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Abstract

Uniform estimate for the solutions of elliptic equations with high-contrast conductivities in R” is con-
cerned. The space domain consists of a periodic connected sub-region and a periodic disconnected matrix
block subset. The elliptic equations have fast diffusion in the connected sub-region and slow diffusion in
the disconnected subset. Suppose € € (0, 1] is the diameter of each matrix block and w? e (0, 1] is the con-
ductivity ratio of the disconnected matrix block subset to the connected sub-region. It is proved that the
WL.P norm of the elliptic solutions in the connected sub-region is bounded uniformly in €, w; when € < w,
the LP norm of the elliptic solutions in the whole space is bounded uniformly in €, w; the WL-P norm of
the elliptic solutions in perforated domains is bounded uniformly in €. However, the L? norm of the second
order derivatives of the solutions in the connected sub-region may not be bounded uniformly in €, w.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Uniform estimate for the solutions of elliptic equations with high-contrast conductivities in R”
is concerned. The problem has applications in acoustic propagation in porous media, modeling of
electromagnetic media, oil recovering process, the stress in composite materials [6,8,14,15,22].
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Suppose ¥ = [0, 1)" is a cube in R" for n > 3, Y, is a simply-connected sub-domain of ¥

with dist(Y,,,0Y) >0, Yy =Y \ Y, T € (0, 00), %E {x|x € T(Y;, — j) for some j € Z"} is a

periodic disconnected subset of R", SZ; (=R"\ QF,) denotes a periodic connected sub-region
1 ifxeQ’

of R", 92}, represents the boundary of Q] , and K, . (x) = ) / for a, 7 > 0. The
a ifxeQ]

equation that we consider is

V- (K2 V¥ +G) =V inR",

lim [W](x) =0, (1.1
|x]—00

where w, € € (0, 1] and G, V are given functions. If G, V are bounded with compact support,
a solution of (1.1) in Hilbert space DLZ(R") (see definition in section 2) exists uniquely for each
w, € by energy method. The L? norm of the gradient of the solution of (1.1) in the connected
sub-region Q; is bounded uniformly in w, € if G, V are small in Q. However, the L? norm of
the gradient of the solution of (1.1) in matrix blocks €, can be very large when o closes to 0.
This is different from the case of uniform elliptic equations, in which uniform bound for W!»
or Lipschitz norm holds in the whole domain [4,5,13,16,21]. To consider nonlinear problems, it
is necessary to know whether the uniform bound of the solution of (1.1) in w, € can be extended
to L? space for any p € (1, 00). We note that the L? estimate of the second derivatives of the
solution of (1.1) in the connected sub-region Q; may not be bounded uniformly in w, € (see
Remark 3.1).

There are some literatures related to this work. Lipschitz estimate and W2 estimate for
uniform elliptic equations with discontinuous coefficients had been proved in [16,21]. Uniform
Holder, W7, and Lipschitz estimates for uniform elliptic equations with Hlder periodic coeffi-
cients were shown in [4,5]. Uniform W -7 estimate for uniform elliptic equations with continuous
periodic coefficients was considered in [10] and the same problem with VMO periodic coef-
ficients could be found in [25]. Uniform W!? estimate for the Laplace equation in periodic
perforated domains was considered in [20] and the same problem in Lipschitz estimate was stud-
ied in [24]. For non-uniform elliptic equations with smooth periodic coefficients, existence of
C22 golution could be found in [13]. Uniform Hoélder and Lipschitz estimates in w, € for non-
uniform elliptic equations with discontinuous periodic coefficients were shown in [27].

In this work, uniform W7 estimate in w, € for non-uniform elliptic equations with discon-
tinuous coefficients in R” is concerned. We remark that the uniform W!-? estimates for (1.1) in
bounded domains with Dirichlet boundary conditions are derived in [28], but the constants in the
estimates are proportional to the size of the bounded domains. Indeed, the results and the esti-
mate techniques in [28] cannot be used in the problem here. To study the problem, we follow the
approach developed by Avellaneda and Lin [5] for uniform (interior) W7 estimates for elliptic
equations with rapidly oscillating, periodic coefficients. Our main effort is the proof of the uni-
form L? gradient estimate for the solution of (1.1) for V = 0 case. First, we use the compactness
argument to establish uniform Hoélder and Lipschitz estimates. These estimates are then used to
derive uniform bounds as well as error estimates for Green functions and their derivatives. Fi-
nally, the L? gradient estimate is obtained by representing solutions using Green functions and
by applying the Potential theory. After the L? gradient estimate available, the other L” estimates
for the solution of (1.1) can be obtained by using duality argument, Sobolev embedding theory,
and extension theory. It is shown that the W' norm of the elliptic solutions in the connected
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sub-region SZ; is bounded uniformly in €, w; when € < w, the L” norm of the solutions in the

whole space R” is bounded uniformly in €, w; the W7 norm of the elliptic solutions in perfo-
rated domains Q¢ is bounded uniformly in €. In [27], Lipschitz estimate for the solution of (1.1)
is derived if G, V are piecewise smooth and if V in Q, is small. Here no smoothness for G, V
and no smallness for V in €, are needed.

The rest of this work is organized as follows: Notation and main results are stated in section 2.
In section 3, we list some auxiliary lemmas: a priori estimates for interface problems, uniform
Holder and Lipschitz estimates in w, € for non-uniform elliptic equations, and a convergence
result for non-uniform elliptic equations. To derive uniform W7 estimate for the solution of
(1.1), we need uniform bounds as well as error estimates for Green functions and their derivatives.
The derivation of these results for Green functions is in section 4. Proofs of main results are given
in section 5. In Appendix A, we present the proofs of some lemmas claimed in section 3.

2. Notation and main result

W$:-P(D) is a Sobolev space with norm || - |[[ws.r(p), C*%(D) is a Holder space with norm
Il cha(pys Wit (D) = {¢] ¢ € WP (D) for any compact subset D of D}, Cloo’f‘(D) ={¢|¢e
CO""(]D)) for any compact subset D of D}, and [{]co« is the Holder semi-norm of £, where
s>—1, pell,ool, k>0, a €[0,1) (see [2]). H..(D) = W-3(D), LP(D) = WOP(D),
H’(D) = W*2(D), and CK(D) = C*%(D). C(R") is a space of continuous functions in R",
C>(R") is a space of infinitely differentiable functions in R”, C;°(D) is a space of infinitely
differentiable functions with compact support in D, and C;,’jr(R”) is the subset of C*°(R")

of (0, 1)*-periodic functions. H;er(D) is the closure of CI?;’,(R”) under the H® norm and

on
1S W a,,.0) = 1S IHs (DA, 1)) for s = 1. DL2(RM) = {¢ € L2 (R")|V¢ € L?(R™)} under the
norm |[¢ [ p12@gey = [IVE | L2(ny s a Hilbert space (see page 168 [18]). supp(¢) denotes the sup-
port of ¢. Define [1¢1, -+, &illg, = I¢1lB, + -+ + 118, and [1£[ls,nB, = ¢ I8, + [1£[lB, for
Banach spaces B, B,. B(x) is a ball centered_ at x and B, (x) is a ball centered at x with radius
r > 0. For any set D, | D| is the volume of D, D is the closure of D, Xp is the characteristic func-
tion on D, dist(x, D) is the distance from x to D, 9 D is the boundary of D, D/r = {x| rx € D}
forr > 0, and

][g(x)dx = ﬁ /{(x)dx ifc e L'(D).
D D

Define |||§|||C0.a(DﬂQ_ef) = ||77||C0,a(D/€ﬁQ_ef/E) and |||§|”C°-“(Dﬂ@) = ||77||CO,a(D/ém@/€) where
n(x) = ¢(ex), e,a € (0,1). If n” is a outward normal vector on 7(dY,, — j) for T > 0 and
j € 7", we define, for any function ¢ and x € t(3Y,, — j),

E,i(x)Etl_i}&C(XiIﬁf)a LZ]e@v,—p(x) =4 (x) = —(x). 2.1

Next we give two statements:

Al. w,e € (0, 1],
A2. Y,, with diameter less than 1 is a smooth simply-connected sub-domain of ¥ C R", n > 3.
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The assumption on Y, (that is, A2) is only for convenience of presentation. More general case is
possible. Our main result is Theorem 2.1. Others are the consequences of Theorem 2.1.

Theorem 2.1. Under AI-A2, p € (1, 00), and G € [L? (R™)]* with compact support, a Wll)’cp (R™)
solution of

V- (K2 V¥ +G)=0 inR"

Jim|9](x) =0 22)

exists uniquely and satisfies
IKo,e V¥ Lr @y < cliKi/w,eGllLr®ny, (2.3)
where c is independent of w, €.

By Theorem 2.1, Potential theory, duality argument, and Sobolev embedding theory, we have
the following two results.

Corollary 2.1. Under AI-A2, p € (1,0), and G € [L? (R™)]" with support in B,(0) for r > 0,
then the solution of (2.2) satisfies

{”Kw,e\p”Lf’(B,(O)) < ¢ IKtjw,e GllLr®ry for pe(1,00), 2.4)

n
1Ko, e WllLr @y < CIIKl/w,eGllL%(Rn) Jor p € (5=, 00).
Here t > 0; ¢; , is independent of w, € but dependent on t, r; c is independent of w, €, r.

Corollary 2.2. Under AI-A2, p € (1, 00), and V.€ W~1P(R") with support in B, (0) for r > 0,
a Wllo’cp (R™) solution of

V- (Kp V)=V inR"

lim [W|(x) =0 2.5
[x]—=00
exists uniquely and satisfies
1KoV, Ko e V¥ Lr(8,0) < ct.rKijw.e Viiw—1.0 @) (2.6)

where t > 0 and ¢, , is independent of w, € but dependent on t, r. In addition to V € LP(R")
with compact support, then

1Ko, e Wl ®ny < C”K]/a),eV”L%(R") for p € (%5, 00), o
Kw.e VW Lr@n) < C”KI/“”GV”L%(R'!) for p € (5, 00),

where c is independent of w, €.
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Theorem 2.1 and Corollaries 2.1, 2.2 are proved in section 5. For € < w case, Theorem 2.1
and Corollaries 2.1, 2.2 imply the following estimate.

Corollary 2.3. Under AI-A2 and € < w and if both G, V are smooth enough with support in
B, (0) for r > 0, then a WP (R™) solution of (1.1) exists uniquely and satisfies

W, Ko, VU L2 (B,0)) < Crr (1K1 /e GllLrrry
+ 1K1 /0. Vilw-1.r@ny) if pe(l,00),
W, Kop,e V¥ r ) < c(IIK1/0,Gll

+ K V np _np
” l/w’E ”L"lP(R")ﬂL"Jg/’(R”))

L/’(R")OL%(R”)
ifpe (35, 00).

Here t > 0; ¢;,, is independent of w, € but dependent on t, r; c is independent of w, €.

