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Abstract

We study a p-Laplacian equation involving a parameter A and a concave-convex nonlinearity containing a
weight which can change sign. By using the Nehari manifold and the fibering method, we show the existence
of two positive solutions on some interval (0, A* + &), where A* can be characterized variationally. We also
study the asymptotic behavior of solutions when A |, 0.
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1. Introduction
Consider the following equation

—Apu= AMul™2u + flul” "2uin L,

P
ue W, (), )
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where @ C R" is a bounded domain with C! boundary, A >0, 1 <¢ < p <y < p* and p* is
the critical Sobolev exponent, f € L*°(2) and Wol’p (£2) is the standard Sobolev space. We say
that u € Wol’p(Q) is a solution of (P,) if u is a critical point for ®;, : W(;’p(SZ) — R where

1 A 1
(1) = —f|w|f’ - —/W - —/fw.
p q Y

We denote |u| = ( f |Vu|p)]/ P as the standard Sobolev norm in Wé "P(Q) and consider the
following extremal value

p—q

= lull?7

— — y=pr ullfv-r

p= D ()T g T,
Yy—q\Y—¢q uew, "\{0} llulld F(u)7=r

where F(u) = f flul¥. Let z € W(} "7(Q) be the unique positive solution of the Lane—Emden
equation

—Apu=ul"u  in Q,
ue W, (Q).

The main result of this work is the following

Theorem 1.1. Assume that f+ := max{f(x), 0} # 0. There exists ¢ > 0 such that for all A €
(0, A* + ¢€) the problem (P;) has two positive solutions wj,, u,. Moreover

D) Dy @y (wi)(wi, wy) <0, Dy Oy (up) (uyp, up) > 0;
(i) Cuy
lim —— =z.
20 W=

When p =2 and f =1 the problem (P;) was studied by Ambrosetti-Brezis—Cerami in [1].
There, among other things, they show the existence of A > 0 such that for all A € (0, A) the
problem (P,) has at least two positive solutions, while for A = A it has at least one positive
solution and for A > A there is no positive solution for (7, ). To find the first solution they used
the sub and super solution method, while for the second solution they used the mountain pass
theorem. Moreover, from the sub and super solution method, one can easily see that the first
branch of solutions which bifurcates from 0 satisfies property (ii). Later on, there was some
improvement in Ambrosetti—-Azorero—Peral [2], where the authors proved the existence of some
A satisfying the above properties, however for p > 1, f =1 and 2 a ball. Finally, the result was
generalized for p > 1 by Azorero—Peral-Manfredi in [3].

More recently, some authors studied the problem (P;) by using only variational methods, to
wit, the Nehari manifold (see Nehari [4,5]) and the fibering method of Pohozaev [6]. Among
these authors we can cite the work of II’yasov [7], which considered the problem (P,) with
0< feL%Q) and p > 1. He was able to show the existence of a parameter A* > 0 such that
for each A € (0, A*) the problem (P;) has two positive solutions. In [8] Brown—Wu considered
the case p =2 and a indefinite nonlinearity, that is, f change sign in 2. By minimizing over the
Nehari manifold they proved the existence of two positive solutions for small A.
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On the same direction, in [9] II’yasov provided a general theory by considering a generaliza-
tion of the Rayleigh quotient, where one is able to show the existence of solutions to nonlinear
elliptic equations depending on a parameter A. In the theory, the above mentioned parameter A*
is called an extremal value and if N is the Nehari manifold associated with (P;) then for all
A € (0, A*) we have that AV is a C! manifold with codimension one. These extremal values are
not new and can be found for example in Ouyang [10]. When A € (0, A*), by using standard min-
imization techniques, one can easily minimize the energy functional associated with (P;) over
the Nehari manifold, however when A > A* things get complicated because N, is no longer a
manifold and a finer investigation has to be done.

Our objective in this work is to study the problem (P,) only by variational methods, in
particular, we use the Nehari manifold and the fibering approach. We analyze the case where
f1 =max{f(x),0} # 0 and give a contribution on the understanding of the extremal Nehari
manifold N;+. By minimizing over a submanifold of the Nehari manifold A3 we show the exis-
tence of solutions for A near A*. A similar approach has been employed in II’yasov and Silva [11].

In Section 2 we collect some technical results. In Section 3 we show existence of two pos-
itive solutions for A € [0, A*]. In Section 4 we show existence of two positive solutions for
A€ (A%, A% + ¢). In Section 5 we study the asymptotic behavior for one of the branches of
solutions as A | 0. In Section 6 we prove the Theorem 1.1. In the Appendix, we prove some
auxiliary results and we present a table with the main notations which are used throughout the
work.

In this paper, ¢, C denotes positive constants which can change from line to line, however
they depend only on p, ¢, v, 2, f and its dependence on these parameters are not important for
the development of the work.

2. Technical results

In this section, we collect some technical results. Consider the Nehari manifold associated to
the functional ®, (see Nehari [4,5])

Ny = fu e WP @\ (0): Dy wyu =0}

Observe that all critical points of ®; are contained in N. Moreover, consider the subsets
N, N2, NE C N, defined by
N, ={ueN,: Dy®y(u)(u, u) <0}.
N =(ueN; : Dy ®; () (u, u) = 0}.
NP ={ueNy: Dyy®;(w)(u,u) > 0}.

When N7, N, ):" # 3, it follows from the implicit function theorem that N,”, NV, ):" are C! man-

ifolds of codimension one in W(;’p (). Moreover, denoting T, (N, , U N, )T ) as the tangent space
of the manifold \,” U™ at the point u we have the following results

Proposition 2.1. Take . > 0 and u € N;,” UN;;". Then D, ®; (u)v =0 forall v € W&’p(Q) if and
only if Dy ®; (u)v =0 for all v € T, (N,  UN;).
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(z))\,u

t; (u)

Fig. 1. Fiber map graph for F(u) <0.

Corollary 2.2. Suppose that ® restricted to N, U N, ):" has a critical point u, that is,
D, @ (u)v =0 for all v € T,(N, U/\/’;r). Then, u is a solution of (P,) and u € CH%(Q) for
some o € (0, 1).

Proof. From the definition of weak solution and the Proposition 2.1, u is a solution of (P;).
For the regularity, note from Tan—Fang [12] that u € L°°(€2) (one can also use Moser iteration),
therefore from Tolksdorf and Lieberman [13,14] the proof is completed. O

Now we consider the fibering approach (see Pohozaev [6]): let ¢ , : [0, 00) — R be the real
function defined by

G u (1) == Py (ru), (D

where u € Wol’p (£2) \ {0}. The understanding of the fibering maps will be of extremely impor-
tance in the next sections.

