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A free-boundary problem of describing a joint motion of two compressible fluids
with different viscosities is considered. The passage to the limit is studied as the
shear viscosity of one of the fluids vanishes.  © 2000 Academic Press
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1. INTRODUCTION

The study of a flow of immiscible fluids with different viscosities attracts
continuing effort. Such a flow is considered a basic flow configuration in
horizontal and slightly inclined two-fluid systems. We refer the reader to
[4, 5, 11, 17, 19] for some applications in chemical engineering and in
medicine. The case where the viscosity of one of the fluids is negligible is
of special interest both mechanically and mathematically. First, such a case
is in practical demand, for example, in the performance of crude oil-water
transportation lines [ 10, 2]. Second, it is a challenging mathematical ques-
tion to adjust solutions of a parabolic and a hyperbolic equation through
an interface, a free boundary. Particularly, to the author’s knowledge, the
problem of the joint motion of Euler and Navier—Stokes fluids is still open.

Here, we consider the problem of joint motion of two layers of viscous
compressible fluids between two horizontal solid plates, with the upper
one, £ =1, moving irrotationally at a constant distance, say 2, from the
lower plate, £ = — 1, which is fixed.

We recall that the stress tensor P in the compressible viscous fluid is
defined by two viscosities, 4 and A, according to the constitutive law
P=(—P+Adivv)I+ 2uD, where P is the pressure, v is the velocity vec-
tor, and D is the rate of strain tensor. Normally [ 7], the shear viscosity u
and the dilatational viscosity 4 satisfy the Duhem inequalities 31+ 2u >0
and u > 0. It should be noted that the incompressible fluid, which is subject
to the restriction div v=0, is characterized by the viscosity u only.
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Assuming that both of the layers, upper and lower, are governed by the
compressible Navier—Stokes Eqs. [7, 1], we seek for solutions which in a
given Cartesian coordinate system (7, {, £) depend on time and the vertical
coordinate ¢ only. Such solutions, describing shear flows, satisfy the
reduced system

RD,U=—P.+vUs,, RD,NV=uV,,

D,R+RU,=0, P=bR6, )
RD,E=K0:—PU,+v |U.|>+u|V:|>, E=do,

0 0
Za—kUafé, v=A4+2u.

D,
Here, U is the projection of the velocity vector v= (V;, V,, U) onto the
&-axis, V is the two-dimensional vector of the horizontal velocity with the
components ¥, and V, along the #- and {-axes, R is the density, @ is the
temperature, and E is the internal energy. The set of positive constants
(v, 4, 1c, b, d) defines a five-dimensional vector f which corresponds to a
fluid.

To formulate a corresponding free-boundary problem, we incorporate an
interface function I'(¢) such that the Eqgs. (1.1) should be satisfied in the
domain Q% ={0<t<T, I'(r)<&<1}, with f=f*, and in the domain
0° ={0<t<T, —1<&<I(t)}, with f=f~, where T>0 is a given
number. To control the interface motion, we put at & =17(¢) the no-jump
conditions for the velocity vector, energy, heat flux, and tensions:

[Ul=[E]=[-P+vU]=[x0:1=0, [V]=[uV:]=0, |

Here, the brackets are used to denote a jump; for example [dO] =
d*O(I(t)+,t)—d~O(I(t)—,t). The last condition in (1.2) implies that
the interface does not propagate through the medium.

We formulate boundary conditions at || =1, assuming that the total
layer is heat-insulated and the liquids stick to the bounding plates,

a=0, (1.3)

where a =(a,, a,) is a two-dimensional vector depending on time with the
components @, and a, along the #- and {-axes.
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Given functions Uy(&), Vo(E), Ro(&E), Oy(&), and a constant I, |1, <1,
we set the initial conditions

(Ua VaRa @9 F)lt:OZ(UOaVOan@OaFO)' (14)

The global unique solvability of problems (1.1)—(1.4) was proved in
[14]. A three-dimensional variant of the problems (1.1)—(1.4) was studied
locally in time by Tani [ 18 ]. Our goal is to justify the passage to the limit
as the shear viscosity x4 _ goes to zero. We prove that solutions of problems
(1.1)—(1.4) converge, as u_ | 0, to a weak solution of the limit problem. To
formulate the last, one should set x_ =0 in (1.1), (1.2), remove the condi-
tion [V] =0 in (1.2), and transform the condition [xV,]=0 in (1.2) into
Uy Velre s =0. We observe that fluids with =0 and 4> 0 are discussed
in[3,9, 12, 13].