Proof. Let HE\IJ|Qef denote the extension function of \IJ|Qef on R" (see Theorem 2.1 [1]). If
€ < w, by Theorem 2.1 [1] and Poincaré inequality, the solution of (1.1) satisfies

I llzr s 0ngg) = W = TeWlge lLr s, 0neg) + ITTeWlas llLr s 0)neg,)
= clle(V¥ = VIIeWlgs) e s, 0neg) + ITeWlae llLr s 0)neg,)
= (1Ko, V¥IiLr s, o) + IV Lr (8, 0)n05)- (2.8)

where c is independent of w, €. Eq. (2.8), Theorem 2.1, and Corollaries 2.1, 2.2 imply the re-
sult. O

For w < € case, Theorem 2.1, Corollaries 2.1, 2.2, and compactness argument imply the fol-

lowing estimate in a perforated domain Qef

Corollary 2.4. Under A2, ¢ € (0, 1], and p € (;25.00) and if both G € LP(2), V € Litp (Q9)

n—2"

have compact support, then a W' (Q;) solution of

—V (VUG =V inQ

(VU +G)-n€=0 ondQ, (2.9)
lim [¥|(x) =0
[x]—00

exists uniquely and satisfies

+ VI = ) (2.10)

Wi <c(|IG np_ _np_ ;
¥ lhwr ) = (I ||LP(Q€/)QL"+P(QE/) L"-*{)P(Q;)QL"HP(Q;)

where c is a positive constant independent of € and 0 is a normal vector on 92,
Proof. Consider the following equation

-V. (sz’GV\I/w + GXQ;) = VXQef in R",
lim |¥,|(x)=0.
|x]—00
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By Theorem 2.1 and Corollaries 2.1, 2.2,

Ky ¥V, Ky, VY rry < c(|G np + VI e _np
1Ko W, Kore Vo Lo = (1 ”u'(sz?mmw(ﬂff) | ”Ln+’p(sz§.>mu+2p<sz§.)

where c is a positive constant independent of w, €. Fixing € and letting w — 0, by compactness
principle, there is a sequence {¥,,} converging weakly to W € W!? (Q;) which satisfies (2.9),
(2.10). O

Remark 2.1. Let us mention that there is an interesting problem related to (1.1). If ¥}, is replaced
by, say, two disjoint balls with a distance § > 0 between them, how would the constant ¢ in (2.3)
depend on §? For what value of p, is the constant ¢ in (2.3) independent of 6? In this setting,
Theorem 1.9 in [17] gives an L™ estimate (independent of ¢, §) for the gradient provided w>
stays away from 0. Also Theorem 1.2 in [7] gives an estimate on the gradient in terms of § for
w? =0 and € = 1. We shall pursuit this problem in the later work.

3. Some auxiliary lemmas

Here we list some lemmas. Basically they can be derived by modifying the arguments in [27].
If one result is not obvious, we give its proof in Appendix A. Otherwise we refer the reader
to [27]. The listed lemmas are an imbedding result (Lemma 3.1), uniform estimates for interface
problems (Lemmas 3.2-3.5), and a convergence result (Lemma 3.6).

Lemma 3.1. There is a constant c independent of € € (0, 1] such that

IS0 20 <Ll 20 <c|VEll2qe
L"—Z(Q;) € Ln=2 (R") L (Qf) ifc G'DI’Z(RH)

n <c|V n
11, 2 o < €NVE L)

m

Here Tl. is the extension operator for functions defined in Q? (see Theorem 2.1 [1]). If ¢ is
defined in R", then T1¢¢ means I ¢ = H6(§|Q;_).

Proof. This lemma follows from Theorem 4.31 [2] and Theorem 2.1 [1]. O

By A2, one can find a positive constant dy and smooth simply-connected domains Sgp, S, S,
A, S satisfying

YmCSoCS 1 CSCACYCS,,

dist(Y,,, 0S0), dist(So, 9S1), dist(Sy, 9S), dist(S, 0.4) > dg > 0,
dist(A, dY), dist(Y, 3Sy), dist(Sa, QL \ V,y) > do > 0,
diameter of Y,, is less than 1 — 10dy.

3.1

Lemma 3.2. Let p € (1, 00) and w € (0, 1]. Any solution of

V- K2 VU+Q)=F inS; (3.2)
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satisfies
1Ko, 1U, Ky 1 VU|lLr(v) < cJp,
where ¢ is a constant independent of w and
Jo =0 Lrs)\7) T 1K1/0,1 QN Lrs) + 1Kij0, 1 Fllw-1r(s,)- (3.3)
Proof of Lemma 3.2 is given in Appendix A.

Lemma 3.3. Let p € (n, 00) and w € (0, 1]. Any solution of

V- (K VU+Q)=F  inY\dY,
LU sy, =0 (3.4)
|K,2.1 VU + Qlay, Ty =¢

satisfies
IKoi 1 Ull chrri-nin @mncksii-n/o () < C(||U||L2(Yf) + 1Sl cki-np oy,
+ ||Kwi—2’1 Q”Ck-]_”/P(Y_f)ﬂCkv'_"/l’(ﬁ) + ||Kwi—2,1 F“Wk-p(Yf)ﬂWk.P(Ym))v

where i,k € {0, 1}, ¢ is independent of w, and ﬁy is the unit outward normal vector on 3Y,,. See
(2.1) for (3.4)2,3 and (3.1) for S.

Lemma 3.3 can be proved by a modification of the argument of Lemma 3.2, so we skip its
proof. The following result is a local estimate around the interface.

Lemma 3.4. Let w € (0, 1], T € (1, 00), xo € T10Y}, and By2(x0) C Y. Any solution of

—V-(Kw2’IVU)=FXry/ in By2(xp) \ 10Yy,
LU 1B s (xo)nrdY,, =0 (3.5
K2 VU] B, pxo)neay,, - By =&

satisfies

1Ko, U ”Ck‘*'lv“(Bl/g(xo)ﬁtY_f)ﬂCk+l-“(Bl/g(xo)ﬁtYm) < (Ko U ”LZ(BI/Z(XO))

¢l cra @ aonear, T 1 ok @ aoner,):

where k € {0, 1}, a € (0, 1), ﬁy is the unit outward normal vector on t9Y,,, and c is a constant
independent of w, t. See (2.1) for (3.5)3, 3.

Proof of Lemma 3.4 is given in Appendix A. We find Xg) € Hl}e,(R") satisfying, for w € (0, 1]
andi €{l,---,n},
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V(Ko (VXS 4+8) =0 inY,

/ XD (y)dy =0, (3.6)
Yy
and find X’ e H,,(Q}) N H,,,(2,,) satistying, for i € (1,---,n},
Xy =0 in Y,
v (VX 4+8)=0 vy,
(VXY +&) 4 -y =0 ondYy, (.7)
%0 ar=o

Yy

where ¢; is the unit vector in the i-th coordinate direction and ﬁy is a unit outward normal vector

on Y. See (2.1) for (3.7)3. By Lax—Milgram Theorem and Poincaré inequality [12], ij) exists

uniquely. By energy method, Theorem 6.30 [12], and Lemma 3.3, the solutions of (3.6)—(3.7)
satisfy

”Xg)”W2,:>o(Yf)nw2,oo(Ym) <c, (38)

where c is a constant independent of . Define Xg?, x) = rXS)(f) and X = (Xfa1 ) , Xg ) AR
XM, Xpr = X0 XP: - X)) forw € [0, 1] and T € (0, 00). Denote by &, for w € [0, 1]
an x n matrix function whose (i, j)-component is 9; ij). By remark in pages 17-19, 94-95 [14],

K= / K, (I +Eo())dy  forwel0,1] (3.9)
Y/'Uym

is a symmetric positive definite matrix dependent only on w. Here [ is the identity matrix. By
(3.8), it is not difficult to see that there are positive constants d1, d» independent of w such that

dil <Ky, <dI. (3.10)

One example below shows that the L? norm of the second order derivatives of the solution of
(1.1) may not be bounded uniformly in w.

Remark 3.1. Suppose 7 is a bell-shaped smooth function satisfying n € C(‘)’O(Bl 0)), n €10, 1],
and n(x) = 1 in By/2(0). Employ n, X! for ¢ € (0, 1], and (3.6) to obtain

1 1 >
—V - (K2 VX)) — Ko XNV + K2 08))
= K. (VX{) +2)Vn in B, (0),
InX@) =0 for x ¢ Bi(0).

By (3.8), we see
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||X22V’l —nétllwioo(p, 0y T ||(VX22 +e1)Vnllzes, )

933

is bounded uniformly in €, but ||nng lw2.r( B1(0)NS5) for p € (1, 00) is not bounded uniformly

in €.

Next we state one result but omit its proof because the proof is similar to the arguments of

Lemmas 4.1-4.3, 5.1-5.3 [27].

Lemma 3.5. Let £ > 0 and w, € € (0, 1]. Any solution of
V- Kp VU+Q)=F in R"
satisfies

[U]CO’“(Bl/z(X*)ﬂQGf)

=< C(”Kw,eU”LZ(Bl(x*)) + ”Kl/w,e Qs Kl/w,eF”Ln*—Z(Bl(X*)))’

1Ko,e VU LBy (%)) < C(llUlle(Bl(x*)m;) +ollUll 2B, c)nas,)
—1
+ IIIQIIICo,u(W) + o 2l con @ mnas)
+ ”6”'/2_1K1/a),€ Q, Kl/a),GF”L”H(Bl(x*)))’

where L = n‘ﬁ, x* e R", and c is a constant independent of w, €, x*.

In addition to Q =0in R" and F =0 in Q,, any solution of (3.11) satisfies

IVU Lo (B, () = C(||U||L<>°(Bl(x*)nsz;)

+ 01Ul 28, o) + IF e, 6op)-
where x* € R" and c is a constant independent of w, €, x*.

Corollary 3.1. Let x* € R", 7,7 € (0, 00), and w € (0, 1]. Any solution of
V(K2 VU)=0  inBy(x¥)
satisfies
1/2
Koo U (6% < c‘ ][ Ko :UMIPdy|

By (x*)

for some constant c independent of w, T, x*, r.

@3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Proof. First we assume x* = 0 and define ®(y) = U(ry). Then (3.15) implies
V- (K27 VP)=0 in B1(0).

