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1. Introduction and main results

In this paper, we study mixed-norm estimates in Sobolev spaces for solutions of non-stationary
Stokes systems with possibly singular measurable coefficients in both divergence and non-
divergence forms. Due to the singularity of the coefficients, our main results are applied to prove
a new e-regularity criterion for Leray-Hopf weak solutions of the Navier-Stokes equations. Pre-
cisely, we study the following time-dependent Stokes system with general coefficients:

u; — Di(a;jjDju) +Vp=div f, divu=g, (1.1)

where u = u(t,x) € R? is an unknown vector solutions representing the velocity of the con-
sidered fluid, and p = p(¢, x) is an unknown fluid pressure. Moreover, f(t,x) = (f;;(t, x)) is
a given measurable matrix of external forces, g = g(#, x) is a given measurable function, and
ajj = b;j(t,x) +d;j(t, x) is a given measurable matrix of viscosity coefficients, in which (b;;)
and (d;;) are its symmetric and skew-symmetric parts, respectively. We assume that the ma-
trix (a;;) satisfies the following boundedness and ellipticity conditions with ellipticity constant
ve(,1):

VIE? <aij&igj, bl <v7 (1.2)

and
bij=bji, dijje€Llijoe, dij=—dji, Vi, jel{l,2,...,d}. (1.3)

Note that in (1.2), the boundedness is not imposed on the skew-symmetric part (d; j)? =1 of the

coefficient matrix (a; j)? =1 As a result, the viscosity coefficients in (1.1) can be singular.
We also consider non-divergence form Stokes systems

u; —aijDiju+Vp=f, divu=g, (1.4)

and in this setting, the matrix a;; = b;j, i.e., djj =0, f = (f1, f2,..., fa) is given measurable
vector field function, and g = g(¢, x) is a given measurable function.

The interest in results concerning solutions in mixed Sobolev norm spaces arises, for example,
when one wants to have better regularity of traces of solutions for each time slide while treating
linear or nonlinear equations. See, for instance, [20,26], where the initial-boundary value problem
for the non-stationary Stokes system in mixed-norm Sobolev spaces was studied. Besides its
mathematical interests, our motivation to study the Stokes systems (1.1) and (1.4) with variable
coefficients comes from the study of inhomogeneous fluid with density dependent viscosity, see
[1,19], as well as the study of the Navier-Stokes equations in general Riemannian manifolds, see
[6]. Moreover, such problem is also connected to the study of regularity for weak solutions of
the Navier-Stokes equations as we will explain shortly.

In Theorem 1.9 below, we establish mixed-norm Sobolev estimate for weak solutions of
(1.1), and in Theorem 1.11 mixed-norm Sobolev estimates for strong solutions of (1.4). In Theo-
rem 1.16 we give a new e-regularity criterion for Leray-Hopf weak solutions of the Navier-Stokes
equations.

Before we state these results precisely, we introduce some notation and assumptions that we
use in this paper. In addition to the ellipticity condition (1.2), we need the following VMO,
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(vanishing mean oscillation in x) condition, first introduced in [17], with constants é € (0, 1) and
o € [1, 00) to be determined later.

Assumption 1.5 (8, ap). There exists Ro € (0, 1/4) such that for any (fo, x0) € Q2/3 and r €
(0, Ro), there exists a;; (1) = b;;(t) + d;; (¢) for which b;;(¢) and d;;(¢) satisfy (1.2)-(1.3) and

laij (1, x) — a;;(1)|** dx dr < 5%,

Q- (t0,x0)

where 8 € (0, 1) and ag € [1, 00).
Here Q,(z0) is the parabolic cylinder centered at zg = (%9, xo) € R4*! with radius p>0:

0,(z0) = (to — p*, 1) X B, (xp),

where B, (xo) is the ball in R? of radius p centered at xo € R?. For abbreviation, when zo =
(0,0), we write O, = 0,(0,0) and B, = B,(0).

Remark 1.6. The VMO, -condition in Assumption 1.5 is weaker than the usual full VMO con-
dition in both ¢ and x variables as it does not require any regularity condition on the mean
oscillation in the time variable ¢. A simple example is when a;;(f, x) = a(¢)b(x) with

v<a@), b(x)<v7!, re(=1,0), xe(—1,1).
If b is a VMO function, then a;; (¢, x) satisfies Assumption 1.5 even when a () is just measurable.
However, in this case, a;;(t, x) does not satisfy the usual full VMO condition in both ¢ and x

variables as the mean oscillation of the function a can be large.

For each s, g € [1, 00) and each cylindrical domain Q ="' x U C R x ]Rd, the mixed (s, ¢)-
norm of a measurable function u defined in Q is

s/q 1/s

lullL, 0 = / /Iu(t,x)l"dx dt

r U

As usual, we define
Lys4(Q) ={measurable u: Q — R: |lullL,, o) <00} and L,(Q)=Ly4(0).
We also define the parabolic Sobolev space
W (Q)={u: u, Du, D*u € L 4(Q), u; € L1(Q)}.
and define
Hyy(Q)={u=divF +hin Q:IIF|L,, ) +lhllL,,0) < o0}
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Naturally, for any u € ]HIS_’; (Q), we define the norm
lullg; o) = I FllL, 0 + IllL, 0 |4 =div F + 7},

and it is easy to see that H;}I(Q) is a Banach space. Moreover, when u € H;}I(Q) and u =
div F + h, we write

(u,¢):/[—F~V¢+h¢]dxdt, forany ¢ e C(Q).
0

We also define

M (Q)={u:u,DueLsy(Q),u € H ().

