i2)
ω +X

(i2)
ω �ei1

))
= −Kω2,1

(
δi1,i2 + ∂i1X

(i2)
ω

)
in Y,ˆ

Yf

T
(i1,i2)
ω (y)dy = 0.

Here X(i2)
ω is defined in (3.6), �ei1 denotes a unit vector in the i1 direction, δi1,i2 =

{
1 if i1 = i2

0 if i1 �= i2
. 

By Lax–Milgram Theorem [12], (3.8), and Lemma 3.3, function T(i1,i2)
ω is uniquely solvable and 

satisfies

‖T(i1,i2)
ω ‖C1,α(Yf )∩C1,α(Ym) ≤ c for some α ∈ (0,1), (4.22)

where c is independent of ω. For fixed x ∈R
n, we define, in |x − y| > 1 − 4d0,

�ω,τ (y) ≡ �ω
τ (x, y) − �ω

0 (x, y) −Xω,τ (y)∇y�
ω
0 (x, y) −Tω,τ (y)∇2

y�ω
0 (x, y),

where Tω,τ (y) ≡ τ 2
Tω(

y
τ
) and Tω ≡ (T

(i1,i2)
ω ) are n ×n periodic matrix functions with period Y . 

Then �ω,τ satisfies, in Rn \ B1−4d (x),
0



L.-M. Yeh / J. Differential Equations 261 (2016) 925–966 943
−∇ · (Kω2,τ (∇�ω,τ +Tω,τ∇3
y�ω

0 )) = Kω2,τ (Xω,τ∇y�y�
ω
0 + ∇Tω,τ∇3

y�ω
0 ).

By (3.13), Lemma 4.4, (3.8), and (4.22), we know that if ω, τ ∈ (0, 1],

‖Kω,τ∇�ω,τ‖L∞(Rn\B1−3d0 (x)) ≤ cτλ,

where c, λ are positive constants independent of ω, τ , x. Which implies (4.21). �
Let us fix ω ∈ (0, 1], y ∈R

n \ ∂�τ
m and define{

ϕτ (x) ≡ ∇y�
ω
τ (x, y)

ϕ0(x) ≡ (I + ∇X(
y
τ
))∇y�

ω
0 (x, y)

for x ∈ R
n \ B1−3d0(y). (4.23)

By Lemma 4.5, if ω, τ ∈ (0, 1], then

‖ϕτ − ϕ0‖L∞(Rn\B1−3d0 (y)) ≤ cτλK1/ω,τ (y), (4.24)

where c, λ are positive constants independent of ω, τ , y. By (4.7)1,

−∇ · (Kω2,τ∇ϕτ ) = 0 in R
n \ B1−3d0(y).

As τ → 0, by (4.3)4, (4.24), and an analogous argument as (3.19)–(3.23), we obtain

−∇ · (Kω∇ϕ0) = 0 in R
n \ B1−2d0(y). (4.25)

Tracing the proof of Lemma 4.5, we see that (4.23)–(4.25) imply

Lemma 4.6. For any ω, τ ∈ (0, 1] and |x − y| ≥ 1 − d0,∣∣∣∇x∇y�
ω
τ (x, y) − (

I + ∇X(
x

τ
)
)(

I + ∇X(
y

τ
)
)∇x∇y�

ω
0 (x, y)

∣∣∣ ≤ cτλK 1
ω

,τ
(x)K 1

ω
,τ

(y),

where c, λ are positive constants independent of ω, τ , x, y.

Proof. Define, for fixed ω ∈ (0, 1], y ∈R
n and |x − y| > 1 − 3d0,

�ω,τ ≡ ϕτ − ϕ0 −Xω,τ∇ϕ0 −Tω,τ∇2ϕ0,

where ϕτ , ϕ0 are defined in (4.23) and Xω,τ , Tω,τ are same as those in Lemma 4.5. Following 
the proof of Lemma 4.5, we see that Lemma 4.6 holds. �

Lemma 4.6 then implies

Corollary 4.1. For any ω ∈ (0, 1] and |x − y| ≥ 1,∣∣∇x∇y�
ω
1 (x, y) − (I + ∇X(x))(I + ∇X(y))∇x∇y�

ω
0 (x, y)

∣∣
≤ c|x − y|−n−λK1/ω,1(x)K1/ω,1(y), (4.26)

where λ, c are positive constants independent of ω, x, y.



944 L.-M. Yeh / J. Differential Equations 261 (2016) 925–966
Proof. For x, y ∈ �1
f case. By (4.2)3 and (4.15), we see �ω

τ (x, y) = τ 2−n�ω
1 ( x

τ
, y

τ
), �ω

0 (x, y) =
τ 2−n�ω

0 ( x
τ
, y

τ
) for τ > 0. Define x = ξ

τ
, y = η

τ
, then ξ, η ∈ �τ

f . Assume |ξ − η| = 1. By 
Lemma 4.6, if ω, τ ∈ (0, 1],∣∣∇x∇y�

ω
1 (x, y) − (I + ∇X(x))(I + ∇X(y))∇x∇y�

ω
0 (x, y)

∣∣
=

∣∣∣∣∇x∇y�
ω
1 (

ξ

τ
,
η

τ
) − (

I + ∇X(
ξ

τ
)
)(

I + ∇X(
η

τ
)
)∇x∇y�

ω
0 (

ξ

τ
,
η

τ
)

∣∣∣∣
=

∣∣∣∣∇ξ∇η�
ω
τ (ξ, η) − (

I + ∇X(
ξ

τ
)
)(

I + ∇X(
η

τ
)
)∇ξ∇η�

ω
0 (ξ, η)

∣∣∣∣ τn ≤ cτn+λ,

where c, λ are positive constants independent of ω, τ .
If we take τ = 1

|x−y| , then |ξ − η| = 1. Note |x − y| ≥ 1 because of τ ≤ 1. So we prove (4.26)

for x, y ∈ �1
f case. The other cases of (4.26) are proved in a similar way. �

4.3. For τ ∈ [ 1
n+1 , ∞) case

In this subsection, τ ∈ [ 1
n+1 , ∞) and notation as in (3.1) is used. For any ν ∈ (0, ∞), ω ∈

(0, 1], and j ∈ Z
n, let M(j)

ω,ν denote the Green function of{
−∇y · (K(j)

ω2,ν
(y)∇yM(j)

ω,ν(x, y)) = δ(x − y) in R
n,

M(j)
ω,ν(x, y) → 0 as |x − y| → ∞,

(4.27)

where

K(j)

ω2,ν
(y) ≡

{
1 if y ∈ R

n \ ν(Ym − j),

ω2 if y ∈ ν(Ym − j).

Similar to �ω
τ in (4.1), by Theorem 5.4 [19], remark in pages 62, 67 in [19], and Lemma 3.3, 

M(j)
ω,ν exists uniquely in H 1

loc(R
n \ {x}) ∩ W

1,1
loc (Rn) and satisfies⎧⎪⎨⎪⎩

M(j)
ω,ν(x, ·) ∈ C(Rn \ {x}),

M(j)
ω,ν(x, y) =M(j)

ω,ν(y, x) for x �= y,

M(j)
ω,ν(x, y) = ν2−nM(0)

ω,1(
x
ν

+ j,
y
ν

+ j).

(4.28)

If (x, y) /∈ Ym × Ym and if x �= y, we define

Eω(x, y) ≡M(0)
ω,1(x, y) − �(x, y), (4.29)

where � is the fundamental solution of the Laplace operator in Rn. By (4.28),

Eω(x, y) = Eω(y, x) for (x, y) /∈ Ym × Ym and x �= y. (4.30)

If x ∈ R
n \ Ym is fixed, Eω(x, ·) is a piecewise smooth function in Rn satisfying
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⎧⎪⎪⎪⎨⎪⎪⎪⎩
−�yEω(x, y) = 0 in R

n \ ∂Ym,

�Eω
∂Ym(x, y) = 0,

�K(0)

ω2,1
∇yEω
∂Ym · �ny(x, y) = (ω2 − 1)∇y�(x, y) · �ny on ∂Ym,

Eω(x, y) → 0 as |x − y| → ∞,

(4.31)

where �ny is a unit normal vector on ∂Ym. See (2.1) for (4.31)2,3.
(A− i) ∩ (A− j) = ∅ for i �= j and i, j ∈ Z

n, where A is the closure of A (see (3.1) for A). 
If x ∈ �τ

f \ ⋃
j∈Zn τ (S1 − j), then the distance from x to ∂�τ

m is of order τ . Let φ ∈ C∞
0 (Rn)

be a bell-shaped function satisfying φ ∈ [0, 1], φ(x) = 1 in x ∈ S, supp(φ) ⊂ A. If X †
A(x, y) ≡

φ(x)φ(y) ∈ [0, 1], then X †
A satisfies

⎧⎪⎨⎪⎩
X †
A(x, y) =X †

A(y, x) for x, y ∈R
n,

X †
A(x, y) =

{
1 if x, y ∈ S,

0 if x /∈ A or y /∈A.

