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Abstract

The aim of this article is to derive explicit formulas for the projectors on the generalized eigenspaces asso-
ciated to some eigenvalues for linear functional differential equations (FDE) by using integrated semigroup
theory. The idea is to formulate the FDE as a non-densely defined Cauchy problem and obtain an explicit
formula for the integrated solutions of the non-densely defined Cauchy problem, from which we then de-
rive explicit formulas for the projectors on the generalized eigenspaces associated to some eigenvalues. The
results are useful in studying bifurcations in some semi-linear problems.
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1. Introduction

Since the state space for functional differential equations (FDE) is infinitely dimensional,
techniques and methods from functional analysis and operator theory have been further devel-
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oped and extensively used to study such equations (Hale and Verduyn Lunel [13], Diekmann
et al. [9], Engel and Nagel [10]). In particular, the semigroup theory of operators on a Banach
space has been successfully used to study the dynamical behavior of FDE (Adimy and Arino [3],
Diekmann et al. [8], Frasson and Verduyn Lunel [12], Thieme [21], Verduyn Lunel [26], Webb
[27-29]). In studying bifurcation problems, such as Hopf bifurcation, for FDE, we need to com-
pute explicitly the flow on the center manifold (Hassard et al. [14]). To do that, we need to know
detailed information about the underlying center manifold of the linearized equation. Frasson
and Verduyn Lunel [12] provided explicit formulas for the spectral projection on the unstable
or center subspace by using resolvent computations and Dunford calculus and studied the large
time behavior of autonomous and periodic functional differential equations.

The goal of this article is to obtain explicit formulas for the projectors on the generalized
eigenspaces associated to some eigenvalues for linear functional differential equations (FDE)

dx(t N
O _ gty + By, ViS00,

Xo=¢€ C([—r, 01, R")

by using integrated semigroup theory. This problem has been extensively studied since the 1970s
(see Hale and Verduyn Lunel [13] and the historical remarks at the end of Chapters 6 and 7), the
usual approach is based on the formal adjoint method. The method was recently further studied
in the monograph of Diekmann et al. [9] using the so-called sun-star adjoint spaces, see also
Kaashoek and Verduyn Lunel [15], Frasson and Verduyn Lunel [12], Diekmann et al. [8] and the
references cited therein.

The main question here is to formulate the problem as an abstract Cauchy problem. In the
1970s, Webb [27], Travis and Webb [24,25] viewed the problem as a non-linear Cauchy problem
and focused on many aspects of the problem by using this method. Another approach is a direct
method, that is to use the variation of constant formula and work directly with the system (see
Arino and Sanchez [6] and Kappel [16]).

We shall use an integrated semigroup formulation for the problem. It seems that Adimy [1,2],
Adimy and Arino [3], and Thieme [21] were the first to apply such an approach in the context of
FDE. This approach has been extensively developed by Arino’s team in the 1990s (see Ezzinbi
and Adimy [11] for a survey on this topic). Here we use a formulation of the FDE that is an
intermediate between the formulations of Adimy [1,2] and Thieme [21]. In fact, compared with
Adimy’s approach we do not use any Radon measure to give a sense of the value of x;(f) at
6 = 0, while compared to Thieme’s approach we keep only one equation. Our approach is more
closely related to the one by Travis and Webb [24,25].

The rest of the paper is organized as follows. In Section 2 we demonstrate how to construct
the formulations in an “intuitive manner.” Then in Section 3, we recall some spectral theory and
obtain an explicit formula for the integrated solutions of the non-densely defined Cauchy prob-
lem. The goal is to check that the integrated solutions of the Cauchy problem are in fact solutions
of the FDE. In Section 4, which is in fact the main section of this article, we obtain an explicit
formula for the projectors on the generalized eigenspaces associated to some eigenvalues. As far
as we know this part is new. The projector for a simple eigenvalue is considered in Section 5.
In Section 6, we discuss some applications of the results to the semi-linear problem by focusing
specially on bifurcation aspects.
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2. Preliminary

For r >0, let C = C([—r, 0]; R") be the Banach space of continuous functions from [—r, 0]
to R" endowed with the supremum norm

lpllc=sup [@©|gn-
0e[—r,0]

Consider the retarded functional differential equations (FDE) of the form

dx(t) A
{ — = =Bx(O)+ L) + fe,x), V=0, 2.1)
xo=¢€C,

where x; € C satisfies x;(0) = x(t +0), B € M,,(R) is an n x n real matrix, L:C>R'isa
bounded linear operator given by

0

L(p) =/dn(9>¢<@),

—r

here n:[—r, 0] - M, (R) is a map of bounded variation, and f:R x C — R”" is a continuous
map.

