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Abstract

The initial value problem for the Sasa—Satsuma equation is transformed to a 3 x 3 matrix Riemann—
Hilbert problem with the help of the corresponding Lax pair. Two distinct factorizations of the jump matrix
and a decomposition of the vector-valued function p (k) are given, from which the long-time asymptotics
for the Sasa—Satsuma equation with decaying initial data is obtained by using the nonlinear steepest descent
method.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we focus on the long-time asymptotics of the Cauchy problem for the Sasa—
Satsuma equation [ 1], called also the higher-order nonlinear Schrédinger (NLS) equation,

e+ Uy + 6lu|?uy + 3u(ju?), =0, (1)
u(x,0) = up(x),
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where u(x, t) is complex-valued and ug(x) € .(R) lies in the Schwartz space. Eq. (1) has some
important physical background, for example, in deep water waves [2] and generally in dispersive
nonlinear media [3]. Recently, this equation has caught considerable attention and been stud-
ied extensively. For instance, both the inverse scattering transform (IST) and the Hirota bilinear
method have been used to obtain the N-soliton solution of equation (1) [1,4]. The Riemann—
Hilbert method has been used to derive the squared eigenfunctions of Sasa—Satsuma equation
[5]. Researchers also studied various properties for the Sasa—Satsuma equation such as infinite
conservation laws, dark soliton solutions, nonlocal symmetries, the Painlevé property, the rogue
wave spectra etc [6-9].

IST [10,11] is a major milestone in integrable systems, in fact, the inverse scattering problem
usually can be written as a Riemann—Hilbert factorization problem. As is well-known, one can
not solve this problem in a closed form unless in the case of reflectionless potentials. Naturally,
a next issue is to investigate the asymptotic behavior for the solution. There were a number of
progresses in this subject, particularly significant among them is the nonlinear steepest descent
method [12] (also called Deift—-Zhou method) for Riemann—Hilbert (RH) problems.

In this paper, by generalizing the nonlinear steepest descent method, we shall derive the long-
time asymptotics of the initial value problem for the Sasa—Satsuma equation with a 3 x 3 Lax
pair. There have been the asymptotics for a number of nonlinear integrable equations with 2 x 2
Lax pairs, for instance, KdV, NLS, mKdV, sine-Gordon, Camassa—Holm, derivative NLS etc
[12-21], but there is just a little of literature about nonlinear integrable equations with 3 x 3 Lax
pairs [25,26]. Therefore, how to analyze asymptotic behavior of nonlinear integrable equations
with 3 x 3 Lax pairs is interesting and significant. One makes the analysis more complicated and
difficult because of the integrability characterized by a higher order Lax pair. Thus the analysis
here presents some novelties: (a) In Refs. [25,26], it is necessary to make use of the Fredholm
integral equation to formulate the RH problem, however, it is optional, but not necessary in this
context. In fact, two eigenvalues of the Lax pair for Sasa—Satsuma equation are equal, if we
adopt the block notations for the matrices as in our early work [22-24], then the 3 x 3 matrix RH
problem will be formulated directly by the eigenfunctions of the Lax pair. With these notations,
although the Lax pair has the 3 x 3 structure, the matrices can be reduced to the 2 x 2 block
ones, and the formalism of the Deift-Zhou method will take the (more habitual) 2 x 2 form. (b)
The function denoted by 4 (k) usually appears on the studies for asymptotic analysis by nonlinear
steepest descent method. By Plemelj formula, function § always can be solved in a closed form
in the Refs. [12-21], unlike the former, §(k) in the present paper is the solution of a matrix-
valued RH problem. Since the solution of this RH problem cannot be given explicitly, we cannot
directly perform scaling transformation to reduce the RH problem to a model one. Recalling that
the topic of this paper is studying the asymptotic behavior of solution, we can replace function
8(k) with det§ (k) by adding an error term.

The main result of this paper is expressed as follows:

Theorem 1. Suppose u(x, t) solves the Sasa—Satsuma equation (1) with ug € & (R). Then, when
x <0and !ﬂ is bounded, the solution u(x,t) has the leading asymptotics

u(@. 1) = uq(x.1) + O (c(ko)k’Tgt) :

where
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—V . )
ug(x,t) = ko)|e! @+argra (ko)) ko) |e i (@Farg vi (ko)) ,
o0 = e (1 ko) 71 ko)l )
ko
. 1 1+ [y@?\ dé  3m
= 16tk3 + arg ['(—iv) — vlog(192tk3 —}——/10 ( —,
L N ERTOO) i

—ko

1
v=-—5_log(l+ ly (ko)*),
b4

c(+) is rapidly decreasing, y; is the i-th component of the vector function y defined by (16),

ko = /=15 T'(-) is a Gamma function.