(4.32)

See (3.1) for S1, S, A. Define, for any x ∈ R
n and y ∈R

n \ {x},

Gω
1 (x, y) ≡ �(x, y)

(
1 −

∑
j∈Zn

X †
A(x + j, y + j)

)
+

∑
j∈Zn

M(0)
ω,1(x + j, y + j)X †

A(x + j, y + j), (4.33)

and define

Gω
τ (x, y) ≡ τ 2−nGω

1 (
x

τ
,
y

τ
) for τ ∈ [ 1

n + 1
,∞). (4.34)

By symmetry property of �, M(0)
ω,1, X †

A (see (4.28) and (4.32)), we know

Gω
1 (x, y) = Gω

1 (y, x) for x �= y. (4.35)

If (x, y) /∈ ⋃
j∈Zn(Ym − j) × (Ym − j) and x �= y, equation (4.33) can be written as, by (4.29),

Gω
1 (x, y) ≡ �(x, y) +

∑
j∈Zn

Eω(x + j, y + j)X †
A(x + j, y + j). (4.36)

Remark 4.2.

(1) For τ ∈ [ 1
n+1 , ∞), ω ∈ (0, 1], and j ∈ Z

n, we consider

−∇ · (Kω2,τ∇�) = 0 in τ(S − j).

By maximal principle (see Theorem 3.1 and Lemma 3.4 in [12]) and Lemma 3.3,
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{
‖�‖L∞(τ (S−j)) ≤ ‖�‖L∞(τ (∂S−j)),

τ‖∇�‖L∞(τ (S1−j)) ≤ c‖�‖L∞(τ (∂S−j)),
(4.37)

where c is independent of ω, τ . See (3.1) for S1, S.
(2) Tracing the proof of Lemma 4.2 and employing (4.27)–(4.28), we see

The Green function M(0)
ω,1 in (4.27) satisfies

−∇x · (K(0)

ω2,1
(x)∇x∂yk

M(0)
ω,1(x, y)) = 0 in R

n \ {y}, y /∈ ∂Ym, (4.38)

where yk is the k-th component of y = (y1, · · · , yn) and ∂yk
is the partial derivative with 

respect to yk for k ∈ {1, · · · , n}.

Lemma 4.7. Let ω ∈ (0, 1].

(1) There is a constant c independent of ω, x, y such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∣∣M(0)
ω,1(x, y)

∣∣ ≤ c|x − y|2−nK(0)
1/ω,1(x)K(0)

1/ω,1(y),

|M(0)
ω,1(x, y)| ≤ c|x − y|2−n if |x − y| ≥ 1 − 6d0,

|Eω(x, y)| ≤ c if (x, y) /∈ S0 × S0,

‖Eω(x, ·)‖C2(Rn\S1)
≤ c for x ∈ R

n,

‖∇yEω(·, y)‖C1(Rn\S) ≤ c for y /∈ ∂Ym,∣∣∣(1 −X †
A(x, y)

)(
�(x, y) −M(0)

ω,1(x, y)
)∣∣∣ ≤ c for x �= y.

(4.39)

(2) For any τ ∈ [ 1
n+1 , ∞), there is a constant c independent of ω, τ , x, y such that if x, y ∈ �τ

f

or if |x − y| ≥ τ(1 − 6d0), then

|Gω
τ (x, y)| ≤ c|x − y|2−n. (4.40)

(3) If x ∈ S2 \ Y and y ∈ Y , there is a constant c independent of ω, x, y such that{∣∣M(0)
ω,1(x, y)

∣∣ ≤ c|x − y|2−n,∣∣∇yM(0)
ω,1(x, y)

∣∣ ≤ c|x − y|1−n.
(4.41)

See (3.1) for S0, S1, S, A, S2, d0.

Proof. Following the arguments of Lemmas 4.1–4.3, 5.1–5.3 [27], we have
Let � > 0 and ω, ν ∈ (0, 1]. Any solution of

−∇ · (K(0)

ω2,ν
∇�) = F in B1(x

∗)

satisfies

[�]C0,μ(B1/2(x
∗)∩(Rn\νYm)) ≤ c

(‖K(0)
ω,ν�‖L2(B1(x

∗)) + ‖K(0)
1/ω,νF‖Ln+�(B1(x

∗))
)
,

where μ ≡ � , x∗ ∈ R
n, and c is independent of ω, ν, x∗.
n+�
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Then we follow the proofs of Corollary 3.1 and Lemma 4.1 to obtain (4.39)1,2.
Note

‖�(x, ·)‖C2,α(∂Ym) ≤ c if x ∈R
n \ S0, (4.42)

where α ∈ (0, 1) and c is independent of x. Eqs. (4.39)1 and (4.42) imply

‖Eω(x, ·)‖L∞(∂Ym) ≤ c if x ∈ R
n \ S0, (4.43)

where c is independent of ω, x. Eqs. (4.30)–(4.31), (4.43), and Theorem 3.1 [12] imply (4.39)3.
By (4.27), �yEω(x, y) = 0 for x ∈ R

n, y ∈ R
n \ S0. Corollary 6.3 [12] and (4.39)3 imply 

(4.39)4.
By (4.31), (4.39)3, (4.42), and Lemma 3.3,

‖Eω(x, ·)‖C2(S2\Ym)∩C2(Ym) ≤ c if x ∈R
n \ S0,

where c is independent of ω, x. Together with (4.39)4, we have

‖Eω(x, ·)‖C2(Rn\Ym)∩C2(Ym) ≤ c if x ∈ R
n \ S0, (4.44)

where c is independent of ω, x. By Corollary 6.3 [12], (4.38) of Remark 4.2, and (4.44), we have 
(4.39)5.

If x /∈ S or y /∈ S, (4.39)3 implies |�(x, y) − M(0)
ω,1(x, y)| = |Eω(x, y)| ≤ c, where c is a 

constant independent of ω. If x, y ∈ S, (4.32) implies 1 −X †
A(x, y) = 0. So we see that (4.39)6

holds.
If |x −y| > nτ , then Gω

τ (x, y) = �(x, y) by (4.32)–(4.34). So (4.40) holds clearly. If |x −y| ≤
nτ and x, y ∈ �τ

f , equations (4.34) and (4.36) imply

Gω
τ (x, y) = �(x, y) + τ 2−nEω(

x

τ
+ j,

y

τ
+ j)X †

A(
x

τ
+ j,

y

τ
+ j)

= τ 2−nM(0)
ω,1(

x

τ
+ j,

y

τ
+ j) + τ 2−n(X †

A − 1)Eω(
x

τ
+ j,

y

τ
+ j) (4.45)

for some j ∈ Z
n satisfying x

τ
+ j, y

τ
+ j ∈ Y . Eqs. (4.39)1,6 and (4.45) imply that (4.40) holds 

for x, y ∈ �τ
f . If |x − y| ∈ [(1 − 6d0)τ, nτ ], then x ∈ �τ

f or y ∈ �τ
f by (3.1). By (4.39)2,6 and 

(4.45), we know (4.40) holds for |x − y| ∈ [(1 − 6d0)τ, nτ ]. So (4.40) is proved.
By (3.1), (4.27), (4.39)1, and maximal principle (see Theorem 3.1 [12]), we see that (4.41)1

holds. Let x ∈ S2 \ Y be fixed and let c be a constant independent of ω. If y ∈ Y ∩ Bd0(x), we 
define r = |x − y|. See (3.1) for d0. Then, by (4.27),

−�zM(0)
ω,1(x, z) = 0 in Br/2(y).

Theorem 2.10 [12] and (4.39)1 imply, for y ∈ Y ∩ Bd0(x),

|∇yM(0)
ω,1(x, y)| ≤ c‖M(0)

ω,1(x, ·)‖L∞(Br/2(y)) ≤ c

n−1
. (4.46)
r |x − y|
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By (4.27),

−∇z · (K(0)

ω2,1
∇zM(0)

ω,1(x, z)) = 0 in Y \ Bd0/2(x).

