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Abstract

This paper provides a small data global existence result for a class of quadratic derivative nonlinear
Schrodinger systems in two space dimensions. This is an extension of the previous results by Li (2012) [25]
and Ikeda—Katayama—Sunagawa (2015) [14].
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1. Introduction

This paper deals with the global Cauchy problem for systems of nonlinear Schrédinger equa-
tions in two space dimensions. We consider systems of the type
Lpjuj=Fj(u,ou), t>0,xeR? j=1,...,N, (L1
uj(0,x)=g@;(x), xeR2, j=1,...,N, :
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where £,,,; =i0; + ﬁjA, i=+—1,0,=0/0t,mj € R\{0}and A = 92 + 9% with 0,, = 3/dxq
for x = (x4)a=1.2 € R2. u = (uj(t, x))1<j<n 1S a CN-valued unknown function, and the
nonlinear term F = (F})1<j<ny is always assumed to be a quadratic homogeneous polyno-
mial in (u, dyu, U, dyu) where dyu = (O, uj(t, x))a=1,2:1<j<N- @ = (¢j(x))1<j<n is a given
CN -valued function which is assumed to be small in a suitable function space.

Before going into the detail, let us recall some of the known results briefly. From the per-
turbative point of view, quadratic nonlinear Schrodinger equations in two space dimensions are
of special interest because the best possible decay in L2 of general quadratic nonlinear terms
is O(t™1), so the quadratic nonlinearity must be regarded as a long-range perturbation. In gen-
eral, solutions develop singularities in finite time even if the initial data are sufficiently small
and smooth (see e.g., Ikeda—Wakasugi [16] for an example on small data blow-up). Therefore
we need some structural restrictions on the nonlinearity to obtain global solutions even for
small data. Note that the critical exponent is expected to be p = 1 + 2/d when we consider
the Schrodinger equations with the nonlinearity of degree p in d-dimensional space. Roughly
speaking, this exponent comes from the condition for convergence of the integral

oo

/ dt
(3=’

1

For the single equation case (i.e., N = 1), small data global existence results for 2D quadratic
NLS have been obtained by several papers ([1], [4], [6], [7], [11], etc.), while less is known
for the case of N > 2. An interesting feature in the system case is that large-time behavior of
solutions is affected by not only the structure of the nonlinearity but also the combination of
masses (mj)i1<j<n, as discussed in recent works ([3], [8], [9], [10], [12], [14], [15], [18], [23],
[25], [26], [27], [29], [30], [31] etc.). A typical example of NLS system appearing in various
physical settings is

ﬁmzuzzkzulz. (1.2)

{ Lypui = Auiuz,
In [8], Hayashi-Li—-Naumkin studied the Cauchy problem for this two-component system in
detail. Roughly speaking, they proved small data global existence and time decay of the solution
for (1.2) under the conditions

my =2mq (1.3)

and
Re(A1A2) >0, Im(AiAr) =0. (1.4)

(A closely related result on quadratic nonlinear Klein-Gordon systems in R? can be found in [22];
see also [5], [21].) Soon later this result was generalized by Li [25] to more general systems, but it
should be noted that the approach of [25] are available only for the case where the nonlinear term
does not contain the derivatives of u (i.e., F'; = F;(u)) because the presence of derivatives in the
nonlinearity causes a derivative loss in general. In [14], Ikeda—Katayama—Sunagawa studied a
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derivative nonlinear case and found a kind of null structure in it (cf. [24], [2], [13]). To be more
precise, they considered the three-component system with the nonlinearity given by

Fi(u,da)= Y Crap@u2)@Pu3),
leel,1B1=1

Fa(u,d0u) =Y Caap(@u3)(@Puy), (15)
lal,1B1=1

Fy(u,du) =Y Caap (@u1)(@uy)
la,1B1=1

with complex constants C o g, and obtained small data global existence and scattering result
under the conditions

mi+my =m3 (1.6)
and
A1(E) = Ar(E) = A3(6) =0, £eR? (1.7)
where
AME) =Y Crapm®)® (imE)P,
e, |B]=<1
AE)= Y Craplimst)® (imiE)PF,
lal,1B1=1
A3E) = D Caaplimi&)* (imf)’.
la,1B1=1

We refer the readers to Section 4 of [14] for a characterization of the nonlinearity satisfying (1.7)
in terms of special quadratic forms called the null gauge forms and the strong null forms. We note
that the two-component system (1.2) can be viewed as a degenerate case of the three-component
system with

Fy = uzus, F,=Ausuy, F3=2Auiuy,

and the condition (1.3) for (1.2) can be interpreted as (1.6) for this extended system. However,
this system fails to satisfy (1.7) unless A1 = A» = A3 =0, so the result of [14] does not cover that
of [25].

The aim of the present paper is to extend and unify the results of [25] and [14]. More precisely,
we will introduce a new structural condition on (Fj)1<j<y and (m;)1<;j<y under which the
small data solution exists globally in time and decays at the rate O(r~!) as r — oo in L.
Another novelty of our result is that it is applicable to the system introduced by Colin—Colin [3]
(see (2.3) below), which has not been covered in the previous works.
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2. Main results

In the subsequent sections, we will use the following notations: We set Iy = {1, ..., N} and
Iy ={1,...,N,N+1,...,2N}. For z = (z}) jery € CV, we write

t_ ot e = — 2N

= s i=(21, ..., 2N, 2., 2N) € CL
@gers, = N N)

Then general quadratic nonlinear term F = (F;) jej, can be written as

Fiw, )= Y Y cj‘;,f,(agu,i)(afu,t) 2.1)

s <1 ft
lee],|B1=< klell

with suitable C;"‘f’l € C. With this expression of F, we define p = (p;(§;Y))jery : R2xCN >
CN by

piE Yy =Y > Cvf i) i) Y] Y}

o IBI<T g gt
for & = (£1,&) e R?and Y = (¥}) jes, € CV, where
mi (k=1,...,N),
—mu_ny (k=N+1,...,2N).

