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Abstract

Inspired from the constructive method of Davilla et al. [10], with new ingredients, we extend their exis-
tence results to dimensions 7 < n <9 concerning the following Hénon type problem

—Au=KuP"1"y ingQ,
u=0 on 0%2,

where 2 is a smooth bounded domain in R”, £ is a positive real parameter, p + 1 = 2n/(n —2) is the critical
Sobolev exponent and the function K € CZ(Q) is positive satisfying condition (1.1).
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1. Introduction and results

Let us consider the nonlinear elliptic problem:

—Au=KulP"""fy inQ,
(Pe)

u=>0 on 0%2,
where €2 is a smooth bounded domain in R”, n > 3, ¢ is a positive real parameter, p + 1 =
2n/(n — 2) is the critical Sobolev exponent for the embedding of HOI(Q) into LPT1(Q) and
the function K € C2(Q) is positive. Since the problem (P;) is subcritical, standard variational
methods yield the existence of an infinite number of sign changing solutions and at least one
positive solution, see [1].

In this paper we will assume that: there exists a critical point £* € 92 of the restriction of K

to the boundary 9€2 such that

VK (E®).nE™) >0, (1.1

where n denotes the outward normal unit vector on 92.

Let us observe that, in the case K(x) = |x|” where y > 0 and €2 is the unit ball denoted by
B, we have % > 0 on 9 B. In this particular case (P;) becomes the well-known Hénon equation
which has the following form

—Au=|x|"u?, u>0 inB,
(HE)
u=0 on 0B
where ¢ > 1. This justifies the denomination of (P;) by Hénon type problem. Problem (H E)
was introduced by Hénon in [12] when he studied rotating stellar structures. Such a problem has
been extensively studied, see for instance [7,10,14,15,19] etc.

For ¢ = p — ¢, Cao and Peng [7] showed that the ground state solution has to blow up at a
point a € 9 B. For the same exponent, multiple boundary concentrations have been constructed
in [14,15]. In these two papers, the authors showed that, if ¢ is small enough, then the above
problem has a positive solution that concentrates and blows up at £ distinct points on the bound-
ary of B where £ is an arbitrarily positive integer. This phenomenon is due to the presence of
the weight |x|” in the problem (H E). Indeed, if the weight was not present (y = 0), and the
domain 2 was a general open set, results in [3] would ensure that the number of solutions is
bounded independently of . Precisely, Bahri et al. proved that any bounded sequence in H(} ()
of solutions (up to subsequence) either converges as ¢ — 0 to a positive solution of the corre-
sponding critical problem (if any) or it blows up at a finite number of points in the interior of the
domain.

The presence of a general weight K (x) in the problem (P;) under condition (1.1) gives rise to
other strange phenomena. This is the subject of a recent work done by Davilla et al. [10]. They
proved the existence of a new type of concentrating positive solutions for the problem (P).
More precisely, they showed, under additional conditions on the function K, that has a positive
solution whose asymptotic profile is a sum of k—bubbles that concentrate and blow up at a single
point on the boundary for any positive integer k, known as bubble-tower solution. This is a rather
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unexpected behavior if one is accustomed to subcritical problems treated in [3,17]. Bubble-tower
solutions have been constructed in many works, we cite [11,13,16].

They also constructed a changing sign solution for the same problem under some suitable con-
dition on the function K. Notice that their work is valid in dimensions 3 < n < 6. This restriction
on the dimension is technical and they conjectured that the same result holds for any dimension
n > 3. As mentioned in [10] the generalization needs more accurate analysis.

To our knowledge, a complete answer to this conjecture has not been given so far, while
partial results are available as we describe below. In fact we complete the theory of Davilla et al.
by covering the cases 7 <n <9.

In order to simplify the exposition, we will focus on a special case, namely: 0€2 is flat near
the critical point £*. This flatness assumption means that there exists Ry > 0 such that

Qn Bgo (%) = B;O(s*) and 9Q N 8ng0(§*) = Dg,(£%), (1.2)
where B;{O (&%) denotes the half ball of center £* and radius Ro and Dg,(§*) denotes its flat
boundary. For sake of simplicity we may assume that near £*, 92 is contained in the hyperplane
x1 = 0 and the unit outward normal to 02 at £* is (—e;) where e is the first element of the
canonical basis of R”. To handle the case of a general smooth domain one can proceed as in
[10]. The idea is to write a concentration point &, as follows

£ =&"+ pv; + g(pv;)

where v; € Tg+0%2, p is some parameter depending on ¢ and g : TgxdQ +— R is a function that
satisfies

g(0)=0and Vg(0) =0.
Here T¢+0<2 stands for the tangent space of 9<2 at the point £*.
In order to state our main result we introduce some notations.

The space H(} (R2) is equipped with the norm ||.|| and its corresponding inner product (., .)
defined by

||u||2=/|Vu|2; (u,v):/Vqu, u,ve HY(RQ).

Q Q
Fora € 2 and A > 0, let
corn=2/2
Sany(y) = (1+ 2y —ap)™ D7 (1.3)

where ¢ is a positive constant chosen so that 8, 3) is the family of solutions of the following
problem

—Au=u"D/"=2 = 0 in R™. (1.4)

Notice that the family §(,, ) achieves the best Sobolev constant
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2n
S = inf{||Vu||iz(Rn) lull =2, ‘u=0,Vu e (L>(R")" andu € L2 (R™)}.
L#=2 (R1)

We denote by P§,, ) the projection of the §, ;) onto H(} (R2), defined by

—APSap) =—A8@in R, Pdyi=00n0Q. (1.5)
We will denote by G the Green’s function and by H its regular part, that is

Gr,y)=Ix =y = H(x,y) for (x,y) e,
and H satisfies,

AH(x,.)=0 in Q,
H(x,y)=|x —y|>*™", foryedQ.

Next we describe the solutions that we are looking for with multiple concentrations on a single
point on the boundary. Let m > 2 be an integer. We construct solutions of the form

m
Usg = Zyiaipa(ai,li) +uv,

i=1

where y; € {—1, 1}, (a1, ..., ) € R, (A1, ..., &) € RY and (ay, ..., an) € (R™)™. The term v
has to be thought as a remainder term of lower order. Let

dP§;
d(a;);

IP5;
Ews = {v € Hy(Q): (v, P) = (v, =) = (v, )=0V1<j<n V1<i §m},
l

(1.6)

where P§; = Pd(; ,5,;) and (a;); is the jth component of ;.
We define in V 1= {(D, ..., 0p) € (Tex0Q)™ : 0 0 ifi #j, % #0V 1 <i, j <m} the
function F,, by

(n—2)25"2A% & Z’": (—Vivk)

F(b, ..., 0n) = m
S

N
dntn=2 i=1 k=i+1

m .
-> D*(K *)0;.0,
IKED (K192) (7).

i=1

where c1, ¢2, A and t are defined by:

2
_ m/(n-2) dy n—2 2 [yl
T ppenE =% | g 0D
Rn ]Rn
g (n-2)/2
At =20-2/2, f=<—"—cfv1<(g*).e1) L8
(n—2)2S2K(§%)
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Now, we are able to state the following result:

Theorem 1.1. Let 7 < n < 9. Assume that condition (1.1) holds true, (¥4, ...,%y) is a non-
degenerate critical point of Fy,. Then, there exists eg > 0 such that for each € € (0, &g), problem
(Pg) has a solution (u.) of the form:

m

Ug = Z Yiti P8 ) + v, (1.9)

i=1

where, as € — 0

a; = KEHP )| = 0; a; — €% A — +o0,

1 <(n —2)S3

12 - _
=D/ = ) A +o0(1)e=D2 =1, .. m,
i

2ncy

1
— —(n=2)/2 ; _
d4(n_2)/2 =t(1+o(1))e ,i=1,..,m,

i

n+l ;
ai =& +er2(% +o()) +dinE"), i=1,..,m,
where d; :=d(a;, 02) for each i =1, ..., m.
Remark 1.2. It is easy to see that [F,,, has a critical point in the two following cases:

° D2(K|3Q)(E*) is positive definite and y; = 1, V1 <i < m for each m.
° DZ(K|39)(§*) is negative definite for m =2 and y1y» = —1.

Note that our version of the theorem generalizes the existence results in [10] for both pos-
itive and sign-changing solutions. Indeed the non degeneracy condition of the function [, in
(01, ..., Dm) covers the two cases D>(K 199) (£*) is positive definite for multi-spike positive so-
lution and D*(K 1pe) (£%) is negative definite for changing sign-solution with two bubbles since
F,, has respectively a maximum or a minimum.

We point out that condition (1.1) on the weight K is very crucial in our framework to build
solutions blowing up on the boundary of 2. A different phenomenon was proved in [5] where
the authors studied the scalar curvature problem in a three dimensional bounded domain. For the
same problem (P;) and under the negativeness of the normal derivative of K on 9€2, they proved
that the concentration points have to be in a compact set of 2 and far away from each other. So
their subcritical solutions have simple blow up points in the interior of the domain.

The proof of our result is based on the reduction method introduced in [3]. This method has
been widely used recently to study elliptic problems involving critical Sobolev exponent with
small perturbations (see for example [3,5,14,18]). It is based on a careful analysis of the gradient
of the reduced functional.

Observe that the restriction on the dimension in [10] comes from the bad estimate of the v-part
of the solution in higher dimensions. To overcome this difficulty we use some ideas in [4,8] to
obtain the pointwise estimate of v and we improve the estimate of the odd part of v by following
the argument of Rey in [18] which was also developed in [5]. These two ingredients allowed us
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to improve the asymptotic expansions of the gradient of the reduced energy functional, namely
the tangential derivative with respect to a;. This improvement is valid only for 7 <n < 9. This
restriction of the dimensions is due to the estimate of ||v||||v?|| (for the definition of v?, see (3.5)).
We will come back to this remark later. For dimension n > 10, we think that new arguments are
needed.

The remaining of the present paper is organized as follows: Section 2 is devoted to the tech-
nical framework which also includes some useful expansions and estimates. In section 3, we
analyze carefully the v-part of the solution. In section 4, we improve Proposition 2.6. Lastly, we
prove our main theorem.

2. The technical framework
We need some preliminary results.

Proposition 2.1. [/7] Let a € Q and A > 0 such that Ad(a, 02) is large enough. For 6, ) =
8(a,n) — Pba,y), we have the following estimates

Ha,.)
(@) 0<6@ur <dwunr, O Ouy= S ryrmy) + fan,

where cq is defined in (1.3) and f(, ) satisfies

1 0f(a.n) 1
— 0 , A 2 = O 9
fan (x#dﬂ) I (A#dn)
19 1
—_ f(a’k) = 0 4— )
A da A gn+l

where d is the distance d(a, 02).