Corollary 6.3 [12], Lemma 3.3, (3.1), and (4.39)1 imply, for y ∈ Y \ Bd0(x),

|∇yM(0)
ω,1(x, y)| ≤ c sup

z∈S2\(Bd0/2(x)∪Ym)

|M(0)
ω,1(x, z)| ≤ c

|x − y|n−1
. (4.47)

Equations (4.46)–(4.47) imply (4.41)2. �
Modifying the argument of Lemma 4.3, we have

Lemma 4.8. For any ω ∈ (0, 1], Q ∈ L∞(Rn) ∩ C
0,α
loc (Rn \ Ym) ∩ C

0,α
loc (Ym) with support in A, 

and α ∈ (0, 1), the D1,2(Rn) solution of

−∇ · (K(0)

ω2,1
∇� + Q) = 0 in R

n

satisfies, for x ∈ Yf ∪ Ym and j ∈ {1, · · · , n},

∂j�(x) = −
ˆ

A

∂xj
∇yM(0)

ω,1(x, y)Q(y)dy + K(0)

1/ω2,1
(x)Q(x)

ˆ

∂S2

∇y�(x, y)nj dσy

+ K(0)

1/ω2,1
(x)Q(x)

ˆ

S2

∂xj
∇y�(x, y)dy.

Here xj is the j -th component of x = (x1, · · · , xn), nj is the j -th component of �n = (n1, · · · , nn)

denoting a unit outward normal vector on ∂S2, and � is the fundamental solution of the Laplace 
operator in Rn. Moreover, there is a constant c independent of ω such that∣∣∣∣∇�(x) +

ˆ

A

∇x∇yM(0)
ω,1(x, y)Q(y)dy

∣∣∣∣ ≤ cK(0)

1/ω2,1
(x)|Q(x)| for x ∈ Yf ∪ Ym.

Lemma 4.9. For any τ ∈ [ 1
n+1 , ∞) and ω ∈ (0, 1],

sup
|x−y|≥1−4d0

|�ω
τ (x, y) − Gω

τ (x, y)| ≤ cτ 2−n, (4.48)

where c is a positive constant independent of ω, τ . See (3.1) for d0.

Proof. Let x ∈R
n be fixed and define

c1 ≡ sup
|x−y|≥1−6d0

|�ω
τ (x, y) − Gω

τ (x, y)|.
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Claim I. c1 is a constant independent of ω, τ , x.

Proof of Claim I. From (3.1), the distance between Rn \ ⋃
j∈Zn τ (S1 − j) and �τ

m as well as 
the distance between τ(S1 − j) and τ(∂S − j) for any j ∈ Z

n both are greater than d0τ . So

(S1) if x ∈ τ(S1 − j) for some j ∈ Z
n, then ‖�ω

τ (x, ·) − Gω
τ (x, ·)‖L∞(τ (S−j)) is bounded in-

dependent of ω, τ , x by (4.37)1 with � = �ω
τ (x, ·) − Gω

τ (x, ·), Theorem 3.1 [12], (4.3)1, 
(4.36), and (4.39)3.

(S2) if x ∈ τ(S1 − j) for some j ∈ Z
n, then

sup
|x−y|≥1−6d0

y /∈τ(S−j)

|�ω
τ (x, y) − Gω

τ (x, y)| ≤ sup
|x−y|≥1−6d0

y /∈τ(S−j)

|�ω
τ (x, y)| + |Gω

τ (x, y)| (4.49)

is bounded independent of ω, τ , x by Theorem 3.1 [12], (4.3)1, (4.36), (4.39)3.
(S3) if x ∈ R

n \ ⋃
j∈Zn τ (S1 − j), then c1 is independent of ω, τ , x by (4.37)1, (4.49), Theo-

rem 3.1 [12], (4.3)1, and (4.39)1.

(S1)–(S3) imply Claim I.

Claim II. There is a constant c2 independent of ω, τ , x such that

sup
|x−y|≥1−5d0

|∇y�
ω
τ (x, y) − ∇yGω

τ (x, y)| ≤ c2. (4.50)

Proof of Claim II. We note

(S4) if x ∈ τ(S1 − j) for j ∈ Z
n, then ‖∇y�

ω
τ (x, ·) − ∇yGω

τ (x, ·)‖L∞(τ (S1−j)) is bounded inde-
pendent of ω, τ , x by (4.37)2 with � = �ω

τ (x, ·) − Gω
τ (x, ·) and (S1).

(S5) if x ∈ τ(S1 − j) for some j ∈ Z
n, then

sup
|x−y|>1−5d0
y /∈τ(S1−j)

|∇y�
ω
τ (x, y)| + |∇yGω

τ (x, y)|

is bounded independent of ω, τ , x by (4.3)3,4, Theorem 2.10 [12], (4.36), and (4.39)4.
(S6) if x ∈ R

n \⋃
j∈Zn τ (S1 − j), then (4.50) holds by (4.37)2, Theorem 2.10 [12], (4.3), (4.36), 

and (4.39).

(S4)–(S6) imply Claim II.

Define θω,τ,x ≡ sup
|x−y|≥1−4d0

|�ω
τ (x, y) − Gω

τ (x, y)| for fixed ω, τ , x. Clearly, θω,τ,x ≤ c1 by 

Claim I. By (4.3)2 and (4.40), there is a y∗ satisfying

1 − 4d0 ≤ |x − y∗| and θω,τ,x = |�ω
τ (x, y∗) − Gω

τ (x, y∗)| ≤ c1. (4.51)

Take a number β > 9 so that
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ρ ≡ θω,τ,x

βc2
≤ d0, (4.52)

where c2 is from (4.50). From (4.50), (4.51), and mean value theorem,

|�ω
τ (x, y) − Gω

τ (x, y)| ≥ θω,τ,x/5 for y ∈ Bρ(y∗). (4.53)

Take F ∈ C∞
0 (Bρ(y∗)) so that

0 ≤ F ≤ 1 and F = 1 on Bρ/β(y∗). (4.54)

Because of (4.52), at most one j ∈ Z
n satisfies supp(F ) ∩ τ(A − j) �= ∅.

Suppose y∗ ∈ τ(Y − j) for some j ∈ Z
n. We find �, �∗ ∈ D1,2(Rn) such that{

−∇ · (Kω2,τ∇�) = F in R
n,

−∇ · (K(j)

ω2,τ
∇�∗) = F in R

n.
(4.55)

By Lax–Milgram Theorem [12], Lemma 3.1, and Theorem 2.1 [1], � and �∗ are uniquely 
solvable and are piecewise smooth by Lemma 3.3. Moreover,⎧⎪⎪⎪⎨⎪⎪⎪⎩

−�(� − �∗) = 0 in R
n \ ∂�τ

m,

�� − �∗
∂�τ
m

= 0,

�Kω2,τ∇(� − �∗)
∂�τ
m

· �nτ =
{

0 on τ(∂Ym − j),

(ω2 − 1)∇�∗ · �nτ on ∂�τ
m \ τ(∂Ym − j).

(4.56)

See (2.1) for (4.56)2,3.

Claim III. There is a constant c independent of ω, τ , x such that

‖� − �∗‖L∞(Rn) ≤ cτ 2−nρn. (4.57)

Proof of Claim III. Because of y∗ ∈ τ(Y − j), there is a smooth domain Dτ such that

(S7) Dτ ⊃ τ(Ym − j) ∪ supp(F ), Dτ ∩ τ(Ym − i) = ∅ for i �= j ,
(S8) dist(∂Dτ , supp(F )) is greater than τ(1 − 4d0).

By (S7) and maximal principle (see Theorem 3.1 and Lemma 3.4 [12]), (4.56) implies

‖� − �∗‖L∞(Dτ ) ≤ ‖� − �∗‖L∞(∂Dτ ). (4.58)

By (4.9), (S8), (4.3)2, (4.39)2, and (4.28)3, equation (4.55) implies, for z ∈R
n \ Dτ ,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

|�(z)| =
∣∣∣∣ˆ
Rn

�ω
τ (z, y)F (y)dy

∣∣∣∣ ≤ c‖F‖L1(Rn)

dist(z, supp(F ))n−2
,

|�∗(z)| =
∣∣∣∣ˆ

n

M(j)
ω,τ (z, y)F (y)dy

∣∣∣∣ ≤ c‖F‖L1(Rn)

dist(z, supp(F ))n−2
,

R
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where c is independent of z, ω, τ , x, and F . By (S8),

max
z∈Rn\Dτ

{|�(z)|, |�∗(z)|} ≤ cτ 2−n‖F‖L1(Bρ(y∗)),

where c is independent of ω, τ , x, and F . So we have

‖� − �∗‖L∞(Rn\Dτ ) ≤ cτ 2−nρn. (4.59)

Equations (4.58)–(4.59) then imply Claim III.

