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Abstract

In this paper, we consider the initial value problem for the complex short pulse equation with a Wadati-
Konno-Ichikawa type Lax pair. We show that the solution to the initial value problem has a parametric
expression in terms of the solution of 2 x 2-matrix Riemann-Hilbert problem, from which an implicit one-
soliton solution is obtained on the discrete spectrum. While on the continuous spectrum we further establish
the explicit long-time asymptotic behavior of the non-soliton solution by using Deift-Zhou nonlinear steep-
est descent method.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

We study the long-time asymptotic behavior of solution to the complex short pulse (CSP)
equation

1
Uy 41+ 5(|u|2ux>x =0, (1.1)
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formulated on the whole line x € R with the initial value data

ulx,t=0)=ug(x) e S(R), (1.2)

where S(R) denotes the Schwartz space.

The motivation for investigating the CSP equation is as follows: In nonlinear optics, it is well
known that the nonlinear Schrodinger (NLS) equation was always used to model the slowly vary-
ing wave trains [1-3], which was found that it can be solved by the inverse scattering transform
method [4]. However, when the width of optical pulses in the order of femtosecond (10_15 s),
the NLS equation becomes less accurate [5]. Schifer and Wayne proposed a so-called short pulse
(SP) equation

1
qxt =4 + 6(q3)xx (1.3)

in [6], which provided an increasingly better approximation to the corresponding solution of
the Maxwell equations [7]. Noticing that g (x, ¢) in equation (1.3) is a real-valued function, the
one-soliton solution (loop soliton) to the SP equation (1.3) has no physical interpretation [8,9].
Recently, an improvement (1.1) for the SP equation was proposed in [10]. In contrast with the
real-valued function ¢ (x, t) in SP equation (1.3), u(x, ¢) in equation (1.1) is a complex-valued
function. Since the complex-valued function can contain the information of both amplitude and
phase, it is more appropriate for the description of the optical waves [1]. Hence, the equation (1.1)
was so-called complex short pulse equation. The CSP equation can be viewed as an analogue of
the NLS equation in the ultra-short regime when the width of optical pulse is of the order 10~13 s,
see [10].

It is founded that the CSP equation also admitted a Wadati-Konno-Ichikawa (WKI)-type Lax
pair like the SP equation [10,11]. The soliton solutions were obtained by using Hirota method
[10], and the multi-breather and higher order rogue wave solutions to the CSP equation were
constructed by the Darboux transformation method in [12].

Recently, in [13] we obtained the explicit leading order long-time asymptotic behavior of the
solution g (x, t) to the SP equation (1.3) by using the nonlinear steepest descent method [14].
Here we extend above results to give the asymptotic behavior of solution u(x, ) of the CSP
equation, but it will be much different from that on the SP equation (1.3) in the following three
aspects.

(7). To obtain the Riemann-Hilbert problem corresponding to the initial value problem for the
CSP equation, we need an extra transformation (2.22) when we try to control the behavior of the
eigenfunctions when the spectral variable k — oo during our spectral analysis;

(i7). In the CSP equation case, there do not exist a symmetry condition

M(x,t,—k)=0r,M(x,t,k)oy (1.4)

satisfied by the SP equation;

(iii). As (1.4) isn’t valid, the order O (1) term of the asymptotic behavior of scale function
& (k) defined by (5.21) as k — 0 doesn’t equal one, see (5.24) and (5.25). This fact will affect our
final asymptotic formulae. 4). We need calculate the model problem around k = kg and k = —kg
(where k¢’s definition is in subsection 5.3), respectively, see subsection 5.3.3. The reason is (1.4)
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not valid, again. This leads to there are two phase functions ¢; and ¢, defined by (5.3) which are
contained in the asymptotic formulae (5.1), not like the SP equation case.

Organization of this paper is as follows. In section 2, since the associated Lax pair of short
pulse (1.1) has singularities at k = 0 and k = 0o, we perform the spectral analysis to deal with
the two singularities, respectively. In section 3, we formulate the associated Riemann-Hilbert
in an alternative space variable y instead of the original space variable x. In this way, we can
reconstruct the solution u(x, t) parameterized from the solution of the Riemann-Hilbert problem
via the asymptotic behavior of the spectral variable at k = 0. In section 4, we obtain the one-
soliton solution of the CSP equation under the assumption of a (k) having one single zero point.
In section 5, we obtain the asymptotic relation between y and x through analyzing the vector
Riemann-Hilbert problem with the nonlinear steepest descent method. finally, we get the leading
order asymptotic behavior of the solution u(x, ).

2. Spectral analysis

To analyze the long-time asymptotic behavior of the solution of the IVP for the CSP equation
on the line by employing the nonlinear steepest descent method, the first step is to change the
IVP problem into a Riemann-Hilbert problem based i=on the fact that the CSP equation admits
a WKI-type Lax pair

U, =U(x,t, k)W, (2.1a)
U, = V(x,t, k), (2.1b)
where
U=ikU; =ik(o3z+ Upy). (2.1¢)
1% ik| U ! +1v (2.1d)
= ——|U — —0 - .
2 VTN
with

Uoz(g ’6),03:((1) _01>,v0=(_0ﬁ g) 2.1e)

Here, the i means the conjugate of the complex function u.

