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Abstract

This paper is concerned with the semilinear transmission of wave-plate system with source term on 
Riemannian manifold. We prove the existence of weak solutions by using Faedo-Galerkin’s method. Fur-
thermore, by introducing nonlinear boundary feedbacks acting only on plate, we establish the explicit and 
general decay rates of the system. Our proofs are based on the geometric multiplier method and the Rie-
mannian geometry method.
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1. Introduction

Let (M, g) be a complete C3 Riemannian manifold of dimension 2 in which g(·, ·) = 〈·, ·〉 is 
a Riemannian metric on M . � ⊂ M denotes an open, bounded and connected subset satisfying 
�̄ = �̄1 ∪ �̄2, where �i, i = 1, 2 are two disjoint open connected domains with smooth bound-
aries �1 = �̄1 ∩ �̄2 = ∂�1 and �2 = ∂�2\�1, �1, �2 �= ∅ and �1 ∩ �2 = ∅. We consider the 
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initial-boundary value problem composed by a wave equation in �1 and an Euler-Bernoulli plate 
equation in �2

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂2
t u1 − 
u1 = |u1|αu1 in �1 × (0,∞),

∂2
t u2 + 
2u2 − (1 − μ)δ(κdu2) = 0 in �2 × (0,∞),

u1 = u2, B1u2 = 0, B2u2 = ∂ν1u1 on �1 × [0,∞),

B1u2 = w1, B2u2 = w2 on �2 × [0,∞),

u1 = u0
1, ∂tu1 = u1

1 on �1 × {t = 0},
u2 = u0

2, ∂tu2 = u1
2 on �2 × {t = 0},

(1.1)

in which α ∈ R+ and νi = νi(x), i = 1, 2 denote the unit outward normal vectors along ∂�i

satisfying

ν1 = −ν2 on �1.

κ is the Gaussian curvature function on �2, μ ∈ (0, 12 ) the Poisson coefficient. D and 
 =
div (∇) denote the Levi-Civita connection and the Laplace-Bertrami operator in the Riemannian 
metric g respectively. ∂νi

ui = ∂ui

∂νi
= 〈νi, Dui〉, i = 1, 2. d is the exterior derivative and δ is the 

formal adjoint operator of d . The functions

w1 = −β(x)∂ν2u2 − f (∂ν2∂tu2), w2 = γ (x)u2 + h(∂tu2), (1.2)

are two boundary feedbacks acting only on the Euler-Bernoulli equation, in which the functions 
β, γ : �2 →R and f, h : R → R will be given later. The boundary operators B1, B2 : ∂�2 →R
are defined by

B1u2 = 
u2 − (1 − μ)D2u2(τ2, τ2),

B2u2 = ∂ν2
u2 + (1 − μ)∂τ2(D
2u2(τ2, ν2)) + κ∂ν2u2,

where D2u2 is the Hessian of u2 and τi, i = 1, 2 are unit tangential vectors of �i . The term 
(1 − μ)δ(κdy) in system (1.1) comes from the curvedness of the Riemannian metric g. The 
conditions (1.1)3 are so-called interface conditions introduced in [1,2,24] and the references 
therein. The boundary feedbacks (1.1)4 are some dissipation laws introduced in [1,2,11,12,18,
24]. Here we should give a remark that the boundary conditions of system (1.1) are chosen to 
ensure that the energy of the system is dissipated, and the third transmission condition is purely 
mathematical. Of course, other transmission conditions can also be given.

Transmission systems often arise in many practical control systems of interactive processes 
such as coupled chemical reactions, structural-acoustic systems, electromagnetic coupling and 
so on. It has significant meaning in both theory field and application field, and is increasingly 
attractive in recent years to investigate how to control and stabilize the transmission systems by 
exchanging information between different equations. Through the efforts of the predecessors, the 
stability or controllability theory is relatively mature in the context of coupled wave equation with 
either constant or variable coefficients (see for instance [7,14,15]). Among these papers, Hassine 
[9] established the pointwise stabilization of a one-dimensional transmission wave equation with 
an internal spatially varying anti-damping term. By designing a feedback law based on the back-
stepping method, the author proved the exponential stability of the closed-loop system with a 
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desired decay rate. Liu and Williams [15] proved the exponential stability of the transmission 
wave/wave problem with lower-order terms. Afterwards, Liu [14] devoted himself on research-
ing the controllability of the transmission wave equation in the case of constant coefficient. They 
showed that the system can be controlled by both boundary control along the exterior bound-
ary and distributed control near the transmission boundary. Subsequently, Chai [5] extended the 
system in [14] to the situation of variable coefficients by using a very different method, namely, 
the Riemannian geometry method, which was first introduced by Yao [22] for the exactly con-
trollability of wave equations. Under the same controls as in [14] and without any restriction on 
the transmission boundary, the exponential stability result of the transmission wave problem was 
established. Chai and Liu [6] also considered the transmission problem of Naghdi’s model which 
has a middle surface of any shape. Under some checkable geometric conditions on the middle 
surface, they gave a sufficient condition to ensure the exponential decay of the problem. More 
about the stability or controllability of coupled wave equations with either constant or variable 
coefficients, we can see [9,13] and the references therein.

However, so far as the authors know, there are only a few papers addressing the stability or 
controllability of the plate-plate (wave-plate) transmission system. For example, Ammari et al. 
[1] investigated the stabilization problem for a linear transmission string-beam model. With one 
damping feedback acting on the middle point, they proved that the energy of the system decays 
polynomially. More precisely, the order of the polynomial decay rate is based on the length of 
beam. They also proved, with two control functions acting on the middle point, that the energy 
decays with a polynomial rate independently of the length of beam. Ammari and Nicaise [2] ex-
tended the system of [1] from 1-dimensional Euclidean space to 2-dimensional Euclidean space. 
Based on the energy disturbance method and under some geometric condition, they proved an 
exponential stability result with the linear boundary damping feedbacks acting on both wave and 
plate. Later on, Zhang and Zhang [24] addressed the same transmission system as in [2] on Rie-
mannian manifold. Relying on the geometric multiplier method, they established the exponential 
and rational energy decay rate for the problem by introducing the nonlinear boundary feedbacks, 
that has a polynomial growth near the origin, acting on both wave and plate. Guo and Shao [8]
researched the controllability of a transmission system of Euler-Bernoulli variable coefficients 
plate equation under Neumann control and studied the collocated observation. They developed 
the exact controllability of an open-loop system by establishing the observability inequality for 
the dual system. We can also see [3,10] if we want to learn more about the plate/plate (wave/plate) 
transmission system.

Inspired by the investigations above, we concentrate on the research of the stability of the 
transmission system with source term (1.1) on Riemannian manifold. By introducing nonlinear 
boundary controls acting only on the plate and using the Riemannian geometry method and ge-
ometric multiplier method which was firstly proposed by Martinez [16,17], we prove that the 
damping feedbacks can restrain the effect of source term acting on wave equation and impel sys-
tem (1.1) to decay uniformly. It should be mentioned that, in our case, we wipe off the restrictions 
on the growth rates of the functions f and h near the origin, which is different in [2,24].

The remainder of this paper is organized as follows. In section 2, we introduce some notations 
on Riemannian manifold and present some hypotheses needed in this work. In sections 3, we 
give the well-posedness result of system (1.1) and prove it by Faedo-Galerkin’s method. Finally 
we state and prove the main decay results and give some lemmas that are needed in proving the 
main results in section 4.
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2. Assumptions and preliminaries

2.1. Notations on Riemannian manifold

For convenience, we introduce some notations and definitions in Riemannian manifold that are 
standard and classical in literature. We refer the readers to [20,22,23] for more detailed notations 
and further relationships.