In what follows, we denote by (-, -)c~ the standard scalar product in CVie.,

N
(z.w)ey =Y z;W;
i=1

for z = (zj)jery and w = (w;) jery € CN. For s,0 € Z, :=1{0,1,2,...}, we denote by H*

the L2-based Sobolev space of order s, and the weighted Sobolev space H*? is defined by

{¢p € L?| (x)° ¢ € H*} equipped with the norm ||| gs.c = ||(-)° ¢l s, Where (x) = /1 + |x|2.
The main result is as follows:

Theorem 2.1. Assume the following two conditions (a) and (b) are satisfied:
(a) Foreach j eIy andk,l € Iu,
mj # i + iy implies CSL) =0 for o, p € Z% with |, |B| < 1.
(b) There exists an N x N positive Hermitian matrix H such that
Im(p(§; ¥), HY)ox =0

for (£,Y) e R* x CN,
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Let ¢ € ﬂzzo HY=KKR2) and suppose that & := ZZ:O ol gi-rimzy is sufficiently small.

Then (1.1) admits a unique global solution u € C([0, 00); ﬂizo H''=kkR2)). Moreover we
have

Ce
e @y < 1ge Il < Ce 2.2)

fort >0, where C is a positive constant not depending on ¢.

Remark 2.1. Analogous result for 1D cubic case has been obtained in the previous work by
Li—Sunagawa [26]. Remember that 1D cubic case is another critical situation, that is, 3 = (1 +
2/d)|4=1. However, we need several modifications to prove Theorem 2.1 because the approach
of [26] relies heavily on one-dimensional nature. Another remark concerning this point is that
the condition (b) above can be replaced by the following apparently weaker one:

(b") There exists an N x N positive Hermitian matrix H such that

Im(p(&;Y),HY)cv <0
for (£,Y) e RZ x CN.

Indeed, since Y +— Im(p(&;Y), HY )cn is an odd function, we can see that (b’) yields (b) by
substituting —Y in place of Y in (b’). It is worth noting that this equivalence fails if the original
nonlinearity is cubic. For closely related works on the wave equation case, see [19], [20] and
Chapter 10 of [17].

Remark 2.2. If 9,u is not included in the nonlinear term, then the conditions (a) and (b) are
essentially the same as ones given in [25]. In particular, when we focus on the two-component
system (1.2), we can see that (1.3) plays the role of (a) and that (1.4) leads to (b) with

AMAp 0
H= .
( 0 |>»1|2>

Remark 2.3. If p(&; Y) vanishes identically on R? x C¥, then the condition (b) is trivially satis-
fied. Therefore our result can be viewed as an extension of [14]. Under this stronger condition, we
can show also that the solution u(¢) to (1.1) is asymptotically free by the same method as in [14].
Note that (b) does not imply the asymptotically free behavior in general, because non-existence
of asymptotically free solutions for (1.2) has been shown in [8].

Remark 2.4. In [3], Colin—Colin introduced the following system as a model of laser-plasma
interaction:

i0;Ac +aAAc=—(V-E)Ag,
i%Ar +BAAR=—(V-E)Ac, (2.3)
i0,E+yAE=V(Ag - Ac),
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where Ac, Ag, E are C2-valued functions and «, B, v are non-zero real constants. When we

define u = (uj)1<j<6 by
_(m _[us _ [ U5
AC_(MQ)’ AR_(’M)’ E—<u6>

andsetm; =my =1/Qa), m3=mq=1/(128), ms =mg = 1/(2y), we have the six-component
NLS system with

F1 = —(01us + d2ue)us,
Fr = —(01u5 + 02ue)ug,
F3 = —(01u5 + dyute)u,
Fy = —(01us5 + d2ug)uz,
Fs =01 (uju3 + usuy),
Fo = 0x(u1u3 + uzuy).

For this system, we can easily see that (a) is satisfied if

1
=, 2.4
e By (2.4)

The condition (b) is also satisfied with H = diag (2,2, 1,1, 1, 1) if we assume (2.4). Indeed,
since

p1(§;Y) = —i(ms& 1 Ys +meé2Ye) Y3,

p2(§;Y) = —i(ms&Ys +me&rYe) Y4,

p3(&;Y) =i(ms&Ys +me&rYe) Y1,

pa(€;Y) =i(ms&1Ys + me&2Ye)Ya,

ps(E;Y) =i&{(m) —m3)Y1Y3 + (my — ma)YaYa},
pe(&;Y) =i&{(m) —m3)Y1Y3 + (my — ma)YaYa},

we have

1

1 — —_— = —
Im(p(: ¥). HY)co =7 (— -2 ;) Re| (117 + 1Y) (6175 + &:s) |

which vanishes identically on R2 x C° under the relation (2.4).

Now, for the convenience of the readers, let us give a heuristic explanation for the roles played
by our conditions (a) and (b). As in [14] and [26], our starting point is to recall the fact that, if

u solves L,,;u9 =0 with u%(0, x) = ¢; (x), it holds that

350, x) ( x)s mj., (mjx> i'"jZ‘X‘er
us(t,x)~\tm;— —@i|l—)e 1
o 7)) 0 I\
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as t — +o00. Viewing it as a rough approximation of the solution u; for (1.1), we may expect
that 97u ; (¢, x) could be better approximated by

(im; ) 1v; (10gr. %) i
imj—) -Y;(logt,—)e' "%
iv) sk

with a suitable function ¥ = (Y;(7,§)) ey, Where T =logt, & = x/t and t > 1. Note that
Y;(0,&) = —im; ¢;(m;&) and that the extra variable T = log? is responsible for possible long-
range nonlinear effect. Substituting the above expression into (1.1) and keeping only the leading
terms, we can see (at least formally) that Y; should satisfy the ordinary differential equation

10:Yj(r,§) =p;(§; Y(7,§)) (2.5)

(where £ is regarded as a parameter) under the condition (a). We remark that (a) implies the
symmetry

im ;6
uj)jery = €"%uj)jery, 0 €R,

in (1.1). This property, which we call the gauge invariance, is used in this step. Another structure
comes into play when the gauge invariance is violated (see [27] for a detailed study on this issue
in 1D cubic case). Next let H be a positive Hermitian matrix. Then (2.5) yields