In order to study the FDE (2.1) by using the integrated semigroup theory, we need to consider
FDE (2.1) as an abstract non-densely defined Cauchy problem. Firstly, we regard FDE (2.1) as a
PDE. Define u € C([0, +00) x [—r, 0], R") by

u(t,0)=x(t+0), vt=0,Voe[-r0]

Note that if x € C!([—r, +00), R"), then

du(t,6) _ Y6 du(t,0)

ot 20
Hence, we must have

du(t,0) du(t,0)

0, VvVt>0, Voe[-r0]
ot a6

Moreover, for § =0, we obtain

8“;;’ > =x'(1) = Bx(t) + I:(xt) + f(t, x)

= Bu(t,0) + L(u(t, )) + f(t,u(t,.), Vt=0.
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Therefore, we deduce formally that u must satisfy a PDE

du(t,0) du(t,0)

at 90 0,
au;te 0) = Bu(t,0) + I:(u(t, )+ f(tu@,)), Vi=0, 2.2)
M(O, ) = go e C

In order to rewrite the PDE (2.2) as an abstract non-densely defined Cauchy problem, we
extend the state space to take into account the boundary conditions. This can be accomplished
by adopting the following state space

X=R"xC

taken with the usual product norm

X
= lxllre + llellc-
¥

Define the linear operator A: D(A) C X — X by

A(ORH> _ (—90’(0) + B<o<0>> 7 V(Ow> € D(A), 2.3)
[0 2 %

with
D(A) = {Ogn} x C'([—r, 0], R").
Note that A is non-densely defined because
D(A) = {Opn} x C # X.

We also define L: D(A) — X by

Orn | L(p)
L( 2 >_< 0c )
P (5)=("67)
] Oc
v(r):(’?ﬁ")).

and F:R x D(A) — X by

Set
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Now we can consider the PDE (2.2) as the following non-densely defined Cauchy problem

dv(t)
dt

= Av(t) + L(v(@®)) + F(t,v(0), 120,  v(0)= (Ofs”) e D(A). (2.4

3. Some results on integrated solutions and spectrums

In this section we will first study the integrated solutions of the Cauchy problem (2.4) in the
special case

dv() = Av(t) + (h(t)>, t>0, v(0) = (OR") € D(A), 3.1
dt 0 @

where & € L1((0, 7), R"). Recall that v € C([0, 7], X) is an integrated solution of (3.1) if and
only if

1
/v(s) dse D(A), Vtel0,r], (3.2)
0

and

t

t
v(r) = (‘L‘f") + A / v(s)ds + / (’?) ds. (33)
0 0

In the sequel, we will use the integrated semigroup theory to define such an integrated solution.
We refer to Arendt [4], Thieme [22], Kellermann and Hieber [17], and the book of Arendt et al.
[5] for further details on this subject. We also refer to Magal and Ruan [19] for more results and
update references.

From (3.2) we note that if v is an integrated solution we must have

1 t+h
v(t) = lim — / v(s)ds € D(A).
h—0t h

t

Opn
Vo= (ui))

u e C([0, ], C([-r,0],R")).

Hence

with

In order to obtain the uniqueness of the integrated solutions of (3.1) we want to prove that A
generates an integrated semigroup. So firstly we need to study the resolvent of A.
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We introduce some notation. Let L: D(L) C X — X be a linear operator on a complex Ba-
nach space X. Denote by p(L) the resolvent set of L, N(L) the null space of L, and R(L) the
range of L, respectively. The spectrum of L is 6 (L) = C\ p(L). The point spectrum of L is the
set

op(L):={1eC: N(AI — L) #{0}}.

The essential spectrum (in the sense of Browder [7]) of L is denoted by oess(L). That is, the set
of L € o (L) such that at least one of the following holds: (i) R(AI — L) is not closed; (ii) A is a
limit point of o (L); (iii) Ny (L) := U,fil N((AI — L)¥) is infinite dimensional. Define

Xop=J N(o—L)").
n>=0

Let Y be a subspace of X. Then we denote by Ly : D(Ly) C Y — Y the part of L on Y, which
is defined by

Lyx=Lx, VxeD(Ly):={xeD(L)NY: LxeY}.

Definition 3.1. Let L: D(L) C X — X be the infinitesimal generator of a linear C°-semigroup
{T.(t)}s>0 on a Banach space X. We define wy(L) € [—00, +00) the growth bound of L by

woL) = tim PUTLOleeo)

t— 400 t

The essential growth bound wq ess(L) € [—00, +00) of L is defined by

In(|| Ty (¢
W, ess(L) ;= lim M’

t—+400 t

where || 77 (¢)||ess 1S the essential norm of 77 (¢) defined by

|70, = (T () Bx (0, ),

here Bx(0,1) = {x € X: |x|x < 1}, and for each bounded set B C X, k(B) = inf{e > O:
B can be covered by a finite number of balls of radius < ¢} is the Kuratovsky measure of non-
compactness.

We have the following result, the existence of the projector was first proved by Webb [28,
29], and the fact that there is a finite number of points of the spectrum is proved by Engel and
Nagel [10].