_ ! 36¢a.r)
(o) |9(a,)»)|2n/(n72) = O<W>, ’)\T

1 1 364,
0@l = O<W>, ’XT

1
=0(Gayr)
2/(n—2) (Ad)n=2/2

1
o)
2n/(n—2) (rd)/?

where |.|, denotes the usual norm in L1(Q) for each 1 < g < oc.
Let us introduce now the general setting. For £ > 0, we define on H& (£2) the functional

1 1

Is(u)z—/|Vu|2—7/1(|u|1’+1_6. (2.1

2 p+1—e¢
Q Q

Note that each critical point of I, is a solution of (P).
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Now let
{(a hoa,v) € R¥)™ x (R%)™ x QI x Hy (Q)

_ 1
: |a?/(" 2)K(a,») — 1| < v, Aid(a;, 02) > —,
120

A ntl
elogi; < v, Vi; A_l <r1, et <la; —aj| < v, Aidjla; —aj|2> —,
. o
J

Vi, j,iF# j;ve Egy, vl < vo},

where vy, ro are some small positive constants, r; and r; are positive constant and 2,, = {§ €
Q/d(&,092) < ro}. Let us define the function

m
Ke:Me >R (a,h,a,0) > L( ) yici PSa; ;) + V). (2.2)
i=1

Proposition 2.2. [3] Let (o, ,,a,v) € M. (a,X,a,v) is a critical point of K. if and only if
u=7y i, via; P8 + v is a critical point of I, i.e. if and only if there exists (A, B, C) e R™ x
R™ x (R”)m such that the following holds:

0K, .
(Eq;) =0, Vi 2.3)
30[,'

() 9K, B 32 Ps; Z 32 Ps; Vi (2.4)
. = ; . s 1 R
oo e P B(ai);on;’

K, 9% Ps; - 9% Ps;
E,) —& = B , Ci|———,v]), Vi 2.5
(Ea) 5o l<8ki3ai v +]Z=; i\ oaioan; ") " (2.5)
m n
IPs; aPs;
E AiP§; + Bi—— Cii——1. 2.6
( ; i+ B +,~§ 5t (2.6)

In the sequel, we use ¢ to denote various positive constants. As usual in this type of problems,
we first deal with the v-part of . Namely, we have the following result.

Proposition 2.3. There exists a smooth map that associates, to any (&,o,A,a) verifying
(a,A,a,0) in M, associates vV € E ), V|| < vo, such that (Ey) is satisfied for some
(A, B, C) e R™ x R™ x (R")m. Such a v is unique, minimizes K¢(«, A, a, v) with respect to
vin{ve Egn/lvll <vo), and we have the following estimate

_1on=2 )
Zi ()L.d,l)nfz + Zi#k Elk(l()g Eik 1) n lf n< 6’
X ),.42,2 + D ik 82(" 5 (loge;, ) e if n>6,

idi

1
vl <ce+c E ;—i—c
. 1
L
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where d; = d(a;, 0Q) and gix = (5 + 55 + dikgla; — ax|H @72,

The proof of such a result may be found, up to minor modifications, in [2][17]. For simplicity
we shall write v for v.

Now, we will give the expansion of the gradient of /. in a neighborhood of potential concen-
tration sets.

Proposition 2.4. Let n > 3 and u = Y ;" o yi P8; + v. For each i € {1, ...,m}, we have the
following expansion

_ . 1
(VIew), P8;) = yi(ei — af K (@) ST + O( Y ew +eloghi + — +

+lvl).
ki Ai

1
(Aidi)"—2
where S is the best Sobolev constant.

Proposition 2.5. Let n > 3 and u = Y ;- o;yi P8; + v. For each i € {1, ...,m}, we have the
following expansion

VI G), A 9Ps;
W), i 0%
I3 i O

. L H(a;, a; —2)283 _
:(n—z)q“’z”’ (1—2a{’ ! 8K(a,~)> iﬁ’ff’)+(n 4n) yia K (a;)e
i

p—l—¢ p—1l-¢
o K(a o K (a; de; —2 H(a;,
+ci E ey (11— -4 @) _ @ ( ’))< ik 1 (ai, ay) )

fti CS)“]i(n_z)/z 08)\‘?‘("—2)/2 i a)\'l 2 ()h[)\k)(n_m/z
S| 1 n_ )
" 0(’3210“" T2 3t Gyt s logey 4 eillogey )T+ ||v||2>,
k=1 kg AT iz ki

where c1 is defined in (1.7).

Proposition 2.6. Letn > 4 and u = Z;":l yiai P§; +v. Foreachi € {1,...,m}and j €{1, ..., n},
we have the following expansion

1 0PS§;
(Vlg(u), — )

Ai 9(a;)
B (%PSK(%')_ﬁ) c1 dH(ai,ai) pfsczajK(ai)
i CS)\f(n_z)/z 2 )»?_1 8(ai)j 1% A
717 I
+ i o K@) of K@)
€1 VJ'O”( - cm—22 cn—2)/2 )
I=1,Ii cor; oM
1 R 1 oH ( )
X — — ai,a
M\, AT DR oG,
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2 1 T 2 —1, 22 2
+ (243 o+ Yokl —aile” ) +0( Y eidogeyHh ™ +
1 J%T ; X
Jj 1#£i 1#i

where c; is defined in (1.7).

The proofs of Propositions 2.4-2.6, which we omit here, are also contained in [2][17] and
require minor modifications.
As described in Theorem 1.1 we will assume that the parameters ){1, d; and |a; — ay| are

respectively of order 8% , € and 5% for each i and k 5 i. This choice will be explained later
in Section 5. Notice that the concentration points are very close to each other. We recall that our
goal is to build bubble tower solutions to problem (P;). But the distance |a; — ai| is very large
with respect to the distances d; and di. Hence the parameter ¢;; satisfies

gik < ‘ — <¢( : — + 1 —).
(Mirklai —ag?) 7 (Aidi)" (Akd)"

In the sequel, we denote by

1
W= Il_I;éi]El(lai — ail) 2.7

This choice of 1 will be explained in the next section. For the sake of simplicity, O(f(A,d, 1))
denotes any quantity dominated by O ( Zlii’kim’ ik f(xi,di,|ai — ax |)) since A;’s are compa-
rable and the same thing holds for the d;’s and |a; — ag|’s. We are also permitted to write the
remainder term of some estimates with its & order form.

Observe that, in Proposition 2.5, the terms where the v appears are of order 0(||v||2) which
are small with respect to the principal part (by using Proposition 2.3). Furthermore, when the
concentration point ¢; is close to £* the critical point of K|jq satisfying condition (1.1), we get
that these estimates are also good for Proposition 2.6 for j = 1 since the two principal terms in

this expansion are respectively of order 5~ and W.
i iai

1

However for j > 2, the principal part in this proposition becomes —( dei

d(a;)j

A

1 3;1) ~(a;, ak)) which is equivalent to
i)j

G R : ,
W 3 /2 m(a,, Clk) since )"l and )\.k are

1
LA dp) @
of the same order and A;Ax|a; — ax|? tends to infinity. We will also assume that

% ntl .
lai —=&%| ~esocemn2, VI<i<m (2.8)

as stated in Theorem 1.1. Using the fact that £* is a critical point of K|3o and by going in the
clai—&*|

computation we will have another principal term which is ==5—=—. By writing these two principal
terms in their ¢-order form, we find
% wh 2+ A
€% where 0 := .
n?—4

But the remainder terms ﬁ and ||v ||2 can be very large with respect to ¢°. Hence we need to
ameliorate the previous proposition to make the terms of order ¢ appear in the principal part.
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Note that in [18], Rey confronted the same problem of the v-part in the case of Yamabe problem
in dimension three. His idea was not to improve the estimate of v but to study the integrals
involving v carefully. He proved that the even part does not have a contribution and the odd part
has a better estimate. We will adopt the same argument combined with the punctual estimate of
v using some ideas in [4]. This will be developed in the next two sections.

Before ending this section, we give the estimate of the constants A;, B; and C;; introduced
in Proposition 2.3 whose proof is similar to the one in [6]. Note that, there exists y; € {—1, 1}
before the function P§; which does not change the proof.

Proposition 2.7. Fori =1, ...,m and j =1, ..., n, we have

1

1
Ai=O0(elne| +lo; — 1/K(a) 7|+ lvll), Bi=0(er), Cij= 0(5). (2.9)

The improvement of Proposition 2.6 will provide us an improvement of the estimates of the
constants C;; for 1 <i <m and j > 2. This will be explained in the beginning of Section 5.
However we only need these first estimates in the next section.

3. Study of the v—part

We recall that an elaborate study of the function v is needed to analyze the tangential derivative
with respect to the variable a; of the reduced functional. We start by the following pointwise
estimate of the function v.

Proposition 3.1. /8] Let n > 4. For each n € (%, 1), there exists a positive constant ¢ such that

m

PO < —— 3 5, Vyeq.
(Ad)(n=2 (=) 4 -
1=

Similar results are mainly contained in [8,9]. The proof is inspired by some ideas introduced

in [4].
We recall that our goal is to ameliorate the expansion of (VIE, % 83(5 ,8)’ .
i i)j

3 (a a(ii),- is odd with respect to the variable
(x — a;);. Splitting v in an even part v and an odd one v° with respect to this variable in a
neighborhood of a;, we are able to control the contribution of the even part by using the oddness
of 38;/d(a;); and the evenness of v®. Furthermore we obtain a better estimate for the odd part
v°. This method will provide us a suitable control of the quantities involving v and v2.

Observe that the decomposition of the function v in [18] was done into disjoint balls of center
a; and of fixed radius. A similar argument was developed in [5] but using disjoint balls of radius
cd; where d; = d(a;, 02). In our case, needing sharper estimates, we will choose disjoint balls
around the concentration points of radius u, previously defined in (2.7). This choice enabled us
to adopt the ideas of Rey but we have to pay attention to the influence of the parameter u in the
estimate of the odd part of v and next the integrals involving v.

Let us explain our decomposition of the function v. In the sequel, we denote by B; :=
B(aj, )N, T;:=0dB;NdRand S; :=3B; N Q.