By Remark 4.1, (4.33), (4.39)6, (4.53)–(4.54), and (4.57),

ρn+1 ≤ c

∣∣∣∣ˆ (
�ω

τ (x, y) − Gω
τ (x, y)

)
F(y)dy

∣∣∣∣ ≤ c|�(x) − �∗(x)|

+ c

∣∣∣∣ˆ (
1 −X †

A(
x

τ
+ j,

y

τ
+ j)

)(
�(x, y) − M(0)

ω,1(
x
τ

+ j,
y
τ

+ j)

τn−2

)
F(y)dy

∣∣∣∣
≤ cτ 2−nρn, (4.60)

where c is independent of ω, τ , x. In (4.60), �(x, y) = τ 2−n�(x
τ

+ j, y
τ

+ j) is used. Eq. (4.60)
implies ρ ≤ cτ 2−n where c is independent of ω, τ , x. So (4.48) holds. The proof is complete. �
Lemma 4.10. For any τ ∈ [ 1

n+1 , ∞), ω ∈ (0, 1], and |x − y| ≥ 1 − 3d0,∣∣∇y�
ω
τ (x, y) − ∇yGω

τ (x, y)
∣∣ ≤ cτ 2−nK1/ω,τ (y), (4.61)

where c is a positive constant independent of ω, τ . See (3.1) for d0.

Proof. If x ∈ τ(Y − j) for some j ∈ Z
n, then (4.1), (4.27), and (4.32)–(4.34) imply⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−�y(�
ω
τ − Gω

τ ) =

⎧⎪⎨⎪⎩
0 in R

n \ (
τ(A \ S − j) ∪ ∂�τ

m

)
,

2τ−n(∇yX †
A∇yEω)( x

τ
+ j, ·

τ
+ j)

+ τ−n(Eω�yX †
A)( x

τ
+ j, ·

τ
+ j) in τ(A \ S − j),

��ω
τ − Gω

τ 
∂�τ
m

= 0,

�Kω2,τ∇y(�
ω
τ − Gω

τ )
∂�τ
m

· �nτ

= −(1 − ω2)
(

1 −X †
A( x

τ
+ j, ·

τ
+ j)

)
∇y�(x, ·) · �nτ on ∂�τ

m.

Eqs. (3.1), (4.39)4, Corollary 6.3 [12], Lemma 3.4, and Lemma 4.9 imply (4.61). �
Lemma 4.11. For any τ ∈ [ 1

n+1 , ∞), ω ∈ (0, 1], and |x − y| > 1 − 2d0,∣∣∇x∇y�
ω
τ (x, y) − ∇x∇yGω

τ (x, y)
∣∣ ≤ cτ 2−nK1/ω,τ (x)K1/ω,τ (y), (4.62)

where c is a positive constant independent of ω, τ . See (3.1) for d0.
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Proof. This lemma is proved by following the argument for Lemma 4.10 and using (4.2)
and (4.34)–(4.35). Let y = (y1, · · · , yn) ∈ �τ

f ∪ �τ
m be fixed and define �(x) ≡ ∂yk

�ω
τ (x, y), 

�∗(x) ≡ ∂yk
Gω

τ (x, y) for k ∈ {1, · · · , n}.
If y ∈ τ(Y − j) for some j ∈ Z

n, then (4.7)1 and (4.38) of Remark 4.2 imply

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−�(� − �∗) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 in R

n \ (
τ(A \ S − j) ∪ ∂�τ

m ∪ B1−3d0(y)
)
,

2
τn+1 ∂yk

(∇xX †
A∇xEω

)
( ·
τ

+ j,
y
τ

+ j)

+ 1
τn+1 ∂yk

(
Eω�xX †

A
)
( ·
τ

+ j,
y
τ

+ j)

in τ(A \ S − j) \ B1−3d0(y),

�� − �∗
∂�τ
m\B1−3d0 (y) = 0,

�Kω2,τ∇(� − �∗)
∂�τ
m\B1−3d0 (y) · �nτ = 1−ω2

τ
∂yk

X †
A( ·

τ
+ j,

y
τ

+ j)∇x�(·, y) · �nτ

− (1 − ω2)
(

1 −X †
A( ·

τ
+ j,

y
τ

+ j)
)

∇x∂yk
�(·, y) · �nτ on ∂�τ

m \ B1−3d0(y).

We get (4.62) by (3.1), (4.39)5, Corollary 6.3 [12], Lemma 3.4, and Lemma 4.10. �
By Lemma 4.11 and tracing the argument of Corollary 4.1, we have

Corollary 4.2. For any ω ∈ (0, 1] and |x − y| ≤ n + 1,

∣∣∇x∇y�
ω
1 (x, y) − ∇x∇yGω

1 (x, y)
∣∣ ≤ c|x − y|−2K1/ω,1(x)K1/ω,1(y),

where c is a constant independent of ω.

5. Proofs of Theorem 2.1 and its related results

This section gives the proofs of Theorem 2.1, Corollary 2.1, Corollary 2.2.

5.1. Proof of Theorem 2.1

Notations as in (3.1) and (4.32) are used. We first consider (2.2) for ε = 1 case and assume 
G ∈ L∞(Rn) ∩ C

0,α
loc (�1

f ) ∩ C
0,α
loc (�1

m) with compact support and α ∈ (0, 1). Let η ∈ C∞
0 (R) be 

a bell-shaped function satisfying η ∈ [0, 1], η(z) = 1 for |z| < n, and η(z) = 0 for |z| ≥ n + 1, 
and let ∇x∇y�

ω
1 (x, y) = S0(x, y) + Sc(x, y), where

S0(x, y) ≡ η(|x − y|)∇x∇yGω
1 + (1 − η(|x − y|))(I + ∇X(x))(I + ∇X(y))∇x∇y�

ω
0 .

See (4.14), (4.33) for �ω
0 , Gω

1 . Define

ˆ

Rn

∇x∇y�
ω
1 (x, y)G(y)dy =F1 +F2 +F3 +F4, (5.1)

where



L.-M. Yeh / J. Differential Equations 261 (2016) 925–966 953
F1(x) ≡
ˆ

Rn

η(|x − y|)G(y)∇x∇y

( ∑
k∈Zn

M(0)
ω,1(x + k, y + k)X †

A(x + k, y + k)

)
dy,

F2(x) ≡
ˆ

Rn

η(|x − y|)G(y)∇x∇y

(
�(x, y)

(
1 −

∑
k∈Zn

X †
A(x + k, y + k)

))
dy,

F3(x) ≡
ˆ

Rn

(1 − η(|x − y|))G(y)(I + ∇X(x))(I + ∇X(y))∇x∇y�
ω
0 (x, y)dy,

F4(x) ≡
ˆ

Rn

Sc(x, y)G(y)dy.

Step 1. From (3.1) and (4.32), we know X †
A(x + k, y + k) = φ(x + k)φ(y + k) �= 0 only if 

|x − y| < √
n and x + k, y + k ∈ Y . If x ∈ Y − j for some j ∈ Z

n, we see that, by change of 
variable and the definition of the bell-shaped function η,

F1(x) =
ˆ

Y−j

G(y)∇x∇y

(
M(0)

ω,1(x + j, y + j)φ(x + j)φ(y + j)
)

dy

= ∇φ(x + j)

ˆ

Y

G(y − j)
(
φ(y)∇yM(0)

ω,1(x + j, y) +M(0)
ω,1(x + j, y)∇φ(y)

)
dy

+ φ(x + j)

ˆ

Y

G(y − j)φ(y)∇x∇yM(0)
ω,1(x + j, y)dy

+ φ(x + j)

ˆ

Y

G(y − j)∇φ(y)∇xM(0)
ω,1(x + j, y)dy. (5.2)

Define V(1)
j (z) ≡

ˆ

Y

M(0)
ω,1(z, y)G(y − j)∇φ(y)dy for z ∈ R

n. By the same reasoning as men-

tioned in Remark 4.1, V (1)
j is the unique D1,2(Rn) solution of

−∇ · (K(0)

ω2,1
(z)∇V(1)

j (z)
) = G(z − j)∇φ(z) in R

n.

Similarly, define V(2)
j (z) ≡

ˆ

Y

G(y − j)φ(y)∇yM(0)
ω,1(z, y)dy for z ∈ R

n. V(2)
j is the unique 

D1,2(Rn) solution of

−∇ · (K(0)

ω2,1
(z)∇V(2)

j (z) − φ(z)G(z − j)
) = 0 in R

n.