Theorem 3.2. Let L: D(L) C X — X be the infinitesimal generator of a linear C°-semigroup
{T1.(t)}t>0 on a Banach space X. Then

wo(L)zmax<wO,ess(L), max Re(,\)).
)‘e‘r(L)\O’ess(L)
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Assume in addition that wgess(L) < wo(L). Then for each y € (wo,ess(L), wo(L)], {A €
o(L): Re(A) =y} C op(L) is nonempty, finite and contains only poles of the resolvent of L.
Moreover, there exists a finite rank bounded linear operator of projection Il : X — X satisfying
the following properties:

(@ T —L)y "=l —L)"'T, Vrep(l);
(b) o(Lpx)) ={r€0(L): Re(h) =2 v};
©) o(La—mx)) =0 L)\ o(Lax))-

In Theorem 3.2 the projector [T is the projection on the direct sum of the generalized
eigenspaces of L associated to all points A € o (L) with Re(X) > y. As a consequence of Theo-
rem 3.2 we have the following corollary.

Corollary 3.3. Let L: D(L) C X — X be the infinitesimal generator of a linear C°-semigroup
{TL()}s>0 on a Banach space X, and assume that wg ess(L) < wo(L). Then

{rea(L): Re(h) > woess(L)} Cop(L)

and each i € {Aeoa(L): Re(X) > wpess(L)} is a pole of the resolvent of L. That is, X is iso-
lated in o (L), and there exists an integer ko = 1 (the order of the pole) such that the Laurent’s
expansion of the resolvent takes the following form

oo
GI=L)"'= ) (.= 10)"By",

n=—ko

where {Bﬁo}, n > ko, are bounded linear operators on X, and the above series converges in the
norm of operators whenever |\ — Lol is small enough.

The following result is due to Magal and Ruan [20, Lemma 2.1 and Proposition 3.6].
Theorem 3.4. Let (X, ||.||) be a Banach space and L:D(L) C X — X be a linear operator.

Assume that p(L) # @ and Ly, the part of L in D(L), is the infinitesimal generator of a linear
CO-semigroup {T1,(t)}s>0 on a Banach space D(L). Then

o(L) =0(Lyp).
Let Iy: D(L) — D(L) be a bounded linear operator of projection. Assume that
oM — Lo) ' = I — Lo) ™'y, YA > w,
and
Mo(D(L)) € D(Lo) and Lol ) is bounded.

Then there exists a unique bounded linear operator of projection IT on X satisfying the following
propetrties:
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W M5, = Ho;
(i) I1(X) C D(L);
(i) IO =Ly '=0I-L)"', V1 > .

Moreover, for each x € X we have the following approximation formula

Ox= lim oA\ — L) 'x.
A——+00

Now we go back to consider the FDE (2.1). We first have the following property.
Theorem 3.5. For the operator A defined in (3.1), the resolvent set of A satisfies

p(A) = p(B),

where B is an n x n matrix defined in (2.1). Moreover, for each A € p(A), we have the following
explicit formula for the resolvent of A:

- ()-(5)
( ) v "

0
& YO =00 —B) e+« +/e“9—5><p(s)ds. (3.4)
0
Proof. Let us first prove that p(A) C p(B). We only need to show that o (B) C o(A). Let
A € 0 (B). Then, there exists x € C" \ {0} such that Bx = \x. If we consider

9©) =ex,

A<OR”> _ (—go’(O) + B<p(0)> _ (—,\x + Bx) _ (OR”>
@ ¢’ A rp )
Thus A € o (A). This implies that o (B) C o (A). On the other hand, if A € p(B), for ( )€ X we

must have (sz”) € D(A) such that

(%) ()

we have

¥'(0) — By (0) =a,
T Qaw -y =0
N A = B)Y(0) =a + ¢(0),
M=y =9
A = B)Y(0) =a + ¢(0),
v =O0y@) + [f FODgydl, vo =6
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(A1 = B)y(0) = + ¢(0),
W6 =0y — [ Doy dl, Vo € [-r,0],

i
& Y@ =e"00-B)[a+00)] /e“é*1><p(1)dz, vé e [—r,0].
0

Therefore, we obtain that A € p(A) and the formula in (3.4) holds. O
Since B is a matrix on R", we have wo(B) := sup, ¢, (5, Re(A) and the following lemma.

Lemma 3.6. The linear operator A: D(A) C X — X is a Hille-Yosida operator. More precisely,
for each wp > wo(B), there exists M4 > 1 such that

M4

108 =™ £y < o

n>1, VA > 4. (3.5)

Proof. Let wq > wo(B). We can define the equivalent norm on R”

|x| :=supe”®4! ||eth||.

=

Then we have
Ieth| <e®Mx|, Vt>0,
and
Ixll < [x] < Mallxll,
where

e ||M,,(R)'

>0
Moreover, for each A > w4, we have
+00
X
|()J - B)_lx’ = / e MeBxds| < x| .
A—wa
0
We define || . || the equivalent norm on X by

o
= || + [[@llws-
2

I@llw, := sup [e™4%0(0)].

