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Abstract

We consider the model of a point-vortex under a periodic perturbation and give sufficient conditions
for the existence of generalized quasi-periodic solutions with rotation number. The proof relies on Aubry-
Mather theory to obtain the existence of a family of minimal orbits of the Poincaré map associated to the
system.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

We study the advection of a passive particle in a two-dimensional ideal fluid. This phe-
nomenon can be described by the Lagrangian version of fluid mechanics: the particle moves
according to a Hamiltonian system with the streamfunction playing the role of the Hamiltonian.
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Given the vorticity w of the incompressible fluid, the streamfunction is defined as a solution
of the Poisson equation —AW = w. From a physical point of view, a vortex is a zone of high
vorticity. Mathematically, a vortex in the plane can be defined in different ways. It can be defined
as a singularity of the vorticity or through a compact set of finite vorticity (vortex patch). See
[1,7,8,10,18] for a summary on the various definitions.

We will be concerned with a point-vortex, defined as a Dirac delta of the vorticity. Under this
definition, the streamfunction is the fundamental solution of the 2-dimensional Laplacian. These
ideas were introduced in the seminal works of Helmholzt and Kirchhoff in the XIXth century
and nowadays point-vortices are studied as a branch of Fluid Mechanics with deep connections
with Celestial Mechanics and Hamiltonian systems.

A point-vortex induces a streamfunction Wo = Lﬂ ln(x2 + y2) where T is the circulation (or
strength) of the vortex and, up to a rescaling of unit, it can be set I' = 2. The solutions of the
corresponding Hamiltonian system are circular paths around the origin and describe the trajecto-
ries of a passive particle under the influence of the vortex. The frequency of rotation is inversely
proportional to the radius of the path and tends to infinity as the radius tends to zero.

We will study how this integrable dynamics is affected by the superposition of an external
periodic time dependent streamfunction p(t, x, y). More precisely, we consider the Hamiltonian

1
Wit x, y) = S In0 +3%) + ple, x, ), (1
and the associated Hamiltonian system

x=0,Y(t, x,y),
(x,y) € U\ {0}, (2)
.i):_axqj(t’xa )’)

defined in a neighborhood U/ of the origin.

Physically, system (2) can be interpreted to model the advection of a particle under the action
of a steady vortex placed at the origin and a periodic time dependent background flow.

The dynamics of advected particles in non-stationary flows including vortices have been inten-
sively studied from different perspectives [4,6,9,23,24,27]. In particular, numerical tests suggest
the presence of complex dynamics.

From an analytical point of view, in [22] the authors studied the stability properties of the vor-
tex. More precisely, they proved that if the external streamfunction is analytic, then KAM theory
applies and invariant curves of the Poincaré map exist close to the singularity. As a byproduct,
there exist quasi-periodic solutions of the Hamiltonian systems with (sufficiently large) Dio-
phantine frequencies. These can be seen as what remains of the trajectories of the unperturbed
Hamiltonian with Diophantine frequency.

In this paper, we will prove that, close to the singularity, quasi-periodic solutions exist for all
frequency sufficiently large. Actually, our solutions will be a generalization of standard quasi-
periodic solutions and in case of commensurable frequencies, we will get periodic solutions.
These solutions exist also when KAM theory cannot be applied. Indeed, we will require very
low regularity that prevents standard KAM theory from being applied.

To prove our result, we will apply a suitable version of Aubry-Mather theory [3,14] to the
Poincaré map of system (2). A similar scheme has been used to describe the dynamics of different
systems [11,13,20,25,28].
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For each sufficiently large real number «, we will prove the existence of an invariant set M,
(called Aubry-Mather set) with very interesting dynamical properties, among them each orbit in
M, has rotation number «. For irrational rotation numbers, the corresponding Aubry-Mather
sets are either curves or a Cantor sets. Solutions of system (2) with initial conditions in these
sets will be our generalized quasi-periodic solutions. In the rational case, the Aubry-Mather sets
contain a periodic orbit.

In suitable variables, the Poincaré map will be an exact symplectic twist map of the cylinder.
However, it will not be defined on the whole cylinder. Hence we cannot apply directly the result
of Mather and we will prove an adapted version to this situation.

To apply our theorem, we will need to prove that the Poincaré map is exact symplectic and
twist. The first property comes from the Hamiltonian character of the system. The twist condition
is more delicate and relies on the behavior of the variational equation. We will give a proof
following a perturbative approach. Here, we will ask that the perturbation has the origin as a zero
of order 4.

From the point of view of dynamics of symplectic diffeomorphisms, we will describe some
aspects of the dynamics around a singularity. In the integrable case, the flow can be continuously
extended to the singularity, defining it as a fixed point. However, this extension is not C'. In the
perturbed case, in general is not even possible to guarantee continuity of this extension. Since
the flow is not regular, all the results coming from the theory of elliptic fixed points and trans-
formation to Birkhoff normal form cannot be applied directly. We will overcome the problem
of the singularity performing a change of variable that sends the singularity at infinity and has a
regularizing effect. At this stage, the assumption of having the zero of order 4 in the perturbation
plays a fundamental role.

The paper is organized as follows. In Section 2 we state the problem and the main result.
The definition of generalized quasi-periodic solution will be given in this section. In Section 3
we introduce the regularizing variables and the Poincaré map together with some preliminary
estimates. In Section 4 we state and prove the suitable version of the Aubry-Mather theorem. In
Section 5 it is proved the property of exact symplectic and Section 6 is dedicated to the proof of
the twist property. The proof of the main result will be given in Section 7. Finally, we draw some
conclusions in Section 8. Some technical lemmas are relegated to the Appendix.

2. Statement of the problem and main result

Let us consider the perturbed Hamiltonian system given by (1)-(2). We suppose that the per-
turbation p(t, x, y) belongs to the following class

Definition 2.1. Given ¢ > 0, consider the open disk around the origin D, = {(x, y)eR?:x? +
y? < 82}. We say that a continuous function p : R x D, —> R belongs to the class ng if

D) pit+1,x,y)=p(t, x,y),
ii) peCO%(R x D,) i.e. pis CK w.rt. the spatial variables (x, y) and all the partial derivatives
are continuous w.r.t. (¢, x, y).

Now, given any N € N we give the notion of zero of order N of a function p € R’g The
following definition will be of particular interest in the case N > k.
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Definition 2.2. Given a function p € R’g we say that the origin is a zero of order N if there exist
Tn,p € CO¥(R x D,) such that,

pt,x,y)=Tn(t,x,y)+ pt,x,y)
and satisfying the following properties:

o Ty(t,x,y)= ZiH:N a;, j ()x'y/ is a homogeneous polynomial of degree N with C! coef-
ficients,
o there exists a constant C such that, for all (¢, x, y) € R x D,

Pt 2, ) < Cx M4 [y M,
9 p x. I < C VT iy N for 1<m<k.
Our result gives the existence of particular families of solutions: periodic and quasi-periodic

solutions in a generalized sense. To define them, given a solution (x(¢), y(¢)) of (2), consider the
functions

r(t) 0(1) = — Arg[x(t) +iy(0)], 3)

T2 y(1)?)

having a relation with the standard polar coordinates. Actually 6(¢) represents the angle in the
clockwise sense, while r(¢) is, up to a scaling constant, the inverse of the square of the radius.

