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Abstract

This paper is concerned with a diffusive logistic model with advection and a free boundary in a spatially
heterogeneous and time periodic environment. Such a model may be used to describe the spreading of
a new or invasive species with the free boundary representing the expanding front. Under more general
assumptions on the initial data and the function standing for the intrinsic growth rate of the species, sharp
criteria for spreading and vanishing are established, and estimates for spreading speed when spreading
occurs are also derived. The obtained results considerably improve and complement the existing ones,
especially those of [11,25].
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1. Introduction
In this paper, we study the diffusive logistic equation with advection and a free boundary:

Uy —duxy —quy =u(a(t,x) — i, x)u), t>0, 0<x <h(t),

uy(t,0)=0, u(t, h()) =0, t >0,
() = —puy(t, h(t)), t>0, (.1
h(0) =ho,u(0,x) =ug(x), 0<x <hy.

Problem (1.1) may be used to describe the evolution of an invasive species in a heterogeneous
time-periodic environment, in which u(z, x) represents the population density of the single
species at time ¢ and location x, x = h(t), acting as the spreading front, is the free boundary
to be determined, and the initial function uo(x) stands for the population density at its early
stage of introduction. The coefficient functions o and B can be interpreted, respectively, as the
intrinsic growth rate of the species and its intra-specific competition, and the positive constant
d is the random diffusion rate and the nonnegative constant ¢ is the coefficient of the term u,
which accounts for the influence of advection from 0 towards the moving front /(¢). A deduction
of these conditions from ecological consideration can be found in [2].
Throughout this paper, we assume that 4, w, d are positive constants, and ug € H(ho) with

H(ho) := [¢ € C([0, hol) : ¢'(0) = §(ho) =0, $(x) > 01in (0, ho)]-
The functions « and 8 satisfy the following conditions:

(i)« BeCY/2Y (R x [0, 00)) for some vy € (0, 1);

(i) there are positive constants k1, k2 such that
a(t,x) <kz, k1 <p(t,x) <k2, Vx €[0,00), 1 € R; (1.2)

(ii) «(t,x), B(¢, x) are T-periodic in ¢ for a fixed T > 0, that is,
at,x)=a(t+T,x), Bt,x)=Bt+T,x), Vxe€[0,00), t €R.

In what follows, let us briefly discuss the motivation of the present work by recalling some
existing results on problem (1.1). When « and g are positive constants, (1.1) with no advection
term (i.e., ¢ = 0) was first studied in [9] for the spreading of a new or invasive species. In such a
case, it is proved that if

up € C*([0, hol), up(0) = ug(ho) =0, ug(x) > 0 in (0, ho),

(1.1) admits a unique solution (u, 7) with u(z, x) > 0and /’(¢) > Oforall > 0and 0 < x < h(z),
and a spreading—vanishing dichotomy holds; namely, there is a spatial barrier R* > 0 such that
either

e Spreading: the free boundary crosses the barrier at some finite time (i.e., (f9) > R* for
some g > 0), and then goes to infinity as t — oo (i.e., lim;_, », A() = 00), and the population
spreads to the entire space; or
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e Vanishing: the free boundary never crosses the barrier (i.e., £(t) < R* for all ¢ > 0), and the
population vanishes eventually.

Moreover, when spreading occurs, the asymptotic spreading speed of the expanding front can
be determined, i.e., lim,_, h(?)/t = ¢, where c is the unique positive constant such that the
problem

dpxx —cpx + pla —Bp) =0 forx € (0, 00), 13)
p(x) >0forx € (0,00), p0)=0, upy(0)=c, p(co)=0a/B, '

admits a (unique) solution p. Such a solution p(x) is called a semi-wave with speed c.

The above mentioned results have subsequently been extended to more general situations in
several directions. In the sequel, we only mention a few that are closely related to this work.

We first mention some results when the advection coefficient ¢ = 0. In the case that o and 8
are positive bounded functions independent of 7, the spreading—vanishing dichotomy was proved
in [6]. The effects of the diffusion coefficient d on the spreading—vanishing dichotomy were stud-
ied in later work [26]. When spreading occurs, upper and lower bounds for spreading speeds were
also obtained in these two works by using semi-waves of type (1.3) to construct suitable upper
and lower solutions for problem (1.1). Indeed, these two bounds coincide when the environment
is asymptotic homogeneous at infinity, i.e., limy_ o @(x) and lim,_, o, B(x) exist. The paper [8]
derived similar results in the case that the environment is asymptotic periodic at infinity, by first
showing the existence of semi-wave for problem (1.1) in space-periodic and time autonomous
environment.

In the general case where «(¢, x), B(t, x) are periodic in ¢t and heterogeneous in x, and « (¢, x)
allows to change signs, the spreading—vanishing dichotomy was investigated in [25], under the
assumption that there exist a constant p with —2 < p <0, and T-periodic positive functions
Uoo (1), Boo (1), @ (1), and B> (1) € C*/%([0, T]) satisfying

ty . t1
Uso(t) = 1iminfa( x)7 a®(t) =limsup A x)’
X—>00 xP X—00 xP
uniformly on [0, T']. (1.4)
. .oalt,x) 00 . B(t,x)
Boo () = liminf , B7°(t) =limsup ,
xX—00 xP X—>00 xP

Clearly, this assumption requires the functions «(#, x) and B(z, x) to be positive for all large x.
Moreover, when spreading happens, the upper and lower bounds for spreading speeds were es-
tablished if in addition (1.4) holds with p = 0, that is, « (¢, x) and B(¢, x) are bounded from
above and below for all large x by positive x-independent functions. Their approach highly re-
lies on the existence of semi-wave solutions for (1.1) in time-periodic and spatially homogeneous
environment; one may refer to [11] for precise details.

When the advection coefficient ¢ > 0, the issue on the long-time behavior of solutions to
problem (1.1) is more intricate. To our knowledge, the spreading and vanishing phenomena were
well studied only in the spatially homogeneous environment, see [12,24]. More precisely, in the
case where o and B are positive constants, the authors in [ 12] proved that the spreading—vanishing
dichotomy holds when ¢ is small and only vanishing occurs when ¢ is large. For the intermediate
q, besides spreading and vanishing, virtual spreading or virtual vanishing may happen. These
results were recently extended by [24] to the case where o and § are positive periodic functions
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in ¢, independent of x. In spatially heterogeneous media, a reaction—diffusion logistic model with
a free boundary and a special advection was considered in the recent paper [19].

The current paper investigates the asymptotic behavior of solutions to problem (1.1), by fo-
cusing on a more general case that a (¢, x) and B(¢, x) are periodic in ¢ and truly depend on x,
and « (¢, x) may change signs for x in the whole half line RT. Nowadays, it has been realized that
spatial heterogeneity and time-periodicity of the exotic environment are non-negligible factors
that can substantially affect the dynamics of a species; meanwhile there is considerable evidence
showing that advection is another significant factor. For more discussions in this regard, one may
refer to, for instance, [3,16—18] and references therein. Moreover, since the function « stands for
the intrinsic growth rate of the species, & > 0 means that the living habitat is favorable to the
invasive species, while & < 0 means that it is unfavorable. Therefore, in the viewpoint of biol-
ogy, allowing « to be sign-changing (especially for large x) seems more reasonable in certain
situations.

We will derive the spreading—vanishing dichotomy for (1.1) in terms of the diffusion rate d
and the size hg of initial habitat; estimate the spreading speed when spreading occurs; and also
investigate the influence of small advection on the long-time behavior of solutions. Our results
considerably improve and complement the afore-mentioned ones. The remaining parts of this
paper are organized as follows.

In Section 2, we consider a linear periodic-parabolic eigenvalue problem in one space di-
mension, and investigate various qualitative properties of the principal eigenvalue, including the
monotonicity with respect to the diffusion rate d and the asymptotic behavior as the diffusion
rate or the length of space domain is large or small. The obtained results, which are of indepen-
dent interests, will become fundamental in determining the long-time behavior of (1.1) in the
subsequent sections.

Section 3 is concerned with the spreading—vanishing dichotomy as well as some sharp criteria
of spreading and vanishing for (1.1) with ¢ = 0. Unlike the assumption (1.4), we assume that
a(t, x) is bounded from below at infinity by a sign-indefinite space-time periodic function (see
the assumption (3.3) below). We will also give examples of «, which changes signs even at large
x, satisfying this assumption but not (1.4).

In Section 4, we improve the estimates on the upper and lower bounds for spreading speeds to
(1.1) with g = 0, by relaxing the assumptions in [6,25,26] to the case that the functions « (¢, x)
and B(¢, x) are bounded from above and below by time-space functions at large x (see the as-
sumption (4.1) below). Since whether there exists semi-wave solutions in space-time periodic
environment is unclear at this moment, it seems that earlier methods can not be adapted to our
problem. Our approach is inspired by the recent work [4] on the existence of spreading speeds
without knowing a priori the existence of corresponding semi-wave solutions.

In Section 5, we show that the long-time behavior of solution to problem (1.1) with small
advection is similar to that of the corresponding problem without advection.

2. A linear periodic-parabolic principal eigenvalue problem
In this section, we consider the following linear periodic-parabolic eigenvalue problem:

or —doxy —qox —at, x)p=rp, 0<t<T,0<x<L,
@x(t,0)=0, ¢(t, L) =0, 0<t<T, 2.1)
®(0,x) = (T, x), 0O<x<L,
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where L > 0 is a given constant. It is well known (see, e.g., [13]) that, given d, L > 0 and
the Holder continuous T'-periodic function «, problem (2.1) admits a principal eigenvalue A =
A1 € R, which is unique in the sense that only such an eigenvalue corresponds to a positive
eigenfunction ¢ € C L2R x [0, L)) (¢ is also unique up to multiplication). Such a function ¢
is usually called a principal eigenfunction. To stress the dependence of the principal eigenvalue
Arond, L and g, we denote Ay by A1 4(d, L), and when g =0, we write A; = A{(d, L) for
simplicity.

We now study qualitative properties of A1(d, L) with respect to d. Our first result concerns
the limiting behaviors of A1 4(d, L) asd — 0 and d — oc.

Proposition 2.1. For any given L > 0, the following assertions hold.

(1) Forany q >0, limy_ o0 A1,4(d, L) = 00;

(i) If g =0, then limy_oA1(d, L) = —+ maxyeo.1) fif a(t, x)dt;
(i) If g > 0, then limg_o A1 4(d, L) = 0o.

Proof. We note that for any givend, L > 0, A1,4(d, L) > A1 4,+(d, L), where A1 4 «(d, L) is the
principal eigenvalue of the elliptic eigenvalue problem

—d — — max «a(t,x) =\, O0<x<L,
Yxx — qPx w[O’T]X[O’L]( ) =Ap

®x(0) =0, (L) =0.
Furthermore, it is well known that Ay 4 «(d, L) — 00 as d — oo; indeed, this fact follows from an
obvious modification of the proof of [26, Theorem 3.1(c)]). Hence, A1 4(d, L) — o0 as d — o0
and (i) holds.
We now assume ¢ = 0 and are going to verify the assertion (ii). Denote by k{\/ (d, L) the

principal eigenvalue of the following problem

wy —dwyy —at,x)w=Aw, O<x<L,0<t<T,

wy(t,x) =0, x=0,L,0<t<T,

w0, x) =w(T, x), O<x<L.

Clearly, A1(d, L) > )\{\/(d, L),Vd > 0. By [14, Lemma 2.4], it is also known that

T
N 1
lim A7" (d, L) = — = max a(t, x)dt,
d—0 T x€[0,L]
0
from which we have
| T
liminfA(d, L) > —— max /a(t,x)dt.
d—0 T xel0,L]
0

Thus, to prove (ii), it remains to show
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| T
limsupXii(d, L) < —— max /a(r,x)dt. 2.2)
d—0 T xe[o0,L]
0

Since « is continuous on [0, L] x [0, T], we assume that

T T

— max /oc(t,x)dt:—/a(t,xo)dt for some xq € [0, L].
x€[0,L]
0 0

Without loss of generality, we assume that xo € (0, L); the case of xo =0 or xo = L can be
treated similarly with minor obvious changes of the argument below.
For any given small constant € > 0, we consider the eigenvalue problem

w; —dwyy +ct, x)w=rw, O<x<L,0<t<T,

wy(£,0) =w(t, L) =0, O0<t<T, 2.3)
w0, x) =w(T, x), O<x<L,
where
T
c(t,x)=—a(t,x)+ % /a(t,xo)dt — €.
0

Denote by Aq(c; L) the principal eigenvalue of (2.3), and by A? (c; L) the principal eigenvalue
of (2.3) with the boundary condition w, (¢, 0) = 0 replaced by w(¢,0) =0.
Note that

T

/c(t, x0)dt = —€T < Q.
0

This allows us to choose a small constant 0 < €y < min{xg, €} such that 0 < xg + €9 < L and

c(t; ) := max c(t,x), tel0,T]
x€[xg—e€g,x0+€0]

satisfies

T

/E(t; €p)dt < 0. 2.4)

0
We next look at the Dirichlet eigenvalue problem
wy —dwyy + ¢t €0)w =Aw, xo—€y<x<x9+€,0<t<T,
w(t,x)=0, X=x0—¢€p,x0+€9, 0<t<T, 2.5)

w(0, x) =w(T, x), X0 — €0 < X < X0+ €.
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Let )\?(E; €o) be its principal eigenvalue. Indeed, by a variable separation technique, simple
computation shows that AID (C; €0) has the following explicit expression:

. 2

1 T
Dx. (4
A (Cre0) = ?/c(t, €o)dt + Qd’
0

and a corresponding principal eigenfunction can be chosen as

T | t
w(x — € t
w(t, x) = sin (X+E+O)exp (ﬁ / c(s; €g)ds — ?/E(s; eo)ds).