We can obtain the scattering data by using the x-part of Lax pair for analyzing the IVP for
the integrable equation via inverse scattering transform method. The ¢-part of Lax pair is only
used to determine the time evolution of the scattering data. However, there are two singularities
at k = 0o and k = 0 in the Lax pair (2.1). In order to construct the solution u(x, t) of the CSP
equation (1.1), we need use the expansion of the eigenfunction as spectral parameter k — 0.
This is similar to the short pulse equation [13], the Camassa-Holm equation [15], and modified
Hunter-Saxton equation [16]. Hence, in the following we use two different transformations to
analyze these two singularities (k = 0 and k = 00), respectively.
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2.1. For singularity atk =0
Introducing the following transformation
W(x, 1, k) = 10 (x, 1, kyeHe=am)7s, 2.2)

then we get the Lax pair of ;°

0_ 0 0,0
My — ikloz, u°]1 =V u”,
(2.3)
{w+ﬁmM%ﬂ§Q
where
0_ . o_ ik o 1
VP =ikU,  Vy'=——lulPUi+ V. (2.4)

Letting A denotes the operators which acts on a 2 x 2 matrix X by AX =[A, X], then the
Lax pair of MO (2.3) can be written as

d(e” R =am)33 1,0y — WO (x 1, k), 2.5)
where Wo(x, t, k) is the closed one-form defined by
WO(x, 1, k) = e~ a5 (VOdx + VOdi) . (2.6)
We define two eigenfunctions { ,u?}?:l of (2.3) by the Volterra integral equations,

X

W =T+ [ 0ol kdy. 2.72)
—0o0
+00

W =1— [ PG ol kdy. (2.7b)

X

Proposition 2.1. (Analytic property) From the above definition, we find that the functions { ,u?.}f
are bounded and analytic properties as follows:

° [,u(l)]] (x,t, k) is bounded and analytic in D3, [u(l)]z(x, t,k)isin Dy;
° [,ug]l(x, t, k) is bounded and analytic in Dy, [Mg]z(X, t, k) is in Dy,

where [A]; denotes the i-th column of a matrix A, D1 and D, denote the upper-half and lower-
half plane of the complex k-sphere, respectively.

Proposition 2.2. (Asymptotic property) The functions //,?. (x,t, k) have the expansions in powers
of k, for k — 0,
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. 2 2
0 0 iu D lu|“ux +2u; \ 2 3
‘(x,t,k)=T1+{ .. k+ 1 k- + o0Kk), 2.8
#l ) <lu O) (—|u|2ﬁx—2ﬁt Dg) ) @9

where Dﬁ) and Dé? satisfy the following differential equation system,

2 — 2 -
D§])x = Tuxi, DéZic = Uy,

@ _ 1 @) 1 @9
Dy = Slul?Giuyx — uity) — uity, D3y, = —5ul?(uyx — uity) — ui.

Proof. This asymptotic behavior (2.8) is followed by the expansion of the u°(x, ¢, k) as k — 0,
1o, t,k)=DOx, 1) +kDV (x, 1) + k*’DP (x,1) + O(K), (2.10)

(i) (@)
. : D D . . ..
and set the matrix D® (x,1) = ( %l.l) }12) ), then inserting the above expansion into the Lax
21 22

pair of 1% (2.3) to compare the order of k. O
2.2. For the singularity at k = oo
To control the eigenfunctions as k — oo, we should make some transformations to the original

Lax pair (2.1). Firstly, we need some denotations to do the next a series of transformations.
Define a 2 x 2 matrix-value function G (x, t) as

Jm+1 ( /T
Gx,t)= | —— N Uy , 2.11)
2/m ’:x 1
where m is a function of (x, ¢) defined by
m=1+ |uy|’. (2.12)

Remark 2.3. Notice that when u, — 0, the nominator ,/m — 1 is a high order infinitesimal than
denominator u,. So, the matrix function G(x, t) is well-defined.

Introducing a transformation
W(x,t,k)=Gx,t)P(x,t,k), (2.13)
then we have the Lax pair of W(x, z, k) (2.1) becomes

. P
{ O, =iky/mo3® +U®(x,1,k)®, (2.14)

O = —Flulmo3® + VO (x,1,k)P,

where
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U®x,t,k)=-G G,

Uyllyy gy (m—=Duyitex —(Sm+Dity e
= A1) iy (2.152)
o (ﬁ'i'l)“xﬁxx_(«/”i—l)ﬁxuxx —M S
it 4 m(Jm+1)
and
VCD x,t,k = —— 0 +_ A X
00 4ik Jm' ° 4ikﬂ<ux 0
1 i — wily — A Dl )y
4y/m (ﬁ—l)uﬁx:;(\/ri+l)ﬁux Wity — ity (2.15b)
Mylly —lglyy (Wm=Duyity—(/m+Ditcuy
4y/m(m+1) Amity
(it Dttt — (/= Dit e Myl iyl
it am(Jm+1)
Define

p(x,t,k):x—/(w/m(x/,t)—l)dx’—i—#. (2.16)

X

As we can write the CSP equation (1.1) into the conservation law form:

1
(ﬂ)z=—5(|ul2ﬂ)x, m=14u?, 2.17)
we get
1, 1
pr=~m.,  pr=—clulPm+ . (2.18)
2 4k
Then, define
d(x, 1, k) = D(x, 1, k)ekPE1:0003 (2.19)
the Lax pair equation of (2.13) becomes
qjx _lkpx[a3sfl>]=y(xa[,k)fl)s (2.20)
@, —ikpilos, @] =V (x,t, k)P,
where
7 @ 5 ) 1
Ux,t,k)=U"(x,t, k), V(x,t,k)=V"+ —o3. 2.21)

4ik
In order to formulate a Riemann-Hilbert problem for the solution of the inverse spectral prob-
lem, we seek solutions of the spectral problem which approach the 2 x 2 identity matrix as

k — oo. It turns out that solution of equation (2.20) do not exhibit this property, hence the next
step is to transform the equation of @ into an equation with the desired asymptotic behavior.
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Remark 2.4. Since the function u(x, ) is a complex-valued, this implies that the diagonal ele-
ments of the matrix U do not equal to zero. Then it leads to the solution of equation (2.20) do
not exhibit the required asymptotic behavior as k — oo.

Let us define w(x, 1, k) as
D(x, 1, k) =TT pu(x, t, k)e 43 otkptx.1.k)0s (2.22)

where

X

UyxUyy — Uyl
d_:/ xUxx xUxx (x/,t)dx/,

J o aymm 1)
+OO_ —

dy = / %u@tw@ (2.23)
3 N _

d=d_+ds = / %W, Ndx'.