For x ∈ M , Mx represents the tangential space of M at x. For n ∈ Z∗, we denote the n order 
tensor space on M at x by T n

x (M). Then T n
x (M) is an inner product space with the inner product

〈T1, T2〉T n
x

=
2∑

i1,i2,··· ,in=1

T1(ei1 , ei2, · · · , ein) T2(ei1, ei2, · · · , ein), x ∈ M, T1, T2 ∈ T n
x (M),

where {e1, e2} is an orthogonal basis of Mx . Let T n(M) = ⋃
x∈M

T n
x (M) be the set of all n-rank 

tensor fields on M and

trT =
2∑

i=1

T (ei, ei)

be the trace of T ∈ T 2(M).
We denote by ∇, D, D2 and 
 = div (∇) the gradient, the Levi-Civita connection, the Hes-

sian and the Laplace-Bertrami operator in the Riemannian metric g respectively. Especially, we 
have Du = ∇u in which u is any scalar function. Furthermore, the covariant differential DH of 
H determines a second order tensor field in the following sense

DH(X,Y ) = DY H(X) = 〈DY H,X〉, X,Y ∈ Mx, x ∈ M.

The exterior derivative d : �n(M) → �n+1(M) satisfies d2 = 0 in which �n(M) represents 
the set of all n forms on M . δ : �n+1(M) → �n(M), the formal adjoint operator of d , is charac-
terized by

(dω1,ω2)L2(M),�n+1
= (ω1, δω2)L2(M),�n

for ω1 ∈ �n(M) and ω2 ∈ �n+1(M) with compact support. Then we have the following lemma.

Lemma 2.1. Let y, w ∈ H 4(�2). Then we have

∫
�2

(

2y − (1 − μ)δ(κdy)

)
wdx =

∫
�2

a(y,w)dx −
∫

∂�2

B1y∂ν2wd� +
∫

∂�2

B2ywd�,

with the bilinear form

a(y, z) = (1 − μ)〈D2y,D2z〉T 2
x

+ μ(trD2y trD2z).
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Moreover, we denote

‖ · ‖∞ = ‖ · ‖L∞(�), ‖ · ‖ = ‖ · ‖L2(�), ‖ · ‖p,�1 = ‖ · ‖Lp(�1), ‖ · ‖�i
= ‖ · ‖L2(�i)

, i = 1,2.

2.2. Assumptions

This subsection gives several assumptions that are needed in the procedure of operation. In 
order to do so, we define

u =
{

u1 in �1,

u2 in �2.

Furthermore, we denote the Hilbert space

H =
{
u | (u1, u2) ∈ H 1(�1) × H 2(�2), u1 = u2 on �1

}
equipped with the inner product

〈u,v〉H =
∫
�1

Du1Dv1dx +
∫
�2

a(u2, v2)dx +
∫
�2

β(x)∂ν2u2∂ν2v2 + γ (x)u2v2d�,

in which u =
{

u1 in �1
u2 in �2

, v =
{

v1 in �1
v2 in �2

, and the norm ‖u‖H = 〈u,u〉
1
2
H.

Next we give the following assumptions.

A1): Compatibility conditions. The initial data u0 ∈ (H 2(�1) × H 4(�2)
) ∩ H and u1 ∈ H

satisfy the following compatibility conditions

B1u
0
2 = 0, B2u

0
2 = ∂ν1u

0
1 on �1,

B1u
0
2 = −β(x)∂ν2u

0
2 − f (∂ν2u

1
2), B2u

0
2 = γ (x)u0

2 − h(u1
2) on �2.

Here the functions u0(x) and u1(x) are defined by

u0(x) =
{

u0
1(x), x ∈ �1,

u0
2(x), x ∈ �2,

u1(x) =
{

u1
1(x), x ∈ �1,

u1
2(x), x ∈ �2.

A2): Assumptions about feedback functions. f, h : R →R are two nondecreasing continuous 
functions satisfying

f̂ (|s|) ≤ |f (s)| ≤ f̂ −1(|s|), ĥ(|s|) ≤ |h(s)| ≤ ĥ−1(|s|) if |s| ≤ 1, (2.1)

f1|s| ≤ |f (s)| ≤ f2|s|, h1|s| ≤ |h(s)| ≤ h2|s| if |s| > 1, (2.2)

max
{
t∗ | t∗ ∈ (0,1], ĥ(s) ≤ f̂ (s) or f̂ (s) ≤ ĥ(s) on [0, t∗]

}
= 1, (2.3)
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in which f̂ and ĥ are strictly increasing C1 functions with f̂ (0) = 0 and ĥ(0) = 0, f̂ −1 and ĥ−1

denote the inverse functions of f̂ and ĥ respectively, and fi, hi, i = 1, 2 are positive constants.

A3): Geometrical assumptions. There exists a vector field H ∈ χ(M) and two positive con-
stants ϑ and δ such that

DH(X,X) ≥ ϑ |X|2g, X ∈ χ(M), (2.4)

and

〈H,ν1〉 = 0 on �1, 〈H,ν2〉 ≥ δ > 0 on �2, (2.5)

in which |X|2g = 〈X, X〉.

Remark 2.2. The geometric condition (2.4) was introduced by Yao [22] to prove the exact con-
trollability of variable coefficients wave equation. In the case of constant coefficients, the radial 
field H = x − x0 satisfies (2.4), where x0 is fixed in Rn.

3. Existence of solutions

In this section, we state and verify the existence of weak solutions for problem (1.1) by Faedo-
Galerkin’s method. In the following proof, Ci, i = 1, 2, ..., 8 are used to be the different positive 
constants independent of index m.

Theorem 3.1. Let assumptions A1)-A3) hold, then there exists at least a solution u of system 
(1.1) satisfying

u ∈ L∞ (0, T ;H) , ut ∈ L∞ (0, T ;H) , utt ∈ L∞ (0, T ;L2(�)
)

,

for some T > 0.

Proof. Let 
{
θ(k)(x)

}∞
k=1 be an orthonormal basis of H in which

θ(k)(x) =
{

θ
(k)
1 (x) in �1,

θ
(k)
2 (x) in �2.

Then the standard results on ODEs guarantee that there exists only one local solution

u(m)(x, t) =
m∑

k=1

y(k)
m (t)θ(k)(x)

on [0, Tm) for some Tm > 0 satisfying the following ODE
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∫
�

∂2
t u(m)θ(k)dx +

〈
u(m), θ(k)

〉
H

−
∫
�1

∣∣∣u(m)
1

∣∣∣α u
(m)
1 θ

(k)
1 dx

+
∫
�2

h(∂tu
(m)
2 )θ

(k)
2 + f (∂ν2∂tu

(m)
2 )∂ν2θ

(k)
2 d� = 0,

(3.1)

with the initial data 
(
u(m)(x,0), ∂tu

(m)(x,0)
)

satisfying A1) and

u(m)(x,0) =
m∑

k=1

y(k)
m (0)θ(k)(x) → u0(x) in H,

∂tu
(m)(x,0) =

m∑
k=1

(y(k)
m )′(0)θ(k)(x) → u1(x) in H,

in which

u(m) =
{

u
(m)
1 in �1,

u
(m)
2 in �2.

Priori estimates. Multiplying (3.1) by (y(k)
m )′(t) and summing up them for k = 1, 2, · · · , m, we 

get

1

2
Q′

m(t) +
∫
�2

f (∂ν2∂tu
(m)
2 )∂ν2∂tu

(m)
2 + h(∂tu

(m)
2 )∂tu

(m)
2 d� =

∫
�1

∣∣∣u(m)
1

∣∣∣α u
(m)
1 ∂tu

(m)
1 dx, (3.2)

in which

Qm(t) = 1

2

{∥∥∥∂tu
(m)
∥∥∥2 +

∥∥∥u(m)
∥∥∥2

H

}
.

Using Sobolev embedding theorem, Hölder and Young’s inequalities, we have∫
�1

∣∣∣u(m)
1

∣∣∣α u
(m)
1 ∂tu

(m)
1 dx ≤

∥∥∥u(m)
1

∥∥∥α+1

2(α+1),�1

∥∥∥∂tu
(m)
1

∥∥∥
�1

≤ C1

(∥∥∥Du
(m)
1

∥∥∥α+2

�1
+
∥∥∥∂tu

(m)
1

∥∥∥α+2

�1

)
.

Integrating (3.2) over (0, t) and using the inequality above we get

Qm(t) +
t∫

0

∫
�2

f (∂ν2∂tu
(m)
2 (s))∂ν2∂tu

(m)
2 (s) + h(∂tu

(m)
2 (s))∂tu

(m)
2 (s)d�ds

≤C2 + C3

t∫
0

Q
α+2

2
m (s)ds.
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Then the Gronwall’s inequality implies that

Qm(t) ≤ 1

(C2 − C4t)
2
α

≤ C5.