Proposition 2.3. For each u € Wé’p(Q) \ {0} and A > 0, the function ¢, is of class C*° over the
interval (0, 00). Moreover; if F(u) <0 then ¢, ,, has only one critical point at t;r(u) € (0, 00),
which satisfies ¢;f’u (I)T (1)) > 0. If F(u) > 0 then there are three possibilities

(I) There are only two critical points for ¢, ,,. One critical point at t;_ (u) with ¢;L/’u (t;j' u) >0
and the other one at t~ (u) with ¢;f’u(t; (u)) < 0. Moreover ¢, , is decreasing over the
intervals [0, t;f'(u)], [t, (u), 00) and increasing over the interval [tf(u), t, (u)] (evidently
0 <t <t ()

(II) There is only one critical point for ¢y, which is a saddle point at tf(u) > 0. Moreover
@ Is decreasing.
(IIX) The function ¢, , is decreasing and has no critical points.

Proof. The proof is straightforward. O

The following pictures give the possible graphs of the fiber maps. The case F(u) < 0 corre-
sponds to the Fig. 1. The case (I) corresponds to Fig. 2(a), the case (II) corresponds to Fig. 2(b)
and the case (IIT) corresponds to Fig. 2(b).

Observe that when F(u) <0, the graph of ¢, , will be always as in the Fig. | for any A > 0,
however, when F (1) > 0, this does not happen. Indeed, one can easily see that if F(u) > 0O then,
for A > 0 near 0, we have the graph as in the Fig. 2(a). By increasing A, we can find some A(u)
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¢A,u ¢>\,u d))\,u
‘ £3(w)
t'{'(u ‘: t t
t;(u)\ t
(a) F(u) >0 (I) (b) F(u) >0 (II) (¢) F(u) >0 (III)

Fig. 2. Fiber map graphs for F (1) > 0.

for which the graph of the fiber map will be as in the Fig. 2(b). After A(u) the graph will be
similar to 2(c).

Remark 2.4. If f > 0 then only (I), (Il) and (II1) may happen.

From the previous discussion, one can see that for each u € Wol’p(Q) \ {0} with F(u) > 0,
there is a unique A = A(u) > O such that ¢, , satisfies (II). Indeed, this is equivalent to solve the
system (with respect to the variables ¢, A)

{ ltwl|” — Alltull§ — F(tu) =0,
pltull? — g ltulld — v F(tu) = 0.
It follows that

1
Yy —q F(u

r=q pu r=q
A(u):)f—p<p—q)” lall™=> (v =plul” <p—q||ullp)w
Yy—qa\vy—q ”””ZF(”)% y—q lluld ) \y —q Fu)

From the construction we conclude that for each u € Wé P(Q) \ {0} with F(u) >0 and A €
(0, A(u)) the fiber map ¢, ,, satisfies (I) while ¢y ()., satisfies (II) and ¢, , satisfies (III) for all

A > A(u). Moreover /\/)? # () if and only if there exists u € Wé’p(Q) \ {0} such that A = A(u).
Observe that 7 (u) = tf(u) (). Define the extremal value (see I1’yasov [7,9])

2

—p(p—a\rt JuulP 72
w=r-r (u) inf | Fw)>0}. 3)
Yy —4q4\v—4q ueWy "N} | flulld F @) 7=r
Proposition 2.5. The following holds true

(i) the function A, defined in (2), is 0-homogeneous and 0 < A* < 00;

(i) N\ #0 and

N ={ueNy: Flu)>0, Au) = 1%}
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Moreover, each u € N, )E)* satisfies
—pApu— Mqlul?%u —ylul’ 2u=0;
(iii) NO =0 for each » € (0, .*) and N)E) % for each X € [A*, 00).

Proof. (i) The first part is obvious and the second is a consequence of the Sobolev embedding.
(ii) Since A is 0-homogeneous, we have that

pP—q

— — y=p 1
)\*:u<u)”inf — _ F >0},
y=4q4\y—4 PSS I F o)

where S = {u € W&’p(Q) . |lull = 1}. Let v, € S satisfies F(v,) > 0 and A(v,) — A*. Once
lvy]l = 1, we can assume that v,, — v in W(;’p(Q) and v, — v in L? (), LY (2). Note that
v = 0 because if not then A(v,) — oo. It follows that v/|v|| € S and F(v/|v]]) > 0. We claim
that v, — v in W(;’p (R2). Indeed, if not, by the weak lower semi-continuity of the norm, we
obtain that

A <”v_”) =A(v) < liminfA(v,) = 1%,
v

which is an absurd, therefore, v, — v in WO1 P(Q) and consequently v € §, F(v) > 0 and
A(v) = A*. Therefore ¢t (v)v € N)?@):A* and /\/)?* # (). Once /\/)?* # (3, the equality N0, = {u €
Nox: F(u) >0, A(u) = A*} is obvious.

To prove that any u € ,{‘)* satisfies

—pApu— Aoqlul92u — ylul’ 2u =0,
we note that Dy A(u)w =0 for all w € Wé "7 () and therefore

Y —q r=q r=q
(ﬁ) lll F @)= |ul|PY=> (= p A puw)

“4)

— _ —g—(y—p) —
— "7 [(u> Nl F @) 77 (yluf? 2uw) + F(u)”(qmr”uw)} =0.

From (4) we conclude that

_ p _ p

—pApuw — (—V p) el 20 — (—p q) bl 2w =0, v w e WP ).
Yy —q) |ullg Yy —4q) Fu)

&)

Once u € N, f*, we have that

<y —p) ||u||;’ o <p—q> llaell” L ©)
Y —a/ llullg Yy —q) Fu)
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From (5) and (6) we infer that u satisfies
—pApu— Aqlul??u — y flu)’ 2u=0.
(iii) It is a consequence of the definition of A*. O

The following results about the Nehari set N2 will be essential to prove the existence of
solutions for A > A*.

Corollary 2.6. The set Ny, is compact.
Proof. First, observe that u € /\/)?* implies
lull? = 2*|ulld — F) = 0= pllull” — A*qllull — y F @)
It follows that there exist positive constants ¢, C such that
1
¢ <llull < CIR*|74, Y u € Njx. (7)
Letu, € N2, forn = 1,2, .... From the Proposition 2.5 we know that
—pApy — AT Uy — v flun)” u, =0, Vu=1,2,... (8)
From (7) we can assume that, up to a subsequence, u,, — u in WOl P(Q) and u, — u
in LP(2), LY (). From (8) and the S* property of the p-Laplacian operator (see Drdbek—
Milota [15]) we conclude that u,, — u in WO1 "P(€2) and consequently N7, is compact. [
For A > 0 we define
Noo={ue WyP( @)\ {0}: F(u) >0, ¢y, satisfies (I)},
and
7+ Lp
NP ={ueWwy (2)\{0}: F(u) <0}.

Remzlrk 2.7.AN0te thqtfor )LA> 0 we have /\A/'A # (. Moreover, for L1, A2 € (0, A*) we also have
that]\f)\1 ZN)\Q and./\/'—r =./\/IZ.