Definition 2.3. We say that the solution (x(¢), y(t)), defined for t € R

e is non-singular if

supr(t) < oo,
teR

e is bounded if there exists A > 0 such that
inf r(t) > A,
teR

e has monotone argument if 6(t) is monotone,

e has rotation number o if

1 . 6@
— lim — =«
2w t—oo t
Remark 2.1. A non-singular bounded solution with monotone argument rotates clockwise in a
closed annulus around the origin. Moreover, the rotation number represents the average angular
velocity.

We are ready to state the main result.
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Theorem 2.1. Suppose that p € ’Rg is such that the origin is a zero of order 4.
Then there exists a sufficiently large such that for every a > a there exists a family of non-
singular, bounded solutions

[, yO)e o

with monotone argument and rotation number «. These solutions are such that the related func-
tions r(t), 0(t) defined in (3) satisfy, for every t,& € R,

(r(®),0(t)e427 = (r(1),0(t))e + (0, 27), “4)
(r@+1),00+ 1) =), 01))e+27a- &)

Remark 2.2. If « = 5 /g € Q, then the solutions satisfy

(rt+q),01 +q)e =), 0()e + (0, 27s)

and are said (s, g)-periodic. These solutions make s revolutions around the singularity in time
q.If « € R\ Q, solutions satisfying (4)-(5) can be seen as generalized quasi-periodic. Actually,
consider the function

¢ (a,b) = (r(a),0(a))b-2naa+é-

This function is doubly-periodic in the sense that

Ss(a+1,b)=((a+1),0(a+ 1))p—2raate—2na = Pe(a, b),
®s(a,b+2m) = (r(a),0(a))p—2raart+27 = Pe(a, b) + (0, 27),

and ®¢ (¢, 2mat) = (r(t), 6(t))e. If the function § — ¢ is continuous, then these solutions are
classical quasi-periodic solutions with frequencies (1, «) in the sense of [26] (see also [21]).
We will not guarantee the continuity, however, the function & > ®; will have at most jump
discontinuities and if &€ is a point of continuity then so are & + 2w «, &€ + 2. Finally, the set
Cl{(x(0), y(0))¢ : & € R} is either a curve or a Cantor set, recovering the classical definition of
quasi-periodic solution in the case of having an invariant curve.

3. Some estimates on the solutions and the Poincaré map

Let us consider system (2) and, following section 4.1 of [22], consider the change of variables
(x,y) =¢(0,r) defined by

_cos9 _ sin @
_«/2;’7 I \/21"

These variables come from applying first the Kelvin transform and subsequently the change to
symplectic polar coordinates. System (2) transforms into
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F=4r2H(t,r,0), ©)
0 =—4r29,H(t,r,0)

where H (t,7,0) = —LIn(2r) +h(t,r,0) and h(t,r,0) = p (r, 0, —%) System (6) is still a

periodic planar Hamiltonian system with symplectic form A = ﬁ dr A d6. Moreover, the change
of variables ¢ transforms the domain R x D, into the domain R x D with

1
D={(r’0) G]V*,OO[XT . r*=g}

Let us write the Cauchy problem associated to system (6), in the following form:

F=F(t,r0),
6=2r+G(,r0), (N
(r(0), 0(0)) = (ro, 00),

where

2 cosf —sinf
F(t,r,0)=4r"op | p |1, ,

V2r’ 2r
G(t,r,0) = —4r%, ,ﬁ,ﬂﬂ. 8
(t,r,0) r [p<t@ N3 (8)

Since p € Rg, the vector field in (7) is continuous and CZ in the spatial variables. This guarantees
existence and uniqueness of the solution.

Remark 3.1. The change of variables ¢ has the effect to transform the phase space from the plane
to the cylinder. The singularity is moved from the origin to r — oc. In this sense, the change of
variables has a regularizing effect since the functions F, G in (7) are bounded for r — oo. The
fact that the origin is a zero of order 4 plays a fundamental role in this discussion. See estimate
(10) in the following Lemma 3.1 for more details.

Since the domain D is not invariant, we need to control the growth of the solutions. For this
purpose, given a > r,, we introduce the set

Y(a) =la,oco[xT CcD
and prove the following lemma, whose meaning is illustrated in Fig. 1.
Lemma 3.1. Let us assume that the origin is a zero of order 4 of the function p € Rg Then there
exists ay,. > ry such that if (ro, 6p) € X(ax), the corresponding solution of (7) is well defined on
t €[0,1]and (r(t),0(t)) € D for all t € [0, 1]. Moreover, the following estimate holds

|r(t) —ro|l +10(t) —6p —2rpt| <K if te][0,1] 9

for some K > 0.
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(o, 60)1

(r(1),6(1))
’——‘ ==~
I\._ > —
! 0

T

Fig. 1. Domains and evolution of two solutions over a period. (r(¢), 6(¢)) represents the solution with (rg, 6p)1 € X(ax)
and (r(t), 0(t))> represents the solution with (rg, 6y)2 ¢ X(ax). Note that the solution (r(¢), 6(t))| remains in the domain
D.

Proof. Since the origin is a zero of order 4 of p, there exists a constant C > 0 such that
aWp x| <CUxP+1yY)  inR x D
Then, from the definition of F and G, we have

|[F(t,r,0)|+2r||G(t,r,0)| <Cy (10)

forany r € R and (r,0) € D.

We shall prove that a, = r, + C; satisfies the lemma. Fix (69, r9) € 2(a,) and consider the
corresponding solution (6(¢), r(¢)). By continuity there exists t such that r(¢) is well defined and
r(t) > ry for t € [0, T]. Suppose that T < 1 otherwise we are done. Integrating the first equation
of (7) and using (10) we have

lr(t) —rol <Cqit if te]0,r].

In particular, r(t) > rg — C17 > r,. Hence we can continue the solution until time t + 77. Sup-
pose that T 4+ 71 < 1 otherwise we are done. Hence, as before r(t + t1) > rg — C1(7 + 11) > 7.
Repeating this procedure we can reach 7 = 1.

Finally, integrating the second equation of (7), we deduce that

Ci

|6(t) — 6y — 2rot| <2C1 + —.
2(ro — C1)

Here we have employed (10) and the above estimates on (). O
Now, let us introduce the Poincaré map P as

P: X(ay) =lay,00[xT — DCRxT
(ro, 6o) ——> (r1,61) = (r(1; ro, 60), 0(1; ro, 6p))
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where (r(t; ro, 60),0(t; ro, 6p)) is the solution with initial condition (r(0),6(0)) = (ro, 60).
Lemma 3.1 together with existence and uniqueness of the solutions of problem (7) guarantee
that the Poincaré map is well defined.

Due to the regularity of the vector field of (6), P € C?(Z(ay)), concretely it is a diffeomor-
phism of a section of the cylinder.

The proof of the theorem will be a consequence of a suitable version of the so called Aubry-
Mather theory applied to the previous Poincaré map. The following section is dedicated to the
statement and proof of this result.

4. A generalized Aubry-Mather theorem
We denote by €=R x T, T =R/27Z the cylinder and consider the strip ¥ :=]a, b[xT and
the corresponding lift ¥ :=Ja, b[xR.

Consider a C? diffeomorphism

d: ¥ — C
(r,0) — (r1,601) = (F(r,0),G(r,0)).

