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Abstract

In some applied models (of flocking or of the crowd control) it is more natural to deal with elements of
a metric space (as for instance a family of subsets of a vector space endowed with the Hausdorff metric)
rather than with vectors in a normed vector space. We consider an optimal control problem involving the
so called morphological control system whose trajectories are time dependent tubes of subsets of RY and
show that the theory of Hamilton-Jacobi-Bellman inequalities can be extended to this framework.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the Hamilton-Jacobi partial differential equation

oW
—— +Hx,——)=0o0n[0,1] x RN
5 + H{(x, Bx) on [0, 1] x

W(l,)=¢g() onRY,

(HJB)
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where the Hamiltonian H : RN x RY — R and the final time condition g : RY — R are given.
The classical results of the viscosity solutions theory provide sufficient conditions for the exis-
tence and uniqueness of solutions to this first order PDE. In this theory, started in [9] and [10],
solutions are understood in a weak sense. Namely, notions of generalized gradients (super and
subdifferentials) are introduced to define super/subsolutions of (HJB). Then a continuous func-
tion W : [0,1] x RY — R is called a viscosity supersolution of (HIB) equation if for every
(t,x) €]0, I[xRN,

_pt+H(x’_px)20, V(ph px)ea—W(tax)» (1)

where d_W (¢, x) denotes the subdifferential of W at (¢, x). Further, W is called a viscosity
subsolution of (HIB) equation if for every (¢, x) €]0, 1[xRV,

_pl‘+H(-x7_pX)SOa V(Ptapx)ea-ﬁ—w(t’x)’ (2)

where 04 W (z, x) denotes the superdifferential of W at (¢, x). If W is simultaneously a viscosity
super and subsolution, then it is called a viscosity solution of (HIB).

The above Hamilton-Jacobi equation arises in optimal control theory in connection with the
Mayer problem:

V (to, xo) := inf g (x(1))

over all trajectories of the control system

x(t) = fx(@),u()), x(to) =xo, u() €U,

where U is a metric space and xg € RV, 15 € [0, 1], g :RY - R, f: RN x U — R" are given.
Then the associated Hamiltonian is defined by

H(x, p) = sup(p, f(x,u))
uelU

for all x, p € R¥ and it is convex in the second variable. Under some technical assumptions,
the value function V : [0, 1] x RY — R defined above is continuous and is the unique viscos-
ity solution of (HJB) satisfying the final time condition V (1, -) = g(-). The Hamiltonian being
convex in the last variable, viscosity solutions of (HJB) can be equivalently defined using (con-
tingent) directional derivatives of solutions instead of sub/superdifferentials, see [12—14]. The
two inequalities (1) and (2) then become: for all (¢, x) € [0, I[xR",

in[f] DyW(t,x)(, f(x,u)) <0,

sup Dy (=W)(t, x)(1, f(x,u)) <0, (C-HJB)

uelU

where Dy W (¢, x)(1, f(x,u)) denotes the contingent directional derivative of W at (¢, x) in the
direction (1, f(x, u)) and similarly for Dy (—=W)(t, x)(1, f(x, u)). Let us underline that the first
inequality involving directional derivatives does allow to build an optimal synthesis, while this
is not the case of the inequalities (1), (2) involving subdifferentials/superdifferentials, cf. [12].
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Functions W satisfying inequalities like (C-HJB) are called contingent solutions to (HJB) equa-
tion.

In the recent years, motivated by some potential applications in the study of complex systems,
or multi-agent systems, whose models are described in the space of probability measures, there
is a growing interest in Hamilton-Jacobi equations stated on metric spaces instead of R". For
instance, in [16] the Hopf-Oleinik formula is extended to complete separable metric spaces in
which closed balls are compact to show the existence of solutions to a Hamilton-Jacobi equa-
tion. The Hamiltonian considered in [16] is less general than in (HJB) and the notion of gradient
is replaced by local slops of functions. More general results, including the uniqueness of solu-
tions to a class of Hamilton-Jacobi equations in geodesic metric spaces have been obtained in
[1] by means of extension of the viscosity solutions theory and were applied to investigate a
Hamilton-Jacobi equation in the Wasserstein space of probability measures. See also [19] for the
characterization of the value function of the Mayer problem as the unique bounded Lipschitz
viscosity solution of an associated Hamilton-Jacobi equation in the Wasserstein space and [7]
for necessary conditions in the form of an (HJB) equation solved by the value function in a suit-
able viscosity sense and for a further discussion of the relevant literature on control problems in
Wasserstein spaces.

Let .# (R") denote the space of compact subsets of R". Given a probability measure x on
RY, it is always possible to “scalarize” .# (R") by attributing to each compact K C RV its
probability measure w(K). However this makes two sets having the same probabilities indistin-
guishable. When the evolution of probability measures is governed by the so-called continuity
equation with Lipschitz continuous velocity field, then solutions of the continuity equation are
given via the pushforward map that involves evolution of flows under an ODE. The natural ques-
tion arises then whether the Hamilton-Jacobi theory can be extended also to the space .7 (RV)
without involving “scalarization” of sets. In this way one can deal with subsets evolving in the
space % (R™) under the action of a mutational control system. The right-hand sides of such sys-
tems are described using the so-called transitions on metric spaces, see for instance [2], [3], [17],
where many classical results of ODEs on vector spaces were extended to metric spaces. Histor-
ically, morphological analysis in [2] was motivated by mathematical economics to describe the
evolution of sets of commodities vectors and next, by the piloting of the evolution of a camera
to focus on a fuzzy image to make it sharp, cf. [11]. It was also used to design a descent algo-
rithm in shape optimization to find global minima in [15] and applied to sweeping processes [5].
Some applications dealt with the cell morphogenesis and the modelization of zebra fishes, see
the bibliography of [21], for instance.

This general framework allows to consider problems involving evolution of tubes (typical
for problems with uncertainties and disturbances), instead of (single-valued) trajectories, see
for instance [8] for examples of models of moving populations based on morphological control
systems and its bibliographical comments and also [6] for further references. Recently, in [6],
a characterization of the value function of a Mayer problem stated on .# (R") as the unique
bounded Lipschitz solution of contingent Hamilton-Jacobi-Bellmann inequalities was given. The
specific future of the multi-agent system investigated in [6] consists in the fact that the dynamic
of each agent is described by a differential inclusion depending on the crowd of agents.

The present work is devoted to an extension of the Hamilton-Jacobi theory of optimal control
problems to the framework of the metric space (.# (R"), dy) of nonempty compact subsets of
RY supplied with the Hausdorff distance dy. Since this space does not have a vector struc-
ture, control systems on (% (R"),dy) are described by the so-called mutational equations
whose solutions are time dependent tubes. For the set-dependent cost function we introduce
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the corresponding value function and show that it satisfies two generalized contingent Hamilton-
Jacobi inequalities, similar to (C-HJB), with directional derivatives defined using transitions on
(% (RN),dy). Then we prove that continuous solutions to these contingent inequalities are
unique once the final time condition is imposed. The space (# (R"), dy) not having a dual, the
expression of solutions to the Hamilton-Jacobi equation involving sub/superdifferentials is not
extended yet to this framework and is an interesting open question.

More precisely, we consider a complete separable metric space U and the Lebesgue mea-
surable controls u(-) : [0, 1] — U. Denote by Lip(RY,R") the set of bounded Lipschitz maps
from R¥ into itself. Let f : # (RY) x U — Lip(RY,R"), Ko c R" and consider the system

xX'(r)= f(K(r), u(r))(x(t)) fora.e.7 €[0,1], x(0)€ Kp, 3)

associated to a control u(-). Under the classical assumptions, given a tube t ~ K (t) C RV, to
every (fixed) control u(-) and initial condition xg € K¢ corresponds the unique solution x(-) of
the differential equation in (3) with x(0) = xo. We are interested here by a particular instance of
tubes that are reachable sets. In fact, by [17, Section 5.3.1], there exists a tube K (-) so that K ()
coincides with the reachable set of (3) at time ¢. In other words K (-) solves the “morphological
equation”

K() 3 f(K().u()). K(0) =Ko )

introduced in [2]. The above inclusion seems to be well adapted to describe the movement of the
crowd of agents t ~ K (t) C R" and to control it by using either open-loop controls, or closed
loop controls.

In this context, if the set Ky = {xé, x(’;1} is finite, then for every ¢ € [0, 1], the set K(¢) =
{x1 (1), ..., x™(t)} is also finite and each x’(-) can be seen as an agent whose velocity at time 7,
according to (3), is equal to f(K (1), u(r)) (x'(7)). Thatis (x) (1) depends on u (1), the position
K (7) of all the agents as well as on agent’s own position x’(z). More generally, even when K
is not finite, system (3) can be interpreted in the following way: given a control u(-), every agent
(indexed by its initial condition x(0) = x¢ € K) has its dynamic depending on the evolution of
the whole crowd of agents K () and its own evolution x(-).