0e[—r,0]

where
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Using (3.4) and the above results, we obtain

=)
2

~ 0

< sup e M (T — B) ' [p(0) + | +e_“’*‘0/e)‘(0_s)’(p(s)‘ds:|
0e[—r,0]
- 0

~ 0
1
sup | 7% ——[|o(0)] + la|] + 7% / e 0T ds |1l
oel-r.01| A —wa y

e—wAee)»e e—wAQe)»e [e—(k—wA)G _ 1]
m‘@(())’-i- S ||<P||wA:|

N

1
= || + sup |:
A—wap 0e[—r,0]

1
<3 [loel + 1@l |

)

1
Therefore, (3.5) holds and the proof is completed. O

A—wa

Since A is a Hille-Yosida operator, A generates a non-degenerate integrated semigroup
{Sa()}r>0 on X. It follows from Thieme [22] and Kellerman and Hieber [17] that the abstract
Cauchy problem (3.1) has at most one integrated solution.

Lemma 3.7. Let h € L' ((0, 1), R") and ¢ € C([—r,0], R"). Then there exists a unique inte-
grated solution, t — v(t), of the Cauchy problem (3.1) which can be expressed explicitly by the

following formula
_ ORIZ
0= (i)

u()@)=x(t+0), Vtel0,r7], VO e[-r0], (3.6)

with

where

(e, t €[-r,0],
x(t) = {e3’¢(0)+f0t eB=Dp(s)ds, te]0,1].

Proof. Since A is a Hille—Yosida operator, there is at most one integrated solution of the Cauchy
problem (3.1). So it is sufficient to prove that u defined by (3.6) satisfies for each 7 € [0, t] the
following

Or
(fol u(l) dl) e D(A) 3.7
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and
Ore\  (Opn Ogn féh(l)dl)
(u(t))_<<p )+A<fgu(1)d1>+< o ) (3.8)
Since
! ! 146
/u(z)(9>d1=/x(z+e)dz= /x(s)ds
0 0 )

and x € C([—r, 7], R"), fot u()dl € CY([—r, 0], R"). Therefore, (3.7) follows. Moreover,

A<0R"> _ (—w’(O) + B¢(0)>
¢ 2

whenever ¢ € C!([—r, 0], R"). Hence

A( 0 ):(—[x<t)—x<o>]+3fgx(s)ds>
Joudl x(t+.)—x()

_ _(0) N <—[x(t) —0(0)] + Bféx(s)ds) ‘

) x(t+.)
Therefore, (3.8) is satisfied if and only if

t

t
x(t)=¢(0)+B/x(s)ds+/h(s)ds. 3.9
0 0

By using the usual variation of constant formula, we deduce that (3.9) is equivalent to

t
x(t) =eP'9(0) +/e3<f*~‘>h(s)ds.
0

The proof is completed. O

Recall that Ag: D(Ag) C D(A) — D(A), the part of A in D(A), is defined by

Ag <0Rn> . (()Rn)’ v (oRn> Do)
¢ ¢ ¢
D(Ag) = {(OR"> € D(A): A(OR"> e m}.
¢ ¢

where
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From the definition of A in (2.3) and the fact that D(A) = {Orn} x C([—r, 0], R™), we know that
Ay is the linear operator defined by

(5)=(2) () e
@ ® @
where
Opn
D(Ap) = {( fj ) € {Ogrn} x Cl([—r, 0],R”): —¢'(0) + Bp(0) :0}.

Now by using the fact that A is a Hille—Yosida operator, we deduce that Ay is the infinitesimal
generator of a strongly continuous semigroup {74, (¢)};>0 and

Opn
vm=nw(R>
%

is an integrated solution of

dvu(t)
dt

— Av(t), >0, v(O):<O§">eD(A).

Using Lemma 3.7 with 2 = 0, we obtain the following result.

Lemma 3.8. The linear operator Ay is the infinitesimal generator of a strongly continuous semi-
group {Ta,(t)}i>0 of bounded linear operators on D(A) which is defined by

O]Rn OR”
T = - , 3.10
“m<¢) Q&mwo G109
where
A But9p0), t+6>0
T 0 — e (p( ’ = E)
40 () (@) (0) {(p(t 1), r40<0.

Since A is a Hille—Yosida operator, we know that A generates an integrated semigroup
{Sa®)}r=0on X, andt — Sa(r) (2) is an integrated solution of

dv(t)
dt

= Av() + (;) 1>0.  v(0)=0.

Since S (¢) is linear we have

X ORn X
SA(I)< >=SA(I)< >+SA(I)< )
@ @ 0
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where

t
O]Rﬂ ORn
SA(t)< ) = / TA0(1)< )dl
@ @
0
and S, (¢) ()6) is an integrated solution of

dv(t)
dt

— Av(t) + (3) £>0,  (0)=0.

Therefore, by using Lemma 3.7 with k(¢) = x and the above results, we obtain the following
result.

Lemma 3.9. The linear operator A generates an integrated semigroup {Sa(t)};>0 on X. More-

over,
X Orn X
S =1 , X,
A0 (90) (SA(I)(x, w)) (w) ©

where Sa(t) is the linear operator defined by

Sa(0)(x, ) = Sa(1)(0, 9) + Sa () (x,0)

with
t ; B
840, 9)(©0) = / Ta0 () (9) () ds = / 4D (0 ds + /(p(He)ds
0 o )
and
Q t+60 B
SA(I)(X,O)(G):{IO ePSxds, t+6>0,
0 £+6<0.