Note t/r <lorl<rt/r.If t/r <1 (resp. 1 < t/r), inequality (3.12) (resp. Theorem 7.26 [12]
and Lemma 3.4) implies

[CD]CO.a(W) =clKo,c/r®llir2(8,0))> (3.17)

where «, ¢ are positive constants independent of w, 7, r.
Suppose 0 € Q%, by (3.17),

UO) =20 = |®(0) — ][ d’(y)dy'Jr' ][ CD(y)dy‘

B1/4(0)NQ% /r B1/4(0)NQ%/r

][ Ky - U(y)|*dy

B (0)

(3.18)

1
2
= c(U®@leow g, zoney/m 1PNz 0ney/m) =€ ‘

So (3.16) holds for x* =0 € Q} case. If 0 # x* € QF, by translation, we see that (3.106) is true
for x* € Q}

Suppose 0 € Q. If 7/r < 1, by maximal principle [12] and 0 € £Y,,, maximal value of ||
in the region %Ym is bounded by the maximal value of |®| on the boundary of me. Since (3.16)
holds in Q; for any 7 € (0, 00),

1/2
VO] =1®0)] = max [0()] < max c ][ Ko, /- ®(»)[*dy
Bq, (2)
1/2 1/2
<c ][ Ko, o/r®0)IPdy| =c ][ Ko, U Idy|
B1(0) B, (0)

where d is defined in (3.1) and c is independent of w, t/r. If T/r > 1, we argue as (3.18) and
we conclude that (3.16) holds for 0 € Q7 case. If 0 # x* € Q] , by translation, we see that (3.16)
istrue forx* e Q7. O

By Lax-Milgram Theorem [12], Lemma 3.1, and Theorem 2.1 [1], we see that if F €
Co°(R"), a DL2(R™) solution of

_V'(KwZ’GVU):FXQ? in R" (3.19)
exists uniquely for all w, € € (0, 1]. Moreover, the solution of (3.19) satisfies, for any x € R",

K U n + K VU ny < C F n N 320
KUl 2 o+ 1K VU gz <l (3.20)
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where c is independent of x, w, €. By (3.12), (3.14), and (3.20), we also have

U ,00 (RN <c F 1 ’ 321
U w100 @ny <<l “anTrz(]R")ﬁL”H(R") o

where ¢ > 0 and c is a constant independent of w, €. By [3] and remark in pages 17-19,
94-95 [14], we see that there is a sequence of the solution {U.} of (3.19) satisfying, for each
fixed w € (0, 1] and r > 0,

Ud— U in L>(B,(0)) strongly
K, VU~ KoVU in LZ(B, (0)) weakly ase — 0, (3.22)
FXge — |Yy|F in L?(B,(0)) weakly

where |Y | is the volume of Y and IC,, is the one in (3.9). The U in (3.22) satisfies
=V .- (KoVU) =Yy |F in R". (3.23)
Moreover, we have

Lemma 3.6. Let £ > 0, w,e € (0,1], and F € CSO(R"). The difference between the solution of
(3.19) and the solution of (3.23) satisfies

1Ue = Ulloo@n) = cellFIl 2 ;

n+2 (R")N Ww2.n+t (Rm)

where ¢ is a constant independent of w, €.
Proof of Lemma 3.6 is given in Appendix A.
4. Approximation of the Green functions

This section containing three subsections presents uniform bounds and approximations for
Green functions. The first subsection is the uniform bounds of the zero order and the first order
derivatives of Green functions I'?(x, y) of the Poisson equations. The second subsection is an
approximation of the second derivatives of I'?(x, y) for T € (0, 1]. The third subsection is an
approximation of the second derivatives of I'?(x, y) for T € [ﬁ, 00).

4.1. Green functions of the Poisson equations

For any 7 € (0, 00) and w € (0, 1], let I' denote the Green function of

{—Vy (Ko ()Y, T(x, 7)) =8(x —y) inR", wn

'x,y) =0 as|x—y|— oo.

By Theorem 5.4 [19], remark in pages 62, 67 in [19], and Lemma 3.3, function I'? exists

uniquely in H (R \ {x}) " W, (R") and
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FY(x,) € CR™\ {x)),
20, y)=T2(y,x)  forx#y, 4.2)
LY, y) =" D).

Lemma 4.1. For any t € (0, 00) and w € (0, 1], there is a constant ¢ independent of T, w, x, y
such that

T2, y)| < clx = YP7"Kijo,r (OKi /o, ().

T2, | < clx — y|*>™" if Ix — y| > (1 — 6do), “3)
VT2, )| < clx — v 7K o, (OKi 0,0 (),
|V, T2, )| < clx — y|! =" if |x — y| > 7(1 — 5do).
Forany w € (0, 1] and x € Qlf U Q,ln, there is a constant d > 0 so that
VeV, TP (e )| < clx =y 7"Ky 2 (x)  if0<|x—y| <d, 4.4)

where c is a constant independent of x, y, w. See (3.1) for dy; (4.4) holds only in a small neigh-
borhood of x.

Proof.

Proof of (4.3)1. First we assume w, 7 € (0,1]and x, y € Q} Setr=|x—y|forx,ye Q; Let
F € C{°(By3(y)) and find ® € D'2(R") satisfying

V- (K, VO) =K, F.

By Lax—Milgram Theorem [12], Lemma 3.1, and Theorem 2.1 [1], ® is solvable uniquely in
DI’Z(R"). By Definition 5.1 and remark in pages 59, 62, 67 [19] as well as Corollary 3.1, we
see, for x € Qrf-,

®(x) = / [0 (x, 2K (2)F (2)d2,

By y3(y) 45
1/2 12 4.5)

[P(x)| <c

)

on
][ |Kw,T<D(z)|2dz Sc’ ][ |Kw,r<l>(z)|"’2dz

By3(x) B,j3(x)

where c is independent of 7, w, r, x, y. Lemma 3.1, (4.5), Theorem 2.1 [1], and Holder inequal-

ity [12] imply
‘ / I?(x, 2)Key . (2) F (2)dz ][ Ko, - ®(2)

Br/3(y) By3(x)

n=2
2n

2n_
Sc n72dz

2n 4
SCV 2 ”Kw,fV@”LZ(Rn)SCr 2 ||F||L2(B (46)

r/3(0))?
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where c is independent of t, w, r, x, y. Since y € Q%, equations (4.1), (4.6) and Corollary 3.1
imply

>
MY ] =< c’ ][ Ko, e (T (x, 2)?dz| <

= r"_2 )
B,/3(y)

where ¢ is independent of 7, w, r, x, y. So (4.3)1 holds for x, y € Q}, w, T € (0, 1]. Together
with (4.2)3, we see that (4.3); also holds for x, y € Q}, T €[1,00) and w € (0, 1]. By a similar
argument, the other cases of (4.3); also hold.

Inequality (4.3); follows from Theorem 3.1 [12], (3.1)4, and (4.3)1.

Proof of (4.3)3. If y # 0, we define » = |y|. For t € (0, 00) and w € (0, 1], both (4.1) and (4.2),
imply

=V, (K2 (2)V.T7(z,y)) =0 for z € B, /2(0).
If ®(z) =T (52, ), then
—-V. (szyzr/r(z)VCD(Z)) = O fOr VIS B] (0)

Suppose 2t/r > 1, by Lemma 3.4,

IVO(0)] < cKijw,20/r () Ka 20/ Pll L2, (0))
where c is a constant independent of w, t/r. By (4.3)1,

[0} 2 1—n

IViI7(0, y)| = ;IVCD(O)I <clyl " Ki/w,r (K10, (¥),

where c is independent of y, w, 7/r. Suppose 2t/r < 1, by (3.14) and (4.3),,

w 2 c 1—-n
IVelZ (0. 9)] = IV O)] = ~lIPll a0 = clyl™
where c is independent of y, w, v/r. If x # 0 and x # y, then we shift x to 0 and repeat the above
argument to obtain the estimate for |V, I'Y(x, y)| in (4.3)3 for T € (0, 00) and w € (0, 1].

Inequality (4.3)4 follows from (4.1), (4.3)2,3, (3.1)4, maximal principle [12], and Lemma 3.3.

Proof of (4.4). If x € Q}c set d = dist(x, Q}n) >0.Ifye Bd~/4(x) \ {x} and r = |x — y|, then,
by (4.1) and (4.2),,

_Azayir‘i”(z’ y)=0 in By /a(x),

where 9y, is the partial derivative with respect to y; fori € {1, --- ,n}. By Theorem 2.10 [12] and
(4.3)3,

c _
[V 0y, 'Y (x, w)| < ;Ilayif’i”(n WL, 0 <clx —yI™",
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where c is a constant independent of x, y, . So we prove (4.4) for x € Qlf Eq. (4.4) forx € SZ,ln
is proved in a similar way. O

Lemma 4.2. The Green function I’ for w € (0, 1] in (4.1) satisfies

—Vy - (Koo (0)Ve8y, T, ) =0 in R\ {y}, y ¢ 32},

sup ViV I'P(x, y)| <00 foranyry,ry >0, 4.7
|x—ylelri.r]
where yy is the k-th component of y = (y1, -+, Yu), Oy, is the partial derivative with respect

to yr, andk € {1,--- ,n}.

Proof. By (4.1), (4.2), (4.3)3, Corollary 6.3 [12], and Lemma 3.4, we obtain (4.7);. By (4.3)3,
(4.7)1, Corollary 6.3 [12], and Lemma 3.4, there is a constant ¢ such that, if |y — z| > ¢ for any
t>0,

w
”8ku1 (.’ y)”C](Bt/z(z)mg})mcl(Bt/z(z)mgjn) S C. (48)

Eq. (4.8) implies (4.7),. O
Remark 4.1.

(1) By Lax—Milgram Theorem [12], Theorem 2.1 [1], and Lemma 3.1, we see that for any
w,e € (0,1]and F, Q € L*°(R") with compact support, a DL2(R") solution of

V- (K2 VO+Q)=F  inR"

exists uniquely. By Definition 5.1 and remark in pages 59, 62, 67 [19], Green Theorem, and
(4.3)3 of Lemma 4.1,
D(x) = / Ie(x, y)F(y)dy — /Vyl“é"(x, »O(y)dy in R". 4.9)
R" R”

(2) Tracing the proof of Lemma 4.1 [12] as well as employing (4.3)3 of Lemma 4.1, we see that
if w € (0, 1] and F € L*(R") with compact support, then the DL2Z(R™) solution of

V- (K, V®)=F  inR"

satisfies ® € C'(Q}) N €' (R,,) and

Vo (x) =/VxFi"(x, YF(ydy  foranyxeQ,uQ),.
]Rn

Tracing the proof of Lemma 4.2 [12] and employing Lemma 4.1, we obtain
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Lemma4.3. [f € (0, 11, Q € L¥(R") N Cp&(224) N CLLE(R2,) with support in B, (0) for some

r>0,and a € (0, 1), then the D"*(R") solution of

V- (K, VO+0)=0 inR"

satisfies, for any x € Q} U Q,ln t>r,and je{l,--- n},

3000 == [ 8,9,IPw QMY + Ky 10000 [ V@ do,
B;(0) 9B,(0)

—i—K%’l(x)Q(x) / BXijl"(x,y)dy. (4.10)
! Bi(0)

Here T is the fundamental solution of the Laplace equation in R", x; is the j-th component of
x=(x1,x2,---,x,) €R", and n; is the j-th component ofi= (ny,ny,---,n,) denoting a unit
outward normal vector on d B;(0). Moreover, there is a constant c independent of w, r such that

'ch(x)+/vxvyr§”(x,y)Q(y)dy <Ky 1 (@0)]QM)] forxeQhuQ,. @11

Rn

Proof. Define, forany r >r > § > 0 and x € R",
@i0== [ VrEe - y)eoIdy.
B, (0)
where 1s(x) = n(x/8) and n € C3°(R) is an even function satisfying n € [0, 1], n(x) =0in |x| <

1/2,n(x) =1in|x| > 1, and '(x) > 0 for x > 0. By (4.3)3 and (4.7);, we see ®; € C'@RM). By
(4.3)3, ®s converges to

d(x)=— / VyIP(x, y)Q(y)dy in L°(R") as § — 0.
B:(0)
Define ¢ (x, ) and x € Q} U Q,ln as

Po(x, ) =7, 9) — K2 ;0 (x, y)  inR"

Note for any x € Q } U 52,1", there is a small neighborhood B,;(x) of x such that

Aygu(x,y) =0 for y € By (x).