Remark 2.8. One can easily see that if u € ./\A/A U./\A/)jr then tu € J\A/'A U ./\A/')\+ forallt > 0. It follows
that Ny, UN ):" is the positive cone generated by the Nehari manifold N, )T UN,, that is

NLUNT ={tu: t>0, ueN;FUN

Let A; 5 U N, ;“ denotes the closure of N/ 5 U N ;L with respect to the norm topology.
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Proposition 2.9. There holds
Ns UNE = Nos UNE Ufru: 1> 0, ue N2JU O}

Proof. Let us first show that ;T UN, = N;T UN UND U {0}

Case 1: u, € N satisfies u, — u in Wé’p(Q).

We have that

lunll? = 2*unlF — F(un) =0,
. q Vn=1,2,--- 9
pllunll? — A (’I”un”q —yFu,) <0,

From (9) one can easily see that if F(u) # 0 then, u € Ny, UN, while if F(u) =0 then
u=0.

Case 2: u, € N;' satisfies u, — u in W(;’p(Q).

We have

| = 2*|unll§ = F(un) =0,
Vn=12,--- (10)

pllunll” = 2*qllun g — v F (un) >0,

From (10) one can easily see that if F'(#) # 0 then, u € ./\f;; U Nf*, while if F'(u) = 0 then
u=0orueN:.

It follows that N;F UN,” = N;F UN,” UND U {0} and from the Remark 2.8 the proof is
completed. O

Define £+ : X, \ {0} — R and s : Wo'" () \ {0} — R by

t(w), if w e
ey = | 2 ) =N an
ty«(w), otherwise,
and
+ . 9 o+
thw), if ueNx=UNT
swe) =14 T (12)
ty«(u), otherwise.

Let S = {ue Wy P (Q): |lull =1},

Proposition 2.10. There holds

(i) ty+ is a continuous function. Moreover, the function P~ : SN Ny — N5 UND, defined by
P~ (v) = thyx(v)v is a homeomorphism;
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(ii) sy« is a continuous function. Moreover, the function P* : S — Nt U ./\/'AO* defined by
PT(v) = s3+ (v)v is a homeomorphism.

Proof. (i) The continuity follows from the inequalities

! L )P )7 — Mt ) | — 3+ (v)Y F(v) =0,
ptix ()P ]I? — A gt () Vl|E — ytax ()Y F(v) <0.

To prove that P~ is a homeomorphism, observe that the continuous function (P )1 : \V, Y

N?. = SN defined by (P~)~!(u) = u/||u|l is the inverse of P~
(ii) Similar to (i). O

Corollary 2.11. Consider N;x C Wol’p(Q) with its topology induced by the norm of Wé’p(Q).
Then, the set N}?* C N has empty interior.

Proof. Suppose on the contrary that for some v € N, f* there is an open neighborhood U C N, )E)*
of v. Define

P(U):{L:ueu}.

el

From the Proposition 2.10 follows that P ({/) C S is an open neighborhood of v/||v]|| on the
sphere. Once P(U{) is an open set of the sphere its closure over the sphere is not compact,
however, this is an absurd because it would imply that the closure of I/ is not compact, which
contradicts the Corollary 2.6. O

From now on, for A > 0, let J,~ :J\A/'A — R and ];' :/\A/;L U/\A/;' — R be defined by
Jo () =@ (t; (wu), and ST (u) = Oy (1 (wu).
We consider the following constrained minimization problems
Jo=inf{J () : ueN;} and JT=inf{Jw): ueN)}
r = A : A A= ) : A

Remark 2.12. Observe that J,_, J; are 0-homogeneous functionals. Moreover, from the implicit
function theorem they are C' functionals and from the Proposition 2.1 any minimizer of J, or
J;L is a critical point for @,

To simplify, when possible we will use the symbols ff , ;7 and so on to indicate JAA_ b
ff , t;". For the next sections, we will be interested in minimizing the functionals J,.

Proposition 2.13. Take v € W(}’p(Q) \ {0}. Let I C R be an open interval such that t;F(v) are
well defined for all . € 1. There holds

(i) the functions I > A +— tf(v) are C'. Moreover, I 3 A t, (v) is decreasing while I 5 A —
t;' (v) is increasing;
(i) the functions I > A +— JA:F (v) are continuous and decreasing.
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A

e () 4 (u) £y (w)

.

Fig. 3. Behavior of the fiber maps accordingly with the parameter A.

Proof. (i) Once 7 (v)v € N7, we have from the implicit function theorem that I > A — ;7 (v)
are C! and

9 IO e
—Z)T(U) _ = A (U)lL)\ (U)Ucyq - VA
I plLmlI? — gl (vvllg — ¥ F @ (v)v)

Therefore (%t;(v) < 0and a%tf(v) >0foriel.
(ii) Indeed, from (i) we have that

P O]

<0. O
oA q

Fix some w, u € WOI’p(Q) \ {0}, A" € (0, A*) and suppose that w € ./\Afy, ue ./\A/)v UNJ?. Ob-
serve from the Remark 2.7 that ¢, (w) and t;r (u) are well defined for all A € (0, A*). From the
Proposition 2.13, we obtain that
Corollary 2.14. If w € ./(/’)J, ue /\Afy UNE for some )" € (0, \*) then
(i) the functions (0,A*) 3 A+ 1, (w), (0,A*) 3 A > t;'(u) are C'. Moreover, (0, 1*) 3 A —

t, (w) is decreasing while (0, 1*) 3 A > t;r (u) is increasing;
(ii) the functions (0,1*) > A +—> Jo(w), (0,A*) 3 A Jf (u) are continuous and decreasing.

In the next Corollary we study the behavior of the fiber maps when A 1 A* (see Fig. 3).

Corollary 2.15. Suppose that u ¢ N Then
lim ¢ () = tp=(u), lim £ () = 55+ (u)
APA* JEVE
and
lim J, " (u) = @y« (Hhx(wu), lim J}:"(u) = Dy« (s ()u),
APA* APAF

with ty=(u) and s)=(u) defined as in (11) and (12).
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Proof. If u € Ny» the proof follows from the Proposition 2.13. If u ¢ Nis UN, A"; then, from the
definition of A*, we have that u € N3 for all A € (0, A™) and A* = A(u). Moreover

{ 5 ull? = Aty yulld — F (@, (wyu) =0, VA€ (0,1%),

plt; @ull” — rqllt; ully — y F @, (wu) <0,
and

{ I @ull? — Al @yulld — F @ @yu) =0, Vi e (0,05

Pl @ull? = rqlls" @ullg —y F @ @u) > 0,

From the Corollary 2.14 we can assume without loss of generality that 7, (u) — t7,
t;F(u) — t* as A 1 A* where 0 <t <t~ < oo. It follows that

{ e~ ull? = A* |l ull§ — F(t~u) =0, .
plle—ull? —A*qlltull§ —y F(t"u) <0,
and
{ It ull?” = a* e ulld — F(ttu) =0, (14
plietull? = qllttulld — y Fttu) > 0.