0 0

We also use A?(c; €o) to denote the principal eigenvalue of (2.5) with ¢ replaced by c. As
c(x,t) <c(t; €9) on [xg — €9, x0 + €0] x [0, T'], we have

T
2

1
3P(c; e0) < 2P (@ ep) = = / &t eo)dt + Z—zd. (2.6)

€
0 0

Because (x¢o — €g, xo + €9) is a proper subinterval of (0, L), clearly Ai(c; L) < )\?(c; L) <
)\P(C; €o). Therefore, in view of (2.6), it follows that

T

1
limsupXij(c; L) < —/E(t;eo)dt. 2.7)
d—0 T o

By recalling the definition of c(x, ¢) and A1 (c; L), we also have

T
r(d, L) =Xr1(c; L)—%/oz(t,xo)dt—l-e. (2.8)
0

By sending € — 0 (and so €p — 0 and limsup, _, fOT c(t; €g)dt <0 dueto (2.4)), from (2.7) and
(2.8), we derive (2.2) and (ii) is proved.
Finally, we show the assertion (iii). Since

Mgd, L) =2y ,(d,L)— max «a(f,x),
' [0,71x[0,L]

where A, ,(d, L) stands for the principal eigenvalue of the elliptic eigenvalue problem
—doxy —qox =Ap, 0<x <L; ¢x(0)=¢(L)=0, (2.9)

it suffices to show Al,q(d, L) — oo as d — 0. To do so, we set ¢ = e~ 2% in (2.9), and thus w
solves
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2

—dwxx—i—Z—dw:ALq(d,L)w, O<x<L; wy0)— —w(O)—w(L)— . (2.10)

Then, multiplying the equation of (2.10) by w and integrating the resulting identity over [0, L],
we easily obtain

L L
Ay d, L)/ de_—w2(0)+d/ wldx + q_d/ ‘l_d/
0 0

2
and so &],q(d, L) > Z—d — 00 as d — 0, as we wanted. So far, the proof of Proposition 2.1 is
complete. O

Proposition 2.1 already implies that A; 4(d, L) is non-monotone in d > 0 when g > 0. If
g =0, it is known that X1(d, L) is monotone increasing in d in the autonomous case (that is,
«(t, x) depends only on the spatial variable x). The following result shows that, in sharp con-
trast, in the general periodic-parabolic setting, A1(d, L) may fail to be monotone with respect
to d. We should point out that the assertion (ii) of Proposition 2.2 below is an analogue of [14,
Theorem 2.2], where the homogeneous Neumann boundary condition was considered.

Proposition 2.2. Assume that ¢ = 0. For any given L > 0, the following assertions hold.

(i) If either a(t, x) = a(x) depends on the spatial variable x alone, or o € CY/Z1 (R x [0, L])
and ax(t,x) <0,V (t,x) e R x [0, L], then L1(d, L) is monotone increasing in d > 0;
1) Ifa(t,x) =a1(x) +oas(t, x), where
T
a1(x) <0, /az(t,x)dt =0forall x €10, L] and / n%gi]az(t,x)dt >0,
xell,
0 0

then for suitably large o > 0, there exist 0 < dy| < dp < 00 such that A (d1, L) = A1(da, L)
and so A1 (d, L) is not monotone in d > 0.

Proof. We first prove the assertion (i). When «(¢, x) depends only on the spatial variable x, the
monotonicity of A1(d, L) in d is well known; see, e.g., [26, Theorem 3.1]. It remains to verify
the conclusion in the second case.

Since A1(d, L) is a simple eigenvalue of (2.1), by the standard perturbation theory (see, e.g.,
[15]), A1(d, L) and its corresponding eigenfunction ¢ depend smoothly on d. We first claim that

@ <0, V(t,x)eR x (0, L]. @2.11)

To the aim, let us define w(t, x) = ¢, (¢, x). In view of the Hopf boundary lemma, we have
¢y (t, L) <0 for t € R. Differentiating (2.1) with respect to x yields that w satisfies

wy —dwyy —oy(t, x)p —a(t,x)w=r(d,L)w, O0<t<T,0<x<L,
w(,0)=0, w(, L) <0, O0<t<T, (2.12)
w(0, x) =w(T, x), O<x<L.
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Due to «, o, € C([0, T] x [0, L]), the standard regularity theory for parabolic equations gives
w e W}’Z((O, T) x (0,L)) forany 1 < p < o0. As oy <0 on [0, T] x [0, L], it follows from
(2.12) that

wy —dwyy — (@(t,x)+Ad,L)w =<0, O0<t<T,0<x<L,

w(t,0)=0, w(,L) <0, O0<t<T, (2.13)

w0, x) =w(T,x), O<x<L.

On the other hand, 0 is the principal eigenvalue of

o —doe — (a(t,x) + M d, L)p=rp, 0<t<T,0<x<L,
¢x(t,0)=0, ¢(t,L) =0, 0<r<T,
§0(0,x)=(p(T,x), O<x<L.

The well-known monotonicity of the principal eigenvalue to linear periodic-parabolic problem

with respect to the boundary condition implies that A;(d, L) > 0, where A1 (d, L) is the principal
eigenvalue of the eigenvalue problem:

@ —doey — (a(t,x) +21d, L)o=rp, O0<t<T,0<x<L,
@(t,0=0, o, L)=0, 0<t<T,
(ﬂ(o,x)z‘ﬂ(T’x), O<.x<L
Thus, [23, Proposition 2.1], as applied to (2.13), enables us to conclude that —w > 0 in R x

(0, L]. The claim (2.11) is proved.

Let A1 := X1(d, L) and the associated principal eigenfunction @ satisfy (2.1). Clearly, A1 and

¢ are C'-functions of d. For simplicity, denote 3¢ by ¢’ and Al by A}. Differentiating (2.1)

) ad ad
with respect to d, we have

@1 —del, —pux —at,x)¢ =M o +r¢/, 0<t<T,0<x<L,
@.(t,00=0, ¢'(t,L) =0, 0<t<T, (2.14)
¢/(va):¢/(Tsx)» O<.x < L.

On the other hand, according to [13, Chapter II], A; is also the principal eigenvalue of the
adjoint eigenvalue problem associated with (2.1):

= —dYrey —a(t, X)) =AY, 0<t<T,0<x<L,
Yy(@,0)=0, ¥(t,L)=0, O0<t<T, (2.15)
Y (0,x) =v¥(T,x), O<x<L.

Let ¥ be the principal eigenfunction corresponding to A1, which satisfies (2.15). Multiplying the
first equation of (2.14) by ¥ and integrating the resulting equation, we obtain
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T L T L
[ [vi=ave—atmwgasar= [ [t sio+mgiparar @16
00 00
Substituting —v; — d¥ryy — a(x, )Y = A1y to (2.16) yields

T L T L
//¢xx1//dth //(pxwxdxdt
00 00

A= o =7 . 2.17)
//(pt/fdxdt /f(pl/fdxdt
00 00

Making use of (2.15), we find that £(¢, x) = ¥ (—t, x) solves

& —déy —a(—t,x)E=1%&, O<x<L,0<t<T,
E(,0)=0, &1, L) =0, O0<t<T,
§(0,x) =&(T, x), O<x<L.

Since ay <0 on R x [0, L], the same reasoning as in deducing (2.11) shows that & (¢, x) =
Yy(—t,x) <0 for x € (0, L] and ¢ € [0, T']. Thus, ¥y <0 on R x (0, L]. This, together with
(2.11) and (2.17), implies that 1} > 0.

We now prove the assertion (ii). The analysis is similar to that of [ 14, Theorem 2.2(b)]. We first
take ag(x) = —a (x) in the elliptic operator A of [13, pp. 34, 38], and then let o be sufficiently
large so that [13, Lemma 15.4] can be applied to conclude that A;(d, L) < 0. For such fixed o,
in light of Proposition 2.1, A1(d, L) is nonnegative for both small and large d. Therefore, there
are two different 0 < d; < d» < oo such that A(dy, L) =X1(d, L). O

In what follows, we will investigate qualitative properties of A1(d, L) with respect to L. For
later purpose, we extend the function «/(, x) to the whole space:

a(t, x) if (¢, x) € R x [0, 00),
a(t,—x) if (7,x) e R x (—o00,0).

Clearly, @ € C*/>" (R x R) and is still T-periodic in . Moreover, A;(d, L) is also the unique
principal eigenvalue of the periodic-parabolic eigenvalue problem

or —doyx —at,x)p=rp, O<t<T,—-L<x<L,

o(t,—L)=0, t,L)=0, O0<t<T,

@x(t,0) =0, 0<t<T,

00,x)=9(T,x), —L<x<L.

(2.19)

The following result concerns the limiting behaviors of A1(d, L) as L — 0 and L — oo.
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Proposition 2.3. For any given d > 0 and q > 0, A1 4(d, L) is strictly decreasing with respect to
L>0,limy ,oA1,4(d, L) =00 and

lim Ay q(d. L) = Ay4(d. 00) € [— sup |a|,oo) exists.
L—o00 [0, T1x[0,00)

Moreover, if g = 0, then there is a positive T-periodic function ¢y € C">(R x R) such that
(1(d, 00), @o)' solves

—dpyx —at,x)p=rp, O0<t<T, —00<x<00,
@y (t,0) =0, 0<t<T, (2.20)

00,x) =9(T, x), —00 < X < 00.

If additionally either a(t, x) = a(x) depends on the spatial variable x alone or a € C"/>(R x
[0, 00)) and o, (t,x) <0, V(t,x) € R x [0, 00), then L1(d, 00) is nondecreasing in d > 0. Fur-
thermore, when oy (t, x) <, 0, g satisfies (¢g)x(t,x) <0, V(t,x) € R x (0, 00).

Proof. The strict monotonicity of A1 4(d, L) with respect to L is well known and A 4(d, 00) €
[ — SUP[0. 79x[0.00) |, 00) is obvious. The fact limz . A1, (d, L) = oo is also folklore; for read-
er’s convenience, we provide a proof here. Given small €9 > 0, for any 0 < L < €, consider the
elliptic eigenvalue problem

—d@xx —qox — ? 0. at,x)=rp, O<x<lL,
T]x[0.€0]

#x(0)=0, ¢(L)=0
and denote its principal eigenvalue by 2 q (d, L). Clearly, A; q (d, L) <Xy 4(d, L). Furthermore,
set ¢ = e_2q_d"w, and then w solves
72
—dWyy + —w—w max at,x)=Ai; d Lw, 0<x<L;
4d [0, T1x[0,&0] 4
wy (0) = —w(O) w(L) =

Since g > 0, it is easily checked that &1,q d,L)> &l’q’*(d, L), where &1,1],*(‘1’ L) is the princi-
pal eigenvalue to the following eigenvalue problem

2

dl/fxx+ 1/f ¥ max  o(,x)=iy, O<x<L;
[0,T]x[0,€0]

¥x(0)=0, ¥(L)=

Therefore, we obtain A 1 q’*(d ,L) < A1,4(d, L). On the other hand, elementary calculation shows
that

1 For simplicity of notations here, we denote A1 ,(d, 00) by A1 (d, 00) when g = 0.
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ady= 2 )+ L
,L)=— — max o«(t,x -—
=ha.x 412 [0,T]1x[0,60) 4d

and its corresponding eigenfunction can be taken as ¥ (x) = cos 57 x. Sending L — 0, we deduce
the desired limit.