8T<Y(Tv ‘i:)’ HY(T’ E))(CN = 21m<p(§7 Y(T’ E))v HY(T’ 5))@1\’,

and the condition (b), or equivalently (b’), is just what makes this quantity non-positive. Since
|Y|? and (Y, HY)cw~ are equivalent, the inequality 0. (Y, HY )¢~ < 0 implies that Y (z, &) re-
mains bounded when t becomes large. Going back to the original variables, we see that the
solution u (¢, x) for (1.1) decays like O™ in L%° as t — 400 under (b). This is a heuristic
reason why the solution has a desired decay property under (a) and (b). We remark that (2.5) is
reduced to the trivial equation if we assume the stronger condition that p(&; Y) vanishes iden-
tically. This gives a heuristic reason why the solution should be free from the long-range effect
under this stronger condition, as mentioned in Remark 2.3.

Our strategy of the proof of Theorems 2.1 is to justify the above heuristic argument. Let us
give a more detailed summary of our approach. The key is to introduce

Aj(t, &) = Fonj[Un; (1) uj(t, 1),

where F,, and U, (¢) are given in Section 3 below. Roughly speaking, this A;(z, £) is expected
to play the role of Y (logt, £). We will see in Section 5 that A = (A (¢, §)) jy,, satisfies

1
i Aj(1,8) = —pj(E ACO) + O (t=3/72%) (2.6)
and

lu(t, llzge <t AG e + 0@
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with 0 < 8 < 1/4. To control the remainder terms, we need several L’-estimates involving
the operator 7,,. In the 1D cubic case, only one action of 7, is enough for getting desired a
priori L2-bounds. This is the point where the one-dimensional nature (such as the imbedding
H! (Rl) — LOO(RI)) is used in [26]. However, since we are considering the problem in R2 now,
we have to use 7, several times. Then, through the relation ]-'ml/[,;] Tm,a = (i/m)og, f,,,u,;l , we
must differentiate (2.6) with respect to £ several times, and it destroys the good structure coming
from the condition (b). We will overcome this difficulty by getting suitable pointwise bounds for

(E)S_“"E)gAj (t, &) (Jy| <3) up to moderate growth in ¢. This is the new ingredient of our proof.
3. Preliminaries

This section is devoted to preliminaries on useful identities and estimates related to the op-
erator [, and the free evolution group U, and on energy inequalities associated with the
(sesqui-)linearized system. In what follows we will denote several positive constants by the same
letter C, which may vary from one line to another.

3.1. The operator J,, and the free evolution group U,

1 it
We set £,, =i0; + %A, I () = (jm,a(t))azl,Z’ jm,a(t) =Xq + Zaxa form e R \ {0}.
For simplicity of notation, we often write 7, 4 instead of 7, 4(¢). It is easy to check that

[Ema 8xa] - [Ema jm,a] - Os [jm,a» axb] - _(Saha [jm,a» jm,h] =0 (aa b= 1» 2)5 (31)

where [, -] denotes the commutator of two linear operators and 6,5 = 1 (if a = b), =0 (if a # b).

We write J2 = j,;f’llj"‘fé for a multi-index o = (a1, ap) € Zi. The following identity is useful:

' xf?

Tnaf=—e"d, (e f), 0="". (3.2)

it
m
Indeed, we can deduce the following lemmas from (3.2) and (3.1):

Lemma 3.1. Let m, (11, (42 be non-zero real constants satisfying m = i1 + wa. We have
Tna@192) = 5 (T1.001) 02+ Z201 (Tuna2)
Tna@192) = 5 (T .a90) B2+ 2261 (T pnat)
Tna @18 =" (Tora) 82+ 2261 (T )

for a =1, 2 and smooth C-valued functions ¢1, ¢3.

Lemma 3.2. Let m be a non-zero real constant. We have

\TEa%pl < C Y 192 T ¢
B'<B

o <«
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foroa, Be Zﬁ_ and a smooth function ¢.

Next we set U, (1) := el ﬁA, that is,

m im =22
(Um(t)¢)(X)=—2 . /6 T (y)dy
it

R2

form € R\ {0}, and 7 > 0. Then we have
Unlxq.p] = Jm, @, Un 8xb¢ = axbum¢- (3.3)
We also introduce the scaled Fourier transform F;,, by

m

(Fu) €) = —im(me) = 2 f ME S (3)dy,

2mwi
RZ

as well as auxiliary operators

X
t

2 1
M (P)) =™ h (). POD) =9 (T). Wan)g = FuMu F;'9,

where ¢3 denotes the standard Fourier transform of ¢, i.e.

~ 1 .
&) = (F4)©) = 5 / B ()dy.

RZ

Then we can see that
i .
Fmlxa®l(§) = Eag“ (Fnd) (&), Finde,d = im&pFu, (3.4)
and that U,,, can be decomposed into

Uy = M DFuMpym = My DWWy Fin.

Note that the operators U,,, F,, M,,, D and W,, above are isometries on L2 By (3.3) and
(3.4), we can easily check that

: B
(im&)® Flly ' ¢ = Fldy, 3%, (’—%) Fuldy ' = Fuldy ' TE &, 3.5)
m

2
foralla, B € Z4.

Lemma 3.3. Let m be a non-zero real constant. We set A(t, &) = Fn [Z/{,;l(t)qb (t, -)](é) for a
smooth function ¢ (¢, x).
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(1) Fors,o € Z, we have

1A, lzse <C D 1 Tn@P () bo
IBl=s

(2) Fora, B €72, we have
108 T P D (1, )2 < CIN) 2L A e
Proof. By Lemma 3.2 and (3.5), we have

Ao <C Y 0L E A2 <C Y 1 Fuldy TEOE D2 <C Y NTEG (. )lme
|| <o || <o 1Bl<s

IBl<s [Bl<s
and
192 Th Bl 2 < C||<s>‘“'a§fmu,;l¢||L§ < C||<s>—2||L§||<e>'“‘+za§A||L;o,
as desired. O
Lemma 3.4. We have
W ()¢ — iz + W) ' — ¢l < Ct7 V2]l 2
fort > 0.