To give precise statements of our results, we require that initial and
boundary data satisfy, for some a € (0, 1), the smoothness conditions

[Uo, Vig, O ‘|C2v“(Qi(0)) <00, [ Ro HClv"‘(Qi(O)) < 0, (15)

lla; ()l c2ro, 77y < 0,

where Q,(s)=0% n{r=s}. Here, we entered into the following
agreement. Given functions u,, u,, ... in the same function space equipped
with some norm |-|, the notation |u,, u,,..|> stands for the sum
oy 112 4 flag |12 + -+

Suppose also that the following compatibility conditions

_§+1 E+1

3 a(0) =uVoer ——7—

UOZVUofé—POéZO, VO B

2'(0)=0, (1.6)

are satisfied at |£| =1, and the compatibility conditions

[VUoss — Poc] =[KOpzs — Py Ups + VU%.: +ﬂV<2).§¢:| =0, [1Voee] =0,

(1.7)
are satisfied at £=17,.
Next, we assume that
Ry >0, @PQJ' Rodé=1. (1.8)
2,(0)

The last equality is set to simplify the presentation.
The following assertions hold for any 77> 0 and with the notations for
the Holder spaces used in [6].
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THeOREM 1.1 [14]. Under assumptions (1.6)—(1.8), there exists a unique
solution of problems (1.1)—(1.4) such that R>0, © >0, and

U’ Vi) @ € Cl +oc/2,2+oc(Q§i); Rs Rta R{ € Coc/2, ot(Qi—)n FG Cl +oc/2(09 T)

THEOREM 1.2. There is a sequence u” |0 such that the corresponding
solutions (R, U, V, ©, I') of problems (1.1)—~(1.4) with u_ = u" converge in
the domain Q= (0, T)xQ, Q={x:|x| <1}, as

U in L(Q) U, 6 in L'(Q) 9—;
in LP = = in Cy(0, T) =
RV 2D, gy, 29D p

for any se[1,6), re[1,2), pe[1, ), and fe(0, 1/2).
The limit functions have the regularity properties

Ue L=(0, T; L*(Q)) n L*0, T; W5 2(Q)),
VeL®(Q)n LX0, T; Wh2(Q% (1)),
O eL*(Q) N LU0, T; Wh(Q)),
ReL”(Q)n BV(Q%); inf min{@, R} >0.
- Qo
Here, the limit domains Q(_’t and Q° (1) are defined by the limit function
(1),
Q% ={0<t<T, I(t)<é<1}, Q° ={0<t<T, —1<&<I(1)},

Q% (s)=0% n{t=s}, and q is any number from the interval [1, 3/2).
The limit functions solve the free-boundary problem
|, Rlour Tpo) dedit | Ropl0,¢)de=0, (19)
fQ (RO, + Or;) — 70, + bBRGY ) dé dt
+L Ro Ugt(0, &) dé =0, (1.10)

J, RVi.+ T =V ) de

+ [ RoViu(0, &) dé =0, (1.11)
Q
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—fg dRy 6, (0, &) dé =0, (1.12)

Ul =0, V]:_,=a, J R d¢ f Rdé=1 ae. on (0,7),
2% (1 2%

(1.13)

where £= (v, i1, &, b, d) is the vector step function equal to T in 0%, with
u_=0. The test functions (t, &) and Y(t, &) are such that ¢, e CY(0),
@li=r= Yl,=7=0, and Y|50=0.