We denote the lift by

®: ¥ — R?2

(r,x) —> (r1,x1) = (F(r,x),G(r, x)) an

where

Fryx +2m)=F(r, x),
G@r,x +2m)=G(r,x) + 2.

Consider a C? function with Lipschitz inverse

fia,b[ — R
r— f(r),

such that f’ never vanishes. Without loss of generality we fix f' > 0.
We suppose that @ is exact symplectic with respect to the form

A=df(r) Ado = f'(r)dr AdO
that is, there exists a C? function

S: ¥ —R
(r,0) — S(r,0)

such that

dS(r,0) = f(r1)do; — f(r)do, V(r,0)e X.
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Remark 4.1. Note that the function S(r, 0) is defined in the cylinder, hence the lift S(r, x) must
be a 2 -periodic function in the variable x such that

Sr(r,x) = f(F(r,x)G,(r, x), S (r,x) = f(F(r,x)Gx(r,x) — f(r). (12)
We also suppose that ® is twist, that is
0,G(r,0) >0 Y(r,0) e X. (13)
Suppose additionally that the following uniform limits (w.r.t. x) exist

1

at(x):= >

1
(lim Q(r,x)—x), o (x) :=—<lim g(r,x)—x).
r—b 2w \r—a
Note that o* (x) are 27 -periodic C? functions and define
W =mina™ (x), W™ =maxa (x).
X X

The main result of this section deals with the existence of special orbits of the diffeomorphism
®. To state the Theorem, we recall that a sequence (x;),cz of real numbers is increasing if
Xp < Xp41 for all n € Z and we say that any two translates are comparable if for any (s, ¢) € Z?2
only one of the following alternatives holds

Xntq +27ws > X, Vn, Xntq +2ms =X, Vn, Xntq +27ms <X, Vn.
We are now ready to state the main result of this section:

Theorem 4.1. With the previous setting, suppose that W — W™ > 8 and fix a such that 2ma €
W™ 447, Wt —4x[. Then

o ifa=1s5/q € Q there exists a (s, q)-periodic orbit (r,,, X,),e7, such that
Fn+q =Tn, f}’H’q =X, +2ns VnelZz,

e ifa € R\ Q there exists a compact invariant subset M, C X (and a corresponding subset
M C X) with the following properties:
— denoting w : ¥ — T the projection, 7|, is injective and M, = graphu for a Lipschitz
Sfunction u : t(My) > R,
— each orbit (T, Xn)nez, € My is such that the sequence (x,) is increasing and any two
translates are comparable,
— each orbit (r,,, Xp)nez, € My has rotation number «, i.e.
1 . x,
— lim — =aq,
27T n—>o0 n

— the set My, is either an invariant curve or a Cantor set.
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Fig. 2. Domain B.

The following corollary gives an equivalent interpretation of the result and has been proven in

[11].

Corollary 4.1. For each a there exists two functions ¢, n : R — R such that, for every & € R

pE+2m)=¢E)+ 2, nE+27) =n(),
(@ (&),n(E) = (p(§ +2na), n( +2ma))

where ¢ is monotone (strictly if « € R\ Q) and n is of bounded variation.

The proof of Theorem 4.1 will make use of the generating function. We introduce it in the
following

Lemma 4.1. There exists an open connected set B C R? and a function h : B — R, called gen-
erating function such that

0) B is invariant under the translation (x, x1) — (x + 27, x1 + 27);
i) heC3(B),

il) h(x + 2w, x1 +27) = h(x, x1) forall (x,x1) € B;

iii) 8§x1h(x, x1) <0 forall (x,x1) € B;

iv) a sequence (Fp,Xn)nez is an orbit of @ iff for alln € 7.

0h(Xn, Xny1) + 02h(Xp—1,X,) =0 and  f(rn) = —01h(Xn, Xpt1).

Proof. By the twist property, ¥ (x) > a~(x) Vx € R, so that we can consider the open con-
nected set (see Fig. 2)

B= [(x,xl) eRz:oF(x) <Xx]—x <ot+(x)].

From the periodicity of the functions az® (x) this set is invariant under the translation
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Doz 27 (x, x1) = (x + 27, x1 + 27).
By the twist condition we can solve the implicit function problem
x1=6(r, x)
and obtain a unique C? function R(x, x;) : B —>la, b[ such that
x1 =G(r,x) <= r=TR(x,x1)

and, by implicit differentiation,

Gr(R, x)Rx + Gx (R, x) =0, Gr(R,x)Ry, = 1. (14)
Moreover, uniqueness implies that R(x + 27, x1 4+ 2m) = R(x, x1). Analogously we get

rn=F(rx)<r=FRx,x1),x) :=Ri(x,x1)
with R (x + 27, x1 + 27) = R1(x, x1). Hence, the map (11) is equivalent to

{rl =TRi(x, x1), with (x, x1) € B.

r="PR(x,x1)

Now, we use the exact symplectic condition and define the generating function
h(x,x1) :=SR(x, x1),x).

This map is clearly C>(B), and, a posteriori, we will get C* regularity. From the periodicity
conditions of S and R, one can prove the periodicity condition ii).
To prove point iii), we use (12), (14) to get that for all (x, x;) € B,
Oxh(x, x1) = : S(R(x, x1), x) = S (R(x, x1), X) Ry + Sx(R(x, x1), x)
= f(F(R,x)Gr (R, x)Rx + f(F(R,x))Gx(R, x) — f(R) (15)
=—f(R),

so that the twist condition and the monotonicity of f imply

f'®

Bx,xlh(x, xX1) = —3xlf(R(X,X1)) = —f/(R)ale(x,XO = _a G(x,x1)

To prove the last point, a similar computation as (15) gives for all (x, x1) € B,

Ox h(x, x1) = 0y S(R(x, x1), x) =S, (R(x, x1), x) Ry,
= f(FR,x)G (R, x)Rx, = f(F(R, x)) (16)
= f(Ry).



S. Maro, V. Ortega / J. Differential Equations 269 (2020) 3624-3651 3635

Equations (15)-(16), together with the regularity of f,’R,R; have the consequence that h €
C3(B), proving point i).
Less formally (15)-(16) also imply that the map & can be expressed implicitly:

with (x, x1) € B.

{ Ox h(x,x1) = f(r1)
Oxh(x,x1)=—f()

It means that an orbit (7, X,,),,c7 is such that for every n € Z

{ FFns1) = 37 (Xn, Xnt1)
f(Fn) = _81h(fn» xn-H)-

This implies f(r,) = —01h(X,, Xp+1) = d2h(X,—1,X,) so that

Oh(Xy, Xpt1) + 0h(xp—1,%,) =0, VneZ. O
Remark 4.2. The equation

01 h(xn, Xpt1) + 02h(xy—1, x,) =0, VneZ
is known as discrete Euler-Lagrange equation.

The usual Mather’s theorem (see Theorem 4.2), gives sufficient conditions on the generating
function in order to get orbits with rotation number. In particular it is required & € C*(R?) and
properties ii) and iii) of Lemma (4.1) should hold in the whole plane. For this reason we need
the following extension lemma. A version of this lemma is stated in [15, chapter 8] and for the
sake of completeness, we report here a detailed proof (see also [12,13]).

