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Abstract

The main purpose of this paper is to establish the first and second order necessary optimality conditions
for stochastic optimal controls using the classical variational analysis approach. The control system is gov-
erned by a stochastic differential equation, in which both drift and diffusion terms may contain the control
variable and the set of controls is allowed to be nonconvex. Only one adjoint equation is introduced to
derive the first order necessary condition; while only two adjoint equations are needed to state the second
order necessary conditions for stochastic optimal controls.
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1. Introduction

Let T > 0 and (2, F,F, P) be a complete filtered probability space (satisfying the usual
conditions), on which a 1-dimensional standard Wiener process W (-) is defined such that FF =
{Ft}o<:<r is the natural filtration generated by W (-) (augmented by all the P-null sets).

Let us consider the following controlled stochastic differential equation

dx(t)=b(t,x(t),u(®)dt +o(t,x@),u())dW (), te][0,T], 11
x(0)=xp €K, '
with the cost functional
T
5030 =E[ [ £tx0).uw)ds + 5], (1.2)
0

Here u(-) is the control variable with values in a closed nonempty subset U of R (for some
fixed m € N), x(-) is the state variable with values in R" (for some given n € N), K is a closed
nonempty subsetin R”, and b,0 : [0, T]xR" x R" x Q > R", f: [0, T] xR" xR" x Q — R
and g : R" x Q — R are given functions (satisfying suitable conditions to be stated later). As
usual, when the context is clear, we omit the o (€ 2) argument in the defined functions.

Denote by (-, -) and | - | respectively the inner product and norm in R” or R™, which can be
identified from the contexts, by B(X) the Borel o-field of a metric space X, and by U,y the
set of B([0, T]) ® F-measurable and F-adapted stochastic processes with values in U such that
E fOT lu(t, a))|2dt < 00. Any u(-) € Uy, is called an admissible control, the corresponding state
x(+; xg) of (1.1) with initial datum xg € K is called an admissible state, and (x, u, xo) is called
an admissible triple. An admissible triple (x, u, Xo) is called optimal if

J@(),x0)= inf Ju(-),xp). (1.3)
u(-)eUaa

xoeK

The purpose of this paper is to establish first and second order necessary optimality condi-
tions for problem (1.3). We refer to [4,5,16,21] and references cited therein for some early works
on this subject. Although the stochastic optimal control theory was developing almost simul-
taneously with the deterministic one, its results are much less fruitful than those obtained for
the deterministic control systems. The main reasons are due to some essential difficulties (or new
phenomena) when the diffusion term of the stochastic control system depends on the control vari-
able and the control region lacks convexity. In contrast with the deterministic case, for stochastic
optimal control problems when spike variations are used as perturbations, the cost functional
needs to be expanded up to the second order and two adjoint equations have to be introduced to
derive the first order necessary optimality conditions. A stochastic maximum principle for this
general case was established in [27]. On the other hand, to derive the second order necessary
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optimality conditions, the cost functional needs to be expanded up to the forth order and four ad-
joint equations have to be introduced, see [34]. Consequently, these necessary conditions narrow
the field of applications, since they require so many adjoint equations and considerably strong
smoothness assumptions (with respect to the state variable x) on the coefficients of the control
system and the cost functional.

Can we use just one adjoint equation (resp. two adjoint equations) to derive a first (resp. sec-
ond) order necessary condition for the above general stochastic optimal control problem? To
answer this question, let us first turn back to the special case of convex control constraint. When
the control region is convex, the usual convex variation can be used to construct a control per-
turbation. Only one adjoint equation is needed to establish the first order necessary condition
(see [4]) and two adjoint equations are needed to establish the second order necessary condition
(see [33]) for stochastic optimal controls. The main advantage of using the convex variations
instead of the spike ones, is the fact that, it avoids efficiently the difficulties brought by perturba-
tions with respect to the measure. However, when the control region is nonconvex, the traditional
convex variations cannot be used, since there may exist a control u(-) in the set of admissible
controls U,y such that v := u — i is not an admissible direction to construct a control pertur-
bation (of the optimal control «). Nevertheless, if the perturbation direction v is chosen so that
for any & > 0 one can find a v® converging to v (in a suitable sense) when ¢ — 0T and satis-
fying u + ev® € U4, then the variational approach can be adopted to deal with some optimal
control problems having nonconvex control regions (we call it the classical variational analysis
approach). Indeed, this method has been used extensively in optimization and optimal control
theory in the deterministic setting. Using this method, in [17,11], some second order integral
type necessary conditions for deterministic optimal controls were established. It was shown in
[10,12] that these necessary conditions imply pointwise ones.

In this paper, we shall use the classical variational analysis approach to establish the first
and second order necessary optimality conditions for stochastic optimal controls in the general
setting, that is, when the control region is allowed to be nonconvex and the control variable enters
also into the diffusion term of the control system. Let us recall that, when the diffusion term does
NOT depend on the control variable, cf. [1,23,30], the situation is more or less similar to the
deterministic setting like the one in [11,22]. Compared to the existing results for the case of
general control constraints obtained by the spike variations [27,34], the main advantage of the
classical variational analysis approach is due to weaker smoothness requirements imposed on the
coefficients of the control system and the cost functional (with respect to the state variable x) and
to fewer adjoint equations needed to state these conditions. Previously the first and second order
integral type necessary conditions for stochastic optimal controls with convex control constraints
were derived in [6] using the convex (first order) variations of optimal control. In the difference
with [6], our variational approach is also valid when the control region is nonconvex and, since
the second order variations of the control region are used in this paper, the corresponding second
order necessary condition is more effective than the one of [6] even in the case of convex control
constraints (see Example 4.1 below).

In a sense, our work can be viewed as a refinement of known optimality conditions for stochas-
tic control problems. To see it, let us return, for a moment, to the deterministic optimal control
problem, i.e., when the functions o (-) =0, b(:), f(-), g(-), x(-) and u(-) in (1.1)—(1.2) are in-
dependent from the sample point w, and also, for the sake of simplicity, let K = {x¢} for some
fixed xo € R". Consider an optimal pair (x, %) and the solution ¥ (-) to the following ordinary
differential equation,
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{ (1) = —bi (1, %), 4(0) T (1) + fe (. X(0), (1), 1 €[0T, (14)

Y(T) =—=Vgx(T)).

Define the (deterministic) Hamiltonian

H(t,x,u,¥) =, bt,x,u)) — f(t,x,u), Y, x,u,¥)€[0,T] x R" x R" x R".
Then the following Pontryagin maximum principle [28] holds

H(t, x(@),u(t),v()) = mal7/< H(t,x(t),v,y¥()), ae. te[0,T]. (1.5)

Clearly, when U is a finite set, condition (1.5) provides an effective way to compute “it(-)”’; while
when U is convex, condition (1.5) yields

(Hu(t,x(0), a(@), ¥ (1), v—i()) <0, VYveU, ae.tel0,T] (1.6)

What about other types of U? Are there other necessary conditions for optimal pairs? The
classical monograph [28] was followed by numerous works addressing the above issues and
refinements of known results on optimal control problems in the deterministic finite dimensional
setting. In this respect, we refer to [3,7,10,14,15,17,19,20,26] for high order necessary condi-
tions when the first-order necessary conditions turn out to be trivial and to [26] for a discussion
on “bang-bang” controls which are very useful in applications. A very natural question concerns
the stochastic counterpart of the above results. Surprisingly, very little is known about high order
conditions in the stochastic framework! Indeed, as an interesting comparison, we mention that,
there exists at least five research monographs [3,7,14,19,26] devoted to deterministic high order
necessary conditions but one can find only a very few published articles [1,6,23,30,33] for their
stochastic analogues.

The outline of the paper is as follows. In Section 2, we collect some notations and introduce
some spaces and preliminary results that will be used later. In Section 3, we derive the first order
necessary conditions for stochastic optimal controls. Section 4 is devoted to establishing second
order necessary conditions. Finally, in the Appendix, we give the proofs of two technical results
from Sections 3 and 4.

Some of preliminary results of this paper are announced (without proofs) in [13].

2. Preliminaries

This section is of preliminary nature, in which we shall introduce some useful notations and
spaces, and recall some concepts and results from the set-valued analysis and the Malliavin
calculus.

2.1. Notations and spaces

In this subsection, we introduce some notations and spaces which will be used in the sequel.

Denote by C;°(R"; R™) the set of C*°-smooth functions from R” to R” with bounded partial
derivatives. Let R"*" be the space of all n x m-real matrices. For any A € R"*", denote by AT
its transpose and by |A| = /tr{AAT} the norm of A. Also, write $" := {A e R""| AT = A}.
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Letg:[0,T]xR"xR" x Q@ — R? (d e N)be a given function. For a.e. (f, w) € [0, T] x €,
we denote by ¢, (¢, x, u, w) and ¢, (¢, x, u, w) respectively the first order partial derivatives of ¢
with respect to x and u at (¢, x, u, ®), by Px.uy? (t, x, u, w) the Hessian of ¢ with respect to (x, u)
at (t,x,u,w), and by @y (t, x, u, w), Oy, (t, x, u, w) and @y, (t, x, u, w) respectively the second
order partial derivatives of ¢ with respect to x and u at (¢, x, u, ®).

For any «, § € [1,4+00) and ¢ € [0, T], we denote by L;(Q; R™) the space of R"-valued,
F; measurable random variables £ such that E |&|# < 4-o00; by LA ([0, T] x Q; R") the space of

1
R"-valued, B([0, T]) ® F-measurable processes ¢ such that ||¢|lg := [E fOT lp(t, w)|Pdt]? <
+00; by Lg(Q; L%(0, T;R"™)) the space of R"-valued, B([0, T]) ® F-measurable, F-adapted
Bl
processes ¢ such that [|¢|lq, s := [E (fOT lp(t, w)|%dt)* |? < 400; by L{Z(Q; C([0, T1; RM)) the
space of R"-valued, B([0, T]) ® F-measurable and F-adapted continuous processes ¢ such that
1
I@lloo,p :=[E (sup,epo.r 19(t, @)|P)]? < +00; by L®([0, T] x 2; R") the space of R"-valued,
B([0, T]) ® F-measurable processes ¢ such that [|¢|| := €ss Sup ,)ci0.r1x 0@, ®)| < +00
and by LA(0, T; Lg([o, T] x 2;R")) the R"-valued, B([0, T]) ® B([0, T]) ® F measurable

functions ¢ such that [|¢]|g := [E fOT fOT lo(s, t, a))|5dsdt]% < +o0 and for any ¢ € [0, T], the
process ¢ (-, t, -) is [F-adapted.

Let us recall that on a given filtered probability space, any [F-progressively measurable process
is B([0; T]) ® F-measurable and F-adapted, and every B([0; T]) ® F-measurable and F-adapted
process has an [F-progressively measurable modification (see [32, Proposition 2.8]).

2.2. Some concepts and results from the set-valued analysis

In this subsection, we recall some concepts and results from the set-valued analysis. We refer
the reader to [2] for more details.

Let X be a Banach space with norm || - || x, and denote by X* the dual space of X. For any
subset K C X, denote by 0K, intK and c/K its boundary, interior and closure, respectively.
K is called a cone if ax € K for any o > 0 and x € K. Define the distance between a point
x € X and K by dist (x,K) := in[f< ly — x|lx. Define the metric projection of x onto K by

ye

Hg(x):={yeK ||y —xllx =dist(x,K)}.
Definition 2.1. For x € K, the adjacent cone T,lg (x) to K at x is defined by

lim dist (x +¢ev, K) :0}'

e—07t &

T8 (x) ::{veX

If in the above lim,_, o+ is replaced by liminf,_, o+, then we obtain a larger cone, the so called
contingent cone Tlg (x) to K at x. When K is convex, the adjacent cone and the contingent cone
coincide with each other, and

T}é(x):cl[a(y—x)‘azo, yeK}.

It is not difficult to realize that v € T}é (x) if and only if for any ¢ > 0 there exists a v, € X
such that v; — v (in X) as e — 0", and x + v, € K.

Please cite this article in press as: H. Frankowska et al., First and second order necessary conditions for stochastic
optimal controls, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.11.041




YJDEQ:8637

6 H. Frankowska et al. / J. Differential Equations eee (eeee) eee—eee

Definition 2.2. For any x € K and v € TII; (x), the second order adjacent subset to K at (x, v) is
defined by

lim dist (x +ev+¢e“h, K) =0].

b(2)
T X, V)= [h eX
K ( ) e—=0t 82

Similarly to the above, & € Tll;(z) (x, v) if and only if for any & > O there exists an &, € X such
that b, — h (in X) as ¢ — 01 and x + sv + &%h, € K.