Let g : # (RV) — R U {+o0c} and consider the Mayer type problem, where the controller has
to find an optimal control #(-) in the sense that the corresponding solution K (-) of (4) with u(-)
replaced by u(-) satisfies

g(K (1)) =infg(K (1))

over all the solution-control pairs (K (-), u(-)) of (3). In this paper we show that the value function
associated to this Mayer problem satisfies two generalized contingent Hamilton-Jacobi inequali-
ties in the same spirit as (C-HJIB). We also prove the uniqueness of continuous solutions to these
contingent inequalities. At this point we would like to underline that the model we investigate
here is substantially different from the one in [6], where there is no controller and agents use
the dynamics described by the differential inclusion x'(z) € F(x(¢), E(t)), involving the set-
valued map F : RN x # (RN) — J# (RV) and the crowd of agents E (). Even when for some
f:RN x #RN) x U— RN we have F(x, E) = f(x, E, U), the contingent inequalities we
derive to characterize the value function are different from those of [6, Theorem 6.1].
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This is due to the fact that the notion of solutions to crowd dependent systems considered
in [6] is to a large extent different from the one to classical control systems on vector spaces.
Indeed, when F and f do not depend on the second variable and F(x) = f(x, U), it is well
known that solutions of the differential inclusion x’ € F(x) and the open-loop control system
x"= f(x,u()), u(t) € U do coincide under very mild assumptions. This is not the case however
when F depends on both variables and E (¢) represents an admissible subflow at time 7. Indeed,
in [6] the authors consider a much larger family of “solutions” (subflows) E(-) associated to F'
than the one given by solution-control pairs of (4). For instance, if f:RY x # (RY) x U —
RN is Lipschitz and F(x, E) = f(x, E,U) for every (x, E) € RN x 2 (R"), then Lipschitz
closed-loop controls x > u(x) € U are admissible as well, see [6, Model 3.2]. Then, in the
Mayer problem, the minimization is performed over all solutions E(-). This implies, on one
hand, that the resulting value function is smaller than ours and, on the other hand, that there is
no common control that governs every agent. In fact, in the setting of [6], at time s each agent
x () may pick its own velocities in the set F'(x(s), E(s)) (and the corresponding controls in the
set U) with an implicit restriction that this selection of controls induces trajectories in a closed
subset A C C([0, 1], RY) and for each time 7 the resulting subflow E (¢) is equal to the reachable
set at time ¢ of the “constrained” differential inclusion x’ € F(x, E(-)), x(0) € Ky, x(-) € A.
Hence “subflows” of agents are indexed by closed subsets A C C([0, 1], R¥). In [6] several
examples of admissible indices A are provided, the set of all such indices associated to F being
not known. In other words, some controls available to agents are eliminated by the macroscopic
requirement about E(¢), while at the microscopic level various controls may be admissible. In
the difference with this approach, our model extends the classical open-loop control systems to
systems whose right-hand side depends on both open-loop controls and the evolution of the whole
crowd of agents K (-). Let us underline again that the crowds (subflows of differential inclusions)
introduced in [6] via compatibility indices A do increase the number of admissible solutions of
the control system after replacing it by a differential inclusion and de facto do abolish the role
of the “controller” in steering the control system (3). Another important difference is due to the
fact that [6] addressed the question of uniqueness in the class of bounded Lipschitz continuous
functions only, while in the present paper we investigate uniqueness in the class of all continuous
functions, that is more in the spirit of the classical viscosity solutions theory.

The outline of this paper is as follows. In Section 2 we present some basic definitions and
preliminaries about mutational and morphological control systems. In Section 3 we show that the
value function of a general mutational optimal control problem satisfies the mutational contingent
Hamilton-Jacobi inequalities. The main results are stated in Section 4, while Section 5 is devoted
to optimal feedback set-valued map. Finally, in the last section, we provide proofs of all the
results from Section 4.

2. Notations and preliminaries
2.1. Basic definitions

Let (E,d) be a metric space (with the metric d). For a nonempty K C E and x € E the
distance from x to K is defined by dist (K, x) :=infycg d(y, x). Denote by B(x,r) the closed

ball in E centered at x with radius r > 0. We first recall some notions from [2], see also [17].

Definition 2.1. (Transition) A map ¥ : [0, 1] x E — E is called a transition on (E, d) if it
satisfies the following conditions:
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(i) Vxe E, 7(0,x)=x;
i} 1
(i) Y E.Veel0L lim d(H (e hox), V(Y 0 0) ) =

d(¥ (h,x), V' (h,y)) —d(x,y) }

< 4005
x,yeE h—0+ h : d(xv y)

(iii)) a(¥) := sup limsup max !O ,
X#y

d(x, ¥ (h
(iv) B(¥) := sup limsup M <400
xeE h—0+ h

Given x € E and a transition ¥, define z(s) = ¥ (s, x) for s € [0, 1]. Then for every ¢ € [0, 1[
the curve 7'(-, z(¢)) : [t, 1] — E can be regarded as an approximation of the “differential from
the right” of z(-) at time ¢ because

1
Jim o ed (7 (h, 2(0), 2+ ) =0,

Note that the map ¥ : [0, 1] x E — E defined by ¥ (h, x) = x is a (neutral) transition. Below we
denote it by 0. If E is a normed vector space, then for any y € E, the map ¥ :[0,1] X E — E
defined by ¥ (h,x) = x + hy is an example of transition. The operation “+” being absent in
general metric spaces, the introduced transitions allow to bypass it and still to study solutions of
“differential equations.”

By [17, p. 33] every transition is Lipschitz on [0, 1] x E with the Lipschitz constant depending
only on ¢, . There are many ways to describe the transitions. Below, we use the notation ®(E)
for some fixed subsets of transitions on (E, d).

Definition 2.2. (Pseudo-distance on transitions) Let ®(FE) be a given nonempty subset of tran-
sitions on (E, d). For any transitions ¥, 7 € ©(E), define

1
da (¥, T) = sup limsup — ~d(7/(h,x), y(h,x)).
xeE h—0+ h

The basic idea of the pseudo-distance da (¥, .7) is to compare for each x € E the two curves
Y (-,x) and (-, x) :[0,1] - E with the same initial point x when & — 0+. Observe that
dpa(V, ) is always finite. Indeed,

dr(V. 7)< sup limsup (d(”//(h,x),x) +d(x, ,7(h,x))> <B(Y) + B(T) < +oc.
xeE h—0+

In general, d, is only a pseudo-distance. For some choices of the sets ®(E) it may become a
distance.

Example. For f € Lip(RY,R") define ¥} (h, x) = z(h), where z(-) is the solution of the ODE
7/ = f(z), z(0) = x. Then ¥/ is a transition on (R¥,|-|) and it is not difficult to realize that d
is a distance on O(RY) := (¥} | f € Lip(RY,RM)}.

Definition 2.3. (Mutation) Let ®(E) be a given nonempty subset of transitions on (E, d) and
x(-):[0,1]— E.Fort € [0, 1[, the set
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1
X(t) = {7/ € O(E) ’ lim —-d (7 (h,x1),x(t +h) = o}
h—0+ h

is called the mutation of x(-) at time ¢ (relative to ®(E)).

In general, mutations may be empty for some times ¢ and may also be multivalued. When it
is clear from the context, we shall avoid writing “relative to ®(E)”.

Definition 2.4. (Primitive) Let ®(E) be a given nonempty subset of transitions on (E, d) and
Y (-):[0,1] — O(E). A Lipschitz continuous function x(-) : [0, 1] — E is called a primitive of
v() if:

X(t)> ¥ () forae.tel0,1]
. 1
ie. hlg& - ~d(V (1) (h, x(1)), x(t + h)) =0 fora.e.r€[0,1].

We next recall the extension of the notion of (contingent) directional derivative with respect
to both time and state to metric spaces, cf. [2]. Below, 1: [0, 1] x R — R denotes the transition
defined by 1(h,t) =1+ h.

Definition 2.5. (Contingent directional derivative) Let W : [0, 1] x E — R U {*o0} and (¢, x)
be in the domain of W with ¢ < 1. For any transition ¥ : [0, 1] x E — E, the contingent direc-
tional derivative of W at (¢, x) in the direction (1, %) is defined by

o W', y)— W, x
DiW(t,x)(1, %)= lim inf @y - Wex)
e—>0+ hel0,e] h
[t+h—t'|<eh
yEB(Y (h,x),eh)

Recall that (¢, x) is said to be in the domain of W if and only if W (¢, x) # F00. The above
limit does exist, because the infimum appearing on the right defines a nonincreasing with respect
to & > 0 function. In particular, there exist sequences &, > 0, &, > 0 converging to 0, a sequence
xp € E converging to x and a sequence ¢, converging to ¢ such that

W (tn, xn) — W(t, x)
Iy
[ty — (t +hp)| < €nhn, d(xn, V (hn, X)) < &1y

’

Dy W, x)(1, %) = im

[e]
That is D4 W (¢, x)(1,7) is the infimum of lower limits w over all sequences

(hn, ty, x,) converging to (0+, ¢, x) and satisfying |, — (t + hy)]| - o(hy), d (xn, V (hy, x)) =
o(hy).

Observe that if W is locally Lipschitz, then the contingent directional derivative is finite and
is a Dini like directional derivative:

W(t+h, ¥ (h,x)— W, x)
- .

Dy W, x)(1, ¥) = liminf )
h—0+
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Definition 2.6. (Contingent transition set) Let K be a subset of a metric space E, x € K and
o

®(E) be a given nonempty subset of transitions on (£, d). The contingent transition set T g (x)

(relative to ®(E)) is defined by

Tx(x) = {%e@(E)

T
]ilzrgg)llf 7 ~dlst(K, ”V(h,x)) =O}.

Notice thatif 0 € ©(E), then 0 € T g (x).
We would like to underline that T g (x) C ®(E) and it inherits some properties of ®(E). For
instance, if ®(E) is closed, then so is Tk (x). In the difference with the notion of contingent

cone in normed vector spaces, in general, T x (x) is not a cone.

Given a function W : [0, 1] x E — R U {400} denote by &p(W) its epigraph, i.e. the set
{(t,x,r)|(¢t,x) € [0,1] x E, r = W(¢,x)}. From the properties of mutations, we deduce the
following result similar to [2, Proposition 1.8.5]:

Proposition 2.7. Let ©®(E) be a given nonempty subset of transitions on (E,d) and 0,1 : [0, 1] x
R — R be transitions defined by 1(h,s) = s + h and 0(h, z7) = z. Define the set of transitions

OR x ExR):={(I,7,0)|V € O(E)}.