So ¢, (x,-) is smooth in a neighborhood B;(x) of x € Qlf U an and is piecewise smooth
in R".



940 L.-M. Yeh / J. Differential Equations 261 (2016) 925-966

Ifxe SZ; U Q,ln, t>r>4,and j € {l,---,n}, by Green’s formula,

djPs(x) = — / 3 (VTP (x, yIns(1x — yD) Q(v)dy
B:(0)

— / e, (VT e y)ms(x — YD) (Q(y) — Q(x))dy

B, (0)

+KL2,1(X)Q(X) / VyI'(x, y)n; do,
! 9B (0)

— 0w / e, (V30 e, Vs (1x — yD))dy.

B (0)

By (4.3)1,3, (4.4), and following the proof of Lemma 4.2 [12], if § closes to 0, then 9; ®;s(x)
converges to 9;P(x) in (4.10) for any x € Qlf U Q,ln, t>r,and j €{l,---,n}. So we prove
(4.10).

If x ¢ B,(0), (4.11) is from (4.10) because of Q(x) =0. If x € B,(0) and r < ¢, by (2.13)

in[12]and i, j € {1,---,n},

‘ / 8x_/ay;r(xa y)dy‘ = ‘ / 8)(_,' 0y, ' (x, y)dy
B (0) Bt (0\ B —|x| (x)
t t
<c = y[dy < cln T < LT (4.12)
t—|x| t—r
Bi41x) )\ Br— x| (x)
¢ n—1
/ 0y, I'(x, y)nj doy| <c ; , 4.13)
—r

9B:(0)

where c is a constant. If # is much larger than r, then the right hand sides of (4.12)—(4.13) are
bounded by a constant independent of w, r. Together with (4.10), we obtain (4.11). So we prove
the lemma. 0O

Next we derive an approximation of the second derivatives of I'? for T € (0, 00). The case of
T € (0, 1] is considered in subsection 4.2 and the case of T € [ﬁ, 00) is in subsection 4.3.
4.2. Fort € (0, 1] case

Let I‘g’ for w € (0, 1] denote the Green function of

-Vy - (lCa,VyF(‘)"(x, y)=8(x—y) inR",

o (4.14)
rg(x,y)—>0 as|x—y|— oo,

where I, is the symmetric positive definite matrix in (3.9). By (3.10) and change of variables,
the I'g in (4.14) can be transformed to the fundamental solution of the Laplace equation in a new
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coordinate system. By the results in page 17 [12], we see I'g’(x, -) € HILC(]R” \{xHNCER"\ {x})
and there is a constant ¢ independent of w such that

g, y)=Tg,x) for x #y,

— 12—

Ly, y)=v=" FS’(?,%) for any v > 0, @.15)

TGl <clx —y[=™  forx#y,

[Vy L (e | < clx —y|'™" forx #y.
Lemma 4.4. For any o, t € (0, 1],

sup [T€0x,y) = T§(x, y)| <eth, (4.16)
[x—yl=1-4dy

where ¢, ) are positive constants independent of w, . See (3.1) for dy.
Proof. Fix x ¢ R” and let ¢| = sup Y (x,y) = TG (x, y)I. By (3.1), (4.3)2, and (4.15)3,

[x—y|>1-6do
the ¢ is independent of w, 7, x. By (4.3)4 and (4.15)4, I'?(x, -) and F(‘)"(x, -) are Lipschitz
continuous functions in R" \ By_sq,(x). In other words,

IVyTZ e, I+ VTG, ) < ea fory € R\ Bi—sq, (%), (4.17)

where ¢, is independent of w, T, x. Define 6, ; x = sup ITY(x,y) — g (x, y)| for any
[x—y|>=1—4do
fixed w, 7, x. By (4.3); and (4.15)3, there is a y, satisfying

Ix =yl =1—=4dy and Oy rx=II7(x, y) =G, )| Zci.

Pick a number 8 > 9 so that p = 9/“3’7’2)‘ <dp, where c; is from (4.17). By (4.17), we see, for any

|F?(x,)’) - 1—‘I((,())(-X’.v )’)| > |F;U(-x7y*) _Fg)(xv }’*)|

ew,r,x

— TP, y) = TP (x, y)| = TG (x, y) = TG (x, )| > (4.18)
Let F € C°(By(y«)), F €0, 1], F =10n By 2(y«), IVF Lo (B, (y,)) < %, ||V2F||L°°(B,,(y*)) <
;—?. Put F in the right hand side of (3.19) to get U; and of (3.23) to get U. By Lemma 3.6, for
any £ > 0and w, 7 € (0, 1],

—(n420)
Uz — Ullpoerny < catlpl n+ (4.19)

where c3 is a constant independent of w, 7, x. By (3.19), (3.23), (4.17)—(4.18), and Remark 4.1,
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IUT(X)—U(X)|=‘/F?(x,y)F(y)dy—/Fé”(x,y)lYfIF(y)dy’
S'ZT

¥ R
Z/IF?—FS’I(x,y)F(y)dy—‘/FS’(x,y)F(y)dy—/FS’(x,y)IYfIF(y)dy'
@ @ R
n+1 n 0] ) X [ . . . . ;
> cap" = T YFITE (L y)F () = T (x, 2))F(zj)| - for yj.zj € T(¥ — j)
jezr
e (1-5). 20)

where cy4, c5 are independent of w, T, x. If 1 — ‘;—; > 1/2, (4.19) and (4.20) imply p"*! <
—(1+20) X
ct|p| wii , which implies (4.16). If 1 — ‘;—zr <1/2,then p < ct!/2. That again implies (4.16).

So this lemma is proved. O

Lemma 4.5. For any w, t € (0, 1] and |x — y| > 1 — 3do,

(V3T 3) = (1 + VX/D) VI ()] < et Kijo o (30), (4.21)

where I is the identity matrix and c, A are positive constants independent of w, t, x, y. See (3.1)
for dg and remark after (3.8) for X.

Proof. Define T """ as follows. For i1, is € {1,---,n}, we find T2 ¢ gl (R") satisfying

per

v. (Kw;] (VT,(,fl’iz) + Xf,jz)é,-,)) =K, (&m + ailxg?’) in7v,

/ T2 (y)dy = 0.
Yy

1 ifij=ip
0 ifij#ir
By Lax—Milgram Theorem [12], (3.8), and Lemma 3.3, function ’]I‘g1 1) §g uniquely solvable and
satisfies

Here ng) is defined in (3.6), ¢;, denotes a unit vector in the i; direction, &;, ;, = {

ITE " Nl crarpnctagyy <¢  forsomea € (0, 1), (4.22)
where c is independent of w. For fixed x € R”, we define, in |x — y| > 1 — 4dy,
Dy (M =T7(x,y) —T5x, ) =X :(Y)V,IF(x, y) — Tw,r(y)VﬁFS’(x, y),

where T, : (y) = tsz(%) and T, = (']I‘gl +i2) ) are n x n periodic matrix functions with period Y.
Then ®,, ; satisfies, in R" \ Bj_4q,(x),
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—V (K2 (Vo1 + To e ViT) =K, (Xt Vy AT + VT, VITE).

By (3.13), Lemma 4.4, (3.8), and (4.22), we know that if w, T € (0, 1],

1Kot V @,z [l oo @\ By _3q, () < ctt,

where ¢, A are positive constants independent of w, t, x. Which implies (4.21).

Letus fix w € (0, 1], y e R" \ 92}, and define

P (x) =V, I'?P(x, y)

f R™\ B_ _
po(x) = (I + VX))V, I'Y(x, y) orx € R"\ Bi_3q,(y)

By Lemma 4.5, if w, 7 € (0, 1], then

llor — @ollLoe ®\By_3q,(v)) = K/ r (),
where ¢, A are positive constants independent of w, 7, y. By (4.7)1,

—V- (K2, Vo) =0 inR"\ By_3q4,(y).

As T — 0, by (4.3)4, (4.24), and an analogous argument as (3.19)—(3.23), we obtain

=V (KoVeo) =0  inR"\ Bi_zq,(y).
Tracing the proof of Lemma 4.5, we see that (4.23)—(4.25) imply

Lemma 4.6. For any w,t € (0, 1] and |x — y| > 1 —dy,

943

(4.23)

(4.24)

(4.25)

X
VeV M2, y) — (I + VX(;))(I + VX(%))VxVyFS’(x, | < cr)”K%’f(x)Ki’r(y),

where c, A are positive constants independent of o, T, X, .
Proof. Define, for fixed w € (0, 1], y e R" and |x — y| > 1 — 3d,

Dy =0 — o — X, Voo — Tw,tvzwo’

where ¢, ¢ are defined in (4.23) and X,, ;, T, . are same as those in Lemma 4.5. Following

the proof of Lemma 4.5, we see that Lemma 4.6 holds. O
Lemma 4.6 then implies
Corollary 4.1. For any w € (0, 1] and |x — y| > 1,
VeV I (x, y) — (I + VX)) U+ VX))V VI (x, )|
<clx = 7" K1 w1 (OK1 /0,1 (0),

where A, ¢ are positive constants independent of w, x, .

(4.26)
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Proof. For x,y e sz; case. By (4.2)3 and (4.15), we see I'?(x, y) = 27"T¢(%, 2), T¢ (x, y) =

rz_"l*g’(f, %) for T > 0. Define x = %, y = g, then &,n € SZ} Assume |§ — n| = 1. By
Lemma 4.6, if w, T € (0, 1],

|VeVy TP (x, y) — (1 + VX)) T + VX)) Ve VT (x, y)|

=|V,V 1“‘”(§ ﬁ)—(1+VX(§))(1+VX( )) ViV FO(— —)'
= ‘vgv,,rg’(g, m—(I+ vxé))(l + VX(%))VgV,,F(‘)"(S, m|" < e,

where ¢, A are positive constants independent of w, t.
If we take T = ﬁ, then |£ — n| = 1. Note [x — y| > 1 because of 7 < 1. So we prove (4.26)

forx,ye Q} case. The other cases of (4.26) are proved in a similar way. O

4.3. Forre[ 00) case

PES

In this subsection, T € [——, 00) and notation as in (3.1) is used. For any v € (0,00), w €

n+1°
(0,1],and j € Z", let ME,{,,, denote the Green function of

() () _ _ i n
{ (KD VM (. y) =8(x—y) inR", (4.27)

(J)(x y)—>0 as |x — y| = oo,

where

ifye R\ v(¥,, — j),
KO =1, mrel vt =)
w” ifyev¥y, —j).

Similar to I'¥ in (4.1), by Theorem 5.4 [19] rernark in pages 62, 67 in [19], and Lemma 3.3,

/\/l v exists uniquely in H, (R"\ {x}) N Wl (]R”) and satisfies

lac

M, (x, ) € CR™ \ {x}),
MEJ L) =MD x) forx #y, (4.28)
MV ) =V MO G+ 3+ ).