We now verify that A1 (d, 0o) satisfies (2.20). To do so, we choose ¢y, to be the eigenfunction
corresponding to A1(d, L) with ¢ (0,0) =1, VL > 0. Let

or(t,x) if (¢7,x) eR x [0, L),

oLt x) = .
or(t, —x) if (f,x) e R x (—L,0).
Clearly, (L1(d, L), ¢1) is an eigenpair to problem (2.19). Since the sequence X (d, L) is bounded
in L > 1 and & is bounded in R x R, applying the well-known Krylov—Safonov Harnack inequal-
ity to (2.19), for any given L > Lo > 1, we can find a positive constant C(Lg) such that

max @r(t,x) <C(Lp) min ¢7(0,x) < C(Lo).
[=T,0]x[—~Lo,Lo] [=Lo,Lo]

In view of the T-periodicity of ¢r, by a standard parabolic compactness argument, for any
Lo > 1, we can extract a subsequence of ¢;, that converges in CL2(R x [=Lg, Lo]) as L — oo
to a nonnegative function ¢, and ¢ satisfies

@;—d@”—&(t,x)(ﬁ=)»1(d,oo)¢, O<t<Ta _L0<x<L01
@x(t,0) =0, 0<t<T,
@0, x) =¢(T, x), —Lo < x < Ly.

Furthermore, a diagonal argument ensures that there is a further subsequence of ¢;, converging to
@ in Cllo’f (R?), and (11 (d, 00), §) is a solution to problem (2.20). As we have assumed ¢ (0, 0) =
1 for any L > 0, there holds ¢(0, 0) = 1. It then follows from the parabolic maximum principle
that @ > 0in R x R. Let ¢g(t, x) = ¢(¢, x) for all (¢, x) € R x R*. Then (A (d, 00), ¢p) solves
(2.20).

Next, we assume that either « (7, x) depends on the spatial variable x alone or @ € C vo/2 (R x
[0,00)) and «,(¢,x) <0, V(t,x) € [0, T] x [0,00). By Proposition 2.2 (i), for any L > 0,
A1(d, L) is increasing in d > 0. Hence, A1(d, 00) is nondecreasing in d > 0.

If o, <0, the proof of Proposition 2.2 infers that (¢7,)y < 0in R x (0, L] for any given L > 0.
The above analysis implies that ¢, <0in R x (0, 00). If further o, <, # 0, it follows that ¢, < 0
in R x (0, 00). In fact, define w(z, x) = ¢, (¢, x). By differentiating (2.20) with respect to x, for
any given L > 0, we deduce that w satisfies

w; —dwyy —ax (@, x)p —at, x)w=Ar1(d,0c0)w, O0<t<T,0<x<L,
U)([,O):O, UJ(I,L)SO, O<t<T,
w(O’x) = w(T9 x)7 0 <x < L,

and w € W;’z((O, T) x (0, L)) for any 1 < p < oo. We recall that A;(d, o0) < A1(d, L). This,
together with the nonnegativity of w and «,, shows that
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w; —dwyy — (@(t,x) +1d, L)Y)w<0,#£20, O0<t<T,0<x<L,
w(,0)=0, w(, L) <0, O0<t<T,
w(0, x) =w(T, x), O0<x<L.

Then, by resorting to [23, Proposition 2.1], similar arguments to those used in obtaining (2.11)

conclude that w < 0 in R x (0, L). Due to the arbitrariness of L, ¢, (¢, x) = w(t, x) < 0 for all
(t,x) eRx (0,00). O

Let A1(d, o0) be given as in Proposition 2.3. Next we discuss the asymptotic behavior of
A1(d, o0) as d is large or small under certain conditions on «.

Proposition 2.4. Assume that ¢ = 0. Let a(t,x) be the symmetric function defined in (2.18).
Assume that a(t, x) is also periodic in x, that is, there is some | > 0 such that

a(t,x)=a(t,x+1) forall (t,x) e R x R.
Then the following assertions hold.

(i) For any given d > 0, there is a positive function ¢g € CH2(R x R) such that the pair
(A1(d, 00), @o) solves
@ —dexx —a(t,x)p = A, telR, xelR,
@x(2,0) =0, teR,
o, x) = +T,x+1), teR, xeR.

Moreover, we have

r(d, 00) = sup HA e€R: there exists ¢ € Cl’z(Rz) such that
@ is T-periodic, ¢ > 0and (Lzg —A)¢ >0in Rz],

with Lgg = @ — doyxx — a(t, x)g for g € CH2(R?).
(ii) There holds

T I T

1 1
C}ig}))»l(d, oo):—;xrg%ﬁ]/oe(t,x)dt, dli)n;o)\l(d, oo):—ﬁ//oe(t,x)dtdx.
00

0

In particular, if a(t, x) = a(t) depends only on the time variable, we have

T
1
M, oo):-F/a(t)dt foralld > 0.
0
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Proof. The first assertion follows from a direct application of [20, Theorems 2.7, 2.13 and Propo-
sition 2.14], since &(t, x) is a time-space periodic function and is symmetric in x. The second
one follows from [20, Theorem 3.6]. O

Proposition 2.5. Suppose g = 0. Assume that a(t,x) depends on the spatial variable x alone
and sup,.c(o,o0) @ (X) is attainable, or o € CY/21(R x [0, 00)) and o, (t, x) <0 for all (t,x) €
R x [0, 00). Then

T
1
lim A;(d, 00) = —— max foe(t,x)dt,
d—0 T x€[0,00)
0
and
| T
lim Aj(d, 00) :=Aj(0c0) € [— — max /a(t,x)dt, oo] exists.
d—o00 T xe[0,00)
0

Furthermore, we have 17(00) > 0 ifa <0in R x [0, 00), and 17 (00) < 0ifa > ¢ in R x [0, 00)
for some constant co > 0.

Proof. Under our assumptions, according to Proposition 2.3, A;(d, 0o) is nondecreasing in
d > 0. Thus the limits limy_,g A1 (d, 00) and limg_, 5o A1 (d, 00O) exist.

We next derive the explicit expression of limy—. A1 (d, 00). Under our assumptions on ¢, in
either case, clearly there exists xg € [0, oo0) such that

T x€[0,00)
0

1 ; 1 ;
—— max /a(t,x)dt:—?/ot(t,xo)dt.
0

By our notation, Aq(d, 00) < Aj(d, L) forall L > 0, d > 0. Moreover, Proposition 2.1 infers
that

T T
1 1
}iil}))q(d, L)= —?xlel%g)i]/a(t,x)dt = —T/a(t,xo)dt, VL > xo.
0 0
Thus, we get
T
1
limsupii(d,00) < lim A;(d, L) = ——/a(l,xo)dt. (2.21)
d—0 d—0 T
0

On the other hand, since (2, x) < a(z, xp) forall (¢, x) € R x [0, c0), we have A;(d, L) >
k{\/ (d, L) for any d > 0, L > xo, where M\f (d, L) is the principal eigenvalue of the periodic-
parabolic eigenvalue problem:
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O —deey —a(t, x0)p=rp, O0<t<T,0<x<L,
©x(t,0)=0, ¢(t, L) =0, O0<t<T,
(0, x) =o(T, x), O<x<L.

It is easily seen that

T
1
N, L =—7/a(t,xo)dt, Vd >0, L > xo.
0

This implies that

T

. 1

liminf 1, (d, 00) > —— / alt, xo)dt. (2.22)
0

Hence, we obtain from (2.21) and (2.22) that

T T

1 1
lim A (d, oo):——/oz(t,xo)dtz —— max /a(t,x)dt.
d—0 T T x€[0,00)
0 0

The proof of Proposition 2.5 is thus complete. 0O

As it will be seen in the coming sections, the sign of 1(d, co) will play a crucial role in de-
termining whether spreading or vanishing occurs. Though Propositions 2.4 and 2.5 have already
provided some information in this regard, in the following we give some sufficient conditions for
the negativity of A1(d, 00).

Proposition 2.6. Assume that ¢ = 0. Let A1 (d, 00) be given as in Proposition 2.3. Denote o(x) =
min;er @ (z, x) for x € [0, 00). Then the following assertions hold.

(i) Ifeither there exist a constant oy > 0 and two sequences y, > x, > 0 such that y, — x, — o0
as n — oo and a(x) > o for x € [x,, y,, or there exist constants o >0, k> 1, 0> p >
—2 and a sequence x, such that x, — 0o as n — 00 and a(x) > agx? for x € [xn, kx,],
then A1(d, 00) < 0 for any given d > 0.

(ii) Ifthere exist a constant aq > 0 and an interval [xo, yo] C [0, 00) such that a(x) > o for x €
[x0, yol, then A1(d, 00) < 0 provided that 0 < d < ay(yo — xo)z/nz.

Proof. The assertion (i) is due to Wang [25]. We now show (ii) by slightly modifying the argu-
ments of [25].

Clearly, A1(d, o0) < Xl (d, o0) for any given d > 0, where Xl(d, 00) =limy o il(d, L) and
L1(d, L) is the principal eigenvalue of the elliptic eigenvalue problem

—dexx —a(X)p=rp, O<x<L,
0 (0)=0, ¢(L)=0.
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As b9f0re, we also have 5»1(d ,00) < 5\1 (d, L) for any d, L > 0. Furthermore, it is easily seen
that A1(d, L) enjoys the variational characterization:

L eeN2dr — [F 2
i, L) = Lo Ay Y)’x - fy ae?(dx

(2.23)
9eH! (0.L1)), ¢(L)=0 J 92 (x)dx

Denote A? to be the principal eigenvalue of the elliptic eigenvalue problem:

_(p” =Xip, x0<x<yo; ¢(x0)=e¢(y) =0,

and ¢ to be the associated eigenfunction satisfying fxyoo (pgdx = 1. Clearly, AID =72/(yp — x0)2.

We then extend ¢p to R* by defining ¢o(x) = 0 for x € [0, xo) U (o, 00). It is easily seen that
such an extended function satisfies g € H Lo, v0)). In view of the variational characterization
(2.23), we obtain

Yo
A(d, 00) < A1 (d, 00) < A1 (d, yo) < / [d(ph(x))* — a(x)@3 (x)]dx
0

Yo Yo
_ f [d(6) () — a(x) g2 ()]dx < / [P — agle? (1)dx

X0 X0
drn?
(yo — x0)?

=(yo— xo)[ Qo] <0,

if0<d<ay(y— x0)%/m2. The proof of Proposition 2.6 is thereby complete. O
3. Criteria for spreading and vanishing when ¢ =0

In the section, we assume that g = 0 and prove the spreading—vanishing dichotomy and some
criteria of spreading and vanishing for problem (1.1). The arguments in showing these results
mainly follow from those used in [25] and references therein. In order not to repeat their proofs,
we only provide the details where considerable changes are required.

3.1. Preliminaries

Before going further, let us give some basic properties on solutions of problem (1.1) with ad-
vection g > 0. We will present the global existence and uniqueness of classical solutions as well
as the comparison principle. These properties are fundamental to the understanding of long-time
behavior of solutions in the remaining parts.

Proposition 3.1. For any ug € H(hg), problem (1.1) admits a unique solution (u(t,x), h(t))
defined for all t > 0, that is, h € C'((0, 50)) N C ([0, 00)), u € C12(D)NC(D) with D = {(t,x) :
t>0,0<x< h(t)}, and h'(t) > 0 fort > 0, u(t,x) > 0 fort > 0 and 0 < x < h(t). Moreover,
forany Ty > 7 > 0,
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”u ||C1+oz/2,2+oz(D§_0) + ”h”C'*"/z([r,To]) <C,
and
ho < h(t) < ho+ Ht'* for 0<1<T,
where D}O = {(t,x) T <t<Tp,0<x< h(t)}, C and H are positive constants depending
ont, Ty, q, ho, ||, ,3||CV0/2,UO(RX[0’OO)) and |[ugllc((0,ho)), With H independent of T € (0, To) for

Ty > O sufficiently small.

Proof. The result follows from the proof of [5, Theorem 1.1] with some minor modifications,
and we omit the details. O

Proposition 3.2. For any Ty € (0, 00), suppose that h € C ([0, To]) N C'((0, Ty) and that i €
C(D7,) N CI’Z(D%) with D}, = {t.x):0<t<To, 0<x <h()}. If

ur >duyy +quy +u(a(t,x)— B, x)u), 0<t<Ty, O<x< i_z(t),

ix(t,0) <0, 0<t<Tp,

_ (3.1
u(t,h()) =0, 0<1t<Ty,
W (1) > — it (1, h(1)), 0<t<Tp,

and
ho <h(0).  uo(x) <i(0,x) in [0, hol,
then the solution (u, h) of problem (1.1) with initial function uy € H(ho) satisfies
h(t) <h(t) in (0, Tyl and u(t,x) <i(t,x) for 0 <t <Ty, 0<x <h(r).