Thus we have

u(m) are uniformly bounded in L∞(0, T ;H), (3.3)

∂tu
(m) are uniformly bounded in L∞ (0, T ;L2(�)

)
.

f (∂ν2∂tu
(m)
2 )∂ν2∂tu

(m)
2 are uniformly bounded in L1 ((0, T ) × �2) , (3.4)

h(∂tu
(m)
2 )∂tu

(m)
2 are uniformly bounded in L1 ((0, T ) × �2) . (3.5)

Next we estimate ‖∂2
t u(m)‖ and ‖∂tu

(m)‖H. Multiplying (3.1) by (y(k)
m )′′(t) and summing 

them up from k = 1 to k = m we arrive at

∥∥∥∂2
t u(m)

∥∥∥2 +
〈
u(m), ∂2

t u(m)
〉
H

−
∫
�1

∣∣∣u(m)
1

∣∣∣α u
(m)
1 ∂2

t u
(m)
1 dx

+
∫
�2

h(∂tu
(m)
2 )∂2

t u
(m)
2 + f (∂ν2∂tu

(m)
2 )∂2

t ∂ν2u
(m)
2 d� = 0.

(3.6)

Considering t = 0 in (3.6) and due to A1), we have

∥∥∥∂2
t u(m)(0)

∥∥∥≤
∥∥∥
u

(m)
1 (0)

∥∥∥2

�1
+
∥∥∥
2u

(m)
2 (0)

∥∥∥2

�2
+
∥∥∥u(m)

1 (0)

∥∥∥α+1

2α+2,�1
≤ C6.

Differentiating (3.1) with respect to t , multiplying the obtained equations by (y(k)
m )′′(t), and then 

summing up the obtained equations in k from 1 to m, we obtain

1

2

d

dt

(
‖∂2

t u(m)‖2 + ‖∂tu
(m)‖2

H
)

≤ (α + 1)

∣∣∣∣∣∣∣
∫
�1

∣∣∣u(m)
1

∣∣∣α ∂tu
(m)
1 ∂2

t u
(m)
1 dx

∣∣∣∣∣∣∣
≤ (α + 1)

∥∥∥u(m)
1

∥∥∥α

2α+2,�1

∥∥∥∂tu
(m)
1

∥∥∥
2α+2,�1

∥∥∥∂2
t u

(m)
1

∥∥∥
�1

≤ C7

(∥∥∥∂tu
(m)
∥∥∥2

H
+
∥∥∥∂2

t u(m)
∥∥∥2
)

.

(3.7)

Then integrating (3.7) over (0, t) and using Gronwall’s inequality, we arrive at the second esti-
mate ∥∥∥∂2

t u(m)
∥∥∥2 +

∥∥∥∂tu
(m)
∥∥∥2

H
≤ C8,

which implies



JID:YJDEQ AID:10125 /FLA [m1+; v1.304; Prn:22/11/2019; 9:47] P.9 (1-31)

J. Hao, P. Wang / J. Differential Equations ••• (••••) •••–••• 9
∂tu
(m) are uniformly bounded in L∞ (0, T ;H) , (3.8)

∂2
t u(m) are uniformly bounded in L∞ (0, T ;L2(�)

)
. (3.9)

Convergence. From (3.4), (3.5) and A2) we get∥∥∥f (∂ν2∂tu
(m)
2 )

∥∥∥
L2((0,T )×�2)

≤ C,

∥∥∥h(∂tu
(m)
2 )

∥∥∥
L2((0,T )×�2)

≤ C, (3.10)

in which the positive constant C is independent of m and t . Hence (3.3) and (3.8)-(3.10) permit 
us to obtain a function u and a subsequence of 

{
u(m)

}
which from now on will be also denoted 

by the same notation 
{
u(m)

}
satisfying

u(m) ⇀ u weakly star in L∞ (0, T ;H) , (3.11)

∂tu
(m) ⇀ ∂tu weakly star in L∞ (0, T ;H) , (3.12)

∂2
t u(m) ⇀ ∂2

t u weakly star in L∞ (0, T ;L2(�)
)

, (3.13)

f (∂ν2∂tu
(m)
2 ) ⇀ χ1 weakly in L2 ((0, T ) × �2) , (3.14)

h(∂tu
(m)
2 ) ⇀ χ2 weakly in L2 ((0, T ) × �2) . (3.15)

Then it follows from (3.11)-(3.13) and Aubin-Lions compactness lemma in [19] that

u(m) → u strongly in C (0, T ;H) ,

∂tu
(m) → ∂tu strongly in C (0, T ;H) ,

which implies that

∂tu
(m)
2 → ∂tu2 strongly in C

(
0, T ;L2(�2)

)
,

∂ν2∂tu
(m)
2 → ∂ν2∂tu2 strongly in C

(
0, T ;L2(�2)

)
.

Thus we have

∂tu
(m)
2 → ∂tu2 a.e. in (0, T ) × �2, (3.16)

∂ν2∂tu
(m)
2 → ∂ν2∂tu2 a.e. in (0, T ) × �2. (3.17)

From (3.14)-(3.17) and [4] we obtain

f (∂ν2∂tu
(m)
2 ) ⇀ f (∂ν2∂tu2) weakly in L2 ((0, T ) × �2) , (3.18)

h(∂tu
(m)
2 ) ⇀ h(∂tu2) weakly in L2 ((0, T ) × �2) . (3.19)

Now we deal with the nonlinear source term. By (3.3) and Sobolev embedding theorem, we 
obtain ∣∣∣u(m)

∣∣∣α u
(m) are uniformly bounded in L∞ (0, T ;L2(�1)

)
,
1 1
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and thus we get a subsequence of {u(m)} which still be denoted by the same notation {u(m)} such 
that ∣∣∣u(m)

1

∣∣∣α u
(m)
1 ⇀ |u1|αu1 weakly star in L∞ (0, T ;L2(�1)

)
. (3.20)

Convergences (3.11)-(3.13) and (3.18)-(3.20) permit us to pass to the limit in system (3.1). Then 
just as in [4,21], since {θ(k)} is a complete orthogonal basis of H, we have

∫
�

∂2
t u θ̃dx +

〈
u, θ̃

〉
H

−
∫
�1

|u1|αu1θ̃1dx

+
∫
�2

h(∂tu2)θ̃2 + f (∂ν2∂tu2)∂ν2 θ̃2d� = 0, θ̃ ∈ H,
(3.21)

and the function u satisfies the initial conditions, namely

u1(x,0) = u0
1(x), ∂tu1(x,0) = u1

1(x) in �1,

u2(x,0) = u0
2(x), ∂tu2(x,0) = u1

2(x) in �2.

Therefore the function u is a weak solution of system (1.1). �
4. General decay of solutions

In this section, we devote our minds on the asymptotic stability of system (1.1). In order to do 
so, we define the energy functional of system (1.1)

E(t) = 1

2

(
‖∂tu‖2 + ‖u‖2

H
)

− 1

α + 2
‖u1‖α+2

α+2,�1
:= 1

2
‖∂tu‖2 + J (t), (4.1)

and the functional

I (t) = ‖u‖2
H − ‖u1‖α+2

α+2,�1
.

By Lemma 2.1 and Green’s formula in �1, we can easily check that the energy of system (1.1)
satisfies

E′(t) = −
∫
�2

f (∂ν2∂tu2)∂ν2∂tu2 + h(∂tu2)∂tu2d�, (4.2)

which in particular implies that E(t) is nonincreasing. Moreover, we introduce two vital inequal-
ities

‖u‖H 1(�) ≤ λ0‖u‖H and ‖u‖ι,O ≤ Sι‖u‖H 1(O), u ∈H, ι ≥ 2, (4.3)

in which the open subset O ⊂ �, λ0 is a positive constant and Sι denotes the embedding constant. 
Then denoting
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ĝ(s) = min
{
f̂ (s), ĥ(s)

}
, s ∈ [0,1],

we have the following dissipative properties of system (1.1).