If (x,y) ¢ Y, x Y, and if x # y, we define
Eulx,y) = MY (x.y) = T(x. y), (4.29)
where I is the fundamental solution of the Laplace operator in R”. By (4.28),
Eo(x,y) =Eu(y,x)  for(x,y) &Y, x Y, and x # y. (4.30)

If x e R"\ Y, is fixed, &,(x, -) is a piecewise smooth function in R” satisfying
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—AyEy(x,y) =0 in R"\ 9Y,,,

ngJaY,,, (-xv y) = Oa

0 - -
K VyEoloy, - By(x, ) = (@ = DV,T(x,y) -y on ¥y,

Eu(x,y) = 0as|x — y| > o0,

where ﬁy is a unit normal vector on 0Y,,. See (2.1) for (4.31); 3.

945

431)

(A—i)N(A—j)=0fori+#jandi, j € Z", where A is the closure of A (see (3.1) for A).
Ifxe Q} \ Ujezn 7(S1 — j), then the distance from x to 0€2;, is of order 7. Let ¢ € C;°(R")

be a bell-shaped function satisfying ¢ € [0, 1], ¢ (x) =1 in x € S, supp(¢) C A. If X;‘(x, y) =

$(x)p () € [0, 1], then X satisfies

XL(x, y) = XL(y, X) for x,y e R",
1 ifx,yeS,

Xt =
A Y) {0 ifx¢g Aory¢ A.

See (3.1) for Sy, S, A. Define, for any x € R"” and y € R" \ {x},
GY(x,y) =T (x, y><1 -3 X+ j>)

JEZr

+ Y MOty + DX G+ Ly + )
jezn

and define

Ggr(x,y)= 727"9?(1, Yy forrel
T T

00).

n+1’

By symmetry property of I', MO X:& (see (4.28) and (4.32)), we know

w,1’

Gr(x,») =G7(y,x) forx # y.

(4.32)

(4.33)

(4.34)

(4.35)

If (x,y) ¢ Ujezn (Y — j) x (Y, — j) and x # y, equation (4.33) can be written as, by (4.29),

G ) =T+ Y Eolx+j.y+ DX+ .y + ).

JezZ
Remark 4.2.
(1) Fort €[ 1 00), w € (0, 1], and j € Z", we consider

n+1°

—V - (K2 V) =0 int(S— ).

By maximal principle (see Theorem 3.1 and Lemma 3.4 in [12]) and Lemma 3.3,

(4.36)
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1Pl Loz s—j)) < NPl Lo @S- ) 437)
TV Loo(r(s,—j)) = clIPllLoo(r(as—j))»

where c is independent of w, 7. See (3.1) for Sy, S.
(2) Tracing the proof of Lemma 4.2 and employing (4.27)—(4.28), we see

The Green function /\/lfg)l in (4.27) satisfies

~Vo K OV, MO (e, 3) =0 inR"\ {y},y ¢ 0V, (4.38)
where yy is the k-th component of y = (y1,---, Yu) and 9y, is the partial derivative with
respect to yy fork € {1,--- ,n}.

Lemma 4.7. Let w € (0, 1].

(1) There is a constant c independent of w, x, y such that

MO (x, )] < elx =y PK(),  OK), | (),

M, (x9)] < el =y if Ix — y| > 1 - 6do,

Eulx, M <c P ESoxSo,
[Eo(x, ')||C2(R”\Sl) <c for x € R, ’
||Vy5w('1 y)”cl(Rn\s) <c fory ¢ oYy,

(1= e ) (P = MO )| sc forxy.

(2) Foranyt € [#, 00), there is a constant c independent of w, T, x, y such that if x,y € Q;

orif|x —y|>1t(l —6dy), then
|g?(x,y)|§c|x—y|2_", (4.40)

(3) IfxeSy\Y and y €Y, there is a constant c independent of w, x, y such that

0 _
MO )] < clx = yPP, @41
0 _ B

Vo MO e )] < el =y,

See (3.1) for S, S1, S, A, Sz, do.

Proof. Following the arguments of Lemmas 4.1-4.3, 5.1-5.3 [27], we have
Let £ > 0 and w, v € (0, 1]. Any solution of

0 .
—V~(K((UZ),UVCI>) —F  inB(x")
satisfies

- © ©)
[®]con @ memnmmaty) = KL Pl 2, ) + 1K g, o Fllnse s,y )

14

where p = s, x* € R", and c is independent of w, v, x*.
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Then we follow the proofs of Corollary 3.1 and Lemma 4.1 to obtain (4.39)1, 2.
Note

||F(x, ')|IC2,a(8Ym <c lfx € Rn \S(), (442)

where « € (0, 1) and c is independent of x. Eqgs. (4.39); and (4.42) imply

€0 (x, IiLe@y,) <c ifx eR"\ Sy, (4.43)

where c is independent of w, x. Egs. (4.30)—(4.31), (4.43), and Theorem 3.1 [12] imply (4.39)3.
By (4.27), AyEy(x,y) =0 for x e R", y € R" \ Sg. Corollary 6.3 [12] and (4.39)3 imply
(4.39)4.
By (4.31), (4.39)3, (4.42), and Lemma 3.3,

€0 (x, Il c2gmvmncr ) < ¢ if x € R\ So,

where c is independent of w, x. Together with (4.39)4, we have

1Ew(x, ')”CZ(R"\Ym)ﬂCz(E) <c ifxeR"\Sy, (4.44)

where c is independent of w, x. By Corollary 6.3 [12], (4.38) of Remark 4.2, and (4.44), we have
(4.39)s.
If x¢Sory¢s§, (4.39)3 implies |T'(x,y) — Mi?fl (x, )| = 1€u(x, y)| < c, where ¢ is a

constant independent of w. If x, y € S, (4.32) implies 1 — Xj(x, y) = 0. So we see that (4.39)¢
holds.

If |[x —y| > nt,then G (x, y) = I'(x, y) by (4.32)-(4.34). So (4.40) holds clearly. If [x — y| <
nt and x, y € Q%, equations (4.34) and (4.36) imply

_ X . . X . .
GP(x,y) =T(x,y) + 12 "&,}(; + /. % + J)XL(; +J % +7)
X X
=T MO G+ L4 T X - DEC T4 @49)

for some j € Z" satisfying f +J, % + j €Y. Eqgs. (4.39)1,6 and (4.45) imply that (4.40) holds
forx,y € Q} If |x — y| € [(1 — 6dg)T, nt], then x € Q} orye Q; by (3.1). By (4.39)2,6 and
(4.45), we know (4.40) holds for |x — y| € [(1 — 6dg)t, nt]. So (4.40) is proved.

By (3.1), (4.27), (4.39)1, and maximal principle (see Theorem 3.1 [12]), we see that (4.41);
holds. Let x € S, \ Y be fixed and let ¢ be a constant independent of w. If y € ¥ N Bg,(x), we
define r = |x — y|. See (3.1) for dg. Then, by (4.27),

—AMD (6, ) =0 inB,p(y),
Theorem 2.10 [12] and (4.39); imply, for y € Y N By, (x),

0 c 0 c
V3 My (e )] < S IME) () s, oy < r (4.46)

—ypr
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By (4.27),
0 0 .
—V - (K) VMO (6,0) =0 in ¥\ Baya(x).

Corollary 6.3 [12], Lemma 3.3, (3.1), and (4.39); imply, for y € Y \ Bq, (x),

0 0 I
IVy MO, (e, ] < e sup MO, (D) < ———. (4.47)
’ 2€8\(Bay /2 (x)UY,n) ’ lx =yl

Equations (4.46)—(4.47) imply (4.41),. O
Modifying the argument of Lemma 4.3, we have

Lemma 4.8. For any w € (0, 1], Q € L®(R") N C(R" \ Y,,) N CL% (Y,n) with support in A,
and « € (0, 1), the DV2(R") solution of

~V (KD Vo+0)=0 inR"
satisfies, forx € Yy UY,, and j €{1,--- ,n},
0 0
9 ®(x) = — / 0y, Vy M)y (e, M@y + K[, () Q) / Vy['(x, y)n; doy
A Sy

FK (000 [ 8,91 )y,
S,

Here xj is the j-th component of x = (x1, -+ , Xp), j is the j-th component of i = (ny, --- ,ny)
denoting a unit outward normal vector on 0S;, and T is the fundamental solution of the Laplace
operator in R". Moreover, there is a constant c independent of w such that

’VCD(x)+/VxVyM$)1(x,y)Q(y)dy <K, 00| forxeYUY,.

1/w?,1
A
Lemma 4.9. For any t € [ﬁ, o0) and w € (0, 1],
sup T20x,y) = G¥(x, )| < e, (4.48)
|x—y|=1—4dg

where c is a positive constant independent of w, t. See (3.1) for dy.

Proof. Let x € R" be fixed and define

ci=  sup TP, y) —G2(x, y)|.
[x=y[>1-6dg
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Claim L. c| is a constant independent of w, T, x.

Proof of Claim I. From (3.1), the distance between R" \ [ J jezn 7(S1 — j) and @], as well as
the distance between 7(S; — j) and 7(dS — j) for any j € Z" both are greater than dgz. So

(S1) if x € ©(Sy — j) for some j € Z", then |I'?(x, ) — G2 (x, )|lL=((s—j) is bounded in-
dependent of w, 7, x by (4.37); with ® =T'?(x,-) — G¥(x, -), Theorem 3.1 [12], (4.3)1,
(4.36), and (4.39)3.

(82) if x € t(S; — j) for some j € Z", then

sup TP, y) =GP pl=  sup I, 0 +1G70, 0| (4.49)
x—yl=1-6do x—yl=1-6do
yET(S=)) y¢T(S—))

is bounded independent of w, T, x by Theorem 3.1 [12], (4.3)1, (4.36), (4.39)3.
(S3) if x e R™\ UjeZn 7(S1 — Jj), then ¢ is independent of w, t, x by (4.37)1, (4.49), Theo-
rem 3.1 [12], (4.3)1, and (4.39);.

(S1)—(S3) imply Claim I.
Claim II. There is a constant ¢ independent of w, T, x such that

sup [V, I'?(x,y) = V,G7(x, »)| < ca. (4.50)
|x—yl=1-5dg

Proof of Claim II. We note

(84) if x € T(Sy — j) for j € Z", then |V, ¢ (x, ) — V,G¥(x, )| Lz (s, - j)) is bounded inde-
pendent of w, T, x by (4.37); with ® =T'%(x, -) — G¥(x, -) and (S1).
(S5) if x € (S — j) for some j € Z", then

sup  [VyI'2(x, v)| + |VyG7 (x, )]
[x—y[>1-=5dp
Y¢T(Si1—J)

is bounded independent of w, T, x by (4.3)3,4, Theorem 2.10 [12], (4.36), and (4.39)4.
(S6) if x e R\ UJEZ,, (S — j), then (4.50) holds by (4.37),, Theorem 2.10 [12], (4.3), (4.36),
and (4.39).
(84)—(S6) imply Claim II.