Proof. From the inequalities le’? — 1| < |0] and ||@|| 1~ < C||¢||1L/22||A¢||2/22, we see that

(Wit = 1)l < Cll (M = 1) Fo ol 2 1A (Wi = 1) g1,

— — 1/2 1/2
= Cl W PE 1 (Wi 1) Agl
_ — 1/2 1/2
< P PE IS 1A
<Ct Pl O
Lemma 3.5. Ler m € R \ {0}. We have
lp — MuDFulhy ' pllroe < Ct732 " | TE 112
1B1=2
and
pllLoe <t~ I Fnlhy, ' Blloo + Ct 32 Y " 1 TE 12 (3.6)
181=<2
fort > 0.
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Proof. By Lemmas 3.3, 3.4 and the relation U,,, = M, DW,, F,,,, we have

g — MuDFulhyy ' pll o = My D Wy — 1) Fruldy 'l 1.0
<t Wi — D) Fully, ' ¢l 1
< Ct 732 Foldy ' 12

<Ct Y NTEl e
1B1=2

The second inequality follows immediately from the first one. O
3.2. Energy inequalities

In this subsection we focus on the Cauchy problem for

Lon;vj = ZZg,kaaxﬂuﬁG], (t,x)€(0,T) xR?, j€ly, 3.7)
ke]ﬁ,a 1

where m; € R\ {0}, T > 0 are constants, and g = (gx,«), G = (G ) are given functions of (z, x)
having suitable regularity and decay at spatial infinity. Our goal here is to derive an L2-bound for
the solution v = (v;) jejy to this system, keeping in mind applications to (1.1) in the subsequent
sections. If gk (¢, x) = 0, there is no difficulty because the standard energy integral method
immediately yields

1
v, iz < llv(to, L2 +/ 1G(z, )l 2dT

for 19, t € [0, T) with #p < t. On the other hand, when g (¢, x) # 0, it is also well-known that
the energy inequality of this kind fails to hold and we are faced with a difficulty of derivative
loss in general. Therefore we need some restrictions on g i in order to control the Li—norm of
v(t, x) in terms of G (¢, x) and the initial data (see e.g., Chapter 7 of [28] for more information
on this subject). Now, let u; € R \ {0} be given and we set

Q= sup Yy Y ZZ T T P g () 21

1€ltn) 1g1<2 jely kel a=]

for 0 <t <t <T. We will show that a kind of energy inequality holds if €2 is suitably small.
More precisely, we have the following:

Proposition 3.1. Let ty € [0, T') be given and put Q2 = Q4 1. Suppose that v solves (3.7). There
exist positive constants wy and Cy, not depending on ty and T, such that we have
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t

v, )2 = Collv(to, )l L2 + Co/ <

fo

Q

= vz, )2 +11G(x, ~)|IL2> dt

fort € [ty, T), provided that Q < wy.

We are going to give an outline of the proof. Since the idea is essentially not new, we shall be
brief. For the technical details, see Section 5 of [14] and the references cited therein. Our strategy
is to choose an L?-automorphism S (depending on ¢ € R and a parameter « € (0, 1]) and weight
functions wy (¢, x) appropriately so that

2
[Ln;, ST~ _-l|lzt) ; w38|8x11| + ‘harmless terms’, (3.8)

|m]

where |0y, | = F~Y&,|F, and to cancel the worst contribution from 8jk,a0%, in (3.7) by the first
term of the right-hand side of (3.8) with a suitable choice of k. This plan is carried out as follows:
let H, be the Hilbert transform with respect to x, (a = 1, 2), that is,

1 dx
(Ha¢)(x) = ;pV/¢(x - )‘la)T,
R

where 1, = (84p)p=1,2 € R%. As in [14], we put @, (¢, x) = arctan(x,/(t)) and

S+, a(t; k)P = (coshk©y(t, )¢ F i(sinhk O, (t, )N Hap

fort e R,k € (0,1], a =1,2. We define S1.(t; k) := S+.1(t; k)S+.2(t; k). Then we can check
that both Sy and its inverse S ! are bounded operators on L2(R?) with the estimates

-1
sup IS k)l 2oy 2 < 00, sup IS (t;6)l 2 12 < 00.
teR, ke(0, 1] teR, ke(0,1]

As a consequence we have

ClIgl2 < ISE )l 2 < Caligpl 2 (3.9)

with some C, > 1 not depending on ¢ and . We also set

(e B!
wa(t,x).—( +1+t2) —<m> .

Note that 0y, ®, =84 (t)_1 wg. With these notations, we have the following key lemmas whose
proof can be found in Appendix of [14].
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Lemma 3.6. Let m € R \ {0} and « € (0,1]. Put S(t) = S4(t;x) when m > 0 and S(t) =
S_(t; k) when m < 0. We have

d 2 K o 1
1SRN+ s Z:;H wa (1, ISy, 126 0,

C
= <71>K||5<t>¢<z, I +2|[SW ). SOLah(E, ) 2

for t >0, where the constant C1 is independent of k € (0, 1].

Lemma 3.7. Let « € (0, 1] and let S(t), S'(t) be either S, (t; k) or S_(t; k). We have

‘(S(t)d), S (g(t, )de, ¥)),0| + ‘(S(t)qb, S)(g(t,)0x, V), 2
< Co(llwa(r. ) gt I + wa (e, )™ By, 82, )| )
x (1112 + [wat, 1S O10:,178] ) (19112 + [wat, 1S 105, 1Fw ] )

fort € R, where the constant C» is independent of k € (0, 1].