Proof. In the case that ug € C2([0, ho]), u6(0) =uo(hg) =0, up(x) > 0in (0, hg), the proof of
this proposition is the same as that of [9, Lemma 3.5]. As for the general case 1 € H(h¢), similar
approximation arguments to those used in [5, Proposition 2.10] give the desired comparison
result. 0O

Remark 3.1. The pair (iz, /) in the Proposition 3.2 is often called an upper solution to problem
(1.1). Moreover, if the second inequality in (3.1) is replaced by u(¢,0) > u(¢,0) for all 0 < ¢ <
Ty, then the corresponding comparison principle still holds.

Analogously, a lower solution can be defined by reversing all the inequalities in (3.1), and we
also have the corresponding comparison principle for lower solutions.

We should point out that, in Propositions 3.1-3.2, the initial functions are merely continuous.
These results with such general initial functions are necessary in dealing with the estimates of
spreading speeds in Section 4.
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3.2. Criteria for spreading and vanishing when h is varied

In this subsection, we consider the spreading—vanishing dichotomy for problem (1.1) with
q =0, as well as the sharp criteria for spreading and vanishing when d is fixed while kg is
varied. Let us first introduce some notation which will be used frequently in the sequel. Let
(u(t, x), h(t)) be the global solution of (1.1) with initial function ug € H(hg). It follows from
Proposition 3.1 that A’(¢) > 0 for all # > 0. Then the limit lim,_, » h(¢) exists and we denote
it by hoo. Next, let a(z, x) € CV/2v0(R?) be the function extended by a(z, x) as in (2.18), and
B(t, x) € CV/>"(R?) be extended by B(z, x) in a similar way, that is,

. B(t, x) if (t,x) e R x [0, 00),
B, x)= ) (3.2)
B, —x) if (£, x) e R x (—00,0).

Clearly, &, 8 are symmetric in x. Moreover, to express the dependence of the principal eigenval-
ues to problems (2.1) (with ¢ = 0) and (2.20) on «(¢, x), we rewrite A1(d, L) and A;(d, c0) by
r(d, L, o) and 11 (d, 0o, o), respectively.

In this subsection, we assume that there exists o € C"0/2%(R x R) such that a(t,x) is
T -periodic in ¢ and /-periodic in x, and that

liminf (a(t, x) —alt, x)) >0forallr eR; Aj(d,00,) <O. 3.3)
X—> 00
Here A}(d, 00, ) is the generalized principal eigenvalue defined by

A(d, 00, @) = sup {A €R: there exists ¢ € C2(R?) such that 3.4
4)
¢ is T-periodic, ¢ > 0 and (L —A)¢ > 0in R2].

with
Log =@ —de —a(t, x)p for g € CH2(R?). (3.5)

It is easily seen that if a(¢, x) is a positive time-space periodic function, then A}(d, 00, @) < 0.
But there definitely exists a periodic function «(t,x) which changes signs in x € R* and
Af(d, 00, ) < 0. For example, a (¢, x) is symmetric in x, and is positive for t € [0, T] and x in a
bounded interval. Indeed, for such an «, Proposition 2.4 implies that )G]“(d ,00,) = A1(d, 00, ),
where A1 (d, 00, @) is the principal eigenvalue to problem (2.20) with & replaced by «. It then fur-
ther follows from Proposition 2.6 (ii) that A} (d, 00, ) < 0 when d is small. Therefore, a function
a(t, x) satisfying (3.3) allows to change signs in x € R*. This is different from the assumption
(1.4) for which the function «(z, x) should be positive at large x.

In what follows, we first consider the existence and uniqueness of positive solution to the
following periodic-parabolic problem

U —dUyy =U(a(t,x) — B(t,x)U), 0<t<T, 0<x <00,

U@,x)=U(T, x), 0<x < o0, 3.6)
Ux(t,0) =0, 0<t<T.
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Proposition 3.3. Under the assumption (3.3), problem (3.6) admits a unique solution U €
C12([0, T] x [0, 00)) and it satisfies

0< inf U@tx)< sup U, x) <2, 3.7)
K1

0<t<T,0<x<o0 0<t<T, 0<x<oo
where K1, k7 are the positive constants given in (1.2).
Proposition 3.3 plays an important role in determining the asymptotic behavior of u(¢, x) as
t — oo when spreading happens. Indeed, once Proposition 3.3 is proved, similar analysis to that
used in [25, Theorem 4.3] would imply that, if 4., = 00, then

lim |u(t +nT,x) — U(t,x)| =0 locally uniformly in (#, x) € R x [0, 00).
n—o0

Clearly, to prove Proposition 3.3, it suffices to show the existence and uniqueness of positive
solution to the following problem

Uy —dUg =U@t,x)— B, x)U), 0<t<T, —0o<x <00,
- - (3.8)
UT,x)y=U(@,x), —00 < X < 00,
such that Ux (t,0)=0forall0 <t <T,and 0(t, x) satisfies
. ~ ~ K2
0< inf Ut,x) < sup U(t,x) < —, 3.9
0=t<T, —00<x<00 0<t<T, —00<x <00 K1

where & and B are the symmetric functions given in (2.18), (3.2). To do this, we shall begin with
the sign of the principal eigenvalue A1(d, 0o, @).

Lemma 3.1. Under the assumption (3.3), we have A1(d, 0o, «) < 0.

Proof. Since A’lk(d, 00, &) < 0, by the definition of A’f(d, 00, &), we can find some small €y > 0
such that

Aj(d, 00,0 — €0) = A](d, 00, &) + €9 < —e€p. (3.10)
Next, for any xo € R, we denote
a™(t,x) :==a(t,x +xg) forallt e R, x € R,

and let A} (d, L, a™ — €p) be the principal eigenvalue of the following periodic-parabolic eigen-
value problem with Dirichlet boundary condition
or —docx — (@, x) —€)p=2rp, 0<t<T,-L<x<lL,
o, —L)=0, ¢, L)=0, 0<rt<T, (3.11)
§0(07x):(p(T7x)7 —L<x<L.
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Since «(t, x) is [-periodic in x, it then follows from [21, Theorem 2.6] that

Aj(d, 00, 0™ —€g) = Llim Aj(d, L,a™ — €p) uniformly in xo € R.
—> 00

Clearly, by the definition, we have Aj(d, 00, a™ — ) = A{(d, 00, @ — €p). This together with
(3.10) implies that there exists Lo > 0 such that

Aj(d, Lo, o™ — €g) <0 for all xg € R. (3.12)

On the other hand, since liminf,_, o («(#, x) —(t, x)) > 0 for all € R, for the above €9 > 0
satisfying (3.10), there exists Ry > O sufficiently large such that

a(t,x)>a(t,x) —ey forall t € R, x > Ry. (3.13)
We now fix an xg > O such that xg + x > Rg for all —Ly < x < L¢. Then we have
a*o(t,x) >a*(t,x) — €y forall 0<t<T, —Ly<x < Ly,
where a0 (¢, x) := a&(t, x 4+ x¢). This implies that
A, Lo, &™) <Ai(d, Lo, 2™ — €g) <0,
where A7(d, Lo, &™) is the principal eigenvalue to problem (3.11) with L = Lo and o™ — €
replaced by @*. Moreover, it follows from the proof of [21, Theorem 2.6] (see also [20, Propo-

sition 2.3]) that Aj(d, L, &™) is decreasing in L > 0 and that, by denoting A} (d, 00, a*) :=
limz o0 A} (d, L, @), there holds

Ai(d, 00, @) = sup {k €R: there exists ¢ € C12(R?) such that (3.14)
@ is T-periodic, ¢ > 0 and (Lzv9 — A)p > 01in Rzl, .

where Lgv is defined as in (3.5) with « replaced by &™. Thus, (3.12) implies that
Aj(d, 00, @™) < 0. Furthermore, by the property (3.14), it is easily checked that A} (d, oo, &*0)
is independent of xo € R, and hence
Ai(d, 00, @) =Aj(d, 00,a™) < 0.
Finally, it follows from the proof of Proposition 2.3 that there exists a positive T-periodic

function ¢ € C 1.2(R?) such that (A;(d, o0, @), @) solves (2.20). This together with the charac-
terization (3.14) implies that

Ai(d, 00,@) <Aj(d,00,&) <O0.

Since 11(d, 00, &) and Aj(d, oo, &) denote the same value, the proof of Lemma 3.1 is thereby
complete. O

The following lemma gives the existence of positive solution to problem (3.8).
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Lemma 3.2. Under the assumption (3.3), problem (3.8) admits a positive solution and any posi-
tive solution U € C1'2([O, T1 x R) satisfies (3.9).

Proof. For clarity, we divide our proof into three steps.

Step 1: Problem (3.8) admits a positive solution.

To do so, let ¢ € C12([0, T'] x R) be the principal eigenfunction corresponding to the princi-
pal eigenvalue 11 (d, oo, &) of problem (2.20) with |||l Loo 0, 71xR) = 1. Since A1(d, 0o, &) <0
by Lemma 3.1 and since S(¢, x) is bounded, there exists some small ¥ > 0 such that

(k@) —d(k@)xx = kP& + A1 (d, 00, 8)k P < kP& — B(kP)? for 0 <t <T, —00 < x < 00.
Thus, k¢ is a lower solution to problem (3.8). By the assumption (1.2) (ii), clearly, any positive
constant M with M > k> /x is an upper solution. Then an iteration method produces a solution
U € C12([0, T] x R) of (3.8) such that

0<kp(t,x) < Ut,x) <M for 0<t<T,—00<x < 00.
Step 2: Any positive solution U of (3.8) satisfies in~f0§t§T, o< x<00 17(t, x) > 0.
Suppose by contradiction that info<;<7, —co<x<oo U (f, x) = 0. Then there exists a sequence
{(tn, xn)}nen C [0, T] x R such that
Ulty, xn) — 0 as n — oo. (3.15)
It is easy to see that |x,| — 0o as n — oo (otherwise, it follows from the parabolic strong max-

imum principle that U = 0). Without loss of generality, we assume that x, — 0o as n — 00, as
the case of x,, — —oo can be treated similarly. For each n € N, define

U(t,x)=U(t 4+ ty,x +x,) for0<r<T, —00 <x < 00.
It is straightforward to check that
U' —dU" = U"(@(t + ty, x + x,) — Bt + 1, x + x,)U™), (3.16)
forO<t<T,—00<x <00.
We now construct a lower solution to problem (3.16). On the one hand, let €p and R be the
positive constants satisfying (3.10) and (3.13), and let Aj(d, L, a" — €p) denote the principal

eigenvalue of the following periodic-parabolic problem

O —doey — (@t + 1, x+x,) —€e)p=rp, O0<t<T,—L<x<L,
o(t,—L)=0, ¢,L)=0, 0<t<T, (3.17)
¢(0,x) =o(T, x), —L<x<L.

As in the proof of Lemma 3.1, we can conclude that

Aj(d, 00,0 — €0) = A](d, 00, " — €p) = Llim Aj(d, L,a" — €p) uniformly inn € N.
—00
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This together with (3.10) implies that there exists L1 > 0 such that
€
)ff(d,Ll,g”—eo)f—Eo for all n € N. (3.18)

On the other hand, since x,, — 00 as n — 00, there exists some ng € N such that x,, — L > Ry
for all n > ng, hence it follows from (3.13) that

alt+ty,x+xp)>alt+t,,x+x,)—¢€o forall 0<t<T,—Li<x<Li;,n>ng. (3.19)

Furthermore, let <pzl e C12([0,T] x [—L1, L1]) be the positive principal eigenfunction to
problem (3.17) with L = L such that ||<pzl l oo 0, 71x[=L1,L,7) = 1. Then due to (3.18), we can
find some small 79 > 0 such that for all 0 < n < no, there holds

Md, L. a" — eo)ng] (t.x) < =Bt +ta. x + x) (e} (. X))*
forall 0 <t <T, —L; <x <L and n > ng. This together with (3.19) implies that, for any
0 <n=<no,
9} )i —d@} Vxx =19} (& + 1y, x +x0) = Bt + 10, X + x)197] )
@] )i =A@} Dxx — (@ + tn, X+ x0) — €)@} + B + 1, x + x2) (09} )?
= Md, L1, a" — e}, + Bt + 1, x + ) (09} )
0

IA

forall 0 <t <T, —L;{ <x <Ljand n > ng. We now extend (p’zl to [0, T] x R by defining
@Zl (t,x)=0for (t,x) € [0, T] x ((—o0, —L1)U(Lq, 00)) so that @Zl € C(R x R). In addition,
foreachr € R,

(@) )t —L1=) =0 < (@} )x(t.—L1H), (@} )x(t.L1—) <0 = (@} )x(t, L1+).