The organization of this paper is as follows: In Section 2, we construct a 3 x 3 matrix RH
problem and prove that the solution of Sasa—Satsuma equation can be expressed by the solution
of this RH problem. In Section 3, we derive the main result Theorem | by using the nonlinear
steepest descent method.

2. The Riemann-Hilbert problem

Firstly, we aim to formulate the RH problem from the Lax pair of the Sasa—Satsuma equation.
As is well known, the Sasa—Satsuma equation admits Lax pair:

Uy = (—iko + U), (2a)
U = (—4ik’o + U)y, (2b)

where ¥ (k; x, t) is a matrix-valued function of k, x, t and k € C is the spectral parameter,

_ Ly, 0 _ 022 ¢ _ T
a—(o _1>, U—(_qdf o) q=(u,u*)",
U =4k>U + 2iko (Uy — U?) +2U3 — Uy, + (U, UN.

Here “«x” represents complex conjugation and “1” denotes Hermitian of a matrix.
Introducing p(k; x,t) by w(k; x, t) =¥ (k; x, t)ei (kx+4k3’)", then we obtain a equivalent form
of Eq. (2a)

where [0, u] = o u — pno. We define a pair of Jost solutions u 4 (k; x, ¢) and u—(k; x, t) of Eq. (3)
by

X

palh;x,0) =1+ f Ry (s (k; -, 1)dE, 4)
+o00

where 6 X = [o, X], furthermore, e X = e’ Xe °. We rewrite u+(k;x,t) as block form

nr(k;x,t) = (uxp(k; x, 1), uxr(k; x, 1)), where the first two columns of w4 (k; x, t) and third
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column are denoted by w+y (k; x, ) and u+r(k; x, t), respectively. It follows from the exponen-
tial term in the Volterra integral equation that pt_y, 4 g and w4, —g are analytic in C4 and
C_, respectively. Furthermore,

1
Myl x, ), u—rk;x,))=1+0 (E) , keC_— oo,

1
(mu—pk; x,t), uapk; x,)) =1+ O <;> , keCi— o0

It follows from the trace of U equals zero that the determinants det i+ (k; x, t) are indepen-
dent of variable x. At x = +oo evaluating det 4 (k; x, t),%we obtain that detuj(k; x,t)=1,
similarly, det u_(k; x, ) = 1. Moreover, since pe kX T4 00 ang gy _e=itkx+4kno
same linear differential equation (2), both of them are linearly dependent by

satisfy the

o = e RS gy dets =1, ©)

where the spectral function s(k) only depends on k, also known as scattering matrix.
From the symmetries

U'=—-U, vUuv=U* v=v'=

S = O

1
0
0

- o O

it follows that Jost solutions w4 (k; x, t) and scattering matrix s (k) satisfy
pik s x ) =pg' ki n),  patx,n)=vul(—k*x, 0, 6)
sty =s71k),  sk) = vs*(—k*)v. (7

In the following, without otherwise specified, by matrix blocking we rewrite the 3 x 3 matrix

A as
Ayl Ap
A= ,
<A21 Azz)
where A1 is a 2 x 2 matrix and Aj» is scalar. From (5) and (7), we find

51, (k) = detls11 (K], s11(k) = o157, (=Ko,

. ®)

s (%) = —sa1(Badjlsii (0], 53 (=k")or = s21(k),
where o1 is the first member of Pauli matrices, adj(B) is the adjoint matrix of matrix B. Due to
the expression (8), we can rewrite s(k) as

—adilat(x* Tk
sk) = (a(k) adj [a (k )]b (k ))7 )

b(k) det[a’ (k*)]
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where
a(k) =o1a*(=k"o1, b*(—=k*)oy =bk).
Evaluating Eq. (5) at t =0, we note that
s (k) :xlirfooeikX&u_(k; x,0). (10)