) for j > 2. For this

purpose, following [18], we remark that §; is even and
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Firstly, we set
m
b= v+ w (3.1)
i=1
with v; being the projection of v onto Hé (Bj), that is
Av; =Avin B;; v; =00n 0B; (3.2)

v; being continued by 0 in €2\ B;. Note that w € H& (£2) is harmonic in B;, and it is orthogonal
to v;, that is

Aw =01n B;; /Vw.Vvizo Vi, 1 <i<m. (3.3)
Q

As a consequence, we have
m
2 2 2
fIVv| =Z/|Vvi| ~|—/|Vw| : (3.4)
o i=lg 9
Let j > 2. We split v; in an even part v* and an odd one v’ with respect to (x — a;);, that is
v =v° +0°. (3.5)
We start by some technical estimates. The function w satisfies the following estimates.

Lemma 3.2. Let n be a real constant in (Z%g, 1). For each 1 <i <m, we have

1 1
|w|L°°(Bi) = 0<(Ad)("_2)(1_’7) (AMZ)("—Z)/2> and
Duw| 0( 1 1 ) in B( /‘L) no
wl = — — ) in B(a;, = .
(Ad)(n=2)(1=m) M()»MZ)TZ 2

Proof. Recall that w satisfies

w v on dB;.

{Aw = 0, inB,',

Using Proposition 3.1, the maximum principle and the fact that v =0 on I';, we get

c 1
(R < .
Wiz = Gopa=a—m ) =272

To prove the second claim, for each x € B; we write
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dg
we == [ e nwoidy
av
9B;

9
:-/a—g(x,y)w(y)dy (since w =0 on T';)
v
Si

where g(x, y) is the Green’s function of B; with Dirichlet boundary condition. Then
ag
Dw(x) =— D%(x, yw(y)dy
Si

and therefore for each x € B(a;, %) N © we have

D _0 mes(S;) _0 1 1
IDw)l= O\ wWleewo— 5 ) = O\ Gya=aa=n ;a7

since D3 (x, y) = O(W) = 0(#) in (B(a;,5)NQ) x 8. O

We need a better estimate of the function 6(, ) when a is very close to the blow up point £*.
This is the subject of the following lemma.

Lemma 3.3. Let a € Q such that |a — £*| < 1 and A > 0 such that Ad(a, dR) is large enough.
We set d :=a — 2dey, where d = d(a, ). For each x in Q we have

1. O () = —> : +0( : ! +4 )
VeV =TT =y = — |
@ = a2 Gd) 322 | g2 A

2 B (1) co 1 n—2 co ()+0<1 1 +d>
° A X) = n— ~n— - n (p x n— n—
TR ka2 e G 3P gz A
where @, is a harmonic function in Q2 satisfying Pa),, x)= =ap
1 3642 co 0 1 1 d
3. - @M =2 ( ~,1_2)+0< T +).
A d(a); A2 0(a); ‘|x —al (Ad) AT x—apnm? Az
106 A &) 0 1 n—2 o 8(/) 1
4. ——ed) X)="% ( ~n_2)_ ntd < (x)+0 5 _n2 +
A 0(a);j A2 0(a); ‘|x —al 2 %5 0(a); (Ad) AT |x —apm2
5)
Z)
d 106, 1
5. —(= —)=0 dB(a, ) N Q.
an 8(a)j) (;Ln/zﬂn)"” (a, )

Proof. Let the function W be defined as

) 1

Y(x)=10 -, VYXxeQ.
( ) (a,k)(x) )"% |x—a|”*2

The function W is a harmonic function in €2 satisfying the following boundary condition
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W(x) = — ( : : )+0( : ! ) aQ
x) = — — on
s 2\ x —a"~ -2 |x —a|n—2 ()»d)z)\%u_a'n—z

since Ad is large enough. In the sequel we denote by I" the flat boundary of €2 containing the
point £*.

1

e On T we have W(x) = (()Ld)z B2
A2 |x—al’

) because |x —d| = |x —al.

oOnBQ\Fusmgthefactthat|x d?2=|x—al*+ O(d) and |x —a| > ¢, we have —— =

|x—a|" 2
m + O(d) and therefore

1 d
+

W(x)=0
) (O\d)z Tlx—ap? AT

>on8§2\r‘.

By the maximum principle we get the desired result.
Applying a similar argument to the function W + % —%>@a, we get the expansion of 64 1)
P

for the next order.
The expansion of ((“)” follows also by a similar argument. In fact the function % a‘?{:l; is
J

harmonic on 2 satisfying

1 ow @) 0( 1 1 n d> 99
——(x) = on
A d(a);j ()»d)3 |x am-2 A2

and the maximum principle allows us to conclude.
To prove Claim 4, we apply a similar argument to the function %% + 5= e

Finally we prove Claim 5. Let

ba(x) 1= A2 1199w (ux), xew:=Ba,?2)\ B, l).

A d(a);
. . 0@n _ ‘)3(0 )
Using Claim 3 and the fact that @; = a@; °n 0€2, we have
106
_ad) (ux)| < % ondw.
A d(a); Azpn—l

The function ¢, is harmonic in w and satisfies |¢,| < C on dw. Then ¢, is C*> bounded in @. We
obtain

106
__yn/2,n 2 9Y%a,n)
IVoa(X)| = A" 1 V()L 3a), ) (wx)

<c Vxew.

Hence, we get the desired result. O

Using again the maximum principle we also have
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Lemma 3.4. Let a € Q2 such that |a — §*| < 1 and A > 0 such that d(a, 9) is large enough.
Let Ry be defined in (1.2). We set B :== B(a, Ro/2) N Q. Let j > 2, for each x € B}, we denote
=(X1,....Xj_1,2a; — Xj, Xj41,..., Xp) and we have

1. |x —al=|x"—al and 84,3 (x) = 8a.2)(x").

d 1
2. Oa(x) — O (") = 0< — + and
7 (Ad)ZA
P8a)(x) — Pdan(x") = < — )
= (xd)h

136, 1 36, 1
3. 2@y 4 @D oy~ o <—_+7nz>.
A 0(a); A d(a); AT (Ad)3AT

Note that under the condition (2.8), the concentration points ;’s are very close to £*.
We are now in position to prove the following proposition which is concerned with the odd

part of v.

Lemma 3.5. For each n > 7 we have

1
1] 0(821%+ (o= )
V0| = — . -
Ao ()2 )

Proof. We recall that v is the odd part of v; with respect to (x —a;); where 2 < j < n. For the
sake of simplicity, we may assume that i = 1 and j = 2. We write

n

1 dP$
v =7 +aP81+bk1—+Z 1

)»1 d(ar)e
(P81,7°) = 8P51,5”>= O 50 =0 1<e<n.
oA d(a;)e -

Taking the scalar product in HO1 (R2) of (3.6) with P8y, Ay %, kll 33(518)‘[, 1 < ¢ < n, provides us

an invertible linear system in a, b, ¢, whose coefficients are given by the following computations

with (3.6)

n 1
VP§ VP =8524+0— ),
[ vesvrs=sts <(Ad)"—2>
Q
/V,\ P o2 o (—
Yoo T T NG ) G
Q

/Vl 8P81V1 dP6; Co8 +0<
— V— = Cobip
A1 d(ar);  Ar d(aps

81, denoting the Kronecker symbol, the C;’s being positive constants, and
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dPsy 1
VP§ .V =0 ,
oAl (Ad)n—2
Q
/VP&VIBPSI—O 1
Y@y \GaT) (3.8)
Q
0Ps; 1 0P4; 1
A V— =0 .
0A1 Ay d(ar) (rd)n—1
Q
On the left hand side, we find
/VP(Sl.Vv” =0 (3.9

B
since
/val.w”:o and /vel.w”:o
B B

because of the evenness of §; and the oddness of v with respect to the second variable for the
first integral, and harmonicity of 61 and nullity of v on d B; for the second one. In the same way

0P8I ., [ 1 8P& _
VAl VY=V V2 =0 forl#2. (3.10)
J oA 4 A1 d(ar)e

1 1

Lastly, we have

1 0P§S 1 0PS
/v— ‘ .w”:/—A(— L)ye
A1 d(ar)2 A1 9(ar)2

By By
2 4.1 96
_nt /wﬂ— L (-0t —w)
n—2 A1 d(ar)2
By
2 4.1 96 41 06
:n—‘f_ — / 8]'1—2_ ! U_/(Sln_z_ ! w
n—2 Ay d(ar)? A1 d(ar)2

Q\B, By

since v’ is zero on 9By, v € E, ; and v° is even with respect to the second variable.

On the one hand, using ﬁ 3 (Bfll)z = 0(81) and Holder inequality, we find

iz 194 [[vll
B v=0(— 5 ).
A1 d(ar)2 ()T

Q\ By

On the other hand, we split
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41 094
/3;“2— w= f ot /
A1 9(ai)
By B(a1, 5)NQ Bi\B(a1,5)

_, ( o] )
- +0 n+2
()" s

by arguing as previously and since |lw| < |v||. Expanding now w around a; and using
Lemma 3.2, we have

4 1 851 n+2
_ n—2 n—2
I =w(ay) / 57— +0( sup |Dw| f 8 |x—a1|)
A1 0(ar)2 B(a1, 2N
B(a1,%)NQ 2 B(a1,%)nQ

(=)
—of—).
(apyn!

So we deduce that
41 98 1
[o b, o, 1)
A1 d(ai)2 o'z G

By

Hence

/vi 0P Gpo_ oI 1 3.11)
rmdaD T \gw® Gwrt ) .

B

Inverting the linear system involving a, b, ¢g, whose coefficients are given by (3.7) (3.8) and
whose left hand side is given by (3.9) (3.10) (3.11), the following estimates are obtained:

ab=0[—2 <”U” P > g=of_ 1
' (Ad)r—1 (AM)# w)=1) )’ (AM)"T” w1t )’

L vl 1 )
=0 £#£2. 3.12
“ ((xdw((m#ﬂxu)"—l ) 7 G2

Using again (3.7) and (3.8), this implies through (3.6)

~ lvll 1
v’ =01 =0 — + )
Ho aw'E !