Theorem 4.1. Let assumptions A1)-A3) hold and the initial data satisfy

ζ := Sα+2
α+2λα+2

0

(
2(α + 2)

α
E(0)

) α
2

< 1. (4.4)

More precisely, we assume that I (0) > 0 and the functions β, γ ∈ L∞(�2) satisfy

β0 ≤ β ≤ β1 and γ0 ≤ γ ≤ γ1 on �2,

in which βi and γi, i = 1, 2 are positive constants. Then the energy E(t) has the following decay 
estimates:

1) If ĝ(s) = s, there exists some positive constant h̄1 such that

E(t) ≤ E(0) e1−h̄1t , t ≥ 0. (4.5)

2) If ĝ(s) = sn, n ≥ 1, there exist some positive constant h̄2 such that

E(t) ≤ E(0)

(
n + 1

2 + h̄2t

) 2
n−1

, t ≥ 0. (4.6)

3) Denoting G0(s) = ĝ(s)s, we have

E(t) ≤ ĈE(0)

(
G−1

0

(
1

t

))2

, t ≥ 1. (4.7)

4) Denote G(s) = ĝ(s)

s
. If G is increasing on (0, d] for some d ∈ (0, 1), and lim

t→0+ G(t) = 0, 

there exists some positive constant t∗, such that

E(t) ≤ ĈE(0)

(
ĝ−1

(
1

t

))2

, t ≥ t∗. (4.8)

To prove Theorem 4.1, we first present some lemmas.

Lemma 4.2. [16] Let E :R+ → R+ be a nonincreasing function and φ :R+ → R+ be a strictly 
increasing C1 function satisfying

φ(0) = 0, lim
t→∞φ(t) = +∞.

If there exist positive constants m and A such that
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+∞∫
S

φ′(t)Em+1(t)dt ≤ 1

A
Em(0)E(S), 0 ≤ S < +∞,

we have

E(t) ≤
{

E(0)e1−Aφ(t), m = 0,

E(0)
(

1+q
1+Amφ(t)

)1/m

, m > 0,

for all t ≥ 0.

Lemma 4.3. [17] Let E : R+ → R+ be a nonincreasing function and φ : R+ →R+ be a strictly 
increasing C1 function satisfying

φ(0) = 0, lim
t→∞φ(t) = +∞.

If there exist positive constants m, m′ and ĉ such that

+∞∫
S

φ′(t)Em+1(t)dt ≤ ĉEm+1(S) + ĉ

(1 + φ(S))m
′ E

m(0)E(S), 0 ≤ S < +∞,

there exists a constant Ĉ > 0 such that

E(t) ≤ E(0)
Ĉ

(1 + φ(t))(1+m′)/m
, t ≥ 0.

Lemma 4.4. Let assumptions A1)-A3) and (4.4) hold. If I (0) > 0, we have I (t) > 0 for all 
t ∈ [0, T ].

Proof. Because of the continuity of I (t) and I (0) > 0, there exists some constant T ∗ ∈ (0, T ]
such that

I (t) ≥ 0, t ∈ [0, T ∗].

Then we have

J (t) = α

2(α + 2)
‖u‖2

H + 1

α + 2
I (t) ≥ α

2(α + 2)
‖u‖2

H, t ∈ [0, T ∗],

which combines with (4.3) gives

‖u1‖α+2
α+2,�1

≤ Sα+2
α+2‖u1‖α+2

H 1(�1)
≤ Sα+2

α+2λα+2
0 ‖u‖α+2

H

≤ Sα+2
α+2λα+2

0

(
2(α + 2)

J (t)

) α
2 ‖u‖2

H ≤ ζ‖u‖2
H < ‖u‖2

H, t ∈ [0, T ∗].

α
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More precisely, we have I (T ∗) > 0. Then we obtain the desired result directly when T ∗ = T , 
or repeat the procedure above until the goal is achieved when T ∗ < T . Thus we complete the 
proof. �

It is worthwhile to note that Lemma 4.4 implies the global existence of solutions for system 
(1.1).

Proposition 4.5. Let assumptions A1)-A3) and (4.4) hold. If I (0) > 0, the solution u of system 
(1.1) is global and bounded in time.

Proof. Using Lemma 4.4, we have

J (t) = α

2(α + 2)
‖u‖2

H + 1

α + 2
I (t) ≥ α

2(α + 2)
‖u‖2

H, t ∈ [0, T ].

Thus we can deduce

α

2(α + 2)
‖u‖2

H + 1

2
‖∂tu‖2 ≤ J (t) + 1

2
‖∂tu‖2 = E(t) ≤ E(0),

which also implies that T = +∞. �
Lemma 4.6. Let assumptions A1)-A3) hold and z = (z1, z2) be the solution of

⎧⎪⎪⎨
⎪⎪⎩


z1 = 0 in �1 × (0,∞),


2z2 − (1 − μ)δ(κdz2) = 0 in �2 × (0,∞),

z1 = z2, B1z2 = 0, B2z2 = ∂ν1z1 on �1 × (0,∞),

z2 = u2, ∂ν2z2 = ∂ν2u2 on �2 × (0,∞).

(4.9)

Then there exists a positive constant λ1 such that

‖z‖2 ≤ λ1

⎧⎪⎨
⎪⎩
∫
�2

β|∂ν2u2|2 + γ u2
2d�

⎫⎪⎬
⎪⎭ , (4.10)

and

b(z,u) = b(z, z) ≥ 0, (4.11)

in which the bilinear form b is denoted by

b(z,u) =
∫
�1

〈Dz1,Du1〉dx +
∫
�2

a(z2, u2)dx, z,u ∈H.
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Proof. Based on the classical theory about elliptic equations, there exists some positive constant 
λ̃1 such that

‖z‖2 ≤ λ̃1

⎧⎪⎨
⎪⎩
∫
�2

|∂ν2z2|2 + |z2|2d�

⎫⎪⎬
⎪⎭ ,

which implies the estimate (4.10). Next we prove (4.11). By Green’s formula and Lemma 2.1, 
we have

b(z, z − u) = −
∫
�1


z1(z1 − u1)dx +
∫
�2

(
2z2 − (1 − μ)δ(κdz2))(z2 − u2)dx

−
∫
�1

∂ν1z1(u1 − z1)d� +
∫

∂�2

[
B1z2∂ν2(z2 − u2) − B2z2(z2 − u2)

]
d�

= 0,

(4.12)

for z ∈ H 2(�1) × H 4(�2). Thus the conclusion follows by a standard density argument. �
We denote

M(u) := H(u) + ru + σz, u, z ∈ H.

Then we have the following lemmas.

Lemma 4.7. Let assumptions A1)-A3) hold and φ : R+ → R+ be a concave and strictly in-
creasing C2 function. Then the solutions of system (1.1) satisfy, for all 0 ≤ S < T < ∞,

I� =
⎡
⎣φ′Em

∫
�

∂tuM(u)dx

⎤
⎦
∣∣∣∣∣
T

S

−
T∫

S

(φ′Em)′
∫
�

∂tuM(u)dxdt

+
T∫

S

φ′Em

∫
�

(
divH

2
− r

)
(∂tu)2dxdt +

T∫
S

φ′Em

∫
�1

(
r − divH

2

)
|Du1|2dxdt

+
T∫

S

φ′Em

∫
�2

(
r − divH

2

)
a(u2, u2)dxdt +

T∫
S

φ′Em

∫
�1

DH(Du1,Du1)dxdt

+2(1 − μ)

T∫
S

φ′Em

∫
�2

DH(D2u2,D
2u2)dxdt + σ

T∫
S

φ′Em

∫
�

b(u, z)dxdt

+
T∫

φ′Em

∫ [
(1 − μ)〈D2u2, l(u2)〉T 2

x
+ μtrD2l(u2)

]
dxdt
S �2
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+2μ

T∫
S

φ′Em

∫
�2

DH(
u2,
u2)dxdt − σ

T∫
S

φ′Em

∫
�

∂tu ∂t zdxdt

−
T∫

S

φ′Em

∫
�1

|u1|αu1M(u1)dxdt,

where I� is denoted by

I� = 1

2

T∫
S

φ′Em

∫
�2

{
[(∂tu2)

2 − a(u2, u2)]〈H,ν2〉 + w1∂ν2 (M(u2)) − w2M(u2)
}

d�dt.