Remark 2.1. Clearly, 0 € T}; (x) forany x € K and av € T}; (x) forany o >0 and v € TI? (x).
Therefore, T}; (x) is a nonempty closed cone. T}; (x) =X for any x € intK. Also, T[l;(z) (x,0) =
T};(x). When K is convex, y —x € Tlg(x) and 0 € T,?(Z)(x, y—x) forany x € K and y € K.

When v # 0, the set T,ié(z) (x, v), in general, may not be a cone and it may be an empty set (some
examples can be found in [2, section 4.7]).

The dual cone of the tangent cone T}; (x), denoted by N I}; (x), is called the normal cone of K
at x, i.e.,

NE(x) = {g e X*

(£,v) <0, Yve T,’;(x)}.
When K is convex, N Ib( (x) reduces to the normal cone Nk (x) of the convex analysis, where

Ng (x) == [s € X*

(€, y—x) <0, VyeK].

When X is a Hilbert space, for any § € N Ib( (x) the second order normal cone to K at (x, &) is
defined by

NEP (8= [r €800 | €+ o0 20, Vee T n @), Vhe Ti 0w w),

where S(X) is the space of symmetric, continuous linear operators from X to X and {£}* :=
{fveX| (§,v)=0}

In the following, we recall a classical example in which the closed set K is defined by finitely
many equalities and inequalities.

Example 2.1. When K C R” is given by inequality and equality constraints and a constraint
qualification holds true, there are exact expressions for the first and second order tangent sets.
More precisely, consider twice continuously differentiable functions ¢y, ..., ¢,: R" — R and
Y1, ..., ¥ R" = R (for some p,r e N), set ¢ = (¢1, ..., ¢,) and define

K={xeR"|px)=0, ¥;j(x)<0,Vj=1,...r}

If there are no equality, resp. inequality, constraints in the definition of K, then the terms involv-
ing @, ¢;, resp. ¥, are absent in the discussion below and p, resp. r, is equal to zero.

Please cite this article in press as: H. Frankowska et al., First and second order necessary conditions for stochastic
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Let x € K and denote by I(x) the set of all active indices, i.e. j € I(x) if and only if
¥ j(x) =0. We assume that the Mangasarian—Fromowitz constraint qualification holds true: the
Jacobian ¢’(x) is surjective and there exists a vg € R” such that

@' (g =0, (Virj(x),v0) <0, Vjel(x).

In the absence of equality constraints this is equivalent to the assumption that {V;(x) | j €
I(x)} are positively independent or, equivalently, O ¢ co{Vy;(x) | j € 1(x)}. Then it is well
known, see for instance [2, pp. 150-151] that

TL(x)={veR" | ¢ (x)v=0, (V§;(x),v) <0, ¥jel®)],

p
Ng@) =) RV@i0)+ Y RyVY; ).

i=1 jel(x)

If there are no equality constraints and  (x) = @, then T}g (x) =R”" and therefore N Ib( (x) ={0}.
Fix any v € T[l; (x) and consider the set I,(x) = {j € I (x) | (V¥ (x), v) = 0}. Then the same
proof as in [2, p. 177] (given there only for the second order contingent set) implies that

1
2% (x,v) = {h eR" | (Vi (x), h) + E<go;’(x)v, W=0,Vi=1,---,p

and (Vy;(x), h) + %(lﬂ}/(x)v, v)<0,Vje Iv(x)} .

Thus, under our assumptions, T};(Z) (x,v)#£@forallve T}; (x).

Observe that Nlb((z) (x, 0) is equal to the set of all symmetric (n x n)-matrices that are semi-
negative on T}é (x).

If I(x) # @, denote by iy, ..., ix all the active indices (for some k < r). In the expressions
below the terms involving ¢;, resp. ¥, are absent when there are no equality constraints, resp.
when I (x) =0

Fixany 0#¢q € Nlb((x). Then for some reals {;L,-}le, Aj>0,7=1,...k

14 k
g= wiVeix)+ Y AV, ().

i=1 j=1

To express N?{(z) (x, g) we could apply the same method as in [11]. In order to simplify the dis-
cussion, we assume that {Ve1(x), ---, Vg, (x)} U{le (x)|j € Iy(x)} are linearly independent
for every v € Tb x)N{g}+ dlfferent from zero.

Let v € T,’;(x) N {g}t. If I(x) # @, then 0 = (g, v) = (Z',L] AV, (x), v), which yields
)Lj(VI/f,'j (x),v) =0 forevery j =1, ..., k. Hence, A; = 0 whenever i; ¢ I,(x). Furthermore, if
the equality constraints are absent, then I,,(x) # ¢ for every v € TI'; x)N{g}+. Consequently,

1< 1< )
—Z (@ (x)v, v) 22Aj<wlf;(x)u, ) <0,  YheTg”(x,v).
= ]:

[\)
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Therefore, by arbitrariness of v € T}g (x) N {g}+,

0= Zw (x)+Zx Wl () e NgP(x, q).

j=1

Observe that if a symmetric (n x n)-matrix Q is so that (Quv, v) < (Qu, v) forevery v € T}é x)nN
{g}*, denoted by 0 < 0, then Q € No® (x, ¢).

We show next that Q is the largest second order normal in the above sense. Fix any Q €

b(z)(x q). Letv e Tb (x) N{g}*. If v =0, then (Qu, v) < (Qu, v). Assume next that v # 0.
If I,(x) # 0, con51der the set {ji, ..., jm} of all the indices that belong to I,(x). Define the
(n x (p + m))-matrix A such that its s-th column is Vg,(x) for 1 <s < p and V¢ (x) for
p+1<s<p+m(wesetm=0if I,(x) = ). By the linear independence assumption, we
show that for any 0 # v € T}; (x) N {g}* there exists z, € R” satisfying

T 1 " " "
2l A= =3 (@1, ). s (9 (0. V). (W] (V. V), s (9, ()0, 0) ).

Hence z, € T;;(z)(x, v) and (g, 2y) = 1 l | i{e] (v, v) = 5 Z] Y w” (x)v, v). Thus

—_
S

1 j
(g, 20) + 5 (Qv.v) <0=(g.2) —Z (@] (v, ) + 5 S (U] (v, v).

i=1 j=1

Consequently Q < Q in the above sense.

However, in general, closed sets do not have the above representation. We refer to [11] for a
very simple example of a set K given by union of two intervals in R?, where the first and second
order tangents can be easily computed, but, at the same time, K does not satisfy the constraint
qualification assumption.

We would like to underline here that to prove the celebrated Pontryagin maximum principle
in optimal control just a particular subset of tangents to the set of controlled trajectories was
used. The computation of the whole tangent cone is, in general, not possible. Similarly, we do
not need to know the whole set of the second order tangents to eliminate some candidates for
optimality.

Let (2,%) be a measurable space, and F : E ~» 2% be a set-valued map. For any & € E,
F (&) is called the value of F at £. The domain of F is the subset of all £ € E such that F (&)
is nonempty, i.e., Dom (F) :={& € & | F(§) # (). F is called measurable if F~!1(A) :={£
E|F(E)NA#£P} e forany A € B(X). Clearly, the domain of a measurable set-valued map
is measurable.

The following result is a special case of [2, Theorem 8.5.1].

Lemma 2.1. Suppose (E, ¥, 1) is a complete o -finite measure space, X is a separable Banach
space, p > 1 and K is a closed nonempty subset in X. Define

= {‘/’(') eLP(E, 9, u; X) | pE)eK, pu-ae & c E}

Please cite this article in press as: H. Frankowska et al., First and second order necessary conditions for stochastic
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Then for any ¢(-) € IC, the set-valued map Tllé (p(:)): &~ TII; (9(&)) is G-measurable, and

=V eL”(E 4. X) | ¥(§) € TR(9()), p-ae.§ € E} CTR(9().
The following result is a special case of [2, Corollary 8.2.13].

Lemma 2.2. Suppose (E,9, 1) is a complete o-finite measure space, X is a separable Ba-
nach space, K is a closed nonempty subset in X and ¢(-) is a ¢-measurable single-valued
mapping. Then the projection mapping & ~ Ik (p(§)) is G-measurable. Moreover, if for ev-
ery &, Tlg(@(&)) # @, then there exists a 4-measurable, X-valued selection () such that

V(&) — @) lx =dist (p(§), K), pu-a.e.

As in [18], we call a measurable set-valued map ¢ : (2, F) ~ 2R™ a set-valued random vari-
able, and, we callamap I" : [0, T] x Q ~ 2R™ 2 measurable set-valued stochastic process if
I" is B([0, T]) ® F-measurable. We say that I" is F-adapted if ['(¢) is J;-measurable for any
t € [0, T]. Define

¢ :={AeB(0.TD®F | A € F, V1[0, T}, (2.1)

where A; :={w € Q | (¢,w) € A} is the section of A. Obviously, ¢ is a sub-o-algebra of
B([0, T]) ® F. As pointed in [18, p. 96], the following result holds.

Lemma 2.3. A set-valued stochastic process I : [0, T] x Q~ 2R g B([0, T)) ® F-measurable
and F-adapted if and only if T is 4 -measurable.

Obviously, U,y is a nonempty closed subset of the Banach space L2 7 (€2 L%(0, T); R™). Using
Lemmas 2.1 and 2.3, the following result was derived in [31]. It is useful later in getting the

desired pointwise first order necessary condition.

Lemma 2.4. ([3], Lemma 4.6]) Let U be closed, u(-) € Uyq, and F : [0, T] x Q — R™ be a
B([0, T]) x F-measurable and F-adapted process such that

T
E/ F(t),v(0)dt <0, V() eTy ().
0

Then,
(F(t,w),v) <0, VYveTjt,w), ae (t,w) €[0,T]x Q.
2.3. Some concepts and results from the Malliavin calculus

In this subsection, we recall some concepts and results from the Malliavin calculus (see [25]
for a detailed discussion on this topic).
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For any n € L%(0, T), write W()) = fOT n(t)dW (t). Define

8 ={t=gWa, Wen), -, W) | ¢ € CRRERY,

, 2.2)
M. 2.+ na € L0, T),deN}.

Clearly, S is a linear subspace of L%ET (2; R™). Forany ¢ € S (asin (2.2)), its Malliavin derivative
is defined as follows:

d 9
Dyt =Y ni(s)—W(m)., W(m), -+, W), ae.sel0,T], as.
i=1 9xi
Write
T 1
g2 = [E|;|2+1E/|Ds¢|2ds]2.
0
Obviously, ||| - |||2 is a norm on S. It is shown in [25] that the operator D has a closed extension
to the space D!1-2(R"), the completion of S with respect to the norm ||| - |||>. When ¢ € DV2(R"),

the following Clark—Ocone representation formula holds:

T

t=E¢ +/E (Ds¢ | F5)dW(s). (2.3)
0

Furthermore, if ¢ is F;-measurable, then D¢ =0 for any s € (¢, T'].
Let L1-2(R") denote the space of processes ¢ € L2([0, T] x $2; R") such that

() forae.r [0, T], ¢(t,-) € DL2(RY);
>ii) the function D.¢(-,+) : [0,T] x [0,T] x Q — R" admits a B([0,T] x [0,T]) ® F-
measurable version;

T T T
1
(iii) [|lel|l1.2 == [E/|<p(t,w)|2dt+E//|Ds<p(t,a))|2dsdt]2 < 4o0.
0 0 0

Denote by LllF’z(R") the set of all F-adapted processes in L.!2(R").
In addition, write

L2 R") = {(p eLVY2@®R")| 3D g e L2([0, T] x ; R") s. t. for any small & > 0,

fe(s) := sup E |Dsg0(t, w) — DT (s, a))|2 <00, ae.s €[0,T],

s<t<(s+e)AT

T
fe(+) is measurable on [0, T], and lim / fe(s)ds = 0};
e—0F
0
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1D g€ L2([0, T]x Q;R") s. t. for any small ¢ > 0,

Ly?(R") == {(p eL"2(R"

ge(s) = sup E ‘Ds(p(t, w) — D (s, a))|2 <00, ae. s €[0,T],

(s—e)V0<t<s
T
g:(-) is measurable on [0, T'], and lim [ g.(s)ds = O}.
e—0F
0

Set Ly*(R") = L2 (R") NL)*(R") and define

Vo=D p+D ¢, Vope Lé’z(R").