We claim that t~ = ™. Indeed, suppose on the contrary that t~ < ¢ . It follows from (13) and
(14) that ¢~ =1, (u) and T = t/{'l (u). However, this contradicts the fact that A (1) = A*™ and the
Proposition 2.5, therefore t~ =™ and from (13), (14) we conclude that t~ =¢T = t)?* (u). The
second limit is straightforward. O

3. Existence of solutions in [0, A*]

In this section we show existence of positive solutions to the problem (P,) for A € [0, A*].
Some of the ideas used here can be found in [7-9].

Lemma 3.1. For each X € [0, A*], there exist 0 < w), € N, and 0 < u;, € /\/;' solutions of (P»).
Moreover wy, u; € Cl’“(ﬁ)for some o € (0, 1).

The proof will be given at the end of this section.

Proposition 3.2. Let A > 0. The functional ®, is weakly lower semi-continuous. Moreover, the
functionals J;F are coercive.

Proof. That ®, is weakly lower semi-continuous is a straightforward calculation. To prove co-
erciveness, note that for all u € A/, there holds

11 11
<Dx(u)z<———>/lvul”—<———)k/Iulq, (15)
p v q v
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which implies from the Sobolev embedding that ®, is coercive over N, and therefore J,™ are
coercive. [

The next result is essential in proving that minimizing sequences does not converge weakly to
Zero.

Proposition 3.3. Suppose that N7 # (). Then
(i) for each u € N, there holds
(P =lull” < (y — p)F(w);
(ii) for each u € N", there holds
(v = plull” <2y —)lullf.
Proof. The proof is straightforward from the definitions. O
From the Proposition 3.3 and the Sobolev embeddings we obtain

Corollary 3.4. There are constants Cy1, Ca > 0 such that

(i) for each u € N, there holds

pP—q\rr
lull > Ci (—) ;
Y —q

(ii) for each u € N\, there holds

1
— P—q 1
lull < Ca <y—"> =3
Yy —D

For each A > 0, we consider the following constrained minimization problems
JF =inf(JF(u): ueNF).
Observe from the Proposition 3.4 that JA;F > —00.
Proposition 3.5. For each ) > 0 there holds
() if w, €N, is a minimizing sequence for JAA_ then there exist constants ¢, C > 0 such that
c < |lwyll <C;

(i) if u, €N, ;’ is a minimizing sequence for ]A):" then there exist constants c, C > 0 such that
c < |luy|l <C.
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Proof. (i) Suppose that w, € N, 5 satisfies J,” (w,) — JAA_ . From the Corollary 3.4, we only have
to find C. However, from the Proposition 3.2, if ||u, || — oo then we conclude that J, () — 00

which contradicts the definition of JA)T .

(ii) Suppose that u, € N, ;’ satisfies JA'|r (uy) = JA/{|r . From the Corollary 3.4, we only have to
find c. However, from the Proposition 3.2, if ||u,| — O the we conclude that f;‘ > 0 which is an
absurd because JA)T <0. O

Lemma 3.6. For each A € (0, A*) there are two positive functions w), € N{ and u, € ./\/’; such
that J,” (wy) = JA; and J;(v;\) = JA;

Proof. We start with fk_ . Suppose that w, € N, satisfies J, (w,) — JAA_ . From the Proposi-

tion 3.5, we may assume that w, — w in Wol’p(Q), wp, — win L9(2), LY (2). Let us prove that
w # 0 and F(w) > 0. Indeed, if not, from the Proposition 3.3 we would have that ||w,| — O,
which contradicts the Proposition 3.5. Therefore w # 0 and F(w) > 0.

We claim that w, — w in WO1 "P(Q). In fact, on the contrary, we would have that ||w]| <
liminf ||wy,|| and thus

liminf Dy, ®; (t;” (w)wn) > Dy (1; (w)w) =0,

which implies from the Proposition 2.3 that for sufficiently large n, D, ®; (1, (w)w,) > 0.
Therefore, for sufficiently large n we have that t;f (wp) <t (w) <t, (w,) =1 and hence

J; (w) = @,(1; (w)w) < liminf ®; (1, (w) wy) < liminf @, (w,) = J7,
n—>oo n—>oo

which is a contradiction. Therefore w, — w in Wé’p(Q), w e NA_ and J, (w) = f)\_.
Now suppose that u, € Nf’ satisfies J,\+ (up) — JA}:F . From the Proposition 3.5, we may as-

sume that u,, — u in Wol’p(Q), up, — u in L9(2), LY (2). Let us prove that u # 0. Indeed,
if not, from the Proposition 3.3 we would have that ||u,| — 0, which contradicts the Propo-

sition 3.5. We claim that u,, — u in W(;’p (2). In fact, on the contrary, we would have that
|lu]| <liminf| u,| and thus

liminf Dy, ®; (5 (w)un) > Dy ®; (15 () u) =0,

which implies from the Proposition 2.3 that for sufficiently large n, D, ®; (t;' (u) u,,) > (. There-
fore, for sufficiently large n we have that 1 = t;' (uy) < t;' (u). It follows that @, (t):" (n) u) <
@, (u) for sufficiently large n, and consequently

@) = @4 (67 () ) <liminf &3 (uy) = I,

which is an absurd. Therefore u,, — u in WOI’p(Q), ue N;L and J;r(u) = f;r O
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Now we study the problems fﬁ First, observe from the Proposition 2.10 and the Corol-
lary 2.11 that if

CiD)T* = inf{® = (= (w)w) : w e N, UNDD,
and

OF, = inf(®y (3 () = u € N UNL),
with #3+ (1) and s;+(u) defined as in (11) and (12), then JA;E = a))ﬁ
Proposition 3.7. There holds
(i) The functions (0, 1*] > A — ff are decreasing;
(ii)

lim J.F = J%.
apax A A

Proof. (i) Indeed, if 0 < A < A’ < A*, we have from the Corollary 2.14 item (ii) that
T < J5w) < Iy (wy) = J;

Moreover, if A € (0,A*) then from the Corollaries 2.14 and 2.15 we obtain that Js =
dAD)T* < Oy (Hx(w)w) = limx“* CIDX(tf (w)w) < J, (w), with £;+(u) defined as in (11), for all
w € N3 UND, and hence JAA_* < f;.

The same holds true for JAA_ .

(ii) Let A, 1 A*. From (i) we can assume that JA); - J > JAA_* Given § > 0, suppose on
the contrary that J — JAA_* > 8. Fix 0 < & such that 28’ < § and choose wy € N, such that
Jo(ws) —J <8

Once J; (ws) = J;«(ws) (see Corollary 2.14), we conclude that for sufficiently large n

0<J, (wy)—Jy:(wy) <8
It follows that for sufficiently large n,
I < I (we) < T 4+28' < T —5426,

and hence J < J —§ + 8’ < J, a contradiction, therefore J = jx_*

The proof is similar for JA;Q O
Now we are able to show the existence of solutions to the minimization problems JI.