Lemma 4.2. Let BT, B~ : R — R be C" diffeomorphisms satisfying
B (x +2m) = BX(x) + 27
for some r > 2. Suppose that
BT (x) > B (x) Vx e R.
Define the following set
W= {(x,xl) eR2: B~ (x) <x; < B+(x)]
and let h : W — R be a C"*! function such that:

o h(x +2m, x1 +2m) =h(x, x1), (x,x1) eW;
® 0y h(x,x1) <O, (x,x1) € W.

Then there exists h € C" (R?) such that:
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o h(x+2m, x1 +2m) =h(x,x1), (x, x1) € R?;
o 3y h(x,x1) <—8<0, withs >0, (x,x1) € R?;
o h=honW.

Proof. The domain WV is invariant under the translation 7> 25, in consequence the quotient set
W/QnZ)? is compact so that

De o h(x, x1) <=8, (x,x)) €W
for some 8’ > 0. Consider the C"~!-extension of Oy h(x,x1) to R2 satisfying the translation

invariance under T»; 2 and keep denoting it 9y x, /. By continuity, there exists ¢ > 0,8’ > § > 0
such that 9, ,,# < —§ in the domain

W, = {(x,xl) eR?: B (x) —& <x §B+(x)+s}.

Consider a C* real valued function x : R%2 — [0, 1] such that x (x 4 27, x1 + 27) = x (x, x1)
and

x=1 (x,x1)eWw,
x=0  (x,x1) e RZ\ W,.

Let’s define the function
D('xﬂ‘xl) = Xaxxlh - (1 - X)6 .

Then by the definition of x we have that D € C’_l(RQ) and D(x + 2, x1 + 2m) = D(x, x1).
Moreover,

D:E)xxlh(xvxl) (x,x))eWwW
D=-§ (x,x1) € RZ\ W..

In particular, with the hypotheses on # we have:
D<-8<0 (x,x) R

Now, let us consider the Cauchy problems for the wave equation (with periodic boundary condi-
tions):

8X.X1M(-x7 x1) =D, x1),
u(x, BE(x)) = h(x, B*(x)), (17)
(Bt — gy 1) (v, BE () = (0, h — gy 0ch) (6, B ().

The change of variable

x —BEfx) x4+ BE(x)
2 YT T2
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conjugates system (17) to the classical wave equation

Ve — Uyy = f(t, y),
v(0,y) =¢() (18)
v (0, y) =¥ (y)

where, denoting x (¢, y) = (Bi)_l(y —1),x1(t,y)=t+y,

v(t,y) =u(x(t,y),x1(t,y), fy)= D(x(t,y), x1(t,y),

C(BEY (x(t, y))

¢(y) =hx(0,y),x10,y)), ¥(y)= <8x1h (x(0, ), x1(0, y)).

— ———————0xh
(BE)(x(0, y)) )

Note that f,¢ €C", ¢ € ¢t and r > 2 so that problem (18) has a unique solution v(¢, y) € C"
(see [17]). Moreover, since f (¢, y +27) = f(1,y), ¢(y +27) = ¢(y) and ¥ (y + 277) = ¢ (),
the solution satisfies v(¢, y 4+ 2mw) = v(¢, y). Undoing the change of variable, we get a unique
solution u € C" (R?) of problem (17) such that u(x + 27, x| + 27) = u(x, x1). Hence, setting
h=u proves the lemma. O

Using the terminology introduced in Theorem 4.1, we recall some of the conclusions of
Mather theory

Theorem 4.2 (Mather [5,15]). Consider a C? function h : R? — R such that h(x + 27, x| +
2m) =h(x, x1) and 8fx1h <38 <0 forall (x,x1) € R Fix @ € R. Then

(1) if @« =s/q € Q there exists an increasing sequence (xX,),cz, and an homeomorphism of the
circle gy such that
- ga(Xp) =%p4+1 and |X,, — X0 — 2wna| < 2w for everyn € Z,
= 01h(Xn, Xnt1) + 02h(Xy—1,Xp) =0 and Xp1g =X, + 27s for everyn € Z;
(1) Ifa € R\ Q there exists a set My of increasing sequences x = (X,), ez such that
— ifx € My then d1h(xy,, Xy41) + 02h(x,—1, X)) = 0 for every n € Z, any two translates are
comparable and |x,, — xog —n2ra| < 2mw foralln € Z,
— there exists a Lipschitz homeomorphism of the circle g, with rotation number a and a
closed set Ay C R such that x € My, iff xo € Ay and gJ(xo) = x,, for all n,
— the set Rec(gy) C Aq of recurrent points of gy is either the whole R or a Cantor set.

Remark 4.3. We recall that the homeomorphism g, satisfies gy (x 4+ 27) = go(x) + 27 for
all x € R and the set Rec(gy) is defined as the set of accumulation points of {g;(x) + 27k :
(n, k) e Zz} and is independent on the choice of the point x € R. Moreover, the condition
|X, — X0 — n2ma| < 2w, Vn € Z implies that
1 . X
— lim — =q,
2T n—o0o n

and « is called the rotation number of the orbit.
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We are now ready for the proof of our result.

Proof of Theorem 4.1. We apply Lemma 4.1 and get the generating function 4 defined on the
set

B= {(x,xl) eR”:a (x)<x;—x < a+(x)] ,
and satisfying the corresponding properties 0)—iv).

Consider the case in which both W, W™ are finite. Since W — W~ > 8, for every o such
that

W™ 447 <2na < W — 47,
we can choose ¢ > 0 such that
W™ 4e<2ma—4r <2ma+4m <WH —e.
Now, consider the set
W= x)eR: W +esn—xsWh—e) B,
and apply Lemma 4.2 with B¥(x) := x + W* F ¢ that clearly are diffeomorphisms. We can ex-
tend the function A to the whole R? getting a function / satisfying the conditions in Theorem 4.2
and such that 1 = h in W.
By applying Theorem 4.2 we obtain sequences (X,), such that
Ih(En, Fng1) + Rh(Fno1, 50) =0,  VnelZ
and
|X, — Xo —n2mal| < 2w, VnelZ.
From this inequality we obtain:
2 — 47w < Xpy| — Xy < 2ma + 47, Vnel,
that means that for every n € Z, (X,+1, X,) € VV. But since h=hinW,
01h(Xy, Xnt1) + 02h(Xn—1, X,) =0, VneZ.
Hence, in case of rational « we define
Fo = f T (= 01h Gy Tn1)) = [ (=01 (En 80 (En))

such that (%, 7,) C X is the (s, g)-periodic orbit of ®. In the irrational case, the set M, is given
by
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Mo={EmeR? 1 £ Reclge), 1= f"(~0h(E 2 ®)] T

Note that the Lipschitz regularity of £~! plays a role at this stage.
In case —0o < W~ < W+ = oo it is enough to choose « such that 2ra > W™~ + 47 and fix
M > 2o + 8m. Fix € such that

W™ +e<2ma—4r
and apply the extension lemma with B~ (x) =x + W~ + ¢ and B (x) = x + M, in order to get
the same result.
The other cases are similar. O
5. Exact symplectic properties of the Poincaré map
Fix r > 2 and a C"*! function f :la, b[—> R such that f’(r) never vanishes and consider the

associated differential form A = d f(r) Ad = f'(r)dr A dO on Ja, b[xR. In local coordinates,
the corresponding time dependent Hamiltonian system takes the form

F =7y 00 H(t,7,0)

6 = — 45 0, H (1,1, 0), (19)
r0)=rg

6(0) = o.