When ¢ is F-adapted, Ds¢(t, @) = 0 a.s. for any ¢ < s. In this case, D"¢ =0and Vo = DT
a.e. t € [0, T], a.s. Denote by IL;:]%-(R”) the set of all F-adapted processes in Lé’z(R”).

Roughly speaking, an element ¢ € Ly (R™) is a stochastic process whose Malliavin derivative
has suitable continuity on some neighborhood of {(¢,7) | t € [0, T]}. Examples of such processes
can be found in [25]. Especially, if (s, ) — D;¢(¢, ®) is continuous from Vj := {(s, t)| ls —
t| <8, 5.t €[0,T]} (for some § > 0) to L% (2 R"), then ¢ € Ly*(R") and, D¥(t, ) =
D o(t,w) =D;p(t,w) ae. t €[0,T], as.

3. First order necessary conditions

In this section, we study the first order necessary optimality conditions for the optimal control
problem (1.3). Firstly, we introduce the notion of local minimizer for the problem (1.3).

Definition 3.1. An admissible triple (x, i, xo) € L%(Q; C(0, T; R")) x Uyq x K 1is called a
local minimizer for the problem (1.3) if there exists a § > 0 such that J(u, xo) > J (i, xo) for
any admissible triple (x, u, xo) € LH%(Q; C([0,T]; R")) x Uyg x K satisfying |ju — ul|2 < & and
|Xo — xo0| < 6.

In this section, we need the following assumptions:

(C1) The control region U is nonempty and closed.
(C2) The functions b, o, f and g satisfy the following:
(1) Forany (x,u) € R* x R™, the stochastic processes b(-, x,u, ) : [0, T]x Q — R" and
o(,x,u,-): [0,T] x Q2 — R" are B([0, T]) ® F-measurable and F-adapted. For
a.e. (t,w) € [0, T] x L, the functions b(t,-,-,w) : R" xR™ - R" and o (t, -, -, ®) :
R" x R™ — R”" are differentiable and

(x,u)|—> (bx(l‘,x,u,a)),bu(t,x,u,w),ax(t,x, M,CU),O’M(I,X, u, 0)))

is uniformly continuous in x € R" and u € R™. There exist a constant L > 0 and a
nonnegative 1 € Lg(Q; L%(0, T; R)) with n(T,-) e L';_-T (2; R) and B > 1 such that
fora.e. (t,w) €[0,T] x Q and for any x e R" and u € R™,
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1b(t,0,u, w)| + o (t,0,u, w)| < L(n(t, ®) + |ul),
|bx (t, x, u, @)| + |by (¢, x,u, w)| < L,

lox(t, x,u, w)| + oy (t, x,u,w)| < L;

(ii) For any (x,u) € R" x R™, the stochastic process f(-,x,u,-): [0,T] x Q - R
is B([0, T]) ® F-measurable and F-adapted, and the random variable g(x,-) is
Fr-measurable. For a.e. (t,w) € [0, T x Q, the functions f(t,-, -, ) : R" xR" - R
and g(-, w) : R" — R are differentiable, and for any x, x € R" and u, u € R",

|f(t,x,u, )| < L((t, 0)* + |x|* + |ul®),

| (. 0,1, )| + | fult, 0,u, 0)| < L(n(t, ) + |ul),

| et x u,0) — folt, % i, )|+ | fut, X, u,0) — fu(t, %, i, 0)]|
< L(jx — %+ u —al),

lg(x, )| < L((T, ®)* + |x]%), [8:(0, 0)| < L(T, w),

|gx(x:0)) _gx(i,w)| §L|x_'x~|'

When the condition (C2) is satisfied, the state x (of (1.1)) is uniquely defined by any given
initial datum x¢ € R” and admissible control u € U4, 4, and the cost functional (1.2) is well-defined
on U,4. In what follows, C represents a generic positive constant (depending only on 7', 8, n(-)
and L), which may be different from one place to another.

The following known result [24] is useful in the sequel.

Lemma 3.1. Assume (C2). Then, for any xo e R", B> 1 andu € Lg(Q; L%(0, T; R™)), the state

equation (1.1) admits a unique solution x € Lg (2; C([0, T]; R™)), and for any t € [0, T] the
following estimate holds:

t
B
E( sup lx(s, ") = CE [|xo|ﬂ+(f|b(s,o,u(s),w)|ds)
s€[0,7] o
B
2

+ (/ 05,0, u(s), @)ds) " |. 3.
0

Moreover, if X is the solution to (1.1) corresponding to (Xg, ) € R" x Lg(Q; L2(0, T; R™)),
then, for any t € [0, T],

[SlisY

]. (3.2)

t
E( sup |x(s, @) — £ (s, w)|ﬁ) <CE [|x0 —Folf + (f lu(s, ) — ii(s, a))|2ds>
s€[0,1]
0
Now, let us introduce the classical first order variational control system. Let i, v, ve €
LE(Q: L2(0, T; R™)) (B > 1) and vo, v, € R” satisfying v, — v in LE(Q; L0, T; R™)) and
Vg — vo in R" as & — 0t. For u® := i + v, and xg = X0 + €V, let x® be the state of (1.1)
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corresponding to the control u® and the initial datum x§, and put §x°* = x®* — x. For ¢ = b, 0, f,
denote

(1) = @ (2, X(2), u(2)),  @u(t) = @u(t, X(1), u(®)).

Consider the following linearized stochastic control system:

{ dyi (1) = (bx () y1 (1) + by (Dv(®))dt + (o () y1 (1) + 0, (D)) dW (1), 1€[0,T], (33)
y1(0) = vp.
We first establish the following estimates.
Lemma 3.2. Let (C2) hold and 8 > 1. Then, for any i, v, vg, vy, vé and 85x¢ as above
Iyil, 5 < C(vol? + 1015 ). 182115, 5 = O(P).
Furthermore,
Ir§115, 5 — 0. ase— 0%, (3.4)
where 1} “t,w) = bx (t @) —y1(t, w).
Proof. See Appendix A.1. O
Next, define the Hamiltonian
H(t,x,u,p,q,0):={(p,bt,x,u,w))+{q, o, x,u,w)) — f{t,x,u,w), (3.5)

where (¢, x,u, p,q,®) € [0, T] x R* x R x R" x R" x 2. We introduce the first order adjoint
equation for (3.3):

{ dP(0) = =(b: () Pi(D) +0x ()T Q1(1) = (D)1 + QAW (), 1€[0.T]. 3 o
Pi(T) = =g (¥(T). '

By [8] and (C2), forany 8 > 1,ifu € LI";(Q; LZ(O, T;R™)), the equation (3.6) admits a unique

strong solution (Py, Q1) € LE(Q; C([0, TI;R™)) x LE(Q; L2(0, T; R")).
We have the following result.

Theorem 3.1. Let (C1)—(C2) hold. If (X, u, Xo) is a local minimizer for the problem (1.3), then

T
]E/ (H, (), v(1))dt <0, vUeTL’;ad(zz), (3.7)
0

and

P1(0) € N% (%0), (3.8)
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where (P1, Q1) is the solution to the first order adjoint equation (3.6) corresponding to (X, u, Xg)
and H, (t) = H,(t, x(t), u(r), P1(t), Q1(1)).

Proof. Let v e Tz/b{ d(ﬁ) and vg € T}; (x0). Then, for any & > 0, there exist v, € L%(Q; Lz(O, T,
R™)) and v € R" such that it + eve € Uya, Xo + evj € K and

E/ lu(t) — ve(t)|*dt — 0, |v§ —vo| — 0, ase— 0T,
Expanding the cost functional J(-) at #, we have for all small & > 0,

J W, x5) — J (i, Xo)
&

0<

T 1
:E/</<fx(t,)2(t)+98x€([),g(t)+gvg(l))7 3xg(¢)>d9
0 o0

1
+/ (Fu(t, % (), (1) + Oeve (1)), ve (1)) d@)dt
0

1
+ ]E/ <gx G(T) + 08x5 (7)), 2= 8(T) >d0
0

T

E/ ((fe@), y1(0) + (fu(0), (@) )dt + E (g (X(T)), y1(T)) + pf, (3.9
0

where

R Fo _ e o - 8x8(t)
1=E/ /<fx(r,x<r>+eax 0,80 + £ve(e) — fot0), 2 >d9
0 0

1
+f Ju(t, x(2), u(t) +0eve (1)) — fu(t), ve (1)) dO
0
< Jx (),

8 £
+ : ( ) —yl(r>>+ Fu®), ve®) = v(0) )
) . ) 8x¢(T)
+Ef<gx(X(T)+08x (T)) — g (x(T)), - >d9
0
Sxé(T
+E<gx<i<T)>, i )—y1<T)>. (3.10)
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By Lemma 3.2 (with 8 = 2) and (C2), it follows that

5x6(t)
I

T 1
‘E//<fx(t,i(t)+98x8(t),ﬁ(t)+8U£(t)) — £0), >d9dt‘
0 0

T 1 l T
E//\ (R0 + 0057 (1), B(1) + ve(1)) — f(0)|*d0d ) Ef|5x O
00 0

dx¢ (t)

T T
E/ |8x° (1) + |eve (1)]) dt : IE/|
0 0

-0, ase—0T.

Similarly, we have

T 1
[ [ 050,80+ 050.0) ~ 10, w0} o
00

/|8U5(l)| dl . /|v8(t)| dt>7—>0 e— 0t

and

1

_ e _ 8x8(T)
e/ <gx<x<T) +08x* (T)) = gu (F(T). —— >d9\
0

-0, ¢—0".

5C(E|5x€(T)|2) ( |5x (T)| )

Then, by (C2) and Lemma 3.2, we obtain that

T

lim |of]| §limsup’E/<fx(t),
e—07 e—0t
0

SxE(t) . (t)>dt‘
&

T
+ lim sup E/ Falt), ve(t) — v(t))dt‘
e—0t 0
+ limsup E<gx()2(T)), Sx°(1) _ yl(T)>’ —0. 3.11)
e—0t

Therefore, from (3.9) and (3.11), we conclude that
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T
0 SE/ ((fe @, 1) + (fu @), v(®)) )dt + E (g (X(T)), y1(T)). (3.12)
0
By the duality between (3.3) and (3.6), we have
E(gx(x(T)), y1(T)) = —E (P (T), y1(T))
T
= —(P1(0), vo) —E/((Pl(t),bx(t)yl(m + (P1(2), bu(1)v(1))
0

+(Q1(1), 0 (N D) + (Q1(1), 3, ()0 (0))
(BT PO D) = {0207 Q10 31 O) + (f 0, 110) )t

=—(P1(0), vo) —=E [ ((P1(1), bu()v(1)) + {Q1(1), 0u (D) (1)) + (fx (1), y1(1)) )dt.  (3.13)

St~

Substituting (3.13) in (3.12), we obtain that

0<—(P1(0),v0) —E [ ((P1(1), bu()v(D)) + {Q1(1), 0u (Dv(1)) = (fu(t), v(1)) )dt

=—(P1(0),vo) —E | (H,(),v(t))dt. (3.14)

St— . O —

For v(-) =0, (3.14) implies (3.8). On the other hand, for vy = 0 in (3.14), we have (3.7). This
completes the proof of Theorem 3.1. O

From Theorem 3.1 and Lemma 2.4, it is easy to deduce the following pointwise first order
necessary condition.

Theorem 3.2. Let (C1)—(C2) hold. If (x,u, xo) is a local minimizer for the problem (1.3), then,
H,(t,w) € N} (ii(t, ), a.e.t €[0,T], a.s. and Py (0) € N2 (%). (3.15)
Remark 3.1. When the control set U and the initial state constraint set K are also convex, N [b] (n)

and N Ib( (xo) coincide with the normal cones of convex analysis. In this case, the condition (3.15)
becomes

H,(t,») € Ny (ii(t,w)) ae.te[0,T], as.and P;(0) € Nk (o).

Remark 3.2. If T/ (ii(t, »)) = {0} for a.e. (t,®) € [0, T] x 2, then N}, (u(t, w)) = R™, for a.e.
(t,w) € [0, T] x 2, and the first condition in (3.15) turns out to be trivial. It is the case, for
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instance, when the control set U is a finite union of singletons. Therefore, to have the first con-
dition in (3.15) meaningful, U should have nontrivial tangent cones. It is not difficult to verify
that for every v € TLI; d(ﬁ), and for a.e. (f,w) € [0, T] x 2, the vector v(f, w) belongs to the

contingent cone Tl? (u(t,w)) to U at u(t, w). Under some suitable assumptions on U, we have
Tg (u(t,w)) = TZ; (u(t,w)) a.e.in [0, T] x 2, see [2, Chapter 4] for more details. Consequently,
under some convenient structural assumptions on U, if lead (u) # {0}, then T(’} (u(t, w)) # {0} on
a set of positive measure.