Consider W : [0, 1] x E — R U {400} and (t, x) in the domain of W with t < 1. Then for any
transition V € O(E), we have

(1,7,0) €T gpw)t, x, W(t,x)) < D4yW(t,x)I,7) <0,
where %gp(w)(t, x, W(t, x)) is defined relatively to @(R x E x R).

Proof. Fix (t,x) in the domain of W with 7 < 1. Let (1,%,0) € T g,w)(t,x, W(t,x)) and
&n — 0+. Then it is not difficult to show that there exist sequences &, > 0, x, € E, t, € [0, 1]
converging respectively to 0, x and ¢ such that

(t)’b xns W(tax) +hn8n) € éap(W)r |tn - (t ‘|'hn)| S thn’ d(xnv /y(hl‘l’ x)) S 8nhn-
This implies that W (¢,,, x,) < W (¢, x) + h,&, and therefore

Wt x,) — W(t
Jimint (X)) = WD) _

n——+o00 hy

implying that D4 W (¢, x)(1, V) <0.

Conversely, assume that D4 W (¢, x)(1, 7)) < 0. We infer that, for some &, — 04, there exist
sequences x, € E, t, € [0, 1] and h, > 0 converging respectively to x, ¢ and O such that

W(t,, — Wi,
tim W) Z W) o b < st d (s Y i 2)) < £,

n—-+00 hn
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Then W (¢,, x,) is finite for all large n. Set

—W(tn, xy) + W(t, x) W, x,) — W(t, x)
rn = s )\n =
Iy hy

+ |rul = —rp + |1y

and observe that lim r, >0, limy—oo Ay =0 and (1, X5, W (tn, Xp) + hnlral) € & p(W), im-
n—+00

plying that (., x4, W(t,x)+hnhy) € & p(W). Therefore (1, 7,0) € T o pw) (¢, x, W(t,x)). O

2.2. Reachable sets and morphological transitions

Consider the metric space .# (R") of nonempty compact subsets of R" supplied with the
Pompeiu-Hausdorff distance:

dy (K1, K2) = max{maxdist(x,Kz), m?{xdist(x,l(l)}, VK1, K» e X RY).
xeKy

xekK,

Recall that for every r > 0 and K € % (RN), the closed ball B(K, r) is compact, see for instance
[17, Proposition 47, p. 57].

We endow the space Lip(R"Y, R") of all bounded Lipschitz continuous functions F : RV —
RY with the topology of local uniform convergence. For any F € Lip(R",R"), we denote by
Lip F the smallest Lipschitz constant of F'. For A > 0, we write F is A-Lipschitz if F is Lipschitz

with constant A on RY . Furthermore, for any F € Lip(RY,RY), define ||F||oo := sup |F(x)|.
xeRN
Denote by wil ([0, t], RY ) the space of absolutely continuous functions x : [0, t] — RY.

Definition 2.8. (Reachable set) For any map F : [0,1] — Lip(RY,R¥) and 0 <1y <t <
1, Ko € # (RN), the set

Yr()(t, Ko)
=[x [ 20 e W (110,11, RY): /() = F6)(x(5)) for ae. s €10, 11, x(1) € Ko}

is called the reachable set at time ¢ of the system governed by F(-) from the initial condition
(t0, Ko).

By [17, p. 34], when F does not depend on time, then ¥ is a transition on H (RN) called
the morphological transition associated with F.

Proposition 2.9. Let F, G € Lip(RY ,RN). Then ¥ : [0, 1] x # (RN) — # (RN) introduced
in Definition 2.8 for to = 0 is a transition on (¢ (RN), dy) with

a(Vrp) <Lip F, dx(YF.76) <|IF = Glloo.
Definition 2.10. (Solution of the morphological equation) Let F : ¢ RY) x [0,1] —
Lip(RYN RN). A compact-valued tube K (-) : [0, 1]~ R¥ is called a solution of the morpholog-

ical equation
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]
K()3F(K(),")

if K (-) is Lipschitz continuous and limy_ o+ % dy (”//F(K(,)J)(h, K@), K@+ h)) = 0 for almost
every ¢t € [0, 1],i.e. K(-) is a primitive of ¥Fk(.),.).

This formulation of morphological equation and its solution is discussed in [2], [18] and [17]
and may be misleading at the first glance. Indeed, by Definition 2.4, if K(-) is as above, then it

solves the mutational equation K (1) > Y7k (),r) for a.e. t € [0, 1]. Since the Lipschitz mapping
F(K(t),t)(-) generates a transition defined by the reachable sets, for the sake of simplification,
the morphological equation is written with F on the right-hand side rather than using the associ-
ated transition Yr (g (), .-

For F € Lip(RY,R") define the mapping Id + F : # (RV) — # (RV) by

(Id+ F)(K):={x+ F(x)|x e K}.

In some results and proofs below it is convenient to use the following expression for the contin-
gent directional derivative.

Definition 2.11. Consider F € Lip(RY,RN), W : [0, 1] x # (RN) — R U {400} and let (¢, K)
be in the domain of W, with ¢ < 1. Define

. W(+h, K)—W(t, K
DyW(t, K)(, F) = liminf ( ) ( ) =
h—0+, K'e ' (RY) h
dy(K',(Id+hF)(K))=o(h)
. . W+ hn, Ky) —W(t, K)
inf { liminf

n—o0 hn

|hn — 0+, Kn € # (RN, dy (Kp, (Id + hy F)(K)) :O(hn)}-

Proposition 2.12. Consider F € Lip(RN,RN), W : [0,1] x # (RN) — R U {400} and let
(t, K) be in the domain of W with t < 1. Then

° Wi +h K)—W(t, K
DyW(t, K)(I, V%) = DyW(t, K)(1, F) = lim inf @+ )W X)
=0+ hel0,e], K'et (RV) h
dy (K’ .(Id+hF)(K))<eh

(6)
In particular, if W is locally Lipschitz, then

W(t+h,(Id+hF)K))—W(, K)
N .

DaW(t. K)(I. ¥;) = liminf
WW(@, KU, VF) 51353

Proof. Fix (¢, K) in the domain of W with r < 1. We first observe that for every xo € K, the
solution x (-) of the differential equation x” = F(x), x(0) = x¢ satisfies

x(h) =x0+hF(xp) +e€(h), Yh>0,
where
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h
le(h)| = /(F(X(S)) — F(xo))ds| < Lip F - | Flloo h*.
0

Consequently, dg (¥F(h, K), (Id + hF)(K)) = o(h). This implies that for any ¢ > 0, and any
sequences h, — 0+, K,, € (RN such that di (K, (Id + h, F)(K)) = o(h,,) we have

. W(+h K)Y—We,K) . . W(E+h, K,)—W(, K)
inf < liminf .

hel0,e] h n—>00 hy,
K'eB(Vr(h,K).eh)

Thus D+ W (t, K)(1, ¥F) < Dy W(t, K)(1, F). Consider sequences &, > 0, h, > 0 converging to
0, a sequence t,, converging to ¢ and a sequence K, € 4 (RN) such that |t,, — (f + hy)| < .k,
d (Kn, Vr(hn, K)) < &,h, and

W(t}’h Kn) - W(t7 K)

DyW(t, K)(l,"f/F):nEIJIrIOO h
n

Then t, =t + y,hy, and dg (K, (Id +hF)(K)) < hye), for some y, converging to 1 and ¢, > 0
converging to zero. Set /), = y, h, and observe that

dp(Ky, (Id + h, F)(K)) <dy (K, (Id + h, F)(K)) +dp ((Id + hy, F)(K), (Id + h, F)(K)).
Therefore,

g 1

dp(Ky, (Id + hy, F)(K)) < hye), + |hy — by, | | Flloo = <—" + ‘1 -—

n n

||F||oo> hy, = o(hy,).

Hence

. W(ty, Kp) — W(t, K) . W +h,, K,) —W(, K)
lim = lim .

n—+00 hy n——+00 h;l

Consequently,

lim

n——+o00 hy

>DyW(t, K)(1, F).

This implies the first equality in (6). The second one follows by similar arguments. O

Example 1. We provide next an example of computation of a directional derivative, assuming,
for the sake of simplicity, that the function is time independent. Let g : # (R"Y) — R be given
by

g(K)zgcneaIﬁ(x),

where ¢ : RN — R is continuously differentiable. Then g is locally Lipschitz continuous and for
any K € #(RN), F e Lip(RY,RV)
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. 8d+hF)(K)) — g(K)
Dyg(K)(F) = I}lrg%)rif ; .

Fix K € # (R") and consider any ¥ € K such that g(K) = ¢(x). Then for every h > 0,

g((d + hF)(K)) > ¢ (X + hF(x)) implying that D4g(K)(F) > (V¢ (X), F(X)). Since X is an
arbitrary maximizer, we deduce that

Dyg(K)(F) = max  (V(x), F(x)).
xeK. g(K)=¢(x)

Consider next a sequence /; > 0 converging to 0 such that

D1 g(K)(F) ZiEinoo g((1d+hiF2i(K)) — g(K)’

and let x; € K be such that

g((d +hi F)(K)) = ¢ (xi + hi F(x))).

Taking a subsequence and keeping the same notation we may assume that x; converge to some
y € K. Since ¢ (x; + h; F(x;)) = ¢ (x + h; F(x)), taking the limit we obtain ¢ (y) > ¢ (x). Hence
¢ (y) = ¢(x). The inequality g(K) > ¢ (x;) yields

. g(Id+hiF)(K)) —g(K) . ¢ (xi +hi F(x;)) — ¢ (xi)
im < lim sup .
i—+00 hi i—> 400 hi

Using that ¢ € C! and taking the limit we obtain D4 g(K)(F) <(Vé(y), F(y)) and therefore

max (Vo (x), F(x)) < D1g(K)(F) = (Vo (y), F(y)).
xek, g(K)=¢(x)

Consequently,

Dy g(K)(F) erK‘;I(l%i:d)(x)(VMX), F(x)).