—00

Remark 2.5. Note that d is a pure image quantity conserved under the dynamics governed by

(1.1)

Then the Lax pair of u(x, t, k) can be written as
d(e” M PR L) = W (x, 1, ), (2.24)

where W (x, t, k) is the closed one-form defined by

W = e kPt (k1 oy u(x, t, k), (2.25)
where
V(x,t, k) =e B3 (Vidx + Vadt), (2.26)
with
0 (\/ﬁfl)uxﬁxx*(\/’;‘l’l)ﬁxuxx
— Amiiy
Vl - ( («/E‘l’l)uxﬁxxf(\/n?*])szuxx HZ)M ) ’ (2273)
dmu
0 u
— 11 _ 11 x
Vo= -4 1)03+4ikﬁ(ﬁx 0
0 _ (mADuii 4 (/m—1)iu,
1 it
~im ( (/= Duit -+ (i Dty 0 (2.27b)
0 ux (W= Dttty = (/m+ Vit s
4mity
- ( (\/E"Fl)uxﬁxt_(\/m_l)ﬁxuxt n(l)u ) ’
Amity
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We define two eigenfunctions {u j}% of (2.24) by the Volterra integral equations

X

pr(x, 1, k) =1+ f KPR =p O RWs vy (y 1 Ky (p, 1, k)dy, (2.28a)
—0o0
400
pa(x, 1, k) =T — / KPR =pO RS vy (y 1 k) pa (y, 1, k)dy. (2.28b)

X

Proposition 2.6. (Analytic property) From the above definition, we find that the functions {11 j}%
are bounded and analytic properties as follows:

o [u1]1(x,t, k) is bounded and analytic in Dy, [11]2(x, ¢, k) isin Dy;
o [u2]1(x,t, k) is bounded and analytic in Dy, [u2]1(x,t, k) is in D;.

Proposition 2.7. (Symmetry property) The eigenfunctions w;(x,t, k), j =1, 2 satisfy the follow-
ing symmetry condition,

wi(x,t, k) =oopj(x,t,k)os. (2.29)

Proposition 2.8. (Large k property) The matrix functions w;(x,t, k) also satisfy the asymptotic
condition

1
/,Lj(x,l‘,k)Z]I—i-O(%), k— oo, (2.30)
where I is an 2 x 2 identity matrix.
2.3. The scattering matrix S (k)

Because the eigenfunctions w(x,#,k) and po(x,t, k) are both the solutions of equation
(2.24), they are related by a matrix S(k) which is independent of the variable (x, 7).

w1, t, k) = o (x, £, k)e! P15 § (k. (2.31)

By the definition of u;(x,, k), j = 1,2 (2.28) and the symmetry property (see, Proposition 2.7),
the matrix S(k) has the form

Sk) = @ bk . 2.32
*) (_b(k) o (2.32)

The function a (k) can be computed by

a(k) = det([u2li, [1]2), (2.33)

where det (A) means the determinate of a matrix A. We can deduce that a(k) is analytic in D
from the analytic property (see, Proposition 2.6).
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Proposition 2.9. The proposition (2.10) together with (2.33) allows expressing the expansions in
powers of k of a(k) at k =0,

2
a(k) = e (1 + ike — %kz +0K%), k—0. (2.34)

2.4. The relation between j(x,t, k) and /f} (x,t,k)

We use the eigenfunctions p; to define the matrix M (x,t, k) (see (3.1)) which is used to
formulate a Riemann-Hilbert problem. However, in order to construct the solution u(x, t) from
the associate Riemann-Hilbert problem, we need the asymptotic behavior of u; as k — 0. So,
we need relate the eigenfunctions u (x, 7, k) to ,u(;. (x,1,k).

Note that the eigenfunctions w(x, ¢, k) and ,uo (x, t, k) being related to the same Lax pair (2.1),
must be related to each other as

t

it k) =e PG 0, u) (x, 1, ke TIDNC (ke P 403, (2.35)

with C; (k) independent of x and ¢. Evaluating (2.35) as x — o0 gives
Ci(k) = e d7e7ikeas  Cy(k) =1, (2.36)
where ¢ = fj;o (v/m(x, 1) — 1)dx is a quantity conserved under the dynamics governed by (1.1).

Proposition 2.10. The functions (v j(x, t, k) and /L(; (x,t, k) are related as follows:

w10 =e PG, r, 1, ke VMDD 9 37
(a1, k) = e =G (o, )l 1, ek ST WG D= 1dx'es ydo, (2.37b)

3. The Riemann-Hilbert problem for CSP equation

Let us define

([Mz]l L)z ) k € Dy,

M(x,1,k) = a(®) 3.1
(x, 1, 4) = [uali G-
—— [ui1l2 ), ke Ds.
a(k)
From the definition (3.1) and (2.28), we can deduce that M (x, t, k) admits the symmetry
M(x,t,k) =02 M(x,t, koo, (3.2)

and satisfies the following Riemann-Hilbert problem:
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e Jump condition: The two limiting values

Mi(x,t,k)=giiI})Mi(x,t,kiis), k eR, (3.3)

are related by
My(x,t,k)=M_(x,t,k)J(x,t,k), keR, 34

where
J(x,t, k) = kP10 gy, (3.5)
Jotk) = <% 1+’|(rk()k)|2), r(k) = %. (3.6)
e Normalize condition as k — 0o

M(x,t,k):ﬂ+0(%). 3.7

In order to get the information of the solution u(x, ¢), we should consider the asymptotic behavior
of M(x,t,k) as k — O, that is,

u

M(x,t,k):ed—”3G1(x,t)|:]l+k(ic+a3+i<0 g>)+0(k2)}ed"3, (3.8)

where

+00

cy = [ (Vmx', 1) — Ddx'. (3.9

X

Equations (3.8) show that the matrix-valued function M (x, ¢, k) contains all necessary infor-
mation for reconstructing the solution of the initial value problem of (1.1)-(1.2) in terms of the
solution of a matrix-valued Riemann-Hilbert problem.