Now we are ready to prove Proposition 3.1. Let k € (0, 1] be a parameter to be fixed. For each
k € Iy we put Sk () =S4 (¢; k) if my > 0, and Si (t) = S—_(¢; k) if my < 0. By the relation

Xg 1 it

oo Bjﬂkaa - —

we have

H XN o gialt
+ <a> xag]k,a(")

Xq
<—> gjkalt,")
< L

LOO
C
< > PN TL 0F gjkat, s
© 1B1=2
CcQ
=
m 1)

Therefore, by Lemma 3.7, we get

3 \(S,»(r)w (6, ), S0 Lo, 0 (1, ) 12

JEIn
(|| 0 (1,3 + a8 (D18, 1701, )13 )
jeln
+ Z 1S )v; (2, ) 2118 ()Gt )l 2
JElIn
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with a positive constant C* independent of x. We put wp = 1/(2C*) and « = 2C*Q. Then it
follows from Lemma 3.6 and (3.9) that

d
DI SHOLICRI 2

JEIN

H wa (t, IS (1)), |20 (1,

C
+3 (ﬁnsj(r)vj(z, 2, +2\(8,-(r>vj<t, 0, S5O Lm0 (1, ), )
JEIN

< ZZzC* o R RGIMEG

|m ;|
jely a=1

+C Y < 1S () (1, 72 + 1S (0t ) 2118 (DG 2, -)IIL2>

jeln
1/2

Q
<C (—nv(t, Iz + GG, ~>||Lz) > 1S (0w 113,

(1) i
Integrating with respect to ¢ and using (3.9) again, we arrive at the desired result. 0O
4. A priori estimate and bootstrap argument

In this section we introduce an a priori estimate for the solution u to (1.1) which leads to
Theorem 2.1 by means of the so-called bootstrap argument.

Let T € (0, +00) and let u = (u;) jery € C([0,T]; ﬂiZOH“_k’k) be a solution to (1.1) for
1€[0,7). Weset Aj(t,§) := Fm; [Z/{,;j1 Oujt,)1E), A, &) =(A;(t,8)) ery, and define

ET)i= sup [(1407 30 37 10, 0Fu; )l g + sup [€)° A, 6]

Ost<T IBI<S jely feR?
with § € (0, 1/4). Then we have the following:

Proposition 4.1. Let u, A and E be as above. Assume the conditions (a) and (b) are satisfied.

There exist positive constants C3, Ca4, Cs, Ce and €1, not depending on T, such that the estimate
E(T) < &%/3 implies

1/3

Cze (14 1)C4lle
(&)8led

|0g' A2, )| < 4.1

for (t,€) € [0, T) x R?, |a| <3 and
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Cegl/3
D Ty @P e, I giam < Cse(1 40 4.2)
Jeln

fort €10,T), |B| <5, provided that e =Y 3 _o |9l 11—k < €1.

Remark 4.1. The indices ‘11’ and 5’ appear by technical reasons. One may improve this point,
but we do not address it here.

Corollary 4.1. Under the same assumptions as above, there exist positive constants K and ¢,
not depending on T, such that the estimate E(T) < &*/> implies the better estimate E(T) < K¢
ife <en.

This proposition will be proved in Section 5. In the rest part of this section, we will derive
Theorem 2.1 from Corollary 4.1. First let us recall the local existence theorem. For fixed ) > 0,
let us consider the Cauchy problem

Em_,.uszj(u,axu), t>t0,x€R2,j€IN, 4.3)
wjto,x)=v;(x), xeR? jely. :

Lemma 4.1. Let v = (V) jery € ﬂi:o HU=KK There exists a positive constant gy, which is
independent of ty, such that the following holds: for any € € (0, g9] and M € (0, 00), one can
choose a positive constant T* = t*(g, M), which is independent of ty, such that (4.3) admits a
unique solution u = (u;) jery € C([to, to +T*1; ﬂzzo H“_k’k), provided that

IWlys <& and Y " 1Tn; @) 9l gui-ie < M.

IBl=5jeln

We skip the proof of this lemma because it is standard (see e.g., Appendix of [14] for the
proof of similar lemma).

Now we are going to prove Theorem 2.1. The argument below is almost parallel to that of
§6.1 in [26]. Let T* be the supremum of all T € (0, co) such that the problem (1.1) admits a
unique solution u = (u;) jery € C([0, TT; ﬂzzo H=kky, By Lemma 4.1 with fo = 0, we have
T* > 01if |||l s <& < &o. We also set

T, = sup{z € [0, T*)|E(1) < &*/?}.

By Sobolev imbedding and Corollary 4.1, we have

1 53
E0)<e+Clo|lys2<Ce< 58

if ¢ is small enough. Note that T, > 0 because of the continuity of [0, T*) > 7 > E(r). We
claim that T* = Ty if ¢ is sufficiently small. Indeed, if T, < T*, Corollary 4.1 with T = T,
yields E(Ty) < Ke < %82/3 for & < &3 = min{ey, 1/(2K)3} where K and g, are mentioned in
Corollary 4.1. By the continuity of [0, T*) > t — E(t), we can take T € (Ty, T*) such that
E(T?) < £2/3 which contradicts the definition of T,. Therefore we must have T, = T*. By using
Corollary 4.1 with T = T* again, we see that
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YD Ty @Pujt e < Ke(L+0°, Y sup [(€)8A;(z, £)| < Ke

jely 1BI<5 jely§<R?

for t € [0, T*). In particular, by Lemma 3.3, we have

sup lu(t, Yigs <C Y sup  [(6)A;(. £) < Ce
tel0, T*) 1<j<N @, £)el0, T*)xR2

with some C? > 0. Next we assume T* < 0o. Then, by setting &4 = min{ez, 80/2Cb}, M =
Keq(1 4+ T%)%, we have

sup YN T (0P (0 ) gpricier < M

* .
10T jery 18I<5

as well as

sup [lu(t, )llgs < C’e < e0/2 < &o
tel0, T*)

for & < e4. By Lemma 4.1, there exists ™ > 0 such that (1.1) admits the solution u = (i) jery €
C([0, T* + t*; ﬂizo H1=kky if ¢ < . This contradicts the definition of 7*, which means
T* = oo for ¢ < min{gg, £4}. Moreover, we have