3. Value function of a mutational optimal control problem

Let (E, d) be a metric space such that for every x € E and r > 0, the ball B(x, r) is compact
in E, and let (U, dy) be a metric space of control parameters. Define

U ={u(-):[0,1] = U | u(-) is Lebesgue measurable} . @)

Let ®(E) be a given nonempty subset of transitions on (E, d) endowed with the pseudo-
distance dp and f : E x U — ©(E) be continuous. It is said to be Lipschitz continuous in the
first argument uniformly in u, if for a constant A > 0 we have da (f (x,u), f(y,u)) <r d(x,y)

forallx,ye E, ueU.
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Given the cost function g : E — R U {400} we associate to it the optimal control problem
minimize g(z(1))

over all the solutions of the mutational control system

(1) =x,

5o {z(') > f(z0,u0), u()ew

where ¢ € [0, 1] and x € E are given.
Recall, cf. [2,17], that a function z(-) : [¢, 1] — E is called a solution of (Sp) corresponding to a
control u(-) € % if z(-) is Lipschitz continuous, z(t) = x and

Jim. % ~d(f(z(s), u(s)) (h, 2()), 2(s + h)) —0 forae. selr [

The value function V : [0, 1] x E — R U {£o00} associated with the above optimal control
problem is defined by: for all t € [0, 1] and x € E,

V(t,x) =inf{g(z(1)) | z(-) is a solution of (Sp) on [z, 1]} € R U {£o00},

where we have set V (¢, x) = 400 if there is no solution to (Sp) defined on [z, 1].

A solution-control pair (z(-), u(-)) of (So) is called optimal at (¢, x) if V (¢, x) = g(z(1)).

In this section we show under what circumstances the value function is a solution of the
contingent Hamilton-Jacobi inequalities. In the next section, in the case of morphological control
systems, we study uniqueness of such solutions.

Theorem 3.1. Let f : E x U — O(E) be Lipschitz continuous in the first argument uniformly in
u and

sup  (a(f(x,w)+ B(f(x,u))) < +oo.

xeE, uel

Then, the value function V verifies the final time condition V(1,-) = g(-) and the following
contingent inequalities:

(i) Forall (t,x) in the domain of V with t <1, sup D4(=V)(,x)U, f(x,u)) <0;
uelU
(i) If (¢, x) in the domain of V with t < 1, is so that there exists an optimal control u(-) € % at

(t, x) which is continuous from the right at t, then inlf} lo)¢ Vi, x)U, f(x,u)) <0.
ue

Proof. Fix (¢, x) in the domain of V with ¢ < 1. To prove (i), pick any u € U and consider the
control u(-) = u. By [17, Theorem 15, p. 38] applied with y(-) = x and ;(~) > 0, there exists a

unique Lipschitz solution z(-) : [0, 1] — E to the mutational equation E(s) > f (z(s), ﬁ) for a.e.
s € [0, 1], z(t) = x. Hence,
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V(t,2(0)) <V(t+h,z(t +h)), Yhel0,1—1].

Since z(-) is a primitive of f(z(-), u#), we deduce from [17, Theorem 15, p. 38] applied with
y(s) = f(x,u)(s,x) and from the Lipschitz continuity of f with respect to the first argument,
that for any ¢ > 0,

d(z(t +h), f(x,u)(h, x)) < e¢h whenever h > 0 is sufficiently small.

Consequently, for every 7 > 0 small enough, there exists zj € B( f(x, ﬁ) (h, x), eh) such that
V(t,2()) < V(t +h, z4). Then,

0> ljminf —LERWFVED B vy o, f ).

h—0+ h -

Since u € U is arbitrary, we proved that sup D4+ (=V) (¢, x)(, f(x,u)) <O0.
uelU
To prove (ii) consider an optimal solution-control pair (x(-), u#(-)) at (¢, x) such that u(-) is
continuous from the right at . Then

V(t,X(0)=V(t+h xt+h), Vhe[0,1—1].

Furthermore, ¢(s) := dp(f(x(s), u(s), f(x(t),u(t))) is continuous from the right at ¢+ and
¢(t) = 0. Define y(t +s) := f(x(¢),u(t))(s, x(¢)) fors € [0, 1 —¢]. Then ;(-) E) f()?(t), I/_t(l)) on
[0, h] for every small & > 0. Thus, by [17, Proposition 21, p. 41], d()?(t +h), f(x, ﬁ(t)) (h, x)) =
o(h) for small & > 0.

Consequently, for every ¢ > 0 and any A& > 0 small enough, there exists Xx; €
B(f(x,iu(1))(h,x), eh) such that V (¢, x) = V(t + h, X;). Hence,

0= lim Vet+hin— Ve x) zBTV(t,x)(l,f(x,ﬁ(t)))

h—0+ h

and therefore inlf] BTV(t,x)(l, fx,u)<0. O
ue

4. Main results

In this section we state our main results. To facilitate reading their proofs are postponed to
Section 6.

Let (U, dy) be a metric space of control parameters and define the set of controls % by (7).

Consider a continuous map f : . # (RY) x U — Lip(RY,RV), amap g : # (RY) - R U
{+oc} and the optimal control problem

minimize g(K (1)) [P]
over all the solutions K () : [fo, 1] = # (RY) to the morphological control system
K> f(KCO),u()), u(-) €% and K1) = Ko, [S]
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where 7o € [0, 1] and Ko € # (RV) are given. That is the right hand side of the control system
in [S] corresponds to F (K, t) := f(K, u(t)) of Definition 2.10.

Under some technical assumptions, for every u(-) € % there exists a solution K (-) to the
above morphological control system, cf. [17, Theorem 4, p. 388 and Remark 16, p. 113].

If for some A > 0, the mapping f (-, u) is A-Lipschitz for every u € U, then [17, Proposition
21, p. 41] and the Gronwall lemma imply that for every u(-) € % such a solution K (-) is unique.

The following result (see [17, Proposition 24, p. 415 and its proof, and Proposition 57, p. 64])
characterizes primitives as reachable sets.

Proposition 4.1. Assume that the metric space (U, dy) is complete and separable and that the
continuous map f : # (RN) x U — Lip(RN,RN) satisfies

sup (Lip fK,w)+ 11 (K w)llas) <00
uel, Ke ¥ (RN)

Then for any ty € [0, 1], Ko € H RN and any control u(-) € %, there exists a unique so-
lution K () : [to, 1] = # RY) of the morphological control system in [S]. Furthermore, for

every time t € [ty, 1], K (t) coincides with the reachable set V¢ g (.),uy)(t, Ko) of the differential
equation

x'(0) = f(K (), u(0)(x(0) fora.e. v € [to, 1], x(to) € Ko.

Throughout this paper we say that f : # (RY) x U — Lip(RN,RN) satisfies (H1) if the
following two assumptions hold true:

(i) f is continuous, bounded with uniformly bounded Lipschitz constant:

A= sup Lip f(K,u) <400, p:= sup [1f (K, u)|loo < +00;
uelU, Ket' (RN) uelU, Ket' (RN)

(ii) forany K € # (RN), the set f(K,U) :={f(K,u)| u € U} is convex.

Observe that if U is compact and (H1) (i) is satisfied, then the graph of f(-, U) is closed with
respect to the local uniform convergence in Lip (RY, RV).
We have the following existence result whose proof is given in Section 6.1.

Theorem 4.2. Let g : A RN) — R U {+0o0} be lower semicontinuous and (U, dy) be compact.

Assume that f : # (RY) x U — Lip(RN,RN) satisfies (HI) and is Lipschitz in the first argu-
ment uniformly in u, i.e. for some A1 > 0,

1 F(K,u) — fF(K',1)||oo < A1 dH(K,K’)forall K,K' e # RNy and anyu € U.

Then, for every initial condition (ty, Ko) € [0, 1] x £ (RM), there exists an optimal solution to
the morphological control problem [ P], [S].

The value function V : [0, 1] x Z (RY) — R U {f00} associated with the problem [P], [S]
is defined by: for any 79 € [0, 1] and Ko € # (RV),
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V (10, Ko) = infg(K (1))

over all the solutions K (-) to the morphological control system [S].
Clearly V is nondecreasing along any trajectory of [S] and is constant along optimal trajecto-
ries. Also V satisfies the dynamic programming like properties.

Theorem 4.3. Assume (HI1) (i) and that f is Lipschitz in the first argument uniformly in u. If
g is continuous, then V is continuous. Furthermore, if g is locally Lipschitz, then V is locally
Lipschitz on [0, 1] x # (RM).

Theorem 4.4. Under all the assumptions of Theorem 4.2, V is lower semicontinuous on [0, 1] x
HRM).

Proofs of the above two theorems are postponed to Sections 6.5 and 6.6.

Definition 4.5. A continuous map W : [0, 1] x .# (RY) — R is called a contingent solution
to the morphological Hamilton-Jacobi equation (associated with [P], [S]) if it satisfies the
boundary condition W(1,-) = g(-) and the following contingent inequalities: for all (¢, K) €
[0, 1[x ¢ (RY),

) inlf]DTW(t,K)(l,f(K,u))fo,
ue

(i) sup Dy (=W)(, K)(1, f(K,u)) <0.
uel

If (U,dy) is compact and f is continuous in the second variable, then it is not difficult to
realize that for any (¢, K) € [0, 1[x.# (R"), the infimum of DyW(t, K)(1, f(K,u)) over all
u € U (possibly equal to —o0) is attained at some u € U, i.e. we have the following result.
Proposition 4.6. Let (U, dy) be compact, f : A RVYx U — Lip(RN, RN) be continuous and
W:[0,1] x Z(RY) > R U {4o00}. Then for every (t, K) in the domain of W with t < 1, there
exists u € U satisfying

DyW(t, K)(A, f(K,u)) = in£D¢W(t,K)(1,f(K,u)).
ue

We next state our main result.
Theorem 4.7. Assume that (U, dy) is compact, g is continuous, f is Lipschitz continuous in the
first argument uniformly in u and satisfies (HI). Then V is the unique continuous contingent
solution to the morphological Hamilton-Jacobi equation.