However, the jump relation (3.5) cannot be used immediately for recovering the solution of
CSP equation (1.1)-(1.2). Since, in the representation of the jump matrix elkp(x.1.k)63 Jo(k) the
factor Jo(k) is indeed given in terms of the known initial data ug(x) but p(x,t, k) is not, it
involves m(x, t) which is unknown.

To overcome this, we introduce the new (time-dependent) scale

+00

y(x,t)=x — / (Wm', t) = Ddx' =x —c(x,1), (3.10)

X

which make the jump matrix explicit, however, the solution of the initial problem can be given
only in implicit form: it will be given in terms of functions in the new scale, whereas the original
scale will also be given in terms of functions in the new scale.
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By the definition of the new scale y(x, t), we define

M(y,1,k) = M(x(y,1),1,k), 3.11)
then we can obtain the Riemann-Hilbert problem of M(y, t, k) as follows:

e Analyticity: M (y,t, k) is analytic in the two open half-planes D; and D;, and continuous
up to the boundary k € R.
e Jump condition: The two limiting values

My(y,t,k)=M_(y,t,k)J(y,t,k), keR, (3.12a)

where the jump matrix is

J(y, 1, k) = ®r+a0ds g (k) (3.12b)
with
_ 1 r(k)

e Normalization:

MGy, t,k)—1, k— oo. (3.13)

Theorem 3.1. Let M (v, t, k) satisfy the above conditions, then this Riemann-Hilbert problem
has a unique solution. And the solution u(x,t) of the initial value problem (1.1)-(1.2) can be
expressed, in parametric form, in terms of the solution of this Riemann-Hilbert problem:

u(x,t) =u(y(x,t),1), (3.14a)

where

(@10, MG 0) —1

)=y + i 3.14b
x(y,t) =y + lim = ( )
(@ (y, 1,00~ W1 (r,1,0))

e *y(y, 1) = lim : 12 (3.14c)

k—0 ik

Proof. Since the jump matrix J(y, ¢, k) is a Hermitian matrix, then the Riemann-Hilbert problem
of M (y,t, k) indeed has a solution. Furthermore, the Riemann-Hilbert problem has only one
solution because of the normalize condition.

The statements of the solution u(x, ) is following from the asymptotic formula (3.8). O
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4. Soliton solutions of the CSP equation

In this section, we construct the soliton solutions of the CSP equation. We should first address
the residue conditions of the Riemann-Hilbert obtained.

4.1. Residue conditions

We recall a(k) is analytic in Dj, hence we assume that a(k) has N simple zeros {k j}?’: | in
D;.

From the definition of the function a(k) (2.33), we know thatif a(k;) = 0, then [u2]1 (x, ¢, k)
and [u1]2(x, 2, kj) are linearly dependent vectors. Then we conclude that there exists a constant
b; such that

20k;(y+17)
[u1la(x, 2, kj) =bje G ol (x, 1, k). 4.1)

It implies that

Resi—, Mo (x, 1, k) = Resjy, LEGEER — (B Ehet)

2ik; (v+57) 2ik; (v+5) 4.2)
=Cje I p2li(x, 1, kj) =Cje GIMY(x. 1, k),
where a(k) = d(“(k)) and Cj = b~ And recall the symmetry condition, the complex conjugate
of (4.2) is
_ 20k )
Resk=,;/[M]1(x,t,k) =Cje GOIMa(x, 1,k i) 4.3)

4.2. Solitons

The solitons correspond to b(k) vanishing identically. In this case the jump matrix J in (3.12)
is the identity matrix and the Riemann—Hilbert problem of Theorem 3.1 consists of finding a
meromorphic function M (y, t, k) satisfying (3.13) as well as the residue conditions (4.2) and
(4.2). From (3.13) and (4.2), we get

2ik; (V+ 2)

[M(x, 1,k = ( ) + Z [M(x, 1, k). (4.4)

If we impose the symmetry condition (2.7), equation (4.4) can be written as
Moy (x,t, k 0 Y c ‘eZikj(erj?) My (x,t,k
—Mp (x, ,_) =< )+Z J < 1(x, 1, 1))' 4.5)
My (x,t,k) 1 = k—k;j My (x,t,kj)

Evaluation at k j yields
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_ N 2ik; (y 4k2.)
(—le(x,t,kj)>_<0>+zcj@ / <M11(x,t,kj)> 4.6)
Mi(x,t,kj) ) \1 kj—k; Moy (x,t,k;) ) '

j=1

Solving this algebraic system for M11(x,t,k;) and My (x,t,k;), j =1,2,... N, and substitut-
ing the solution into (4.4) yields an explicit expression for [M (x, ¢, k)]>. Then by the symmetry
(2.7), we deduce [M(x,t,k)];. This solves the Riemann-Hilbert problem. Hence, the solution
u(x,t) can be expressed perimetrically in terms of the solution of the Riemann-Hilbert problem
by (3.14).