2 _ o2 lvl? 1
?I1= = 12°I +0<(M)"+2+(/\u)2”—2 : (3.13)

We turn now to the last step, which consists in estimating v° in HO1 (£2). The scalar product of
(Ey) with v° yields the equality
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m m 4 m
fV (ZaiyiPS,‘ + v) Vvl — / K| ZaiyiPai + |27 (Zaiyip3,‘ + v) v’
Q i=1 Q i=1 i=1
APS; dPs;
= A;PS; + Bi—— + Cii——
/ ST A Z Y d(ai);
Q i=1 j=1
- AP8] ~~ 1 9P&
NV 4+aPs + b + Ci— . (3.14)
1 2 D dGan);

Using Proposition 2.7 and writing some parameters in their e-order form we get

n+2
Ai =0(8m)

B; = O (Ae)

- (3.15)
Cij=0 ( - ) :
Hence

m m 4 m

/V (Z(xiyiPS,- + v) Vol — / K| Z(xi)/iprsi + v|m_s(2(xiy,-P8,- + )’

Q i=1 Q i=1 i=1

ol 1 )
— 0| g2 — + (3.16)

( ((w) = (M)”‘l)

using (3.7) (3.8) (3.12) (3.14) and (3.15).
Concerning the first integral, we know that

m m
/V(ZaiyiP8i+v) .VUOZZO{”/[/(S” 2v0+/|vv |
i=1 i=2
B

Q

n+2
since —AP§; = 61.”’2 in 2, v°is zero in Q \ By, v = v¢ 4+ v’ + w in By with v¢ even and v° odd
with respect to the first variable, and w harmonic in B;. Observe that, for each i # 1, we have

% 0 1 0 1 2+2
/51' lv |SW/|U |SW—HHW||U ||(mes(B1))

By B
1 o
=< WHU II. (3.17)

Therefore, taking in consideration (3.13) and (3.17), we find:
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m
/V <Za,~y,~P6i + v) Vv°

Q i=l1
:/|VUO|2+0 I ”2 i Ll —. (3.18)
g Gu)'F G Gnd

Let us consider the second integral, which may be restricted to By, since v’ is zero in B \ Q.
We expand

m m
4
/KIE o ¥i P8 + 0727 () oy P8 + v)v°

B i=1 i=1

4
= / Klaiy1 P81 +v|—2 " (ayy1 P81 + o°

By
n+2
/|ampal+v|ﬁ—fa 0° |+Z/8" 1))
i= 231 i= 231
=L+ 0+ ). (3.19)
As in (3.17), we have I3 = O(wfoﬂz)/z) Concerning the second quantity for each i # 1 we
have
4
/|(X1V1P(S]+U|m_83i|va|= / ot /
B BiN[v<ép] BiN[§;1<v]
n+2
/ 8ilv’ |+Z/8"‘2|v0|
B 1= 231
1 2 2 [[v°l
< vo 8" -4\ 725 + =
< G / PO+
1

because §; < |v| which implies |v| < chzz 8; by using Proposition 3.1. Observe that

n+2
8n N\ 2n n-2
n2—4 _ 14 2 :
(fBl 8 ) =0 (—(Au)2> and so we obtain

[lvll
L= 0(7) (3.20)
)T

For each x € B we define the functions ¢(x) := %(9 (x)+6(x")) and 6°(x) := %(9 (x) —0(x"))
where x’ is the symmetric point of x defined in Lemma 3.4. Concerning the remaining terms, we
write
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a1y1 P81 +v = (a1y181 — a1 y167 + v°) + (=167 +v7 + w)

=hy + hs.
So we have
I = / oot
B1N{2hy<h} B1N{2hy>hy}
4 n+2 4
= / K|hi|7=2" hv° + (% —e) / K|hi|m=2" hyv?
n—
BiN{2hy<h;} BiN{2hy<hy}
4 n+2
+0( / Klhy|7=2 " R30° + / |h2|ﬁ|v"|)
B1N{2ha<hy} BiN{2hy>h1}

, 4
=/K|011)/151 —a 165 + v 72 (o181 — ary10) + v’
B

n+2 4 __
+(n_2 —5)/K|0617151 — o y10f + 0|72 (—a 167 + 00 + w)v°
By

n+2
+0(/|—awﬁf+v“+wh4Wﬂ)
B

n+2
=111+(m—8)112+0(113)- (3.21)

We start by the last integral. Using Lemma 3.2 and Lemma 3.4 we get

2n n+2 l n+2
113=0(/|v”|ﬁ+/|w|ﬁ|v”|+( = T )“/w")
Az AT (M)? J
1

B B
o nt2 1 d 1 nt2
= 0<|Iv"ll"2 + [[v°|lmes(By) 2 ((AMZ)% + ()\"—2 + An_z(kd)z)”))
2n_ v
N 0<llv”||"—2 A ) (3.22)
(Apn) 2

Noticing that
K(x)=K(a1) + DK (a1).(x —a1) + O(|x —ay|*) in By,
K (ay) = 0(8%) (since a; satisfies (2.8))

and using the evenness of 41, Gf and v°¢ and the oddness of v° with respect to the second variable,
we obtain
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s e A
I = K(ﬂll)[ la1y181 — ary16f + v 72" (a1y181 — a1 1605 + v)v?
By

n
4
+ E 3jK(a1)-/|061)/151 —ary10y + 02 (o181 — a0y + v’ (x —ap);
=1

By
0 vl
+ 2
n+l

—o (== +5)).
A AZ

Using again Lemma 3.4, more precisely 6{ = O< d

= t+ ﬁ) we have
M2 0D

(3.23)

4
112=fK|0l1)/151 —0[1)/1918+ve|m_5(—a1y1910+vo+w)v0
By

4 , 4
=/K|011)/131 —011)/1916+ve|m7€(vo)2+/K|0l1V131 —ay6f + vz we’
B

B
d 1
+0(( n—=2 + n=2 )

.
= = /|a1V151—a17/19f+ve|”*2 “1vl)
ME DT

= I121 + 2o + O(1123).

(3.24)
Using Proposition 3.1 and applying Holder’s inequality, we find

d I o N
hn=0 |~ + —— o | [677 @)
M adt )
d
=0

1 [t [0
=+ | ol =ol /5 ) (25
A2 (d)?r,? ) i=1p (Ap)2

We have K (x) = K(aj) + O(]x — ay]) in By, hence

4
I = K(m)/ 17181 — a1y + v 02 + o)
By
4

_4 _4
— K(aal? / 577 (1) + o(v° )

By
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4 ) 5
= / 812N +o(Iv° 1) (3.26)
By

4
since K (a)a; 2 =1+ o(1).
Expanding K around aj, the last term to consider is written as

s e b
L2 =K(d1)/ la1y181 — ary16f + v 72w’

By
! =
+0(— =z [ 8 Tk —aillv’)
Gus) 7 5
o 1
:T+0(”” ”( _ ifnzS)) (3.27)
A ()2
Sn 2n_ n+42 4
since w = O (——— = ) in B (by Lemma 3.2) and ([ 8} Sy — i) = 0(()"‘)72 ) for
(u?) 2
eachn > 5.
We split
T =K(ay) / ...+ K(ay) f
B(a1, 5)NQ Bi\B(a1,5)
=T+ T1>.
On the one hand, using Lemma 3.2 i.e. Dw = O(ﬁ) in B(ay, “) N, the oddness of v°
napu?) 2

and the evenness of v¢ and Qf, we have

Ty =w(ay) f la1y181 — a1 y167 +0v° |72y
B(a1, )ne
1 % e L o
fo(— 1 / 677 + [ x — )

uOu?)'s
B(a1,H)nQ

1
<||v ||( 5 foreach n >5))
(Ap)” 2
On the other hand

o7 0 N>
Tr = |wlresylér + vl v |lmes (B \ B(ai, 5)) 2

(Bi\B(a1.5))

1 1 oy nt2
=\ G
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1
=0 | "||).
<<xm% ’

Consequently

1
Lin=0 <||v0||( — for each n > 5)) (3.28)
() >

This yields finally, taking account of (3.16), (3.18)—(3.28)

k k k
4
/V(E aiy,-P&-—i—v) .Vv”—/lﬂ E ot,-)/iPS,‘—i—vIH*s(E oiyi P8 + v)v’

Q i=1 Q i=1 i=1

n+l
n+2 4 e+l 1 1
=/|W|2—f/a;2(v”>2+0(||v0||( - +—+—,ﬁ))+o<nv0n2)
5 n (Ap) 2

2 A2
By

+0(s%( ol 1 ))
aw)'s !

n+1
n+2 4 gm 1 1
— V~02— /8%2 ~0\2 ol e o ~0|2
Q/| PR [ o (I ¢ e ) pey

) e“( vl n 1 )+ vl n 1
Gw'E  awrt) o awrtr g Y

because of (3.13). Comparing with (3.13) and (3.16), and the quadratic form

_4_
m—>/|v11|2—"+ /5;’—%2
n—2
Q

Q

dPsy P )]l

being coercive on the subset [Span (P, o aan g the estimate of ||v?]|| follows. O
J i

4. Improvement of Proposition 2.6
Let us start by proving the following crucial estimates.
Lemmad4.1. Let k,i € {1, ..., m} such that k #i. Then

1. foreach x € Bi andy € T'y = d B, N9, we have |VG(x, y)| < #

1 c
2 o pmardy < G

Proof. 1. Forx € B; and y € 'y = 0B N 3%, we have |x — y| > u, thus |[VG(x, y)| < #
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2. We have

1 1
7~dy=/ dy
fly—akl” @} + 1y —ar>)"?
'y 'y

_ 1 1 ] / dr! iy
< — y = — —_—
dy Ja+ d—1k2|y — a2 d; (L+ Y22
k

BO, 4
<2 / L v<S o
~di A+1YP)2T ~di
Rn—l
Lemma 4.2. For k # i, let ¢,, be such that
Agg, =0 in Q
Qo = |x—1ak|" on 012.
Then
L. Q|18 < 5 and || ooy < —Sr
. ag (Bij) = dklln71 day (Bi) = dlg'un—l'
11
2. |D@ai | Lo (Ba;,d; 2)) < & G T
Proof. 1. Let x € B;. We have
(x) f 0 G(x,y) d
X)=c| —Gx,y)——=—
wo v =
PYo)
/8G<>1d+/30<)1d
=c | —GXx,y)———— c —Gx,y)———dy.
T AT T AT
I 9Q\Ik

o If y € 9Q\I', we have |y — ax| > cu and we obtain

0 1

2 G y)———d
‘ / R T AR
A\ 0

e If y € T'y, from Lemma 4.1, we get ‘f—UG(x, y)dy| < # So

/8 G( ) 1 dvl < c /' 1 dy < c

- xv ~ = ~ =
ov =@ T ) =@ T dge
Ty Tk

where we have used Lemma 4.1 in the last inequality.
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Thus |, (x)] < 77 + - since dj < .

d/t”l_du

To estimate | 3a" |0 (B;) We argue as previously. In fact by similar computations as in the

proof of the second claim of Lemma 4.1 we have fl“k =G —wdy < < . Furthermore the func-

ak\"

. Gl .
tion a%k satisfies
ai

0¢q
A aak =01in Q

o 9 1
dar M —N—lx_akln on J0%2.