We also have the following two comparison results.

Proposition 4.8. Assume (H1) and that (U, dy) is compact. Let W : [0, 1] x & RYy > RU
{400} be lower semicontinuous, with W(1, -) = g(-) and

inlf] DyW(t, K)(, f(K,u)) <0,
ue
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for all (t, K) in the domain of W witht < 1. Then V < W.

Proposition 4.9. Assume that (U, dy) is compact and the map f is Lipschitz continuous in the
first argument uniformly in u and satisfies (H1) (i).
Let W :[0,1] x # (RY) — R U {—o0} be upper semicontinuous with W(1, -) = g(-) and

sup Dy (=W)(z, K)(1, f(K,u)) <0,

uelU

forall (t, K) in the domain of W witht < 1. Then W < V.

The above two Propositions are deduced in Sections 6.3 and 6.4 from the viability theorem
for morphological differential inclusions.
We provide next two examples of dynamics f satisfying assumptions of our main results.

Example 2. Let U, U be compact metric spaces, R > 0 be given and f : # (RY) x U x U—
Lip(RYN ,RY) be as follows

S uyuz)(x) = fi(x, uy) +min(R, max [[z[]) - @ (x, uz). ¥ x € RY,
zZ€

where

e f1:RY xU — RY and ¢ : RN x U — R are continuous and bounded;

e f1, ¢ are Lipschitz continuous in the first argument uniformly with respect to the second
one;

o thesets |J,cy f1(-,u) and U, .7 ¢ (-, u’) are convex.

The last assumption is verified for instance when U, U are convex subsets of Euclidean spaces
and f] and ¢ are affine with respect to controls. The above f can be used to model a dynamic of
agents influenced by the leaders (maximizers) up to some threshold.

We first verify that f is Lipschitz continuous with respect to the first argument. Since the
minimum of two Lipschitz continuous maps is also Lipschitz continuous, there is a constant
L > 0 such that for any K1, K» e #RY), ui,ur e U, x € RY, we have

£ w1, u2)(0) = (Ko, g, ) (0)
= | fir,un) + min(R, max 1) - ¢x, w2) — fi (x, 1) — min(R, max 2]} - g(x, u2)
zeK| zeK»>
= | min(R, max 2] — min(R, max 21D - | (x, u2)| < L |o(x, w2)| - du (K1, Ko,
€K, zeKy
Since ¢ is bounded we conclude that f is Lipschitz continuous with respect to the first argument

uniformly in (u1, u3). Our assumptions immediately imply that (Hl) (1) is satisfied. To check
(H1) (i), let K € ' (RN), x e RY, A € [0, 1], u1,uz € U, uy,uy € U. Then
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Af(K ur,u2)(5) + (1= 2) f (K, uy, uy) ()
=Af1(, u1) + A min(R, max Izl - (. u2) + (1 —21) fi (-, uy)

+ (1 = A) min(R, max [|z]|) - (-, u5)
zek

= [#fiCou) + A= fiCuh)]| +min(R max 21D - [ u2) + (1= 2g () |
Zz
By the convexity assumption, there are u3 € U, u} € U such that

(MG a0+ (1 =D fiCu), A + (1= D uh)) = (fiCsus), o ub) ).

(i1).

Example 3. For a nonempty convex compact subset C of R" denote by o (C,-) the support
function of C defined by o (C, p) = max.cc(p, c) for any p € RV. Let 3o (C, -) be the subdif-
ferential of convex analysis of the support function. Recall that o (C, -) is locally Lipschitz and
therefore for a.e. p € RN the set do (C, p) is a singleton equal to argmax.cc(p, c). The Steiner
point s(C) of C is defined by

1 1
s(C) = WBN) / do (C, p)dp = W /argmaxcec(p, c)dp,
BN BN

where Vol(B") is the Lebesgue measure of N-dimensional unit ball BY in RV. Steiner point
of C can be seen as an expectation of the maximizer of (p, c¢) over C, kind of “center” of the
convex set C. By [4, Theorem 9.4.1]), s(C) € C and s(-) is Lipschitz in the Hausdorff metric
with the Lipschitz constant depending only on N.

Let U be a compact metric space, U C R™ be a convex compact set, R > 0 be given and
f: @RV x U x U — Lip(RY,RY) be as follows

S ur,uz)(x) = fi(x, u) +max(0, R —max lz]) - W(s(co K))uz, Vx & RY,
z€

where co K stands for the convex hull of K, fi satisfies the assumptions of Example 2, W :
RN — L(R™,R") is a Lipschitz function and L(R™, R") denotes the space of linear operators
from R into RY. The above f can be used to model a dynamic of agents influenced by the
crowd as long as the crowd remains strictly inside the restricted area B(0, R). Steiner point of
the set co K can be seen as the relaxed mean of the crowd K of agents and W(s(co K))u, as the
controlled direction imposed on the “center” of co K. In the same way as in Example 2 we check
that f (-, u) is Lipschitz uniformly in u and satisfies (H1).

5. Optimal feedback

Let (U, dy) be compact and f : # (RV) x U — Lip(RN,RN) satisfies (H1) (i). Assump-
tions of Theorem 4.2 guarantee the existence of optimal solutions to the morphological optimal
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control problem [P], [S] for any (#9, Ko) € [0, 1] x H (RN). Let V be the associated value
function.
For any ¢ € [0, 1[ and any K € .# (R"), define the compact valued map

G, K)={f(K,u)|ueU, DyV(t,K)(1, f(K,u)) <0}
and the optimal feedback set-valued map
Ug(t,K) ={uelU| f(K,u) e G(t, K)}

also having compact values.
Consider the morphological differential inclusion

KNG K() #D. [0]

Recall that K () : [0, 1] — # (RY) is a solution to [ Q] if for almost every t € [0, 1], there exists
F € G(¢t, K(t)) such that ¥F belongs to the mutation K (¢).

Theorem 5.1. Assume that (U, dy) is compact, f : # (RN)x U — Lip(RN, RN) satisfies (HI)
(i) and is Lipschitz continuous in the first argument uniformly in u. If V is locally Lipschitz, then
for every tg € [0, 1[ and K¢ € A RN, the tube K (') is optimal for [P], [S] if and only if
K (t9) = Ko and K (-) is a solution of [ Q] defined on the time interval [1o, 1].

The proof of Theorem 5.1 provided below yields the following Corollary.

Corollary 5.2. Under the assumptions of Theorem 5.1, if V is locally Lipschitz, then for every
to € [0, 1[ and Ko € # (RN) a solution-control pair (K (-),u(-)) is optimal for [P], [S] if and
only if K (ty) = Ko and

I%(t) > f(K@),u()), ut) e Ug(t, K(t)) a.e. in [to,1].

Proof of Theorem 5.1. Let K (-) : [0, 1] — .# (RY) be a solution to the morphological inclu-
sion [Q] with K(t)) = K. Since G(¢, K(t)) € f(K(t),U), by [17, Proposition 25, p. 416]),

K (-) is a solution of 10<(-) > f(K(-),u(-)) for some measurable control u(-) € % . Thus for a.e.
t€10,1],

DV (1, K)(1. F(K@©,u0)) <0. ®)

Set p(s) = V (s, K(s)). Since V is locally Lipschitz and K (-) is Lipschitz, we know that ¢ is Lip-
schitz continuous on [#y, 1]. By Rademacher’s Theorem, ¢ is differentiable almost everywhere

in [fg, 1]. Let z € [0, 1[ be so that ¢ (¢) exists, K (t) > “//f(K(,)’u(,)) and (8) holds true. Then,

S = lim V(t+h,K(t+h))—V(t,K(t))'
h—0+ h
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By the Lipschitz continuity of V, (5) and Proposition 2.12,

' © =DV (1 K®)(1 F(K®,u0)).

From inequality (8), we deduce that ¢’(¢) < 0. This implies that V is non-increasing along the
trajectory K (). Since V is also non-decreasing along this trajectory, it follows that V (-, K (-)) is
constant and therefore K () is an optimal solution to [P], [S].

Conversely, let (K(-),i(-)) be an optimal solution-control pair of [P], [S]. Thus it satisfies for
every t € [t, 1[,

Vi+h, Kt+h)=VE, K@), Vhelt,1—1]. )

Set p(s) =V (s, K (s)).Lett € [0, 1] be so that K (1) > ”I/f(K(,),u(,)). Since V is locally Lipschitz,
(9), (5) and Proposition 2.12 yield

0=¢'(t) = DTV<t, k(x))(l, F(R @), ﬁ(t))).

Consequently, DTV(I, k(t))(l, f(K(t),ﬁ(t))) = 0, which means that K(.) is a solution
of [Q]. O

6. Proofs of results of Section 4
6.1. Proof of Theorem 4.2

Fix (t9, Ko) € [0, 1] x 2Z (RN). If 1y = 1 there is nothing to prove. Assume next fp < 1 and
consider a minimizing sequence of controls u, (-) € % and for each n € N, let K,,(*) : [tp, 1] —
2 (R™) be the solution to the morphological equation

Kn(6) 3 f(Kn(0).un(0)) a.e.t € [t0.1] Kn(to) = Ko.

Then lim,,— o0 g(K, (1)) = V (9, Ko).