4.3. One-soliton solution

In this subsection we derive explicit formulae for the one-soliton solutions. Assume N =1 so
that there is one simple zero of a(k), k1 in upper-half plane. We find the algebraic system (4.6)
reduces to the following two equations

2k
— M (x,t, k1) =Cie T = My (x,t, k)
k1 — ki
- 2ik1(y+M%) 1
Mii(x,t, k1) =14+ Cye 1 P Mo (x,t, k) 4.7
1 —ki

Solving for My (x,t, k1) and Ma(x,t, k1), we find

1

Ml]('x’ t’ kl) == —7
l—i—ETlfe*“Wz

(4.82)

_CpetV 20

Moy (x,t, k1) = (4.8b)

2ib 1+ Iile\zefmpz’

where b denotes the image part of k1, i.e. we setky =a +ib,and ; = ;(y, ), j = 1,2 denote
the real and image part of the function ¥ (y, ¢) defined as follows, respectively

Y0 =ki (5 + —5) = Y1 + i, (4.80)
4ky

A direct calculation shows that

at bt

=ay+ —5——-, =by — ——-. 4.9
Y1 =ay N2 10D Yo =by TP 4.9)
Thus, from the symmetry we get the explicit expression for M (x, ¢, k)
L+ Aomy  Hemp
M(x,t, k) = kky_ =k i (4.10)
—nme L gm

where
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—2vn C 2 —4yr
¢ gy = — €1 ¢ 4.11)

— 2iyn

mpp=Cre —— .
Ci? _

2ib \415 e—4

2 b
g

If assuming that C; = 2be* 20 where ¢ and yj are real constants, we can find

R 1
mp=beXitc 5y =ib(tanh 2y + 2y0) — 1). 4.12
12 cosh (20 1 2y0) 2 ( 2y +2y0) — 1) (4.12)

Hence, we obtain the one-soliton solution as follows,

b o o w a 1
1) = .1 = ic+2d—=2i0+i 5 2iy , 4.13
u(r, ) =u(y0, 0,0 = —— e ST (4.13)
here tan (f) = 3’ d defined as (2.23), and the relation between variable x and y is
b

Remark 4.1. The expression (4.13) of the solution represents an envelope soliton of amplitude

azbﬁ’ the velocity m and phase 21 in yt-coordinate. And from the equation (4.14), we
have
o0x _, 2b? 1 “.15)
dy a4+ b2cosh?(2yn + 2y0) ‘
Therefore, g—;‘ — lasy— too.

Remark 4.2. We should point out that if we set b = ’”TR and a = %, then the solution (4.13)
obtained in this paper is equivalent to the expressions in [10]. Both of the expressions of the
one-soliton solution have the same amplitude and phase. Hence, we conclude that

e When |a| > |b|, we get smooth soliton;
e When |a| < |b|, we get loop soliton;
e When |a| = |b|, we get cuspon soliton.

5. Long-time asymptotic analysis

The most important advantage of formulating a Riemann-Hilbert problem to the IVP for the
CSP equation is we can rigorously analyze the asymptotic behavior of the solution as t — oo via
the nonlinear steepest descent method [14].

In this section, we investigate the long-time asymptotic behavior of the non-soliton solution
of the IVP for the CSP equation on the continuous spectrum. To make our analysis be simple, we
assume that a(k) has no zeros.
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5.1. Main results

Theorem 5.1. Let ug(x) satisfy the initial value (1.2) and be such that no discrete spectrum is
present. For & = 7 < —e¢, & be any small positive number, the solution u(x, t) of the initial value
problem (1.1)-(1.2) tends to 0 fast decay as t — o0.

X

Theorem 5.2. Let uo(x) satisfy the hypotheses of Theorem 5.1. For § = 1 > ¢, ¢ be any small
positive number; the solution u(x, t) of the initial value problem (1.1)-(1.2) equals

_ L [0 g vk g
u(x,t)—\/;|: . e s e 2:|, 5.1)
=1 | 5.2)
2V |x|

- i . KS 2
P11 = vy + arg(r(—«o)) + arg(I'(iv(—«p))) + v(—ko) 111(7) — v(ko) In(4kgy)

where

KQ KQ
1 t 1 {InQ1 2
- / In(s + ko)d In(1 + |7 (s)]?) — — — — / A+ IrOF) ;0 iy - 2k081,
T Ko T K
—Ko —Ko
(5.32)
3i 3
~ i . Ko 2
¢ = R arg(r(—«o)) — arg(T'(=iv(ko))) + v(xo) IH(T) — v(—kp) In(4xky)
17 1 ma 2
t
4 - / In(cp — $)d In(1 + |r(s)]?) — — — — / InQA VO o+ 2id + 20081,
b Ko T s
—KQ —KQ
(5.3b)

with v(k) defined by (5.40), d (which is a pure-image constant) defined by (2.23) and T'(x)
defined as a Gamma function.

Remark 5.3. The sectors of different asymptotic behavior match, as ¢ — 0, through the fast
decay. Indeed, as f — 07, then kg — oo and v(kp) — 0 and thus the amplitude in (5.1) decays
faster.

5.2. Proof of Theorem 5.1

The key feature of the method is the deformation of the original Riemann-Hilbert problem
according to the signature table for the phase function 6 in jump matrix J written in the form

Ty, t.k) = e PER5 g (), (5.4)
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Re(if) >0

Rek
Re(i0) <0

Fig. 1. The signs of Reif in the k-plane in the case & < 0.
where

. -1
0E. k) =8k+ . (5.5)

Y
E==~. (5.6)
t
The signature table is the distribution of signs of Imé (€, k) in the k-plane,

Imé (€, k) = ko[ — 1, (5.7)

4(k? + k3)

where k1 and k are the real and image part of k, respectively, i.e. k =kj + ik;.

Under the condition § < —e¢ for any ¢ > 0, then we have Im@(%, k) > 0 and Im0 (§ ,k) <0, as
ko =Imk < 0 and k = Imk > 0, respectively, see Fig. 1.