Suppose that H : Rxa, b[xR — R is continuous in ¢ and C" ! in the phase variables (r, ) and
the following periodicity hold

Ht+1,r,60)=H(t,r,0) and H(t,r,04+2n)=H(t,r,0).
By the periodicity in 6 we have the phase space is the cylinder Ja, b[xT.

Remark 5.1. In our problem la, b[=]r,, oo[, f(r) = —ﬁ and

Ht.r. ) 1 In(2r) + ; cosf  sinf
s Ty =z r Py N
2 P

Let us consider the Poincaré map P (rg, 6p) = (r1, 61) associated to the Cauchy problem (19).
By the hypothesis on H and f, the map P belongs to C"(Ja, b[ xR) and satisfies:

P(ro, 6 + 2m) ="P(ro, bo) + (0, 27).
Lemma 5.1. The Poincaré map P is exact symplectic with respect to the form .

Proof. To simplify the notation, let us denote (r(¢), 9(¢)) the solution (r(¢; ro, 6p), 6 (¢; ro, 60))
of (19). Consider the C" function
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1

fr@)
S(VO,GO)Z—/[ ; 87'H(t9r(t)79(t))_H(tvr(t)’e(t))]dtv
J (@)

and note that by the periodicity assumptions in 6, and the uniqueness, we have
S(ro, 0 + 2m) = S(ro, 0o)-
Let us now prove that

dS(ro, 6p) = f(r1)do1 — f(ro) dbp.

We start with

1
9ryS(ro, 60) =—/ [—%[&OF(I)]&H(Lr(t),é’(t))
0

+7}C,((rr((?))) Oro [0 H (2, 7(1),0(1))] — dg H (2, r (1), 0(1)) [a,oe(r)]] dr. (20)

Note that the term 0, H (¢, (1), 0(1))[9,,7(¢)] is canceled. Now, using the first equation in (19),
and integrating by parts the last term, we obtain

1 1
d
faeH(t,r(t),G(t)) (8,6 (1)] dt=/a(f(r(t))) [8r,6()] dr
0 0

1
= [Fr)8,0(0]' 2y — / Fr@)[0,6(0)] dr.
0

Replacing in (20) and using the second equation in (19), we get

0y S(ro. 60) = [ £ r(1)3,0(D)]\—, .

Analogously,

86, S (r0. 60) = [ (r (1))35,0 ()], -

Hence,

dS(ro, 00) = 35, S dro + 99, S dby = [ f (r1) 3,01 — f (r0)dryb0] dro+
+ [ £ rD)39,01 — f(r0)D,00] A0 = f(r1) 61 — f(ro)dbo. O
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6. The twist property for the vortex problem

In this section we consider the Poincaré map P associated to system (7). We recall the nota-
tion

P: T(ay) =las, +oo[xT —> R2
(ro, 6p) +—> (r1,61) = (F(ro,60), G(ro, 6p)) -

The following theorem will clearly imply the twist condition (13),

Theorem 6.1. Suppose that p € Rg and the origin is a zero of order 4. Then

3
9 2, uniformly in 6. 1)
drg ro—>00

To prove the theorem, let us fix a solution (r(¢; 6o, r9), 6(¢; 6o, ro)) of problem (7). Note that,
since p € Rg, the vector field of system (7) is C! in the variables (r, ) so that the solution is
unique and we can consider the associated variational equation

(22)

Y = M(t,r(t; 10,60, 0(t; 10, 60))Y,
Y(0)=1,.

Here

Mty = LECL0.3 +6.0)

is the Jacobian of the vector field in (7). We denote the matrix solution

y(t’ ro, 90) — (ar()r(t; r()a 90) 890r(t; rOv 90))

0r,0(t;r0,600)  0g,0(z; ro, 6o)

and by the definition of the Poincaré map,

G
——(ro, 00) = 9,0 (1; 1o, B0).
arg

In the integrable case p = 0, the Jacobian matrix is A = ((2) 8) and the solution of the corre-

sponding variational equation is

Y (170, 00) = (;t ?) 23)

that shows that the Poincaré map of the unperturbed problem is twist.

To prove the result in the non integrable case, we will follow a perturbative approach. More
precisely, we will prove that the solution remains close to that of the integrable case over a period
t € [0, 1]. For this purpose we begin considering the following splitting. To simplify the notation
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we will denote a solution of (7) by (r(¢), 6(¢t)) where we have dropped the dependence on the
initial conditions.

Lemma 6.1. Under the hypothesis of Theorem (6.1), we have the following splitting:
M(t;r(1),0(t)) = A+ B(t, ro, 60) + C (2, ro, 00)

where B(t, ro, 0y) is bounded, the entries satisfy b1 = by1 = by =0 and Vo € C*°([0, 1])

t
/b]z(s, ro, 00) ¢(s)ds| —> O uniformlyint €[0,1],6p € T. 24)
rp—> 00
0

Moreover,
IC(t,r0,60)| — O wuniformlyint €[0,1],00€T.
rop— 00
Proof. Since the origin is a zero of order 4 for p, we can split the perturbation as

pt,x,y)=Ty4(t,x,y) + p(t,x,¥),

where T is a homogeneous polynomial of degree 4. From system (7)

F(t,r,0) =4r2) [(: cosf _Sineﬂ
s Iy = 0 sy T — > )
P N2r N 2r

so that p induce the following splitting on F

F(t,r,0) = Fy(1,0) + F(t,r,0),

where, using the homogeneity of 74 w.r.t. the variable r,

*\Fs 0 ) ’ ’ L) ’ ) .
v 2)‘ v 2r

Therefore we write

M(l‘,r(t),e(t))z( 3, F(t.r,0) 39F(t,r,9)>

24+0,G(t,1,0) %G9 )|, 00

-(2 o)+ [0 )+ (& )]
2 0 0 O 1 2] |,m60)

where b1y = b12(2, 1, 0) and ¢;j = ¢;j (¢, r, 0) are defined as

b1y := 09 Fy(t,0) = 09y [T4 (¢, cosH, —sin6)]
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and

ci1 =8, F(t,r,0), cr2:= 8 F(t,r,6),
1 = 8,G(t,r,9), Ccp = 89G(t,r,9).

Concerning the matrix C, one can first explicitly write the expression of the entries c;; recalling

that F has just been introduced and G is defined in (8). Note that they depend on the derivatives
cosd 7sin9) ~ (l‘ cosf —sinf

5 \/Z 5 @ s 5 \/E 5 @

(7, 6). These derivatives are estimated in Lemma A.1 of Appendix A and can be used to get the
following estimate

up to second order of the functions p (t ) w.r.t. the variables

3/2 1/2 2
P el + Y2 el + 12 el 7 lenl < K

with K independent on r, 8. We evaluate the entries ¢;; on a solution (r(¢), 6(t)) and we remem-
ber that from Lemma 3.1 we have that for rg > a,

Ir(t) —rol < K1 VY@ eTandtel0,1]. 25)

This proves that |C (¢, ro, 6p)|| —> 0 as ro — oo uniformly in 6y € T, ¢ € [0, 1].