Remark 3.3. Define
Ht, x,u,w):=H(,x,u, Pi(t), 01(t), w) — % (P2(t)o (¢, x(1), u(t), w),o(t,x(t),u(t), w))
+ %(Pz(t)(o(t,x,u,a)) —o(t,X(1),u(1), ®),0(t,x,u, ) — o (t,X(t), u(1), ®)),

where (P, Q) is the second order adjoint process with respect to (x, i) (defined by (4.3) in Sec-
tion 4). The stochastic maximum principle (e.g. [27]) says that, if (X, &) is an optimal pair, then

Ht, x(t),u(t), w) = ma&c?{(t,i(t), v,w), ae.tel0,T], as. (3.16)
ve
When b, o and f are differentiable with respect to the variable u, (3.16) implies that

(H,(t,w),v) <0, VYveTh(,w), ae.tel0,T], as.,

i.e., the first condition in (3.15) holds (when U is convex, this also coincides with the corre-
sponding result in [4]). However, to derive the maximum principle (3.16) one has to assume
that b, o, f and g are differentiable up to the second order with respect to the variable x, and
the second order adjoint process (P, Q2) should be introduced (even it does not appear in the
condition (3.15)). Therefore, in practice, under the usual structural assumptions on U, it is more
convenient to use the condition (3.15) directly.

In what follows we give a simple example to demonstrate how to use the condition (3.15) to
check if a given admissible control is not optimal.

Example3.1.Letn =m =2, T =1,U = {(uy,u2) € R?2 |uua =0,u; € [—1,1],up € [—1, 1]}.
Clearly, this U is neither a finite set nor convex in R2. Consider the control system

dxi(t) = (x2(t) — $)dt +dW (1), te]0,1],
dxo(t) = ui()dt +ur()dW (), te€[0,1], 3.17)
x1(0) =0, x2(0) =0

with the cost functional

J(u) = %]qu(l) — W) (3.18)

Define the Hamiltonian of this optimal control problem
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1
H(t, (x1,x2), (1, u2), (pl. pP). (41 q3). w) = pl(xz — >+ plur +qi +qius,  (3.19)

for all (¢, (x1,x2), (u1,u2), (pi, p}), (g, q}), w) € [0, 1] x R? x R? x R? x R? x Q. In what
follows, we show that the control (u1(t), u>(¢t)) = (0, 0) is not a local minimizer.
Obviously, the corresponding solution to the control system (3.17) is

t
(x1(0), x2(0)) = (W () — 7 0), (3.20)
and the first order adjoint equation is

dPl(t)=0l®)dW (), telo,1],
dP?(t) = —P!(t)dt + Q}(t)dW (1), te€[0,1], (3.21)
rl(h=4, PX1)=0.

It is easy to verify that the solution to (3.21) is

1 PN | 2 20—t
(P(1), Q1) = (2,0), (Py(1), Q1(1)) = ( 3 ,0), ae. (f,w)€][0,1] x Q. (3.22)

Note that even though the Mangasarian—-Fromowitz constraint qualification does not hold at
(0, 0), we can easily obtain that

T5((0,0)) = {(v1, v2) € R? | vjva =0}

By the first order condition in (3.15),
(Hy(t),v) = PE(1)v1 <0, Yuv=(v1,v2) € TL((0,0)).

Since Plz(t) = %(1 —1t) > 0 foranyt € [0, 1), a.s., chose (v1, v2) = (1, 0) we have

1
Pi(t)v = SA=0>0, ae (t,0)€l0,1]1x2,
which is a contradiction. Therefore, (11 (t), u>(¢)) = (0, 0) is not an local minimizer.
Actually, choosing (u1(¢), uz(t)) = (1, 0), we find that the corresponding state is
_ i} 2t
(x1(1), X2(1)) = <5 3 + W), t>, V() el0,1] x €, (3.23)

and hence x(1) = W(1), i.e., the cost functional attains its minimum O and (it (¢), 2 (¢)) =
(1, 0) is the global minimizer. In addition, a simple calculation shows that the corresponding first
order adjoint process is

(PL(1), 01(1)) = (0,0), (PE(r), Q1(1)) = (0,0), V (t,w)€[0,1]x Q, (3.24)

which implies that the condition (3.15) is trivially satisfied.
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Remark 3.4. The approach proposed in Theorems 3.1-3.2 can be applied to more general con-
trol problems. We refer the reader to [31] for the optimal control problems involving stochastic
Volterra integral equations.

4. Second order necessary conditions

In this section, we investigate the second order necessary conditions for the local minimizers
(x, i, xp) of (1.3). In addition to the assumptions (C1) and (C2), we suppose that

(C3) The functions b, o, [ and g satisfy the following:

(1) For a.e. (t,w) € [0,T] x @, the functions b(t,-,-,w) : R" x R" — R" and
o(t, -, w): R"xR"™ — R" are twice differentiable and

(e, u) > (b 2, X, u, ), 0, 2 (F, X, U, @)

is uniformly continuous in x € R" and u € R™, and,

b uy2 tx,u, )| + o 2t x,u,0)| < L, Y (x,u) e R" x R™;

(ii) For a.e. (t,w) € [0, T] x Q, the functions f(t,-,-,w): R* xR" - R and g(-, w) :
R" — R are twice continuously differentiable, and for any x, x € R" and u, u € R™,

[feu2 @ x,u,0)| <L,
|f(x,u)2(t,X,u,CU) _f(x,u)Z(t,i,ﬁ,w)| < L(|x _)'C~| + |Lt —ﬁ|),
lgxx(x,w)| <L, |gxx(x,w) —gxx(i,a))| <L|x _)z|

For ¢ =b, o, f,denote
Oxx (1) = @ux (1, X(1), 4 (1)), Pxu(®) = @uu(t, X(0), u(1)),  Quu(t) = Quu(t, X (1), u(?)).
4.1. Integral-type second order necessary conditions

In this subsection, we consider first the integral-type second order necessary conditions for
the local minimizers of (1.3).

Let i, v, h, he € L (Q; L*(0, T; R™)) (8 = 1) and vy, wy, w¢ € R™ be such that &, con-
verges to i in L%Fﬁ(Q; L*0, T; R™)) and oy — wo in R™ as & — 0t. Set

ut =i +ev+ eh,, x5 :=i0+8v0+82w§.

Denote by x® the solution of (1.1) corresponding to the control u® and the initial datum x;.
Put

Sxf =x% —x, Su’ = ¢gv + &%h,.

Please cite this article in press as: H. Frankowska et al., First and second order necessary conditions for stochastic
optimal controls, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.11.041




YJDEQ:8637

20 H. Frankowska et al. / J. Differential Equations eee (eeee) eee—eee
Similarly to [17], we introduce the following second-order variational equation:

dy2() = (b (DY2(0) + 26, Oh(E) + 11O b (YD) + 200 bau (D1 ()
+ 00 b (O0(0) )t + (02 ()32(0) + 20, (DA + 10 o031 (1)

+2vafﬂuuabn0)+v0)ﬂmu0ﬁm0)dwww, tel0,T1,
v2(0) = 2wy,

4.1

where y; is the solution to the first variational equation (3.3) (for v(-) and vy as above). We have
the following estimates.

Lemma 4.1. Let (C2)—~(C3) hold and 8 > 1. Then, for u,v,h, h, € L%ﬂ (S L*0, T; R™)) and
Vg, W0, wg € R™ as above, we have

132115, 5 < Cllmol? + vl + [vlFs + 1215 ).
Furthermore,
17515, 5 — 0. &~ 0%, 4.2)
where,

xb(t,w) —ey(t,w) 1
ré\(tvw) = 82 _§y2(f,w)

Proof. See Appendix A.2. O

We now introduce the following adjoint equation for (4.1):

dPy(0) = = (be(OT Po(0) + Po0bx (1) + 0 () 200 (1) + 0 (1) Q1)
+ 0>(00:(1) + Her () )di + Q2(0)dW (1), 1 €10, T, “3
Po(T) = =gur(R(T),

where Hyy (1) = Hyx (2, X(1), u(r), P1(1), Q1(1)) with (P1(-), Q1(-)) given by (3.6).

By [8] and (C2)—(C3), it is easy to check that, if u € Lg(Q; L2(0, T;R™)), (4.3) admits
a unique strong solution (P>(-), 02(-)) € Lg(Q; C(0,T];S") x Lg(Q; L?(0,T;S™)) for any
B=>1

To simplify the notation, we define

S(Iaxa M, y17Z13y27 Z2’ (1)) = H)Cu(t5x’ M, ylvzlvw) +bu(t7x9u7w)—ry2 (4'4)

oyt x, u, @) 22 + 0y (t, X, 1, 0) T y200 (1, X, u, ),
where (¢, x,u, y1, 21, y2,22,®) € [0, T] x R" x R x R" x R" x §" x §" x 2, and denote

S(1) =8(t, x(t), u(®), P1(1), Q1(1), P2(t), Q2(1)), 1€[0,T]. 4.5
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Let it € Uyg N LE(Q; L40, T; R™)). Define

Y; = {v € L2(Q: L0, T; R™) | (Hu(r, ). v(r, 0)) =0 ae. 1 €[0,T], as. }

and the set of admissible second order variations by
Ag 1= [0, h) € LE@: L3O, T3 R™) x L@ L*O, T3 R™) |
b(2) -
h(t, 0) € TE? it ), v(t, ), ae.t €[0,T], as. }

Denote

Abi={v e LE@: 40, TiR™) | 3h e LE@: LY, T R™), s (0.h) € Ag.

We have the following result.

Theorem 4.1. Let (C1)—(C3) hold and (x, u, xo) be a local minimizer for the problem (1.3) with
ue L%(Q; L*(0, T; R™)). Then for the adjoint process P defined by (3.6) (relative to (X, u, X))
and for all (v, h) € A; satisfying v € Yy,

T
B [ (20,00, h0) + (Hu 000, v(0)
0

+ (P2(t)oy () v(t), oy (Dv(1)) + 2 (S(B)y1 (), v(1)) )dt <0, (4.6)
and
P2(0) € NoP (x, P1(0)). A.7)

Proof. We borrow some ideas from [1 1, proof of Theorem 2].

From the definition of the second order adjacent set, we deduce that, if (v, h) € Aj;, then
v(t,w) € Tl’} (u(t, w)), ae. (t,w) €0, T] x 2, and for any € > 0, there exists an r (e, t, w) € R™
such that

i(t,w) +ev(t, ) + 2h(t, w) + r(e, t,w) € U, rie, t,w) =o0(c?), ae. (t,w) €[0,T] x Q.

Furthermore, let £(¢, w) = |h(t, w)| + 1, then for a.e. (¢, w) € [0, T] x 2 there exists a p (¢, w) > 0
such that
dist(u(t,w) +ev(t,w), U)
<li(t, w) + ev(t, w) — (U(t, w) + ev(t, w) + 2h(t, ®) + r (e, 1, ®))| (4.8)
=[eh(t, w) +r(e, 1, 0)| <eX(t, 0), Yeel0,pt,w)l.
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Motivated by the inequality (4.8), we introduce the following subset of Aj;:

Al = {(v, h) e A; ] da pp > 0 (independent of (¢, w)) such that
dist (i(t, w) + ev(t, 0), U) < e2U(t,w), Ve €0, pol}.

We fist prove that (4.6) and (4.7) hold for any (v, h) € A} satisfying v € Y. Fix such a (v, h) €
A% and a corresponding pg > 0.

Using similar arguments as those in the proof of [17, Proposition 4.2], we now prove that
veT) (@) andhe Tzﬁg)(ﬁ, V).

Define

o (t,w) =dist (u(t, w) + cv(t, ), U).

The distance function being Lipschitz continuous, o, is a B([0, T]) ® F-measurable and F-
adapted process. Furthermore, since, v(t, w) € Tg (u(t, w)) a.s., we have . (t,w)/e — 0 a.e.
(t,w)e[0,T] x Qase— 0T,

On the other hand, U being a closed set in R™, for a.e. (¢, w) € [0, T] x Q there exists a
ug(t, w) € U such that

o (t,w) = |lu(t, w) —u(t,w) —ev(t,w)| < sze(t, w) Ve el0, pol.