Now we focus on the spectrums of A and A + L. Since A is a Hille—Yosida operator, so is
A+ L. Moreover, (A + L)o: D((A+ L)g) C D(A) — D(A), the part of A+ L in D(A), is a
linear operator defined by

0 0 0
(A+L)0< )=( ) V( )GD((A+L)0),
@ % @

where

0 .
D((A+ L)) = {((p) € {Orn} x C'([—r, 01, R"): ¢(0) = Bg(0) + L(<p)}-
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From Theorems 3.4 and 3.5, we know that

0(B)y=0(A)=0(Ag) and o(A+L)= 0((A + L)o).
From (3.10), we have

Tay () (@)(0) = PTHDePUDp(0), 121, 6 €[-r,0].
Therefore,

Tay(t) = LaLy,
where Ly :C — R" and L, :R" — C are linear operators defined by
Lig=e""""¢(0), ¢eC, 1>,
and
Ly(x)(0) =By, xeR", 6 €[-r,0],
respectively. Clearly L is compact. Hence, we have
wo,ess(Ag) = —00  and o (B) =0 (A) =0p(Ag) =0 (Aog).

Therefore,

wo(Ap) = sup Re(r).
A€op(Ag)

In the following lemma, we specify the point spectrum of (A + L)g.
Lemma 3.10. The point spectrum of (A + L)g is the set
op((A+ L)) = {r €C: det(A(1)) =0},

where

0
A(/\)zu—B—i(eM)=u—B—fewdn(9). (3.11)

—r

Proof. Let A € C. Then A € op((A + L)o) if and only if there exists (05") € D((A+ L)p) \ {0}

such that
Opn Opn
(A+L)0< R > =,\< R )
% @
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Thatis, . € op((A + L)o) if and only if there exists ¢ € cl([—r,0],C" \ {0} such that

@'(0) =rp®), VO e[-r0], (3.12)
and
¢'(0) = Bp(0) + L(¢). (3.13)
Eq. (3.12) is equivalent to
9(0) =e"p(0), V6 e[-r,0]. (3.14)

Therefore,
p#0 < ¢0)#0.
By combining (3.13) and (3.14), we obtain
19(0) = Bo(0) + L(¢*¢(0)).
The proof is completed. O
From the discussion in this section, we obtain the following proposition.

Proposition 3.11. The linear operator A + L : D(A) — X is a Hille-Yosida operator. (A + L)g
is the infinitesimal generator of a strongly continuous semigroup {T(a+1),(t)}:>0 of bounded
linear operators on D(A). Moreover,

- ® (OR,,> ( Ogn ) 515)
A+L =\ 4 .
AN Tas 1)y ()(@)
with
Tat1), (@) (O) =x(t +0), ¥r>0, V0 € [r,0],
where
. (p(t)s Vt [S [_rv 0]7
(1) = eBlo(0) + [3 eBC Lix,)ds, Vi>0.
Furthermore
wo,ess((A+ L)o) =—00 and wo((A+L)))=_ max Re(d),
reop((A+L)o)

o(A+L)=0((A+ L)) =0p((A+ L)) ={r € C: det(A(1)) =0},

and each Lo € 0 ((A + L)o) = 0 (A + L) is a pole of A\ — (A + L))"'. For each y € R, the
subset {A € 0 ((A + L)o): Re(X) = y} is either empty or finite.
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Proof. The first part of the result follows immediately from Lemma 3.7 applied with A(t) =
i(xt). So it remains to prove that wp ess((A + L)) = —oo. But this property follows from the
fact that T(a41),(¢) is compact for each ¢ large enough. This is an immediate consequence of
Theorem 3 in Thieme [23] (which applies because LTy, (¢) is compact for each ¢ > 0, and T4, (?)
is compact fort >r). O

4. Projectors on the eigenspaces

Let Ao € 0 (A + L). From the above discussion we already knew that A is a pole of (AI —
(A + L))~! of finite order ko > 1. This means that A¢ is isolated in o (A + L) and the Laurent’s
expansion of the resolvent around Aq takes the following form

(M —(A+L)” Z (A — Xo)" B, 4.1)

n=—kg

The bounded linear operator Bfol is the projector on the generalized eigenspace of (A + L)

associated to Ag. The goal of this section is to provide a method to compute Bfol . We remark that

= r) (M —(A+ L))" Z(,\ M) B,
m=0

So we have the following approximation formula

1 dko—l
B = lim

M= Jim e (0 (= A )7, @2

In order to give an explicit formula for B_l, we need the following results.

Lemma 4.1. For each ) € p(A + L), we have the following explicit formula for the resolvent of

A+ L:
_ O
A —(A+L 1(“):( )
( ( ) ® 4
0 0
NG =/e“9%(s)ds+e*%(,\)1[a+<p(0)+i</e*<-S><p(s)ds>}.

0
4.3)

Proof. We consider the linear operator A, : D(A) C X — X defined by

N (oRn> _ (—w’((» (B - ﬂ)w(@)) , v(OR") e D(A),
¢ 4 Y
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and
. (ORn) _ (i«o) + y<p<0>>
Y @ OC .