Let us study the matrix B. Since T4 (¢, cos 8, —sin) is a trigonometric polynomial, |by2| <
K and B is bounded. To obtain (24) we note that being Ty (¢, cosf, —sinf) a trigonometric
polynomial of degree 4, dg [T4 (¢, cos8, —sin6)] will be another trigonometric polynomial (of
the same degree) that we denote by T4 (t,cosf, —sin@). Let us define

Py(t,n, &) = Ty(t, 0, &).

We show that we can apply Lemma A.2 (see Appendix A) choosing the polynomial of degree
N=4

a0, &) =6 22 0, —) — 1t (1, n, ),
an 0
Since P4(t, cosf, —sin6) is a periodic primitive in the variable 6 of the function ¢ (¢, cos 9, sin8)
the condition (A.1) holds. Moreover, the regularity assumptions in Definition 2.2 guarantee that
g has C! coefficients in the variable .
Let us define the function B(¢) := 0(¢) — 2rpt. The estimate (9) on the angular evolution gives
a bound of || 8| To get a bound of ||,3 |l We observe that

Bt)=6(t) —2ro=2@r(t) —ro) + G(t,r (1), 0(r)).
And again from (9) and (10), we have

Ci

Blloo < 2K + ———.
IBlloe < 2K + =

Finally, Lemma A.2 in Appendix A can be applied to deduce that for all ¢ € C°°([0, 1]) and
1 €[0,1],
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t

/ bia(s. 7o, 60)(s)ds

0

—

=

t
[ prats.66n00)as
0
1
/899T4 (s,cos0(s), —sinf(s)) ¢(s)ds
0
t
/89 Py(s,cosB(s), —sinf(s))p(s)ds
0
t
/q(s, cosd(s), sinf(s))p(s)ds
0

q(s,cos2ros + B(s)), sin(ros + B(s)))p(s)ds

a o

RL
ro

O

[\

Using this lemma, let us write the variational equation (22) as

Y =(A+ B(t,ro,00) + C(t,r9,60)) Y,
Y(0) =1I,.

We claim that the solution Y(¢;rg,6p) converge uniformly, as rop — oo, to the solution

Yint (t; ro, 6p) of the integrable case (23).

We prove it applying Lemma A.3 of the Appendix to the family of matrices M (¢, rp, 6p) =
B(t,ro, 00) + C(t, rg, 6p) as ro — +o00. From Lemma 6.1 we have that M (t, ro, 6p) is uniformly
bounded and C (¢, ro, 6p) converge uniformly to O so that it converge also in the weak™ topology.
To study the convergence of the matrix B(¢, rg, 6p) it is enough to consider the term b>. From

(24) and using the density of C* in £ we have

t

/blg(s, 0, 6p) @(s)ds — 0, Yo e £Y0,11), tel0,1].
ro—

0

Hence, we can apply Lemma A.3 and get

Y(t;ro,600) —> Vint(t;r0,600) uniformlyint €[0,1],60€ T,
ro—>00

from which (21) follows evaluating in # = 1.
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7. Proof of the main theorem

In this section we apply Theorem 4.1 and Corollary 4.1 to the Poincaré map P of system
(7) and get the so called Aubry-Mather orbits of rotation number «. These orbits determine the
solutions we announced in our main Theorem 2.1.

By Lemma 3.1 the map P is well defined in X (a,) and is a C>-diffeomorphism since p € Rg
For every initial condition in ¥(a,), the corresponding solution satisfies |r(¢) — ro| < K for all
t € [0, 1]. Moreover, from (10), we can find a; > 0 such that, in X(ay),

. C
6] = [2r + G(t; 7, 0)| > 2r — 2—1 > 0.
r

By Theorem 6.1, the map P is twist in X(az) for some ap large enough. Let us consider the
strip X(7) where 7 = max{ax, a1, a2} + K. Theorem 6.1 also imply that the following limits
hold:

Wt :=min{ lim G(,x) —x} =400,
X r—>—+o0
W~ :=max{lim G(r, x) — x} = ¢ < 00,
X r—r

sothat WH — W~ > 8x.
Since, from Lemma 5.1, the map P is exact symplectic w.r.t. the form A = #dr Adb =

d(—%) A d6 and 1/(4r) is Lipschitz for r > r, we can apply Theorem 4.1 and Corollary 4.1 to
the Poincaré map restricted to the strip X(r). For every a > (¢ + 2)/2m, we get two functions
¢,n: R — R such that, for every £ e R

PE+2m)=¢E) + 21, nE+27) =), (26)
P@€).n() = (@ +2ma),n( +2ra)). 27)

For every & € R, let us consider the solution of the Cauchy problem (7) with initial con-

dition (r(0),0(0)) = (n(§), ¢(§)) and denote it (r(r),0(¢))s. By (26) and uniqueness we have
that

(r(®), 0(t))g42x = (r (1), 0(2))g + (0, 27),

and from (27) and the definition of P,

(r@+1),0@+1)e = (), 001))e12na

so that conditions (4)-(5) are satisfied.

The function & > ®¢ (a, b) introduced in Remark 2.2 has the same regularity of the functions
¢, n that can have at most jump discontinuities. Moreover, from properties (26), (27), if £ is a
point of continuity, so are £ + 27 and & + 27 «.
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Finally, these solutions have rotation number «, actually,

. O0:() . Bg(k) . etk (0) . 9+ 2mka)
im -—=lim -—= lim -—"—=lim ——=
t—oo t k—oo k k—o00 k k— 00 k

. @&+ 2nlka}) + 2 [ka]
= lim =2na,
k— o0 k

where [x] denote the integer part of x and {x} = x — [x].
8. Conclusions

This paper can be seen as an example of the study of twist dynamics around a singularity in
Hamiltonian systems. As a paradigmatic example we choose the point-vortex model. In suitable
variables we applied a version of Aubry-Mather theory to get similar results as in the case of
exact area-preserving maps of the annulus [14].

We suppose that the origin was a zero of order 4 for the perturbation. This condition played
arole in the regularizing change of variable ¢. For this reason, it seems unclear how to weaken
this assumption.

Our result leaves open the distinction between classical and generalized quasi-periodic solu-
tions. This relies on the nature of the corresponding Mather set with irrational rotation number.
Actually it can be either a invariant curve or a Cantor set. A possible future development of the
present work could be finding conditions that break invariant curves.
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Appendix A

This appendix is intended to present some technical results that are required for the proof of
the twist condition in Section 6.

Lemma A.1. Suppose the p € 'Rg and that the origin is a zero of order N. Consider the decom-
position given in Definition 2.2

pt.x,y)=Tn(t,x,y)+ p(t,x,y)
and set the functions

cos6 —sin6

X=X(r,9)=@, y=y(r0)= N3

defined for r > 25% and 0 € T. Then, there exists a constant C > 0 such that

1) rNED2 (13 (e, x, y)| + 1390 pt, x, y)) < C,
2) riNHI/215,0 (2, x, y)| < C,
3) rNF272(18, p(t, x, y)| + 13r0 p(t,x, y)) < C,
4) rNED215,, pt,x,y)| <C.
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Proof. To get the estimate 1), let us compute explicitly the derivatives with respect to 6:

1
% p(1,x(r,0). y(r,6)) = — 7 [sin0 8 (1, x, y) + €086 3y (7. x, )]
and
- 1 . - -
Ao p(t, x(r,0), y(r,0)) = @’ [sin6 0, p(, x,y) — cosO o p(t, x, y)]
1
+ o [Sin29 Oxxp(t,x,y) +2c0s0sinf 0y, p(t, x,y) + cos2 0 dyyp(t, x, y)] .
,
From the definition of zero of order N we have:
. - Ci - -
180 P, %, ) + 1800 Bt %, V) = —75 (102 P, x, V) +[3y B2, x, 9)])
C - - .
+ — (10 X, )1+ [0y B3, )| + [0y B2, x,9)])

Ci Cy _ _
<5z + M)+ = Ax " Y
rl/ r

Cy Cy C
< + < .
= TWNFD2 T HN-D2 = SN2

To obtain 2), 3) and 4), the computations are similar. [
The following result is a lemma of Riemann-Lebesgue type.