Using Lemma 2.2, we show that u, admits a B([0, T]) ® F-measurable and F-adapted ver-
sion. (Note that the metric projection mapping (¢, w) ~» Iy (u(¢, w) + ev(f, w)) may not be
B([0; T]) ® F-measurable, since ([0, T] x 2, B([0; T]) ® F, dt x d P) is not complete. There-
fore, we can only obtain a measurable selection of (¢, w) ~~» Iy (u(t, w) + ev(t, w)) on the
completion of this product measure space and then modify this selection to be a B([0, T]) ®
F-measurable process.) To simplify the notation, we still denote this version by u,.

For v = (u, — ut) /e, we have

0e (1, @) — v(t, )| = M - v(t,a))‘ -

“g(t’w)‘ <el(t, ).

&

Since (v, h) € AE, it follows that v, € L%(Q; L*0, T; R™)) and, by the dominated convergence
theorem, ve — v in LE(Q2; L*(0, T; R™)) as ¢ — 0T By the definition of v;, we get i(r, w) +
eve(t,w) =u.(t,w) € U, ae. (t,w) € [0, T] x Q. This proves that v € leblad (n).

Similarly, define

ve(t,w) =dist(u(t,w) + ev(t, w) + &2h(t, w), U).
Then, y, is B([0, T]) ® F-measurable and F-adapted, and, because h(t, w) € Tg(z)(zl(t, ),
v(t,w)), ae. (t,w) €[0,T] x Q, ye(t, a))/82 —0ae. (t,w)e[0,T] x Qase— 0.
Choose a B([0, T]) ® F-measurable and F-adapted processes w, (¢, w) € U, such that

Ye(t, 0) = |we (t, ) — (1, w) — ev(t, ) — 2h(t, ®)|, ae. (f,w) € [0, T] x

and define
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We — U — EV
g2 '

Then,

\ho(t. ) — h(t, w)|_‘w6 ﬁ(t’w)_gv(t’w)—h(t,w)‘

&2

+ |h(t, w)|

- us—L_t(t,a))—ev(t,w)—szh(l,a))‘ o, (t, w)
2
&

2
&
<t )+ |h(t, w)|, ae. (o) el0,T]xQ,

and hence h, € L3(Q; L*(0, T; R™)). Moreover, by the definition of 4,

i(t, ) + ev(t, w) + e2he(t, w) = we(t,w) € U, ae. (t,w) €[0,T] x £,
and

e (t, ) — h(t, )| = V‘?(t 9,

0, ae (f,w)el[0,T]x Q.

By the dominated convergence theorem, 7, — & in L? (& L*(0, T:R™))ase — 0T. This proves
that h € Tzifj) (u,v).

Let vp € T2 (o) N {P1(0)}+ and g € T2 (%o, vo).

Define uf = ii + sv + &2h, and let xG, 6x° and 6u® be defined as above. Denote f;fx (t) ==

fol(l —0) fex(t, x(t) + 06x°(t), u(t) + 05u®(t))dd. Mappings f;u(t), f,fu () and g§,.(T) are
defined in a similar way.
Expanding the cost functional J at u, we get

Ju®) — J(it)
82

1 [ £ £ re £ 3
= B [ (1085 0) 4 [0 80 0] + (7o, 085" 00,37 1)
0

+ 2(]{3, ()8x° (1), 8u8(t)) + <f;u ()Su® (1), 5uf(r)>)dz

1
+ 5 B( (g5 (F(T)). 6" (T) + (85, (R(T)6x" (T). 6°(T)
T

]E/ {(fx(@®), y1(0)) + fx(t) y2 (1)) + fu(t) v(@)) + (fu(®), h(1))

0

+ 2 (N O30 0) + 2 @310, 00) + Fun0(0), 000 ) e

1 1
+E(~ (82 (1) 31(1) + 3 (8x (R(T). 32(T))
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1
+ 5 @ FTNND). (D)) ) + 5.

where

T

E/ (@, r0)+ <fu(l),ha(t)—h(l)>)dt+E(gx(f(T)),r§(T))

0

T
~ 5 € Sx¢ 1
+]E/ < )fx a (t) a (t)> _<fxx(t)y1(t)yyl(t))>
& 2
0

8x¢ Suf
+ (2720 220N - o o.0m)

Su’ du® 1
({02 2O = o, v ) Jar

8x8(T) SxS(T)> 1 )

I_l

— 5 (&ex X (T)y1(T), yi1(T))

+E(<§§x(x(r)> .

In the same way as in the proof of Lemma 4.1, we find that lim,_, o+ o5 = 0. On the other

hand, by (3.13) and, recalling that v € Yy, vp € { Py (O)}J-, we have

T
1 1
2B [ (LA 000+ (0,000 )dr + 1B g (RT3 (1))
0

T
:—l PI(O) 1)() —éE/ H (t) U(t)
0

Therefore,
0< lim J@f () — J@u(-))
e—0t 82
; 1
=E/ [3 (502200 + fu0). h0))
0

4 2 (N 0010 + 2310, 00) + a0y, o) ) e
1
+ SE( (8 (R 32(1) + (gx BTN 31 (T) ). “9)
By It6’s formula,

E (gx(x(T)), y2(T)) = —E (P(T), y2(T)) (4.10)

Please cite this article in press as: H. Frankowska et al., First and second order necessary conditions for stochastic
optimal controls, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.11.041




YJDEQ:8637

H. Frankowska et al. / J. Differential Equations eee (eeee) eee—esee 25

T
2P0 0~ E [ (2P0 buOhO) + (P01 O a1 0)
0

+ 2P0, 00 b 01 ©) +(PLO, 00 b (0(0)) +2(Q1 (1), 0 (Oh(0)
+{210. O o 1) +2(010), v(®) o (31 (1)
(210,00 0w OV O) + (£, 120)) )d

and

E (gxx (X(T))y1(T), yi(T)) = —E (Po(T)y1(T), y1(T)) (4.11)

T
— (P2(0)vo, vo) — E/ (2 (P2 (t)y1(2), by (v (1)) + 2 (P2(1)0x (1) y1(2), 0u (D) V(1))
0

+ (P2(D)ou (v (1), 0u (1)) +2(Q2(D)0u (D) v(s), y1(1)) — (Hex () y1(2), y1 (t)))dt

Substituting (4.10) and (4.11) into (4.9) yields

1
0= (P1(0). mo) + 5 {P2(0)vo. vo)
T
4B [ [(1P10: 5,080 + (01010 0h0) = (1,0 1)
0
1
+5 (PO O b)) + (210,00 T 0w 00) = (). 00)) )
1 T
+ 5 (P (000, 0 O(©) + (P10 00 b (031 1)
+{210, 00 o1 (0) = 10, v0) + (b )T P21 (1), 00)
+ (o) T P20 (0311, v(0) + {0 0T Q2031 (1), v(1)) ) |

N =

T
1
= (PO ) + 5 (P20, o) + Ef (Ha (1), h(0))
0

+ (Hyu (v (1), v(1)) + (P2(t)ou (1) v (1), 0 (1) v(1)) + 2 (S(1) y1 (1), v(t)))dt
Then, letting v(-) = h(-) = 0 we obtain (4.7) and letting vy = @ = 0, we obtain (4.6), for any
(v, h) € A% satistying v € Y.
To prove (4.6) for any (v, h) € Aj; satisfying v € Y, define

E;:={(t,w) €[0,T] x Q| dist(ii(t, ) + ev(t, w), U) < e2L(t, w), YV & € (0, zl']}'
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It can be proved that E; is B([0, T]) ® F-measurable, the family {E; }1901 is nondecreasing and

Uil E; is of full measure in [0, T] x Q. For any i € N and (v, h) € Aj; satisfying v € Ty, define

v(t,w), (t,w)€E;, h(t,w), (t,w)e€E;,

Vi, w) = { W, w) = {

0, otherwise, 0, otherwise.

Then, (vi, h') € A% and vl € Y;. Hence,

T
B [ (2{t0.0' @)+ {fuwn 0.0/ 0)
0

+ (P06 v (1), 0w 0 0) +2 (S| 0,0 1) )dr <0, (@412)

where yi is the solution to the first order variational equation (3.3) with v replaced by v'. Since
vl > v, bl — hin LH(Q;L*(0, T; R™)) as i — oo, we have yi — y; in LE(2:;C([0, T1; R™)).
Passing to the limit in inequality (4.12), we finally obtain (4.6). This completes the proof of
Theorem 4.1. O

In what follows, we shall give a consequence of Theorem 4.1 for the case when U is repre-
sented by finitely many mixed constraints, i.e.,

U={ueR"|[giw)=0,Vi=1,...p, ¥jw) <0, Vj=1,..r}

where ¢, ...,¢p: R" — R and ¢,...,¥,: R" — R (for some p,r € N) are twice continu-
ously differentiable functions and for any u € U,

(Vo1 (u), -+, Vo, ()} U{lej (u)|j € I(u)} are linearly independent. (4.13)

Moreover, there exist two constants L > 0 and p > 0 such that for every u € U,

lp/w)| <L, i=1,..,p,
Wil <L, jel),
:OBIm(I‘u) C FMB]Rerk, (414)

where I (u) is the set of all active indices at u, I'y := (Vo1 (u), ..., Vo, (), Vi, (), ..., ¥, (1))
with iy, ..., ix € I (u) being all active indices for some k <r, and By (r,) and Bgp+« are respec-
tively the unit balls in the image space of I', and R?**.

We observe that (4.13) implies (4.14) with a p depending on u. In the above we required p to
be independent of u to obtain the following result.

Corollary 4.1. Let U be as above, (C2)—(C3) hold and (X, u, xo) be a local minimizer for the
problem (1.3) with ii € LE(Q2; L* (0, T; R™)). Then there exist ju;(-) € L(Q; L*(0, T; R)),
i=1,..,p and A;(-) € L%(Q; L2(O, T; Ry)), j=1,...,r such that for any v(-) € Tz N
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LE(Q; L*0, T; R™)) satisfying v(t, ) € TH(i(t, »)), a.e. (t,w) € [0,T] x  and the corre-
sponding solution y1 of equation (3.3) we have

T
E/ <<Huu(t)v(t)v v(®)) + (P2(D)ou () (1), 0u (D (1)) + 2 (S y1 (1), v(1))
0

P
=Y O Gowe.e0) = Y A0 (¥, vm) ) <0, @.13)

i=l Jehy(u (1))
where
L@, w) ={j € 1(u(t, ®) | (V@ w), v, w)=0}.
Proof. The proof of this result is similar to that of [11, Theorem 3]. Obviously, condition (4.13)
implies the Mangasarian—Fromowitz constraint qualification. By Example 2.1, for any (¢, w),
14
NGt w) =Y RVt o)+ Y RV, o).
i=1 Jel((t,w))
Then, by the first order condition (3.15), we have
14
H o) e Y RVgGt o)+ Y ReVy;(ic o), ae. (t.0) €[0,T]x 2.
i=1 Jel(t,w))

Define
Dt @) = {(15 ooes s Moo A) ERPIT [R5 20, j =1, m, A (l(1, ) =0},
and
)4 r
Gt @, (15 ooy ps M s M) = Y i Vi, @) + Y 2Vt ).
i=1 j=1

By Filippov’s theorem (see [2, Theorem 8.2.10]), there exists a ¢*-measurable selection
Yt o) = (it @), s 1, (8, @), AT (1, ), ., A (1, @) €T (1, 0), ae. (t,®) €[0,T] x Q

such that

P
H(t,0) =) pit, o)Ve @, o)+ Y M, o)V, o),

i=l1 jel (i, )
ae. (t,w) e [0, T] x Q
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where ¢* is the completion of ¢ and ¢ is defined by (2.1). By assumption (4.13) the process
y*(-) is uniquely determined (up to a set of measure zero). Since R” is separable, there exists a
¢ -measurable modification of y*(-):

By Lemma 2.3, y(-) is B([0, T]) ® F-measurable and F-adapted and

P
Hy(t.0) =Y wit.o)Veiat.o)+ Y. 1jt.o)Vy;ac. o).

i=1 jel (it o))
ae. (1,w) €[0,T] x Q. (4.16)

By [9, Theorem 2.1] and assumption (4.14), for a.e. (t,w) € [0, T] x Q
1 . 1 . _
i (@, w)| < ;IHu(t,w)l, Vi=1,..,p, Ajt,0) < ;IHu(t,w)I, Vjiel(u(t, ). (4.17)

On the other hand, when j ¢ I (it(¢, )), A (¢, w) = 0 and therefore also A (¢, w) < %|H,4 (t, w)|.
Since H,(-) € LA(S; L?(0, T; R™)), we deduce that p;(-) € LA(Q2; L*(0, T;R)), i = 1, ..., p,
and, A;(-) € LA(Q; L*(0, T; Ry)), j =1, ..., r.