It follows that a(k) and b(k) satisfy

+00
atk)y=1+ / q (-, 0Op_21(k;-,0)dx, (11)
—00
+00
b(k) = — / e 2T (. 0)p_11(k: -, 0)dx, (12)
-0
obviously, a(k) is analytic in C;..
Assume that deta(k) has 2N simple zeros ki,...,koy in Cp, where kyi; = —k;‘, j=
1,...N. Define
(n-L®a k), per®).  keCy,
M(k;) = I 1), Lr®) keC (13)
(“+L( ), deta'i'(k*))’ €

Theorem 2. Let spectral functions a(k) and b(k) be defined by (11) and (12), respectively. Then
M (k; x,t) defined by Eq. (13) satisfies the following matrix RH problem.
Find a meromorphic function M (k; x, t) with simple poles at {k j}%N , {k;‘f}%N and satisfies:

M (k) =M_(k)J (k), keR, (14)

M) =1+0(), k — oo,

and residue conditions
. 0 0

Resij (k) = lim M(k) 2it0(k) bkadila®)] () (15a)

k—k; detla (0]

0 o2tk adjla’ ()b (k)
Resp+ M (k) = lim M (k) detla” (k)] (15b)
j k—k 0 0

where j=1,...2N, f(k)2 LB
Mi(k)= lim Mk +ie),keR
e—>0t

I+ I k* k —2it6 ., k*
J(k)=< Ju oy )>,
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-1 kx 3
y(k) =bkya " (k), 6= e +4k”. (16)
Here y (k) lies in Schwartz space and satisfies

y (k) =y*(=k*)o1, supy (k) < oo.
keR

Let
q(x,t) = (u(x, 1), u*(x, t))T =2 klirn kM (k; x,))12, (17

then u(x,t) is the solution of the Sasa—Satsuma equation (1).

Note. There is no difficulty in incorporating solutions with solitons. For simplicity, we focus on
the case without residue conditions, i.e., deta(k) # 0.

3. Long-time asymptotic behavior

Similar to Ref. [12], we firstly consider the stationary points of the function 6. Taking Z—Z =

0, we get the stationary phase points +ko = &, /— 75 for x < 0, thus 6 = 4(k* — 3k3k). In

this paper, we put our attention here to physically interesting region 0 < ko < C, where C is a
constant.

3.1. Factorization of the jump matrix

We factorize the jump matrix J as two different forms:

I e 2107 (k") 1 0
S 0 1 2y k) 1)’

. 2 . 18
I 0\ (1+y )y k) 0 Pl (18)
2it0 I+y (R)yy ™ (k*) ] |
ey (k) 1 0 — 1 __J\p
Ty 0y (k) Ty (0T () 1
Introducing function §(k), which solves the matrix RH problem
84 (k) =68_(k)UI +yT (k)y (k)), k € (—ko, ko), (19)
S(ky=1+0(3), k — oo.
Taking the determinant on both sides of the above equation, therefore,
detdy (k) = (1+ |y (k)|?) detd_(k), k € (—ko, ko), 20)
detd(k) =14 O(3), k — oo.

The vanishing lemma [28] together with the fact that jump matrix I + y¥(k)y (k) is positive
definite, yields the existence and uniqueness of §(k). Different from §(k), through the Plemelj
formula [28] det (k) can be derived as
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+
- o -l
+ —ko - ko +

Fig. 1. The oriented jump contour R.

k—ko\" L
R e Q1)

where

1
v=—5—log(l + ly (ko) [%),
T

ki
ot (O
XO=5zi | B\ o) =k

_k()

By symmetry and uniqueness, we obtain that

8(k) = 018* (—k*)o = (8T (k*) . (22)
Inserting (22) in (19) yields
%+ 2, k € (—ko, ko),
PO T LGl € (—ko. ko)
2, |k| € (ko, +00),

k 2
18_(k)|* = 2- lJlrylu(f()klnz’ k € (—ko, ko),
2 k| € (ko, +00),

’

|detd4 (k)| < 1+ |y(k))* <oo, |dets_(k)| <1,

where |A| = (trATA)% for any matrix A. By the maximum principle, we note that

Bk <1, |deték)| <1, keC. (23)
Define
() 0
Alk) = < 0 deté(k)) ’
and

M2k x, 1) = M(k; x, ) A(k), 24)
then M2 (k; x, t) solves the RH problem on the jump contour R shown in Fig. 1,

M (k) =M2(k)J*(k),  keR,
A (25)
M=(k) — 1, k — 00,
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where the jump matrix

1 0 ~2i16
JAk) = | 20 ) [det 8 (k)]e= 2198, (k)p (k) ’
dets_ (k)

~

the vector-valued function

YK pe (koo k

1+ (k +k* 3 —KQ, O)a
o) = § T @rTE

—y T k"), k| € (ko, +00).