Remark 1.1. We motivate the formulation (1.9)-(1.13) by saying that
in the case when the limit functions are smooth enough the various test
functions fulfill Egs. (1.1), with f=f, in Q°%, and all of the initial and
boundary conditions (1.2)-(1.4) except [V] = [ V] =0. Instead of them,
one may derive from (1.11) that x| V|5, , =0. As for the last equality in
(1.2), it follows from (1.13).

2. ESTIMATES INDEPENDENT OF x_

The flow under consideration can also be treated in Lagrangian
coordinates. By defining x = L(t, &),

<
L(t, &) :Jm) R(t, y)dy,  F(1,&)— f(4,x), [f(t, L(1,$))=F(1, &),
(2.1)

system (1.1), in the coordinates (z, x), is given the form

U;=0x, Vi=Tyx, € =(x+oUy+up |Vx|2a Pt+P2”x:O’ (2.2)
g=vpu,—p, T=upv,, q=xpl,, e=db, p=bpo.

The free boundary becomes fixed by the equation x =0 with the following
no-jump conditions:

[ul=[el=[o]=[q]=0, [v]=[t]=0. (23)

It follows from (1.1) and (1.8) that L(¢, +1)= +1 for any ¢ Hence,
Egs. (2.2) are defined for xe(0,1)=Q, and ¢#>0, with f=f_, and for
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e(—1,0)=Q_ and ¢>0, with f=f_. The boundary and initial condi-

tions remain the same in the new coordinates, with the substitution of x for
¢ in (1.3) and (1.4). By Theorem 1.1 (see also [14]),

u, 1566C1+a/2 2+a(Q+); papt’pxeczx/Z,a(Qi)a Qi:(oﬂ T)X‘Qi

The inverse transformation (¢, x) — (z, &) is given by the formulas

c=dn =] S d SN 8. R ) = S ),
(2.4)

with the function I'(z) = & (¢, 0) being a free boundary. Clearly, transforma-
tion (2.1) defines a one-to-one correspondence between solutions of
problems (1.1)—(1.4) and problems (2.2), (2.3), (1.3), and (1.4).

For later use, we denote by || f1l, o, |/, 0. and || f]l,, , o the norms in
L?(Q), L?(Q), and L?(0, T; L)) respectively for the domains Q and Q
with the index “+” or without it.

It was proved in [14] that the estimates

f /l)dx=2,
Q

H,U |Vx|2Hl,Qi<ca ”uia 92’ 0x“1,Q<cs

<g,
oo, @

11 ]
s e |V
(2.5)
HuHLw(o, T 12@)) T HHHLI(O, rroen)Sce 2= {|x| < 1}, 0=(0,T)yxQ
hold uniformly with respect to the step function p, u=u, in Q.

Let us derive some more estimates.

LemmA 2.1. There is a constant ¢ such that supo., .7 |p«l1, o, <c and
lp. Hz oS¢

Proof. Given a function Fe C(R), we set f=u+v(In p), to find, by
Eq.(2.2), that F(f),=(b/v) pF'(p)(ul — po —vl,). Choosing F=|p|, we
have

d
7 WPl o sclploa s 106 o+ 10x, )

Hence, the first estimate of the lemma is proved. Now, the second estimate
is a consequence of the last equation in (2.2).

LEMMA 2.2. Given a number g€ [ 1, 3/2), there is a constant ¢ such that
1014 0<c
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Proof. By the above estimates, we may treat the third equation in (2.2)
as a linear parabolic one with the diffraction no-jump conditions

ez:(erx)x—i_ﬁ [g]z[erx]zos 0x|6£2=0'
Given a function Fe C*R), we have

d
o L dAF(0) dx + L} KkpO2F"(0) dx = L) fF(0) dv, (2.6)

where d and x stand for the step functions (d, k) =(d,,x ) in Q. With
e>0and d€(0, 1), we choose

0 1 s
F(O)=———[1———),  Fo0)=0.
© ) 02+£< ,/92+8> ©)

Integrating (2.6) with respect to time and sending ¢ to zero, we arrive at

<cs(1f 11, o+ 110011, 2)-
Lo

K02
(1 +(9)1+6

This estimate is shown in [15] (see also [8]) to imply the estimate of the
lemma.