(4.13)

Proof. Multiplying system (1.1) by φ′EmM(u) and integrating over � × [S, T ], we get

0 =
⎡
⎣φ′Em

∫
�

∂tuM(u)dx

⎤
⎦
∣∣∣∣∣
T

S

−
T∫

S

φ′Em

∫
�1

(
u1 + |u1|αu1
)
M(u1)dxdt

+
T∫

S

φ′Em

∫
�

(
divH

2
− r

)
(∂tu)2dxdt − σ

T∫
S

φ′Em

∫
�

∂tu ∂t zdxdt

−
T∫

S

(φ′Em)′
∫
�

∂tuM(u)dxdt − 1

2

T∫
S

φ′Em

∫
�2

(∂tu2)
2 〈H,ν2〉d�dt

+
T∫

S

φ′Em

∫
�2

(

2u2 − (1 − μ)δ(κdu2)

)
M(u2)dxdt .

(4.14)

By Green’s formula, we have

−
T∫

S

φ′Em

∫
�1


u1M(u1)dxdt

= −
T∫

S

φ′Em

∫
�1

∂ν1u1M(u1)d�dt +
T∫

S

φ′Em

∫
�1

Du1D (M(u1))dxdt

= −
T∫

φ′Em

∫
∂ν1u1M(u1)d�dt +

T∫
φ′Em

∫
DH(Du1,Du1)dxdt (4.15)
S �1 S �1
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+1

2

T∫
S

φ′Em

∫
�1

|Du1|2〈H,ν1〉d�dt +
T∫

S

φ′Em

∫
�1

(
r − divH

2

)
|Du1|2dxdt

+σ

T∫
S

φ′Em

∫
�1

Du1Dz1dxdt .

Moreover, in order to calculate the last term of the right hand of (4.14), we introduce the follow-
ing two equalities (for details see [20])

〈D2y,D2(H(y))〉T 2
x

= 1

2
H(|D2y|2

T 2
x
) + 2DH(D2y,D2y) + 〈D2y, l(y)〉T 2

x
,

and

trD2y trD2(H(y)) = 1

2
H((
y)2) + 2DH(
y,
y) + trD2l(y).

Here l(y) = −R(Dy, ·, H, ·) − D2H(Dy, ·, ·) in which “·” denotes the position of the variable 
and R is the curvature tensor of the Levi-Civita connection D. Then Lemma 2.1 and the equalities 
above yield

T∫
S

φ′Em

∫
�2

(

2u2 − (1 − μ)δ(κdu2)

)
M(u2)dxdt

= 1

2

T∫
S

φ′Em

∫
∂�2

a(u2, u2)〈H,ν2〉d�dt − 1

2

T∫
S

φ′Em

∫
�2

a(u2, u2)divHdxdt

+2(1 − μ)

T∫
S

φ′Em

∫
�2

DH(D2u2,D
2u2)dxdt + r

T∫
S

φ′Em

∫
�2

a(u2, u2)dxdt

+2μ

T∫
S

φ′Em

∫
�2

DH(
u2,
u2)dxdt + σ

T∫
S

φ′Em

∫
�2

a(u2, z2)dxdt

+
T∫

S

φ′Em

∫
∂�2

B2u2M(u2)d�dt −
T∫

S

φ′Em

∫
∂�2

B1u2∂ν2 (M(u2))d�dt

+
T∫

S

φ′Em

∫
�2

[
(1 − μ)〈D2u2, l(u2)〉T 2

x
+ μtrD2l(u2)

]
dxdt .

(4.16)

Because of A2) and u1 = u2 on �1, we have

H(u2) − H(u1) = (∂ν2u2 − ∂ν1u1
) 〈H,ν1〉 + (∂τ2u2 − ∂τ1u1

) 〈H,τ1〉 = 0 on �1. (4.17)

Exploiting (4.14)-(4.17), we have the conclusion. �
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The Proof of Theorem 4.1. Let r = div H
2 − ϑ

2 . From assumption A3) and Lemma 4.7, and due 
to the fact that divH = trDH ≥ 2ϑ we have

ϑ

2

T∫
S

φ′Em+1dt

≤−ϑ

4

T∫
S

φ′Em‖∂tu)‖2dt + (α + 1)ϑ

2(α + 2)

T∫
S

φ′Em‖u1‖α+2
α+2,�1

dt

− 5ϑ

4

T∫
S

φ′Em

∫
�2

a(u2, u2)dxdt + ϑ

4

T∫
S

φ′Em

∫
�2

β|∂νu2|2 + γ |u2|2d�dt

+
T∫

S

φ′Em

∫
�1

|u1|αu1(H(u1) + σz1)dxdt + I� − ϑ

4

T∫
S

φ′Em‖Du1‖2
�1

dt (4.18)

−
⎡
⎣φ′Em

∫
�

∂tuM(u)dx

⎤
⎦
∣∣∣∣∣
T

S

+
T∫

S

(φ′Em)′
∫
�

∂tuM(u)dxdt

−
T∫

S

φ′Em

∫
�2

[
(1 − μ)〈D2u2, l(u2)〉T 2

x
+ μtrD2l(u2)

]
dxdt

+ σ

T∫
S

φ′Em

∫
�

∂tu ∂t zdxdt.

Next we will deal with certain terms of the right-hand side above respectively.

1) Estimate for I1 = (α + 1)ϑ

2(α + 2)

T∫
S

φ′Em‖u1‖α+2
α+2,�1

dt .

Applying (4.3), Young’s inequality and interpolation inequality as follows

‖y‖p,�1 ≤ ‖y‖ς
�1

‖y‖1−ς
q,�1

,
1

p
= ς

2
+ 1 − ς

q
, ς ∈ [0,1], (4.19)

we arrive at

I1 ≤ (α + 1)ϑ

2(α + 2)

T∫
S

φ′Em‖u1‖2‖u1‖α+1
2α+2,�1

dt

≤ C9

T∫
φ′Em‖u1‖2

�1
dt + 1

C10
ϑ

T∫
φ′Em‖u1‖2α+2

2α+2,�1
dt (4.20)
S S
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≤ C9

T∫
S

φ′Em‖u1‖2
�1

dt + S2α+2
2α+2

C10
ϑ

T∫
S

φ′Em‖u1‖2α+2
H 1(�1)

dt

≤ C9

T∫
S

φ′Em‖u1‖2
�1

dt + ϑ

16

T∫
S

φ′Em‖u‖2
Hdt,

where the constants C9 and C10 are defined by

C9 := C10

ϑ

(
(α + 1)ϑ

α + 2

)2

and C10 := S2α+2
2α+2λ2α+2

0

(
2(α + 1)

α
E(0)

)α

.

2) Estimate for I2 =
T∫

S

φ′Em

∫
�1

|u1|αu1(H(u1) + σz1)dxdt .