3.2. Analytic approximations of p (k)

Our next goal is to deform the contour. However, we first need to introduce the decomposition

of p(k).
Set
L:{k:ko—l—koae% c—00 <a <2}
mi (26)
Uflk=—ko+koae? : —0co<a < \/E},
and
L. :{k:ko+k0ae% € <a<\/§}
i (27)
Utk =—ko+ koae+ : € <a S\/E},
where 0 < € < +/2.
Lemma 3. As 0 < ko < C, there exists decomposition for the function p (k)
pk)y="hi(k) +ha(k) + R(k), keR, (28)

where R(k) is analytic in the complex plane and h» (k) is analytically and continuously extended
to L, moreover, R(k), h1(k) and hy (k) satisfy

e 20®Op ) <t7!, keR, (29)
le 20O ny (k) <17l ke, (30)
|672i19(k)R(k)| S 6716621{(3)2 k c Lé" (31)

where positive integer | is arbitrary. From the Schwartz conjugate representation of Eq. (28)
pT (k") = h{ (k") + hy (k) + R (k).

we derive the similar estimates for ¢*"0® RT (k*), ez”g(k)hi(k*) and 62”0(]()}1;(/(*) on the con-
tour RU L*.
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O

Fig. 2. The oriented jump contour X.

Proof. It follows the same line as Lemma 1.92in [12]. O
3.3. Contour deformation
We rewrite J 2 (k; x, 1) as J& = (b_)"'by, where by = I £ 0, 0t = 0%, + o4,

by =b%b% = (I + 0%) (I + o)

A(1 [deta(k)]e—z”"a(k)hl(k)) (1 [deta(k)]e—z”"a(k)[hz(k)+R(k)])
—\o 1 0 1 ’

bo=b°b" = —°)I — %)

. 1 0 1 0
£ _GZitOthr(k*)Sfl(k) | _eZ"“’[RT(k*)-q—h;(k*)]S*‘(k) )
det (k) det§ (k)

MA k), ke U,
Miky={ M2 () ()™, keQ3UQUQs, (32)
M2 k)b, ke Q6UQUQs.

Lemma 4. Set

Consequently, the function M*(k) satisfies the Riemann—Hilbert problem on the contour ¥ =
LU L*UR shown in Fig. 2,

M" (k) = ME(k) TP k), kex,

33
MA(k) — 1, k — oo, (33)

where

)=, keR,
=P E 2 e kel, (34)
8 kelL*.
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The above RH problem (33) can be solved as follows (see [27]). Set
o =" +w3_, wi =:|:b:ﬁt:FI.

Denote the Cauchy operators C+ for k € X by

1 )
Cenw =5 [ L.
5 +
where f € .Z*(). Define
Cof=C, ( fw“,) el ( fwi) . (35)

Theorem 5. [27] Suppose ub(k; x, 1) € L*(X) + L>X(X) satisfies

uﬁ =1 —i—Cw;uﬁ.
Therefore,
1 EO)b (-
MWk):I—F—,/MdE
2mi -—k

)

is the solution of the RH problem (33).

Theorem 6. The solution u(x, t) for Sasa—Satsuma equation is expressed by

g(x,t) = u(x,t),u*(x, )T =2i klim (kM (k)12

1
= | [ et
T

T 12 GO
1
-1 / (0= '1) O (g
5 12

Proof. It follows by Eqgs. (24) and (32), Theorem 2 and the similar result as in [12]

e Ohal S k=il ke QU Qs

e 20ORK) < k—i|, keQUQs. O



5994 H. Liu et al. / J. Differential Equations 265 (2018) 5984—6008

2
. . YY) /
Fig. 3. The oriented contour &' = ¥y U Xp.
3.4. Contour truncation

Set &' = T\(RU L U L¥) with the orientation as in Fig. 3. We aim to replace the RH problem
on ¥ with the truncated contour X’ by error control. Set

o — {wt, keR,

0, otherwise,
0 [detd(k)le %08 (k)ha (k)
, kelL,
0 0
a)b = 0
21t0h (k )8~ l(k) 5 k € L*,
deta(k) 0
0, otherwise,
0 e %"[dets (k)18 (k)R (k
e [e()]()()’ kel..
0 0
of = 0 .
2”"R*(k*)8 (k) ol kelL?,
T detdk)
0, otherwise.