3. STRONG CONVERGENCE

We send u_ to zero and consider the problem of the x_ -dependence of
the solutions s, =(u, v, p, 0) of problems (2.2), (2.3), (1.3), (1.4). It is
implicit that the functions u, v, p, and 6 depend on x_. When we speak of
a convergence s, — 8= (i, V, p, ), we will always mean that there is a
sequence u” | 0 such that s, — . B

Let the vector-function §= (i, V, p, ) stand for the weak limit of the
sequence s,, 1 |0, in L*(Q). It exists due to estimates (2.5). Since the
embedding W'1(Q) = L9 Q), qe[1,2), is compact, it follows from
Lemma 2.1 that the convergence p — p is strong in LY(Q), ge[1,2), and,
by interpolation, in L Q), ge[1l, c0), owing to the uniform bound
19l 0 <

Next, we discuss the convergence of the functions u and 0. They are
continuous and bounded in L*0, 75 Wy*(Q)) and L%0, T, Wh4(Q)),
respectively, uniformly in ¢ _. From (2.2) and (2.3), it follows that the time
derivatives u, and 0, are also bounded in L%(0, T; W~12(Q)) and L0, T;
W=t49Q))+ LY (Q), Vge[l,3/2), respectively. Hence, by the Aubin-
Simon Theorem [16], u—u& in L*Q) and 0—0 in L0, T; LY(RQ)),
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VYge[1,3/2). Since the sequence 0, x_ |0, is bounded in L% Q), the
convergence 0 — 0 holds in LY(Q), Yge[1,2). By the inequality Hqu’ 0
c|lul3 o o lusl3 o the convergence u — i is valid in L¥(Q), Vse[1, 6).

By the same argument, v—vin LY(Q ), Vge[1, o). To show that v— ¥
in LYQ_), Vge[l, ), we argue in a different manner based on the
concept of renormalization [7, 15]. Let us denote

CO)"={peCYQ):0l,.r=0}, CHO)"={peC'(O)": ¢lsau=0}.

We shall also use the spaces CY(Q)7 and C'(Q)%, where the subindex

+ +°
“+ 7 denotes the restriction to nonnegative functions. The above notations

will also be used for the domains Q. .
By the estimates (2.5), the functions #;, weak limits in L*(Q) of the
sequences v;, u_ 0, ie {1, 2}, satisfy the equalities

f 17,»gotdxdl+f Uio@(0, x)dx=0, VepeCY(Q_)?
o Q_
Hence, ,(¢, x) =v,0(x) a.e. on (0, T) and for all x € Q, and it follows that

| @odcdi+| p0,x)dx=0, V¥peC(Q)T. (31)
o_ Q_

By continuity, (3.1) also holds for the test set

0.0, €LY (Q),  @l,_r=0, ¢=0. (3.2)

Given ¢ € CY(Q_ )", we multiply Eq. (2.2.2) by ve, integrate, and send u _
to zero. As a result, we have

[ VRgidvdi+ [ vhe(0,x) dv=2Cu_poZ. 0.
o_ 2
Here, u _ pvZ is a nonnegative Radon measure on Q _. Now, it follows that
jQ 0 q;tdxdwj 02 0(0,x)dx =0 Vpe(3.2). (3.3)

Comparing (3.1) and (3.3) on the test set (3.2), we find that ?fg oZ2on Q_

On the other hand, by the convexity argument, v?> 2. Hence, v?= 2.