> From (H1) and Proposition 4.1, it follows that for each n € N, K, (-) is p-Lipschitz contin-
uous with respect to dy . This implies that:

(i) the family {K,(-)}, is equicontinuous;
(ii) U K, (¢) is contained in the ball B(Ko, p) C # (RV).

neN
telto, 1]

In fact, forany n € N and for all £ € [fo, 1], dg (Kx (1), Ko) = du (Kn (1), Ku(t0)) < plt — 10| < p.
The Ascoli-Arzéla Theorem, see for instance, [17, Theorem 82, p. 491]) implies that there exists
a subsequence, again denoted by K,,, converging uniformly to a continuous set-valued map K (-) :
[t0, 1] — Z (RN). Moreover, K (-) is p-Lipschitz continuous because for all 7, ¢’ € [1g, 1],
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du(K (1), K(t") < du(K(@), Kn (1)) + du (K, (1), K, (") + du (K, ('), K(t'))
< dp(K(1), K, (1)) + plt —1'| + du (K, (1), K(1)).

Letting n to tend to oo, we obtain that dgy (K (¢), K (")) < p|t — t'|. Furthermore, since K, (f9) =
Ko, we know that K (ty) = Kp.

The lower semicontinuity of g implies that V (7o, Ko) > g(K (1)) and therefore it remains to
show that K (-) is a solution of [S].

> Define g, (-) : [to, 11 = Lip(RN ,RY) by g, (1) := f(Kn(t), un(t)). Then

sup Lip g,(t) < sup Lip f(K,u) < 400,
t€lto, 1] uelU, Ket' (RN)

sup |1gn(D]lec < sup [1f (K, u)|loo < +00.
t€lto, 1] uelU, Ket' (RN)

For any compact subset O C RV denote by C°(Q, RV) the Banach space of all continuous
functions from Q into RY with the norm of uniform convergence. For r > 0, let B, denote the
closed ball in R of radius r centered at zero, and define

W, i={en),, |neN, 1eln. 11} c B RY).

For every integer » > 0, the family W, is uniformly bounded and equicontinuous. According
to [17, Proposition 83, p. 491], for every integer r > 0, W, is weakly compact with respect

to the topology || - ||ec. Due to [17, Proposition 85, p. 492], the set [g"(')ls, ‘ ne N} is rela-
tively weakly compact in L! ([to, 1], CO(B,, RN )). Then, for every integer r > 0, we can extract

a subsequence weakly converging to some g’ (-) € Ll([to, 11, C°%(B,, RN )). Let us construct a
function g(-) € L' ([to, 11, C°(RN, R")) by induction using the above arguments.

Since for r = 1, the set {gn(-)“;1

ne N} is relatively weakly compact in Ll([to, 1],
CO(Bl,RN)), there exists a subsequence (gni(~)|Bl),- weakly converging to some g1(~) €
L'([to, 11, C°(B1, RY)), ie. for every g € L' ([0, 11, CO(B, RM))",

. 1
igrgo(q,gni(~)|31)=(q,g ).
Observe that there exists a subsequence of (g, (+));, denoted by (gnij_ (), such that 8ni; () 5
converges weakly to g2() in L'([t, 11, CO(B2, RY)), ie. for every p e L'([t, 1],
C(B2, RV))",

jlinéo@’ gn,-_,.(-)\gz) =(p. &*()). (10)

Or, (8ni, ()); being a subsequence of (g, (-));, we know that (gni/ (')‘B| )j converges weakly to
g'(-) and for any g € L' ([t, 11, C°(B;, RM))",

jlinéo(q’gn,-j(-)\gl)z<‘I’gl(')>~ (v
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Fix any g € L' ([19, 11, C°(B1, R"))", and define ¢ € L' ([1o, 11, C%(B>, RY))" by taking
(G, w) =g, wy,), Vw e L'(lt, 11, C°(B2, RY)). (12)

Due to (10), we infer that
Jim (G n,, (1ay) = (a8 0))
By equality (12),
(@ 8, Oy ) =080, ©) ) and (d.670)) =g, 8, )
Thus,
. ) _ 2,
i {a-8n, 0, 1 =10 87O, )

From (11) we deduce that for any ¢ € L' ([to, 1], CO(Bl,RN))*, (q, gl(-)) = <q, g2(~)|B] ) Since
q € L'([to, 11, CO(By, RY))" is arbitrary, it follows that g!(-) = 82(')|B, . Using the induction ar-
gument, we construct a function g(-) : [#g, 1] — CO(RN, RN) such that 8lp = g" where, for any
integer r > 0, g"(-) is the weak limit in L' ([#o, 1], C°(B,,RM)) of a subsequence of (g, ("), )-

> Recall that the sequence K, (-) converges uniformly to K (-) when n tends to +o0o. Fix ¢ > 0.
Since f (-, u) is Aj-Lipschitz continuous for each u € U and for all large n we have

L (Kn(0), un (@) = f (K@), un(®))lloo <21 du (K (1), K(1)) <& Vi €lrg, 1].

Let o denote the set of functions in Lip (RN, RY) with Lipschitz constant not greater than 2
and By = {9 € CORN,RN) | sup, gn @(x)| < 1}. Then for all large n,

gn(®) € f(K (1), un(t)) + €Boo N

for all ¢ € [tg, 1]. Therefore for all large n,

gn (1)), € f(K(t)’””(t))IB, + (6 Boo N ),

- U f(K(t), M)IB + (¢Boo N &), for every [to, 1]
uel

for any integer r > 0. Note that the sets U f (K (1), u)
uelU

compact in Lip(B,, RY). Define for every integer » > 0 and for every ¢ € [, 1] the convex

compact set

I and (¢ Boo N &), are convex and

0i() = F(KW.u), + (BN, S Lip(B,.RY).
uelU
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We already know that for all large n, g, (t)‘ 5 € Q.. (1) forevery t € [19, 1]. Let

I = {(p e L' ([, 11, C°(B,, RY)) ‘ o(1) € O(1) a.e. in [fo, 1]}

Clearly I'} is convex. Furthermore, since any convergent sequence in L! ([to, 1], CO(B,, RN )) has
a subsequence converging a.e. in [0, 1], the set I';, is closed in Ll([to, 1], CO(Br, RM)). By our

construction, for some ng > 0 the sequence (gn(-)\ Br)n>n0 is in I, and has a subsequence con-

verging weakly in L'([1, 1], C°(B,,R")) to g(-)|, . By Mazur’s theorem, g ()|, € I'. Thus,
fora.e. t €[, 1],

O AGESY f(K(t),u)‘Br +(eBoo N ), .
uelU

Since & > 0 is arbitrary, this yields g(t)|, € U F(K(®),u), ae.in[t,1].

B
uelU
Fix ¢ € [y, 1] such that the above inclusion holds for every integer r > 0 and let u, € U be

such that g(#)|, = f (K ), M’)IB,- . The set U being compact, there exists a subsequence u,, con-

verging to some & € U. Furthermore, for every x € B,, and any n > i we have f (K (1), uri)(x) =
f(K(t), urn)(x). Taking the limit when n — oo we get f(K(t), uri)(x) = f(K(t), ﬁ)(x) for
every x € B,,. Hence g(¢)(x) = f (K ), ﬁ) (x) for every x € B,,. Finally, i being arbitrary, we

deduce that g(¢) € U F(K (1), u). By [17, Lemma 26, p. 416], there exists u(-) € % such that
uelU

g()=f(K(@),u()) forae.t e/, 1].

>We claim that K () solves the morphological equation K (¢) > g(¢) for a.e. t € [fy, 1], that is
K (¢) is the reachable set at time ¢ of the system x'(s) = g(s)(x(s)) for a.e. s € [t9, 1] with
x(t) € Kop.

Since K, (-) is the solution to K, () 3 g,(-) with K,,(t9) = Ko, by Proposition 4.1, the compact
set K, () C RY coincides with the reachable set

A//gn © (t’ KO)

={x) | x e W 110, 1. RY), 2/(5) = gu(5) (x(9)) for ae. s €10, 11, x(10) € Ko}

We first show that K (¢) C ¥, (t, Ko) for every t € [t9, 1]. Indeed, we know that for any
t € [to, 1],

K(t) = niﬂfw K, (@)= nEToo Veu () (t, Ko).
Let x € K(t). Then there exists a sequence z,(-) € w119, 11, RY) such that

2, (s) = g,,(s)(zn(s)) a.e.s € [ty, 1]
2y (t0) € Ko, limy, 00 2, (1) = x
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Consider an integer r > 0 such that |z,(s)| < r for all s € [fg, 1] and every n. We recall that
there exists a subsequence of (g,(-)|5, )n, denoted by (gn, (+)5, ) weakly converging to g(-)|,,
in L'([1o, 1], C°(B,,RY)). By the Ascoli-Arzéla theorem, taking a subsequence and keeping
the same notation we may assume that (z,,(-))x converges uniformly to a continuous function
z(-) : [to, 11— R¥. Moreover, z(-) is Lipschitz continuous and

z(to) = lim z,, () € Ko, z(t) = lim z, () =x.
k——+00 k— 00
It remains to show that

Z(s) = 8(8))5, (z(s)) for a.e. s € [1fp, 1].

By Mazur’s Lemma, see for instance [20, Lemma 10.19], we can find a function N : N — N and
a set of real numbers {o ()x| k =1, ..., N(l)} such that

N(l)
oDk =0, Y oi=1, (13)
k=l
and the sequence (v, ;(-)); defined by the convex combinations

N({)
()= oDk gn ()i, (14)
k=l
converges strongly to g()|, € L'([t0, 11, C°(B,,RM)), i.e.
1
llim sup [vy1(s)(y) — g(s)5, (¥)| ds =0.