By Lemma 3.2,
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‖Kω,1V(1)
j ,Kω,1∇V(1)

j ,Kω,1V(2)
j ,Kω,1∇V(2)

j ‖Lp(Y )

≤ c
(‖V(1)

j ,V(2)
j ‖Lp(S2\Y) + ‖K1/ω,1G(· − j)‖Lp(Y )

)
, (5.3)

where p ∈ (1, ∞) and c is independent of ω, j . If z ∈ S2 \ Y , by (4.41),

|V(1)
j (z)| + |V(2)

j (z)| ≤ c

ˆ

Y

|G(y − j)|(|z − y|2−n + |z − y|1−n)dy,

where c is independent of ω, j . Tracing the proof of Lemma 7.12 [12], we see

‖V(1)
j ,V(2)

j ‖Lp(S2\Y) ≤ c‖G(· − j)‖Lp(Y ) for p ∈ (1,∞), (5.4)

where c is independent of ω, j . By Lemma 4.8 and supp(G(y − j)φ(y)) ⊂ A,∣∣∣∣∣∣
ˆ

Y

∇z∇yM(0)
ω,1(z, y)G(y − j)φ(y)dy

∣∣∣∣∣∣ ≤ ∣∣∇V(2)
j (z)

∣∣ + c|G(z − j)φ(z)|K 1
ω2 ,1(z), (5.5)

where z ∈ Yf ∪ Ym and c is independent of ω, j .
Since supp(φ(x + k1)) ∩ supp(φ(x + k2)) = ∅ if k1 �= k2, Remark 4.1 and (5.2)–(5.5) imply

‖Kω,1F1‖p

Lp(Rn)
≤ c

∑
j∈Zn

‖Kω,1V(1)
j ,Kω,1∇V(1)

j ,Kω,1V(2)
j ,Kω,1∇V(2)

j ‖p

Lp(Y )

+ c
∑
j∈Zn

‖K1/ω,1G(· − j)‖p

Lp(Y ) ≤ c‖K1/ω,1G‖p

Lp(Rn)
, (5.6)

where c is independent of ω.

Step 2. F2 can be written as F2 =F21 −F22, where⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
F21(x) =

ˆ

Rn

η(|x − y|)G(y)∇x∇y�(x, y)dy,

F22(x) =
ˆ

Rn

η(|x − y|)G(y)∇x∇y

(
�(x, y)

∑
k∈Zn

X †
A(x + k, y + k)

)
dy.

It is not difficult to see, by Theorem 3 in page 39 [26] and (2.13) in [12],

‖F21‖Lp(Rn) ≤ c‖G‖Lp(Rn) for p ∈ (1,∞),

where c is independent of ω. Repeating the argument from (5.2) to (5.6), we obtain

‖F22‖Lp(Rn) ≤ c‖G‖Lp(Rn) for p ∈ (1,∞),

where c is independent of ω. Therefore,
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‖F2‖Lp(Rn) ≤ c‖G‖Lp(Rn) for p ∈ (1,∞), (5.7)

where c is independent of ω.

Step 3. Since Kω is a symmetric positive definite matrix (see (3.9)–(3.10)), we do change of 
variables (see the remark before Lemma 4.4) so that the �ω

0 in (4.14) can be transformed to 
the fundamental solution of the Laplace equation in a new coordinate system. By Theorem 3 in 
page 39 [26] and (2.13) in [12], we obtain

‖F3‖Lp(Rn) ≤ c‖G‖Lp(Rn) for p ∈ (1,∞), (5.8)

where c is independent of ω.

Step 4. We note

F4(x) ≡
ˆ

Rn

η(|x − y|)Sc
1(x, y)G(y) + (1 − η(|x − y|))Sc

2(x, y)G(y)dy,

where {
Sc

1(x, y) = ∇x∇y�
ω
1 (x, y) − ∇x∇yGω

1 (x, y),

Sc
2(x, y) = ∇x∇y�

ω
1 (x, y) − (I + ∇X(x))(I + ∇X(y))∇x∇y�

ω
0 (x, y).

Define, for any ζ ∈ L1(Rn) ∩ L∞(Rn),

P1(ζ )(x) ≡

⎧⎪⎨⎪⎩
ˆ

Rn

η(|x − y|)Sc
1(x, y)ζ(y)dy if x ∈ �1

f ,

0 if x ∈R
n \ �1

f .

(5.9)

Clearly, P1 is a linear map. For any δ > 0, by Fubini Theorem [23], Corollary 4.2, and change of 
variable,

δ|{x ∈ R
n| |P1(ζ )(x)| > δ}| ≤

ˆ

�1
f

|P1(ζ )|dx ≤
ˆ

�1
f

ˆ

Rn

η(|x − y|)|Sc
1(x, y)ζ(y)|dydx

≤
ˆ

Rn

ˆ

Rn

η(|x|)
|x|2 X�1

f
(x + y)|K1/ω,1(y)ζ(y)|dxdy ≤ c‖K1/ω,1ζ‖L1(Rn), (5.10)

where c is independent of ω. By (5.9) and Corollary 4.2, if x ∈ �1
f ,

|P1(ζ )(x)| ≤
ˆ

Rn

η(|x − y|)|Sc
1(x, y)ζ(y)|dy ≤ c‖K1/ω,1ζ‖L∞(Rn), (5.11)

where c is independent of ω. By (5.10)–(5.11) and Theorem 5 in page 21 [26], we see
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‖P1(ζ )‖Lp(Rn) ≤ c‖K1/ω,1ζ‖Lp(Rn) for p ∈ (1,∞), (5.12)

where c is independent of ω. Define, for any ζ ∈ L1(Rn) ∩ L∞(Rn),

P2(ζ )(x) ≡

⎧⎪⎨⎪⎩
0 if x ∈ �1

f ,ˆ

Rn

η(|x − y|)Sc
1(x, y)ζ(y)dy if x ∈R

n \ �1
f .

Repeat the above argument for P1(ζ ) to see, for any δ > 0,⎧⎪⎨⎪⎩
P2 is a linear map,

δ|{x ∈ R
n| |P2(ζ )(x)| > δ}| ≤ cω−1‖K1/ω,1ζ‖L1(Rn),

‖P2(ζ )‖L∞(Rn) ≤ cω−1‖K1/ω,1ζ‖L∞(Rn).

By Theorem 5 in page 21 [26], we obtain

‖P2(ζ )‖Lp(Rn) ≤ cω−1‖K1/ω,1ζ‖Lp(Rn) for p ∈ (1,∞), (5.13)

where c is independent of ω. Similarly, if we define, for any ζ ∈ L1(Rn) ∩ L∞(Rn),

P3(ζ )(x) ≡

⎧⎪⎨⎪⎩
ˆ

Rn

(1 − η(|x − y|))Sc
2(x, y)ζ(y)dy if x ∈ �1

f ,

0 if x ∈ R
n \ �1

f ,

P4(ζ )(x) ≡

⎧⎪⎨⎪⎩
0 if x ∈ �1

f ,ˆ

Rn

(1 − η(|x − y|))Sc
2(x, y)ζ(y)dy if x ∈ R

n \ �1
f ,

as well as employ Theorem 5 in page 21 [26] and Corollary 4.1, then{
‖P3(ζ )‖Lp(Rn) ≤ c‖K1/ω,1ζ‖Lp(Rn),

‖P4(ζ )‖Lp(Rn) ≤ cω−1‖K1/ω,1ζ‖Lp(Rn),

for any p ∈ (1, ∞). Therefore we have

‖Kω,1F4‖Lp(Rn) ≤ ‖P1(G),P3(G),ωP2(G),ωP4(G)‖Lp(Rn)

≤ c‖K1/ω,1G‖Lp(Rn), (5.14)

where p ∈ (1, ∞) and c is a constant independent of ω.
If G ∈ L∞(Rn) ∩ C

0,α
loc (�1

f ) ∩ C
0,α
loc (�1

m) with compact support, a D1,2(Rn) solution of (2.2)
for ε = 1 case exists uniquely by Remark 4.1. Equations (4.11), (5.1), (5.6), (5.7), (5.8), and 
(5.14) imply that the solution satisfies (2.3) for ε = 1 case. For G ∈ Lp(Rn) with compact sup-
port, the unique existence and estimate (2.3) of the solution of (2.2) for ε = 1 case can be proved 
by a limiting argument. If ε �= 1, Theorem 2.1 is proved by a scaling argument.
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5.2. Proof of Corollary 2.1

First consider (2.2) for ε = 1 case and assume G ∈ L∞(Rn) ∩ C
0,α
loc (�1

f ) ∩ C
0,α
loc (�1

m) with 
support in Br(0) for some r > 0 and α ∈ (0, 1). By Remark 4.1, (4.2)2, and (4.3)3, the solution 
of (2.2) satisfies

|Kω,1�|(x) ≤ c

ˆ

Br(0)

|x − y|1−n|K1/ω,1G|(y)dy for x ∈ R
n, (5.15)

where c is a constant independent of ω, r . By Lemma 7.12 [12] and (5.15), we obtain (2.4)1. By 
Theorem 1 in page 119 [26] and (5.15), we obtain (2.4)2. For G ∈ Lp(Rn) with compact support, 
the estimate (2.4) for equation (2.2) with ε = 1 case can be proved by a limiting argument. If 
ε �= 1, (2.4) is proved by a scaling argument.