Proposition 3.8. There are function w)x € N,, and u)» € ./\/;; such that J = Jw(wyx) and
Tk = I ().
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Proof. Take A, 1 A* and w, € N, )\_n with JA):L = J):L (wp). Observe from the Proposition 2.1 that

—Apwy = dn|wa 12wy — flwel’ Pw, =0, Yn=1,2,.... (16)
We claim that there exist positive constants ¢, C such that ¢ < ||lw,|| <C foralln=1,2,....
Indeed, from the Corollary 3.4 we only have to show existence of C, thus, suppose on the contrary

that, up to a subsequence, ||w,|| — oo as n — oo. It follows from the Proposition 3.7 and (15)
that

Jn= lim J~

which is an absurd. Therefore, we can suppose that ¢ < ||w,|| < C foralln =1,2,... and up to
a subsequence w, — w in Wol’p(Q) and w, — w in L9(2), LY (2). We claim that w # 0 and
F(w) > 0. In fact, if w = 0 then from the Proposition 3.3 we obtain that |w,|| — 0 which is an
absurd.

From (16) and the ST property of the p-Laplacian (see [15]) we conclude that w, — w in
W, ?(Q) and

—Apw — 2wl w — flw]’ 2w =0. (17)
We claim that w € N, If not then w € N, )?*. From the Proposition 2.5 we conclude that
—pA,w— 2 qlw|? " w — yflw]’ 2w =0. (18)
Let us prove that (18) gives us an absurd. From (16) and (18) we obtain that
P—q

f(x)|w(x)|”_q=—qk*, ae. xe{xe: wx)#0}. (19)

From the Corollary 2.2, we can assume that w € C (ﬁ). Once w € WOl P(Q), given ¢ > 0,
there exists § > 0 such that if Q5 = {x € Q2 : dist(x, 9Q) < §} then |w(x)| < &, however, this
contradicts (19) and the fact that f € L>®°(2). Therefore w € N, It follows that

Iz =lim J =lim J; (w,) = J;, (w).
Now take A, 1+ A* and u,, € N;; with JAAJ; = J;Q (up). Observe from the Proposition 2.1 that

— Aty — M|t 920 — flug” uy =0, Vn=1,2,.... (20)

Please cite this article in press as: K. Silva, A. Macedo, Local minimizers over the Nehari manifold for a class of
concave-convex problems with sign changing nonlinearity, J. Differential Equations (2018),
https://doi.org/10.1016/j.jde.2018.04.018




YJDEQ:9289

16 K. Silva, A. Macedo / J. Differential Equations eee (eeee) see—eee

We claim that there exist positive constants ¢, C such that ¢ < ||u,|| <C foralln=1,2,....
Indeed, from the Corollary 3.4 we only have to show existence of ¢, thus, suppose on the contrary
that, up to a subsequence, |lu,| — 0 as n — oo. It follows from the Proposition 3.7 and (15) that

= lim J;5(uy)
n—oo
1 1 1 1
> lim [(— - —) luall? — (— - —) l mw}
n—oo p y q y
>0,
which is an absurd. Therefore, we can suppose that ¢ < ||u,|| <C foralln=1,2,... and up to
a subsequence u, — u in W(;’p(Q) and u, — u in L9(Q2), LY (2). We claim that u £ 0. In fact,

if u = 0 then from the Proposition 3.3 we obtain that ||u, || — 0 which is an absurd.
From (20) and the S property of the p-Laplacian we conclude that u,, — u in W(}’p (£2) and

—Apu — 2 |ul12u — flul’ 2u=0. 1)
We claim that u € NV;%. If not then u € N2.. From the Proposition 2.5 we conclude that
—pApu—2*qlul"?u — yflul’ 2u=0.
However this equation contradicts (21) and consequently u € N5 It follows that
T =lm It =lim I} (uy) = I ).
By taking wy+ = w and u,+ = u, the proof is completed. O
Now we prove the Lemma 3.1.
Proof of the Lemma 3.1. From the Propositions 3.6 and 3.8, for each A € (0, A*], there exist
wy €N, and u; € N, such that J, (w;) = f; and J;" (uy) = JA;F
From the Proposition 2.1 we have that both w;,, u, are solutions of (P;) and w;, u; € C Lo (5)

for some « € (0, 1). Moreover, once @, (u) = &, (|u|) for all u € Wé’p(Q), it follows that

lwil €N, us| € NiFand T (Jwi]) = JAA_. I (lup)) = J, therefore, we can assume that
wy, uy > 0.
From the Harnack inequality (see [16]) we obtain w;,u) > 0. O

4. Existence of solutions for A > A*

In this section we show existence of solutions to the problem (7)) for A close to A*. In fact, we
show that for A near A*, it is possible to minimize ®;, over submanifolds of the Nehari manifolds

N, and Nf
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Lemma 4.1. There exists € > 0 such that for each . € (\*, 1* +¢), there exist 0 < wy, € N, and
O<uye ./\/):‘_ solutions of (Py).

The proof will be given at the end of this section.
For A > 0, denote

H; () = pllwll” —agllwl§ — y Fw), ¥ w e N7 UNY,
and
Hf ) = pllull” —2gllull§ —y Fw), ¥ u e NiF UNS.
Proposition 4.2. Let 0 < ¢ < C. Assume that A, | \*.
(i) suppose that w, € N,, satisfies ¢ < |w,|| <C foralln=1,2,.... Ile_n (tk_,, (wy)wy) =0
then dist(w,,, N)?*) —0asn— oo;
(ii) suppose that u,, € Nxt satisfies ¢ < |lup|| < C foralln=1,2,.... IfH;'n (t):: (up)uy) — 0
then dist(un,./\/)?*) — 0 asn— oo.
Proof. (i) First observe from the Corollary 3.4 that there exists a positive constant ¢ such that

F(w,) >cforalln=1,2,.... We claim that the same holds for ||w, ||Z. In fact, let us first prove
that t;\'; (w,) — 1. Observe that

Y lwnll? = dntil Wyl — £¥ F(wy) =0,
i lwall? — Angtd lwnlld — vt F(wa) =0(1), Vn=1,2,...,

s llwall? = Apsit llwa l§ — s F(wy) =0,

where ¢, = t/\_,, (wy) and s, = tf” (wy,). It follows that

pP—q
() -1

Y—q
() "1

1
lwall? | p—q = (v =) 5=; =o(1), n— oo.
tn

Since ||wy||? = ¢ for n = 1,2, ..., we conclude that s,,t, — 1 as n — oo and from the
Corollary 3.4 we obtain that ||w, ||Z >cforalln=1,2,.... Moreover, as t, — 1, we obtain
lwall? — A*lwpll§ — F (w,) =0,
i g Vn=12,.... (22)
pllwall? = A*qllwnllg — vy F(wy) = o(1),
From (22) we produce the following identities
— p 1
y=plwl” . ow
Y —dq ||wn||q (V_‘I)”wn”q
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and

p—q llwall” | o(1)

—_— = — ., n—>

Yy —q F(wy,) (y — @) F(wy)

From (2) we infer that

o(1) o(1) =
) = (v —22 V(22 )T .
() ( +(y—q)||wn||z>< +(y—q)F(wn)) "

Therefore A(w,) — A* and w,, is a bounded minimizing sequence for 1*. Moreover, following
the same argument of the item (ii) of the Proposition 2.5 we can see that, up to a subsequence,
wy, —> W E N}?* and consequently dist(w,,,_/\/l{)*) — 0 asn — oo.