Define o’ = 0 — 0% — 0’ — @, so @’ =0 on the contour ¥\ X’. Therefore, ' is supported

on contour ¥’ and related to R(k) and R (k*).

Lemma 7. For sufficiently small €, as t — 00,

lo® | @@ St (37)

o’ Il e (Lurmnet wors St (38)
oIl ooz uLrng (LouLr) S o167 (39
||0)/||$2(>:) ST, ||w/||zl():) Ste, (40)

where T = kgt.
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Proof. The proof of estimates (37)—(39) follows from Proposition 3. Similar to Ref. [12],
IR S (1 + k)~

on the contour {k = kg + koae% : —00 < ¢ < €}. On this contour, Reif (k) > 8k8a2 and using
Eq. (23), we obtain

I[det5(k)le 20 5(k) R (k)| < e 16k’ (1 4 [k}5) "
After direct calculations, we derive the estimate (40). O

Lemma 8. In the case 0 < ko < C, as T — 00, the inverse (1 — Cy)~ ! : LX) > L2(D)
exists, and has uniform boundedness

I = Ca) M2y S 1.
In addition, ||(1 — C,2) | .g2(5) S 1.
Proof. See [12] and references therein. O
Lemma 9. The integral equation has estimate as T — 00,

[(a-cortt)oeiod = [ (a-cnr)oaods+oa. @
P

)

Proof. Through a simple calculation, we derive

((1 - Cw:)—11) of = ((1 - cw,)—ll) o ot 4+ ((1 B Cw/)‘l(cwd)) y
+ ((1 —Cy)7! (Cw/1)> o
+ ((1 —C) e (1 — Cw:)—l) (Ce D).

It follows from Lemma 7 that

ol 15y < ol 1wy + ||wb||$1(LUL*) + ”wc”,i,ﬂl(LGUL:) St
—1 —1
1 (1= C) ™ (Cur D) &l 13y < T = €)™ L2y | Cor Tz 57
-1

S el llg2s) ol g2 ST774,

1 (1= C)™ CuD) o lLg1(z) <N = Co) Lz ICur L g2yl 1 2,y

-1
Sl g2y llofll gz ST 4,
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(1= €)™ Car (1 = €)™ ) (Coe Dl 3
=[1(1 = Co) 7 L2 () 1 Cat I 2205y (1 = Co) "2y | Co 2 55y 0% 25,
-1
Sl el g ST777

This proves (41). O

Note. As k € Z\¥, '(k) =0, let Co| o2(5y denote the restriction of C,y to L%, for sim-
plicity, we write Cyy| &2(5yy as Cur, then

[ (a=cort)owes = [ (=) oo e
4

)

Lemma 10. The solution has the following asymptotics, as T — oo,

q(x, 1) =~ ([/ (A =co™1) i 00 G, r)‘fr—é +0(@™). (42)

12

Proof. This lemma follows by Theorem 6 and Proposition 9. O

Set L' =I\L.and ¥’ =L UL™. Let u' = (1 — C,)~'I. Then,

M’(k)=1+L/7“ o) 4

2mi -—k
E/
satisfies
M (k) =M"(k)J'(k), keX,
M'(k) = I, k — 00,
where

J/= (b/i)flb/ ,

b <1 [det§(k)]e~ 2§ (k)R (k)
=

r_ 1
0 | ) b =1 kel

1 0
b£|— = 1’ b/_ = _ezilHRT(k*)(S_l(k) 1 N k (S L/*'
det 5 (k)
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3.5. Noninteraction of disconnected contour
Set ' =/, +w’_, where o/, = +b/y —FI. Let the contour ¥’ = ¥/, U} and 0y = 'y +
w'p., where o', (k) =0 for k € ¥y, vy, (k) =0 for k € ¥/,. Define the operators Cu, and

Cy, : L(T) + L2 — L%(Y) as in definition (35).

Lemma 11.

ICo, Cor, .22y = 1C0y, Co L 225y ko T~ 24

_3
1Coty Coy, oo (51> 2257y 1 Cot, Coly L oo (515 2257y Sho T2
Proof. See [12]. O
Lemma 12. As t — o0,

/ (1= C) ' DO ()dE = / (1= Cy) "' D))y ()dE
2/ Z/

A

(43)

+ [ = e Dewpds+ 0 (C(kO)) .