Let v(-) € Y N L{(S L*0, T; R™)) satisfy v(t, w) € TS ((t, ), ae. (f, ) €[0,T] x Q.
Then

(H,(t,w),v(t,w)) =0, ae.(t,w)€[0,T] x Q. (4.18)

Combining (4.18) with (4.16), one has, for a.e. (f, w) € [0, T] x €,

> o) (Vi o), v(t, o)) =0.

Jel(u(t,w))
Therefore, for a.e. (t,w) € [0, T] x Q and for any j ¢ I, (u(t, w)), A (t, w) = 0. Consequently,

p
Hy(t,0) =Y wilt, o)VeiGat, o)+ Y rjlt, )V, o),

i=1 jel,(i(t,w))
ae. (f,0) €[0,T] x Q. (4.19)

On the other hand, for any (¢, w) € [0, T] x 2, by Example 2.1,

0 # Ty @t ). v(t, )

(Vi (u(t, w)), h) + l(fp{/(ﬁ(t,w))v(l,w), v(t,w) =0, Vi=1,---,p,

={heR"
" 2

and (Vy;(u(t, w)), h) + %(Iﬂ}/(ﬁ([, o)v(t, w),v(t,w)) <0, Vjelul, a)))} . (4.20)
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It follows that, for any i € T, (ii(t, ), v(t, )) and a.e. (1, ®) € [0, T] x L,

1 P
(Hu(t, ), h) = =3 D it o) (g @t 0)v(t, ), v(t, w))

1i:1 4.21)
-3 Y yeo|vac e, vr.o).

jeby((t,w))
which implies that

sup (H,(t,w), h) <00, ae. (t,w) €[0,T] x 2.
heT) (i(t,0),v(t,0)

By (4.20), T} ® ((t, ), v(1, @)) is a polyhedral set, cf. [29, p. 43]. By [29, Corollary 3.53]
the supremum in the above is attained.

By [2, Theorems 8.2.11 and 8.2.9] (making a completion argumentation if necessary),
there exists a B([0, T]) ® F-measurable and F-adapted process h(-) such that h(t,w) €

T (@1, ), v(t, ) ae. in [0, T] x 2 and

(Hu(t,w),/;(z,w)> = sup (Hy(t, ), h), ae. (t,w) € [0,T] x Q.

heT)® (1, 0),v(t,))
Then, for a.e. (t,w) €[0,T] x Q

it 0) (Voi Gt ), hit, @) = —‘”(;’ O (gl (e, )it ), v, ).

Vi=1,..,p, (4.22)

and,

_)\.,‘(t,w)

3 (v/ @ )o@, 00 0), ¥ j € LG o),

7y )V @ @), e, 0)) <

Applying the same argument as at the end of Example 2.1 we show, using (4.19), that

_ ~ Ajt, @)y,
kj(t,a))<Vl//j(u(t,a))),h(t,a))>=— 5 <1/fj(u(t,w))v(t,a)),v(t,a))>,

Y j e Lt ). (4.23)

Combining (4.19), (4.22) with (4.23), one obtains that, for a.e. (f, w) € [0, T] x €,

. 1<
(Hutt @) 0. 0)) = =5 3" wit.0) o] @, 0)v(,0). V(0. 0)
i=1

-
-3 Y yeo|pfacone e, ue).

Jely(i(t,w))

(4.24)
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Now, for any i € N, define

0, otherwise, 0, otherwise,

. {v(t,w), if |h(t, w)| <i, . {ﬁ(r,w), if |h(t, w)| <i,
v (t, w) = W (t, w) =

we have (v/(-), h'(+)) € Az and v'(-) € Yj. Let y} be the solution to the first order variational
equation (3.3) corresponding to v’ (), then by (4.24) and condition (4.6), we obtain that

T
E [ ({Huu0' @0, @) + {Pa0, 0 01,0000 0) + 2 {58051 0. )
0

p
=Y m el Gow O o)=Y a0 (v @ o, o) )d
i=1 Jjely(u(t))
<0. (4.25)

Passing to the limit in inequality (4.25), we finally obtain condition (4.15). This completes the
proof of Corollary 4.1. O

In [6], in the special case of K = {xo}, the authors obtained the following integral-type first
and second order necessary conditions for stochastic optimal controls:

Theorem 4.2. Let (C2)—(C3) hold. If U is closed and convex and u is an optimal control, then
T
E / (Hy(t),v(t))dt <0,  Vvechy(Rey, @) NLES; L0, T;R™)). (4.26)
0

Furthermore, for any v(-) € cl4,4(Ruad @) NL®(0, T] x 2;R™ N T,;) the following second
order necessary condition holds:

T
E / Hox(Dy1(6), 1 0)) +2 (H (010, v(0))
0

+ (Huu (D (1), (1)) )dl + E (gxx (X(T)y1(T), y1(T)) =0, (4.27)
where,
Ry, (1) :== {om —ou | ueclyy,a> 0},
and cly 2(A) and cls 4(A) are respectively the closures of a set A under the norms | - ||2.2 and
Il 14,4
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Remark 4.1. There are three main differences between (4.6) and (4.27): First, the control region
is allowed to be nonconvex in (4.6). Second, the solutions to two adjoint equations (3.6) and
(4.3) are used in (4.6), and consequently, the second order term involving y; (the solution to
the first order variational equation (3.3)) is absent in this condition. Third, the condition (4.6)
contains the second order adjacent vector 4, while in (4.27) it is equal to zero, cf. Remark 2.1.
Our condition (4.6) is more effective in distinguishing optimal controls from other admissible
controls than (4.27), even if the diffusion term o = 0, see [17]. See also the examples (especially
Example 4.2) that we shall give below.

Example 4.1. Let U be equal to the intersection of two closed balls in R? of radii 1 and centers

at respectively (1,0) and (;—%, %), T=1,AcR**?2 F= (Fl, F2) ‘R?2 — R4+ x R be a given
function satisfying F(0) =0, F,(0) =0, Fy,(0) =0, and for some L > 0,

|Fe(0)| + | Fex(x)| <L, VxeR%
Consider the stochastic control system

dx(t) =[F(x(®)) +u@®)]dt + Au@®)dW @), t€][0,1],
x(0) =0,

with the cost functional
J () = E[x1(1) — cos(x2(1))*].

For this optimal control problem, the Hamiltonian is defined as

H(t7'x’ u7 p’ q’ w) :: (p’ F(‘x) —"_u) —"_ <q7 AM) ’

where (7, x,u, p,q, ) € [0, 1] x R? x R? x R? x R? x Q.

Define u(t) = (0, 0). Then, the corresponding state x(¢) = (0, 0). Since F'(x) > 0 for any
x € R?and U C Ry x R, we deduce that E(x; (1)) > 0 for any solution x = (x1, x2) of the above
stochastic system. Therefore u is the global minimizer. Furthermore, the first and the second
order adjoint equations are

dPy(D)= Q1AW (), 1€[0,1],
{ Pi(1) = (~1,0) 28
and
dPy(1) = Qa()AW(1), 1€[0,1],
{ Py(1) =0. (4.29)

It is easy to see that the solutions to equations (4.28) and (4.29) are P1(t) = (—1,0), Q1(t) =0
and (Px(1), O2(1)) = (0, 0), respectively. Then,

Hy(t)=Pi(t) + AT Q1(t) = (=1,0), Hyy(?) +0, (t)Par(t)oy (t) =0, and S(t) =0.
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By the definition of U, T}}((O, 0)) is the closed convex cone generated by {(0, 1), (1, 1)}.

Moreover (L, 0) e 7,2 ((0,0), (0, 1)).
Then the first order necessary condition

(Hy(t,0),v) <0, Y veTS((0,0)
(which corresponds to the first condition in (3.15)) is satisfied and
Hyy (1) =0, Hy(t)=0, Hy,(t)=0, and gxx(i(l)) =0.

Therefore, the second order necessary condition (4.27) is satisfied trivially in this case and does
not contain any additional information with respect to the first order necessary condition (4.26).

Comparatively, our second order necessary condition (4.6) provides more information about
the control u. For example, let v(¢) = (0, 1) and h(r) = (%, 0). Obviously v € Ty, (v, h) € Az,
and condition (4.6) becomes

1
ZE/ H (1), h(t) t=—1<0.
0

Noting that (%, 0) ¢ Tll}((O, 0)), the last inequality is different from the first order necessary
condition (3.7) and from the second order necessary condition (4.27).

Example4.2.Lletn =m=2,T =1, and
U={(u1,u2) € R* | fuy + 11> + [uz]* = 1} U {(u1, u2) € R? | Jug — 1 + Jua|* = 1}.

Clearly, this U is neither a finite set nor convex in R?. One can easily check that

1
50,00 = {0} xR, T5®((0,0).(0.1)) 3 (5.0).
Consider the control system

dxi(t) = (x2(t) — )dt +dW (1), te[0,1],
dxa(t) = uy (1)dt + [u(1)[*dW (1), t €0, 1], (4.30)
x1(0) =0,x2(0) =0

with the cost functional

1

1
J(u):]E[Epcl(l)—W(1)|2+/|u2(1)|4dt]. (4.31)
0
Obviously, the only difference between (3.17) and (4.30) is that the coefficient “u;(¢)” in the first

system is replaced by “|u,(¢)|*” in the second one and, since U is a bounded set, the assumptions
(C2)—(C3) are fulfilled.
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The Hamiltonian of this optimal control problem is given by

1
H(t, (x1,x2), (1, u2), (pl, p1), (g1, 47), ©) = p}(xa — 2+ piut +qi + g} lual* — |ualt,

for all (z, (x1,x2), (U1, uz), (pf, p%), (qll,qlz),a)) €[0,1] x R?2 x R? x R? x R? x . In what
follows, we show that the admissible control (u1(t), u2(¢)) = (0, 0) is not locally optimal.

The corresponding solution to the control system (4.30) is still given by (3.20), and the first
order adjoint equation is the same as in (3.21). Therefore (Pl1 1), Q{ (1)) and (Plz(t), Q%(t)) are
asin (3.22).

For the present problem,

2 2 3 3 1—1
H, @) = (P (1), 407w2(1))” — 4(u2(1))”) = (T’ 0). (4.32)
Hence, the first order condition in (3.15),

(Hy (1), v) = PE(1)v1 +4(0% — D(u2(1)?v2 =0, ¥ v=(vy,v2) € TH((0,0))

is trivially satisfied, and therefore we need to check the second order condition (4.6). For this,

we observe that
0 0 0 1

b(t)_[O 8], ax(t)zou(t)z[g 8] (4.33)

‘We now choose a direction v = (v, v2) = (0, 1) and vy = (0, 0). Then, the first order variational
equation (3.3) becomes

MO —p (O)y1(1), 1€[0,1]
s 4.34
{m@ 0,0), (434

and hence y; (¢) = (0, 0). This, combined with (4.33), shows that the second condition in (4.6) is
specified as

1
Ef (H,(t),h)dt <0,  VheT)?(0,0),(0,1)). (4.35)
0
‘We now choose i = (%, 0) in (4.35). By (4.32), we obtain that

1
IE/ (Hy(t),h)dt = -
0

which is a contradiction. Therefore, (u1(t), u2(¢)) = (0, 0) is not locally optimal.
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4.2. Pointwise second order necessary conditions

In this subsection, under some further assumptions, we shall deduce from the integral-type
second order necessary condition (4.6) a pointwise one. First, we introduce the following notion.

Definition 4.1. We call & € U,y partially singular in the classical sense if & satisfies

ﬁu(t) =0, ae.tel0,T], as

- - (4.36)
(Huu(®) + 6.0 T P2(1)54 (1)), v) =0, Vv e ThG()), ae.t€[0,T], as.
where X is the state correspondlng to u H (1) = H,(t,x(t),u(t), P1 (1), Q1 (1)), and similarly for
H,,(t)and 6,(t). (P1 , Ql) and (P2, Q2) are the adjoint processes given respectively by (3.6) and
(4.3) with (x, i, xo) replaced by (x, i, Xo). When (x, i, Xo) is a local minimizer for the problem
(1.3) and « is singular, we call (x, i, Xo) a singular local minimizer (for the problem (1.3)).