Hence 3<ﬂak(x)—c G( )— # d andSince|i(—L—>|<Lf0r
Y aak |x _ak|n y day |x—a|? — /L’H—l

aQ
each x € B;, the desired result holds.

2. The function ¢, being harmonic in € and in particular in B;, we have |Dg,, (x)| <
608 BB) supp, |¢a, | for each x € B(a;, di/2). From Claim 1 and the fact that d(x, 9 B;) > cd;
for each x € B(a, ,d;/2), the desired result follows. O

Recall that our goal is to make some quantities of order € where o =

principal part of the expansion of (VIE, % 33(5 8) , ) for j > 2. So it will be convement to write the
i i)j

remainder terms on their e-order form to compare with €. In the sequel we denote the function

L 38(51 3 by v;;. We give some expansions that are essential to the proof of Proposition 4.6.

Lemma 4.3. For k # i, we have

s cilak —ai) 1 1
8n72w'_ — J _ _ +0(80).
f k 17 )L;q/2)\](€n—2)/2 |Clk _ ai|n |ak —a; |n

By

Proof. For each x € By, we have

Loos ol (n—2)(x — a);
2 )=
Ai 0(a;); (14 A7 |x — ai |2

coln —2)(x —a;);j 1 con —2)(x —a;);j 1
_ 0( n/z )( l)j <1+0< 2)>: 0( n/z )( l)j +0< _ )
Ix —a;|" (Ripe) Ix — a;|" A7 pntl
By using Lemmas 3.3 and 4.2, we obtain
142 21 96 121 96;
8"_2 :/ n —’_/8;1_2_—[
R e vl L vt oy

By
iS5 cox —ai)j "*5 co(x — a,),
(n—2>f6 e —— 2>f S an

x —a;|" —a;|"

Please cite this article in press as: H. Fourti, R. Ghoudi, New type of solutions to a slightly subcritical Hénon type
problem in dimensions 7, 8 and 9, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.09.050




YJDEQ:10020
H. Fourti, R. Ghoudi / J. Differential Equations eee (eeee) eee—see 25

1 n42 1 n42 1 1 n+2
+0(7/5,:’2 74 /5,:’72 + —— 7/81212)
)»”+4M +1 g2 -1 (Ad)3 =2

By

CO(n_Z)/ n+2 (-x_al)] C()(n—Z)/ "+2 (x_al)]
n/2

lx —a;|" n/2 lx —a; |

1 1 1
+ (G + G G )
_ Co(n—2) (ax —ai); / s

W lak —agl”

R7

co(n —2) — 1 (ak — a;) j(ak — ai) iz
LY Z lag —a;|" " lax — a;|"+? /(Sk (x—ai

A; _
i =1 By

(ak —a;)j Co(n—2)/ 42

lag —a|" /2

co(n —2) « 1 (ax —a;)j(ax — ap) i
N7 Z lag —a:I" " lax — a;|"+2 o a
|

)Li 1= By
+ 0 ;/S,i%pc — >+ L +0(£%)
)Ln/zun-q—l ()\d)z()npc)"_l
By
. cl (ak —ai)j  (ak —di);
TR\ (g —al Jac— "

1 n+2
+ O<—x”/2 - / 8 N x —ak)1|> +0(e%)
i

! Bi\B(ax.di)
cl (ar —ap); (ax—a;); 1
- —— |+ O ——— ) +o(’
MR ( lax —ail* g —a@l" ) T

_ci(ak —ap); ( 1 B 1 )+0(80) .

A"/Zk(" D2\ lag —ai|"™  |ax —a;|"

Lemmad4.4. Let 7 <n <9. For k #1i, we have

K (ai)

" +o(e”),

4
/Klai)/iPrSi-i-vI"*Z 8(ai)/iP5i+UWij=C2

B;

where c; is defined in (1.7).
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Proof. Recall that v; is the solution of the following problem

AU[ = Avin Bi
v; =0 on 0B;.

We have v = v; + w in B; where w satisfies

Aw =0in B;
w=v on 0B;.

We write, forn > 6

4 _
/K|OliViP5i + 0727 (o i P8 + )i

B;
= / Kla;y; Po; +Ui|"%_s(aiViP5i + Vi) ¥ij
Bin{lw|=|ajy; Péi+vil}
n+2 i
+<n_2—8 / Klaiy; P8; +vi|"=2 " wiij
Bin{lw|<|a;yi Péi+vil}
A le 2 n+2
+0 / loej vi P; + vi|n=2 wYijl + / |w|"23i>
Bin{lw|<l|a;yi Péi+vil} Bin{lw|>loyy;i Pi+vil}
= | KloyiPsi + vilﬁ_g(aml’&' +vi) Vi)
B;
n+2 4 n+2
+<n =5 —8) / K|ojy; P; 4 v;|n—2 ewI//ij + 0(/ |w|'123i)
B; B;
=h+(%§§—ﬂh+%ﬂhl @.1)

We first estimate the integral J3. Using Lemma 3.2, we have:

2 AL

1 / A7 o1 / rnl J 0( 1 > @2
< — < T ar = . .
) AR —aP)' T T O (14 )"

0

J3

A

Next, we estimate the integral J>. Expanding K around a;, we obtain

4 4
JzzK(ai)f|aiViP5i+vi|"—2 Swwij+0<f|aiyip5i+vi|”‘2 85i|w||x_ai|)
B; B;

=K (a;) o1 + O (). (4.3)
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Concerning J2, using again Lemma 3.2, we obtain

n+2
122=0<|w|00f(|u|——85 +o z)|x—ai|>

()\Mz) 2 1#i

=O< ! _2+ 1n+2/8i|x—ai|)
MOy )

:0< Lo, ! _1>:o<80). (4.4)
A" A"

Noticing that, by using (3.4), we have for x € B;

06; 1 d26;
Vi) =5 a(a,),() oy a( )j<x)
_1 06; 11 06 1
_)»_ia(ai)j(X)_E{K_ia(ai)j(X)-’_?» d(a )]( )}
11 96 1 96
_E{A_ia(ai),( )_A_aml),( )}
d 1 1
—wl,<x>+o<( + G ) 5o 2)/2) 4.5)

1 1 )
P8i(x) =8 (x) — (9 @) +6:(x")) — —(9 (x) — 6;(x"))

, d 1
=P5(x)+ O (w—2> 5t G /2). (4.6)

Using Lemmas 3.2 and 3.5, we write for 7 <n <9

. d 1 1 4
I = | leiyiPsi +vil wyj; + 0 ( (Ad)3> -2 (/\uz)(” 2)/22 ’

B;

= / iy P8 + vf + vf’|$_€w1pi”j +0(g%)

B
e 4
= / loti y; P87 + v 72wy
Bin{|vf |<la;yi P8{ 40|}
+0( f lovi yi P8} + vf [ Hwl[vf18; +f|v "= 2|w|3>+0(<’FG)

BiN{v? |<la;y; P8{ +vf [}
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_ 1 PSE | el e 0 1 opits s o
—B laiyi PSS + vf |2 wwij_i_o(mé/'vi' 251)4—0(8)

; o)l T
_ 1 PSE L 1€ a0 v =AY o
_/m’y’mi +oplr wwii+0<(ku2)<n_z>/z</8i ) )+0(8 )
B; B;
o4 n=2
lv7 172 (In(Ap)) =
(Ap)r=2

4
= [emst + 12w + 0 )+ote
B.

1

4 4
= w(a;) / |aiy,-P85+vf|n727€1//f’j+ O< sup |Dw| E /81"‘28i|x—ai|>
n
BiNB(a;. %) B ?) LB

n+2
+ O(Z f 5;’23,-) +0(e%) = 0(e7). (4.7)
L B\(BiNB(a;. %))
Now, we observe that

11=/...+/...=J11+J12, (4.8)

B! B?

i i

where Bil ={x€B;:P§ > Zkﬂ 8¢} and Bl.2 ={x€B;:P§ < Zk# 8¢ }. For J12, we have

w2 1
12| §c/(P6ip+l + [v|"=2 P&;) ch/s,f“ :0(@/””). (4.9)
B?

ki B,'Z

Next we compute the integral Ji;. We set
Q) ={xe B W] <|ayi P& +v¢|}and Q = {x € B} : |[v?| > |a;yi P8; + vf]}.
We have for7<n <9
e o i*& e 4
Jii = / Klaiyi P8i +v; +v; 727" (a;iyi P8i + vj + vj)¥ij
B!

4 4
=/K|aiViP5i+vf|"—2 S(OfiJ/iPtsi+vf)1ﬂij+(P—8)/K|aiViP5i+vf|"—2 v i

1 1
B; B;

+0</|a,-y,-P8,-+vf|n42l(vf)2P5i+/|vf’|pP8,->
Q1 Q

4 4
=/K|06i)/iP5i+vf|"‘2 S(GiViP5i+vf)1ﬂij+P/KIOliViP3i+vf|"‘2 vl i

B B;
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1
0
~ ()

4 o J—
+0< f lotiyi P8; 4 v¢ |72 (v7)? + / leti v P8; + v¢ 172 (072 vé] + / leti vi P8i + v¢ ] (v)P

Q) Q2
4 / (v?)f’|vf|)
Q2

4 4
Z/K|aiViP5i+U,'e|”’2 e(ai)’ipsi+U,'e)1/fij+p/K|aiViP5i+Uie|”’2 “vf i
B; B;

+ O (I 1% + 12 IP ! + 2 IPI0E L) + 0(e7) = Jint + pJiia + 0(e%) (4.10)

where we have used Proposition 2.3 and Lemma 3.5 in the last equality. Since A{ — 1 as e — 0,
as in [17], we have

575 =y r P L 0(elog(1 + 22 1x — ai). .11)

For Ji12, choosing n = % and using Lemmas 3.2-3.5 as well as (4.11), we have for 7 <n <9

4y iz
J112=/K(OliP5i)"—2 Vv + O i [[v?|
B;

i

;1472_8 ﬁ_a 0o % o o
= K(a))a] P82 vy + O [ 6772 [wllx — agl + ¢l v

B; B;

e - - Moy ll o
= K (a;)o; P§; v/ Yij + O = + vy [l
B;

n72
ai K (al) n— 2 ()
= £(n 2)/2 8 v vij

n+2 4
+0<8/1n(1+k2|x—az| )8 L+ vl vy II+/5,»”291'|U§’|> +o0(e)
B; B;