Thus, for each 0 < n < ng, and each n > ny, n(pzl is a lower solution of problem (3.16).
Next we want to prove that, for each n > ny,

U"(t,x) = nog}, (t,x) forall 0<t<T, —L; <x <Lj. (3.20)
Assume by contradiction that there exists n1 > ng such that (3.20) is not true when n =nj. Set
n* :supir; >0: U"(t,x) > n(pzll(t,x) forO<t<T, —-L;<x §L1}.
Then n* < 19, and n* > 0 since U™ is positive in [0, T] x R. Define
w(t,x)=U"(t,x) — nepl (6, x) for0<t<T, —Ly <x <Lj.

Then w > 0 and there exists some (s, y) € [0, T] x [—L1, L] such that w(s, y) = 0. In view of

71*90211 (t,+L1) =0, y# +L; and hence y € (—L, L1). Moreover, as n*(pZ'} is a lower solution
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of problem (3.16) with n = ny, it is easily checked that there exists a bounded function b(¢, x)
such that w satisfies

wy —dwyy — b, x)w >0 for0<t<T, —Li<x<Lj.

Hence, the parabolic strong maximum principle gives w =0 in [0, s] x [—L1, L1], which is in
contradiction with the fact that w(z, £L) = U™\ (¢, £L;) > 0 for 7 € [0, T]. Thus, (3.20) holds
for all n > ny.

Finally, (3.20) in particular implies that

U (tn. xn) = U"(0,0) = nog} (0,0) forall n > ny.

Since «a(t, x) is T-periodic in ¢ and [-periodic in x, by the well-known Krylov—Safonov Har-
nack inequality, we have (pzl (0,0) > ¢p for some constant cp > 0 independent of n € N.

Therefore, we obtain Uty Xn) > noco for all n > ng. This contradicts with (3.15), and hence
info</<7, —co<x<oo U(, x) > 0.

Step 3: Any positive solution U of (3.8) satisfies SUP(</<T, —c0<x <00 U(t,x) < ka/Ki.

To the end, for any fixed R > 0, consider the boundary blow-up elliptic problem

—dwyy =wkr —kiw), —R<x<R; w(x)=00, x ==%£R, (3.21)

and the boundary value periodic-parabolic problem

vy —dvyy = v(a(t,x) — B(t,x)v), 0=<t<T, —R<x<R,
(t,x) = Ut x), 0<r<T, x==R, (3.22)
v(0,x) =v(T, x), —R <x <R.

In (3.21), by w(—R) = oo (or w(R) = 00) we mean that w(x) - ocoasx - —R (orx — R). It
follows from [7] that problem (3.21) has a unique positive solution, denoted by Ug . By similar
analysis to that in the proof of the existence and uniqueness of positive solution to (2.2) in [22],
one easily sees that problem (3.22) admits a unique positive solution v = U in [0, T] x [—R, R].
Clearly, due to the assumption (1.2) (ii), Ugr, o is an upper solution to problem (3.22).

On the other hand, we can take a small ¥ > 0 such that k¢ < Ug  in [0, T] X (—R, R) and
that k¢ is a lower solution to problem (3.22), where ¢ is given as in Step 1. Due to the uniqueness
of positive solution to (3.22), the iteration technique of lower—upper solutions implies that, for
any fixed R > 0,

k@ <U < Up.oo in[0,T] x (=R, R). (3.23)

Moreover, according to the proof of [10, Theorem 1.2], Ug o is a strictly decreasing function
with respect to R, and as R — 00, Ug o (t, x) converges locally uniformly in [0, T] x R to the
unique positive solution to problem

—dU, =Ux (k2 — k1Us), —00<x < 00.
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By virtue of [10, Theorem 1.1], Usx, = k2/k1. Thus, we obtain the desired result by letting
R — oc0in (3.23).
The proof of Lemma 3.2 is complete. O

We are now ready to complete the proof of Proposition 3.3.

Proof of Proposition 3.3. By Lemma 3.2, we know that problem (3.8) admits a positive solution
and any positive solution UeC L2([0, T]1 x R) satisfies (3.9). It further follows from the proof of
[1, Proposition 1.7] that positive solution to problem (3.8) is unique. Since (¢, x) and B (t, x) are
even in x, it is easily seen that U (¢, —x) is also a positive solution of (3.8). Then the uniqueness
result implies that U (t,—x) = U (t, x), and hence lNJX (z,0) = 0. Therefore, any positive solution
of (3.8) satisfies Ux (t,0) =0. As a consequence, problem (3.6) admits a unique positive solution,
and it satisfies (3.7). Thus Proposition 3.3 is proved. O

We now state the main result of this subsection. Assume that (3.3) holds. It follows
from Lemma 3.1 that A(d, oo, a) < 0. Since A(d, L, «) is strictly decreasing in L > 0 and
limy _oA(d, L,a) = oo by Proposition 2.3, there exists a unique positive constant L* =
L*(d, o) such that

AMd,L,a)>0forO<L <L* and A(d,L,a) <Ofor L > L*.

Then we have the following theorem.

Theorem 3.1. Suppose that (3.3) is satisfied. Let (u,h) be the solution to problem (1.1) with
initial function uog € H(ho). Then the following alternative holds: Either

(i) spreading happens, that is, hoo = 00, and
lim |u(l +nT,x)—U(t, x)| =0 locally uniformly in (t,x) € R x [0, 00),
n—oo

where U is the unique positive solution of (3.6); Or
(ii) vanishing happens, that is, hoo < L*, and lim;_, oo maXo<x<p() u(t, x) = 0.

Moreover, if hg > L*, then spreading always occurs for any u > 0; and if hg < L*, then there
exists a unique (1 > 0 depending on ug such that vanishing occurs when 0 < u < u* and spread-

ing occurs when |1 > ju*.

Proof. Having in hand Propositions 3.1-3.3, we can prove this theorem by following the same
lines as those used in [25, Theorem 5.3]. So we do not repeat the details here. O

3.3. Criteria for spreading and vanishing when d is varied
In the last part of this section, we present a criterion for spreading and vanishing when A is
fixed while d is varied. We assume that for any given Ay > 0, there exist an interval [xg, yo] C

[0, Aol and a positive constant ¢, such that

a(t,x) > milélot(t,x) > ay for xo < x < yp. (3.24)
te
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It follows from Proposition 2.6 (ii) that A1 (d, ho, @) <0if 0 <d < a(yo — xo)z/nz. Set
dy = sup {do >0: A(d, hg,a) <0 forall0 <d < do}.
Then d, is well-defined and d, > 0. We also set
d*:=inf{d) >0: A1(d, ho,a) >0 foralld > d}.

Since A;(d, hg, ) — 0o as d — oo by Proposition 2.1 (i), d* is well-defined and d* < oo.
It further follows from Proposition 2.2 (i) that d,, = d* if either «(f, x) = o(x) is independent
of the time variable 7 or @ € C*/21 and a, (¢, x) < 0 forall (z, x) € [0, T] x [0, ho]. However,
d, = d* does not hold for general «(z, x); see the counterexample given in Proposition 2.2 (ii).

Theorem 3.2. Suppose that (3.24) is satisfied. Let (u, h) be the solution to problem (1.1) with
initial function ug € H(ho). Then there holds

(1) If0 < d < d,, then spreading happens for any u > 0, that is, hoo = 00
(i) If d > d*, then there exists i* > 0 depending on ug such that vanishing happens when
0 < p <% thatis, heo < 00, and spreading happens when | > i*.

Moreover, if in addition (3.3) is satisfied, then we have lim,_, |u(t +nT,x) — U(t, x)| =0
locally uniformly in (t, x) € R x [0, 0c0) when spreading happens, where U is the unique positive
solution of (3.6).

Proof. With the above preparations, the proof of this theorem follows from that of [25, Theo-
rem 5.2] by some slight modifications, and we omit the details. O

4. Estimates of spreading speeds when ¢ =0

In this section, we investigate the spreading speed for problem (1.1) with ¢ =0 when spread-
ing happens. We assume that there exist a, @, B, B in C"/20(R?) such that they are all

T -periodic in ¢ and [-periodic in x, that 3, ,3 are positive, and that

@) xll)rréo (a(t,x) —a(t,x)) =0, xll)rgo (a(t,x) —a(t,x)) <0 forallt € [0, T;
(i) lim (B(r.x)—B(t,x)) 20,  lim (B(z.x)—B(t,x)) <0 forall £ €[0,T];  (4.1)
(iii) A% (d, 00, @) < 0.

Here A (d, 00, ) is the generalized principal eigenvalue given in (3.4). Under the above as-
sumptions, we immediately obtain from the proof of Lemma 3.1 that, A;(d, 0o, @) < 0 and
A’f(d ,00,®) < 0. In light of the analysis followed by the assumption (3.3), one sees that a func-
tion « (¢, x) satisfying (4.1) allows to change sign in x € R*,

In what follows, under the assumption (4.1), we will establish the upper and lower bounds of
the asymptotic spreading speeds for (1.1) when spreading happens. We should point out that, our
approach is different from that used in [6,11,25,26], where « (¢, x) is assumed to positive at large
x, and then the spreading speeds can be bounded by the speeds of suitable semi-wave solutions
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in spatially homogeneous environments. But when « (¢, x) truly depends on ¢ and x, and changes
signs at large x, the existence of the corresponding semi-wave solutions has not been obtained
yet.

Our method depends crucially on the existence of spreading speeds for the following problem
with double free boundaries in space-time periodic media

Ay =diee +i(at, x) — B(t, x)i), gt) <x <h(), t >0,
i, g(t)) =a(t, h(t)) =0, t>0,
- - “4.2)
g ()= —pie(t,g(t), h'(t) = —piy(t, h(t), t>0,
§(0) = —ho, h(0) = ho, @(0,x) = iip(x), —ho < x < h,

where the initial function
iio € H(ho) := {¢ € C([—ho, hol) : ¢(£ho) =0, ¢ > 0in (—ho, ho)}.

Proposition 4.1. Let (i1, g, h) be the solution of problem (4.2) with initial function g € H (ho).
Suppose that the functions «, p € C*/%0(R?) are both T -periodic in t, I-periodic in x, and that
)ﬁf (d, 00, a) < 0 where AT (d, 00, ) is defined as in (3.4). Then there exist two positive constants
c* = c*(a, B) and ¢y = ci(a, B) such that, if —limy_o0 §() = limy_ o0 A (t) = 00, then

10 _h@)
lim =—= = —c¢,, Ilim — =c¢",
t—>o00 t t—oo

and

lim inf  #@(t,x) >0 for —c, <—cy<cy <c*.
I—>00 —t<x=cit

Proof. Since XT(d, 00, ) < 0, a direct application of [21, Corollary 1.2 and Theorem 1.6] im-
plies that the following problem

Wi —dWyy = W(a(t,x) — B(t, x)W), tel0,T], x e,
W, x) =W, x+1), tel0,T], xR, 4.3)
W(T,x)=W(0, x), x €R,

admits a unique positive solution W € C12(IR?). Moreover, such a solution is globally asymp-
totically stable in the sense that for any nonnegative bounded non-null function vy € C(R), there
holds

v(t+s,x;099) — W +5s,x) = 0 as s — oo locally uniformly in (¢, x) € Rz,

where v(¢, x; vg) is the unique solution to the Cauchy problem

vy =dvgy +v(a(t, x) — B(t,x)v), t>0, —00<x <00,

v(0, x) = vo(x), —00 < X < 00.
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Then the desired results follows directly from [4, Theorem 1.1 and Remark 1.2]. This proves
Proposition 4.1. O

The above proposition indicates that ¢*(«, B) (resp. c«(«, B)) is the rightward (reps. leftward)
spreading speed for problem (4.2) with space-time periodic coefficients « and §. If we further
assume that o (¢, x) = a(t, —x) and B(¢, x) = B(¢t, —x) for (¢,x) € R2, it is then easily checked
that c¢*(«, B) = c«(«, B), and that c*(«, B) is the spreading speed for problem (1.1). Moreover
generally, as an easy corollary of Theorem 4.1 below (see also Remark 4.1 below), one will see
that problem (1.1) admits a spreading speed when spreading happens if «, § are merely spatially
asymptotically periodic.