(ii) Indeed, first observe from the Corollary 3.4 that there exists a positive constant ¢ such that
lunlly > cforalln =1,2,.... We claim that the same holds for F'(u,,). In fact, let us first prove
that t;n (u,) — 1. Observe that

g 1P — ety lun 1 — £} F (uy) =0,
pti lunll? = Apgtd lun | — yt) Fuy) =0(1), Yn=1,2,...,

sillunll? = Anst unlly = s F(un) =0,
where t, = t;; (uy) and s, = L, (uy). It follows that
s, \P 4
() -
Y—q
Sn
() -1

Once ||uy||? = c forn=1,2, ..., we conclude that s,, t, — 1 as n — oo and from the Corol-
lary 3.4 we obtain that F(u,) > c foralln =1, 2, .... Therefore

1
lunll” | P—a—(r —) 5= =o(1), n— oo.
tn

lwnll? = A llunllg — F(un) =0,

. g Vn=1,2,.... (23)
pllunll” = 2 qllunlly — v F (un) = o(1),
From (23) we produce the following identities
— P 1
yoplwl . o®
Y —q llunllg ¥ —Dlunllg
and

P—qlual” _, o(1)
—_ = —— n—> 00
Y —q F(un) v — @) F(un)
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From (2) we obtain that

M) = 17+ — 2 <1+70“) ) 0= o0
e (v — llunll? (¥ — @) F (un) ’ '

Therefore A(u,) — A*, which implies that u, is a bounded minimizing sequence for 1*. More-
over, following the same argument of the item (ii) of the Proposition 2.5 we can see that, up to a
subsequence, u, — u € J\/)?* and consequently dist(u,,, N)?*) —0asn—o00. O

Consider the sets
ac={weN: dist(w, [wl}, N) > d, [lw] <C),
where d > 0 and C > 0. Similar, define
Nt o= {ue Nt dist(u, jul}, N2 > d, llul| = c},
where d > 0 and ¢ > 0.
Corollary 4.3. There holds

(i) take d > 0 and C > 0. There exists ¢ > 0 such that if w ENA_*’d’C then w € J\Afk for all A €
(X*, A* + €). Moreover, there exists § < 0 such that H, (¢, (w)w) < § for all w € N_*,d.c"

(i) take d > 0 and ¢ > 0. There exists € > 0 such that ifu € Nxt,d,c thenu € /\Afx UJ\A/;forallk €
(A*, A* + &). Moreover, there exists § > 0 such that H;(t;(w)w) > § forall w e N):t,d,c'

Proof. Immediately from the Proposition 22. O

The Corollary 4.3 shows that for A close to A*, the Nehari submanifolds N, .d.c and N, ; de

projects over the Nehari manifolds A\, and f respectively.
For each A € (0, o0), denote

Sy =lweN, : J (w)=J,}
and
SF=tueN: 1Fw =17t
From the previous section we know that S ;F # ¢ for all A € (0, A*].
Proposition 4.4. There holds

@
dist(S;z, Nb) > 0;
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(i)
dist(S}, M) > 0.

Proof. (i) Suppose on the contrary that dist(S,., N, 0) = 0. Therefore, we can find a sequence
wy € S, and a corresponding sequence v, € N)?* such that |w,, — v, || = 0 as n — oo and

—Apwy — A w972 w, — flw, Y 2w, =0, Vn=1,2,.... (24)

From the Proposition 2.6 we can assume without loss of generality that v, — v € N, )?* and
hence w,, — v. Passing the limit in (24) we obtain that

—Apv— A le 20 = flolY 2v =0,
however, once v € N, )E)* , we know from the Proposition 2.5 that

—pA v —A*qv| 2 — yflv]’ 2o =0,

which is a contradiction.
The proof is similar for (ii). O

Define d;. = dist(S;5, V%) and d; = dist(S, N%).

Choose Cy+ > 0 such that |w]| < Cy« forall w € S,.. Take d~ € (0,d,,), C > Cy» and ¢ > 0
as in the Corollary 4.3. Define for A € (A*, A* 4 ¢)

jx_,d*,c =inf{J, (w): w EN—*,d*,c}'

Similar choose ¢+ > 0 such that c3+ < ||u|| for all u € S;,.. Take d* € (0, d;j;), ¢ < ¢+ and

& > 0 as in the Corollary 4.3. Define for A € (\*, A* 4 ¢)
f;dm =inf{J; ) : ue N 0 ).

Observe from the Proposition 4.4 that for each d—, d *,¢,C satisfying the above conditions

we have that S;, C N}, ,_ . and SECNE i

Proposition 4.5. There holds

@ . .
(i) . .

i gt

fim Haeo = It

Proof. (i) From the Proposition 2.13, we have JAA_d, c < Iy (w) < Jy, (w) forall w e N, d-.C
and A* <) <A < A* 4+ ¢ and hence f;d, c = JAA_, 4 ¢ Moreover, if wy« € S, then for all

Ae (VA% +e) wehave that J - o < T (i) < o (wie) = Ji.
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Take A, | A* and suppose ad absurdum that f 4 ¢ does not converge to J. L+ We can assume
without loss of generality that J c—>J< J A8 11— 00.
Foreachn=1,2,..., choose wy, e/\/'p d-.C such that J,~ (wn) x d c= 1/2".

Once ||wy|| is bounded, we can assume that up to a subsequence w, — w in WO P (Q) and
w, — w in L9(2), LY (2). Note that w # 0. In fact, if w = 0 then from the Proposition 3.3 we

obtain that ||w,|| — O which is an absurd. We claim that w,, — w in WO1 "7 (). In fact, on the
contrary, we would have that ||w|| < liminf ||w,| and thus

liminf D, ®; , (t+(w)wy) > D, Py (tr+ (w)w) =
n—oo

for £, () defined as in (11), which implies that for sufficiently large n, D, ®;,, (t;+(w)w,) > 0.
Therefore, for sufficiently large n we have that t/{'; (wy) < fhix (w) < h, (w;) and hence

D)+ (Hs(w)w) < liminfCDAn (Hx (w) wy)

<1Ln;£fJAn -c= =J,
which is an absurd, because from the Proposition 2.10 and the Corollary 2.11 we have that
O+ (Hx(w)w) > JA); It follows that w,, — w in W(}’p (f2) and consequently, from the Proposi-
tion Appendix A.1 we conclude that |J[n (wy) — J,x(wy)| — 0 as n — oo, which is a contradic-
tion.
(i) Similar to (i). O

Proposition 4.6. Take d— € (O,d;*) and C > Cyx. There exists €~ > 0 such that for all A €

(A*, A* + &™), the problem J has a minimizer w), € N~

rd—,C rd—,C”

Proof. For each A > 0, let w,(A) € N, d-.C be a minimizing sequence for J From

Ad ,C*
the Corollary 4.3 we can assume that #,” (w, (1)) — t(A) € (0,1) and w, (L) = w() # 0 in
W(}’p(Q). Let us prove that there exists ¢~ > 0 such that w(}) € J\A/}L forall L € (W*, A" +&7).