When s = ¢, we will omit one of these two indices and write
Ly(Q) =Lyq(Q). W, Q=W 2(Q)., H(Q)=H, Q). H;'(Q)=H_| (0.

Remark 1.7. In our definition of W,';7(Q) we only require that u, € Li(Q), not u; € Ly ,(Q)
as in the standard notation for the space WTI,QIZ(Q). Similarly in the definition of ’Hsl, ¢(Q), we

only require u; € Hfi (Q),notu; € H;; (Q). This is because for the Stokes systems, local weak
solutions may not possess good regularity in the time variable in view of Serrin’s example [23].
It is possible to further relax the regularity assumptions of u in # and also p below, but we do not
pursue in that direction.

For s, g € (1, 00), we denote s’ and ¢’ to be the conjugates of s and g, i.e.,

Vs+1/s'=1, 1/g+1/¢' =1. (1.8)

Then, under the assumption that dy; € Ly o(Q1) and fi; € L1(Qy) forall i,j =1,2,...,d,
g € L1(Q1), we say that a vector field function u = (uy,uz,...,ug) € ’H;yq(Ql)d is a weak
solution of the Stokes system (1.1) in Q if

/u(t,x) -Vo(x)dx = —/g(t,x)w(x) dx forae.t e (—1,0), forall ¢ € C;°(By)
B By
and
(3tUk,¢k)+/aij(t,X)DjukDi¢kdxdt=—/fijj¢kdtdx,
0 0

forany k =1,2,...,d and ¢ = (¢1,¢2,...,¢q) € Cgo(Ql)d such that div[¢(¢,-)] =0 for t €
(—1,0). On the other hand, a vector field u € Wl1 ’12(Q1)d is said to be a strong solution of (1.4)
on Qg if (1.4) holds for a.e. (t, x) € Q1 for some p € L1(Q1) with Vp € Ll(Ql)d.
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We are ready to state the main results of the paper. Our first theorem is about the L; ,-estimate
for gradients of weak solutions to (1.1).

Theorem 1.9. Let s5,q € (1,00), v € (0,1), ag € (min(s, g)/(min(s,q) — 1), 00), and d;; €
Ly g (Q1) with s', q" being as in (1.8) and i, j =1,2,...,d. There exists § =8(d, v, s, q, ) €
(0, 1) such that the following statement holds. Assume that (1.2)-(1.3) and Assumption 1.5 (8, op)
hold. Then, if (u, p) € H} ,(Q1)* x L1(Q1) is a weak solution 1o (1.1) in Q1, f € Ly 4(Q1)**9,
and g € Ly 4(Q1), it holds that

IDullL, (01 <N, v,s5.q, txo)[llfIlLS,,,(Qn + ||g||L.v,q<Q1>]
+N(d,v,s,9, Ro, ao)llullL,,0)-

(1.10)

For the non-divergence form Stokes system (1.4), we obtain the following mixed-norm esti-
mates for the Hessian of solutions.

Theorem 1.11. Let s, q € (1,00) and v € (0, 1). There exists § =5(d, v, s, q) € (0, 1) such that
the following statement holds. Suppose that d;j = 0, the ellipticity condition (1.2) and Assump-

tion 1.5 (8, 1) hold. Then, ifu € Wy:2(Q1)? is a strong solution to (1.1) in Q1, f € Ly 4(Q1)**9,
and Dg € Ls,q(Ql)d, then it follows that

1Dl gy = N v, )1 .00 + 108,000
+N(d,v,q, Ro)llullL,,0)-

(1.12)

Remark 1.13. By using interpolation and a standard iteration argument, (1.10) and (1.12) still
hold if we replace the term |[ul|L, ,(¢,) on the right-hand sides with |||z, ,(0,)-

Several remarks regarding our Theorems 1.9 and 1.11 are in order. The estimates in Theo-
rems 1.9 and 1.11 do not contain any pressure term on the right-hand sides, which seem to be
new even when the coefficients are constants. One can easily see that the estimates in Theo-
rems 1.9 and 1.11 imply the available regularity estimates such as [24, Proposition 6.7, p. 84] in
which the regularity for the pressure p is required. Even when g = s =2 and g = 0, the estimates
(1.10) and (1.12) are already new for the non-stationary Stokes system with variable coefficients.
These estimates are known as Caccioppoli type inequalities. When a;; = 6;;, f =0, and g =0,
Caccioppoli type inequalities for Stokes system were established in [14] by using special test
functions. However, it is not so clear that this method can be extended to systems with vari-
able coefficients and nonzero right-hand side. We also refer the reader to [28,3] for Caccioppoli
inequalities without the pressure term on the right-hand side for the Navier-Stokes equations.

Sobolev estimates for non-stationary Stokes system with constant coefficients were estab-
lished in [25] many years ago, and recently in [ 3] with different approach. For stationary Stokes
system with variable, VMO or partially VMO coefficients, both interior and boundary estimates
were studied recently in [4,8,9], where slightly more general operators but with bounded co-
efficients were considered. However, the approaches used in these papers do not seem to be
applicable to the non-stationary Stokes system.

Finally, we mention that the smallness Assumption 1.5 (8, p) is necessary for both The-
orem 1.9 and Theorem 1.11. See an example in the well-known paper [21] for linear elliptic
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equations in which d;; = 0, and an example in [11] in which (a;;) is an identity matrix and (d;;)
is bounded but not small in the BMO semi-norm.