4
n—1 ¢
o K (a;) =
=t Y )\g(n 2)/21 /Si ‘i + o)

o{f'Tz K(a,) i u?
o Aldi) n—=21,010. (o}
- a(n 2)/2 / )» a(a,), + 0(/8i v |91> o)

i
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4

n— ¢

a7 K(a;) f A1 9 /42 1 95

=1 "1 | & v— — |8 Pw— o
coni "™ W{ @), S, | T

B; i

4

o7 K@) RN RESLIR
=T ez | T YAV i Y@,
)\ i 0(ai); i 0(a;)

Q\B; BiNB(ai, %)

a1 s
+ / 8t w— } +0(£%)
! Ai d(ai)j

Bi\BiNB(a;,5)

4

n—2 €
a2 K(a) 4135 A 108
— _ ! e 2—)/2l {w(a,') / 8[" 2 l + f 81' 2. - i
)» A 8(ai)j )L a(al)j

BiNB(a;,5) Bi\(BiNB(a;, %))

n+2
+0( sup |Dw|/8" 21x — a; )}—i—o(e”)
B(ai, 5

# 1 1 o o
= (Z / 8728 + oy (M)nl>+o(s Yy=0(%). (4.12)

Bi\(BiNB(a;, 5))

Note that the previous estimate of J;12 does not hold for dimension n > 10 since the estimate of
v’ is no longer sufficient to get that |[v?[|||v]| is negligible with respect to 7.
Finally, we compute J111. Expanding K around a;, we obtain

4
Ji = K(ai)/ laiyi PSi + 7 |72 (0 yi P8i + v)) i
B;

4 _
+ E 31K(ai)/|06i)/ip5i+vf|"—2 (i P8 +v])ij(x —ai)
/ 4

1
+ o(ﬁ) 4.13)

For the first integral in (4.13), we have

4 . .
/I%V:PS + ol s(aiViPrSi-i-vf)%/=/|%V:’P5f+vf|”*2 “(aiyi P8; + v

B; B;

o d ! ol (d 1 1 =0 oy _ o
+ L (1—2)/2 + (hd)22 =D + ( + (Ad)3)k("—2)/2 =0+o0(?) =0(e%).
4.14)

Now, we observe that
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|- —¢ e %_8 %‘5
/ e yi Pi + v [7=27" (@ i P&; + vi) i (x — ai)i = i« fPS,- Yij(x —a;)i
B;

%_8 n4T2_8 e % e\2
Vi Ps; viii(x —ai) + O [ 8" (vi)|x —ail

B; i
=via] P&/ hij(x —ai)i +viey Po wivijlx —ai
B; Bi
Rl
o | (4.15)
A

For the second term in (4.15), we have for [ # j

s,
v/PS,-"f Vi (x — ap);

B

e d 1 %76 e
=[(Ps+o0 =T + Gd)En D v Yij(x —ai)

i

eyids—e ¢ d 1 it
= [ (P§))m27 vi;j(x —a;); + O =Y + )R 8" vllx —a
B

i

B;

= /(Paf)%*gvfwi,-(x —a);

d 1 e i
+O<< w2t (Ad)21(n— 2)/2)/( RIS 26)|x—a,|)

r#i

_ / (PS)TT 0 (x — ai)i + 0(e°)

4 572
:/(Péf)nfz gufwioj(x—ai)l—i-O((d (kd)3 = 2)/2/ v||x—a,-|>

B;

=0+0(e%) = 0(%). (4.16)

And for [ = j, we have

- / e _ (MllvH)_ o
j (a,-) P(Si viwij(x—ai)j_O Y —0(8 ) (417)

Thus, we obtain
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n+2
s =Yk @) [ P - an -+ ote)
1

n+2
1 e
—ZHIK(Q’)/(P(S“FO( 2<d (Ad)z))) = a+ole)

2 o 194
=2 k@ { [y

e ;11—2_8i 891 o
Tt ai>z+!<Psi) : ( a,)z}

B;

i

d 1
+ 0<—n + 7> +0(e”)
A2 (Ad)2A2
m,g %
= 0;K (@) / A a(a,), (rmadi 0<8n+2 /a‘k filx _ai|>

Bi
d 1 1t .
+0 An/2 ()»d)3)h(”*2)/2 8,’ |x —a;l | +0(%)

i

X
A 0(a;);

2(n+l) ) 8% 1 Y
= ajK(al)/ S —ap))+ O(A(Ad)"—2 + )»()\u)"”) +o0(e?%)
d; K (a
= zﬁ—k &%). (4.18)
A
Combining (4.1)-(4.18), the proof of Lemma 4.4 is completed. O
Lemmad4.5. Let 7 <n <9. For k #1i, we have
4
/K|“iViP5i+U|m_€P5k1/fij
B;
4 2 AW
o, (=21 (ax —ai); 1 1 .
=0 K (ai) n+2 P\ =l e —al +o(e%).
1
Proof. We have
4
/K|oz,-yiP8i+v|m_£P5k1//ij
B;
4 L
:/K(a,-P(S,-)nZSPSkw,-j—FO(/ 2|v|P8k+/|v|n 26; P8k)
B; B; Bi
4
:/K(aiPSi)m_sPSkwij + Ol + D). 4.19)
B;
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For I;, we have
4 4
I < 5;'_2|U|P5k+ / Si"_2|v|P8k =111+ I12.
Bin{lv|<s;} Bin{s; <|vl}

Concerning I17, since §; < |v|, we have |v| < Zl# & by using Proposition 3.1. We get

e

c 4 c
sy [0 < [ o
(=2 ] Gy 2 ) (07— i)

i

= G ]“rnl =0 ()=o) @20
_()\M)Z(an)O A +r22 ((Au)")_o(s ). (4.20)

Using Lemma 3.3, we observe that

co 1 1 1
P& =6 — ~ + 0 — . 4.21
Y TP AT ((W =272 = ak|"—2) @20

Thus

e [ e
= — = . T lv
11 k )»]((”_2)/2 Ix — ak|"72 i

Bin{lv|<é;}

0(## / |v|84/("—2)
Od)? (o u2)' 2 ’
D2 5 vl

s 1 1 4/(n—2
— / X"S"zlvHO(WW / vls " )>=L1+0(L2).

Bin{lv|<é;} Bin{lv|<é;}
(4.22)
Since n > 6, we have for L,
1 1 4/(n-2) In(h (n—2)/n
<t L f(gl. itz < L7 = IO o6y, @)
D™ 7 ) (d2Gp?)T A
Expanding xi around a;, we obtain
_4_ _4_
L1 = xi(a;) / 872 vl + Dxx(ai) f 8/ vl(x —ay)
Bin{lv|<4;} Bin{lv|<é;}
4
+ 0<sup 1D? x| / 57 |x — a,-|2|v|> =L+ L+ L. (4.24)
Bi Bin{lv|<d;}
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We note that

1 1 1
(@) = p(a;) — —— e ( - )

)L/({n D12 \a; — ag|" 2 )»,(cniz)/z lai —ag|"=%  la; —ax|"—2

1 1
o
" (A("z)/zlai — a2 A%la; — ak|2>

d? 1
N 0<k(”2)/2|a,- —ag|" + A(”+2)/2|ai _ ak|n>' (4.25)

Moreover, since n > 6, we have

=n s _yy (In(hp))r=2/n
2 4/(n—2)
/ S < o e (4.26)
BiN{lv|<é;} B;
Thus
d2 1 1 4/(n-2) (n—2)/n o
Liv=0(| 15 s + ooy |01 (G = 0(&”).
Concerning L7, we observe that
d 1
Thus, we obtain
Lo d TN L L e T
12 — n )\(” 2)/2 |x az| = /,{/’1)\,("72)/2 i |x al'
B; B;
L ol 4 100)) = 0(”) (4.28)
— unan— Tonan—1 M : .
Now, for L3, we have
sup | D2kl < oy 7 (4.29)
B; Ln=2)/ //Ln
Hence
nt2 In(A
Lis< ;f&"* gt < SROW ey (4.30)
)\(n—2)/2un i ()\,U«)n

i

The estimate of I; follows. For I, we have
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_4_ 4
L= / [v|"=28; P& + / [v|"=28; Pé
Bin{lvl<Y) 4 81} BiN{Jv|<8;)
n+2 4
52/51}17251"" f [v|#=28; Po
I#i B, Bin{v|<8;)
n—2
c Aj 2 4
< — + |v]|7-28; P&;
C )T ) AR @)
1#i M) i ’ BiN(vl <6}
A |
c r"- / 4
< — + [v]|7-28; P8k
IX.: (Ap)n+? / (147 ’
7i 0 Bin{lv] <8}
S D / v|728; PS 4.31)
vin— i . .
= () o
I# Bin(jvl<5;)

Using (4.21), we have

4 4 1 1 4
/ iR Ph= / IO 0<(Ad)z B / i 8i>
Bin{|v|<éi} Bin{lv|=<d;} B;

4 4
= xk(a;) / [v["=268; + D xi(a;) / [v["=2(x — a;)d;
Bin{lv[<4;} B;iN{|v|<é;}

4
+ 0(sup|D2xk| / v] 72 |x —ai|25i> +0(e%)

B;
B;iN{lv|<4;}
[[v]|#/ =2 g2 [v]|*/ =2 In(Ap)

It remains to estimate the integral

4 4 _ 4
/KP(sl."—2 “PSuij =/K5;'—2 P8 +0(/8i"‘29,~P8k>
Bi Bi Bi

= D1+ O(Dy). 4.33)

For D5, by using (4.21), we have

_4_ 1 1 _4_
_ n=2p. n—-2n.
Dy = / 820 xk(x)+ O ( G G / 5] 9,>

B Bi

4 4
= Xk(ai)/rS,»’“2 0i + D xx(ai) / 87 (x — anb;

Bi B
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2 4 2 1 1 é
+0 sup D%l | 872 |x —ai)%6; ) + O G Gy 57726 ). (4.34)
l B; i

For the first term in (4.34), since n > 6, we have

N Y R
Xk (ai) / 87726, < yu(ap) / 807 < Xk(ai)||9i||4/(n2)< / 8;"2)
Bi Bi Bi

<[d2 1 1 } 1 (In(Ap))®=2/n

- E (Ap)—2 + )" | (Ad)? L (1—2)/2 =o0(&”). (4.35)