Suppose on the contrary that there exists a sequence A, | A* such that w(),;) ¢ N,\,,, for all
m=1,2,...

Denote wy, ,, = t;m (wy (Am))wy (A). If necessary, by relabeling the sequence wy ,,, we can
assume that

A A 1
|J}Lm,d*,C_‘])»m(w"»m)|§2_m’ nm=12,.... (25)
From (25) and the Proposition 4.5 we conclude that
o= i @) < Vi =T 1y o= T )] = 0, nam — 00, (26)

From the Corollary 3.4 we can assume that 0 < ¢ < t;m (Wp,m) <lforalln,m=1,2,...,

therefore we can suppose that w, , — w in Wol’p(Q) \ {0} as n,m — oo and w,, = w in
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LP(2), LY (£2). We claim that w,, , — w in Wol’p(Q) \ {0} as n, m — oo. Indeed, suppose not
then, ||lw|| < liminf, ; ||wy,, x| and

liminf D, @y, (tx+ (W)Wy, m) > Pox (Hx(w)w) =0,
n,m—00

for #;x(u) defined as in (11). Hence, for n,m sufficiently large, we can suppose that
D, ®;,, (- (w)wy ) > 0. It follows that for n,m sufficiently large, titn (Wpm) < tix(w) <
t); ) (wp,m)- Therefore, from (26)

D+ (t (w)w) < liminf &y (tr+ (W) wy,m)
n,m— 00

< liminf J,” (wp,m)
n,m— 00 m

=J

which is an absurd and hence wy, , — w in Wol’p(Q) \ {0} as n, m — oo. Hence, if w;,, = w(A;;)
we obtain that

lwyn —wl| <liminf |wy, , —wl|l, Vm=1,2,...,
n—oo

which implies that for sufficiently large m, the sequence w,, belongs to ./\/); d-.C and conse-
quently w,, € J\A/Am for sufficiently large m, which is a contradiction. Therefore, there exists
£~ > 0 such that w()) € ./\A/'x for all A € (\*, A* + ¢7). Arguing as in the Proposition 3.8, we
conclude that for all A € (A*,1* + ¢7), we have t, (w,(A)w,(A) = t(R)w(A) in W(;’P(Q),
w(A) e/\/;’d_’c and

J-

rd—,C S, (w(R).

By denoting w; = w(}), the proof is complete. O

Proposition 4.7. Take d* e (O,d;;) and ¢ < c;+. There exists €t > 0 such that for all A €
(A*, A% + &™), the problem f;ﬁ . has a minimizer u; € ./\/):"dJr -

Proof. For each A > 0, let u,(X) € Nxt,dﬂc be a minimizing sequence for f)id‘*’,c' From
the Corollary 4.3 we can assume that tf(un()n)) — t(A) € (1,00) and u, (X)) — u(r) # 0 in
Wol’p(Q). Let us prove that there exists & > 0 such that u()) € ./\A/A U ./\A/;r for all A € (A%,
A+ 8+A). Suppose on the contrary that there exists a sequence A, | A* such that u(A,;) ¢
Niy UNGE forallm=1,2,...

Denote u, , = t{m (un(Am))un(Ap). If necessary, by relabeling the sequence u, ,,, we can
assume that

G e =T ] = s mm =12 o7
)»m,d+,c Am n.mJl — 2m 5 ) = 1,4,....
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From (27) and the Proposition 4.5 we conclude that
[T = T )| S VTS =T o N1 e = T )| = 0, nm— 00, (28)

From the Corollary 3.4 we can assume that 1 < t;n (Upm) <Cforalln,m=1,2,..., there-
fore we can suppose without loss of generality that u,, , — u in Wol’p(Q) \ {0} as n,m — oo and

Upn — uin LP(Q), LY (). We claim that u,, , — u in Wol’p(Q) \ {0} as n, m — oco. Indeed,
suppose not. Then |lu|| < liminf, ,, ||u, | and

11m1nf D, ®;,, (i (Wup,m) > Ppx(spx(wu) =

n,m—
for s;+(u) defined as in (12). Hence, for n,m sufficiently large, we can assume that
D, @, (sp+ (u)uy,m) > 0. It follows that for n, m sufficiently large, t):; (Un.m) < $;*(u). There-
fore, from (28)

O« (s;+(u)u) < liminf J;‘ (Un,m)
n,m—o0 ~m
iy

which is an absurd and hence u, , — u in W(}’p(Q) \ {0} as n, m — oo. Therefore, if u,, =
u(A,;) we obtain that

ety — u|| <liminf|luy pm —ull, Vm=1,2,...,
n—oo

which implies that for sufficiently large m, the sequence u,, belongs to N\ and conse-

A dt,e
quently u,, € ./\A/;Lm U ./\A/):tn for sufficiently large m, which is a contradiction. Therefore, there
exists eT > 0 such that u(X) € j\A/}L for all A € (A*, A* + ™). Arguing as in the Proposition 3.8,
we conclude that for all A € (A*, A* 4+ &T), we have t)'j'(u,, M)un, () = t(Mu(r) in W(}’p(Q),
u(A) e]\/’j;’d,c and

J+

e = @),

By denoting u; = u()), the proof is complete. O
Now we prove the Lemma 4.1.

Proof of the Lemma 4.1. Choose d™ € (0, d,.), d*t e (0, d;), C > C;+ and ¢ < cj+. From the
Propositions 4.6 and 4.7, for each A € (A*, A* + 8) where ¢ = min{s‘ 5 T}, there exists wy, €

N)»_*,d*,c and u;, 6./\f*d+ such that J;”(W3) = J ;- and J;" () = J Ad+c
From the Corollary 2.2 we have that both w; = t, (W))W, uy = t/\ (u))u, are solutions
of (P) and wy,u; € CLY(Q) for some « € (0, 1). Moreover once ¥, (u) = @A(|u|) for

all u € WIP(Q) it follows that |w;| € N, xd c [, € N, Ad+ and J, (lwi]) = _

J)\ s Lunl) = JF, therefore, we can assume that wy, u) > 0. From the Harnack 1nequa11ty
(see [16]) we obtain wy,u; >0. O
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5. Behavior of u) near A =0

From the Lemma 3.6 we have that S;j' #0.
In this section we study the behavior of A~/ (P=9)y near A = 0, where u € S;'. Let z €
W(;’p (£2) denote the unique positive solution of (see Diaz—Séa [17])

—Apu=ul""u in Q,

(r.q)
ue Wy (Q). .