Remark 4.2. The definition of the singular control in (4.36) is much more general than that
in [33, Definition 3.3]. More precisely, by the maximality condition (3.16), if the control # is
optimal, the first and second necessary conditions in optimization theory immediately imply
that, for a.e. (r,w) € [0, T] x L,

(Hy(t,0),v) <0, YveTha,w).

Further, if (ﬁu (t, ), vo) = 0 for some vy € T} (ii(t, )), then for any h € Tll}(z) (i(t, w), vo),

(A (t, ), h)+ % <(ﬁuu(z‘, ®) + G4 (t, @) T Pa(t, )5, (¢, @))v0, v0> <0. (437

Both Definition 4.1 and [33, Definition 3.3] imply that the corresponding singular controls
satisfy the above first and second order necessary condition trivially, but in Definition 4.1,
ﬁuu (t) + oy (t)Tﬁz(t)&u (t) is only assumed to be degenerated, for a.e. [0, T] x €2, in the di-
rections from T[}j (z(2)). We shall see in Example 4.3 below that for partially singular controls,
ﬁuu(t) + &u(t)Tﬁz(t)&u () may be different from O on a subset of [0, 7] x €2 having positive
measure.

By Theorem 4.1, it is easy to verify the following second order integral-type necessary condi-
tion for the problem (1.3).

Theorem 4.3. Let (C1)—(C3) hold. If (x, i, Xo) is a singular local minimizer for the problem (1.3)
and ii € L}(Q2; L*(0, T; R™)), then

T
]E/ (S()y1(r), v(2))dt <0, Vve AL (4.38)
0
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As underlined in [33], there are some essential difficulties to deduce from the above integral
type second order necessary condition a pointwise one. The main reason for it is that the spike
variations have to be used to get the pointwise second order necessary condition from (4.38).
Substituting the explicit expression for y; into (4.38), the Itd integral will appear in this condition.
Thus there will be a “bad” term making impossible using the Lebesgue differentiation theorem to
derive the pointwise condition (see Subsection 3.2 in [33] for more details). However, when S and
v are regular enough, a method similar to the one proposed in [33] can be used to establish the
following pointwise second-order necessary condition for stochastic singular optimal controls
for the problem (1.3).

Theorem 4.4. Let (C1)—(C3) hold. If (x,u,Xo) is a singular local minimizer for the prob-
lem (1.3), it € (% L*0, T; R™)) and S € Lyg(R™") N L®([0, T] x 2 R™™"), then in

addition to the second order transversality condition (4.7), for any v € L;’%(Rm) N L% ([0, T] x
Q: R™) N AL, the following pointwise second order necessary condition holds:

u’

(S(T)byu(t)v(7), V(7)) + (VS(T)0U (T)V(T), V(7)) (4.39)
+ (S(t)oy, (t)v(r), Vu(r)) <0, ae 1€[0,T], as.
Proof. The proof is similar to the one of [33, Theorem 3.13]. Let 1 € [0,T), 6 € (0, T — 1),

Eg =[1,7t 4+ 0) and choose A € F;. For any v(:) € LéfF(Rm) N L0, T] x ;R™ N A,%,
define

0.4 _ vt ), (t,w) e Eg x A,
Y (”“’)_{o, (1, ) € (0, T1 x )\ (Eq x A).

Clearly, v%4(-) € A};. Denote by yf’A(-) the solution to the first order variational equation (3.3)
with v(-) replaced by v?4(-). By [32, Theorem 1.6.14, p. 47], yle’A(-) enjoys an explicit repre-
sentation:

t
YAW) =) / D($) " (bu(s) — 0x(5)0u (s)) v (s)dss
0

t
+CD(t)/d>(s)_lou(s)v0’A(s)dW(s), (4.40)
0

where ®(-) solves the following matrix-valued stochastic differential equation

4.41)

do(t) =b, ()P (t)dt + o, ()P (t)dW (1), tel0,T],
0)=1,

and / stands for the identity matrix of dimension 7.

Please cite this article in press as: H. Frankowska et al., First and second order necessary conditions for stochastic
optimal controls, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.11.041




YJDEQ:8637

36 H. Frankowska et al. / J. Differential Equations eee (eeee) eee—eee

From Theorem 4.3, it follows that

T+60

1
0= 55E [ {8030 00) xaar
] T+6 t
= E / <S<r><1>(r) / @(s)—l(bum—ax(s)ou(s»v(smds,v(r>>xAdr
T+60

t
+91—2]E / <S(t)<l>(t)/<l>(s)lau(s)v(s)XAdW(s),v(t)>XAdt. (4.42)

T

By the Lebesgue differentiation theorem, it is immediate that for a.e. 7 € [0, T'),

T+6 t
lim / <S<r><b(z> / () (Bu(s) — 0 ()0 (5))v(s) xads. v<r>> xadt
1
= 5E ({8 (bu(r) = 0x(0)a (D) (). v(D)) xa)- (4.43)

On the other hand, by (4.41)

40

t
GLZE / <S(t)<b(t)/d>(s)lau(s)v(s)XAdW(s),v(t)>XAdt 4.44)

T

T+60

t
=9i2E / <S(t)<1>(f)/<I>(S)_1UM(S)U(S)XAdW(S),v(t)>xAdt

T+60 t

t
+9—12]E/ <S(t)/bx(s)q>(s)d5/q)(s)IGM(S)U(S)XAdW(S)sU(t)>XAdt
T+6

t t
+912E / <S(r) / 02 (5) D ($)dW (s) / <1><s>—lou<s>v(s>XAdW<s>,v(z)>xAdr.

T

By the properties of the It integral and the Lebesgue differentiation theorem, it can be proved
that

T4+60

t
lim 9—121[*1/ <S(t)‘/bx(s)d>(s)ds/@(s)_lou(s)v(s)XAdW(s),v(t)>)(Adt

t

0—0t

T T

=0, ae. te€l0,T), (4.45)
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and
! T+6 t t
lim / <S(r> / 04 (5)® ()d W (s) / q’(s)_lUu(S)U(S)XAdW(S),U(¢)>XAdf
- %E <(S(r)ax(r)au(r)v(t), V(1)) XA), ae. 1 €[0,T). (4.46)

Next, the assumptions on S and v yield
SO Tv() e L]}T’Z(R”) NL>([0,T] x Q; R").

Hence, by the Clark—Ocone formula, for a.e. t € [0, T'),

t

S Tv@) =E (S@) Tv(t)) + / E (DS(S(t)Tv(t)) )fs)dW(s). (4.47)

0

Substituting (4.47) into the first term of the right hand of (4.44), it follows that

T+6 t
9—12E/ <S(t)¢(r)/¢>(s)lou(s)v(s)XAdW(s),v(t)>XAdt (4.48)
40 t
= 7 E </ <I>(t)<I>(s)_lau(s)v(s)XAdW(s),]E (S(I)Tv(t))>XAdt
! T+6 t t
+23 / E</ @(r)@(s)—lau(s)v(s)XAdW(s),fIE(DS(S(t)Tv(r)) ]-"S)dW(s)>XAdt
T T 0
T+60 t

:9_12 / /E<d>(r)<1>(s)_10u(s)v(s),DS(S(t)Tv(t))>XAdsdt.

Note that
Dy (S) Tv(®)) = (DyS) T v(r) +S@) " Dyv(@).

Using the same argument as that in [33, Theorem 3.13], we conclude that there exists a sequence
{9@}2‘;1 of positive numbers such that limy_, o, ¢ = 0, and

T+0p

t
lim QLZJE f <S(t)<l>(r)/@(s)_lou(s)v(s)XAdW(s),v(t)>XAdt (4.49)

{—00 1

= %]E((VS(I)TU(I), Uu(r)v(r)>)(,4) + %E((S(I)TVU(I), au(r)v(r)>XA>, ae. 1 el0,T).
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Then, by (4.44), (4.49), one concludes that

T+6;

¢
elim G%E / <S(t)<l>(t)/¢>(s)_lou(s)v(s)XAdW(s),v(t)>XAdt (4.50)
— 00 v ] ]

= 3E (800 ou@u(®, v() 14) + 38 ([V8@ 0@, ou(@r0) 1)
+ %IE (<S(1)TVv(t), au(r)v(r)>)(A>, ae. 1 €[0,T).

Combining (4.42), (4.43) and (4.50), one has

02 E (b (), v(®) xa) +E ((VS@) Tv(@), 0u(0)v(0) 1)
+E (<S(I)TVU(I),ou(t)v(r)>XA), ae.tel0,T).

Finally, by the arbitrariness of A € F;, we deduce that the desired second order necessary con-
dition (4.39) holds. This completes the proof of Theorem 4.4. O

Ifue ]Lé’ﬁ-(R’”), U is abounded closed convex setin R, v —u(-) € Lé’%(Rm) NL*>([0, T] x
QR™MN .All2 holds true for any v € U. Then, by Theorem 4.4 and the separability of U, one has

(S(@)by () (v —u(z)), v —u(r)) + (VS(1)o, (1) (v — u(1)), v — (7))
—(S(v)ou (v)(v — (1)), Vii(r)) <0, YveU, ae.t€[0,T], as., (4.51)

which coincides with [33, Theorem 3.13]. However, when the control set U is nonconvex, some
more assumptions as follows are required to establish a pointwise condition similar to (4.51).

(C4) Foranyu € 0U and v € TZ; (u), TLI;(Z) (u,v) #0.

When the control set U has a C?2 boundary, the assumption (C4) holds, see [10].
From the proof of Theorem 4.4, we deduce the following result.

Corollary 4.2. Let (C1)—(C4) hold, (x, u, xXo) be a singular local minimizer for the problem (1.3).
IfSe Lé:%(RmX”), and the optimal control u is a step function as below

k1

Wt ) =Y > ij Xy Xz (1 @), ace. () €[0,T] x Q, (4.52)
i=1j=1

where k e N, 0=t <--- <tiy1 =T, 1; €N, u;j €U and Ajj € Fy, fori=1,--- , k and
j=1,---,1; then, in addition to the second order transversality condition (4.7), the follow-
ing pointwise second order necessary condition holds:
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(S(t, w)b, (T, w)v, v) + (VS(t, w)o,(t, w)v,v) <0,
Yve TLI;(L_l(‘L', w)), a.e. T €[0,T], a.s. (4.53)

Proof. When u(t, w) is given as in (4.52), for any fixed i and j, u(¢, @) has constant value u;;
b2

on [t;, ti+1) x Ajj. Then, on [#;, i1) X Ajj, let vi; € T} (u;j), hij € TU( )(uij, vij), T €[, ti+1),

0 €(0,ti41 — 1), Eg =[1, T 4+ 0) and choose A € F;,. Define

vij, (t,w)€ Eg x (AN A;j), WA ) hij, (t,w) € Eg x (AN Ajj),

0, otherwise, 0, otherwise.

ve’A(t, w) =

It is clear that (v?4, h?-4) € A;. Then, by similar arguments as in the proof of Theorem 4.4 and
noting that the Malliavin derivative of the constant-valued process v;; is equal to 0, we obtain
that

(S(z, )by (1, w)vij, vij) + (VS(z, ©)0u (T, ®)vij, vij) <0,  ae. (T,w) €[4, tiy1) X Ajj.

By the closedness of the adjacent cone, the separability of R"™, the arbitrariness of 7, j and v;; it
follows that

(S(z, w)b, (t, w)v, v) + (VS(t, w)o, (1, w)v,v) <0, Vv e Tll}(ﬁ(t, w)), ae.t€[0,T], a.s.
This completes the proof of Corollary 4.2. O
Example 4.3. Let the optimal control problem be the one stated in Example 3.1. We have shown
that i(¢) = (u1(¢), u2(¢)) = (1, 0) is the optimal control. In the following we will prove that this
optimal control is partially singular and satisfies the second order necessary condition (4.53).
In Example 3.1 we obtained that the corresponding state (x1(z), X2(¢)) is as in (3.23) and the

first order adjoint process (Pi(t), Q1(¢)) is as in (3.24). In addition, it is easy to see that the
second order adjoint equation is

Pl(t) Pf(r)}_[ 0 —P)(t) } [Qé(t) Q%(r)]
d[Pg(r) e Rl R T e T e I (5100 R s

Pl PiHT _[-1 0
P31y PH || O 0
and its solution is
Pit) P [oi® oxo ]\ _ ([ -1 r—1 0 0
Pty P |'l o) o3 ]) \|lt—-1 —242t—1][0 0])
A direct calculation shows that

T5((1,0)) = {(v1,0) € R? | v; <0}.
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Then, we have

H,t)=0, H;,(t)=0, V(t,w)€e][0,1] x €,

, o o[ -1 -1 0 0]_[o 0
o, (1) PZ([)GLl(l)—[O 1i||:t_1 —t2+2t—1:||:0 1:|_|:0 _t2+2t_1i|

and therefore
<(Huu(t) + 0 () Pa(t)0u (), v) =0, YveTl®), ae.t€[0,T], as.