Next, we give an application of our L, ,-estimates for the Stokes system. Consider the Navier-
Stokes equations

ur—Au+ w-VYu+Vp=0, divu=0. (1.14)

Let u be a Leray-Hopf weak solution of (1.14) in Q1. Foreach i, j =1,2,...,d, let d;; be the
solution of the equation

Ad;j = Dju; — Dijuj in By

{ dij = 0 on 08Bj. (1.15)

Observe that for a.e. t € (—1,0), we have u(¢, -) € Lo(B1). Therefore, the existence and unique-
ness of d;;(t,-) € WOI’Z(B]) follows, and the solution d;;(t,-) satisfies the standard energy
estimate, see (5.4). Let [d;;]p ., (x0) (¢) be the average of d;; with respect to x on B,(xo) C Bj.
As a corollary of Theorem 1.9, we obtain the following new e-regularity criterion for the Navier-
Stokes equation (1.14).

Theorem 1.16. Let ag € (2(d +2)/(d +4), 00). There exists € € (0, 1) sufficiently small depend-
ing only on the dimension d and o such that, if u is a Leray-Hopf weak solution of (1.14) in Q1
and

L/e

sup  sup ][ |d;j (t, x) — [dij1B,(xo) ()|* dx dt =€, (1.17)
20€ Q273 p€(0,Ro) 0)
p 0

foreveryi,j=1,2,...,d and for some Ry € (0,1/4) and with d;; defined in (1.15), then u is
smooth in Q2.

The parameter o in the above theorem can be less than 2, which might be useful in ap-
plications. We would like to note that many other e-regularity criteria for solutions to the
Navier-Stokes equations were established, for instance, in [2,12]. See also [24, Chapter 6] for
further discussion on this. As an immediate consequence of Theorem 1.16, we obtain the follow-
ing regularity criteria for weak solutions to the Navier-Stokes equations, which implies Serrin’s
regularity criterion in the borderline case established by Fabes-Jones-Riviere [10] and by Struwe
[27].

Corollary 1.18. Assume that u is a Leray-Hopf weak solution of (1.14) in Q1.

(i) Let s, q € (1, 00] be such that2/s +d/q = 1. Suppose that u € L;((—1, 0); L;”(Bl)) when
5 <00, orthe Loo((—1,0); LY (B1)) norm of u is sufficiently small. Then, u is smooth in Q1 2.

(ii) Let s, g € (1, 00] be such that2/s +d/q = 1. Suppose thatu € LY (-1, 0); Lg)(B1)) with
a sufficiently small norm. Then, u is smooth in Q1>.

(iii) Let x € [0, 1), B €[0,d), and s, q € (1, 00) be constants satisfying

o B2 d oL 1, ] PN S B B
—t—=—4+—-—=1:0, -<-+—, — <-4+ —+4+-. .
s Tqg s g s 2 dv2 M YT 2 a2 4
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Suppose that u € Mg o((—1,0); My g(B1)) with a sufficiently small norm. Then, u is smooth in
012

Here L}]" is the weak-L, space, and M, g is the Morrey space

1/q

1l sy = | sup / 1719 dx

Xo€B1,r>0
! B, (x0)NB)

Notice that in particular, when d = 3, Corollary 1.18 (i) recovers a result by Kozono [16]. When
d =3 and g < oo, Corollary 1.18 (ii) was obtained in [15]. Our approach only uses linear esti-
mates and is very different from these in [16,15]. It is also worth mentioning that we can take
g > 1 and s > 10/7 in Corollary 1.18 (iii) in the case when d = 3.

We now briefly describe our methods in the proofs of the main results. Our approaches to
prove Theorems 1.9 and 1.11 are based on perturbation using equations with coefficients frozen
in the spatial variable and sharp function technique introduced in [17,18] and developed in [7].
As we already mentioned, unlike in the stationary case studying in [4,8,9], even when s = ¢ = 2,
the estimates (1.10) and (1.12) are not available to start the implementation of the perturbation.
Our main idea to overcome this is to use the equations of vorticity, which is in the spirit of Serrin
[23]. Therefore, we need to derive several necessary estimates for the vorticity, and then, use the
divergence equation and these estimates to derive desired estimates for the solutions. Another
difficulty is that, because the right-hand side of the estimates do not contain the pressure term,
the usual localization argument used, for example, in [17,18,7] does not work. Moreover, there
is no a priori known Ly or L1, estimates for (1.1) or (1.4). Therefore, the argument used in
[4,8,9] does not work in our case either. Here our strategy is to use a two step estimates. First
we estimate the Ly, norm of Du by the data, a lower-order norm of u, and the L, norm of
Du with a small constant §, where ¢ > ¢go. See Lemma 3.1 and Corollary 3.6. Then we use this
estimate to bound the L norm of the vorticity on the right-hand side of the inequality obtained by
using the Fefferman-Stein sharp function theorem and the Hardy-Littlewood maximal function
theorem. See the proof of Lemma 3.11. To prove Theorem 1.16, we first rewrite the Navier-
Stokes equations (1.14) into a Stokes system in divergence form (1.1) with coefficients that have
singular skew-symmetric part (d;;) defined in (1.15). Then, we iteratively apply Theorem 1.9
and the Sobolev embedding theorem to successively improve the regularity of weak solutions.

The rest of the paper is organized as follows. In Section 2, we recall several estimates for
sharp functions, and derive necessary estimates of solution and its vorticity for Stokes systems
with coefficients that only depend on the time variable. Section 3 is devoted to the proof of
Theorem 1.9, while the proof of Theorem 1.11 is presented in Section 4. Finally, in the last
section, Section 5, we provide the proof of Theorem 1.16 as well as the proof of Corollary 1.18.