We use (4.19) with ς = s
(α+1)(2α+s)

, p = 2(α + 1) and q = 2(α + 1) + s (s ∈R+) to get

‖u1‖2(α+1),�1 ≤ ‖u1‖ς
�1

‖u1‖1−ς

2(α+1)+s,�1
≤ S1−ς

2(α+1)+sλ
1−ς
0 ‖u1‖ς

�1
‖u‖1−ς

H ,

in which s is any positive constant satisfying s < 2
α+1 . Then combining Hölder and Cauchy 

inequalities, Lemma 4.6 with the inequality above, we have

I2 ≤ ‖H‖∞
T∫

S

φ′Em‖u1‖α+1
2(α+1),�1

‖Du1‖�1dt + σ

T∫
S

φ′Em‖u1‖α+1
2(α+1),�1

‖z‖dt

≤ S(1−ς)(α+1)

2(α+1)+s λ
(1−ς)(α+1)
0 (‖H‖∞ + σ)

T∫
S

φ′Em‖u1‖ς(α+1)
�1

(
‖u‖2

H + ‖z‖2
) (1−ς)(α+1)+1

2
dt

≤ C11

T∫
S

φ′Em‖u1‖2
�1

dt + 2 − ς(α + 1)

8C12
ε

T∫
S

φ′Em
(
‖u‖2

H + ‖z‖2
) (1−ς)(α+1)+1

2−ς(α+1)
dt

≤ C11

T∫
S

φ′Em‖u1‖2
�1

dt + ε

4

T∫
S

φ′Em‖u‖2
Hdt,

(4.21)

where C11 and C12 are positive constants satisfying

C11 = ς(α + 1)S2(1−ς)/ς

2(α+1)+sλ
2(1−ς)/ς
0 C

2−ς(α+1)
ς(α+1)

12

2ϑ
2−ς(α+1)
ς(α+1)

(‖H‖∞ + σ)2/(ς(α+1)),

and



JID:YJDEQ AID:10125 /FLA [m1+; v1.304; Prn:22/11/2019; 9:47] P.19 (1-31)

J. Hao, P. Wang / J. Differential Equations ••• (••••) •••–••• 19
C12 = 2 − ς(α + 1)

2
(1 + λ1)

(1−ς)(α+1)+1
2−ς(α+1)

(
2(α + 2)

α
E(0)

) α
2−ς(α+1)

.

3) Estimate for I�.
Using the fact that there exists a positive constant λ2 such that

|∂ν2(H(u2))|2 ≤ λ2

(
|∂ν2u2|2 + |D2u2|2T 2

x

)
,

and 〈H, ν2〉 ≥ δ > 0, we have

T∫
S

φ′Em

∫
�2

w1∂ν2(H(u2))d�dt

≤ (1 − μ)δ

4

T∫
S

φ′Em

∫
�2

|D2u2|2T 2
x

d�dt + λ2

(1 − μ)δ

T∫
S

φ′Em

∫
�2

w2
1d�dt

+ (1 − μ)δ

4

T∫
S

φ′Em

∫
�2

|∂ν2u2|2d�dt

≤ δ

4

T∫
S

φ′Em

∫
�2

a(u2, u2)d�dt + λ2

(1 − μ)δ

T∫
S

φ′Em

∫
�2

w2
1d�dt

+ (1 − μ)δ

4

T∫
S

φ′Em

∫
�2

|∂ν2u2|2d�dt .

(4.22)

Let λ3 be the smallest positive constant such that

∫
�2

|Du2|2d� ≤ λ3

⎛
⎜⎝∫

�2

|D2u2|2T 2
x

dx +
∫
�2

(β|∂ν2u2|2 + γ u2
2)d�

⎞
⎟⎠ ,

which gives

−
T∫

S

φ′Em

∫
�2

w2H(u2)d�dt

≤ (1 − μ)ϑ

8λ3

T∫
S

φ′Em

∫
�2

|Du2|2d�dt + 2λ3‖H‖2∞
(1 − μ)ϑ

T∫
S

φ′Em

∫
�2

w2
2d�dt

≤ ϑ

8

T∫
φ′Em

∫
a(u2, u2)dxdt + C13

T∫
φ′Em

∫ (
w2

2 + β|∂ν2u2|2 + γ u2
2

)
d�dt,

(4.23)
S �2 S �2
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where the constant C13 = (1−μ)ϑ
8 + 2λ3‖H‖2∞

ϑ(1−μ)
. Then (4.22) and (4.23) imply that

I� ≤1

2

T∫
S

φ′Em

∫
�2

w1∂ν2 (M(u2))d�dt + 1

2

T∫
S

φ′Em

∫
�2

(∂tu2)
2〈H,ν2〉d�dt

−1

2

T∫
S

φ′Em

∫
�2

w2M(u2)d�dt − δ

2

T∫
S

φ′Em

∫
�2

a(u2, u2)d�dt

≤ϑ

8

T∫
S

φ′Em

∫
�2

a(u2, u2)dxdt + σ

T∫
S

φ′Em

∫
�2

(w1∂ν2u2 + w2u2)d�dt

+C14

T∫
S

φ′Em

∫
�2

�1w
2
1 + �2w

2
2 + β|∂ν2u2|2 + γ u2

2d�dt

+‖H‖∞
2

T∫
S

φ′Em

∫
�2

|∂tu2|2d�dt,

where the constants �1, �2 ≥ 1 will be chosen later and

C14 = C11

2�2
+ r

4
max

{
1

�1
,

1

β0

}
+ r

4
max

{
1

�2
,

1

γ0

}
.

Then the inequalities

w2
1 ≤ β1

β0
f 2(∂ν2∂tu2) − β0β|∂ν2u2|2 − 2β0

∣∣w1∂ν2u2
∣∣ on �2 × (0,+∞),

and

w2
2 ≤ γ1

γ0
h2(∂tu2) − γ0γ u2

2 − 2γ0 |w2u2| on �2 × (0,+∞),

give

I� ≤ (σ − 2C14�1β0)

T∫
S

φ′Em

∫
�2

∣∣w1∂ν2u2
∣∣d�dt + ‖H‖∞

2

T∫
S

φ′Em

∫
�2

(∂tu2)
2d�dt

+C14(1 − �1β0)

T∫
φ′Em

∫
β|∂ν2u2|2d�dt + ϑ

8

T∫
φ′Em

∫
a(u2, u2)dxdt (4.24)
S �2 S �2
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+C14�1β1

β0

T∫
S

φ′Em

∫
�2

f 2(∂ν2∂tu2)d�dt + C14�2γ1

γ0

T∫
S

φ′Em

∫
�2

h2(∂tu2)d�dt

+C14(1 − �2γ0)

T∫
S

φ′Em

∫
�2

γ u2
2d�dt + (σ − 2C14�2γ0)

T∫
S

φ′Em

∫
�2

|w2u2|d�dt .

4) Estimate for I3 = − 

⎡
⎣φ′Em

∫
�

∂tuM(u)dx

⎤
⎦∣∣∣T

S
.

Using Cauchy’s inequality and (4.3) we have∫
�

∂tuM(u)dx ≤ C15

(
E(t) + ‖u1‖α+2

α+2,�1

)
≤ C15(3α + 4)

α
E(t), (4.25)

in which the constant C15 := 2 max
{
λ2

0‖H‖∞ + rS2
2λ2

0, σλ1
}
. Thus we arrive at

I3 ≤ 2C15(3α + 4)

α
Em+1(S). (4.26)

5) Estimate for I4 =
T∫

S

(φ′Em)′
∫
�

∂tuM(u)dxdt .

By the inequality (4.25), we conclude that

I4 ≤ 2C15(3α + 4)

α

T∫
S

(
−φ′′Em+1 + mφ′EmE′)dt

≤ 2C15(3α + 4)

α
Em+1(S)

T∫
S

−φ′′dt + 2C15m(3α + 4)

α(m + 1)
Em+1(S)

≤ 2C15(2m + 1)(3α + 4)

α(m + 1)
Em+1(S).

(4.27)

6) Estimate for I5 = − 

T∫
S

φ′Em

∫
�2

[
(1 − μ)〈D2u2, l(u2)〉T 2

x
+ μtrD2l(u2)

]
dxdt .

From Cauchy’s inequality, we have

I5 ≤ (1 − μ)ϑ

T∫
S

φ′Em

∫
�2

|D2u2|2T 2
x

dxdt +L(u2)

≤ ϑ

T∫
φ′Em

∫
a(u2, u2)dxdt +L(u2),

(4.28)
S �2
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where

L(u2) = 1 − μ

4ϑ

T∫
S

φ′Em

∫
�2

|l(u2)|2T 2
x

dxdt − μ

T∫
S

φ′Em

∫
�2

trD2l(u2)dxdt

is the lower order term of a(u2, u2) and can be absorbed by a compactness-uniqueness argument.

7) Estimate for I6 = −σ

T∫
S

φ′Em

∫
�

∂tu ∂t zdxdt .

By using (4.10) and Cauchy inequality we arrive at

I6 ≤ ϑ

4

T∫
S

φ′Em‖∂tu‖2dt + σ 2

ϑ

T∫
S

φ′Em‖∂t z‖2dt

≤ ϑ

4

T∫
S

φ′Em‖∂tu‖2dt + σ 2λ1

ϑ

T∫
S

φ′Em

∫
�2

β|∂ν2∂tu2|2 + γ |∂tu2|2d�dt .