Assume that o, § satisfy the assumptions in Proposition 4.1. Clearly, problem (4.2) with
(e, B) replaced by (o — €, B + €) (resp. (¢ + €, B — €)) admits a rightward spreading speed
c*(a—€, B+e€) >0 (resp. c*(a + €, B —€) > 0) for small € > 0, say € < €y. In what follows,
we will prove that both ¢*(« — €, 8+ €) and ¢*(« + €, 8 — €) converge to c*(«, B) as € — 0.

Before starting the proof, let us recall some existing results on ¢*(«, 8) given in [4]. Actually,
the proof of [4, Theorem 1.1] infers that ¢*(«, B) is also the rightward spreading speed to the
following free boundary problem

w; = dwyyx + w(a(t,x) — B, x)w), —o0o<x<h(), t>0,
w(t, h(@) =0, h'(t)=—pwy(, h(t)), t>0, 4.4)
w(0) =hg, w(,x)=wolx), —o0 < x < hy,

with initial function wgy € C((—o0, hg]) N L ((—o0, hg]) satisfying wo(hg) = 0 and wo(x) > 0
for x € (—o0, hg). Next, we define a set M consisting of functions ¢ (£, x) in C (R?) with the
following properties:

(a) Foreach & e R, ¢ (&, x) is nonnegative and [-periodic in x;
(b) ¢ (&, x) is uniformly continuous in (€, x) € R2;
(c) For each fixed x, ¢ (£, x) is nonincreasing in &; @.5)
(d) Forany & € R, there exists a real number Hy = Hy (&) such that
¢(& +x,x)>0forx < Hyand ¢ (& + x,x) =0 for x > Hy;

&) 0<¢(—o0,x) <W(0,x)forall x e R,

where W (t, x) is the unique positive solution of problem (4.3).

Let the operator Q4 : M — M generated from the Poincaré map of the solution to problem
(4.4) (see the definition at the beginning of [4, Section 3] for more details). As the definition (3.3)
in [4], for any fixed ¢ € M and any fixed ¢ € R, we define the sequence {a (£, x)},eN by the
following recursion

ag (&, x) = max [$(&, ), Qlag_ 116 +e.))

with ay(§, x) = ¢ (&, x). In particular, if we choose ¢ (¢, x) € M such that ¢(§,-) =0if &£ > 0,
then [4, Lemmas 3.7, 3.8] implies that

¢ < Tc*(a, B) if and only if aﬁO(O, x) > ¢(—o00,x) forsomenygeNandall x e R. (4.6)
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In a similar way, for any € € (0, €p] and ¢ € R, we can define the sequence {ag’n(é‘, X)}nen by the
following recursion

a6 (6, ) =max {$ (6, %), Oc+lal, 1) +e.0)]

with ai(&, x) = ¢ (£, x). Here Q¢ 1 : M — M is the operator generated from the Poincaré map
of the solution to problem (4.4) with («, B) replaced by (o — €, 8 + €). Then we have

c<Tc*(a—¢€,B+¢€) ifandonlyif

4.7
aé n (0, x) > ¢(—00,x) forsome ne € Nandall x € R. @.7)

Lemma 4.1. Assume that o, B satisfy the assumptions in Proposition 4.1. Then

lin})c*(oz —€,B+€)=c"(a, B).

Proof. Since fe(t,x,u) := u((a(t x)—e€)—(B(t,x)+ e)u) is nonincreasing in € € (0, €] for
teR, x eR, u>0, it is easily checked from the comparison principle (see e.g., [5, Propo-
sition 2.10]) that ¢*(¢ — €, 8 + €) is nonincreasing in € € (0, €g], and c*(@ — €, 8 + €) <
c*(a, B) forall € € (0, €]. Therefore, the limit lim¢_, o c* (¢ — €, B+ ¢€) exists and lim¢ .o c* (¢ —
€, f+e)<c*(a,p).

Assume by contradiction that lime_gc*(a — €, 8 + €) < ¢*(«, B). Then there exists some
¢’ € R such that ¢*(a — €, B +€) < ¢’ < c*(a, B) for all € € (0, €], and hence,

Tc*(a—e€,B4+€)<Tc <Tc*(a, B) forall € € (0, €.
We now choose ¢ = T'¢'. It follows from (4.6) that
aﬁO(O, x) > ¢(—00,x) forsomeny € Nandall x e R. 4.8)

Since the solution to problem (4.4) is continuous with respect to perturbations on « and g, it
follows that, for any ¢ € M,

Qe +[01(§ +x,x) = O+[¢1(§ + x,x) as € — 0 locally uniformly in (¢, x) € R

Then, by the definitions of a¢ ,, and a,,, we have

ag‘no(é +x,x) —> azo(é + x,x) as € — 0 locally uniformly in (£, x) € R%.
This together with (4.8) implies that there exists some small €] € (0, €9) such that

61 1o (0, X) > ¢ (—00, x) for x in a given bounded subset of R.

Since a€l no? ¢ € M, the property (a) of (4.5) yields that a¢ , (0,x) and ¢(—o0,x) are

[-periodic in x, and hence,

€1,10

0,x) > ¢p(—o00, x) forall x e R.

E1 no
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It then follows from (4.7) that ¢ < Tc¢*(a — €1, B + €1), which is in contradiction with the as-
sumption that c* (o — ¢, B +€) < ¢’ for all € € (0, ¢p]. Lemma 4.1 is thus proved. O

Lemma 4.2. Assume that o, B satisfy the assumptions in Proposition 4.1. Then

lin(l)c*((x +¢€,B—¢)=c*(a, B).

Proof. Let M be a subset of C(R?) consisting of functions ¢ (£, x) with properties (a)—(d) in
(4.5) and (e) replaced by

(e) p(—o00,x) > W(0, x) for all x € R.

Then similar analysis to that used in [4, Lemma 3.2] implies that Q4 is also a map from M
to M. For any fixed ¢ € M and any fixed c € R, we now define the sequence {b, (£, x)},en by
the following recursion

by (&, x) = min {$(&, ). Q41b5_ 11 +e.0))

with by (&, x) = ¢ (&, x). In particular, we choose ¢ (&, x) € M such that ¢ (§,x) > 0 forx e R
if £ < 0. Due to the property (¢), there exists a large positive constant M such that ¢ (—M, x) >
W (0, x) for all x € R. It then follows from similar arguments to those used in [4, Lemmas 3.7,
3.8] that

¢ > Tc*(a, B) if and only if bflo(é,x) < ¢(&,x) forsomenyeNandall £ €[—M,0], x eR.

In view of this property, the rest of the proof of Lemma 4.2 is analogous to that of Lemma 4.1,
and we omit the details. 0O

With the above preparations, we are now able to establish the lower and upper bounds for
the spreading speed of (1.1) when spreading happens. Under the assumption (4.1), it immedi-
ately follows from Proposition 4.1 that problem (4.2) with the pair («, B) replaced by (a, B)
admits a rightward spreading speed ¢*(a, B). Correspondingly, let ¢* (@, ) denote the rightward
spreading speed for (4.2) with («, B) replaced by (@, ). Then we have the following result.

Theorem 4.1. Suppose that (4.1) holds. Let (u, h) be the solution of problem (1.1) with g =0
and uy € H(hg). Then when lim;_, oo h(t) = 00, we have

. h(@) . h(t)
liminf — > ¢ (¢, B), limsup— <c*(a, B), 4.9)
1—oo t oo 1 =
and
lim inf wu(,x)>0 for 0<ci <c*(, B). 4.10)

t—o00(0<x<cit
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Proof. As in (2.18) and (3.2), let &(¢, x) and B(¢, x) be the even functions in x € R extended
by «a(z, x) and B(t, x), respectively. Due to the assumption (4.1), it follows from the proof of
Proposition 3.3 that problem (3.8) admits a unique positive solution U € C'-2([0, T'] x [0, 00))
satisfying (3.7). Moreover, since )le(d, 00, ) < 0 and AT(d, o0, o) <0, and «, «, ﬁ, B are all
space-time periodic functions, we know from [21, Corollary 1.2] that the following two problems
Qt_dgxng(g(tax)_ﬁ(tvx)g)v te[ov T]v XGR,
Ui, x)y=U(t,x+1), tel0,T], xeR, (4.11)

U, x)=U(Q,x), x eR,
and

Ui —dUs =U@(@1,x) = (1. 0)U),  1€[0,T], xR,
Ut,x)=U(t,x +1), 1€l0,T], xR, (4.12)
U(T,x)=U(0,x), x R,

admit, respectively, unique positive solutions U € C12([0, T] x R) and U € C"2([0, T] x R).

For clarity, we divide the following arguments into three steps.

Step 1: The unique positive solution U of (3.8) satisfies

liminf ]((J(t,x)—g(z,x))zo, limsup (U(t,x) —U(t, x)) <O. (4.13)

x—00, te[0,T x—00, t€[0,T]

We only give the proof for the first inequality of (4.13), since that of the second one is similar.
Let €9 > 0 be a small constant such that

A’f(d, 00, —€g) <0 and ﬁ(r,x) —¢€o0 >0 forall (z,x) € R2. (4.14)

Due to the assumption (4.1), for any € € (0, €¢], there is Ry = Ro(€) > 1 such that

{ alt,x) >a (t,x)=alt,x) —e,  Bt,x) <P (t,x):=p,x)+e
(4.15)

alt,x) <@ (t,x):=a(t,x)+e,  Blt,x)=p (1,x):=p( x)—¢€
forall x > Ry, t € R. _ _
Clearly, A1(d, o0, «¢) < 0. Thus, problem (4.11) with («, B) replaced by the pair (e, ,86) ad-

mits a unique positive solution U, € C 1210, T1xR). We now choose a sequence {(f,, X,) }neny C
[0, T] x RT such that x,, — oo as n — 00, and

liminf _ (U(t,x) — U (t,x)) = lingo(ﬁ(tn,xn)—ge(t,z,xn)).

x—00, t€[0,T]

Then, on the one hand, for each n € N, set

Up(t,x)=U(t 4+ ty, x +xn), VxR, 1 €[0, T].
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This function satisfies
(Un)t _d(Un)xx = 0n(&(t + 1y, X +xp) — B(t + 1y, X +xn)0n)v VxeR,te[0,T].

Since o, B € CVo/2v0 (R x [0, 00)), it is obvious that &, E € CY0/2v0 (Rz). Then one may assume
that there exists a pair (¢e0, Boo) such that, up to extraction of some subsequence,

v/2,v

Toc (Rz) asn — oo,

Gt +ty, X+ Xn) = doo(t,X), Poo(t + 1y, X +xy) = Boo(t,x) in C

for all 0 < v < vg. In view of sup,¢[o 77, ver U(t, x) < ka/k1, the Schauder parabolic estimates
implies that, up to a further subsequence, there exists Un, € C2(R?) such that

U, (t, x) = Uso(t, x) in C};2(R?) as n — oo. (4.16)

Clearly, Uy, solves

(Uso)t — d(Uso)xx = Uso (oo (1, X) — Boo(t, X)Usxo),  x €R, 1 €[0,T],
Uso(T, x) = Uso (0, x), xeR.

Since inf;¢[0, 7], xeR f](t, x) > 0, we have

inf  Us(t,x) > 0.
t€[0,T], xeR

On the other hand, for each n € N, write x,, = x,, + x,, with x), € [Z and x, € [0, ), and set
U, t,x)=U(t+1t,,x+x,), forxeR, 1el[0,T].
Then since o (¢, x) and Be (t, x) are [-periodic in x, it is easily checked that Qe!n(t, x) satisfies

(Qgsn)t - d(gg,n)xx zgg’n(ge(t +th, X +xy/,/) - Bg(l‘ + i, x +x,/1/)Qe,n), VxeR,te[0,T].

Proceeding similarly as that in deriving (4.16), one may assume that, taking a subsequence if
necessary, X, — Xoo € [0, 1], 1, = fo € [0, T], and

U, ,(t,x) = U, o(t,x) in C;2(RY). 4.17)
Clearly, U .00 is positive and it solves

(QG,OO)I - d(ge,oo)xx

— xeR,tel0,T],
:Qe’oo<g5(t+t007x+xoo)_ﬁ (t+too,x+xOo)gE’oo>,
Ueoot,x)=U, (1, x +1), xeR, tel0,T],
Qe,oo(Ty x)zge,oo(oa x)’ x eR.
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By the uniqueness of positive solution to the above problem (see e.g., [21, Corollary 1.2]), we
have

Qe’oo(t,x) =U (t +1o0, X +Xx), forxeR,te[0,T].
Next, we prove that
Uoo(t,x)zge(t+too,x+xoo), VxeR, te[0,T]. (4.18)
Since x,, — 00 as n — 00, it follows from (4.15) that
Qoo (1, %) = & (f + foo, X + Xoo)s  Boolt, x) < B (4100, X +X00), VX €R, 1 €[0, T].