This implies that v— v in LY Q_), Yge[1, o).
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Let us discuss convergence in the Eulerian coordinates. Due to the
formulas

b=,  G=u |6(t;,x)=E(tr, X)| < |ty —15]"? lulls, 0,

we conclude that é”—ué? in C(Q) and I'=6(1,0)—> I'eC,[0,T] in
Cy([0,T]), fe[1, %), as u_ | 0. Now, lengthy but straightforward calcula-
tions show (see [15] for more details) that the vector-function S(z, &),
S(t, &(t, x))=s(t, x), converges to S(t,¢) in the sense of Theorem 1.2.
Moreover, S(t, &(t, x)) =§(t, x), where &(t, x) is given by (2.4) with p = p.
Thus, the convergence part of Theorem 1.2 is proved.

4. PASSAGE TO LIMIT
First, we prove a lemma which is a generalization of that given in [ 15].

LemMA 4.1. Let Q be a bounded domain in RY and Q= (0, T)x Q.
Assume Ae LX0, T; W§2(Q)), Ay € LA(Q), and B, Ce L*(Q). If the equality

j (A¢,+B.vl//+a//)dxdz+j Ag(0, x) dx =0 (4.1)
[¢] Q

holds for any € C(Q)”, then the equality
A? A2
f <2¢,+B.V(A¢)+CA¢> dxd1+j —Ow(o x)dx=0
Q

holds for any e C'(Q)T

Proof. First, as in [ 1, Chap. 3] we write (4.1) in the equivalent form,
1e.,

fot L) (A¢,+B~Vl//+Clﬁ)dxds+L2A0(//(0, x) dx:jg Ay dx (42)

for almost all 7re(0,T) and for all ye W“*(Q)n L*0, T, Wy*Q)).
Let us choose = 4, ¢, where ¢ € C}(Q) and A, = A * w,. Here, w,(t) =
o(|t|/h)/h is a mollifier in time, i.e.,

weD(R), =0, suppwe(—1,1), jwds=1.
R
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With this test function, (4.2) now reads

ZH (A—A)(A49) + L 439, +B-V(A,0) + 4,Co} dx ds
+f A3p(0, x) dx~|—f Ah)zdx—Lz(pAzdx

= [ p(a—a,) dx

t=0

We let 1 — 0, observing that u,(¢) — u(t) in L% Q) for almost all re (0, T)
and that, by (4.1), 4,, is bounded in L*(0, T; W ~"2(Q)) uniformly in small
h. So, we get

2f J {1 A%, +B-V(Ap) + ACp} dxds—i—f A2 (0, x) dx — f @A? dx

=lim | @(4—A4,)%dx (4.3)

h—>0 Yo

t=0

for almost all te(0, T) and all ¢ e C(Q). It remains to show that the
right-hand side of (4.3) is equal to zero.

By (4.1), one deduces j"Q(A—AO) Y(x)dx—-0 as t—0 for all
e WE3(Q). Moreover, it follows from (4.3) that the mapping ¢—
[ A()|l 2@y 18 continuous on a set I1<(0, T'), meas /=T. Consequently,
Ae C(I; LAQ)) and A(0, x) = Ay(x). Hence, 4,(0, x) = Ao(x) in L*(Q) as
h— 0. Thus, the lemma is proved.

We use the following weak formulation of problem (2.2), (2.3),

(1.3), (1.4):

J <(pt+u(px>dxdt+f Mdx=0, (4.4)
o\p e Po

j (mp,—mpx)dxdwrj U (0, X) dx =0,  (4.5)
o Q

f (vw,—upx)dxdurj Vou(0, x) dx =0,  (4.6)
o Q

| (epi—aput(ou,+upv2) p) dxdi+ [ eopl0,x)dx=0. (47)
o Q

Here, ¢ and  are test functions such that ¢ € C'(Q)7 and ¥ € C'(Q)~
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By the above convergences, we have
| <¢, +u(/)x> dx dz+f ?(© )dx=0, (48)
o\pP
| (G — (i, —bp0) ) dx di+ | o0, x)dx=0,  (49)
Qo Q

f (Vl//,—ﬂﬁf’xlﬁx)dxdl—i-f Vou(0, x)dx =0,  (4.10)
o Q

and

|, (g~ rp0.p,) dxdi+ | dbop(0. x) dx=—(ou,Fupy. ).
o}
(4.11)
Here, gu, +upv?> is a Radon measure on Q and the vector step function f
is equal to f, on O, with u_=0.