(4.29)

Substituting (4.21), (4.24) and (4.26)-(4.29) into (4.18), we get

ϑ

2

T∫
S

φ′Em+1dt

≤ C15E
m+1(S) + (σ − 2C14�1β0)

T∫
S

φ′Em

∫
�2

∣∣w1∂ν2u2
∣∣d�dt

+
(

ϑ

8
+ C14(1 − �1β0)

) T∫
S

φ′Em

∫
�2

β|∂ν2u2|2d�dt

+
(

ϑ

8
+ C14(1 − �2γ0)

) T∫
S

φ′Em

∫
�2

γ |u2|2d�dt

+ (C9 + C10)

T∫
S

φ′Em‖u1‖2
�1

dt + (σ − 2C14�2γ0)

T∫
S

φ′Em

∫
�2

|w2u2|d�dt

+σ 2λ1β1

ϑ

T∫
S

φ′Em

∫
�2

|∂ν2∂tu2|2dxdt + C14�2γ1

γ0

T∫
S

φ′Em

∫
�2

h2(∂tu2)d�dt

+
(‖H‖∞

2
+ σ 2λ1γ1

ϑ

) T∫
φ′Em

∫
|∂tu2|2 d�dt +L(u2)
S �2
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+C14�1β1

β0

T∫
S

φ′Em

∫
�2

f 2(∂ν2∂tu2)d�dt,

in which C15 := 2C14(3α+4)(3m+2)
α(m+1)

. Let

�1 = σ

2C14β0
≥ 1, �2 = σ

2C14γ0
≥ 1,

and

1 − �2γ0 = 1 − �1β0 = 1 − σ

2C14
≤ − ϑ

8C14
,

which means we have to choose σ satisfying

σ ≥ 2C14 max

{
β0, γ0,1 + ϑ

8C14

}
.

Finally, using the compactness-uniqueness theorem to absorb the lower orders 

T∫
S

φ′Em‖u1‖2
�1

dt

and L(u2), we get

ϑ

2

T∫
S

φ′Em+1dt ≤ 2C15E
m+1(S) + C16

T∫
S

φ′Em

∫
�2

[
f 2(∂ν2∂tu2)+

|∂ν2∂tu2|2 + h2(∂tu2) + |∂tu2|2
]
d�dt,

(4.30)

in which the constant C16 is denoted by

C16 = 2 max

{
σ 2λ1β1

ϑ
,
‖H‖∞

2
+ σ 2λ1γ1

ϑ
,
C14�1β1

β0
,
C14�2γ1

γ0

}
.

Next, we handle the last four terms in the right hand of (4.30) from the following four cases.
Case 1: If ĝ(s) = s, we choose φ(t) = t and m = 0 in (4.30) to obtain

T∫
S

E(t)dt

≤ 4C15

ϑ
E(S) + 4C17

ϑ

T∫
S

∫
�2

f (∂ν2∂tu2)∂ν2∂tu2 + h(∂tu2)∂tu2d�dt

≤ 4
(C15 + C17)E(S),
ϑ
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in which C17 := C16 max
{
f2 + 1

f1
, h2 + 1

h1

}
+ 2C16. Then letting T → +∞ we obtain (4.5)

with h̄1 = 4
ϑ

(C15 + C17) directly from Lemma 4.2.
Case 2: If ĝ(s) = sn with n > 1, we set

�1
2 := {x ∈ �2 | |∂tu2| ∈ [0,1]} , �2

2 := {x ∈ �2 | |∂tu2| ∈ (0,+∞)} .

Then we exploit Cauchy and Hölder’s inequalities, and set m = n−1
2 to deduce

T∫
S

φ′Em

∫
�1

2

|∂tu2|2 d�dt =
T∫

S

φ′Em

∫
�1

2

(
∂tu2ĝ(∂tu2)

) 2
n+1 d�dt

≤ −meas (�2)

T∫
S

φ′Em(E′)
2

n+1 dt

≤ η
n+1
n−1 meas (�2)

T∫
S

φ′Em+1dt − η− n+1
2 meas (�2)

T∫
S

φ′E′dt

≤ η
n+1
n−1 meas (�2)

T∫
S

φ′Em+1dt + η− n+1
2 meas (�2)φ

′(S)E(S),

(4.31)

T∫
S

φ′Em

∫
�2

2

|∂tu2|2 d�dt ≤ 1

h1

T∫
S

φ′Em

∫
�2

2

∂tu2h(∂tu2)d�dt ≤ 1

h1
Em+1(S), (4.32)

T∫
S

φ′Em

∫
�1

2

h2(∂tu2)d�dt ≤
T∫

S

φ′Em

∫
�1

2

(∂tu2h(∂tu2))
2

n+1 d�dt

≤ η
n+1
n−1 meas (�2)

T∫
S

φ′(t)Em(t)dt + η− n+1
2 meas (�2)E

m+1(S),

(4.33)

and

T∫
S

φ′Em

∫
�2

2

h2(∂tu2)d�dt ≤ h2E
m+1(S), (4.34)

where η > 0 will be chosen later. From (4.31)-(4.34) we have

T∫
φ′Em

∫ [
h2(∂tu2) + |∂tu2|2

]
d�dt
S �2
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≤
(

h2 + 1

h1

)
Em+1(S) + η− n+1

2 meas (�2)φ
′(S)E(S) (4.35)

+2η
n+1
n−1 meas (�2)

T∫
S

φ′Emdt.

Similarly, departing �2 into

�̃1
2 := {x ∈ �2 | |∂ν2∂tu2| ∈ [0,1]} , �̃2

2 := {x ∈ �2 | |∂ν2∂tu2| ∈ (1,+∞)
}
,

we arrive at

T∫
S

φ′Em

∫
�2

[
f 2(∂ν2∂tu2) + |∂ν2∂tu2|2

]
d�dt

≤
(

f2 + 1

f1

)
Em+1(S) + η− n+1

2 meas (�2)φ
′(S)E(S)

+2η
n+1
n−1 meas (�2)

T∫
S

φ′(t)Em(t)dt.

(4.36)

Substituting (4.35) and (4.36) into (4.30), and choosing φ(t) = t , we get

T∫
S

E
n+1

2 dt ≤ 8C16

ϑ
η

n+1
n−1 meas (�2)

T∫
S

E
n+1

2 (t)dt + C18E
n+1

2 (S) + 8C16

ϑ
η− n+1

2 meas (�2)E(S)

with

C18 = 2

ϑ

[
2C15 + C16

(
1

f1
+ 1

h1
+ f2 + h2

)]
.

Then choosing

η =
(

ϑ

16C16meas (�2)

) n−1
n+1

,

and letting T → +∞, we obtain (4.6) with

h̄2 = 2C18 + 16C16

ηϑ
meas (�2) (ηE(0))−

n−1
2 .

Case 3: Motivated by [17], we define φ(t) = ϕ−1(t) for t ≥ 1, in which the function

ϕ(t) = 1 +
t∫

1

ĝ( 1
s
)
ds, t ≥ 1.
1
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Then φ is a concave and strictly increasing function with properties

φ(t) → +∞, t → +∞,

and

φ′(t) = 1

ϕ′(φ(t))
= ĝ

(
1

φ(t)

)
→ 0, t → +∞.

Furthermore, to estimate 

T∫
S

φ′Em

∫
�2

|∂tu2|2d�dt , we depart �2 by the following way

�3
2 :=

{
x ∈ �2 | |∂tu2| ∈ [0, ĝ−1(φ′)]

}
,

�4
2 :=

{
x ∈ �2 | |∂tu2| ∈ (ĝ−1(φ′),1]

}
, (4.37)

�5
2 := {x ∈ �2 | |∂tu2| ∈ (1,+∞)} .