For the second term in (4.34), we have

_4
1D (@) / 577 |x — ail6;
B;
d 4} iz

n+1

d ¢ e —ail <ln()»,u)>
< =0 =o0(g%). 4.36
= )=o)/ ﬁdl[ (1 Al.z|x oy )" o(e”) (4.36)

For the third term in (4.34), we have

4 n+2 11’1()\. )
2 n—2 2 c n—2 2 _ I _
Szlal,-mD Xk|/5i |x —a;i|"6; < m/ai lx —a;|” = 0( G > =o0(e7). (4.37)

B; B;

Now, for the last term of (4.34), since n > 6, we have

. Ry P n—— NP
(Ad)? (hp?) (=272 / 50 = (hd)2 (o) =272 / 08 < 16: 17"~ / 8
B B

i i i

! 1 1 (In(ap))n=2/n
- (,\d)z (Xuz)(nfz)/z (Ad)z A(n—=2)/2

=o0(%). (438)

Thus, we obtain Dy = 0(g9).
For Dj in (4.19), expanding K around a; and using (4.11), we obtain

D =K(ai)f8i" Périj +0</5i" |x—ai|5k>
B;

B;

1, n=2
Sik(lngik) n )

4
=K(a,-)/al."*2 P +0< y
1
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= e ki ¢ln Flx—ai7)8" " 8 o(e

A.
B; B;
K (a;) 4
= W/S 2Pc‘ikl/f,j +0(&%). (4.39)
B;

Using Lemmas 3.3, 4.2 and the estimate of D;, we have

= i3 e 198 =
81’ P(Skl/fijz 5 P(Sk)\_&( )] + 0 81’ Pér6;
B,

B i i

TR N S R L
= i k /\]((n—z)/z lx — |2 2 (n+2)/2¢”" A 0(a;);

B
1 (e
+0 ~—— | +o(”)
(Ad)4k_ — a|
i 105 co 4 1 13
=/8i 28— — - — /Si 2 — !
Aida)j ' |x —ap|"== A; 9(a;)
B; k B;
n—2 co / *x ) 94; ) 1 +o(e%)
_ , — ) +4o(e
2,3 b ), (Ad)* (hpa)n=2
€0 /85 1 1 94; co 8,1472 1 1 96
A% ox — a2 A 9ai) A% o x —axn 2 9ai)
k B; k  B;
n—2 ¢ A1 95 |@az | Lo (B)) 142
St n e [ L o [
k B(aj.di/2) k B:\B(a;.d; /2)
1 142 1 n+2 1
+ 0( sup |D‘/’ak|w / 8/ Ix —ail + ﬁ/&”*z 7) +0(g%)
B(aj d;/2) A,E”* / (n+2)/ J lx —ag|"

< 1 / o d6;
AP ag—ai 2 ] B(an),
B;

lag — a;|"

i

(n—2)co (ak_az)l[ ,,42 1 95
}L]((n_z)/z Z i A a(ai)j (x —aj);

co 1 / 4138
27 [y — a2 Pk da);
(n —2)co Z (ax — a1 / n42 19 (x —a;)
A(n 2)/2 lax —a;|* J " ki d(ai); o

B;
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1 n+2 1 1
0 5'r172 _ 12 o
+ (rzw“n B/ FRm Al G TGay (Am”—l(xd)2>+0(8 :

(n—2)co (@ —ai); (ak—a); im 195
_ = - e (x —ai);
)\](Cn— )/ |ar — a; | lag — a;|" A 0(aq);
+0 ! +o0(e%)
_— o€
w1 (rd)?
on
_ (=2 1 @ —ai)j (o —ai); / dx +o(e”)
n+2 a0\ @ —ailt lax —ail” J (1 + |x|?)(nt+2)/2
(n— 2)26‘1 (ak —a;) 1 1 o
_ _ _ , 4.40
n+2 A,ﬁniz)/zﬂﬂ lak —ail"  lax — a;l" o) “n
1

Combining (4.19)-(4.40), the proof of Lemma 4.5 is completed. O
Now we are in position to state our improvement.

Proposition 4.6. Let n =7,8,9. Foru = -, yxax P8¢ + v and j > 2, we have the following
expansion

<Vlg(u), 1 9P )

Ai 9(a;);
e\ c1lar —a;);j 1 1
=) ol 1—K(apa;™ ) _ _
kzgéi ( ¢ )L;’/z)ul(:’*z)/z lay —a;|"  |ax —a;|"
4 _ 72 N,
(A - ZVkakK(ai)a,"Trs(n 27cr (ar —ai); _ 1
n—2 ki l n+2 )»,(("_2)/2)\?/2 lax —a;|"  lax —a;|*
142 9;K(a;
-y o= A-( i) +0(&7).
l

Proof. We have

Vv =an [ 8wy + Yo [ 6w = [ KOWIT Fupy. @an
Q

ki Q Q
For the first integral in (4.41), we have

1 96 1 06;
/afl/fij:/af—.—.’ : —/5,.”—.—.‘ :
Aj 8((11)/ A Ai 8(“!)1

Q Q

o1 06 o1 06, 1
Ai 0(ai)j A 0(a;) | Al

B(ai,Ro) B(ai,Ro)
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_ Pl 8_91'
= / ‘Sfxi<a(ai>j(x) a(a»,( )>

B(a;,Ro)

vo((-4 4 : / 8”+1
n/2 ()xd)3)\.(’1 2)/2 )L’l

B(ai,Ro)
_0 (( d n 1 ) 1
)L;l/Z (Xidi)3k§'1_2)/2 )ngn—Z)/Z

+ %) = 0(e°). (4.42)

For k # i, using Lemma 4.3, we have

1
Q & -

By Q\ By By ! Q\B(ay,dy)
= / 8 vij+ 0 :
‘B ko Ouedi)2 (!

k

Cl(ak_ai)j( 1

B )L:’/z)\,((”_”/z lax — a;|"  lag — a;|"

) + 0(s9). (4.43)

We now observe the last integral in (4.41)

4 4
[ Kty = [ Kt + Y [ K [ K,

Q Bi k#ip, QUL Bx
(4.44)

For the last integral in (4.44), we write

4 n+2 n+2
/ Klulm=2 " uyy; < / O 8 + ol )yl <c / O 8 )l
Q\UPL | Br Q\UL | Br Q\UIL | Bx
1 Z 1 1 - 1
2 —-2)/2 2 = 1
WPt S D2 (p)? T (o)t

= o0(e%). (4.45)

For the second integral in (4.44), we have for k #£ i

4 142 —¢ 2 4
[ Kty =m0 [ kes o 67 a+ wbiv)

By By By I#k
=
(/(Za i), (4.46)
12k
We have
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n—2 n+2
= 1 i 1 =AY )
S ol = i —— [ = S| [ 5
)\’_ Mﬂ )\’ I/Ln
By t By t By By
n+2
< ! ! (/3"28"4>2+" (4.47)
Tt Qa2 ) L
i By
An_ Akt n(n—6)
n;_i4 )\'];H—Z c rnfl ()V//L) ==
8¢ = : 5 N = e | N =0 10 2) .
By By ( +)\k|x_ak| )H )‘kwr2 0 a+r )H )‘knJr
Thus
i 1 o
8k 31|1ﬂij|=0 W =o0(&?).
By
Since n > 6, we have 4/(n — 2) < 1, thus
= o 2
f5,§”2|vlllﬂij|§ / 8 vl + / 8 vl (4.48)
By BrN{lv|<é} BrN{|v|=6}
4 n—2
s 4 cllv||=2 25\ "
8 vl < 5k|U|"*2|¢i,/|SW 3
BiN{lv] <8} By By

clvl ™2 (n(u)@=2/" cln(w)
- Ai1/2Mn—1 A (n=2)/2 = ()\M)n—l ”v

172 = 0(s%). (4.49)

If 6 < |v|, we have |v| <7 Zl# d8; by using Proposition 3.1. We get

4 4
8 llijl < Z/5£7281|1/fij| =o0(g?). (4.50)
BiN{[v]=5) 17k y
In the same way, we obtain
3 ¢ 3 ¢ o
By ! Q\B;
142 ¢ e = o
|v|m= W”"SW |v|n= 5k+Z 3 =o0(e?). (4.52)
By i BiN{[v] <8} 17k Beniiv=s1)

For the first integral in (4.46), expanding K around a; and using (4.11), we find
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n2 n2 1 nt2
1]=K(ak) P8k T/flj+0 W Sk |x—dk|

By By

n+2 4
—K(ak)/a“ 1//,,+0</ ? Gl +

By
K (ar) 1t
= e 2)/2/5k vij

)\.
By

€ 2 2y g2 )
+O<W/1n(l+kk|x—ak| )(Sk /-Sk ekl'(//1]|+ ()\’ )n>

By By

(M)")

+2

K (ax) 1t 4 e
= )Lg(n 2)/2 8 i+ 0 8¢ Okl ij| + ()»,LL)” + A (4.53)

By By

Using the fact that [;;(x)] <
get

M/ZCT for x € By, Holder’s inequality and Proposition 2.1, we

. c . 2\ In(p) 1
n 4 2 n
[t = g2 [4) " =o(Gi5rn ) = w9

By By

By (4.53), (4.54) and Lemma 4.3, we have

n+2 K (ap)(ax — a;) 1
n—1 ¢ €l k k ) _ o
Koo do=—mear \a—ar jm—ar) ¢ @
1

We now observe the first integral in (4.44), we have
4 4
[ Kty = [ Kiaii s+ o @ s+ vy
B; B;

n+2 4
+< 2—8>/K|a,~yiP5i+v|”2 3w PooV

n—
ki

B;

+0(flamP5 + o172 Vinf(loryi P8 + vl, |3 e P 1|
k#i

n+2
+Z/a" ). (456)

k#i g

For the last integral in (4.56), we have
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2
n+2 n+2 n
fﬁ;‘zlwm </8" 5 —/(5k8 8 (/(M /o= 2>) (/3,3"”"—2))
B,

B; i

(1=2)/n
—0 (8”‘ (lniw))z ) —0(%).  (457)

Since n > 6, we have 4/(n —2) < 1. Thus

n+2
/ i P8 + vl 7 inf(le i P8 + vl | e P[] < Z/a" 2|y = 0(e°).
k#i k#i g
(4.58)
Using (4.56), (4.57), (4.58), Lemmas 4.4 and 4.5, we obtain
4
/K|u|m*€u¢ij
B;
n+2 (n—2)%; (ax —a); 1 1
( _E)Zaky"a > K T U7 -
n—2 n+2  0=2/2,n 2\ (G —a;i|" Jag — a;il"
k#i k i
0K (a;
+ csz(al) +0(e%). (4.59)
i

Combining (4.41)-(4.59), the proof of Proposition 4.6 is completed. O
5. Proof of Theorem 1.1

To construct a family of solutions of (P;), we will follow the ideas introduced in [3]. The
method becomes well known and adapted in many works. We point out that the authors in [3]
studied the same problem (P;) with K = 1. We will repeat some proofs to establish the contri-
bution of the function K under the assumption (1.1) in the formulas.