—00 y€EB,
fo

In particular,
1
ll_lglo/ [vr,1(s)(2(s)) — g(5) |5, (z(s))| ds = 0. (15)
1o

On the other hand, g, (s)(-) : RY — R¥ are Lipschitz continuous with the same Lipschitz con-
stant. Hence, for some > 0 and any s € [f9, 1]

18y (8)15, (Zn (8)) — 8np ()15, ()] = lzn, () — 2(s)],
implying that
8ni ()15, (Zn, () € &ny (8)15, (2(8)) + 1]z, (s) — 2(s)|By.
Since z,, (s) = 8n, ()|, (2, (5)) a.e. in [1o, 1],
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20, () € gn ()15, (2(8)) + ftlzn (5) — 2(5)|B1 fora.e. s € [to, 1].
Consequently, for any t € [#p, 1]

LN TN

Jin [ S ot @ ds e tim [ Y o6, o) ds
o k=l 1 k=l
T NG

+ lim g / ;a(l)uznk(s) — (o)l ds By

N TN

= tin S oWk (an (0~ 2 @) = Tim_ [ Y o0 6, GO ds
k=1 o k=l

But
N()
Jlim ;o(l)k(mk (¥) = 2 (1))
N() N()
= tim 3 oWz (1) =2() + lim 3 o0 (2(0) —2(0))
k=l k=l
N()

+ lim_ ; o O (200) = 20, (1)) = 2(0) = 2(10).

This and (15) yield

4

2(t) —z(t0) = / 8(8)|p, (2(5)) ds.

0]
Hence, 7/ (1) = 8(7)), (z(7)) for ae. T € [fo, 1], which implies that x = z(r) € Ve (t, Ko).

We show next that ¥4, (t, Ko) C K(¢) for all ¢ € [tg, 1]. Let x € Y4, (t, Ko). Then there
exists z(-) € Wil ([to, 1], RN) such that

{ 7(s)= g(S)(Z(S)) a.e.s €[, 1]

z(ty) € Ko, z(t) =x.

We have to check that z(f) € K (¢). Consider y, (-) € W!!([19, 1], RV) such that for every n € N,

Yn(8) = g () (ya () a.e.s €ty 1]
yn(t0) = z(to)

Then for every s € [y, 1] we have
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N

yn(s) = z(to) +/gn(f)(yn(t))dr.

fo

Consider an integer » > 0 such that |y,(s)| <r for all s € [fg, 1] and every n and a subse-
quence of (gn(')\B, )n, denoted by (gnk(')\gr)k weakly converging to g(~)‘Br in
Ll([to, 1], CO(Br,]RN)). For the same reasons as before, we may assume that (y,, (-))x con-
verges uniformly to some y(-) : [tp, 1] — RN Since gn(7)(+) are A-Lipschitz, we deduce that
for every s € [19, 1],

N

¥(s) = 2(t0) + / (@)L + 8 (s),

0]

where 1imy,—, o0 SUPsep 17102 (s)] = 0. Let N : N — N and a set of real numbers {o (x| k =1,
..., N()} be such that (13) holds true and the sequence (v,;(-)); defined by (14) converges to
g()),, strongly in L'([z9, 1], C°(B,, R™)). Then for every s € [fo, 1],

S N N

¥(8) =2(t0) + / 3 o Okgn (Y@)AT + Y o Didu, (5).

1 k=l k=l

As before, taking the limit when / — oo we get

s

y(s) =z(10) + / g(@)(y(r)dr

fo

and, from the uniqueness of solution to the ODE y'(s) = g(s)(y(s)), y(fo) = z(fp), we deduce
that y(-) = z(-). In particular,

zZ(t) = lim y, (t) € lim K, (t) =K ().
k— 00 k——+00
6.2. Proof of Theorem 4.7

The proofs of Theorem 4.3, Proposition 4.8 and Proposition 4.9 are given in subsections 6.3,
6.4 and 6.5. Here we apply these results to prove Theorem 4.7.

By Propositions 4.8 and 4.9 if W : [0, 1] x 2 (RY) = R is a continuous contingent solution
to the morphological Hamilton-Jacobi equation, then W = V. By Theorem 4.3, V is continuous.
Clearly V(1, -) = g(-). It remains to prove that V satisfies inequalities (i), (ii) of Definition 4.5.

By Theorem 3.1 and Proposition 2.12 the inequality (ii) is satisfied for any (¢, K) €
[0, 1[x.# (RN). Fix (fy, Ko) € [0, 1[x.# (RY). We claim that D4V (tg, Ko)(1, f(Ko,u)) <0
for some u € U. Indeed, by Theorem 4.2 there exists a solution-control pair (K (-), u(-)) of the
morphological control system [S] satisfying V (7o, Ko) = g(K(1)). Then,

V(to+h, K(to+h)) = V(t, Ko), Yhe[0,1—1]. (16)
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Consider any sequence of scalars /i, > 0 converging to 0. By Proposition 4.1, for any n suffi-
ciently large, K (to+ h,,) coincides with the reachable set ¥k (),u(.)) (to +h,, Ko) attime to+ hy,
of the system

x'(s) = f(K(s), u(s)) (x(s)), x(ty) € Kop.

Since u(-) is measurable and U is complete and separable, there exist simple measurable maps
v; : [tp, 1] = U converging pointwise to u(-). Define

¢ (s) := f(Ko, u(to +5))x, € C°(Ko, RY) Vs [0, 1—1].

By continuity of f we know that ¢ is the pointwise limit of simple functions f (Ko, v; (fo+-))|k,-
Since f is also bounded, ¢ is Bochner integrable. The set f (Ko, U) |k, := {f (Ko, u)|k, |u € U}
being convex and compact in CO(K 0, RN ), from the separation theorem we deduce that,

hp
/¢(s) ds ehnf(K(), U)IKo'
0

Let u, € U be such that

hn
[¢(s> ds = hy f (Ko, ) g,
0

Consider a subsequence (uy;); converging to some & € U. Then

I
J
f¢><s> ds = I, f (Ko, @), ¢, +30hn,)), (17)
0
where lim;_, oo ||5(h,,].)||/h,,j =0 and | - || denotes the norm of C°(Ky, RY). From the very

definition of the Bochner integral we deduce that

hn h"

hy
/ £ (Ko, utto +)) (x(@0)) ds = Jim. / £ (Ko. vito +9)) (x(t0)) ds = / ¢ (5)ds (x(10)).
0 0 0

Fix y € K (to + hy) and let x(-) € W ({10, 10 + h,], RY) be such that

(18)

X'(s) = f(K (), u())(x(s)) for a.e. s € [to, fo + hy]
x(t0) € Ko, x(to+hp) =y.

We know that for some constants ¢; > 0, ¢ > 0, K(-) is c¢1-Lipschitz continuous and x(-) is
ca-Lipschitz continuous, i.e. that for any ¢ € [#, 1],
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dy(K(t+s),K(t)) <ci|s| and |x(t +s) — x(t)| < c2|s| whenevers € [0, 1 —¢].

Hence

hn

y=x(to+ hn) = x(to) + fx/(to+S) ds

0
hn

= x(to) + ff(K(to+s),u(to+s))(x(to+s)) ds

0

hn
= x(to) + ff(Ko,u(to+s)) (x(t0)) ds + o(hy)
0

hn
x(to) + f¢(5) ds (x(10)) + o(hy)
0

with |o(h,)| < ch% and c independent from y.
This and (17) imply that for any y € K (o + hnj) we can find xo € K such that

|y = X0 = hu; £ (Ko, @) (x0)| < 15Ca )| + ch2,.

Observe next that for any xo € Ky, the solution of the ODE 7’ = f(K(s), u(s))(z), z(ty) = xo
satisfies z(fy + hnj) e K(to+ hnj). Therefore, the above estimates yield

dp (K (to + ). (1d + hy, f (Ko, 0)(Ko)) = 0(hy).

Thus, Definition 2.11 and (16) imply that

. V(to+hn;, K(to+ hn;)) — V(to, Ko)
0= lim

Jj—>00 h”i

> D4V (10, Ko)(1, f (Ko, u))

completing the proof.
6.3. Proof of Proposition 4.8

Define the set-valued map .Zy : # (RY) ~ Lip(RY,RN) by Fy(K) :={f(K,u) |ucU}.
By (H1), #y has nonempty convex compact values. Moreover, the graph of Zy is a
closed subset of J# (RY) x Lip(RY,RY) (with respect to the local uniform convergence in

Lip(RN,R¥)), because f is continuous and U is compact.
We define the set-valued map .Zy : R x # (RY) x R~ Lip(RVNt2 RN+2) by

Fut.K,r):={(, f(K,u),0) |uecU},
where (1, f(K,u),0)(,x,z2) =, f(K,u)(x),0) forevery u € U and (¢, x,z) € R x RY x R.
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Thus (1, f (K, u), 0) induces a transition
Y, k.0 110,11 x (R x # (RY) x R) - R x # (RY) x R

by means of the reachable sets to the system

=1
x' = f(K,u)(x)
"=0.

Obviously, values of % are nonempty, compact and convex and the graph of % is closed
with respect to the local uniform convergence in Lip(RVN+2 RN *2). Since W satisfies a con-
tingent inequality of Proposition 4.8, by Proposition 2.12 and Proposition 4.6 for any (¢, K) in

the domain of W with t < 1, we have Dy W (¢, K)(1, ¥k u)) < 0 for some u € U. This and
Proposition 2.7 imply that any 7 € [0, 1[ and any K € Z (RY) with (¢, K) in the domain of W,
there exists u € U such that

Ya.rka.0 €Tepw)(t, K, W(t, K)).

Hence for any (¢t,K,r) € &p(W) with t < 1 there is u € U satisfying (1, r(k.,u),0) €

Téf‘p(w)(l, K,r).

Fix any 79 € [0, 1[ and Kq € %(RN). If W(t, Kg) = 400, then W (g, Ko) > V (9, Ko).
Assume next that W (g, Ko) is finite.