(s Miznps S ) I Mg SC Y- sup 1) Aj(r, )| < Ce
jely (@, §)El0, co)xR?

and

C C Ce
e, Mz < —IAG e + 575 0 D0 Ty w2 = ==, 121,
JEIN IBI=2

by Lemmas 3.3 and 3.5, respectively. This completes the proof of Theorem 2.1. O
5. Proof of Proposition 4.1

This section is devoted to the proof of Proposition 4.1. Throughout this section, we always
assume that the conditions (a), (b) are satisfied, and that u € C ([0, T']; ﬂ2=0 H! 1’k’k(]R{z)) is a
solution to (1.1) which satisfies

E(T) <&*3 (5.1

for given T > 0. The proof will be divided into three parts: we first consider the case of ¢ € [0, 1]
in §5.1, and then we will show (4.1) and (4.2) in §5.2 and §5.3, respectively. In what follows, we
will use the following convention on implicit constants: the expression f = Z;E A &1 means that
there exists a family {C, },ca of constants such that f = Z,\eA C8-
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5.1. Estimates in the small time

In this part, we focus on the case of ¢ € [0, 1]. This case is easier because we do not have to
pay attentions to possible growth in .

Let y € Z2 satisfy |y| < 5. By the Sobolev imbedding H?(R?) < L*(R?) and the assump-
tion (5.1), we have

d. v y
EHJm,-MjIle—m SN Tm, Fj(u, Ol s

<c > 3> X I(Jnﬁkagu )(jn;;'afu?)”m,‘yl

lee],|B1<1 ng][%/ y'+y'=y

V/ y//
<C Y D Tkl g |\ Ty will s

kel ly'|+y”|<5

<Ce*PU+n%,
whence
Sup 3 Y 1, (0 w0l s < Ce o+ C*? / (I+0Pdr<Ce. (52
t€(0,1]
JEIN lyI=5

Therefore Lemma 3.3 gives us

2O EACHISC YA s

|| <3 | <3

<C Y Y NIt ) s

JeIn ly1=5
<Ces

for (, &) € [0, 1] x R2. Next we put vj.""ﬂ) (1,x) = 8% T, ()Pu (1, x) for a, B € Z% with || +
Bl <11, |B] <5. We also set

G\ P =02 T Fju, o)

18 ’ i ’
-3 Y (—_) @ 02 7L w0 i)
lo|=1k rer?,
1B'I<1

-2 2 G (f)lﬁl(aflu/’i)(af'aﬁjﬁluz)u, (5.3)

lo/ |<1 klel,
18 |=

where C;x/kﬂl/ comes from (2.1). Then we have
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Lo 0P =02 T8 Fj(u, deu)

/ ’ / g / , , #
= > | X @by o + D e upal o) | + 6P

kilely \ lo|=1 lo/|<1
811 1B'1=1
2
=3 > e, ) + 6, (5.4
kell:\, a=l1

where g;‘z’g) is a linear combination of 8}/14? (yl<1,le Ilt\,). In view of Lemma 3.1 and the

commutation relation (3.1), we see that G;.a’ﬁ ) can be written in the form

( ’/3) / ﬁ ’ / ]j
ceP =y Y (09 T’ (2 Ty 55)
kjlelf, lo|+lo"|<|a|+2
lol+1p'1<IBI

max{|pl+lol, |0’ |+|o” [} <la|+]|B]
max{|o|, |o’|} <|e|+min{l, ||}

In order to estimate this term, we set

Epq® =2 > | T, @Y ujt. )],

JeIn ly1=q
for p, g € Z,. We also set £, ,(t) :=0 for g < —1. Let |a| = p, |f| =¢q. Then, if p 4+ g <11
and g <5, G;a’ﬁ) can be estimated as follows:
S AGEP @M C Y S 1T, (OF uj ) lysioo Epsmini1, yg—1y1 (1) (5.6)
jely lyl=3jeln

(see §A.2 for the derivation of this inequality). Therefore we have
IGEP . )2 <CeP (1 +1)°

under the condition (a) and the assumption (5.1). We also note that

Y S O T e <€ D Y T ujlls < Ce

1B'1=2ep?, I7I1=1 JelN B2

for ¢t € [0, 1]. Therefore we can apply Proposition 3.1 to (5.4) and conclude that

Y NTEui @ s <€ Y WP 0l
1BI=<5 la|+|Bl<11
1B1=5
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1
c
§C8+C/ ((—iam(l +10) + e +z)5> dt
T
0

<Ce
for tr € [0, 1], as desired.
5.2. Pointwise estimates in the large time

The goal of this part is to obtain

y e tClvle'
|8g A(Léﬂfw 5.7)
for (t,€) € [1,T) x R2, |¥| < 3 under the assumption (5.1). To this end, we set
1
Rj(t,8) :=Fn, [U,,Z}Fj(u(t, 2), du(t, NIE) — ;pj(é, A1, 8)) (5.8)
so that
i0,Aj(t,8) = Fou Uy, | () Ly
= Fon Uy, | () Fj (u, 10)
1
=-p;j& A@, §) + R;(1,8) (5.9

t

for each j € Iy. In view of the following lemma, we see that R(t,&) = (R;(t,&)) jesy can be
regarded as a remainder if we have a good control of ||j,'3_/uj [l g11-1p for |B] <5.

Lemma 5.1. Suppose that the condition (a) is satisfied. For k € Z and y € 7>, we have

C
DYREEI< =7 D D T, 0P uj. ) e, (6,6 €[1,T) x R,

3/2 (£ \k
PIEE) JEIn IBISIyI+2

We will give the proof of this lemma in §A.1. (The proof looks a bit complicated, but the idea
is quite simple: split Bg R into a linear combination of terms including the factor ' (W* — 1),
and apply Lemma 3.4 to each of them.) Anyway, what we need here is

14 C84/3 2
|8§ R(I,S)|Sm, ([,S)E[l,T)XR s (510)

for |y| < 3, which is a consequence of Lemma 5.1 and the assumption (5.1). Note that (8 —
lyD+1=11=(y|+2).
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Now we are going to prove (5.7). First we consider the case of y = 0. We put

V(1. §) = (A@E), HAW E))n.
where H is the positive Hermitian matrix appearing in the condition (b). Remark that

VTRIA®@, &) <v(1,8) < V¥ A, £)) (5.11)

where 1, and n™* are the smallest and largest eigenvalues of H, respectively. It follows from (5.9)
and (b) that

dv(t,&)> =2Im(id, A(t, ), HA(t, ) e

2
= ;Im(p(é; A(1,8)), HA(t,8))cn +2Im(R(t, &), HA(1, §)) v
=0+ C|R(t,8)|v(z,5).