We choose ¢ € C(R) such that 0 < ¢ <inf,¢[0,7], xeR Uso(t, x) and ¢ % 0. Then the parabolic
maximum principle implies that

vt +mT,x;¢)>v(@t+mT,x;¢), VxeR,t€[0,T], m €N,
where v(¢, x; ¢) is the unique solution to the Cauchy problem

Uy — dUyy = V(oo (2, X) — Boo(t, X)V), xeR, >0,
(0, x) = ¢ (x), x eR,

and v(¢, x; @) is the unique solution to the Cauchy problem
U — dvyy = V(@ (t + oo, X +Xoo) = B (t oo, X +Xo0)V), X ER, 1>0,
{U(O,X)=¢(x), x eR.
Applying the parabolic maximum principle to the equation of v yields that
Uso(t, x) > 0(t +mT,x; $), Vx €R, 1 €[0,T], m e N.

Moreover, since A7 (d, 00, ¢€) < 0, and a(f + fo0, X + Xoo), B(f + Ioo, X + Xoo) are T -periodic
in t and [-periodic in x, a direct application of [21, Theorem 1.6] implies that

vt +mT,x;¢) — U (t + oo, X + Xo0) = 0 as m — oo locally uniformly in (¢, x) € Rz,

which immediately deduces (4.18).
Lastly, we complete the proof of this step. The inequality (4.18) together with the conver-
gences (4.16) and (4.17), in particular, implies that

lim (ﬁ(tn: xn) — U, (tn, xn)) >0,
n—00

that is,

liminf (U (t,x) — U, (t,x)) > 0.

x—00, t€[0,T]

Since U, varies continuously in €, sending € — 0, we obtain the first equality of (4.13).
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Correspondingly, the second inequality of (4.13) can be proved by showing that

limsup (U (,x) — U (t,x)) <0,

x—00, t€[0,T]
where U € C1'2([0, T] x R) is the unique solution to problem (4.12) with (@, B) replaced by
the pair (@, EE).

Step 2: Lower bound in (4.9) and (4.10).
We will construct a suitable lower solution to problem (1.1) in this step. Let us first fix a small
€ € (0, eg] with €g given in (4.14). Since

alt,x)>a.(t,x),  B(t,x) <B(t,x),

VxeR, tel0,T],
at,x) <a(t,x), B(t,x)>p_(t,x),

by similar arguments to those used in deriving (4.18), we have
Ut,x)>U.(t,x) and U(t,x)<U (t,x), VxR, 1 €[0,T].

Applying the strong parabolic maximum principle to equations of U and U, and to equations of
U and U*, immediately implies that

Ut,x)>U.(t,x) and U(t,x) <U (t,x), VxR, 1 €0, T].
In light of (4.13), we can find some R; = Rj(¢) € [N sufficiently large and &9 > O such that

U(t,x) — 8 > U, (t,x),
B} . Vx> Ry, t€[0,T). (4.19)
U, x)+d0=<U (t,x),

Without loss of generality, we can assume that R; > Ry, and hence (4.15) holds for all x > R;
and r € R.
Let r1 =r1(¢€) be a sufficiently large constant such that

Ad,r,al) <0, VyeR, (4.20)

where gz (t,x)=a.(t,x+y)for(t,x,y) € R3. Indeed, the existence of such r; follows from
the facts that A7(d, r, al) — Aj(d, 00, a,) asr — oo uniformly in y € R (see [21, Theorem 2.6])
and that 7(d, 00, &) < 0.

By the assumption lim,_, » i (#) = 0o, we have from Theorem 3.1 (i) that

lim |u(z +nT,x)—U(t,x)| =0 locally uniformly in (, x) € R?,
n—>oo

where U is the unique positive solution to problem (3.6). Furthermore, by the proof of Proposi-
tion 3.3, we clearly have U(t,x) = U(t, x) for t € [0, T], x € [0, 00). It then follows that there
exists 71 € TN depending on Ry and rq such that 4(T7) > R + r1, and that
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Ut,x)+ %O >u(t+T1,x)>U(r, x) — %0 Vi>0,0<x<Rj+r]. 4.21)
We now define
nt)=ht+T)— R, w(t,x)=u(l+T,x+Ry), fort >0, x>0.

It is straightforward to check that the pair (w, n) satisfies

wy —dwxx=w(0t(t+T1,x+R1) —,8([+T1,x+R1)w>, t>0,0<x<n@),
w(t,0)=u(t+ 11, Ry), t>0,

w(t, () =u@+ Ty, h(+T1)) =0, t>0, (4.22)
n' (1) = —pwx(t, n()), >0,

n(0) =h(T1) — Ry, w(0,x)=u(T1,x + Ry), 0 < x < n(0).

Next, we fix some ¢ € H(r1) such that
¢o(x) <U.(0,x), forO<x <ry.

Let (u¢, ge, he) be the solution to the following free boundary problem

(e) — d(e) ey = uea (1, x) — B (1, X)ue), 1>0, ge(t) <x <he(t),

ue(tvge(t))zov ue(tvhf(t)):()a t>09
he(t) = —n(ue)x (t, he (1)), t>0, (4.23)
8e(t) = —p(ue)« (1, ge (1), 1>0,

8e(0)=—r1, he(0) =11, ue(0,x) =¢o(x), —ri<x=<ry.

Due to (4.20), applying [5, Theorem 1.2] to problem (4.23) implies that —lim;—, o ge(?) =
lim;_, o he () = 00. Moreover, it follows from the parabolic maximum principle that

ue(t, x) <U(t,x), V120, ge(t) =x <he(r).

This together with the first inequality of (4.19) and the facts that U (¢, x) is [-periodic in x and
R; €N implies that

ue(t,x) U (t,x) =U (t,x+ R) U@, x + Ri) =80, V1 20,0 <x <he(r).
It then follows from the second inequality of (4.21) that
- 80
wt,0)=u+Ti,R)=UE, R) — 5z ue(t,0), vi =0,

and
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~ 80
w(0,x) =u(T1,x+ R1)>UO,x+ Ry) — >z ue(0,x), VO<x <ri.
Furthermore, by (4.15) and R; > Ry, Ry € IN, T} € TN, we have

a(t+T,x+R)>a (t+T,x+R)=a.(t x),
for t >0, x >0.

Bt +Ti,x+R)<B(t+Ti,x+R)=p(t,x),
Thus, we obtain

w; —dwyy > wle, (t,x) — Ee(t, w), t>0,0<x<n@),

w(t,0) > uc(t,0), t>0,
w(t, () =0, t>0,
g'(1) = —pwy(r, n()), 1>0,

and
n0)=h(Ty) — Ry >r1, w(0,x) >uc(0,x), VO<x <ry.
Then the comparison principle Proposition 3.2 (together with Remark 3.1) implies that
nt) > he() fort >0, and w(t,x) >uc(t,x), Vt >0, 0<x < h(t).
Therefore, we have

@:ﬁ(l—Tl)-i—Rl >he(f—T1)+R1

t t t

vt > T,

and
u(t,x)=w—Ti,x = R1) >uet —T1,x — Ry), Vi >T1, Ry <x < he(1).
Applying Proposition 4.1 to problem (4.23), we obtain limy_, o he(£)/t = c* (., EG), and

lim inf uc(r,x) >0, for 0<c <c*(a,,B).
t—00(0<x<cit

It then follows that liminf; o £(2)/t > c*(a,, Bé), and

lim inf  w(t,x) >0 for 0 <cy <c*(a,, ).

t—00 Ry <x=<ct
This together with Lemma 4.1 and the second inequality of (4.21) immediately gives the first
inequality of (4.9) and (4.10). The proof of Step 2 is now complete.

Step 3: Upper bound in (4.9).
We will construct a suitable upper solution to problem (1.1) in this step. Let €, 71, R be
chosen as in Step 2 and let (u€, g€, h€) be the solution to the following free boundary problem
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uy —dus, =u @ (t,x) — B_(t, x)u), >0, g€@) <x <h®(@),
u(t,8°()) =0, u(t, h (1)) =0, t>0,
(h)' (1) = —p(u)x (1, R (1)), t>0, (4.24)
(89 (1) = =) (t, g° (1)), t>0,
g°(0) = —ho, h*(0) =ho, u(0,x) =uo(x), —ho=<x =<ho.

Without loss of generality, we can assume that h is large enough such that A (d, ho, o) < 0 for
all y € R, where art, x) =a.(t,x + y) for (¢,x,y) € R3. Then applying [5, Theorem 1.2] to
problem (4.24) implies that — lim,_, oo g€ () = lim;_, ox A€ (¢) = 00, and
lim |u€(t +nT,x) — U* (t, x)} =0 locally uniformly in (¢, x) € R?.
n—oo

Then exists 7> € TN such that 7> > T} and
€ T7€ o
u'(t+Tr,x)=U (t,x) — 5 Vi >0, 0=<x=<h(T).
This together with the second inequality of (4.19) implies that
€ +€ o o do
u(t+T,x)=U (t,x) — 5z U, x)+ > Vi >0, Ry <x <h(Th). (4.25)
Next, we define

W) =ht+T)— Ry, w(t,x)=u@t+Tr,x+Ry), Vt>0,x>0.

Clearly, (w€, n€) satisfies

w; —dws, = w (@ (1, x) —éé(t,x)wé), t>0,0<x<n(),
wé(,0)=u(t+ T, Ry), t>0,

w(t, N (1) =u(t + T, h(t + T2)) =0, t>0,

() (1) = —pwg (1, n(1)), t >0,

n°(0) =h(T2) — Ry, w0, x) =u(T2,x + Ry), 0=x=n0).

Let (w, ) be the unique solution to problem (4.22). It then follows from the first inequality of
(4.21) and (4.25) that

~ 8
w(t,0) =u(t+ T2, R)) = U(t,Ry) + 50 >u(t+Ty, R)=w(,0), Vi >0,
and

N S
wé(0, x) =u(Ty, x + R1) = U0, x + R)) + 30 > u(Ty, x + Ry) = w(0, x),

VO<x <h(T}) — R;.
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Furthermore, as in Step 1, we conclude from (4.15) that

a(t+ Ty, x+ Ry) <a(t+ Ty, x + Ry) =ac(¢, x),
for t >0, x >0.

Bt +Ti.x+R)=B t+Ti,x+R)=pB_(1,x),
It is then easily checked that

wr —dwey w@ (1, x) — B (L, x)w), >0, 0<x<n),

w(t,0) <we(t,0), t>0,
w(t,n(t) =0, t>0,
n'(t) = —pwy(t, n(t)), t>0,

and
n(0) <n(0), and w(0, x) < w(0, x) for 0 <x < n(0).

The comparison principle Proposition 3.2 (together with Remark 3.1) implies that n€(z) > n(t)
for t > 0. Therefore, we have

h(t t—T))+R C¢=TH+Ry h(t—-T1+T
h@) _n@—T)+ 1577( DR _hG-T+ 2)’ fort > Ty,

t t t t

Applying Proposition 4.1 to problem (4.24), we obtain lim; o0 h€(#)/1 = ¢*(@°, B ), and hence
limsup,_, A1)/t < c*(@F, ée). Finally, the second inequality of (4.9) follows from Lemma 4.2
by letting € — 0. The proof of Theorem 4.1 is thereby complete. O

Remark 4.1.If, in addition to the assumption (4.1), we assume that «(f,x) = o(f,x) and
B(t, x) = B(t, x), that is, the functions «(z, x) and B(¢, x) are spatially asymptotically periodic,
then a direct application of Theorem 4.1 implies that problem (1.1) with ¢ = 0 admits a spreading
speed ¢* > 0.

5. Spreading-vanishing dichotomy when ¢ is small

This section is concerned with the influence of advection g on the asymptotic behavior of
solutions to problem (1.1) under the assumption (3.3). We will show that the spreading—vanishing
dichotomy still holds when g is small.

Forany g > 0,d >0, L >0, let A1 4(d, L, @) denote the principal eigenvalue of the periodic-
parabolic eigenvalue problem (2.1). From Proposition 2.3, we see that A1 4(d, L, @) is strictly
decreasing with respect to L and limy o A1,4(d, L, o) = co. Moreover, A1 4(d, L, o) possesses
the following properties.