Let us prove that ou, = vpu> —bpbii,. Since e L*(0, T; Wh*(Q)), we
may apply Lemma 4.1 to equality (4.9). We have

J, Ejg <(p’u2—(u¢) (Vpid,, —bp9)> dx dt

+L2 PO 2ae_0 Vpec Q)T

Next, given ¢ e C(Q)7, we multiply Eq.(2.1.1) by ug, integrate, and
send u _ to zero. As a result, we have

I+ | gz —bpli,) ¢ dx di = (T, 9.
[
Thus,
(T, 0y = | (pi2—bpli,) pdxdi VpeCYQ).  (412)
[¢]

Now, we pass to the proof of the equality upv2=pv>. Since v=v, on
Q_, equality (4.10) is equivalent to

j (AW, + By, + Cy) dx dr+[ Ag(0, x)dx=0 e CYD)",
(O Q.
(4.13)
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where

A=v—2Z  B=—u(pA.+2), c=—(2F).
2 2% ),

9 |

Clearly, Ae L*(0, T; W"*Q,)) and A=0 at x=1. Let 4, B, and C stand
for the first components of the vectors A, B, and C. (The case of the second
components can be treated similarly.) We show that the assertion of
Lemma 4.1 is valid in the case of equality (4.13), i.e.,

2

A A3
Js EJ <2¢,+B(A</))x+ CA@) dx df+f 5 (0, x) dx=0
0, 24

(4.14)

for all p e C'(Q)".

With the notations from Lemma 4.1, it follows from (4.13) that A4, is
bounded in L0, T; W~12(Q)) uniformly in small 4. Given ¢ e C'(Q)7,
we observe that (4 —A4,) o e L*(0, T; W"2(Q,)) and (4—A4,) ¢|._,=0.
Let us set fyy=(A4—A,) ¢ in O, and f,=(x+1)(A(1,0)— 4,0, 7))
@(2,0) in Q_, where A(z,0) is the trace of 4:Q, — R. Clearly, f, €
L*0, T; W§3(Q)) and

Hf(h) HLZ(O, T Wy (@) <c|(A—A4,) (DHLZ(O, T whX2,))

uniformly in 4. Since 4=uv,—(a/2)& on Q_, the time derivative 4,
belongs to L*Q_) and A4,, is bounded in L%(Q_) uniformly in A.

To argue as in Lemma 4.1, it is enough to show that J,=
§Q+ (A—A,) pA,, dx dt -0 as h — 0. By the above observations, we have
Jn=\o fuyAn dxdt —\o fimAu dxdt and

[Jul <c |(A—Ay) (/’HLZ(O, T wh 2(Q+))( 45 HLZ(O, . w-12Q) T 45 HLZ(QJ)~

Hence, (4.14) is valid.
Passing to the function z=v—(a/2) &, we rewrite equation (2.2.2) in

terms of z, multiply it by zp, ¢ € C}(0)7, integrate, and send u_ to zero.
Since z; —» A4;, as u_ | 0, we obtain, omitting the index “i”, that

Jz+fQ @A g dxdi={ppzl 0> VpeCHQ).  (415)

Combining (4.14) and (4.15), we arrive at the claimed equality

| @p¥2 g dxdi=Cupyi, 9> VpeC(O).
[
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Thus, equality (4.11) is equivalent to

| (g, —icp0, ..+ (bplit, — vpi — ip¥2) ) dx dt + | d0op(0, x) dx =0
o Q

fo

(4.16)

rall peCY(Q)7.
Now, extending the test sets for equalities (4.8)—(4.10) and (4.16), and

switching to the Eulerian coordinates by the formulas (2.4), with § = &, we
arrive at the equalities (1.9)—(1.14). Thus, Theorem 1.2 is proved.

9.

10.

11.

12.
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