2. Preliminary estimates
2.1. Sharp function estimates

The following result is a special case of [7, Theorem 2.3 (i)]. Let X C R4*! be a space of
homogeneous type, which is endowed with the parabolic distance and a doubling measure p that

is naturally inherited from the Lebesgue measure. As in [7], we take a filtration of partitions of
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X (cf. [5]) and for any f € L1 joc, We define its dyadic sharp function ff in X associated with
the filtration of partitions. Also for each g € [1, 0], A, is the Muckenhoupt class of weights.

Theorem 2.1. Let 5,q € (1,00), Ko > 1, and w € A, with [a)]Aq < Ko. Suppose that f €
Ls(wd). Then,

— 1
1 taotir < N [ oy + 1O 0(uppCN *1f 10
where N > 0 is a constant depending only on s, q, Ko, and the doubling constant of .
The following lemma is a direct corollary of Theorem 2.1.

Lemma 2.2. For any s, q € (1, 00), there exists a constant N = N(d, s, q) > 0 such that

24d_g-2
”f”Lx,q(QR) < NI:”f(?y”LS,q(QR) + RS+q ||f||L1(QR):|s
forany R>0and f € Ls 4(QR).

Proof. Fort € (—RZ,0), let

YO =1£0 )L, and ¢@) =115+ D oglL, B

Moreover, for any w € Aq((—RZ, 0)) with [w]a, < Ko, we write @(t, x) = w(t) for all (¢, x) €
Or. Then, by applying Theorem 2.1 with X = Qr, we obtain

WL, (20000 = 1y @rdr < NIFdy + (7D 0k Ly @rdr = NIb L, (#2.0).0)-

with N = N(d, Ky, s). Then, by the extrapolation theorem (see, for instance, [7, Theorem 2.5]),
we see that

VN, (=r2,0,0) SANNPI L (—R2,0),0): Y@ EAs, [w]a; = Ko.
Note that in the special case when w = 1, |1Vl (—r2,0).0) = | fllL, ,(0r) and
# 2
11 2y 82,009 < NFEN Loy 0r) + RFYAAS D 0 -
Therefore, the desired estimate follows. O
2.2. Stokes systems with simple coefficients

In this subsection, we consider the time-dependent Stokes system with coefficients that only
depend on the time variable

u; — Di(ajj(t)Dju)y+Vp=0, divu=0, 2.3)

349



H. Dong and T. Phan Journal of Differential Equations 276 (2021) 342-367

where a;; = b;j(t) +d;;(t) with b;; = b;; and d;; = —d;; forall i, j = {1, 2, ..., d}. Moreover,
a;; satisfies the ellipticity condition with ellipticity constant v € (0, 1): for any & € R,

vIEP <bij&&j, bl <v 2.4)
We have the following gradient estimate.

Lemma 2.5. Assume that (2.4) holds. Let qo € (1, 00), and (u, p) € H;O(Ql)d x L1(Q1) be a
weak solution to (2.3) in Q1. Then we have

1D2ullLyy (012 + DUl Ly (010 < N(d. v, qo)llu =[]z, (D)l 01)- 2.6)
where [u]p, (t) is the average of u(t, -) in Bj.
Proof. By a mollification in x, we see that w = V x u is a weak solution to the parabolic equation
w; — Di(a;jj(t)Djw) =0 in Qj.
Observe that since the matrix (d;;(¢))nxn is skew-symmetric,  is indeed a weak solution of
o; — Di(bjj(t)Djw) =0 in Q.

Since the matrix (b;;),x, satisfies the ellipticity condition as in (2.4), we can apply the local H [1,
estimate for linear parabolic equations with coefficients measurable in ¢ (cf. [17,18]) to obtain

DLy, (025 = N, v, go)lwliLy (030)- 2.7
Since u is divergence free, we have
d d
Au; = —D; Z Dyup + Z Dyyu; = Z Dy (Dyu; — Djug).
k=1 k=1 ki
Thus by the local W; estimate for the Laplace operator,
I1DullL, 1) = NllwlLyy0s3) + Nllullzy 05
Similarly,
2
I1D"ullLy (012 = NIIDl Ly (023) + NIIDullL, (023) < NIIDullL, (03/0)
< el D?ullL, @sm + Ne~ llu — [ul, ()L, 0370

for any ¢ € (0, 1), where we used (2.7) in the second inequality, and multiplicative inequalities
in the last inequality. It then follows from a standard iteration argument that

I1D?ull L,y (01/) < Nl — [uls, (1)L, (01)-
from which and multiplicative inequalities we obtain (2.6). The lemma is proved. O
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Recall that for each o € (0, 1], and each parabolic cylinder Q C R4+ , We write

lu(t, x) —u(s, y)|

sup s
(,x),(s,y)eQ [t — sla/2 +lx =yl
(#,x)#(s,y)

[[u]]ca/Z.a(Q) =

and

lull carzacgy = ullLooio) + Hullcarza gy

Lemma 2.8. Under the assumptions of Lemma 2.5, we have

l@llcizig, ) = N, v, qo)ll@llL,y o)
where w =V X u.
Proof. The lemma follows by using mollifications in x, the interior estimate for parabolic equa-
tions with coefficients measurable in ¢ (see [17,18]), a bootstrap argument, and the parabolic
embedding inequalities. O

3. Divergence form Stokes system and proof of Theorem 1.9

Note that for each integrable function f defined in a measurable set Q C R+ (f )o is the
average of f in Q,i.e.,

(f)szf(t,x)dxdt.
0]

We need to establish several lemmas in order to prove Theorem 1.9. Our first lemma gives the
control of (|Du|‘70)lQ/rq/‘; for weak solution u of the Stokes system (1.1).