This suggests the use of the following factorization of the jump matrix for all k € R:

f(y k) = ! 1+r|(](</)<)|262it0 1+ 1(k)l2 0 : (5.8)
s t’ r r Y .
0 1 0 1+ |r(k)|? I rlr(l(clz)‘ze 2010 ]

In order to deform the original Riemann-Hilbert problem (3.12), we need introduce a scalar
function 8 (k) which is defined by the following scalar Riemann-Hilbert problem

8+ =5 +1r)?), keR\O, 5.9)
8(k)y = 1, k — 0o, '
which has a explicit solution
1 [ @ 2
§(k)=exp | — / In@+1reID ;o1 (5.10)
2mi s—k
—0o0
Then, we make a transformation of M (v, t,k) as
MDD (y,1,k) = M(y, 1,k)57. (5.11)
It yields that the Riemann-Hilbert problem for MD (y,t,k)is
MY, 0,0 =MV, 1, 0TV (y, 1, k), keR
AR - ’ (5.12)

M(l)(y,t,k)—>]l, k — 00,
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Qo

Q3 (95

o, Q4 Rek
Qs
b

Fig. 2. The sets {Qj}?z1 , in the k-plane as £<0.

where the jump matrix J((y, ¢, k) is defined by

-1 r(k) . ~21 plitf 1 0
J oyt k) = 1+lr (1% 52 (k) B 52 o —2itd (5.13)
O 1 1+7r(k)\2 6+ (k)e o ]
Without loss of generality, we may assume that the function 1+@)|2 e 21 je. the lower-

triangular factor of the second matrix of the right-hand side of (5.13) extends analytically to the
region Imk > 0 and continuous in the closure of the region. And the first matrix of the right-hand
side of (5.13) extends analytically to the region Imk < O and continuous in the closure of the
region by taking conjugate. If the analytic conditions are dropped, we have a procedure to obtain
the ‘weak’ analytic conditions, see the Remark 5.5.

Hence, we can introduce the following transformation if we have the proper analytic condi-
tions:

1 0
M“)(y,r,k)( T® 52 s —2it0 ) ke UQs,
3 ) ~Trrdordr 0)e !
M@y, t,ky=4{ MO (y,1,k), ke UQs, (5.14)
. rd) 1,216
0 1

where Q;, j=1,2,...,6 are shown in Fig. 2.
We obtain the new Riemann-Hilbert problem for M (v, t, k),

7(2) _ @ 7(2) <
{M+ 010 =MD (5,1, 0Ty, 1,0, ke S, 515

M(l)(y, t,k)—1, k— oo,

where
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1 0 )
3 B 52 (gye=20 1 | ke XN Dy,
TP =1 0 "% 1 e (5.16)
P 20 ) . ke nD,.
0 1

Theorem 5.4. As t — oo, the solution u(x,t) of the initial value problem (1.1)-(1.2) decays fast
in the range & > ¢ for any ¢ > Q.

Proof. The above transformation reduces the Riemann-Hilbert problem of M® (y,t, k) to that
with exponentially decaying in t to the identity matrix jump matrix. Since this Riemann-Hilbert
problem is holomorphic, its solution decays fast to I and consequently u(y, ) decays fast to O
while y approaches fast x and thus the domain £ < —¢ and & < —e coincide asymptotically. I

Remark 5.5. If the analytic conditions are dropped, then there is a procedure to obtain the ‘weak’

analytic conditions. To show this, we write +r|fl(‘])()‘2 as a Fourier transform with respect to 6,
(0.¢]
oA —2it6
r(k) 26—21'[9 _ e / eis@(k)g,(s)ds
L+ [r&)] V2 (k+1i)?
Q20 T oo —2it6 - oo
= [epeas+ S [ s
V27 (k +i)? / 8 V27 (k +1)? 8
t —0o0
= e 20 OR (k) + e Onyy k), (5.17)

where

o0
1 .
8(5) = —— / %W g(8)do,
\/Zn_oo

_ @) -
RGO

8(©)

Here e~ 2"9®p;; (k) has an analytic continuation to the upper half-plane and decays ex-

ponentially in L' N L>°(Z N {k|Imk < 0}), as t — oo, while e~2"0® (k) decays rapidly in
LN L®R), as t — oo.

5.3. Proof of Theorem 5.2

% , then the image part of the function 6 becomes

A

Denote ko =

_ ka(k + k3 — kg) .

Imf = 5.18
4G (ki + k3) 19
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Re(if) <0

Re(i6) > 0

—ko ko Rek

Re(i0) < 0

Re(if) > 0

Fig. 3. The signs of Rei@ in the k-plane in the case & > 0.

Under the assumption & > & > 0, we have the sign picture of Re(i6) as in Fig. 3. 3
Hence, this suggests the use of the following factorizations of the jump matrix J(y, t, k):

1 0\ (1 r(k)e?r®
5 (r(k)eZUG 1 > (0 1 ) |k| > k(),
1+|r (k)2 1+ (k)|? 5 O it , k] <ko.
0 1 0 14 |r k)| 1+\r(k)|2€ 1
(5.19)

5.3.1. The conjugate transformation

The aim of the first transformation involves the removal of the diagonal factor in (5.19) for
|k| < ko.

Introducing a scalar function §(k) which satisfies the following scalar Riemann-Hilbert prob-
lem

84 (k) =8_(k)(1 + [r(k)1?), |k| < ko,

=4_(k) =6(k), lk| > ko. (5.20)
8(k)y —> 1 k — oo.
Then the function § (k) is given by
1 fma 2
3®=mp—ffﬂiiﬂﬂlw. (5.21)
2mi s—k
—ko
The conjugate transformation
MOy, t,k) =My, 1, k)8 k)%, (5.22)

yields the Riemann-Hilbert problem for M (y, ¢, k)
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P00 =MD, 00700, 00, keR, (5.23)
MWDyt k) =1, k— oo, '
where
1 0\ (1 r(k)s—2e2
#(1) (mszezne 1 ) (0 1 ’ K=o,
Syt k) = ( 1 r)__5—2,2ith ) ( 1 0 (5.23b)
I+|r (k)= "~ B0) 2 _2ite , |k| <k0,
0 1 1+|r(k)|28+e ! 1
Now, let us come back to the solution u(x, ¢). From (5.21) it follows that
(k) =60(1 + ké1 + O(kz)), k— 0, (5.24)
where
1 ko In(i4ir)?) 1 kO In(1 2
P e N Y By B XU sl LAC (5.25)
27i 52
—ko
If we write
M(y,t,k)=My(y, 1) +kM(y,1) + OK>), k—0, (5.26)
and
MOy, 1,k =M . 0) + kM (3,0 + 0(K?), k-0, (5.27)
then from the transformation (5.22) we obtain
Mo(y.t)=M" (.08, 7, Mi(y.t)=(M{"(y.0) =81 M (v.0)03)8, . (5.28)
Hence, we have
iux, e = 52 [(Mg“)*‘M{“]u, (5.292)
¢y = —i ([(Mé“)—lm”]n - 51) . (5.29b)