5.3. Proof of Corollary 2.2

Corollary 2.2 is proved by using Theorem 2.1, Corollary 2.1, Potential theory, duality argu-
ment, and Sobolev embedding theory. Details are as follows. Assume V ∈ L∞(Rn) with support 
in Br(0) for some r > 0. By Remark 4.1 and Lemma 3.1, a D1,2(Rn) solution of (2.5) exists 
uniquely and

‖Kω,ε�‖
L

2n
n−2 (Rn)

≤ cr(‖V ‖H−1(Rn) + ω−1‖V ‖H−1(�ε
m)), (5.16)

where cr is independent of ω, ε but dependent on r . For any ζ ∈ C∞
0 (Bt (0)) with t > 0, by 

Fubini Theorem [23] and Remark 4.1,

ˆ

Bt (0)

Kω,ε∇� ζdx =
ˆ

Br(0)

( ˆ

Bt (0)

∇x�
ω
ε (x, y)Kω,ε(x)ζ(x)dx

)
V (y)dy. (5.17)

If we define

ϕ(y) ≡
ˆ

Bt (0)

∇x�
ω
ε (x, y)Kω,ε(x)ζ(x)dx in R

n,

then (4.3)3 and Remark 4.1 imply that ϕ is the D1,2(Rn) solution of⎧⎨⎩−∇ · (Kω2,ε∇ϕ − Kω,εζ ) = 0 in R
n,

lim|x|→∞ |ϕ|(x) = 0.

By Theorem 2.1 and Corollary 2.1, we see, for any q ∈ (1, ∞),

‖Kω,εϕ,Kω,ε∇ϕ‖Lq(B�(0)) ≤ c�,t‖ζ‖Lq(Rn), (5.18)

where � > 0 and c�,t is independent of ω, ε but dependent on �, t . By (5.17)–(5.18), Theo-
rem 2.1 [1], and Hölder inequality,
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ˆ

Bt (0)

Kω,ε∇� ζdx =
ˆ

Br(0)

ϕV (y)dy ≤ ‖�εϕ|�ε
f
‖W 1,q (B1+r (0))‖V ‖W−1,p(Rn)

+ ‖ϕ − �εϕ|�ε
f
‖W 1,q (B1+r (0)∩�ε

m)‖V ‖W−1,p(�ε
m)

≤ ct,r‖ζ‖Lq(Rn)(‖V ‖W−1,p(Rn) + ω−1‖V ‖W−1,p(�ε
m)), (5.19)

where 1
q

+ 1
p

= 1 and ct,r is independent of ω, ε but dependent on t , r . Here �εϕ|�ε
f

denotes the 
extension function of ϕ|�ε

f
on Rn (see Theorem 2.1 [1]). Since C∞

0 (Bt (0)) is dense in Lq(Bt (0))

for any q ∈ (1, ∞) and t > 0, we obtain

‖Kω,ε∇�‖Lp(Bt (0)) ≤ ct,r (‖V ‖W−1,p(Rn) + ω−1‖V ‖W−1,p(�ε
m)), (5.20)

where p ∈ (1, ∞) and ct,r is independent of ω, ε but dependent on t , r .
If p ∈ [2, ∞), then {

‖V ‖H−1(Rn) ≤ cr‖V ‖W−1,p(Rn),

‖V ‖H−1(�ε
m) ≤ cr‖V ‖W−1,p(�ε

m),
(5.21)

where cr depends on r . Eqs. (5.16) and (5.20)–(5.21) imply that a W 1,p

loc (Rn) solution of (2.5) for 
p ∈ [2, 2n

n−2 ] exists and satisfies (2.6). That is,

‖Kω,ε�,Kω,ε∇�‖Lp(Bt (0)) ≤ ct,r (‖V ‖W−1,p(Rn) + ω−1‖V ‖W−1,p(�ε
m)), (5.22)

where ct,r is independent of ω, ε but dependent on t , r . If p ∈ ( 2n
n−2 , 2n

n−4 ], we know

⎧⎨⎩‖V ‖
W

−1, 2n
n−2 (Rn)

≤ cr‖V ‖W−1,p(Rn),

‖V ‖
W

−1, 2n
n−2 (�ε

m)
≤ cr‖V ‖W−1,p(�ε

m),
(5.23)

where cr depends on r . By Theorem 7.26 [12], (5.22)–(5.23), Lemma 3.1, and Theorem 2.1 [1], 
if 2n

n−2 < n and p ∈ ( 2n
n−2 , 2n

n−4 ], then

‖Kω,ε�‖
L

2n
n−4 (Bt (0))

≤ ct,r‖Kω,ε�,Kω,ε∇�‖
L

2n
n−2 (Bt (0))

≤ ct,r (‖V ‖W−1,p(Rn) + ω−1‖V ‖W−1,p(�ε
m)), (5.24)

where ct,r is independent of ω, ε but dependent on t , r . Theorem 7.26 [12], (5.20), and (5.24)
imply that, if 2n

n−2 ≥ n and p ∈ ( 2n
n−2 , ∞) or if 2n

n−2 < n and p ∈ ( 2n
n−2 , 2n

n−4 ], then a W 1,p

loc (Rn)

solution of (2.5) exists and satisfies (2.6). Repeating the above process, we see that a W 1,p

loc (Rn)

solution of (2.5) for p ∈ [2, ∞) exists and satisfies (2.6). Since (2.6) holds for p ∈ [2, ∞), a mod-
ification of the argument from (5.17) to (5.19) shows, for p ∈ (1, 2],

‖Kω,ε�‖Lp(Bt (0)) ≤ ct,r (‖V ‖W−1,p(Rn) + ω−1‖V ‖W−1,p(�ε )), (5.25)

m
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where ct,r is a positive constant independent of ω, ε but dependent on t , r . Eqs. (5.20) and (5.25)
imply that a W 1,p

loc (Rn) solution of (2.5) exists and (2.6) holds for p ∈ (1, 2]. So a W 1,p

loc (Rn)

solution of (2.5) exists and (2.6) holds for p ∈ (1, ∞).
By Remark 4.1 and Lemma 4.1, we know, for any x ∈ R

n,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
|Kω,ε�|(x) ≤ c

ˆ

Rn

|x − y|2−n|K1/ω,εV |(y)dy,

|Kω,ε∇�|(x) ≤ c

ˆ

Rn

|x − y|1−n|K1/ω,εV |(y)dy,

where c is a constant independent of ω, ε, r . By Theorem 1 in page 119 [26], we obtain (2.7).
Uniqueness of the W 1,p

loc (Rn) solution of (2.5) for p ∈ (1, ∞) is due to Theorem 3.1 and 
Lemma 3.4 [12]. So Corollary 2.2 holds for V ∈ L∞(Rn) with compact support case. If V ∈
W−1,p(Rn) with compact support, Corollary 2.2 can be proved by a limiting argument.
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Appendix A

In this section we give the proofs of Lemma 3.2, Lemma 3.4, and Lemma 3.6. Let �(x − y)

denote the fundamental solution of the Laplace equation in Rn (see section 6.2 [11]). Define a 
single-layer and a double-layer potentials as, for any smooth function ζ on the boundary ∂D of 
a smooth, bounded, and simply-connected domain D,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

E∂D(ζ )(x) ≡
ˆ

∂D

�(x − y)ζ(y)dσy

L∂D(ζ )(x) ≡
ˆ

∂D

∇y�(x − y) · �ny ζ(y)dσy

for x ∈ ∂D,

where �ny is the unit vector outward normal to ∂D at y ∈ ∂D. A modification of the argument of 
Lemma 3.2 [27], we have

Lemma A.1. Let I denote the identity operator. For any p ∈ (1, ∞), k ∈ {1, 2}, and α ∈ (0, 1), 
the linear operators

⎧⎪⎪⎪⎨⎪⎪⎪⎩
E∂D : W−1/p,p(∂D) → W 1−1/p,p(∂D)

L∂D : W 1−1/p,p(∂D) → W 2−1/p,p(∂D)

E∂D : Ck−1,α(∂D) → Ck,α(∂D)

L : Ck−1,α(∂D) → Ck,α(∂D)
∂D
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are bounded; the operator I − γL∂D with γ ∈ [−2, 2] is continuously invertible in space 
W 1−1/p,p(∂D) and in space Ck,α(∂D); and there is a constant c independent of γ ∈ [−2, 2]
so that {

‖ζ‖W 1−1/p,p(∂D) ≤ c‖(I − γL∂D)(ζ )‖W 1−1/p,p(∂D) for ζ ∈ W 1−1/p,p(∂D),

‖ζ‖Ck,α(∂D) ≤ c‖(I − γL∂D)(ζ )‖Ck,α(∂D) for ζ ∈ Ck,α(∂D).