T
’
z:B’

Proof. From identity
(1 ~Cy, — cw%) (1 +Cu (1= Coy )™ 4+ Cy (1 - ng)—l)
=1-Cy,Coy, (1= Cyy) ™ = Cyy Cyyp (1 = Cyy )™,
we have
(1= Co) ™' =14 Cp (1= Cy )+ Cpp (1= Cy) ™!
+ [1 + €y (1= Co )™ 4+ Cyp (1 - cwlg)—l] [1 —Cyy Cp (1= Cyy)!
-1
~Cut, Cuty (1= Cup) ™' | [y €y (1 = Cup) ™+ €y, Cup 1 = Cup) 7'
Together with Lemma 7, Proposition 8 and 11, we can get (43). O

Note. We also write the restriction Cw/A | 225, 88 Cw/A , similar for C oy
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(=) 22(=2)

24(Zp)

zHEh) =)

Fig. 4. The oriented contour X4 or Xp.

Lemma 13. As 7 — o0,

—1 / dé
qx,1)=— \Z/((I—Cw;) DOwy()—
s

T
12

d (44)
| fa-cpnosos

T

\ZB 12

+0 (C(k‘))).
T

Extend X', and X’; to the contours

3.6. The model RH problem

A’A :{k:—ko—}—koo{eii% ca eR}, (45)

S k= +i3%
s =1k =ko+koae™* :a € R}, (46)

respectively, and define @',, @ on ﬁ);‘, ﬁ)’B, respectively, through

/o (k key
‘Z):A:I: _ wAi( ), € A0 47)
0, k e Z/A\E/ s
. w'y, (k), ke Xy,
Gy = | 7 b @)
0, ke ¥p\¥%.

Let X4 and X p denote the contours {k = koaeii Tiac R} oriented in Fig. 4. Denote the scaling
operators N4 and Np by
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Np: LX) — LHEa)
k
f@ﬁ»ﬂhfﬂ@=f<7ﬁﬁg—%)
Np: L5 — L*(Zp)
k
ﬂMHMNMNM=f(7EﬁE+m)
and set

A/ A/
wpa =Npw,, wp=Npwp.

A simple variable replacement yields that
Ca, =N;'CoyNa, Cg =Ng'CyyNp,

where the operator C,, : L2(T4) = L2(T,) is bounded, similar for Cop.
On the part

L= {k = akoy/481koe™ ' : —e < a < +00)

of X4 we have

o — s (8 <NA%1><k>> ’

on L% we have

_ _ 0 0
AP T s 0)

where

eZitG(k)RT(k*)Sfl (k)

s1(k) = [detd (k) ]e P s (k)R K),  s2(k) = dets (k)

Lemma 14. As k € L 4, and t — 00,
(N St
where

S(k) = e 219® 5 (k) — det (k) IR (k).

5999

(49)

(50)

(S

(52)
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Proof. By Egs. (19), (20) and (52), it follows that ) (k) satisfies

84y =e 2" k) +5- (k) (1 + [y ()P, k € (—ko. ko),

< (53)
8(k) >0, k— oo,

where f(k) =8-(y"y R — [y PR)(k).
By Plemelj formula, the solution §(k) is expressed by

e72i19(-)f(.) J

X1 ()E =k 5

ko
S(k) = X (k) /
—ko

L ko logU+y ()
X(k)=eZ7 ko — & 95
Observing that
TR — PR =T N 2P
Y'YR—=IyI"'R=y"y(R=p) = |y|"(R—p)
= o301y yo103(h1 + o),

we obtain f (k) = O ((k* — kg)l). Taking similar analysis as in the Proposition (3), we decompose
f (k) as two parts: f(k) = fi(k) + fa(k), where f,(k) can be analytically and continuously
extended to L, and satisfies

; 1
—2i10() ¢ 1y < LeR 54
—2it0 (k) 0l < kel 55
|e f2( )lN (1+|k|2)t17 € ty ( )
where
i 1
L;: {k=k0+koae37:0<a<«/§(l—2—t)}
ko xi 1
U{k=7—ko+koote4 :0<a<ﬁ<]—z)},
see Fig. 5.
Ask e Ly,

ko
T ko

(NaB) (k) = X («/—k ")/ O g
A = — KO
481k X0 (ko — =)

0 fi()

k
+X<——ko>/
JAR1k k
S X0 -+ ko = i)

dé§
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Fig. 5. The contour L;.

ko

' e—2it9(')f2(.)
+X (7 _ko) / “
k
V48tko W X+(~)('+k0_¢m)
t
LOR
‘ 1£Ol . VA
ns | —2 e —ds <ilog)t - Y2 S8,

ko .