5.3.2. The “open lense” transformation

For the convenience of the notation, we transverse the direction of the component |k| > ko
of the jump contour R for the Riemann-Hilbert problem of MM (y, ¢, k). Like the proof of
Theorem 5.1, we assume that the functions appeared in the right-hand side of the jump matrix
JW(y, 1, k) can be analytic extension to the proper regions. If the analytic extension dropped,
then we can do a similar procedure to obtain the ‘weak’ analytic condition as the appendix A of
[13].
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5
The jump contour

Fig. 4. The sets {Qj};.O:1 , in the k-plane as & > 0.

If we write
TV, 100 =0 v, 100764 (v,1, 0,
then, we can make a transformation as
MP(y,t,k) =MD (1. 0T (v, 1, k),
where 712 (y,t, k) is defined as

GOP (v, 1,k)7, ke UQsUQo U,
Ty, 1,k)=1{T, k € QU SQs,
BP0 ke QuUQeUQUQs,

with the 2; showed as the Fig. 4.
Thus, we obtain the Riemann-Hilbert problem for M® (y, t, k)

MP 3.tk =MP (3.0, k)JD(y.1.k), kex
MO0,k =1, k- oo,

where

T, 1,0 = B2 (v, 1,k)7'0P (v, 1, k)
I, keR,
={ PG, h), k € £ NReif > 0,
oY, 1, k)7, ke TNReid <O0.

(5.30)

(5.31)

(5.32)

(5.33a)

(5.33b)

Now let us come back to the solution u(x,t) again. The solution u(y,t) is related to the
solution of the Riemann-Hilbert problem evaluated at £ = 0, it may be affected by this transfor-
mation. However, due to the following proposition, this transformation turns out not to affect the
terms in the expansion of the solution of the Riemann-Hilbert problem at kK = 0 at least up to the
terms of order O (k%) and thus it does not really affect the leading order asymptotic behavior of

u(y,t).

Proposition 5.6. The reflection coefficient r(k) = O (k>) as k — 0.

Proof. A direct calculation following from (2.34) and from the identity |r(k)|*> = GO 1.

O
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So, if we write

My, t,k) = MP (3, 0) +kMP (3,0 + 0(K?), k-0, (5.34)
then we have
iux, e = 52 [(Mg”)—lM?)]lz, (5.352)
AT 5]
cp =i ([oa) '] —s1). (5.35b)
11
Set

o 1.0 =GP .00 -1, 0= +o?, (5.36)

and let u® (y, t, k) be the solution of the singular integral equation ©® =1 + C,u®, here C,,
is defined as

Cof=Ci(fo_)+C_(fws), Vfisa2x?2matrix-valued function,

where

(C+f)k) = JE —dé,, keTl, feL*D),
E—ky2mi
r

then

n, keC\X (5.37)

- 1 @y, t, o1,
MOy, 1.0 =1+ 'fu O.t.mel.t.n)
2mi n—k
)

is the solution of Riemann-Hilbert problem (5.33).
Expanding the integral (5.37) around k = 0, we have

n® . t, Moy, t, n

N 1
MP (v, 1) =1+ —/ n, (5.384)
2mi n
>
- ) L[PGt po,t,n)
M, (y,t)=r 3 dn. (5.38b)
i n
>z

Remark 5.7. Since, w(y, t, k) decays rapidly at 0, the integral (5.38) are nonsingular.
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~ ke ko
EB/ EA’

Fig. 5. The jump contour ¥ in the k-plane as & > 0.

5.3.3. Reduction to the model problem

Following a similar procedure as section 5.4 and 5.5 in [13], as ¢t — oo, we can reduce the
Riemann-Hilbert problem for M® (y, 1, k) to two small “crosses” which are centered around
+ko, showed in Fig. 5. And the contributions of these two crosses to the leading order asymptotic
behavior of the solution u(x, t) are separated out.

In order to calculate the explicit asymptotic behavior of the solution u(x, ¢) in terms of the
Riemann-Hilbert problem for M® (y,t, k), as t - 0o, we need reduce the Riemann-Hilbert
problem to a model problem whose solution can be given explicitly in terms of parabolic cylinder
functions. To do this, we should evaluate the leading term of the function S(k)e 110K a5 k —

+kg.
Recall that
1 Ao ln(I-Hr(s)\ ) Js (k — ko)iv(ko)
— ,27i J— — x (k)
Sk)y=e = K ko) eX\), (5.39)
where
1 ) f )
v(k) = —Eln(l +lr()D), xk) = T3 In(k — s)d(In(1 + [r(s)[7)). (5.40)
—ko
And as k — ko,
1
0k) = — + m( —ko)? — —(k ko), n lies between k and k. (5.41)
Let us consider a scaling transformation as
k3
(Netg) N (K) = [ (ko +/ =2, (5.42)
then the function 8 (k)e~"® becomes
_ 0) (1
(Nekgy8e™19) (k) = 87,84 (5.43)
where
O _ Ko\ k) ko)~
S(ko) = ( ) 2 (2ko) 0)gX(X0) g™ 2k | (5.44a)
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k3 K3 .
s _ kiv(ko)(2k0 +v Tk)7iv(fk0)ex(k0+\/;k)—x(ko)ef#7 (5.44b)
(ko) 2ko

here k"% is cut along (—o0, 0).
For k — —kq, the scaling transformation is

k3
(N(=kp) /) (k) = f(—=ko + \/;k), (5.45)

then the function 8 (k)e ! (k) pecomes

(Ntgyde ")) = 82, 85 (5.46)
where
O _ K\ o) gk, A
8k = ()T ko)X e, (5.47a)
(1) v~k 2o -y Bk ko) R (—k ﬂ/gk)—)?(—k) 2
8y = (—h) T o )iV ko) X LRV Ve'x (5.47b)
0
with
ko
N 1
X(k)z—%/1n(s—k)d1n(1+|r(s)|2), (5.48)
—ko

here (—k)~V(—%0) 5 cut along (0, 00). .