A+L=A, +L,.

Then we have

Moreover,

wo(B—yIl)= max Re(A)= max Re(A) —y =wo(B) —y.
reo(B—yl) A€o (B)

Hence by Theorem 3.5, for A € C with Re(A) > wo(B) — y, we have A € p(A,) and

- (0)-(5)
( "y W
0
& YO =M —(B- yl))*‘[w(O) +a] +fe“9*”go(s)ds. 4.4)
6

Therefore, for each A € C with Re(A) > wo(B) —y, we deduce that [A/ — (A, + L, )] is invertible
ifandonlyif I — L), (Al — A},)_1 is invertible, and

-1 _ -1
(M —(Ay+ L)) =01 —A) I -L,I—A)"]. (4.5)
—1q(c a\ - . ~
We also know that [/ — L, (A — A,) ]((p) = ((/3) is equivalent to ¢ = ¢ and

a—[L( (M —B—yD) 'a)+y(M —(B-yD) 'a]

N [ LI = (B =y 1)) + [*7V4(s) ds) }
+y Ol =B =yD)'$0) '

Q>

Because
a—L( (M —B—yD) @) —y(M —B-yD) '«
—[M=B-yD)—L( 1) —yI](M - B—-yD) '«
=[M —=B—L(D)|(M —(B—yD) '«
=AM —(B—yD) e,

we deduce that [/ — Ly, (A1 — Ay)*l] is invertible if and only if A(A) =[Al — B — I:(e)"l)] is

invertible. Moreover,
_—1{¢ o
I—L,(\—A,)"! <>=< )
(1= t,60 =077 ()= (¢
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is equivalent to ¢ = ¢ and

&4 L\ — (B — yI)) 19(0) + [0 ”(p(s)ds)i|

=AM =B —-yD)AO)!
a=( (B—yD)AG) [ +y —(B—yD)~'¢(0)

(4.6)

Note that A+ L = A, + L,. By using (4.4), (4.5) and (4.6), we obtain for each y > 0 large
enough that

(M —(A+1)”"! (Z) = <O§">

& YO =’ —(B—yD) 'p0)+ f 00 (s) ds
0

o+ L(e* (L — (B — 7D 1 (0) + [ %o(s)ds)}

AGA)"II:
e Al 4y — (B —y 1) 'g(0)

Now by taking the limit when y — 400, the result follows. O

The map A — A()) from C into M,,(C) is differentiable and

0
dA(x
AV = A _ /dn(@)@ew.
di
—r
So the map A — A(}) is analytic and
0
—/dn(@)@”ew, n>2.

—r

d"A()

A () := T

We know that the inverse function
v:L—>L7!
of a linear operator L € Isom(X) is differentiable, and
DYy (L)L=—-L"'oLoL™".
Applying this result, we deduce that A — A7 from o(A + L) into M, (C) is differentiable,

and 7 4 TAM)T I=—A™! (%A()\))A()\)_l. Therefore, we obtain that the map A — A(L) ™! is
analytlc and has a Laurent’s expansion around Ag

AN = Z (A —20)"A,.

n:—ko

From the following lemma we know that 120 =ko.
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Lemma 4.2. Let Mg € 0 (A + L). Then the following statements are equivalent

(a) Ao is a pole of order ko of (M — (A + L))’l;
(b) Ag is a pole of order kg ofA()L)_l
(©) lim;—;, (A — 20)0 A ™! #£0 and lim; 5, (A — ro)o+ A~ =0.

Proof. The proof follows from the explicit formula of the resolvent of A + L obtained in
Lemma4.1. O

Lemma 4.3. The matrices A_y, ..., A_y, satisfy
Ay
Ao 0
Agy (ho) : =1:
A—ko-i—] 0
Ak
and
(Agy A_ggr1 -+ A A1) A(Re)=(0 --- 0),
where
Ao ADg) AP ()2 - A%TD () / (ko — 1!
0 ' N :
Agy(ho) = : 0 - . A® (2)/2!
: . A ()
0 0 Aro)
Proof. We have
+o00 +00
(- xo)"OI—A(A)(Z(A 20)" Ap— k0> (Z(x 20)" An— k0>A<A)
n=0 n=0
Hence,
‘ w4 <xo> = ]
(=)ol = Z(x 1) == Do = 20)" Anio
n=0 n=0
)
_ n
Z(A »0) Z o Ao
and
. +o00 n A(nik)()»())
()\ —)\,0) oy :Z(}» —AO)"ZAk_kOW.

n=0 k=0
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By the uniqueness of the Taylor’s expansion for analytic maps, we obtain that for n €
{07"'7k0_1}’

A<" k)(?»o) 2L A1 ()
0= A = — A i
Z T (n—k)

k=0
Therefore, the result follows. O

Now we look for an explicit formula for the projector Bfol on the generalized eigenspace
associated to Ag. Set

0

& (M) (p)(©O) == / 0 p(s) ds

0

and

0
(1) ((Z)) ©) := e |:o: +¢(0) + L([ 9 0(s) ds):|.