Lemma A.2. Let g (t, n, &) be a polynomial of degree N,

qt,n.&)= Y ajuOn’E"

J+h<N
with oj p(t) € CY(R/Z). Assume in addition that for each t

2
/q(t,cos 0,sin 0)do =0. (A.1)
0

Let B € CY([0, 7]) with [0, 7] C [0, 1] and ¢ € C*([0, 1]). Then there exists Cgy, > 0 such that

t

/q(s,cos(ks—i—ﬁ(s)),Sin()»S-i-ﬁ(S)))(P(S)ds = %
0

ift €[0, t] and ) € R\ {0}. Moreover, the constant Cry, depends upon N, max]-,h[Hotj,h HOO +
||dj,h|}oo], 1Blloos 1Blloc 19l oo and [|¢ | co-
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Proof. The function ¢ (t, cos 0, sin 0) has a finite Fourier expansion with respect to 6, say

q(t,cos 6,sin 0) = Z qk(t)eike.
[k|<N

The coefficients gy can be expressed in terms of the functions «; ;, and belong to C'(R/7Z),

2
1 . —ik6
qr(t) = — [ q(t,cos 6,sin O)e do.
21
0

The condition (A.1) implies that go(#) vanishes everywhere and so the integral I (+) we want to
estimate can be expressed as the sum

t
Ity= Y L@) with L(t)= / g (5)e PO %2 4 (5) ds.
0<l[k|<N 0

Since we have excluded k = O these integrals can be estimated by a standard procedure in the
theory of oscillatory integrals, see for instance [2]. After integrating by parts

1 : ; .
(1) = = | kPO (1) - 1 (0 9 0)
t

~ [ (e p)) e s

0

Therefore,

Ci

k()] <
Ikl Al

with

Cr = llgillos [21@llos + 1K [ B] o 19lloo + 1 @llo ] + llGkllo Illoc - O

Finally, we state the following lemma concerning the uniform convergence of the solution
of a linear ODE whose time-dependent coefficients are bounded and converging weak* in £°.
Similar results can be found in [16] and [19]. For the proof we will follow the lines of the proof
of Lemma 2.1 in [19].

Consider the following linear system depending on the parameters (r, 0) €]a, b[xT,a > b

(A2)

Y=(A+M@;r,0)7Y,
Y(0) =1y,

where A, M are 2 x 2 matrices, A is constant and M € Cl([O, 1]x]a, b[xT). We denote the
matrix solution of this system as Y (¢; r, 9).
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Lemma A.3. Suppose that the family {M(t; r,0)} is uniformly bounded in L%°([0, 1]) and that
M(t; r,0) converges to M(t; 0) € L>([0, 1]) in the weak* sense as r — b. Then

Y(t;r,0) —l>7 j)(t; 0) uniformly, tel0,1] VOeT
r—

where Y(t; n) is the matrix solution of the problem

P=(a+ma@0)y, (A3)
YO =1I,.
Proof. The solution of (A.2) can be written as
t
Vir ) =T+ [(A+MGsir o)V )ds, 1€k, (A4)
0
from which we get the following estimate on the matrix norm
t
1Y@ o) <1 +/ A+ M(s;r,O) 111V (s;r,0)] ds. (A.5)
0

Gronwall lemma applied on the interval [0,1] gives us
t
1Y@ r,0)l <1 +/ IA+ M(s;r,0)]| el AEMEDIE 41 e [0, 1],
0

Since {M gt; r, 0)} is uniformly bounded, ||V (; r, 0)|| is uniformly bounded. Moreover, from
(A.4) also || Y(t; r, 6)] is uniformly bounded. Hence, we can apply Ascoli-Arzela theorem to get
a subsequence ry — b as k — oo and a matrix ® € cl ([0, 1] x T') such that

Y(t;rk,0) — ®(¢;0), uniformly in tel0,1] 6€T.
k—00

The matrices Y(t; r, ) satisfies

t
Y(t;re,0) =1 + /(A + M(s; 1, 0) V(s ri, 0)ds
0

1 t

=Hz+/Ay<s;rk,9)ds+/M(s;rk,n><1>(s;9)ds
0 0

t
+ / M(s;re,0)(V(s;ri,0) — D(s;0))ds.
0
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Using the uniform convergence, and the weak* convergence of M (¢; r, 0) (recall ® € £4[0, 11)),
we have the limit

' '
klim V(t;re,0) =1, +/A<I>(s; n)ds —i—/M(s;@)d)(s;H) ds, te[0,1] VOeT.
—>00
0 0

Finally, by uniqueness we observe that this limit is the solution of system (A.3) and we obtain

lirr;)y(t;r,e)=d>(t;6)=)7(t;6) tel0,1]1 v6eT. O

References

[1] H. Aref, Point vortex dynamics: a classical mathematics playground, J. Math. Phys. 48 (2007) 065401.

[2] V.I. Arnold, S.M. Gusein-Zade, A.N. Varchenko, Singularities of Differentiable Maps, Volume II: Monodromy and
Asymptotics of Integrals, Birkhduser, Basel, 1988.

[3] S. Aubry, P.Y. Le Daeron, The discrete Frenkel-Kontorova model and the devil’s staircase, Physica D 7 (1983)
240-258.

[4] A. Babiano, G. Boffetta, A. Provenzale, A. Vulpiani, Chaotic advection in point vortex models and two-dimensional
turbulence, Phys. Fluids 6 (1994) 2465-2474.

[5] V. Bangert, Mather sets for twist maps and geodesics on tori, in: Dynamics Reported, vol. 1, John Wiley and Sons,
1988, pp. 1-56.

[6] G. Boffetta, A. Celani, P. Franzese, Trapping of passive tracers in a point vortex system, J. Phys. A, Math. Gen. 29
(1996) 3749-3759.

[7] G. Haller, A. Hadjighasem, M. Farazmand, S.F. Huhn, Defining coherent vortices objectively from the vorticity, J.
Fluid Mech. 795 (2016) 136-173.

[8] V.V. Kozlov, Dynamical Systems X. General Theory of Vortices, Encyclopaedia of Mathematical Sciences, vol. 67,
Springer-Verlag, 2003.

[9] R. Kunnen, R. Trieling, G.J. van Heijst, Vortices in time-periodic shear flow, Theor. Comput. Fluid Dyn. 24 (2010)
315-322.

[10] J. Marsden, A. Weinstein, Coadjoint orbits, vortices, and Clebsch variables for incompressible fluids, Physica D 7
(1983) 305-323.