By (5.10), we have

A = (5.12)

. oo
Ce Ce*/3 dt Ce
U(t,%')SU(1,§)+C1/|R(T,E)|dT§W—i_ (£)8 1/‘

Therefore we obtain

Ce

[Aj (@, E) = Cv(t,§) < o

as desired.
Next we turn our attentions to the case of 1 < |y| <3 in (5.7). Before doing so, we set

A?:lgl(g) = C?”,fl(irhkS)“(irhlg)ﬁ so that p;(§; Y) can be expressed by

piE Y=Y 3 A% ©vy).

s <1 ft
lee],|B1=< klell

Applying 3] to (5.9), we have

l ¢ 4 4 I
Y4 } : } : Y AGB N a¥” Ay aY” 4l y
lee],1B1=1 k,lEIﬁl y/+y//+y///=y

By virtue of (5.10), we see that

c o Ce?/3
OO A O =— 3 ET IRl A )l ACHI+ Fp e
y/+y//+y///=y
ly'I<2

Please cite this article in press as: D. Sakoda, H. Sunagawa, Small data global existence for a class of quadratic
derivative nonlinear Schrodinger systems in two space dimensions, J. Differential Equations (2019),
https://doi.org/10.1016/j.jde.2019.09.032




YJDEQ:10002

D. Sakoda, H. Sunagawa / J. Differential Equations eee (eeee) eee—see 21

Now we take |y| = 1. It follows that

Ce*3
19,9z Az, s)|<—( NAP® + (& |A||3EA|) 2 gy
C 6 Ce*3
<7 (FO7 + e WAl +
(j 84/3
—|0:A + —
; [0: A(z, )] HE)

Hence we deduce from the Gronwall-type argument that

t
. Ce?3 /¢ Ce
|0 A1, §)] < 0 A1, £)]1C +/ 2 <;) e

as required. Next we take |y | = 2. Then we have as before that

C84/3

C
99 Aw.E)1 = [ €141 A1 + (€7 (9 AP + 1AL AD} + o5

C Ce?/3

_ £1/3 —
57(82@) 21T e g) 6|8§A|)+W

C€4/3

Ce .y
= PEACOI+ o

So, the Gronwall-type argument again implies
! 1/3 1/3
Ce'l 1 [\ CetCe
Yo AEHI< Y |a§A<1,s>|rC£+8—6/m<—) de<— .
ly|=2 ly|=2 &) [T T (&)

Note that & < !/3 for small . Similarly, when |y | = 3 we have

43

Ce
10,0 A1, 6)] = — 197 A1, §)] + 11-Ce (£)5°

whence
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1/3
8tC£

S o Aol = S —
it BGE

This completes the proof of (5.7) for all |y| <3. O
5.3. L2-estimates in the large time

The remaining task is to show (4.2) for # € [1, T') under the assumption (5.1). Remember that

Epg =3 D [T, 0Puj. )],

J€ln 1B1=q

for p, g € Z4,and we set £, 4(t) :=0forg < —1.

Lemma 5.2. Let p, g € Z satisfy q <5 and p+q < 11. Under the assumption (5.1), there exist
positive constants C7 and Cg, not depending on T and €, such that

Epq(t) < Cret” te[l,T). (5.13)

Once this lemma is verified, it is straightforward that we have (4.2) for ¢ € [1, T'). The rest of
this subsection is devoted to getting Lemma 5.2.

Proof. Let |o| = p, |8] =¢ and vﬁa’ﬁ) = agj,,’?ju,-. Remember that v;.a’ﬂ) satisfies (5.4). From
the argument in §5.2 and Lemma 3.5, we already know that
Ce?/3

D T Ouj s <

JEIn

fort €[1,T), |y| <3. By virtue of (5.6) and (5.14), we have

t (1-Cel/3

Z ”G(/Ol’ﬂ)(t, ')||L2 S C82/3 (5[7»4([) + gp-i-l,q—l(l‘))

JElN
and

Z Z Z <t>_“3"+1IIJ,S;BIM?IIWz—moo <3 Z —(1=CeIB < cg2/3,

IB'1=2jepf IvI=] 1B'1=2

Therefore we can adapt Proposition 3.1 to obtain

t

Epqg(t) <Ce + C82/3/ <g”’q(f) + 5”“"1‘1“)) dr. (5.15)

T r1-Cel3
1

Now we shall argue by induction on q. First we consider the case of ¢ = 0. By (5.15) with ¢ =0,
we have
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t
Epo(t) < Ce+ Ce?3 /
1

—EP’O(T) drt.
T

Hence the Gronwall lemma yields (5.13) with ¢ = 0. Next we assume that (5.13) is valid for
some 0 < g < 4. Then it follows from the estimate (5.15) with g replaced by g + 1 that

&
pog+1(7) dr.

t
Epgr1) = Ce+ Ce/3Ce' 7 | C52/3/
T

1

Therefore the Gronwall lemma again yields (5.13) with g replacedby g + 1. O
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Appendix A

This section is devoted to the proof of Lemma 5.1 and the inequality (5.6).