From the Viability theorem [18, Theorem 3.11] applied on the closed set &p(W) U
([1, oo[x.# (RN) x ]R{), we deduce that there exists K () : [f9, 1] — R x # (RV) x R solution

to the morphological inclusion K( )N JU(K( )) # @ with K(to) = (19, Ko, W (2o, Ko)) which
verifies for every t € [1, 1], K(t) € éap(W) Continuity of K and closedness of &Ep(W) yield
K(Q) e & p(W). The definition of J’U ensures the existence of a map K (-) : [, 1] — £ (RN)

solving the morphological inclusion K ()N ZFy (K () # D with K (t9) = K satisfying

W, K(1)) < Wi, Ko), V1 € [10, 1]. (19)
Then [17, Proposition 25, p. 416] implies the existence of a control u(-) € % such that K(-)

is the solution to the morphological equation K(-) > f(K(-),u(-)), K(ty) = Ko. Hence we get
from (19),

W(to, Ko) = W(1, K (1)) = g(K(1)) = V (10, Ko).

Since 7y € [0, 1[ and Ko € # (RYN) are arbitrary, we deduce that V < W.
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6.4. Proof of Proposition 4.9

By the contingent inequality of Proposition 4.9, Proposition 2.12 and Proposition 2.7, for
every (t, K) in the domain of W with ¢ < 1 and every r > —W (¢, K) we have

(0, Y5k uys 0 € Tg p_w (1, x,7) VueU. (20)

Let (z, Ko) € [0, I[X%(RN). If W(t, Kg) = —o0, then W(ty, Ko) < V(ty, Ko). Also
if V (19, Ko) = 400, then W(ty, Kg) < V (9, Ko). Assume next that W (7, Ko) is finite and
V(ty, Ko) < +00.

Fixe >0, R>0andlet K(-): [tg, 1] = £ (R") be a solution to the morphological equation

IO((~) > f(K(-),u(:)) forsome u(-) € % satistfying K (tp) = K¢ and such that

V(ty, Ko) + % if V(t9, Kg) > —o0

g(K(D)) = {

5 otherwise.

Since u(-) is measurable, there is a sequence of continuous functions u;(-) : [f9, 1] = U such
that

Tim dy (u; (1), u(t)) =0 a.e. in [fo, 1].

Furthermore, we can approximate continuous functions u;(-) by piecewise constant functions
vf(-) : [t9, 1] = U that are continuous from the left and converge to u;(-) uniformly on [#g, 1]

when k — oo. This implies that for a sequence (vlk i ) ~we have
l

lim dy (v (1), (1)) =0 a.e. in [1g, 1].
1—>00

To simplify the notation set v; := vf" .For i € N fixed, the function v;(-) can be written as

p
Ui(‘) = yOX[a(),(n](') + Z V] X]aj,aH]]('),
j=1
where y; e U for j =0,..,p, to =ap <a; < --- <apy1 =1 and x; denotes the in-

dicator function of an interval / € R. By (20) and the Viability theorem [18, Theorem
3.11] applied on the closed set &p(—W) U ([1, c0[x.# (RY) x R) to the map (1,K,r) —
(1, f(K, yp), 0), there exists K;(-) : [ag, a;] = & (R¥) solution to the morphological equation

Ki() > f(Ki(), v0), Ki(ao) = Ko satisfying
—W(s, K;i(s)) < —W (ao, Ki(ap)), for every s € [ag, a],
or equivalently,
W(s, Ki(s)) > W(ty, Ko), forevery s € [ag, a1].
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Using the induction argument, we extend K; (-) on the interval [fy, 1] as the solution of the control
system in [S] corresponding to the control v;(-) satisfying

W(s, Ki(s)) = W(ty, Ko), for every s € [tg, 1]. 21
We claim that lim; _, oo dy (K,- (s), K(s)) =0 for s € [fg, 1]. Indeed, since, for some A > 0, f is

A-Lipschitz continuous in the first variable uniformly in u, by Proposition 2.9 for a.e. t € [#, 1]
we have

A

“(Vﬂm ®),vi (r))) Lip f(Ki(),vi(t)) <A,

dn(Yr o Vi wam) < 1K) = FK @, 1)l
< 2 (Ki (0, K 0) + £ (K@), u(0) = K0, (0) .

By [17, Proposition 21, p. 41], we obtain that for every ¢ € [1, 1],

t

dn (K, Ki(0) = e f [dn (Ki(9). K () + 1| f (K (), u()) = f (K (5), vi () lloo]e ™4 ds.

fo

Gronwall’s Lemma implies that for a constant M > 0 and every i > 1 we have

t
dH(K(t),Ki(t))SM/IIf(K(s),u(s))—f(K(s),vi(s))lloods Vi eln, 1]
0]

Since dy (vi(+), u(-)) converge to 0 almost everywhere in [#g, 1], and f is bounded and contin-
uous, by the Lebesgue dominated convergence theorem, lim;_, oo dgy (K ), K; (t)) = 0 for all
t € [to, 1]. By the upper semicontinuity of W, also g is upper continuous. We deduce from (21)
that for all large i,

W (0. Ko) < W (1, K; (1)) = g(K; (1)) < g(K (1)) + % <

V(ty, Ko) + & if V(ty, Kg) > —00
—R otherwise.

Since ¢ > 0, R > 0 are arbitrary, W (tp, Ko) < V (t9, Ko). Finally, using that 7y € [0, 1[ and Ky €
 (RN) are arbitrary, we get W < V.

6.5. Proof of Theorem 4.3
We need the following Lemma:

Lemma 6.1. Assume that f : # (RY) x U — Lip (RN, RN) is A{-Lipschitz continuous in the

first argument for every u € U and that A := sup Lip f(K,u) < +oo. Then for every
uclU, Ke# (RN)

control u(-) € , ty € [0, 1[, any solutions K(-), K'(-) : [tg, 1] — K RN) 10 the morphological
equations
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Iof(~)9f(1<(-),u(-)), K'()3 f(K'(),u()),
satisfy the following inequality
dp (K (1), K'(0) < D0 dy (K (10), K (10)), V1 € [0, 11,

Proof. Fix 1 € [#o, 1]. By Proposition 2.9, sup,cyy ke z RY) a(Yfku) < A and

dn (”Vf(l((z),u(z)), "//f(K’(z),u(z))) <NF(K@),u@®) = f(K'@), u®)lloo <21 du(K (@), K' (D).

Thus, [17, Proposition 21, p. 41] implies that for every ¢ € [0, 1],

t
du (K@), K' (1)) < (dH(K(to),K’(to)) A /dH(K(s),K’(s))e_Asds)eA’.

fo

The Gronwall lemma completes the proof. O

Proof of Theorem 4.3

By (H1) (i), for every u € % and Ko € .# (R"), the solution K (-) : [tg, 1] — # (R") to the
morphological equation K (-) > f (K (), u(-)), K (to) = Ky satisfies K (1) C B(Ko, p). Hence V
has finite values.

Assume first that g is locally Lipschitz. Fix 7, #) € [0, 1] with #; < o and Ko, K| € H RM).
Let & > 0 and u(-) € % be such that the corresponding solution K (-) : [to, 1] — # (R") to the
morphological system K (-) > f(K(-), u(~)), K (t9) = Ky, satisfies g(K (1)) < V(ty, Ko) +¢. Let
K'(): (15, 11— (RN be the solution to K'(-) 3 f(K/(-), u(-)), K'(t)) = K.

Since g is locally Lipschitz continuous and (H1) (7) is satisfied, by Lemma 6.1, there exists a

constant ¢ > 0 depending only on A1, A and a constant L depending only on p and the magnitude
of Ko, K| such that

g(K'(1)) —g(K(1)) + ¢
Ldg(K(1),K'(1)) +¢
¢ L dy(K (1), K'(t0)) + ¢

V(ty, K)) — V(to, Ko)

INIAIA

Note that

dr (K'(t0), K (10)) < dr (K (t0), K' (1)) + dp (K (1), K (t))
=dpu (K'(to), K'(1)) + du (K, Ko).

Since K'(-) is p-Lipschitz continuous, from the last two inequalities we obtain
V(ty. Kg) — V (10, Ko) < cL[plto — 15l +du (K, Ko)] +e.
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Consider u'(-) € % and K'(-) : [0,1] = # (RN) solving the morphological system K'(-) 3
f(K/(~),u/(-)), K'(t)) = K, and satisfying g(K'(1)) < V(t), Ky) + €. Let K(-) : [t0, 1] —

(RN be the solution to K(-) > f(K(-), u/(~)), K (tp) = Kp. Using the same arguments as
before, we show that

V(to, Ko) = V@, K§) < L[ plto = 151 +dis (K Ko)| +¢ .
Since ¢ > 0 is arbitrary, we conclude that
|V (to, Ko) — V (19, Ko)| < coLto — 1o + cLdp (K, Ko),

implying the local Lipschitz continuity of V. The fact that the continuity of g implies the conti-
nuity of V follows by similar arguments.

6.6. Proof of Theorem 4.4

Fix (to, Ko) € [0, 1] x # (R™). Consider a sequence (t,, K,,) in [0, 1] x # (RN) converging
to (f9, Ko). Theorem 4.2 implies the existence of controls u, (-) € % such that the solutions K, :

[tn, 11— 2 (RY) of Ky (s) 3 f(Kn(s), un(s)), Ku(tn) = K, satisty V(t,, K,,) = g(K,(1)). We
extend K, (-) on the interval [0, 1] by setting K, (s) = K, for every 0 <s < t,. Using the same
arguments as those in the proof of Theorem 4.2, we show that K, (-) has a subsequence, again
denoted by I?n(~), converging uniformly to a solution K(-) : [0, 1] — & (R™) of the morpho-
logical control system [S] on [79, 1].

Since g is lower semicontinuous and the sequence K,(-) converges uniformly to K (-) in

H (RY),
V (10, Ko) < g(K (1)) < liminfg(K, (1)) = liminf V (,, K,,).
n—od n—0o0

By the arbitrariness of (¢,, K;), V is lower semicontinuous at (¢y, Ko). The arbitrariness of
(to, Ko) ends the proof.
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