—2it6(-) . 2t k

JEIBS / e SOl fl,f” d€<t‘l—{ (2k0— —0) S
|- +ko — 775z 0 !

0o

6001

By Cauchy’s Theorem, the original integral interval ( kt—o — ko, ko) in I3 can be replaced by contour

Ly, similarly, |I3] < t~!*1. Therefore, it is easy to obtain (51). O
Note. Similarly,

(NASYK) | <t7!,  keL¥, t— oo,
where 8 (k) = e210® RT (k*){5~1 (k) — [dets ' (k)]I}.

Set JA” = I — on_)_l(I + w40, ), where

iy k2
0 —@a)*(=k)"He > yT(—ko) . kexh,
0 0
WL = Wp0y = 2 —2iv K yi(ko)
0 G =h™er Zoor | ke¥?,
0 0

84 =X R8T (1927) T

(56)

(57)

(58)
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0 0 3
“2(p2ive— ik - keXy
=) (=k)"e" T y(=ko) O

W0 = Wgo_ = . A (59)
2 , kexl.

—2(_p\2iv.—%  y(—ko)
Ay =0T i, Crorp

It follows from (51) and Lemma 3.35 in Ref. [12] that

_1
lwa — ol goozyngt (£ g2, Skt 2 l0gt.

Thus,

[ (a=copr) Gaens

/
EA

_ / (1= Cap™1) Oy 0

S+
EA

=/ (N;‘(l —CwA)_lNAI> () ()dé

& (60)
= / (1= Ca) ™) (4 ko)V/381ko ) Nad)y (€ + ko) v/481ko ) d
£,
1 _
:ml (1= Co™'1) Qs
Z\/%Tkoz[ ((1 - chO)—ll) (w40 ()dE + O (c(ko)t_l logt) .

Together with a similar computation for B, we have obtained

1 ) 2t
q(x,t)=— /((1 —Coy) U Owg()
48kot ) - )
(61)
1 -1 d§
B 48k0t /((1 o ngo) I)()CUBO()?
o 12

o (c(ko)t_l logt> .
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For k € C\ X4, let

(1= Co™1) Oow0) ge

0
MA (k) =1 : 62
=1+ — = (©2)
Za
Then MA” satisfies
0 0 0
ML (k) = M2 (k) JA (k), ke Xy, ©3)
M2 (k) — 1, k — o0.
In particular
AO
MY k) =1+—+0k(™), k- oo,
then
A0 _ —1 d§
Mj ——/((I—Con) I)(')U)AO(')%-
Za
There is an analogous RH problem for B® on X3,
MB (k) = M (k)J B’ (k),  keXp, )
M (k) — 1, k — oo.
Using Eqgs. (57)—(59) and their analogs for wgo, one verifies that
T2 () = T (I By (k).
By uniqueness,
M2 () = (M By (—k)e,
and hence
MY = —r(MBy*r.
Thus, it follows that
) = — (MA° p (MAO)*) o (c(k )0 t) (65)
qix, - m 1 1 1 12 0 g .
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3.7. The final transformation

0 . . .
To solve for (M lA )12 explicitly, the final transformation we need is to set

W) = HER)(—K) 7™ HK) = 607 M (0)(62)° .

Thus,

Wy (k) = W_(k)v(—ko), v=(-k)"e

From the fact that jump matrix is independent of k, we get

AV, (k) dV_(k
d+k( - dk( Yok

Since the meromorphic functions d\il’,(ck) and W have the same jump matrix along any of the rays, it
follows that d\g—,((k)‘lf’] (k) is holomorphic in the complex plane and has a polynomial dependence

on k at k = o0o. In fact,

M\D_l(k) —H(k)aH l(k)——H(k)aH l(k)+ () H™ (k)

dk
ik I 0. _ 1
= ?O' — E(SZ[U, M? ]SAG + (0] (E) .
Therefore,
dv(k) ik
— — —oV¥(k k), 66
7k > (k) = B (k) (66)
where
__i o Alyo—o 0 B12
B= 26A[0,M1 16, _(/321 O)'
In particular,
(67)