Define 6, 7,x = sup IT'?(x,y) — G@(x, y)| for fixed w, 7, x. Clearly, 6,  x <c1 by
[x—y|>1—4do
Claim I. By (4.3), and (4.40), there is a y, satisfying

l—ddo<|x =y« and  Oprx=IT7(x, y) —G7(x, y)l <c1. (4.51)

Take a number 8 > 9 so that
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ew,r,x

Ber

where ¢ is from (4.50). From (4.50), (4.51), and mean value theorem,

14 < do, (4.52)

P2, y) = G2 Y| 2 Ouen/5  fory € By(y). (4.53)
Take F € C3°(B,(y4)) so that
0<F<1 and F=1o0nB,/;g(y). (4.54)
Because of (4.52), at most one j € Z" satisfies supp(F) Nt(A — j) #0.

Suppose y € T(Y — j) for some j € Z". We find ®, d* € DL2(R™) such that

V. (K2 V®)=F inR"
{ (K2 V) n (4.55)

-V (K% Vo) =F nR".

By Lax—Milgram Theorem [12], Lemma 3.1, and Theorem 2.1 [1], ® and ®* are uniquely
solvable and are piecewise smooth by Lemma 3.3. Moreover,

CA(® — D*) =0 in R"\ 97,
[® — @*0r =0,

0 oY .) (4.56)
- ont -,
K2 V(B — %) Js0r B =1 . o
’ (0= = 1DHVO*.n* onad}, \ 1Y, — j).
See (2.1) for (4.56)2, 3.
Claim II1. There is a constant ¢ independent of w, T, x such that
[® — &*|| poormy < T2 p". 4.57)

Proof of Claim ITI. Because of y, € (Y — j), there is a smooth domain D, such that
S7) D D>t(Yy, — j)Usupp(F),D: Nt(Y,,, —i) =@ fori # j,
(S8) dist(dD;, supp(F)) is greater than 7 (1 — 4dy).
By (S7) and maximal principle (see Theorem 3.1 and Lemma 3.4 [12]), (4.56) implies

|[® — ®*[|o,) < |® — @¥||Lx@D,)- (4.58)

By (4.9), (S8), (4.3)2, (4.39),, and (4.28)3, equation (4.55) implies, for z € R" \ D,

=) e IO G supp ()
Rn

|D*(2)| =

- ClF N g1 wny
MDD (2, V) F(y)dy| < ,
/ o @ YFY) y'_dist(z,supp(F))"_z
R}l
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where c is independent of z, w, T, x, and F. By (S8),
max {|®(2)|, |P* <ct? ™\ F ,
ZeW\DT{I @L1P"@I} <c IEN LB, ()
where c is independent of w, 7, x, and F. So we have
| — &%l Loo®m\D,) < cT> " p". (4.59)
Equations (4.58)—(4.59) then imply Claim III.

By Remark 4.1, (4.33), (4.39)g, (4.53)—(4.54), and (4.57),

p"tl<e <c|®(x) = P*(x)]

/ (M2 y) = G2(x. ) F(y)dy

MOE+j, 2+ )
X w T ' T
/(1-XL(;+L§+1)) (r(x,y)— S )F(y)dy‘

+c

< C_L_Z—n n

— El

(4.60)

where c is independent of w, 7, x. In (4.60), I'(x, y) = rz_"l’@ +J, % + j) is used. Eq. (4.60)

2—n

implies p < ct~~" where c is independent of w, T, x. So (4.48) holds. The proof is complete. O

Lemma 4.10. For any T € [ 00), w € (0, 1], and |x — y| > 1 — 3dy,

1
n+1°
[VyT2(x, y) = Vy G2 (x, y)| < et " Kijo, (), 4.61)
where c is a positive constant independent of o, t. See (3.1) for dy.

Proof. If x € 7(Y — j) for some j € Z", then (4.1), (4.27), and (4.32)—(4.34) imply

0 inR"\ (t(A\S—)UaQy),
—Ay(T¢ = G&) = 320" (Vy X\ VyE)(E + . 2+ )
FTTEAXDE+j 2+ inT(A\S— ),
II'? — 67 lagz, =0,

K2, Vy (TP = G2) Jagy, - 07
== =) (1= XLE+ ). 24 ) VT, ) 8 on gy,

Egs. (3.1), (4.39)4, Corollary 6.3 [12], Lemma 3.4, and Lemma 4.9 imply (4.61). O

1

Lemma 4.11. For any 7 € [; 17,

00), w € (0, 1], and |x — y| > 1 — 2dy,
VeVyT2(x, ) = ViV, G2 (x, y)| < et " Kijo,r (K1 /w,r (1), (4.62)

where c is a positive constant independent of w, t. See (3.1) for dy.
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Proof. This lemma is proved by following the argument for Lemma 4.10 and using (4.2)
and (4.34)-(4.35). Let y = (y1,++* ,yn) € Q’ U @], be fixed and define ®(x) = 9,,I'?(x, y),
O*(x) =9,,G(x,y) forke{l,---,n}.

If y e (Y — j) for some j € Z", then (4.7)1 and (4.38) of Remark 4.2 imply

0 in R\ (r(A\S—])anr U B1-3d,())
_A@ - = |7 a”(v HaviEo )1 et St
+ Oy (E0Ar X ) G+ 3 + )
inT(A\S — j)\ Bi_3d,()),
L — @*Js07\By 34, =0,
Lsz’TV(CD—q)*)Jag'rn\Bl_3d0(y)~ﬁr=#akaT( +]7 +])V L, y)- n’
— (=0 (1= XG4 2 4D) Vedy T B on 995\ Bisa ()

We get (4.62) by (3.1), (4.39)s, Corollary 6.3 [12], Lemma 3.4, and Lemma 4.10. O
By Lemma 4.11 and tracing the argument of Corollary 4.1, we have

Corollary 4.2. For any w € (0, 1] and |x — y| <n + 1,

VeV, TP (x, y) = Vi Vi G7 (x, )] < el = Y17 Ko, 1 (K1 o,1 (),
where c is a constant independent of w.
5. Proofs of Theorem 2.1 and its related results
This section gives the proofs of Theorem 2.1, Corollary 2.1, Corollary 2.2.
5.1. Proof of Theorem 2.1
Notations as 1n (3.1) and (4 32) are used. We first consider (2.2) for € = 1 case and assume
Gel*®R"HN Cloc (Qf) N Cloc (Q1 ) with compact support and o € (0, 1). Let n € Cj°(R) be

a bell-shaped function satisfying n € [0, 1], n(z) =1 for |z|] < n, and n(z) =0 for |z| > n + 1,
and let V,VyI'P(x, y) = S%x, y) + S¢(x, y), where

S, y) =n(lx — yDVaVyGP + (1 — n(lx — y )T + V@) + VX))V, V, T8
See (4.14), (4.33) for 'y, G1’. Define
/VxVyFi”(x,y)G(y)dy=F1 + P+ F3+ Fa, (5.1
Rn

where
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Filx)= /n(|x - y|>G<y>vxvy( S MO @+ y X+ y + k))dy,
Rn kez"

Frx) = /n(|x ~YDG()V. Y, (F(x, y)(l ~ 3 X +ky +k>>)dy,

R ke

F3(x) = /(1 —n(lx =yDMGMU + VX)) U + VX)) ViV, I§(x, y)dy,
R?l

Fato) = / S°(x. )G (y)dy.
Rﬂ

Step 1. From (3.1) and (4.32), we know Xl(x +k,y+k)=¢(x+k)p(y + k) # 0 only if

x —yl</mandx +k,y+keY. If x €Y — j for some j € Z", we see that, by change of
variable and the definition of the bell-shaped function 7,

Filx) = / GOIVaVy (MO (4 joy + DG+ )+ ) ) dy
Y—j

=V + ) / GO =D (P01 MOt j9) + MOy x +.3)Vp () ) dy
Y
+90+0) [ 60 = DOWITLT, M+ . y)dy
Y

90+ ) [ 6= DTBOIVM G+ ). (52)
Y

Define Vj(-l)(z) = /Mi?,)l (z,y)G(y — j)V@ (y)dy for z € R". By the same reasoning as men-

Y
tioned in Remark 4.1, V](.l) is the unique D'-%(R") solution of

V. (K(O)

w?,1

@W"(@) =G~ )V¢(z)  inR".

Similarly, define V;z) () = /G(y — j)(i)(y)Vy./\/li?’)1 (z, y)dy for z € R". V](.z) is the unique
Y
DL2(R") solution of

~v- (K9 @WP@) - ¢@Ge—))=0 inR"

By Lemma 3.2,
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1 1 2 2
1Ko VY Ko 1 VY Ky 1V Kl 1 VYV 1y
1 2 .
<c(IV" VPN s + K11 GC = DlLr)), (53)

where p € (1, 00) and c is independent of w, j.If z € S, \ Y, by (4.41),

VP @I+ V@1 e [ 160 = iz =P+ k2 = y1' "y,
Y

where c is independent of w, j. Tracing the proof of Lemma 7.12 [12], we see

IV VP o) = €IGC = DilLry  for pe(1,00), Sl

where c is independent of w, j. By Lemma 4.8 and supp(G(y — j)¢(y)) C A,

/ VY, MO )G = NeWdy| < [V @] +¢6 - Ne@IKL @), (55
Y

where z € YUY, and ¢ is independent of w, j.
Since supp(¢ (x + k1)) Nsupp(p(x + kp)) =0 if ky # kp, Remark 4.1 and (5.2)—(5.5) imply

1 1 2 2
Ko 1 il e <€ Y 1Ko VY Ko 1 VVIP Ky V2 Ky i VYL, )
JEL!

+¢ Y Ko 1GC= DT oy < lKijw 1 Gl @ (5.6)
jezr

where c is independent of w.

Step 2. F; can be written as F, = JF,| — F»7, where

Forx) = / 101k — DGOV VT (x, y)dy,

Rn
Fa(x) =/n(|x —YDG)ViVy (F(x, MY Xtk y +k))dy-
Rn kez"

It is not difficult to see, by Theorem 3 in page 39 [26] and (2.13) in [12],
I F21llLr @y < cllGllLr@®r) for p € (1, 00),

where c is independent of w. Repeating the argument from (5.2) to (5.6), we obtain
[F2llLr ey < cllGllLr@ny  for p € (1, 00),

where c is independent of w. Therefore,
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I F2llLe @y < cllGllLr@n for p € (1, 00), (5.7)
where c is independent of .
Step 3. Since K, is a symmetric positive definite matrix (see (3.9)—(3.10)), we do change of
variables (see the remark before Lemma 4.4) so that the F(‘;’ in (4.14) can be transformed to
the fundamental solution of the Laplace equation in a new coordinate system. By Theorem 3 in
page 39 [26] and (2.13) in [12], we obtain

A3l e @y < cllGllLr®e) for p € (1, 00), (5.8)
where c is independent of .
Step 4. We note

Falx) E/U(IX —yDSTx, MG + (1= n(lx — yD)S3 (x, G (¥)dy.
Rll

where

Sf(xv )= vayriu(x» y) — vaygiu(x7 y),
S, y) =ViVyI'P(x, y) = (I + VX)) (I + VX)) Vi Vy TP (x, y).

Define, for any ¢ € L' (R") N L®(R"),

[ e =sisiceneay itx e,
P =1,
0 if x eR"\ Q.