[11] S. Maro, Relativistic pendulum and invariant curves, Discrete Contin. Dyn. Syst., Ser. A 35 (2015) 1139-1162.

[12] S. Maro, Chaotic dynamics in an impact problem, Ann. Henri Poincaré 16 (2015) 1633-1650.

[13] S. Maro, Coexistence of bounded and unbounded motions in a bouncing ball model, Nonlinearity 26 (2013)
1439-1448.

[14] J. Mather, Existence of quasiperiodic orbits for twist homeomorphisms of the annulus, Topology 21 (1982) 457-467.

[15] J. Mather, G. Forni, Action minimizing orbits in Hamiltonian systems, in: S. Graffi (Ed.), Transition to Chaos in
Classical and Quantum Mechanics, in: Lecture Notes in Mathematics, vol. 1589, Springer, Berlin, Heidelberg, 1994.

[16] G. Meng, M.R. Zhang, Continuity in weak topology: first order linear systems of ODE, Acta Math. Sin. Engl. Ser.
26 (2010) 1287-1298.

[17] V.P. Mikhailov, Partial Differential Equations, translated from the Russian by P.C. Sinha, Mir, Moscow, 1978; dis-
tributed by Imported Publications, Inc., Chicago, I1I.

[18] P.K. Newton, The N-Vortex Problem: Analytical Techniques, Springer—Verlag, 2001.

[19] R. Ortega, The first interval of stability of a periodic equation of Duffing type, Proc. Am. Math. Soc. 115 (1992)
1061-1067.

[20] R. Ortega, Asymmetric oscillators and twist mappings, J. Lond. Math. Soc. 53 (1996) 325-342.

[21] R. Ortega, Twist mappings, invariant curves and periodic differential equations, in: Nonlinear Analysis and Its
Applications to Differential Equations, Lisbon, 1998, in: Progr. Nonlinear Differential Equations Appl., vol. 43,
Birkhduser Boston, Boston, MA, 2001, pp. 85-112.

[22] R. Ortega, V. Ortega, P. Torres, Vortex stability under the influence of an external periodic flow, Nonlinearity 31
(2018) 1849-1867.

[23] X. Perrot, X. Carton, Point-vortex interaction in an oscillatory deformation field: Hamiltonian dynamics, harmonic
resonance and transition to chaos, Discrete Contin. Dyn. Syst., Ser. B 11 (2009) 971-995.


http://refhub.elsevier.com/S0022-0396(20)30116-9/bib887A498750794ADB5BB697CB4B848C8Bs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib5C08F7DC12005786BA886A600B19DC72s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib5C08F7DC12005786BA886A600B19DC72s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib3F6DA27077B7CBA7A964C36905B01F0As1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib3F6DA27077B7CBA7A964C36905B01F0As1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib32A743DD92E516BA2C19EF12E2D85E1Fs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib32A743DD92E516BA2C19EF12E2D85E1Fs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibC2E30507102D51BA206C79AD8CAE286Es1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibC2E30507102D51BA206C79AD8CAE286Es1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib44A5AFFA9DF3E740BCB7835D6E376A28s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib44A5AFFA9DF3E740BCB7835D6E376A28s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib886551924C0FA1BC12A937EC7DE94761s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib886551924C0FA1BC12A937EC7DE94761s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibAC75A19C35999C8C8A04FDCE4806956Es1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibAC75A19C35999C8C8A04FDCE4806956Es1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib50912FDB4FB2B474EFAC57853B674BFAs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib50912FDB4FB2B474EFAC57853B674BFAs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibCC3C032DA3CE82CDA27619A76C608722s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibCC3C032DA3CE82CDA27619A76C608722s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib62F60C738D5E7533F7310EAAAFB045FEs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib4F18D109DA7CFC48AD4F7DCBB6DF25E7s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibB77D7EAB1CD469CC3A6E191D0944B327s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibB77D7EAB1CD469CC3A6E191D0944B327s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibE2E9A0FA624B696D4283A43C5DFBCDA5s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib6864062EAC41F13B6B3C767F97D84CE6s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib6864062EAC41F13B6B3C767F97D84CE6s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib96641E4A5A09E69B32236ADBDFD55407s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib96641E4A5A09E69B32236ADBDFD55407s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib2A5519EB2AE18CAD0C6ED16DD5B6E285s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib2A5519EB2AE18CAD0C6ED16DD5B6E285s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib1C8B97C83B0726216CD5DBC88A64B0EDs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibE15127ABBF6AD94E4B8CB615BBCD05BEs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibE15127ABBF6AD94E4B8CB615BBCD05BEs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibAC2FE66B563FC637A7095474205E4662s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibA53B1B3E01FEC184211FC4F37E5D447Bs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibA53B1B3E01FEC184211FC4F37E5D447Bs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibA53B1B3E01FEC184211FC4F37E5D447Bs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib3034615D0EF5CA8BF3B5DB073E5265C3s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib3034615D0EF5CA8BF3B5DB073E5265C3s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib88DBA0C4E2AF76447DF43D1E31331A3Ds1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib88DBA0C4E2AF76447DF43D1E31331A3Ds1

S. Maro, V. Ortega / J. Differential Equations 269 (2020) 3624-3651 3651

[24] V. Rom-Kedar, A. Leonard, S. Wiggins, An analytical study of transport, mixing and chaos in an unsteady vortical
flow, J. Fluid Mech. 214 (1990) 347-394.

[25] G.H. Shi, Aubry-Mather sets for relativistic oscillators with anharmonic potentials, Acta Math. Sin. Engl. Ser. 33
(2017) 439-448.

[26] C. Siegel, J. Moser, Lectures on Celestial Mechanics, Springer-Verlag, 1971.

[27] R. Trieling, C.E.C. Dam, G.J.F. van Heijst, Dynamics of two identical vortices in linear shear, Phys. Fluids 22
(2010) 117104.

[28] X. Wang, Quasi-periodic solutions for a class of second order differential equations with a nonlinear damping term,
Discrete Contin. Dyn. Syst., Ser. S 10 (2017) 543-556.


http://refhub.elsevier.com/S0022-0396(20)30116-9/bib607F7F19BD81C1E52AD8ABD5704B9DA1s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib607F7F19BD81C1E52AD8ABD5704B9DA1s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibCEFD573C75EF3E8EEE5AE1FFE4243497s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibCEFD573C75EF3E8EEE5AE1FFE4243497s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib4E0D4F6CE30646F5A3F3E2A7422C1C5As1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib4ED7F014B19B03971C796D9A0166844Fs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bib4ED7F014B19B03971C796D9A0166844Fs1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibE08392BB89DEDB8ED6FB298F8E729C15s1
http://refhub.elsevier.com/S0022-0396(20)30116-9/bibE08392BB89DEDB8ED6FB298F8E729C15s1

	Twist dynamics and Aubry-Mather sets around a periodically perturbed point-vortex
	1 Introduction
	2 Statement of the problem and main result
	3 Some estimates on the solutions and the Poincaré map
	4 A generalized Aubry-Mather theorem
	5 Exact symplectic properties of the Poincaré map
	6 The twist property for the vortex problem
	7 Proof of the main theorem
	8 Conclusions
	Acknowledgment
	References