Then both maps are analytic and

— 1 = ORn
(1= (+D) (q))_(wl(mv)(e)+A<A)—1Wz(k>(f2)(9)>'

We observe that the only singularity in the last expression is A(X)~!. Since ¥; and ¥, are
analytic, we have for j = 1, 2 that

+00 A— a0
W)=Y %Lﬁ(lo),
n=0 ’

where | — Ag| is small enough and L‘,’;(.) = dndﬁ-’;,(') ,Vn>0,Vj=1,2. Hence we get

1 dk()—l

. k
A o= et (47200 0)

LY ()

1 ko)! (A — Ag)"T!
_ lim Z(ﬂ+ 0! ( 0)
T a5 (ko — 1)‘ (n+ 1! n!

=0

and
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1 dko—l

: ok -1
/\lin)}o (ko — 1! dako=1 [ =20 A0 ™ a0

_ 1 gkl [ % _ (A — A)"
legrxlo(ko—l)!dkko—l (Z(A_“’) " Z n! Ly (%0)

n=—ko n=0

. 1 g [ . S =m0,
= o= ik (HX_;“‘“) At )| 2T Lako)

n=0
. 1 dh TR e (r Ao)f >
:/\linz%omm ZZO‘ )" Aoy L A% ):|
L n=0 j=0
. 1 d+o—1 [ 400 . n 1 ) ko—1
= lim e T ;}(x—xo) ;An_j_koﬁLj(m} Z A1 L5 00).

From the above results we can obtain the explicit formula for the projector Bi"l on the gener-
alized eigenspace associated to Ao, which is given in the following proposition.

Proposition 4.4. Each Lo € o ((A + L)) is a pole of (\[ — (A + L))" of order ko > 1. Moreover,
ko is the only integer such that there exists A_y, € M, (R) with A_y, # 0, such that

A_gy = lim (A — )AL
A—Ao

Furthermore, the projector Biol on the generalized eigenspace of (A + L) associated to L is
defined by the following formula

20 o OR”
Bl(‘l’) [Zko_ol JI'A 1- /L2()‘0)( )i| @7
where
A lim Ldv ko A =1 k
—]— Aomdkko /(()» Ao) )~ ) J=1 ..., ko,
0
L3(M) (Z) ©) = e |:a + ¢(0) + L(/ eM~S>¢(s)ds)],
and

LZ(,\) (9)—— L2 (%) e
J dri| 0 ®

J di—k . 0
:ZC]?lew—._ a+¢0)+ L A Vo)ds ||, j>1,
k=0 ! dai=k
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here

0 0

:}ii |:oz + ¢(0) +I:</ek('_s)<p(s) ds>:| = 1:(/( — ) e e(s) ds), i>1.

5. Projector for a simple eigenvalue

In studying Hopf bifurcation it usually requires to consider the projector for a simple eigen-
value. In this section we study the case when Ag is a simple eigenvalue of (A + L). That is, Ag
is pole of order 1 of the resolvent of (A + L) and the dimension of the eigenspace of (A + L)
associated to the eigenvalue Ag is 1.

We know that X¢ is a pole of order 1 of the resolvent of (A + L) if and only if there exists
A_1 #0, such that

A_i= lim (A —rp)A) L.
rA—Ao

From Lemma 4.3, we have A_1A(Lg) = A(Lg)A_1 =0. Hence
A—l[B + i(e)‘o'l)] = [B + i(e)‘o‘l)]A_l =XoA_1.

From the proof of Lemma 3.10, it can be checked that Ao is simple if and only if
dim[N (A(Xo))] = 1. In that case, there exist Vy,, Wy, € C" \ {0} such that

W] A(o)=0 and A(kg)Vj, =0. (5.1

Hence, by Lemma 4.3 (replacing Vj, W)Z) by §V;, W)Z) for some § # O if necessary), we can
always assume that

Ay =V, Wi (5.2)
Then we can see that Bi"l Bi"l = Bi‘)l if and only if
0

A_1:A_1|:1+1:</3A°‘ds):|A_1. (5.3)
Therefore, we obtain the following corollary.
Corollary 5.1. Ao € 6 ((A + L)) is a simple eigenvalue of (A + L) if and only if

Jim (= 20*AM) ™! =0

and

dim[N(A())] =1
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Moreover, the projector on the eigenspace associated to A is

X0 o _ O]Rn
= <<p> a [e“gA—l[a +0) + L([° g (s) dS)]} ’ G4

where
Ay =V, Wi,
in which Vs, Wy, € C" \ {0} are two vectors satisfying (5.1) and

0
A_1=A_ |:I+i(/e)‘°'ds>:|A_1.

Remark 5.2. Eq. (5.4) can be rewritten as

#5C)LeonaneTicowg
“Ng) ~ [V W] a+ (e W] o)1 |

where ((-,-)) is the formal adjoint product defined by

0 6
<(x,<p>>=x(0)<p(0)—//x(§—9)dn(0)¢($)d$

—r 0

with x € C([0, r], C™) and ¢ € C([—r, 0], C").
6. Comments on the semi-linear problem