This means that u(¢) = (i1(¢), u2(¢)) = (1, 0) is partially singular. Next, we prove that u(t) =
(u1(2), ua(t)) = (1, 0) satisfies the second order necessary condition in Corollary 4.2. It is clear

that
0 17 -1 t—1 t—1 —t242—1
S(’)_[o O][r—l —t2+2t—1]_[ 0 0 }

Then, VS(#) =0, and

2
(S(bu(t)v, v) + (VSN (v, v) = v 0] [_’ +02’ - 8} ['{;]
=—(t— D%} <0, VveT5@@)), ae.t €0, T], as.
Acknowledgment
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Appendix A

In this section, we prove the two technical Lemmas 3.2 and 4.1. The fundamental idea comes
from the classical calculus, see also the related results in [4,6] for the optimal control problems
with convex control constraints, and [27,32] for the general control constraints.

A.l. Proof of Lemma 3.2

Proof. From (3.3) and Lemma 3.1 we deduce that

B
2

]

tel0,T]

T T
B sup @) =& [l + ([ 1baoronar)” + ([ 1ouoreriar)
0 0

r B
<CE [|uo|f’ i (/ |u(r)|2dz)7].
0
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Since v, (-) converges to v(-) in LI’; (Q2: L%(0, T; R™)), and vg — vginR” as ¢ — 01, we deduce
from (3.2) that

T
B
IE( sup |5x8(t)|ﬁ) <CE [ef’|v3|ﬂ n (f |svg(t)|2ds) 2] = 0(eh).
t€[0,T]
0
Consequently, by the Holder inequality,
. o\
E( sup |Sx (t)|> < [E( sup [8x°(7)] )] = 0() (A1)
tel0,7T] te[0,T]
and
r r B_1
E 2 2|8 +
/|v5(t)—v(t)|dt§C[E</|v€(t)—v(t)| d;) ] 0, 86— 0% (A2)
0 0

Denote 15§ 1) := fol by(t,x(t)+05x(t), u(t) +Oev.(¢))dO. Mappings l;z (t),0:(t) and 62 (¢t)
are defined in a similar way. Then, §x%(-) is the solution to the following stochastic differential
equation

dsxt (1) = (b (1)8x° (1) + ebf (t)ve (1)) dt
+ (5f(t)8x8(t) + séj(t)vs(t))dW(t), tel0,T],

5x¢(0) = evyg,

and rf (+) satisfies the following stochastic differential equation

dri () = [B5Orf (1) + (B5 (1) = be(0)y1 (1) + B0 (ve (1) = v(1)
+ (B () = bu ) (1) [dr + [5£ 0t 0 + (G50 = 0 )11 () (A3)
+ 65 (0) (ve(0) —v(D) + (52 (1) — 0 (t))v(t)]dW(t), t €0, 7],

1 (0) =v§ — vo.

For any sequence {e j}?ozl of positive numbers converging to 0 as j — oo, we can find a
subsequence {jx}=; C N such that sup, (o 7 |6x®k ()] — 0 a.s. and €, Ve, (t) > 0 a.s. for a.e.

t €[0,T], as k — oo. The assumption (C2) yields, ’(Eijk (t) — by (t))yl(t)‘ — 0 a.s. for a.e.
t €[0,T], as k - oo. Hence,

|(l~7§j () = bx(:))y1(-)| = 0 in measure, as j — oc.

Then, using Lebesgue’s dominated convergence theorem, we conclude that

[SisS

T
E(/ 1(BY (1) —bx(t))yl(t)|2dt) -0, j— o0 (A.4)
0
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A slight modification of the above discussion shows that

T E T 5
B( [ 160 - buw)wrar)” +E( [ 160 - ao)norar)’
0 0
T
, ]
+E(/ (657 (1) —au(t))v(t)|2dt>z -0, j— oo (A.5)
0
On the other hand
B

e

2

T
B( [ 15 0w, 0~ o) Par) " + B / 687 (1) (v, (1) — v () )
0

[SlksY

< cnz(f v, (1) = v(O)Pdr)* >0, j— o0,

Therefore, by Lemma 3.1, we finally obtain that

T
E( sup Ir’ 1) = CE[ vy = vol® + ( / (B 1) = b )31 (1) +Bi/ (0 (e, (1) — v(0)

t€[0,7T]
T
+ (bu (t)—bu(t))v(t)idr /I (5x) (1) — o (1)) )1 (1)
0

B
+607 (1) (ve, (1) — v(0)) + (547 (1) — au(t))v(t)|2dt) 2] 50, j— o0
The sequence ¢; — 07 being arbitrary, the proof is complete. O
A.2. Proof of Lemma 4.1

Proof. By Lemma 3.2 (with g replaced by 28), we obtain that

E( sup 0P = CE [jw + / woiar)]. (A6)
1€[0,T]

Then, by (4.1), Lemma 3.1 and the Holder inequality, it follows that

E( sup 2017
tel0,7T]

= CE [Jmol” + ( / 126 (R () + 31(0) T ber (O31(1) +20(0) Tbru (31 (2)
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B
+00) b voldr) + ([ 2o 0ho) 400 a0

]

[NhsS

+20(0) T (OO + v o (1) )

[SlisS

+ sup |yi1(0)*f
t€[0,T]

T
< CE [Jmol’ + (/ Jh0) P )

’Cb

te[0,T]

T
B 23
+ sup @ ([ ookar)’ + f|v<z)|4dr )]
0

I‘u:,

B
< CE [lmol? + 1w + ([ 1hrar) + f|v(r>|“dr )

Denote 5%,.(t) == [y (1 — 0)byy (1, (1) + 08xF (1), i(t) + O8u® (1))d6. Mappings b, (1),
be (1), 65.(t), 65,(t) and 6., (¢) are defined in a similar way. Then, 8x° satisfies the follow-
ing stochastic differential equation:

déxé(t) = (bx(t)c‘ixg(t) + b, (1)Su(r) + 5x5(z)T15§x (1)8x8 (1)
+26x5 (1) B, (1)8u’ (1) + Su’ (1) ThE, (r)@uf(r))dt
(ax (1)8x° (1) 4 0, (1)8u® (1) + 8x° (1) TG 5, (1)8xE (1)

+28x5 (1) TG, (1)8us (t) + sut(t) 68 (t)5u6(t))dW(t), tel0,T],
5x£(0) = evg + €2 ;.

Therefore 75 solves the following stochastic differential equation:

dri(n) = {bx (05 (1) + by (1) (he (1) — h(2))
+[(32) B (0 (22) = 330 b ()31 (0]
+[2050) T, 0 (M10) — 310 b (00
[ aui(ﬂ)T,;iu(t)(Bu;(z)) _ %U(t)—rbuu(t)v(t)]]dt
{or 50 + 0@ (e ) = 1) "
[(éxf(t))—“e (,)(5" (’)) IO o @)]
[2(30) Tae (1)(2ED) — 3 (1) T, (Hv(1) ]
N [(aug(,))T~g (t)(ﬁug(t)) v(t)Tam,(t)v(t)]}dW(’)’ tel0,T],

r5(0) =@ — @o.
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Since A, (-) converges to h(-) in LIzFﬂ(SZ; L*0, T: R™)),

L g
2

au(t)h(t)—h(t))‘ ) 0. £—0". (AS)

T
() ‘dt +IE/
0

O

On the other hand, by the Holder inequality,

T
3x8(t) 8x5(t) 1 B
B( [ 5 0(*) - 3@ b o)

SxE (1) T Sxa(t) 1 g

2
) - EYI(I)Tbxx(t)yl(t)‘ dt)

) B

B
2

O 6,0 - 1) () ar]

" CE[tES[g T] ‘(sz(t) - )’I(I)‘ <ze[0 T] (ng(t) - tesng 7 (t)|ﬂ)]
T
<o s [EOP)] [e( f o= ool 20 w) ]

0

R e N e A ) R

1€[0,T1] € 1€[0,T]

Since h, converges to & in L%ﬂ (22; L4(O, T;R™)) and w(f converges to @y in R™ as ¢ — ot, by
Lemma 3.1,

8
E ( sup |3x8(r)|25) <CE [|su0 + 2wl 2P+ (/ lev(t) +52h5(z)|2dt) ] — 0@,
tel0,T]

As in the proof of (3.4) in Lemma 3.2, we obtain that

SxE(1) 2 "
E( sup ‘ —yl(t)‘ )—>0, e—0".
tefo, 11" €

For any sequence {ej}?o:] of positive numbers converging to 0 as j — 00, one can show that
Dy (-, X(-) +08x% (-), u(-) +08u® ()) — byy(-) = 0, in measure, as j — oo.

Since
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bk (1) — xx(l)—/(l — ) (bax (t, (1) + 08xT (1), (1) +08u™ (1)) — bax (1))d

from (C3), (A.9) and the Lebesgue dominated convergence theorem, we obtain that

€j

T
x&i T Sxt 1 p
/ ([ T30 (D) = 20 b)) — 0, asj— o0 (a10)
0

Similarly,

/‘2 aallly s,()(au )

€j

B
) — yl(l)Tbxu(l)v(t)‘dt)

< cx( / 2 L0 (") @ b @)™

J
scwnb“iff” I - ot 2 )]
&j 1 T gj o1
rle( g 5 —womﬂﬁgf O]
T
+C[E(;es[l(;pﬂ|yl(t)|ﬁ 1 O/|8” 0 v(t)|4dt)g:|§,

which implies that

/‘2 Sxé‘/(t) T gj()(Su (1)

)—yl(z)Tbxuuw(n\dr)ﬁ L0, jooo. (AL
J

In a similar way, we have

T
81(;) 5 sufi(t), 1 - B
[] b)) (=) = 5 bu (v(0)|dr)
0

J

T
Su’ : 5 5
=< cx( [ |52 Fao - shu) (L[ ar)’
0

J
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B
2

T
sl [ 12 ol (O o

€j
0

SCE(/‘M O 5o~ sbuto) )
0

g
2

[SlisY

T
+CE| /‘ hg,(z)( v(t)+ejh€j(t))2+Iv(t)lz)dt] 50, j—oo.
0

Applying the above method to the diffusion coefficient o, we conclude that

£j & 6 1 2 5
/\ PO Taer (2 (t))—iylafoxx(r)yl(z)( dr)* >0, j- oo,
]
81 ﬁ
/\2 PO T (D) o] @) -0, oo
J
and
r Sufi Suf 1 2 §
J & 2
]E(/‘( u (t))-r &) u®. (t))—iv(t)—rauu(t)v(t)‘ dt)z -0, j— oo
£j €j

0

By Lemma 3.1, and using (A.7), (A.8) and (A.10)—(A.15), we obtain that

E| sup |/ )]

tel0,T]
T
<Cloy — wol +C]E L) —h(t) ‘d;)
0
T , o
+CIE(/ ou(t)(hsj(t)—h(t))‘ dt)z
0
[ oxci 5x°i 1 p
([ THO) - 00 b ono|dr)
Ej Ej 2
0
[ sxe Sut P
rex( [ o) - 0 b v )
5 €j €j

(A.12)

(A.13)

(A.14)

(A.15)
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& 1 2
rer( [ |20 5tk 2) S awono|'a)

(

T
+CE(/ (8u /'(t))‘r b (1 )(Bu (t)) lv(t)Tbuu(t)v(t)‘dt)ﬁ

0 & €

i Sx®i(t) sxfi(t), 1 N

X/ & xX°J B

+C]E(f ( )T J( )( ) - Eyl(t)TUxx(t)yl(t)‘ dt)z

0 K &

1, oxc () Su®i (1) N
—i—CE(/ 2( xE, )T (s )( u )—yl(t)Taxu(t)v(t)‘ dt)2

0 / €j

T

/ Subi(t) Sufi(t) s

This proves (4.2). The sequence ¢ ; — 0T being arbitrary, the proof is complete. O
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