The result of Theorem 1.1 will be obtained through a careful analysis of (2.3)-(2.6) on M,.
Once v is defined by Proposition 2.3 which we denote by v, we estimate the corresponding num-
bers A, B, C by taking the scalar product in HOl () of (E,) with P§;, dP§;/0A; and O P§; /da;
respectively. Thus we get a quasi-diagonal system whose coefficients are given by

(P8;, P8j) = S35 + (ifi = j)O( )+ Gfi # ) O(——

()2 Gy

(Ps; %)z(ifi=j)0(;) (ifi # NO(7—):

i» on; an—1gn—2 )\()ud)"

i aa' )\‘n—Zdn—l ’ )\‘n_?’ d()\.d)n ’
aPs; 3PS, ifi % )0(———
o f)— 5,,+(1fl —J)O(W)Jr(lf’ 7'5])0(,\2(/\51)")’
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IPs; apa,) ti = 10
8)»[ a - J

dPs; 0dPS;
daii’ d(a;)n

+ (ifi # ) O(

1
Gt Gy
2

(Ad)”)

1
L) = (ifi = )(Car2én + O (5= 77) ) + (it # )O(

where §;; and §j; are the Kronecker symbol and Cy, C; are positive constants.
The other hand side is given by

0K, 8[(5 0K, 0P§; 0K,
Vi , Po; ooyl —/—, = ;
81) 30(,' Jdv 3)»1' a)x,'

0K, 0P¢; K,
) , = . 5.1
ivi ( v da; ) aa; SR

Using Propositions 2.4, 2.5, 2.6 and 4.6, some computations yield to

0K,
o

=—(p—DB;S? + Vg, (e.a, A, a), (5.2)
1
with 8; =a; — 1/K(£§*)7-T and V,; a smooth function which satisfies

1
Vai(s,a,k,a)z0<,8i2+7n+2+81n)»+|al g*|>. (5.3)
(Ad) 2

In the same way we get

IKe n—2 { c (n—2)87 ¢

3—)»,' - 2(K (£%))2/ (=D - A?_I(Zdi)"_2 + n A } + Vi, (6, @, A, a), 5.4

where V), is a smooth function satisfying
Vi =0 1(1+21 Y & )+ﬁ( 1 +e) (5.5)
=0]—(=+¢"lo — )+ ——=+¢)¢- .
o w\22 & Zor2ac—ai) " \Gdy

Lastly, we have

0K, . ci(n —2) 1 _ c
A KEPr02 52T T (K@)

0 K(aj)+ Vi, (e,a, X, a), (5.6)

0K, _ n—2)c, Z didy (ai —ayp); c K (@)
B, (KENP D 2 G0 4 —ap 2 (K20 K

+ V(a,')j(&\’aa)\'va)a (5.7)

where V,; is a smooth function such that
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) A d? 1
Vi (&, @, %, a) = 0<k8 + (Ad)" + Z An=Lg; — ag|rt! +’8()Ln—2dn—1 + 1)) (5-8)
ki

245 .
Viay; (€., 1, a) =0()»8 " *4), j=2. (5.9)

Notice that these estimates imply

c_o 1 1 . 1), 8K8_0 e\,
= <|ﬁ|+—(kd)(n+2)/2+s| nel+la; - §*); = (5):
0K, 0K, n
£ —0); — O(en2).
d(a;i)1 d(ai);
The solution of the system in A, B and C shows that
A= 0 (18 + gze + eline| +1a; — £¥]).
B= O(ek), (5.10)
il
Ci :0(712)’ Cix=0(% erz) k=2.
Now, we have for j > 2
n42 n+2 n42
( 32 Ps; U)_/ 9%(8; Z)U_/ 92(8; 2)v+/ 9%(8; )
9(ai)jor;’ 9(a;) jOA, 0(a;) oA a(a,),ax
Q B; Q\B;
e
32(82) ni2
Z/m(vi+w)+0< / 5; 2|v|)
B; v ' Q\B;
n42 n
82(8in—2) . . nzTnz Zinz %
B; SR Q\B; B
1 lvll 1
= 0| IV + + — =0 - (5.11)
( 0w o )T
n+2 nt2 n+2
( 82P8i v) _/ 82(8;172) v_/ 82(81'”72) . f 82(8n 2)
d(a;i)jotai’ d(a;)ja(ai) d(a;)jo(ai a(al)ja(al)l
Q Bi \Bt
| 26/7) ) [
= 7(vi+w)+0<)»i /83“ |v|>
d(a;);0(a; !
B, ( 1)] (@i o\B;
n+2

_ CECHEES N 5 2 nil

i i
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n+2
+ 0<A2|w|oo/ 2)
B;
22 A2l 22
= o[ 22| + — ! ):0( d ) (5.12)
< G gy (w)'F
This allows us to evaluate the right hand side in the equations (E},) and (E,, ), namely
9% Ps; 3% Ps; 1 3
B; : C; -0 (— —) 5.13
( 2 >+Z ,,<a( RyrTR ) < St ||v||> (5.13)
32 P§; 32 Ps;
B; + k( v) =0<(1+8A)|Iv||), (5.14)
(ax i’ ) Z T\ o@dain’
3% Ps; 9% Ps;
o (st ) + 2 (raatr )
CYSEICOTE dakd(ai);’
1 A n
= 0( — £ = +eni§||v||>, ji>2 (5.15)
(Ap) 2 (ku)
where we have used (5.11), (5.12) and the following estimates
H 3% Ps; 0( 1 > ' P8 | om ‘ %P —002). 5.16)
a2 | T\n2) lonoa | 7 || da ,2 '

We consider now (91, ...,
We set

1

¥,) € V such that (¥4, ...,

(n—2)S2

AEn—Z)/2

1
di(n_z)/z

* ntl *
ai=§&"+em2(0; +0) —din¢™), i =

-

=t(1+p)e 272 i=1,..

2ncy

¥,,) is a nondegenerate critical point of [F,.

12
) A+ 2)e® D2 i =1, m,

, m,

1,...,m,

where ; € R, p; € R, 0; € T¢+92 are assumed to be small and A and 7 are defined in (1.8).
With these changes of variables and using (5.2) and (5.3), (Eq,) is equivalent to

n+1

Bi =Ve; (&, B. . p.0) = O(e 732 (ifn="7) + 620D 22 (if n=8,9) + |B). (5.17)

Now, using the changes of variables, an easy computation shows that
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1 (n—2)S2
) 3 + e

A2 (2d; )= 2n
n—2)83 n—2)82

= —cl%Az(l + )% 12 (1 4 p)%e 7 4 =23,
2"=lncy 2n

n—2)83
= %e{l — 27N+ 28)(1+2p) + O + p,-z)}
(n—2)82

==L (s o+ 0GP+ 10P)),
n

where we have used (1.8) in the last equality.
This implies that (Ejy,) is equivalent, while using (5.5) and (5.13), to

§i+/0i=v)»(<9,ﬂv§’,0,9)v (518)

where V; (s, 8, ¢, 0, 0) = 0672 + B2 + ¢ 2 + o).
Using again the previous changes of variables, we have
ci(n —2) 1 2
K@) T K@)

01K (a;)

_ (l’l — 2)2 no0 5 2(,,:|) 2(I’L _ 1)
= TR e e e (2 A T (5=

(&9) i
- WVK(S )ei +0( 2)

(n —2)2 g o 2=

= TR EyTen S AT (4’

pi+ O(oP))e™ "D

1 ntl
—pi) + O(e52 + 16 + [oP). (5.19)
(5.6), (5.8), (5.14) and (5.19) implies that (E(4;),) is equivalent to

n—1

G+ —
n

ntl
— P =0(e 2 +1Bl+1EP + 1pP%). (5.20)

Finally, the changes of coordinates assert

(n—2)cy Z d;dy (@i —ag) c2
KE D LG 7 0y a2~ Ky

e%r%z\z(n )22

= Yi
2n(1<<s*>)%
n+2
Z)/k PATEs {(Qz oK) j — m{(&' —01)-(Vi — %)} (i — ﬁk)j}
% n+1
~ ey POK Eer + 0 (TP + Lol +10P)). (5.21)
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Through (5.7), (5.9), (5.15) and (5.21), for j > 2 we get (E(ai)j) is equivalent to

T2 A2(n — 2)28n/2

i

2n(1<<s*>>%

D lm{(el o)) — lniﬁlz{(gl 00)-(Bi = 90} i — 91}

ki

(K(;))n/zma KEei = 0(IB2 +1212 + 10 + loP). (5.22)

Furthermore, (5.17), (5.18), (5.20) and (5.22) may be written as

{,3: V(e B¢, p,0), (5.23)

L, p,0)0=W(,B.¢,p0,0),

where L is a fixed linear operator of R27 x Te+(02) defined by (5.18), (5.20) and (5.22) and
V, W are smooth functions satisfying

{V<e,ﬂ,;,p,@> —O(ER ((fn=T)+ e (ifn=8,9)+ ), (5.24)

n+l
W(e, B, ¢, p.0)=0(em2 + 1B+ 1¢1> + o> + lof?).

(¥4, ..., Uy) being assumed to be a nondegenerate critical point of IF,,,, L is invertible, and Brouw-
er’s fixed point theorem shows that (5.23) has a solution (8%, ¢4, p®, of) for & small enough, such
that

n n+2

1851 = O(ei2 (ifn="7) + &% (if n =8,9)),

1C%= 0(8% (if’l=7)+82<n”t22> (ifn=38,9)),
n n+2

10| = O(en? (ifn=7)+ %3 (if n=8,9)),
n n+2

10°] = O(e72 (ifn=7) + 203 (ifn=8,9)).

By construction, the corresponding u, € HO1 (£2) is a critical point of I, i.e u, satisfies (P.). The
proof of Theorem 1.1 is thereby completed.
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