In this section we give a few comments and remarks concerning the results obtained in this
paper. In order to study the semi-linear FDE

dx (1) .
PR Bx(®) + L(x¢) + f(xr), Vt=0,

x§ =9 € C([-r, 0, R"),

6.1)

we considered the associated abstract Cauchy problem

dv(t)
dt

Opn\ —
= Av(t) + L(v(®)) + F(v(®)), t>0, and v(0)= ( . ) e D(A), (62)

0
F( ) _ (f (<p)>'
) 0
By using Lemma 3.7 we can check that the integrated solutions of (6.2) are the usual solutions
of the FDE (6.1).

where
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Now we are in the position to investigate the properties of the semiflows generated by the FDE
by using the known results on non-densely defined semi-linear Cauchy problems. In particular
when f is Lipschitz continuous, from the results of Thieme [21], for each ¢ € C we obtain a
unique solution t — x%(¢) on [—r, +00) of (6.1), and we can define a non-linear CO-semigroup
{U()}r>0 on C by

U(t)p =x,‘p.

From the results in Magal [18], one may also consider the case where f is Lipschitz on bounded
sets of C. The non-autonomous case has also been considered in Thieme [21] and Magal [18]. We
refer to Ezzinbi and Adimy [11] for more results about the existence of solutions using integrated
semigroups.

In order to describe the local asymptotic behavior around some equilibrium, we assume that
X € R" is an equilibrium of the FDE (6.1), that is,

0=Bx+ L(x1j—r0) + fx1—r0p)-
Then by the stability result of Thieme [21], we obtain the following stability results for FDE.

Theorem 6.1 (Exponential stability). Assume that f:C — R”" is continuously differentiable in
some neighborhood of x1|—,,0, and that Df (x1[—,,01) = 0. Assume in addition that each solution
of the characteristic equation A(L) = 0 has strictly negative real part. Then there existn, M,y €
[0, +00), such that for each ¢ € C with ||¢ —x1[—,01llc <1, the FDE (6.1) has a unique solution
t — x?(t) on [—r, +00), which satisfies

e <Me™ o —X1_rgllc. Ve =0.

|xf = X0
The above theorem is well known in the context of FDE (see Hale and Verduyn Lunel [13]).
So here we do not need to prove such a result again. Nevertheless, as noticed first by Ovide Arino
in the early 1990s, the non-densely defined operator approach can be very useful in investigating
bifurcation problem in the context of FDE. Such an approach was extensively studied by Arino’s
team (see Adimy [1,2], Adimy and Arino [3], Ezzinbi and Adimy [11] and references therein).
More recently, the existence and smoothness of the center manifolds was also investigated for
abstract non-densely defined Cauchy problems by Magal and Ruan [20]. More precisely, if we
denote I1. : X — X, the bounded linear operator of projection

HC=Bi11+...+Biﬂll’

where {A1, A2, ..., Apu} =0c(A+ L) :={Ae€oc(A+ L): Re(A) =0}, then X, = I1.(X) is the
direct sum of the generalized eigenspaces associated to the eigenvalues {11, A2, ..., A;;}. More-
over,

I1.(X) C Xo,
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and 71, commutes with the resolvent of (A4 L). Set X, = R(I —I1.) (;(_ Xo). Then we can split
the original abstract Cauchy problem (6.2) into the following system

duc(1)
dr :(A+L)cuc(t)+HCF(uc(t)+uh(t)), ©3)
d .
u;t(t) = (A+ L)pup(t) + Iy F (uc(t) + up (1)),

where (A 4 L), the part of A 4+ L in X, is a bounded linear operator (since dim(X.) < 400),
and (A + L), the part of A + L in Xy, is a non-densely defined Hille—Yosida operator. So the
first equation of (6.3) is an ordinary differential equation and the second equation of (6.3) is a
new non-densely defined Cauchy problem, with

o((A+ L) =0 ((A+L)\oc(A+L).

If we assume that F is C¥ in some neighborhood of the equilibrium, we can find (see [20])
a manifold

M == {xc + I/f(xc): Xe € XC}’

where ¥ : X, — X, N D(A) is C¥, and M is local invariant by the semiflow generated by (6.2).
Consequently, we obtain the reduced system on the center manifold

duc(t)
dt

= (A+ L)euc(t) + I F(uc(t) + ¥ (ue (1)),

which allows us, for example, to prove the classical Hopf bifurcation result for the FDE.
Let us finally consider the following class of functional partial differential equations

dj;gt) = Bx(t) + L(x)) + f(x,), Vt>0,

xo=¢ € C([-r,0],Y),

where B: D(B) C Y — Y is a linear operator on a Banach space Y, L: C([-r0],Y)—>7Yisa
bounded linear operator, and f:C([—r,0],Y) — Y is a continuous map. Assume that B is the
infinitesimal generator of compact linear C 0-semigroup {Tg(t)}:>0 on Y. Then we fall down into
the context of the book of Wu [30], and all the results from Sections 3 to 6 can be adapted to
such a context.
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