Hence, following [13], the solution of the Riemann-Hilbert problem for M @ (y,t, k) formu-
lated on two separated crosses centered at k = ko can be approximated, for large t, in terms of
the solution M ™€) (y ¢ k) of the model problem formulated on a cross centered at k = 0 and
evaluated for large k.

3 For the k centered at ko case, the solution of the model Riemann-Hilbert problem for
M(”wde’)(y, t, k) has the following form, as Imk > 0,
- (model) ~ (model)+ M(model)+
M (y, 8 k) = ~](1 del)+ ~1(2 deh)+ | (5.49)
M e

where

R ) I Py O
= (modeh+ _ 1 Ty 4 _ix ik _ix
My :ﬂ_{‘ge“( 0>[ﬁb_al<e £ = Day (e D01,

~ 3n 3iw
Mégwa’elH— — e_TV(kO) Dal (e T k),
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1 3 d 3im lk 3im
(model)+ —3Z (ko) _dim _3ix
M Ee 7 V(o [ﬁDal (e k) + ?Dal (e~ 7 k)] (5.50)
with a; = iv(ko), and :312 = ’M1(§0)1 ,3 iI\;Ing)l. Here Mi(]’.‘on denotes the (i, j)-th element

of the 2 x 2 matrix M %01 defined by (5.51),

7o 1
T 0GR koo, (5.51)

Mk()(y7tvk)=]1 -

where M, k (¥, t, k) solves the following the Riemann-Hilbert problem

Mg+ (v, t.k) = Miy— (v, 1, ) J €O (x, 1, k), keR, (5.5)
My, (y,t, k) =1, k — 00, ’
with
~ i 6 K25 1 r (ko)
TR (x 1, k) =k '”<’<0)"3e’2°3(— . 5.53
(. 1, 1) FGo) 1+ (ko) 633
Similarly, as Imk < O,
WD = T D @ k)
~ _ 1 3 d ik
(model) — 37y (k,
My = e v( 0)[E ,al(e Fk) — 30 al(e k)]
12
MG = e300 Dy, ek
- _ 1 ik
Ml(;mdel) IB v(ko)[_D (e T k) +— 2 Dy, (g T k). (5.54)
Hence, from
~ (model) —1, ry(model) 1 V(k()) )
M 1k M LR = —— , 5.55
( v, 1,k)" (M (v, 1,k)) <r(k0) 1+ Ir (ko) |2 (5.55)
we have
e ZV(kO)
r(ko) = o Wr[Dal(e4 k), Dal(e__k)]
21 (5.56)

e~k o't

gy T(—ay)

Here Wr[D,, (eiTnk), Dy, (e’¥k)] denotes the Wronskian determinant. By ﬂfg ,Bg(l’ =v(kp), we
can compute
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—Z (ko) o) _im
plo=_¢ - vy T (5.57)
rko) T

Similarly, we can show that the solution of the model problem corresponding to —kg as fol-

lows,
for k € Imk > 0,

~ 3 3im
Ml(}in()del)+ — g_TV(_kO) Da2 (e—Tk)

~ 1 T d i k i
MYt — o TR LD (e k) + S Dy (e k)]
—ko dk 2
12
Mérznodel)+ — e%v(—ko) Dia2 (e—%k)
~ 1 bie d i lk i
(model)+ __ Ty(—k —u i .
M — @em 0)[%D_a2(e Tk) — ED_az(e Tk)); (5.58a)
for k e Imk <O,
Ml(rln()del)_ — e%v(—ko) Daz (e%k)
~ l g d i lk i
(model)— Ty(—k ix i
M0 = @eﬂ 0)[E0a2(e $h) + Dy (e ¥ 0]
M = e T D_ @
Modeh= — Le—%’”“’“ﬂ[ip_a2 @Fk) — %D_a2 T h)]. (5.58b)
! B0 dk 2

Then, we have

b4 i
—ko e 2k 2T

5 ko e~ V(o) «/Ee_iTn
12 r(—ko) D'(—a2)’

TS S >3

with ap = iv(—kg), ﬂl_zko = —iMl(z_kO)l and ,Bz_lko = iMél_kO)l. The definition of Mi(j_k())l is simi-

lar as Mi(jlf(’)l (see equation (5.51)).
Then, similarly as the formulae (5.110) in [13], we can know the leading order asymptotic
behavior of the solution u(y, t) as t — oo comes from the 1\;11(];0)1 and A;Il(z_k())l , that is,

1
kot

A direct calculation shows that the leading order asymptotic behavior of the solution u(y, t) is

. . L[ [—vko) o [0k
iu(y,t)e 2d=33$|: Toed’ - Toe ¢2:|, (5.61)

iu(y, e~ = [M}’;O” + M};"‘”l] . (5.60)

where
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1= % + arg(r(—ko)) + arg(I'(iv(—ko))) + v(—ko) ln(kt—g)
ko
— v(ko) 1n(4k8) — % / In(s + ko)d In(1 + |r(s)|*) — kt_o’ (5.62a)
ko
¢ = % — arg(r(—ko)) — arg(I'(—iv(ko))) + v (ko) ln(kt—g)
ko
— v(—ko) In(4k3) + % f In(ko — s)d In(1 + |r(s)|?) — kt—o (5.62b)
ko
The relation c lies between the new scale y and the original scale x,
icy =—=61+o0(l), t— o0. (5.63)

Hence, the solution u(x, t) has the asymptotic (5.1).
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