Lemma 3.1. Let §,v € (0,1), go € (1,00), g € (q0,0). Suppose that (1.2)-(1.3) hold, and
Assumption 1.5 (8, o) holds with ag > qquo. Then, for any r € (0, Ry) and weak solution
(u, p) € H{ (0! x L1(Q;) of (1.1) in Oy, we have

(1Du|®) 3P < N(d. v, q0) ((1f17) g% + =" (lu — [u]p, (1)]©) g
Qr/2 O r Or
+N(d.v.q0)8(1Dul) 37 + N(d. q0)(Ig1%) 4.
Proof. Let (w, p1) be a weak solution to
wy — Di(a;jt)Djw) + Vpyr =div(g, f) + Di(g,(aij — aijj)Dju), divw=1Ig, g

in (—r2,0) x R with the zero initial condition on {f = —r2}. Then V x w is a so called adjoint
solution to the parabolic equation. By duality, we get
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IV % Wl 2.0y = N0, a0 [ F L ggc00 + M@ = @i Dyullgon ] (32)
Then, from this and the equation divw = I, g, it follows that

||Dw||Lq0((_r2,o)XRd) = N(d,CIO)[”V X w||Lq0((_r2,o)><Rd) + ||IQ,8||LqO((_r2,0)x]Rd)]
=N, v, 90 f L) + N, v, qo0)ll(aij — aij) DjullL, 0, + N(d, qo)llgllL, 0

Thus, we have
(IDw|™) g < N(d, v, o) [ (171" + (i = @) Djul™) g2 | + N(d. q0) g1 ) 4

= N v, qo)[(F1") g% +8(Dul) g | + N(d. qo)(lgl™) g, (3.3)

where we used Assumption 1.5 with cg > 2L and Hélder’s inequality for the middle term on

the right-hand side in the last inequality. Now (v, p2) := (u — w, p — p1) is a weak solution of
Ut—Di(c_lij(t)Djv)+Vp2=0, divv=0
in Q,. By Lemma 2.5 with a scaling, we have

(IDV) 3™ <=1 (jv = [v]5, (1)) 5. (3.4)

Orp2 —
By (3.3), (3.4), the triangle inequality, and the Poincaré inequality, we get the desired inequal-
ity,. O

For a domain © C R and p > 0, we denote

Q= U,cqBo (-

We say that €2 satisfies the interior measure condition if there exists y € (0, 1) such that for any
xo € Q and r € (0, diam ),

|Br(xo) N2 _

3.5
| By (x0)] G-

Corollary 3.6. Let 6,v € (0,1), go € (1,00), g € (gq0,0), r € (0,Rg), T >0, and Q C R4
satisfy (3.5) for some y > 0 and (—=T,0) x Q C Q2/3. Suppose that (1.2)-(1.3) hold, and As-
sumption 1.5 (8§, ag) holds with oy > qoq . Then, for any weak solution (u, p) € 7—[ (=T —

r2,0) x Q) x L1((—=T — r? ,O)XQ’) of(l.l)m( T —r2,0) x Q", we have

1
(lDu|q0)( T,0)x

((T+r2)|sz’|>q [
(T1Q)®

SN(d, U,q()’ ) (|f|q0)( T— r2 O)XQ’ 1(| |q0)( T— r2 O)XQ'
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1
1 2 Vg 1
m (T +rHIQ" e :
40 90 A S A qy\4

+ (gl 0>(_T_,2,O)XQ,]+N(d, V.40, 7) oDt 3(UDUl 112 0)xr

(3.7)

Proof. We use a partition of unity argument. By Lemma 3.1, for any xg €  and ¢ty € (—T,0),
we have

(IDul®) g, > (1,500 < N(d, v, q0) | (1 F1%) 0, (t9,x0) + 1~ (1ul%) 0, (19, x0)
/
+ N, v, 610)5q°(|DM|q)(gr/(q,0,xO) + N, f]o)(lglqo)Q,(ro,xo)~

Now to obtain (3.7), it suffices to integrate both sides of the above inequality with respect to
(t0, x0) € (—T,0) x Q and use Holder’s inequality and the interior measure condition (3.5). O

In the next lemma we prove a mean oscillation estimate of V x u.

Lemma 3.8. Let g1 € (1,00),q90 € (1,41), 6 € (0, 1), r € (0, Ry), and k € (0,1/2). Assume

that (1.2)-(1.3) hold, and Assumption 1.5 (8, o) holds with ag > q(f‘fqlo. Suppose that (u, p) €

Hsll,ql (04 x L1(Q,) is a weak solution to (1.1) in Q. Then it holds that

—dx2 q0 1/90
(| = ()9, Dl = N(d,v,qo)c  (1f]7) g,
_d+2
+ N, v.q0.q)(k~ ® 8+k)(Dul™) g,
where w =V X u.