A.l. Proof of the Lemma 5.1

To make the argument clear, we focus on the case where F| = (9y,u2)(dx,u3) with my +
my = m3. General case can be shown in the same way. In what follows, we write A;a)(t, &)=
(im;&)*Aj(t,€) for o € Z7 . Note that we have

We also put ¢ = (1,0) € Z2 so that p;(§; A) = AV AL,
Let us begin with the simplest case k = |y | = 0. By the factorization of I/, and the relation
m| = —m»o + m3, we have

Fo Uy Ly = Fo U [(0u2) (843) ]

mi1~tm mi
= W D7 M [(Moy DV AT ) (M, DV, A7)

. -~
= Wl [ WomAL) Wy 49 |

Hence R; can be rewritten as
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L N0 OV] _ 20 4@
Ry =7 (Wm1 [(W—mzAz ) (Wins A3 )] — Ay A3

- (=) o0 D000

NO) L 1~ f
+ L0V = ) AT A0+ LAT{ OV, - 1) A9}

~ | —_

Therefore Lemmas 3.4 and 3.3 give us

1 _
IRl < = - Ct™ AL 2 14T 1 2
2
C
Sm Z 1Al g2
Jjef2,3}
2
¢ p
=Sl I M
J€{2,3}[B1=2
Next we consider the case of K > 1 and |y| = 0. Because of the relation m| = —my + m3, the

binomial formula leads to
(im1§)% p1(€; A) =(—imak + im3€)* AL AY

o' <a
_ o (&’ +1) 4 (a—a'+1)
=3 (& )arag.
o' <a

On the other hand, the Leibniz formula yields

(im1 &) Fony Uy | Fy =Fo, U, 198 Fy

mi °x

=3 (2‘,>fmlu,;ﬂ[(a)?’*‘uz)(az—“/*‘uz)]

o' <a

1 o _ N a—a'+t
=1 ()t [V AT 00 .

o' <a

Piecing them together, we have

(imi&)* Ry
1 T ) 7 T 7
— - Z (;x/) {Wr;11 [(W—mzAéa +L))(Wm3A§a o +L))i| _ Agx +L)Ag0l o +L)}. (A1)
o' <a
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Therefore we can see as before that

C
RO < g D [imi&)* R |

ler| <k
< g 0 2 1A il Al
la|<k o’ <a
2
C
< W Z Z 1A g2s
J€{2,3}B1=2
2
¢ 8
§t3/2<§>k Z Z T ;9 | e
J€{2,3}B1=2

Finally we consider the case of k > 1 and |y| > 1. From (A.1) it follows that

af((imls)“Rl)
- Z ol tw, { [W_mzA(“ ) Wiy AS™ “‘*”)} —Agﬂ‘/*”Ag“—“’ﬂ)}
/<Ot

=- Z{ " [ 0] AS ) (W AT “*”)]
o' <a

B'<pB

- (af—ﬂ’Aga’“))(af’Ag““’+‘>)},
whence

C
0} Rt s>|s$—z > 10f (GmiE)*Ry) |

a|<k

t3/2 k Z Z ”8(/5 ﬂ)A(a —H)”H ||8ﬁ A(a Q—H)”H

By lal<k o' <a

B'<B
2
C
= t3/2(§)k Z Z ||Aj||HIV\+2.k+1
J€(2,3}1B1=2
2

C
<maEr | 2 2 Wulme |

JE{2, 3 Bl=ly|+2

as desired. O
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A.2. Derivation of (5.6)
Let || = p, |B| = g. Remember that we assume 0 < p + g < 11 and ¢ <5. We may also
assume |p| < |p’| in (5.5) without loss of generality. We will divide the argument into three

cases.
(i) ¢ <3 : Noting the relations

. p+2 13—¢g
"M < < <8 —
m1n{|(r|, lo |}_|: > :|_|: 7 < q,

we deduce from (5.5) that

1P 2

’
<C > HurlwseolTEwiller + Y | 1 Tmuillws-mee D 1Tkl o

klely I<lyl=q Iy’ 1=q=lvI
%
<C Y Y Tkl ws-iooEpmingl, iyl1g—Iy-
ly|<3kely

(ii) ¢ = 4 : First we consider the terms of (o, p') = (0, B) in (5.5). We use the relations |o| <
p+1<12—¢g=28and|o'| < p as follows:

/ , ft
> |@u)* @ TEu) || 2 < Cllurllws.o | TE will e < CllukllysosEp.a-

lo|+lo'|<p+2
max{0+|o|, 4+’ |} <p+4
max{lo|, |o'[}<p+1

As for the other terms, it follows from the relations

. +2 13 —
mln{|0|7|0'/|}§|:p2 ]§|: 2 q]=4§8—max{|0|, |,0/|} (A.2)
and |p| < [p’| <3 that
! o 7p . NEeaol 7o \F
Z Z Z ”(ax T k)" (3 Ty 1) ”L2
klely® |pl+|o'|<4 lo|+lo'|<p+2

Ipl=<lo'|<3 max{lp|+lol, |p/[+10"l} <p+4
max{lo. lo'|}<p+1

’
<c > > [ 1Tuwlys-vie Y 1T uil o

ly|<3k,lely ly'|<4=lyI
Y
<C Y 1Tkl ws-neoEpr1a-iyl-
ly|<3kely

Summing up, we obtain the desired inequality for g = 4.
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(iii) g = 5: Since p + 1 <12 — g =7, we see as before that

’ ' #
> | @Zu) @ TEu) | 2 < CllullwrEp.s
lo|+lo’|<p+2
max{0+|o|, 5+|o'|}<p+5
max{|a|, |o'[}<p+1

and

/ / / f
> D > |07 T ) BF T | 2
klely* lp<l1 lo|+lo'|<p+2
|0’ 1=4 max{|p|+|o|, 4+|o'[}<p+5
max{lo], |o'|}<p+1

14
<C Y Y NThukllys-icEpt1 5oy

lyl<lkely

As for the other terms, we deduce from (A.2) that

/ ’ ’ i
>y > @2 T8 ) @ T8 u) |,
klelyt |p/|§2 lo|+lo'|<p+2
[o'|=3max{|p|+|o|, |0'|+lo' [} <p+5
max{|o|, |o'|}<p+1

<C > N Tmkllys-imoEpr1,5-1y-

ly|<3kely

Piecing them all together, we arrive at the desired inequality forg =5. O
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