Lemma 5.1. Given ¢ > 0, there exists § > 0 such that if 0 < . < § then
2"V P Dy 7 <6, Vue Sf.

The proof will be given at the end of the section. Let Ajy be the Nehari manifold associated
with (p, ¢) then, one can easily see that

No={Il]|&/ PPy ves).

Proposition 5.2. There holds

+
lim 2 W _ w2/ P
A—0 A/ (P—q) £ ’

uniformly in v € S.

Proof. Indeed, once t;' (v)v € Ny, we have that

O NOLS

q
q _ ")\ + -
o vlg="——1 (WP F(v).

From the Proposition 3.4 item (ii), there is some positive constant C such that t;r v) <
)P4
CAV/(P=) and % < C for A > 0. Therefore

=

—-P

)P4

t, (v il )

& <limCAr,
140

A

lim

q
— |V
lim ol

which implies that

1/(p—q)
+ + -
i @ (@ = ||o) 4/ =D
Ao A/ =a) 30 A 1 ,

uniformly inve S. O

From the Proposition (5.2) we obtain that N;F /A1/(P=0 — Ay as & | 0, to wit
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Corollary 5.3.
i ()
” ||Q/([7 ‘I)
uo A/ (p—q)

uniformly in v € S.

n
'Moreov'er, if @y is tbe energy functional associated to (p, ¢) then, % converge to ®g
uniformly in v € §, that is

Corollary 5.4.

JA—F(U) q/(p—q)
V=i @o(llvllg v)

)

uniformly in v € S.

Proof. In fact, we have that

o 1o\ 1o\ ., 2 o VF
w0 = p\aio=o | g i ) Ple ===\ o= | F@-

From the Corollary (5.4) we conclude that

+
im 2Ly, o1 P~V v]e = do(flvllg/ P v),
210 aplr=a) —

uniformly inve S. O

Denote
&g = inf(@o (0] &P Vv): veS).

Let z = z/||z|| and note that CDO < 0 and CI>0(||z||q/(p (1)2) = &)0. Now we are ready to prove
the Lemma 5.1

Proof of Lemma 5.1. Observe from the Corollary 5.4 that

P+
S _ 2
lllﬂ)l AP/ (p—q) ®o <0. (29)
Let us prove that, given ¢ > 0, there exists § > 0 such thatif 0 < X < § then

7100k wyo — 21 <6 YvesS;.
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Indeed, suppose not. Then, we can find a sequence A, | 0 and a corresponding sequence
v, € S):: such that

> e. (30)

—1/(p— ~ —q)~
H)\‘n /(p q)t):(vn)vn_”Z”Lq]/(p q)Z

From the Proposition 3.4 item (ii) we have that ||)L;1/(p_q)t;; (V) vl for n =1,2... is

PO W, = u in WyP(R) and
A;l/(p_‘”t;; (Vy)v, = u in LP(2), LY (2) as n — 0o. We claim that u # 0. Indeed, if not then,

bounded. Therefore we can assume that

lv,]1% — 0 and from the Proposition 3.3 item (ii) we conclude that A, "/ _q)t;'n (V)vp = 0
7+
in WO1 "P(Q) as n — 0o, however this is an absurd because it implies that lim,,_, W =0,

which is a contradiction with (29), therefore u # 0.
From the equation

1 _ -1 _ _ r=r _1 — —
—Ap0 PO v = O P8 o) T 4+ A P )

and the ST property of the p-Laplacian operator we conclude that A;l/ (P _q)t):: (vp)vy, = u in
Wol’p(Q) as n — 0o. Once u # 0, it follows that A;l/(p_q)tfn (v)) = t >0 and vy — v in
W(;’p(Q) as n — 00. From (29) we conclude that

L

®o= o AP/ (0=a)

Y—-p
R B O AN N A DR S Y VU
it | p GV | T g \Ge lonllg == W= (vn)
1, 1
=17 — —17|v||g,
rq

and consequently v =2 and 1 = ||2||Z/ (P~ however this contradicts (30) and thus the Lemma
isproved. O

6. Proof of Theorem 1.1
Proof. i) From the Lemmas 4.6 and 4.7, for each A € (0, &) we can find 0 < w) € N)f and 0 <
uy, € N solutions of (P, ). Observe from the definitions of A, , N, that Dy, @3 (wy)(w;., wy)

< 0and Dy, ®; (uy)(uy, uy) > 0.
(ii) From the Lemma 5.1 we have that

=7z, VueS;r.

. u
ey

Once uy, € S;, the proof is completed. O
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Appendix A

Proposition Appendix A.1. There holds

(i) take C > 0and d > 0. Suppose that ¢ is given as in the Corollary 4.3. There exists a constant
C > 0 such that for all ., ' € [A*, A* + €] we have

1, (W) =1, (W) < Cla = 4|, Yw e Ny ¢

(ii) take ¢ > 0 and d > 0. Suppose that ¢ is given as in the Corollary 4.3. There exists a constant
¢ > 0 such that for all A, M € [\*, \* + €] we have

h) — gl <eh =N, YueNt .

Proof. (i) Recall from the Proposition 2.13 that for all w € N, wrd.c We have that

— q
Dy = Nz WG

T(w) = —2——1 VAe [ A" +e).
ar H, (1, (w)w)

Also from the Proposition 2.13 we have that 7, (w) <1 for all w € N, )\_*y 4.c and hence
e, (w)w||g <C forall w e /\/;,d,c. Moreover, from the Corollary 4.3 we have that H, (w) <
§ < 0 for each w € NV, /\_* d.c Therefore, from the mean value theorem, we conclude that

|7, (w) — 1, (w)| <

) tg )| |A—2| < ¢ A —2al
il — = a=al,
ar? = 18]

where 6 € (A, A).
(ii) Recall from the Proposition 2.13 that for all u € N, ; d.c Ve have that

a
oA

It ullg

)= —2——1
0= )

YA e [A*, A% +¢).

Observe from the Corollary 3.4 that there exists a positive constant C; such that t;\Ir (n) < C;
for all u € N , _and hence ||#;” ()ul|§ < C{C for all w € )\ , .. Moreover, from the Corol-

lary 4.3 we have that H;‘ (u) > 8 > 0 for each u € N, ;; dic Therefore, from the mean value
theorem, we conclude that

q

0 c/C
|t () — 1 ()| < ‘ﬁtgr(u) In =2 < lTI?» — Al

where 6 € (A, A)). O
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Appendix B. List of notations (Table B.1)

Table B.1
Main Notations.
D Page 2 ok, S)x Page 8
N NT NG AND Page s Iy, TF ), 7 JE - Pageo
b Page 4 P, b, Page 14
t)(\), t)'f, t; Page 4 HA_, H;’ Page 17
£(u), A () Page 5 aceNE e Page 19
A* Page 5 S, S Page 19
o Rt p— Pt
N N Page 7 VAR ATIS Page 20
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