(") =i s

Let

_(VYiik) (k)
‘“’”‘(xvzl(k) wzz(k>>

from (66) we obtain
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d2 — i k2
¥ _ <,321,312 +5- —> P ¥ (k).

dk? 2
1 dpn (k) ik
‘l’zl(k)=ﬁ 8 < ,321dkn( ) —5,321\1/11(/()>,
i 21P12 ) (68)
d“ Wy, (k) ik
—_— ——— — | Un(k
p7e (/321,312 4) 22(k),
d\Wa (k)
Vi (k) = —— \II
Ba1Win(k) = Ik + 5 V2.
As we know,
g8(8)=c1D4q(¢) + c2D(=8),
is the solution of Weber’s equation
d’g(¢) ¢
O (1] E) om0
where D, () is the standard parabolic—cylinder function, and has the following relations
dD,(0) -
+ 5 D (§) —aDa-1(5) =0,
d¢
[(a+ 1) T+ he 3 ,
Dy(£)= ———D_,_1(£i0) + —————D_1_,(Fi?).
a( é-) \/E a—1( é-) m 1-a(F g-)
From [29], we know that as ¢ — oo,
ae . -2
¢l 4(1+0(§ ), largr] <
Da(§)={¢% % <1+0(¢—2>)— e anit 1406 ), §<args < F
é—(l 77(14_0(; 2)) _ TZZ) 7a7'rl+4 é,,a 1(1+ 0(; 2)) _5_” <argl < — 4
(69)

where I denotes Gamma function.
Let a = —iB21B12,

3mi i
BV (k) =c1Dg(e% k) 4+ caDy(e™ % k),

3mi i
(k) =c3D_q(e” 4 k)+caD_g(e 4 k).

As argk € 1)U (=, ——) and k — oo, we have
. K2 k2
Ui (k) (=k)'Ye™ & — I, Wnk)(—k) e s -1,

then
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TV 3mi
Bo1Vi1(k) = Ba1e® Dy(e* k), v=PPi,
Un(k) =e¥ D_y(e T k).

Consequently,

v 3mi
4 (dD,(e % k |k i
W (k) = P21 ACKEO N )
B21 12 dk 2 (70)
w(i+v) 3mi
=prie * Dg—i(e* k),
3mi
s dD_ CiTk lk i
BrWin(k) = (;7]{) + ED_a(eﬂk)>
w(i+v) _ 3mi
=ae * D_, 1(e” 4 k).
While argk € (%, 3%) and kK — oo, we have
. ik2 k2
W k) (—k)'Ye™ T —> I, Wak)(—k) Vet —1,
then
3ty i
BaW11(k) = Ba1e” 4 Dy(e™ % k),
W (k) = D_y(e™ Tk
Consequently,
3mv i
—4 (dD,(e” %k |k i
W (k) = P21 o€ 7O K p e
B1B12 dk 2 (71)

3w+

=Bre”  F Dy (e Tk),

w(i+v)

3mi
BoWip(k) =ae * D_, 1(e” % k).

T

_3
Along the ray argk = =,

W, (k) =\11(k)< ! ?)

—y(—ko)
7li+v) 3n(i4v)

Brie” % Dy 1T k)= prre” 5 Daci(e k) — y(—ko)e ¥ D_g(e” k),

_3mi I'(—a+ l)e’%a _zi I'(—a+ l)e% 3xi
D_,e 4k)y=——Dy (e 4k)+ ————D,_1(e % k),
a( ) «/E a 1( ) «/E a l( )
v 3mi Ty 3mi
I'(—a+Dez2e™# vI(iv)eze 4
B = y(—ko) = ———y (—ko).

V2 V2w
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It is obvious to find that W—! (k) and W' (k*) satisfy the same RH problem, by the uniqueness,
we have

(k) = W' k"),
and therefore

_zi
i

vF(—iv)e%e :
2w

From the equalities 871812 = v and I'(iv) = ™ (—iv), we can find that

Bro=—p1 = o1y T (ko). (72)

wD(=iv)e? /=
V2r o lyko)l

Then the main Theorem 1 is the consequence of Egs. (58), (65), (67), (72) and (73).

(73)
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