(5.9

Clearly, P is a linear map. For any 6 > 0, by Fubini Theorem [23], Corollary 4.2, and change of
variable,

5lx € R"| |7>1<;><x)|>a}|s/m(c)wxs//n(|x—y|>|8f<x,y>¢<y>|dydx
Ql

QLR"

! f

n(lx))
5// T gy e+ K 002 ) dxdy = K €1 e (5.10)
RrR7

where ¢ is independent of w. By (5.9) and Corollary 4.2, if x € QL,
P10 =< /n(lx = YDIST (&, Wy = clIKi/w,18 [ @), (.11
Rn

where c is independent of w. By (5.10)—(5.11) and Theorem 5 in page 21 [26], we see
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PO ILr®ey < cliKijw, 18 lLr @) for p € (1, 00), (5.12)

where c is independent of w. Define, for any ¢ € LY(R™Y N L®R"),

. 1
0 1fxe§2f,

Pr(0)(x) = /n(|x—y|)8f(x,y){(y)dy ifxeR"\Qlf.
Rn

Repeat the above argument for P;(¢) to see, for any 6 > 0,
P, is a linear map,

8{x € R"[ |Po(0) ()| > 8}] < co MK /w, 1 [l 1 gy
P20 Nl ooy < cw™ Ky, 1€ [l oo -

By Theorem 5 in page 21 [26], we obtain

'

IP2(Olr@ny < co™ [Kijw18llLr@n  for p e (1, 00), (5.13)

where c is independent of w. Similarly, if we define, for any ¢ € L'(R™) N L®(R"),

/(1 (= yDISE . E(dy ifx e ),
Pye)) =14,

0 if x e R"\ QF,

0 ifxe Q;,
Pa()(0) = /(1—n(|x—y|))85<x,y);<y>dy ifx e R\ QL

Rn

as well as employ Theorem 5 in page 21 [26] and Corollary 4.1, then

P3O Lr®ry < cliKijw, 18 llLr®nY,
P4l Lr®ey < co™ Ky w18 Lo @ny,

for any p € (1, 00). Therefore we have

1Ko, 1 FallLr@®ey < IP1(G), P3(G), @P2(G), oPs(G) || Lr &r)
< clK1/w,1GllLr@m, (5.14)

where p € (1, 00) and c is a constant independent of .

If G € L®(R") N Cpd (2}) N € ($21,) with compact support, a D'2(R") solution of (2.2)
for € = 1 case exists uniquely by Remark 4.1. Equations (4.11), (5.1), (5.6), (5.7), (5.8), and
(5.14) imply that the solution satisfies (2.3) for € = 1 case. For G € L?(R") with compact sup-
port, the unique existence and estimate (2.3) of the solution of (2.2) for € = 1 case can be proved

by a limiting argument. If € # 1, Theorem 2.1 is proved by a scaling argument.
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5.2. Proof of Corollary 2.1

First consider (2.2) for € = 1 case and assume G € L®(R") N Cloo’f‘ (Qlf) N C?o’f(Q,ln) with
support in B, (0) for some r > 0 and « € (0, 1). By Remark 4.1, (4.2),, and (4.3)3, the solution

of (2.2) satisfies
Ko, 1W[(x) <c / lx —yI" K10 1Gl()dy  forx eR", (5.15)
By (0)

where c is a constant independent of w, . By Lemma 7.12 [12] and (5.15), we obtain (2.4);. By
Theorem 1 in page 119 [26] and (5.15), we obtain (2.4),. For G € L? (R") with compact support,
the estimate (2.4) for equation (2.2) with € = 1 case can be proved by a limiting argument. If
€ # 1, (2.4) is proved by a scaling argument.

5.3. Proof of Corollary 2.2

Corollary 2.2 is proved by using Theorem 2.1, Corollary 2.1, Potential theory, duality argu-
ment, and Sobolev embedding theory. Details are as follows. Assume V € L°°(R") with support
in B, (0) for some r > 0. By Remark 4.1 and Lemma 3.1, a DL2Z(R") solution of (2.5) exists
uniquely and

-1
Ko Wl 2y = Vi + 07 1V 1) (5.16)

where ¢, is independent of , € but dependent on r. For any ¢ € C{°(B,(0)) with t > 0, by
Fubini Theorem [23] and Remark 4.1,

/K,,),GV\II Zdx = / </VXFf(x,y)Kw,e(x){(x)dx)V(y)dy. 5.17)
B;(0) B-(0) B (0)

If we define

p(y) = / Vil@(x, Ko e ()5 (x)dx  inR",
B(0)

then (4.3)3 and Remark 4.1 imply that ¢ is the D"2(R") solution of

V(K2 Vg — Ky el) =0 inR”,

lim |¢|(x)=0.
[x]—00
By Theorem 2.1 and Corollary 2.1, we see, for any g € (1, 00),

1Ky e, Ko, e VOl La(B,0)) < ot IC I La®my, (5.18)

where ¢ > 0 and c¢¢; is independent of w, € but dependent on ¢, ¢. By (5.17)—(5.18), Theo-
rem 2.1 [1], and Holder inequality,
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/ Ko, VW ¢dx = / eV (ydy < ||Hs§0|9ff||W1vq(31+,(0))||V||W—1~p(Rn)
B;(0) B (0)

+le— He(!’szf Iwta sy, @nae) IV lw-1r@¢)

< crrllE o UV lw-1ogn + o IV Iw-1ogs)- (5.19)

where é + % =1 and ¢, , is independent of w, € but dependent on ¢, r. Here H€<p|9ef denotes the
extension function of <p|Q;_ on R" (see Theorem 2.1 [1]). Since C;°(B;(0)) is dense in L4 (B;(0))
for any g € (1, 00) and ¢ > 0, we obtain

||Kw,e Vv ||LP(B,(0)) = Ct,r(” Vv ||W—'=17(R") + 60_1 I V”w—l-p(gfn))’ (5.20)

where p € (1, 00) and ¢, is independent of w, € but dependent on ¢, r.
If p €2, 00), then

IVIlg-1@®ey < eV Ilw-1.0@n)s (5.21)
I V”Hfl(Q’fn) <cr| V”Wfl,p(gz;n),

where ¢, depends on r. Egs. (5.16) and (5.20)—(5.21) imply that a Wz P (R") solution of (2.5) for
pE [2, = 2] exists and satisfies (2.6). That is,

1Koy e ¥, Ko e VI L0(8,0)) < cr,r IV 10y + 07 IV -1 e ), (5.22)

where c; , is independent of w, € but dependenton ¢, r.If p € (-2 P 4] we know

n—2"

IVIE —y 2n
w

n=2 (R

VI 2n
w

n=2 (Q

=< Cr”V”W*l-p(Rn),
") (5.23)
. < Cr||V||W*1,p(an),

where ¢, depends on r. By Theorem 7.26 [12], (5.22)—(5.23), Lemma 3.1, and Theorem 2.1 [1],

if =5 2" <nand p € (n 5 _"4], then
1Ky, e ¥ ” <K, eV, Ky e VY|
4(3 @) L" 2(Bz(o))
< eIV lw-1ogm + 0 IV -1 ), (5.24)

where ¢, is independent of w, € but dependent on ¢, r. Theorem 7.26 [1 2], (5.20), and (5.24)

imply that, if 2% > n and p € (;Z5, 00) or if 25 <n and p € (2, 2], then a W7 (R")

n-2’
solution of (2.5) exists and satisfies (2.6). Repeating the above process, we see that a Wllo Cp (R™)
solution of (2.5) for p € [2, 00) exists and satisfies (2.6). Since (2.6) holds for p € [2, 00), a mod-
ification of the argument from (5.17) to (5.19) shows, for p € (1, 2],

IKo.e WllLes,0) < crr(lV lw-1o@n + o V]| w-Lr(g,))s (5.25)
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where ¢, , is a positive constant independent of w, € but dependent on ¢, r. Egs. (5.20) and (5.25)
imply that a WIL’CP (R™) solution of (2.5) exists and (2.6) holds for p € (1,2]. So a Wllo’cp (R™)
solution of (2.5) exists and (2.6) holds for p € (1, 00).

By Remark 4.1 and Lemma 4.1, we know, for any x € R",

Ko W|() <c / = Y2 K e VIO,
Rll
Ky V| () < c/ = ¥ K e VIO,
Rll

where c is a constant independent of w, €, r. By Theorem 1 in page 119 [26], we obtain (2.7).
Uniqueness of the Wli]’cp (R™) solution of (2.5) for p € (1, 00) is due to Theorem 3.1 and

Lemma 3.4 [12]. So Corollary 2.2 holds for V € L (R") with compact support case. If V €

W—1P(R") with compact support, Corollary 2.2 can be proved by a limiting argument.
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Appendix A

In this section we give the proofs of Lemma 3.2, Lemma 3.4, and Lemma 3.6. Let I'(x — )
denote the fundamental solution of the Laplace equation in R” (see section 6.2 [11]). Define a
single-layer and a double-layer potentials as, for any smooth function ¢ on the boundary 9D of
a smooth, bounded, and simply-connected domain D,

Esn(0)(x) = / F(x — »E(y)doy

w for x € dD,
Lap©)0) = [ 9,00 =) -5y c0)do,

oD

where 1i, is the unit vector outward normal to 3D at y € 9ID. A modification of the argument of
Lemma 3.2 [27], we have

Lemma A.1. Let I denote the identity operator. For any p € (1,00), k € {1,2}, and o € (0, 1),
the linear operators

Egp : W=VP-P(3D) — W!=1/P-P(9D)
Loyp : WIZ1/PP (D) — W21/P-P(3D)
E;p : CK12(3D) — Cck*(aD)
Loyp : C*1(3D) — C** (D)
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are bounded; the operator I — yLyp with y € [—2,2] is continuously invertible in space
Wi=1/r.P(3D) and in space C*%(3D); and there is a constant ¢ independent of y € [—-2,2]
so that

I lwi-1p@py < I =y Lop) Ol wi-1pppy  for & € WTV/Pr@D),
¢k amy < el — ¥ Lop) (Ol cre amy for ¢ € Cke(3D).

A.l. Proof of Lemma 3.2
We shall use the notation (3.1). Denote by ¢ a constant independent of w.

Step 1. We claim that if Q € C;°(S2 \Y,) + Co°(Yy) and F € LP(S;), then any solution of

V- (K, VU+Q)=F in$S A1
U=0 on 0,
satisfies
1Ko, 1U, Ko 1VU | Lr(sy) < cJo for any p € (1, 00). (A2)

See (3.3) for J,,. .
Proof of the claim: Let us find a function 1 € C2(S,) satisfying

nel0,1], n(x)=1ifdist(x,3S;) <do/2,
n(x) = 0if dist(x,382) > do, [V, <c.