A.1. Proof of Lemma 3.2

We shall use the notation (3.1). Denote by c a constant independent of ω.

Step 1. We claim that if Q ∈ C∞
0 (S2 \ Ym) + C∞

0 (Ym) and F ∈ Lp(S2), then any solution of{
−∇ · (Kω2,1∇U + Q) = F in S2

U = 0 on ∂S2
(A.1)

satisfies

‖Kω,1U,Kω,1∇U‖Lp(S2) ≤ cJω for any p ∈ (1,∞). (A.2)

See (3.3) for Jω.
Proof of the claim: Let us find a function η ∈ C2(S2) satisfying{

η ∈ [0,1], η(x) = 1 if dist(x, ∂S2) ≤ d0/2,

η(x) = 0 if dist(x, ∂S2) > d0, ‖∇η‖L∞(S2) ≤ c.

By (3.1)3, ∇η = 0 in Y . See (3.1) for d0. If we define � ≡ ηU , the support of � is in a neigh-
borhood of ∂S2 of thickness d0 and � satisfies, by (A.1),{

−∇ · (∇� − U∇η + ηQ) = ηF − ∇η(∇U + Q) in S2 \ Ym,

� = 0 on ∂S2 ∪ ∂Ym.
(A.3)

By [9],

‖�‖W 1,p(S2\Ym) ≤ cJω for p ∈ (1,∞). (A.4)

Multiply (A.3)1 by ζ ∈ W 1,q (S2 \ Ym) for q ∈ (1, ∞) and integrate it over S2 \ Ym to see

ˆ

∂S2

∂U

∂n
ζdσ =

ˆ

S2\Ym

(∇� − U∇η + ηQ
)∇ζ − ζ

(
ηF − ∇η

(∇U + Q
))

dx,

where ∂U
∂n |∂S2 = ∇U · �n|∂S2 is the normal derivative of U on ∂S2 and �n is a unit normal vector 

on ∂S2. Which implies that the U of (A.1) satisfies, by (A.4),
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∥∥∥∥∂U

∂n

∥∥∥∥
W−1/p,p(∂S2)

≤ cJω for p ∈ (1,∞). (A.5)

Let Û in Ym be a solution of{
−∇ · (ω2∇Û + Q) = F in Ym,

Û = 0 on ∂Ym,
(A.6)

and Û in S2 \ Ym be a solution of{
−∇ · (∇Û + Q) = F in S2 \ Ym,

Û = 0 on ∂Ym ∪ ∂S2.
(A.7)

By [9], there is a Û ∈ W 1,p(S2) for p ∈ (1, ∞) satisfying (A.6)–(A.7) and

‖Kω,1Û ,Kω,1∇Û‖Lp(S2) ≤ cJω. (A.8)

Define Ǔ ≡ U − Û in S2. Equations (A.1) and (A.6)–(A.7) imply⎧⎪⎪⎪⎨⎪⎪⎪⎩
−�Ǔ = 0 in S2 \ ∂Ym,

�Ǔ
∂Ym = 0,

�Kω2,1∇Ǔ
∂Ym · �ny = ζω,

Ǔ = 0 on ∂S2,

(A.9)

where ζω ≡ −�Kω2,1∇Û
∂Ym · �ny because of Q ∈ C∞
0 (S2 \ Ym) + C∞

0 (Ym). See (2.1) for 
(A.9)2,3. By (A.8),

‖ζω‖W−1/p,p(∂Ym) ≤ cJω for p ∈ (1,∞). (A.10)

By Green’s formula, (2.1), (A.9), and Theorem 6.5.1 [11], we see that{
Ǔ/2 +L∂Ym(Ǔ) = E∂Ym(∇Ǔ,− · �ny |∂Ym)

Ǔ/2 −L∂Ym(Ǔ) = −E∂Ym(∇Ǔ,+ · �ny |∂Ym) + E∂S2(
∂Ǔ
∂n |∂S2)

on ∂Ym,

where ∂Ǔ
∂n |∂S2 is the normal derivative of Ǔ on ∂S2. Therefore (A.9)2,3 imply

(
I − 2(1 − ω2)

ω2 + 1
L∂Ym

)
Ǔ = 2E∂S2(

∂Ǔ
∂n |∂S2)

1 + ω2
− 2E∂Ym(ζω)

1 + ω2
on ∂Ym. (A.11)

By Lemma A.1, (A.5), and (A.10)–(A.11),

‖Ǔ‖W 1−1/p,p(∂Ym) ≤ c

(
‖ζω‖W−1/p,p(∂Ym) + ∥∥∂Ǔ

∂n

∥∥
W−1/p,p(∂S2)

)
≤ cJω. (A.12)

By (A.8), (A.9), and (A.12), we obtain (A.2).
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Step 2. Claim if Q ∈ C∞
0 (S2 \ Ym) + C∞

0 (Ym), and F ∈ Lp(S2), any solution of (A.1) satisfies

‖Kω,1U,Kω,1∇U‖Lp(S2) ≤ cĴω for any p ∈ (1,∞), (A.13)

where Ĵω ≡ ‖K1/ω,1Q‖Lp(S2) + ‖K1/ω,1F‖W−1,p(S2)
.

For any ζ ∈ C∞
0 (S2 \ Ym) and q ∈ [2, ∞), let ϕ be the solution of{

−∇ · (Kω2,1∇ϕ) = ζ in S2,

ϕ = 0 on ∂S2.
(A.14)

By Lax–Milgram Theorem and Theorem 7.26 [12], the H 1 solution of (A.14) exists uniquely 
and

‖ϕ‖
L

2n
n−2 (S2\Ym)

≤ c‖ϕ‖H 1(S2\Ym) ≤ c‖ζ‖L2(S2\Ym) ≤ c‖ζ‖Lq(S2\Ym).

So, if q ∈ [2, 2n
n−2 ], then

‖ϕ‖Lq(S2\Ym) ≤ c‖ζ‖Lq(S2\Ym).

Together with (A.2), we have

‖Kω,1ϕ,Kω,1∇ϕ‖Lq(S2) ≤ c‖ζ‖Lq(S2\Ym). (A.15)

If q > 2n
n−2 , by (A.15),

‖ϕ‖
W

1, 2n
n−2 (S2\Ym)

≤ c‖ζ‖
L

2n
n−2 (S2\Ym)

≤ c‖ζ‖Lq(S2\Ym). (A.16)

By Theorem 7.26 [12],⎧⎪⎪⎨⎪⎪⎩
‖ϕ‖

L
2n

n−4 (S2\Ym)
≤ c‖ϕ‖

W
1, 2n

n−2 (S2\Ym)
if n > 4, q > 2n

n−4 ,

‖ϕ‖Lq(S2\Ym) ≤ c‖ϕ‖
W

1, 2n
n−2 (S2\Ym)

if

{
n ≤ 4, q > 2n

n−2 or

n > 4, q ≤ 2n
n−4 .

(A.17)

So if n ≤ 4 and q > 2n
n−2 or if n > 4 and q ∈ [2, 2n

n−4 ], the solution of (A.14) satisfies, by (A.2)
and (A.16)–(A.17),

‖Kω,1ϕ,Kω,1∇ϕ‖Lq(S2) ≤ c‖ζ‖Lq(S2\Ym). (A.18)

Repeating above argument, we see that the solution of (A.14) satisfies (A.18) under ζ ∈ C∞
0 (S2 \

Ym) and q ∈ [2, ∞) case. Since C∞
0 (S2 \Ym) is dense in Lq(S2 \Ym) for q ∈ [2, ∞), (A.18) also 

holds if ζ ∈ Lq(S2 \ Ym) and q ∈ [2, ∞).
For any ζ ∈ Lq(S2 \ Ym) with q ∈ [2, ∞), let ϕ be its corresponding solution obtained from 

(A.14). Multiply (A.1) by ϕ and employ Theorem 2.1 [1] to obtain
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−
ˆ

S2\Ym

Uζdx =
ˆ

S2

U∇ · (Kω2,1∇ϕ)dx =
ˆ

S2

Q∇ϕ dy −
ˆ

S2

F �1ϕ|S2\Ym
dx

−
ˆ

Ym

F (ϕ − �1ϕ|S2\Ym
)dx ≤ c‖ζ‖Lq(S2\Ym)Ĵω, (A.19)

where the p in Ĵω satisfies p ∈ (1, 2] and 1
p

+ 1
q

= 1. Here �1ϕ|S2\Ym
is the extension function 

of ϕ|S2\Ym
on S2 (see Theorem 2.1 [1] or Lemma 3.1). So

‖U‖Lp(S2\Ym) ≤ cĴω for 1 < p ≤ 2. (A.20)

Equations (A.2) and (A.20) imply (A.13) for 1 < p ≤ 2.
Similarly take ϕ to be the solution of (A.14) with ζ ∈ Lq(S2 \Ym) for q ∈ (1, 2]. Since (A.13)

holds for 1 < p ≤ 2, the solution of (A.14) satisfies

‖Kω,1ϕ,Kω,1∇ϕ‖Lq(S2) ≤ c‖ζ‖Lq(S2\Ym) for q ∈ (1,2].