Proof. Let (w, py) and (v, p7) be as in the proof of Lemma 3.1. In particular, (w, p;) is a weak
solution of

w; — Dj(a;;(1)Djw) + Vpy =div[lg, f14 D;(Ig, (a;; — a;j(t))Dju), divw=1Ip, g

in (—r2,0) x R¥ with zero initial condition on {tr = —r2}. Also, (v, p2) = (u —w, p — p1) is a
weak solution of

v, — Di(aij(t)Djv) +Vpry =0, divv=0
in Q,.Letw; =V x w and wy =V x v. Observe that ® = w; + w;. Moreover, from (3.2),
(o) g < N(d, v, go) [ (| F17) g% + (1 Dul™) g | (3.9)
On the other hand, by applying Lemma 2.8 to w; with suitable scaling, we obtain
(02 = (@2)0,, g, < Nkrllwallcizi(g, ) < N(d, v, qo)k (w2 ) g

< N, v, go)k| (™) g% + (lon ) g |-
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We then combine the last estimate with (3.9) and the fact that § € (0, 1) to deduce that
1 1
(o2 = @20, Dy = N, v, qok[(LF 1) g™ + (1Dul™) g | (3.10)
Moreover, by using the inequality

][ |a)—(a))Q“|dxdt§2][ |w—c|dxdt
QKr QKV

with ¢ = (w2) g,, » and then applying the triangle inequality and Holder’s inequality, we have

][ o — (w)g,,ldxdt <2 ][ lw — (w2)g,,|dxdt
QK)" QKV

1/40

_d+2
<2 ][ |w2 — (2)g,,ldxdt + N(d, go)x ][Iw1|‘10 dx dt
QKV r

This last estimate together with (3.9) and (3.10) gives that

-2t q0 1/90
(10 = (@), )00 < N@.v.q0) (k™ 1 +x)(If1%) "
—dx2 q1 1/q1
+N(d,v,qo)k % 8+« )(Dul)y",
which implies our desired estimate as « € (0, 1/2). O
Our next lemma gives the key estimates of vorticity w = V x u and Du in the mixed norm.

Lemma 3.11. Let R € [1/2,2/3], R1 € (0, Ro), € (0, 1), k € (0,1/2), 5, ¢ € (1, 00), and

a0 € (min(s, ¢)/(min(s, g) — 1), 00).
Let q1 € (1, min(s, g)) and qo € (1, q1) such that aoy > qoq1/(q1 — qo). Assume that (1.2)-(1.3)

hold and Assumption 1.5 (8, o) is satisfied. Suppose that (u, p) € ’H;,q(QIH_RI)d x L1(QORr+R,)
is a weak solution to (1.1) in Q g4R,, and @ =V x u. Then we have

_d+2 _d+2
lollL o) = Nk I fllL, g (Qriry) +NE O 18IILs o (Qr 1R, 2)
_dx2 _y —4e2
+N<K 0 8+K)||DM”LS.q(QR+R1/2) +NR; "« D ||u||Ls,q(QR+R1/2)’ (3.12)

and
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_di2 _di2
I1DullL,  or) < Nk O I fllLygQriry + N NGIL,,(Qr1r,)

_d+2 1 _d+2
+N<'< qO3+K)||Du”Ls,q(QR+R])+NR1 KO ullLg,(Qriry)s (3.13)
where N=N(d,v,s,q,qo,q1)-

Proof. We consider two cases.

Case 1:r € (0, R1/2). It follows from Lemma 3.8 that for all zg € Qg,

d+2
—di2 1
(10— (@) 0,y 200D 00 o) SN (o veqo)c ™ 0 (IF19) 5%

—di2 gi\1/a1
+N(d,v,qo,q1)(/< “05+K)(|D”| )0, o)

Observe that because r < R1/2, we have Q,(z0) C QRr+Rr,/2- Therefore,

1
(19 g% < MU ggg, | 19190 z0),

1
(DUl gL < MU gy 5,21 D)4 20),

which imply that

_d+2
(10 = (@) 04 (2) D Qur(z0) < N 0 MI g, 2 F17)9 (20)

_d+2 1
+N<IC 0 3+K>M(IQR+R1/2|DM|‘71) /ql(ZO)-

Case 2:r € [R1/2,2R/k) and zo € Qg such that tg € [—R? + (kr)?/2, 0]. In this case, we apply
Corollary 3.6 to get

$
(o = (@) 0y, con@r D 0er G = 2(10D 0y, cnr = 2(01™) G ovn04
1 1
<N [ 1) R ()
= Qier+R/2(0)NOR+R /2 1 OQur+R 2GONOR+R /2
1 1

- _M =<
+ (|g|0) ]+N/< 0 §(|Duld) ™ (3.14)

Oicr+R 2(Z0)NOR+R, /2 Qrr+Ry 2(20)NQR+R; 2°

where we used R;/2 <r in the last inequality.
Now we take X = Qr and define the dyadic sharp function a)ﬁy of w in X'. From the above
two cases, we conclude that for any zg € X,

# -2 q0y1/q0
oy (20) = N, v, g0k 0 [ Mgy r, (114 [8D™) 0 z0)
+ RT MU g, (170) '/ (20) |

_d+2
+ N, v,90, 1) (17 64K ) MU g, s DUI™) /7 (20).
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Recalling that 1 < g9 < ¢1 < min(s, ¢), by Lemma 2.2 and the Hardy-Littlewood maximal func-
tion theorem in mixed-norm spaces (see, for instance, [7, Corollary 2.6]),