By (3.1)3, Vip=01in Y. See (3.1) for dy. If we define ® = nU, the support of ® is in a neigh-
borhood of 39S, of thickness dg and @ satisfies, by (A.1),

V- (VO —-UVn+nQ)=nF —Vn(VU + Q) inSr\ Yy, (A3)
®=0 on 9S> U dY,,. '
By [9],
”(I)le.p(sz\m) <cly for p € (1, 00). (A4)

Multiply (A.3); by ¢ € W4 (S, \ Y;,) for g € (1, 00) and integrate it over S; \ Y, to see

where %—g las, = VU - 1i|3s, is the normal derivative of U on 3S, and n is a unit normal vector
on dS,. Which implies that the U of (A.1) satisfies, by (A.4),
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oU
on

Let U in Y,, be a solution of

<cdy, for p € (1, 00). (A.S5)
W=1/p.P(3S,)

-V (@*VU+Q)=F inYy, A6
U=0 on dY,,,
and U in S, \ Y, be a solution of
-v.(VU =F i Y,
V- (VO+Q=F in$\¥,, A
U=0 on Y, UdS,.
By [9], there is a Ue WLP(S,) for p e (1, 00) satisfying (A.6)—(A.7) and
1K1 U, Ko 1 VU |05y < o (A8)
Define U =U — U in S,. Equations (A.1) and (A.6)—(A.7) imply
—AU =0 inS,\ Yy,
Ulay, =0,
LU Jay,, - i (A.9)
I.Kw2,1VUJ3Ym -y = Lo,
U=0 on 0S,,

where ¢, = —LszJVf]\Jaym - My because of Q € Coo(S2 1\ YY) + Co°(Yp). See (2.1) for
(A.9)2,3. By (A.8),

18ollw-1/p.0 3y, = ¢Jo for p € (1, 00). (A.10)

By Green’s formula, (2.1), (A.9), and Theorem 6.5.1 [11], we see that

U/2 + Lay, (U) = Eay, (VU _ -fiylay, )
ondY,,

U/2 — Lyy, (U) = —Eay, (VU 1 - fiylay,) + Egs, (3% |5s,)

where %—II{ lss, is the normal derivative of U on dS,. Therefore (A.9)y,3 imply

231 — o?) o 2Es,((Uls,)  2Eay, (L)
gtz = n9%) LoV Y. Al
( w1 1 + w? [z Onom @11

By Lemma A.1, (A.5), and (A.10)~(A.11),

. U
1Tl wi-1/rpay,) <€ (”Cw”wl/p.p(ay,,,) +15,1 Wl/p.p(as@) < cJo- (A.12)

By (A.8), (A.9), and (A.12), we obtain (A.2).
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Step 2. Claim if Q € C3°(S2\ Y, + C5°(Yp), and F € LP(S;), any solution of (A.1) satisfies
1Ko, 1U, Ko 1VU | Lr(sy) < cfw for any p € (1, 00), (A.13)
where J, = K101 QllLrsy + IK1jw1 Flly-10s,)-

Forany ¢ € Cgo(Sz \E) and g € [2, 00), let ¢ be the solution of

{—v-(sz,lw)zg inS, AL

§0:O on 3S2

By Lax—Milgram Theorem and Theorem 7.26 [12], the H' solution of (A.14) exists uniquely
and

Il 2oy o o) <N lsam < Il < €l s 7y

So, if g € [2, = 2] then

||‘P||Lq(sz\ﬁ) = C”f“[_q(sz\ﬁ)-

Together with (A.2), we have

1Ko, 190, Ko, 1 VollLas,) < C”;”Lq(sz\ﬁy (A.15)
Ifg > = 2,by (A.15),
n <c n <c V- A16
”(p”WI‘nZTZ(SQ\ﬁ) = ”;”L'ZZTZ(SZ\E) = ||§||Lq(52\ym) ( )
By Theorem 7.26 [12],
<c . ifn>4,q> 2,
o1, o, oy SNl q> 2
Il Il n<ha > i or .
T < C n 1
Plursanm =Wyt 6, 7, n>4.q<2y

Soifn <4 and g > 2 orifn >4 andq € [2, 2”4] the solution of (A.14) satisfies, by (A.2)
and (A.16)—(A.17),

1Ko, 10, Ko, 1V@llLasy) = llCll a7, (A.18)

Repeating above argument, we see that the solution of (A.14) satisfies (A.18) under ¢ € C(‘)’O (S2\
Y,;) and g € [2, 00) case. Since C;°(S2\ Yy, is dense in L9(S3 \ Yy,) for g € [2, 00), (A.18) also
holds if £ € L9(S; \ Y;,) and ¢ € [2, 00).

For any ¢ € LY(S, \ Y;,;) with g € [2, 00), let ¢ be its corresponding solution obtained from
(A.14). Multiply (A.1) by ¢ and employ Theorem 2.1 [1] to obtain
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- / U{dx:/UV-(sz’]Vgo)dx:/QVgo dy—/F Hl‘/’|sz\ﬁdx
Sz

S2\Yn S S
- / Flg — Tiglg, 7)dx = ¢l sy 7o Jo- (A.19)
Y
where the p in Jo, satisfies p € (1,2] and L4 1—1 Here H1<p|52\ﬁ is the extension function

of w'Sz\ﬁ on S; (see Theorem 2.1 [1] or Lemma 3.1). So

Uo7 < € forl<p=<2. (A.20)

Equations (A.2) and (A.20) imply (A.13) for 1 < p <2. L
Similarly take ¢ to be the solution of (A.14) with ¢ € L9(S, \ Y},,) for g € (1, 2]. Since (A.13)
holds for 1 < p <2, the solution of (A.14) satisfies

1Ko, 19, Km,IV(P”L‘i(Sz) =< C”C”Lq(sz\ﬁ) for g € (1,2].

Again we multiply (A.1) by ¢ from (A.14) with ¢ € L9(S; \ﬁ) and g € (1, 2] as well as argue
as (A.19) to see that (A.13) holds for 2 < p < oco. Therefore we prove (A.13) for 1 < p < oo.

Step 3. Since C§°(S2\ Y,) (resp. C3°(Yyn), LP(S2), and LP(Y,,)) is dense in LP (S \ Y,y,) (resp.
LP(Yy), W=LP(S5), and W™LP(Y,,)) for p € (1,00), we see the solution of (A.1) satisfies
(A.13) for Q € LP(Sy), F € w—LP(S,) by using Lax—Milgram Theorem [12] and a limiting
argument.

A

Step 4. Let 7 be a smooth function satisfying 7 € C3°(S2), 7 € [0,1], =1 in Y,
VAl wi.eo(s,) < c. Multiply (3.2) by 7 to see

{—v (K2 V(@) = UVil +7Q) =AF = VA(YU + Q) inSy, A2l

nU=0 on 9S;.
Employing the result of Step 3 to (A.21), we obtain Lemma 3.2.
A.2. Proof of Lemma 3.4

After translation, we assume xo = 0 € dY,,. For each t > 1, we find a C? domain D; such
that

Bija(xo) NtYy CD: C Bijpp(xo) NtYy and  Bija(xo) N71dY, C 0D:.

For any z € 3Dy, there exists a ball B(z) and a C? one-to-one mapping &, . of B(z) onto
&, (B(z)) C R” satisfying

£.:(B(2)NDy) CRY, &,:(B(z) N3D:) CIRY, & :(B(x) \D) CRL.  (A22)
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Here R!} = {x = (x1, -, xp)|x, > 0}, 0R. = {x|x, =0}, R = {x]x, <0}. Since 9D; is com-

T

pact, there exist a finite number £, of open balls {B(zi)}f: | and one-to-one mappings {Sz,',r}f; 1
such that

zi €D, forie{l, -, £},
(A.22) holds for each ball B(z;) andi € {1,---, £},
D, Ui~ Bz).

Since Y,, is smooth, it is possible to choose domains Dy for all t > 1 such that

the number £ is bounded above by a constant independent of 7,

1522l 2By [E 2@, 7By = ¢+ Where ¢, is independent of T, z.

Define U in R” by

U in By4(x0),
0 elsewhere.

U=

Let n be a bell-shaped function satisfying n € C;°(B1/4(x0)), n € [0,1], n =1 in By/s5(x0),
||VT)||W1,00(BI/4(XO)) < c. Multiply (3.5) by 7 to get

=V (K2 . V(NU)) = =K 2 . (UAn +2VUVn) + nF X7y, in B% (x0) \ 9D,

[7Ulsp, =0,
K2 - VD) Jgp, -1y = (1 —0>)UVn - By + n¢ on dD,
nU=0 on aB%(x()).

Here n, also denotes the unit outward normal vector on 8D, and K, , is defined to be w? in D,
and 1 elsewhere. Then we follow the argument of Lemma 3.2 and employ Lemma A.1 to obtain
Lemma 3.4.

A.3. Proof of Lemma 3.6

Foriy,io e {1,---,n}, we find Ygl’iZ) e HPIH(R”) satisfying, in the cell Y,

Ve (K (VY 4 %078, )
) @\
= ‘“%T‘ny — sz’l ((3,‘]1,'2 + 0;, Xy ) inY,
/ YUt (y)dy =0.
Yy

(A.23)
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Here X is defined in (3.6), KU is the (i, iz)-component of K, (see (3.22)), 8;,.i, =

1 ifi; =iy, - . . Coe .
0 if .] y .2 and ¢;, denotes a unit vector in the i; direction. By Lax—Milgram Theorem [12],
if iy #io,

(3.8), and Lemma 3.3, function Yg] 2) is solvable uniquely and
”Ygl,iz) ||C1-a(y_f)ﬁC1*°‘(E) <c, (A.24)

where o € (0, 1) and c is a constant independent of w. Define n x n periodic matrix functions
Yo = (Yo!™?) and Yo, e (x) = €2V, ().

By Theorem 3 in page 39 [26], (3.10), F € C(‘)X’(R"), and the proof of Lemma 4.4 [12], the
DL2(R") solution of (3.23) satisfies

IVUN 20 =clFIl ; 2n ) (A.25)
W o n+2 (Rn)mwz,rwi (R") W n+2 (R”)ﬁWzv"‘M (Rn)

where £ > 0 and c is a constant. Define
G=U.—U—-X, VU -Y, VU  inR"

See remark after (3.8) for X, . By (3.6), (3.19), (3.23), and (A.23), we see &, € DL2(RM)
satisfies

—V (Ko (VO + Y, VU) =K, (X e VAU + VY, . V’U)  inR".
By energy method, Theorem 2.1 [1], Lemma 3.1, (3.8), and (A.24)—(A.25),

(A.26)

Zn_ El

Ky c© n K, V® ny < F n
Il w,€ €||anTZ(Rn)+” w,€ s”LZ(R)_cé” ||W1’rl2+2(R")ﬂW2v"+Z(R")

where £ > 0 and c is independent of w, €. By (3.12) of Lemma 3.5 and (A.24)—(A.26), for any
e, we (0,1] and x € R",

< ce|[F| (A.27)
w

[Pelcon (B NS

nJ’rlz (Rn)ﬂw2.n+£ (R”) ’

where yu = n‘ﬁ,

€
erf,

£ > 0, and c is independent of x, w, €. Egs. (A.26)—(A.27) imply, for any

|Pe(x)| <

e (x) ][ d>e<y>dy‘+‘ ][ <1>E(y>dy’

By (x)NS%; B ()N

< C([Cbe]co,ﬂ(m) + || Pe ||Ln%(B] ong)

<cellF|l 2 ;
W n+2 (R NW2.n+E (R

which implies
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Ul , A28
|Ue Il @) = Il ”Wl,nzﬁ(anWz,nu(Rn) ( )

where ¢ is independent of w, €. Egs. (3.21), (A.25), (A.28), and triangle inequality imply
Lemma 3.6.
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