Lemma 5.1. Suppose that (3.3) holds. Let q* = 2,/—d)\](d, 00, &), where A}(d, 00, ) is
the generalized principal eigenvalue given in (3.4). If 0 < q < q*, then there exists L* =
L*(d, q,a) > 0 such that

Mg(d,L,a) <0for L>L*, and 1 4(d,L,a)>0 for 0 <L <L*.
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Proof. For any g > 0, we denote A1 4(d, 00, ) :=1limy 00 A1,4(d, L, ). Since A| 4(d, L, ) is
strictly decreasing in L and limy o A1 4(d, L, o) = 00, to prove this lemma, it suffices to show

that A1 4(d, 00, ) <0 when 0 <g < g*.
For any g > 0, let

)\’T,q(d’ 00, ) = sup {k €R: there exists ¢ € C12(R?) such that
@ is T-periodic, ¢ > 0 and (£ — A)¢ >0in Rz},

with L¢ 1= ¢ — d@xx — qox — a(t, x)p for ¢ € C12(R x R). Since a(f, x) is T-time periodic
in t, [-periodic in x, it follows from [20, Theorems 2.12] that

(d 00, Q) = maxk(@ q), 5.1

where, for each 6 € R, k(6; g) is the principal eigenvalue of the following eigenvalue problem

¢ = sy = 2d0¢ — qpx — (d0° + 40 + (1. 0))p =h¢, (1. x) €R?,
¢(t,x) >0, (t,x) € R?,
¢, x)=¢(t+T,x+1), (t,x) e RZ.
Take ¢pg € C 1’2(R2) to be the principal eigenfunction associated with k(8; ¢g). It is then straight-
forward to check that
2

(@0); = d(@o)ax =24 (0 + 55) @) = (d(0+55)" +e(t. ) oo = (kO3 ) = T ).

Therefore, we have

2
N4 9
kO q) = o k(e S 0) foralld R, g > 0.
This together with (5.1) implies that
q 72
4, k 10) + -~ forg = 0. 52
g(d 00, 0) = max (0— 20 )+4d orq > (5.2)

On the other hand, when g = 0, it follows from (5.1) that )ﬁf (d, 00, ) = maxgeRr k(6; 0). Then
by (5.2), we obtain

2 2 2

q
* (d, 00, &) = maxk(0 — L. 0) + L = maxk(©:0)+ L =2*(a, iy
i.q(d> 00, @) =maxk(6 - )+4d maxk( )+4d i °°“>+4d

Thus, if 0 < g < g*, then A} q(d 00, &) < 0, and hence, by similar arguments as those used in
the proof of Lemma 3.1, we obtam Al,4(d, 00, a) < 0. This ends the proof of Lemma 5.1. O
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In what follows, we use the notation (u, /) to denote the solution to problem (1.1) with initial
function ug € H(ho) and set hoo := lim;_, » A (#). We now consider the long-time behavior of
(u, h). We begin with the following vanishing property.

Lemma 5.2. If hoo < 00, then lim;_, oo MaXo<x<p () U(t, x) = 0.

Proof. Applying parabolic maximum principle to problem (1.1), we immediately obtain that

K

0 < u(t, x) < max [—2, ||uo||Loo<[o,h0])} forz >0, 0<x < h(t), (5.3)

K1
where k1 and x are the positive constants given in the assumption (1.2). By Proposition 3.1, for
any n € N, there holds
”” ||C1+a/2,2+a(D,,) + ||h||cl+a/2([n+1,n+2]) =C,

where D, = {(t,x): n+ 1<t <n+2,0<x <h@))}, C is a positive constant depending
on h(n), lleell cvorzvo ®x(0.00)) > 1Bl cvor200 R (0.00)) a0 (2, )10,k (my1)- Furthermore, due to
heo < 00 and (5.3), it follows that C is independent of n. So we have ”h||cl+ot/2([1 00)) <2C.
This together with /1o, < 00 implies that lim;_, o, A’ (z) = 0. It then follows from the proof of [25,
Theorem 4.1] that lim;_, oo MaXo<x<n(s) (t, x) = 0. Lemma 5.2 is thus proved. O

As a corollary of Lemma 5.2, we have the following spreading property.

Lemma 5.3. Suppose (3.3) holds. Let q* and L* be the positive constants determined in
Lemma 5.1. If 0 < g < q* and ho > L*, then hoo = 00 and liminf;_, oo maxo<x<p(;) u(t, x) > 0.

Proof. Without loss of generality, we can assume that ig > L*. Otherwise, since h(t) is strictly
increasing in ¢ > 0, it follows that h(fg) > L* for some small to > 0. Then we can obtain the
desired result by repeating the same analysis as follows with the initial function uo € H(ho)
replaced by u(tg, -) € H(h(t)).

Let (A1,4(d, ho, ), ®(¢, x)) be the principal eigenpair of the periodic-parabolic eigenvalue
problem

O —dPyy —qPx —a(t,x)P=21D, O0<t<T,0<x<hy,
D, (t,0) =0, ®(t, hg) =0, 0<t<T, (5.4)
®(0,x) =D(T, x), 0 <x < ho,

such that ® > 0 and || ®||zoo([0,7]x[0,e]) = 1. Since g > L* and 0 < q < g%, it follows from
Lemma 5.1 that Ay 4(d, ho, o) < 0. Set

w(t,x)=8®(t,x) fort>0,0=<x<hy,
where § is a positive constant such that

)\-1 q(dahOaa)
P(t,x) < ————fort>0,0<x<hg and §P(0,x) <ug(x) for0=<x <hy.

K2
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Here k7 > 0 is the upper bound of B(¢, x) given in (1.2). Then a direct calculation yields that

w; —dWyy — qWyx — w(a(t,x) — ﬂ(t,x)w) <0, t>0,0<x <hy,
wy(t,0) =0, w(t, ho) =0, t>0,

w(0, x) <up(x), 0<x <hy.
The parabolic maximum principle asserts that u (¢, x) > w(¢, x) fort > 0, 0 < x < hg, and hence,

liminf max u(z,x) >liminf max §®(z,x) > 0.
t—00 (0<x<h(t) =00 0<x<hg

This together with Lemma 5.2 deduces that s, = 0o. The proof of Lemma 5.3 is thereby com-
plete. O

Lemmas 5.2-5.3 immediately imply the spreading-vanishing dichotomy when 0 < ¢ < ¢*,
that is, either fioo < L™ or hog = 00. Let us now turn to the investigation of the long-time behavior
of (u, h) when hg < L*.

Lemma 5.4. Suppose (3.3) holds and 0 < g < q*, hg < L*. Then there exists jo > 0 such that
vanishing happens if i < [o.

Proof. We will construct a suitable upper solution of problem (1.1), which vanishes when
w is small. The proof follows from the arguments used in [11, Lemma 3.10] (see also [25,
Lemma 5.2]) with some modifications. For the sake of completeness, we include the details
below.

Set

o(t)=hot(1), T(t)=(1+8 Se ”’) fort >0,

and

t
h
w(t,x) = Me_th>(/ 7 2(s)ds, %x) fort>0,0<x <o(t),
o
0

where M, y, § are positive constants to be chosen later, and ® (¢, x) is the principal eigenfunction
of problem (5.4) such that & > 0 and || ®|| .oo([0,7]x[0,he]) = |- Since 0 < g < ¢* and hg < L*, it
follows from Lemma 5.1 that Ay ,4(d, ho, o) > 0. Moreover, applying Hopf Lemma to problem
(5.4) implies that ®(#,0) > 0 and P (¢, ho) < 0 for 0 <t < T. Then we can find a positive
constant C > 0 such that

P, (t,x) <CPD(t,x) for(¢t,x)e[0,T] x [0, ho]l. (5.5)

In the following calculations, we will use the notation & = fot 772(s)ds and n = xt 1 (r).
Thus we have w(t, x) = Me Y'® (&, 1), and for t > 0, 0 < x < o (¢), there holds
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w; —dWyy — qwy — w(oz(t,x) - ,B(Z,x)w)

Me_yt[ — Y@+ TP — xT AT ()P —dT (1) Dy
—qt ' )Py — P(a(t, x) — ﬁ(;,x)Me—y(t,x)rq,)]
= Mefyt[ —y P+ 1 2(OA1,g(d, ho, )P — xT 2T ()P, —q (7 (1) — T2 (1)) Dy

— (ot x) — (&, n)r_2(t))<l>].

By (5.5), it then follows that

w; —dWyy — qWy — w(a(l,x) - ,B(t,x)w)

Alq(d, ho, ) B Cho(1468)yé
146 2

> Me—V’cD[—er —Cqd— (a(t,x)—a(é,n)r‘z(t))]-

Since

) )
1435 ST0 <148, ho<l+§>§a(t)§ho(l+5),

we have
) 5\—2 _q S\ —1
(1+96) t555(1+5) (149 x§n§<1+§) N

It then follows that (Ol([, x) —alg, n)r‘z(t)) — 0 as § — O uniformly inr > 0,0 < x < o (¢).
Furthermore, due to A1 4(d, ho, @) > 0, we can find § > 0 and y > O sufficiently small such that

wr —dWyy — qwy — w(a(t,x) — ,B(t,x)w) >0, fort>0,0<x <o(t).

We now can choose M > 0 large enough such that

uo(x)fM(D(O = w(0, x) for 0 < x < ho.

X )
N()tice that O /(t) = h() 4 36 ) /2, and

t

—pw, (1, o (1) = MMe_y’r_l(t)‘QDn(f t=2(s)ds, ho)) <
0

e V! fort >0,
144/2

where C = max;efo,7] ®, (1, ho). Then by setting

_8(148/2)yho
2MC
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we have
o'(t) > —pwy(t,o(t)) for0 < u < g, t > 0.
Moreover, it is straightforward to check that
w(t,o(t))=0, we(,0)=0 forz > 0.

Combining the above, we obtain that (w(t, x), o (¢)) is an upper solution to problem (1.1). It
then follows from Proposition 3.2 that

h(t) <o(t) fort >0; u(t,x)<w(,x) fort>0,0=<x<h(t).
This implies that s, < ho(1 +8) < 0o and lim;_, oo Maxg<x<p(r) U, x) =0. O

Lemma 5.5. Suppose (3.3) holds and 0 < g < q*, hg < L*. Then there exists u° > 0 such that
spreading happens if i > 0.

Proof. Due to (5.3), we can choose some positive constant C > 0 such that
u(t,x)(o(t,x) — B, x)u(t,x)) > —Cul(t,x) fort >0, 0 <x < h(t).

Let (u, k) be the solution of the following free boundary problem

u, —du, —qu, =—Cu, t>0,0<x <h(r),
u,(t,00=0, u(t, h(t)) =0, t>0,
h/(t) = —Mu, (ty h(t))’ > O’

h(0) =ho, u(0,x) =uo(x),  0=<x<ho.

It then follows from the comparison principle Proposition 3.2 that
h(t)>h(t) fort >0; wu(t,x)>u(t,x) fort >0, 0<x <h(t).

Furthermore, similar analy§is to that of [25, Lemma 5.3] yields that Ehere exists ,uo > 0 such
that if i > u°, then A(fy) > L* for some finite 7y, and hence h(fg) > L*. It then follows from
Lemma 5.3 that hoo = 00 and liminf;_, oo maxo<x<p(s) u (¢, x) > 0. This proves Lemma 5.5. O

With the aid of Lemmas 5.4-5.5, we can adapt the same arguments as those used in [6, The-
orem 2.10] to prove the existence of a threshold value t* of u which governs the alternatives in
the spreading—vanishing dichotomy when %o < L*.

Summarizing the above results, we are now able to present the main theorem of this section.

Theorem 5.1. Suppose (3.3) holds and 0 < g < g*. Let (u, h) be the solution to problem (1.1)
with initial function ug € H(ho). If ho > L*, then spreading always occurs for any p > 0; and
if ho < L*, then there exists a unique ji* > 0 depending on uq such that vanishing occurs when
0 < u < 0™ and spreading occurs when p > 1*.
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Remark 5.1. Theorem 5.1 is an extension of the spreading—vanishing dichotomy given in [24]
for problem (1.1) with small advection and spatially homogeneous coefficients to the spatially
heterogeneous case. Indeed, when the coefficients o and § depend only on ¢, it follows from
Proposition 2.4 and Lemma 5.1 that

T
d
qgt=2 T/ot(t)dt.
0

Then Theorem 5.1 implies that the spreading—vanishing dichotomy holds when 0 < ¢ < g™,
which coincides with [24, Theorem 2.1], while it does not holds when g > ¢* (see [24, Theo-
rems 2.2-2.3]).
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