# 24+d_q-—2
ol or) <N, s, )| lwgy L ,0p) + R4 lolizior)

d+2

<Ni™ 0 [|IMUgg.p, (1 F14+18D®) 0N Ras)
o L2 1/
+NR1 Kk 9 ||M(IQR+R1/2|M|(IO) qo”leq(Rd‘H)
_d+2 1 2,d
+N(/c 40 8+K>||M(IQR+R1/2|DM|‘“) ql”Ls,q(Rdﬁ)"‘NRS 7 (lo) g
_d+2 _d+2 oy —di2
SN[K O NS WLy g(Qriry ) K O NSINL 4R 1ry )+ Ry KO UL 4 (QR1 Ry 2)
_d+2 2_;’_4
+(K qo8+K>”Du”Ls,q(QR+R1/2)+RS q(|w|)QR]’

where N = N(d,v, s, q, qo,q1). Similar to (3.14), by Corollary 3.6, the last term on the right-
hand side above is bounded by

2.4 L L L L
NRTG[AFI0 G, 0+ 18 Gy o+ R WG, 80D, ]

OR+Ry /2 OR+Ry /2 OR+R, /2 OR+R| /2
—1
= N|:||f||Ls,q(QR+R1/2) F 18l Ly g (Qrer 20 + Ry NullLy g (Qrir, ) T 5||DM||LS,,,<QR+R1/2)]7

where we used Holder’s inequality in the last line. Combining the two inequalities above gives
(3.12).
Next we show (3.13). Since divu = g, as in the proof of Lemma 2.5, we have

—1
I1DullL, ,0r) < NlOlL,g(Qriry2) T NIEIL, 4 (Qriry ) + NRy NtllLg(Qrigy 0. (315

Combining (3.15) and (3.12) with R + R;/2 in place of R, we reach (3.13). The lemma is
proved. O

Now we are ready to give the proof of Theorem 1.9.

Proof of Theorem 1.9. For k = 1,2, ..., we denote Q¥ = (—(1 —27%)2,0) x B,_,—. Let ko
be the smallest positive integer such that 27%0~! < Ry. For k > k¢, we apply (3.13) with R =
2/3—2"%and Ry =27%1 to get

d+2

_d+2 _d+2
||Du||Ls,q(Qk) <Nk ”f”LA,.q(QkH) + Nk ”g”LA,_q(QkJrl)
_d+2 _d+2 &
+N<;< @ 5+K)||Du||Ls_q(Qk+1) + Nk 2 ull, gk, (3.16)

Note that the constants N above are independent of k. We then take « sufficiently small and then
_d+2
6 sufficiently small so that N <K 0§+ K) < 1/3. Finally, we multiply both sides of (3.16) by

37% and sum in k = ko, ko + 1, ... to get the desired estimate. The theorem is proved. O
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4. Non-divergence form Stokes system and proof of Theorem 1.11

In this section, we consider the non-divergence form Stokes system and give the proof of
Theorem 1.11. The following lemma is analogous to Lemma 3.1.

Lemma 4.1. Let go € (1, 00), g € (g9, 00), r € (0, Ry), v,8 € (0,1), and u € qu’z(Q,)d be a
strong solution to (1.4) in Q. Suppose that (1.2) and Assumption 1.5 (§, 1) hold. Then we have

1
(|D2M|QO)Q/Z(; <N, qo)(|Dg|q0)1Q/:10 +N(d,v, qo, Q)(|f|qO)IQ/:IO

+ N (. v, g0, ) [~ (1Du = [Dulp, 1) g% +8"/0=1a( D2t 7.

4.2)
Proof. The proof is similar to that of Lemma 3.1. Let (w, p1) be a strong solution to
wy —a;j()Dijw +Vpr=1g,(f + (aij —a;j)Dijju) divw = ¢, (g —[g]B, (1))
in (—r2,0) x R4 with zero initial condition on {t = —r2}, where ¢, € Cgo((—rz, r2) X B;)

is a standard non-negative cut-off function, which satisfies ¢, = 1 on Q2,3 and |D¢,| < 4/r.
Observe that from the equation divw = ¢, (g — [g]3, (t)) and the Poincaré inequality, we have

”DzwlquO((frz,O)x]Rd)
<N, qo)I:”D(U”qu((frl,o)x]Rd) +1D(¢r (g — [g]B,-))“qu((frz,())de)jI 4.3)
= N@ q0)| 101, (2.0 xR + 1 D8l 0, |
where w =V x w. Now w is a weak solution to the divergence form parabolic equation
w; —a;j(t)Djjo=V x (IQ,_ (f + (aij — c_lij)D,-ju)).

By applying the 7-[}, estimate for divergence form parabolic equations with coefficients measur-
able in 7 (see [17,18]) and (4.3), we obtain

Do, (—r2,0xre) = N(d, v, CIO)I:”f”LqO(Qr) + Il (aij — C_lij)Diju||qu(Q,)]~ (4.4)
It then follows from (4.3) and (4.4) that
2
ID"wllL, ((~r2,0xR4)
<Ndd,v, QO)[llflquo(Q,) + llaij — C_lij)DijM”LqO(Qr)] + N, q0)1DgliL, 0

From this and by using Assumption 1.5 (8, 1) and Holder’s inequality for the middle term on the
right hand side of the last estimate, we have
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(ID*w|%) g < N(d, qo)(| Dg|®) §
+ N (. v, go)| (LF10) g + 8"/~ 1/ D2y J1 | 45)
Now (v, p2) := (u — w, p — p1) satisfies
vy —a;j(1)Dijjv+Vpy =0, divv=|[glp, ()
in Q7,/3. By Lemma 2.5 applied to Dv with a scaling, we have
(1D%v|9) % < r=!(IDv — [Dvlg, (1)]9) . (4.6)

By (4.5), (4.6), the triangle inequality, and the Poincaré inequality, we get the desired inequal-
ity. O

Remark 4.7. By interpolation inequalities and iteration, we can replace the term r~!(|Du —
[Dulg, (1)]90) % in (4.2) with r=2(u — [u], (1)]70) 4.