With this partition we easily obtain

T∫
S

φ′Em

∫
�3

2

|∂tu2|2d�dt ≤ meas (�2)

T∫
S

φ′Em
(
ĝ−1(φ′)

)2
dt, (4.38)

T∫
S

φ′Em

∫
�4

2

|∂tu2|2d�dt =
T∫

S

Em

∫
�4

2

ĝ
(
ĝ−1(φ′)

)
|∂tu2|2d�dt

≤
T∫

S

Em

∫
�4

2

ĝ(∂tu2)∂tu2d�dt

≤
T∫

S

Em

∫
�4

2

h(∂tu2)∂tu2d�dt

≤ −
T∫

S

EmE′dt ≤ 1

m + 1
Em+1(S),

(4.39)

and

T∫
S

φ′Em

∫
�5

|∂tu2|2d�dt ≤ 1

h1

T∫
S

Em

∫
�5

h(∂tu2)∂tu2d�dt
2 2
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≤ − 1

h1

T∫
S

EmE′dt ≤ 1

(m + 1)h1
Em+1(S). (4.40)

Then from (4.38)-(4.40) we have

T∫
S

φ′Em

∫
�2

|∂tu2|2d�dt ≤ m + 2

(m + 1)h1
Em+1(S) + meas (�2)

T∫
S

φ′Em
(
ĝ−1(φ′)

)2
dt. (4.41)

To estimate 

T∫
S

φ′Eq

∫
�2

|∂ν2∂tu2|2d�dt , we depart �2 by the following way

�̃3
2 :=

{
x ∈ �2 | |∂ν2∂tu2| ∈ [0, ĝ−1(φ′)]

}
,

�̃4
2 :=

{
x ∈ �2 | |∂ν2∂tu2| ∈ (ĝ−1(φ′),1]

}
, (4.42)

�̃5
2 := {x ∈ �2 | |∂ν2∂tu2| ∈ (1,+∞)

}
.

Then similar to the progress of proving (4.41), we get

T∫
S

φ′Em

∫
�2

|∂t ∂ν2u2|2d�dt

≤ m + 2

(m + 1)f1
Em+1(S) + meas (�2)

T∫
S

φ′Em
(
ĝ−1(φ′)

)2
dt.

(4.43)

To estimate 

T∫
S

φ′Em

∫
�2

h2(∂tu2)d�dt , we depart �2 as follows

�6
2 := {x ∈ �2 | |∂tu2| ∈ [0, φ′]} ,

�7
2 := {x ∈ �2 | |∂tu2| ∈ (φ′,1]} , (4.44)

�8
2 := {x ∈ �2 | |∂tu2| ∈ (1,+∞)} ,

then we conclude that

T∫
S

φ′Em

∫
�6

2

h2(∂tu2)d�dt ≤
T∫

S

φ′Em

∫
�6

2

(
ĝ−1(∂tu2)

)2
d�dt

≤ meas (�2)

T∫
φ′Em

(
ĝ−1(φ′)

)2
dt,

(4.45)
S
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T∫
S

φ′Em

∫
�7

2

h2(∂tu2)d�dt ≤ h(1)

T∫
S

Em

∫
�2

h(∂tu2)∂tu2d�dt ≤ h(1)

m + 1
Em+1(S), (4.46)

and

T∫
S

φ′Em

∫
�8

2

h2(∂tu2)d�dt ≤ h2

T∫
S

φ′Em

∫
�2

h(∂tu2)∂tu2d�dt ≤ h2

m + 1
Em+1(S). (4.47)

From (4.45)-(4.47) we have

T∫
S

φ′Em

∫
�2

g2(∂tu2)d�dt ≤ h(1) + h2

m + 1
Em+1(S) + meas (�2)

T∫
S

φ′Em
(
ĝ−1(φ′)

)2
dt. (4.48)

To estimate 

T∫
S

φ′Em

∫
�2

h2(∂ν2∂tu2)d�dt , we depart �2 as follows

�̃6
2 := {x ∈ �2 | |∂ν2∂tu2| ∈ [0, φ′]} ,

�̃7
2 := {x ∈ �2 | |∂ν2∂tu2| ∈ (φ′,1]} , (4.49)

�̃8
2 := {x ∈ �2 | |∂ν2∂tu2| ∈ (1,+∞)

}
.

Then similar to the proof of (4.48), we conclude

T∫
S

φ′Em

∫
�2

f 2(∂ν2∂tu2)d�dt ≤ f (1) + f2

m + 1
Em+1(S) + meas (�2)

T∫
S

φ′Em
(
ĝ−1(φ′)

)2
dt.

(4.50)

Substituting (4.41), (4.43), (4.48) and (4.50) into (4.30) we get

T∫
S

φ′Em+1dt ≤ C19E
m+1(S) + 8C16

ϑ
meas (�2)

T∫
S

φ′Em
(
ĝ−1(φ′)

)2
dt

≤ C19E
m+1(S) + 8C16

ϑ
meas (�2)E

m(S)

+∞∫
φ(S)

(
ĝ−1

(
1/
(
(φ′)−1(τ )

)))2
dτ

= C19E
m+1(S) + 8C16

ϑ
meas (�2)E

m(S)

+∞∫
φ(S)

1

τ 2 dτ

≤ C19E
m+1(S) + 8C16 meas (�2)

Em(S)
,

ϑ φ(S)
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in which the constant

C19 = 4C15

ϑ
+ 2C16

ϑ

{
f (1) + h(1) + f2 + h2

m + 1
+ m + 2

(m + 1)f1
+ m + 2

(m + 1)h1

}
.

Letting T → +∞ and m = 1 and using Lemma 4.3, we have

E(t) ≤ ĈE(0)

φ2(t)
, t ≥ 1. (4.51)

From the monotonicity of ĝ and ĝ(1) < 1, we have

φ−1(t) = 1 +
t∫

1

1

ĝ( 1
τ
)
dτ ≤ 1 + t − 1

ĝ( 1
t
)

≤ t

ĝ( 1
t
)

= 1

G0(
1
t
)
, t ≥ 1,

which implies

1

φ(t)
≤ G−1

0

(
1

t

)
, t ≥ 1.

Thus the proof of (4.7) is achieved.
Case 4: By the fact that lim

t→0+ G(t) = 0 and that G is increasing on (0, d], we know that there 

exists a positive constant T1 such that

G

(
1

t

)
≤ d, t ≥ T1.

We define

φ(t) = ψ−1(t), t ≥ t1 := max

{
T1,

1

d

}
,

in which the function ψ is defined by

ψ(t) = t1 +
t∫

t1

1

G( 1
s
)
ds, t ≥ t1.

We can conclude that φ1 is a concave and strictly increasing C2 function satisfying

φ′(t) = 1

ϕ′(φ(t))
= G(

1

φ(t)
) ≤ G(d), t ≥ t1,

φ′(t) ≤ φ′(t1) = G(
1

t1
) ≤ G(

1

T1
) ≤ d < 1, t ≥ t1,

and
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φ(t) → +∞, φ′(t) → 0 when t → +∞.

Moreover, we choose t∗ ≥ t1 such that φ(t∗) < G(1) = ĝ(1) < 1. Then replacing (4.37) by

�9
2 :=

{
x ∈ �2 | |∂tu2| ∈ [0,G−1(φ′)]

}
,

�10
2 :=

{
x ∈ �2 | |∂tu2| ∈ (G−1(φ′),1]

}
,

�11
2 := {x ∈ �2 | |∂tu2| ∈ (1,+∞)} ,

and (4.49) by

�̃9
2 :=

{
x ∈ �2 | |∂ν2∂tu2| ∈ [0,G−1(φ′)]

}
,

�̃10
2 :=

{
x ∈ �2 | |∂ν2∂tu2| ∈ (G−1(φ′),1]

}
,

�̃11
2 := {x ∈ �2 | |∂ν2∂tu2| ∈ (1,+∞)

}
,

we arrive at

E(t) ≤ Ĉ

φ2(t)
, t ≥ t∗,

which is similar with the proof of (4.51). From the monotonicity of G and G( 1
t1

) < 1 we have

φ−1(t) = t1 +
t∫

t1

1

G( 1
s
)
ds ≤ 1

ĝ( 1
t
)
, t ≥ t∗,

namely

1

φ(t)
≤ ĝ−1

(
1

t

)
, t ≥ t∗,

which gives (4.8).
Thus we complete the proof of Theorem 4.1. �
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