Again we multiply (A.1) by ϕ from (A.14) with ζ ∈ Lq(S2 \ Ym) and q ∈ (1, 2] as well as argue 
as (A.19) to see that (A.13) holds for 2 ≤ p < ∞. Therefore we prove (A.13) for 1 < p < ∞.

Step 3. Since C∞
0 (S2 \Ym) (resp. C∞

0 (Ym), Lp(S2), and Lp(Ym)) is dense in Lp(S2 \Ym) (resp. 
Lp(Ym), W−1,p(S2), and W−1,p(Ym)) for p ∈ (1, ∞), we see the solution of (A.1) satisfies 
(A.13) for Q ∈ Lp(S2), F ∈ W−1,p(S2) by using Lax–Milgram Theorem [12] and a limiting 
argument.

Step 4. Let η̂ be a smooth function satisfying η̂ ∈ C∞
0 (S2), η̂ ∈ [0, 1], η̂ = 1 in Y ,

‖∇η̂‖W 1,∞(S2)
≤ c. Multiply (3.2) by η̂ to see{
−∇ · (Kω2,1∇(η̂U) − U∇η̂ + η̂Q) = η̂F − ∇η̂(∇U + Q) in S2,

η̂U = 0 on ∂S2.
(A.21)

Employing the result of Step 3 to (A.21), we obtain Lemma 3.2.

A.2. Proof of Lemma 3.4

After translation, we assume x0 = 0 ∈ τ∂Ym. For each τ > 1, we find a C2 domain Dτ such 
that

B1/4(x0) ∩ τYm ⊂ Dτ ⊂ B1/2(x0) ∩ τYm and B1/4(x0) ∩ τ∂Ym ⊂ ∂Dτ .

For any z ∈ ∂Dτ , there exists a ball B(z) and a C2 one-to-one mapping ξz,τ of B(z) onto 
ξz,τ (B(z)) ⊂R

n satisfying

ξz,τ (B(z) ∩ Dτ ) ⊂R
n , ξz,τ (B(z) ∩ ∂Dτ ) ⊂ ∂Rn , ξz,τ (B(z) \ Dτ ) ⊂R

n . (A.22)
+ + −
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Here Rn+ ≡ {x = (x1, · · · , xn)|xn > 0}, ∂Rn+ ≡ {x|xn = 0}, Rn− ≡ {x|xn < 0}. Since ∂Dτ is com-

pact, there exist a finite number �τ of open balls {B(zi)}�τ

i=1 and one-to-one mappings {ξzi,τ }�τ

i=1
such that

⎧⎪⎨⎪⎩
zi ∈ ∂Dτ for i ∈ {1, · · · , �τ },
(A.22) holds for each ball B(zi) and i ∈ {1, · · · , �τ },
∂Dτ ⊂ ⋃�τ

i=1 B(zi).

Since Ym is smooth, it is possible to choose domains Dτ for all τ > 1 such that

{
the number �τ is bounded above by a constant independent of τ ,

‖ξz,τ‖C2(B(z)),‖ξ−1
z,τ ‖C2(�z,τ (B(z))) ≤ c∗,where c∗ is independent of τ , z.

Define U in Rn by

U≡
{

U in B1/4(x0),

0 elsewhere.

Let η be a bell-shaped function satisfying η ∈ C∞
0 (B1/4(x0)), η ∈ [0, 1], η = 1 in B1/5(x0), 

‖∇η‖W 1,∞(B1/4(x0))
≤ c. Multiply (3.5) by η to get

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−∇ · (Kω2,τ∇(ηU)) = −Kω2,τ (U�η + 2∇U∇η) + ηFXτYf

in B 1
2
(x0) \ ∂Dτ ,

�ηU
∂Dτ
= 0,

�Kω2,τ∇(ηU)
∂Dτ
· �ny = (1 − ω2)U∇η · �ny + ηζ on ∂Dτ ,

ηU= 0 on ∂B 1
2
(x0).

Here �ny also denotes the unit outward normal vector on ∂Dτ and Kω2,τ is defined to be ω2 in Dτ

and 1 elsewhere. Then we follow the argument of Lemma 3.2 and employ Lemma A.1 to obtain 
Lemma 3.4.

A.3. Proof of Lemma 3.6

For i1, i2 ∈ {1, · · · , n}, we find Y(i1,i2)
ω ∈ H 1

per(R
n) satisfying, in the cell Y ,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∇ ·
(

Kω2,1

(
∇Y

(i1,i2)
ω +X

(i2)
ω �ei1

))
= K(i1,i2)

ω|Yf | XYf
− Kω2,1

(
δi1,i2 + ∂i1X

(i2)
ω

)
in Y,ˆ

Y

Y
(i1,i2)
ω (y)dy = 0.

(A.23)
f
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Here X(i)
ω is defined in (3.6), K(i1,i2)

ω is the (i1, i2)-component of Kω (see (3.22)), δi1,i2 ={
1 if i1 = i2,

0 if i1 �= i2,
and �ei1 denotes a unit vector in the i1 direction. By Lax–Milgram Theorem [12], 

(3.8), and Lemma 3.3, function Y(i1,i2)
ω is solvable uniquely and

‖Y(i1,i2)
ω ‖C1,α(Yf )∩C1,α(Ym) ≤ c, (A.24)

where α ∈ (0, 1) and c is a constant independent of ω. Define n × n periodic matrix functions 
Yω ≡ (Y

(i1,i2)
ω ) and Yω,ε(x) ≡ ε2

Yω(x
ε
).

By Theorem 3 in page 39 [26], (3.10), F ∈ C∞
0 (Rn), and the proof of Lemma 4.4 [12], the 

D1,2(Rn) solution of (3.23) satisfies

‖∇2U‖
W

1, 2n
n+2 (Rn)∩W 2,n+�(Rn)

≤ c‖F‖
W

1, 2n
n+2 (Rn)∩W 2,n+�(Rn)

, (A.25)

where � > 0 and c is a constant. Define

�ε ≡ Uε − U −Xω,ε∇U −Yω,ε∇2U in R
n.

See remark after (3.8) for Xω,ε . By (3.6), (3.19), (3.23), and (A.23), we see �ε ∈ D1,2(Rn)

satisfies

−∇ · (Kω2,ε(∇�ε +Yω,ε∇3U)) = Kω2,ε(Xω,ε∇�U + ∇Yω,ε∇3U) in R
n.

By energy method, Theorem 2.1 [1], Lemma 3.1, (3.8), and (A.24)–(A.25),

‖Kω,ε�ε‖
L

2n
n−2 (Rn)

+ ‖Kω,ε∇�ε‖L2(Rn) ≤ cε‖F‖
W

1, 2n
n+2 (Rn)∩W 2,n+�(Rn)

, (A.26)

where � > 0 and c is independent of ω, ε. By (3.12) of Lemma 3.5 and (A.24)–(A.26), for any 
ε, ω ∈ (0, 1] and x ∈R

n,

[�ε]C0,μ(B1(x)∩�ε
f )

≤ cε‖F‖
W

1, 2n
n+2 (Rn)∩W 2,n+�(Rn)

, (A.27)

where μ ≡ �
n+�

, � > 0, and c is independent of x, ω, ε. Eqs. (A.26)–(A.27) imply, for any 
x ∈ �ε

f ,

|�ε(x)| ≤
∣∣∣∣�ε(x) − −

ˆ

B1(x)∩�ε
f

�ε(y)dy

∣∣∣∣ +
∣∣∣∣ −

ˆ

B1(x)∩�ε
f

�ε(y)dy

∣∣∣∣
≤ c([�ε]C0,μ(B1(x)∩�ε

f )
+ ‖�ε‖

L
2n

n−2 (B1(x)∩�ε
f )

)

≤ cε‖F‖
W

1, 2n
n+2 (Rn)∩W 2,n+�(Rn)

,

which implies
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‖Uε − U‖L∞(�ε
f ) ≤ cε‖F‖

W
1, 2n

n+2 (Rn)∩W 2,n+�(Rn)
, (A.28)

where c is independent of ω, ε. Eqs. (3.21), (A.25), (A.28), and triangle inequality imply 
Lemma 3.6.
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