Analogous to Corollary 3.6, from Lemma 4.1 we derive the following corollary.

Corollary 4.8. Let §,v € (0, 1), go € (1, 00), g € (g9, 0), r € (0, Rg), T > 0, and Q2 C RY sat-
isfy (3.5) for some y > 0 and (—T,0) x Q C Q2/3. Suppose that (1.2) and Assumption 1.5 (8, 1)
hold. Then, for any strong solution (u, p) € qu’z((—T —r2,0)x Q) x Li((=T —r%,0) x Q")
of (1.4) in (=T —r?,0) x Q", we have

«r +r2)|§2r|)‘1 [
(TIQI)"O

(ID*u |‘f°>( roxe <N v, 90, 7) (Ifl‘”’)( T O

1
l(|D“|qo)( T—r2 o>x9r+(|Dg|q0)( T—r? O)XSZ’]

1
T +rHQDs L
N, v, g0, g ) TETIED o gy

(=T—r2,0)x 2"’
(T2«

(4.9)

In the next lemma we prove a mean oscillation estimate of Dw.
Lemma 4.10. Let g1 € (1,00),q0 € (1,91), 6 € (0,1), Rop € (0,1/4), r € (0, Ry), and k €

(0, 1/4). Suppose that (1.2) and Assumption 1.5 (§, 1) hold. Suppose that u € qul’z(Qr)d isa
strong solution to (1.4) in Q,. Then it holds that

-2 l/qo
(IDw — (Dw)g,, Do, <N,v,q0)k © (Iflq")

where w =V X u.
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Proof. The proof is similar to that of Lemma 3.8. Let (w, p1) and (v, p2) be as in the proof of
Lemma 4.1. In particular, (w, p1) is a strong solution of

wy — aij () Dijw + Vpy =Ig,. [ f + (aij — a;j () Dijul, divw =¢,(g — [gls, ()

in (—r2,0) x R? with zero initial condition on {r = —r?}. Moreover, (v, p2) = (u — w, p — p1)
is a strong solution of

Uf—&ij(t)Dijv—i-sz:O, diVUZ[g]Br(t)

in Q2/3. Let w1 =V x w and w; =V x v and we see that w = w; + w>. Moreover, we can
deduce from (4.4) that

(1D ) < N(d, v, go)| (| £1%) ¢ + 8"/~ 1/a p2ujr) o], @.11)
Also, by applying Lemma 2.8 to Dw> with a suitable scaling, we obtain
(IDwy = (Dan) g, 1) g,, = Ner[[Dwllcirzig, ) = N(d, v, 61())K(|Dw2|q0)IQ/zqr(;3
= N, v, qo [ (D™ + (| Do) g
Then, by combining this last estimate with (4.11) and the fact that § € (0, 1), we infer that
(ID@2 = (Dw2)g,, Do, < N, v.qo|[(FI)g® +(D2u™g" ] “12)
Now, by using the inequality

][ |[Dw — (Dw)g,, |dxdt <2 ][ |Dw — c|dx dt
Ocr Qxcr

with ¢ = (Dw,) g, , and then applying the triangle inequality, and Holder’s inequality, we have

][ |IDw — (Dw)g,,|dxdt <2 ][ |Dw — (Dw2)g,, |dxdt
Qr Oir

1/q90
d+2

<2 ][ |Dwy — (Dan)g,, |dxdt + N(d, go)k % ][|Da)1 |99 dx dt
Ql(r Qr

This last estimate together with (4.11) and (4.12) imply that
(IDw = (D) g, Dy, < N(d, v, gok ™ (|f10)}
+N(d,v, qo, ql)(/c_dq_J(r)z(Sl/"O_l/q + K)(|D2M|q1)1Q/:11 .
The proof is then complete. O
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Our next lemma gives the key estimates of Dw and D?u in the mixed norm.

Lemma 4.13. Let R € [1/2,1], Ry € (0, Rp), § € (0,1), k € (0,1/4), 5,9 € (1,00), q1 €
(1, min{s, ¢}), and qo € (1, q1). Assume that (1.2) and Assumption 1.5 (8, 1) hold. Suppose that
ue Wsl,’qz(QRJrR1 )d is a strong solution to (1.4) in Qryg,, and w =V x u. Then we have

_d+2 _d+2
[DwllLg 0r) <Nk 9 | fllLy (Qrir, ) +NK D ||Dg||qu(QR+R1/2)

d+2
+N( 40 5"0 ‘71 +K)||D u||qu(QR+R1/2)+NK 70 Ry ”Du”Ls,q(QR+Rl/2) “4.14)

and

2 _d+2 _d+2
D u”Ls,q(QR/Z) =Nk ”f”qu(QR+R1)+NK 0 ||Dg||qu(QR+R1)

Proof. As in the proof of Lemma 3.11, we discuss two cases.
Case 1:r € (0, R1/2). It follows from Lemma 4.10 that for all zg € Qr,

_d+2 1
(1D — (D) g, (20))) 04 z0) < N(d. v, g~ 0 (|f190) g%

d+2

1
N, v, g0 q) (kT 87T 4 ) (D2l P,

Observe that because r < R /2, we have Q,(z0) C Qr+r, /2- Therefore,

1
(F1) g0y = Mg, 1194 (z0),  and

1
(ID*ul™) g, < Mgy, ,1D°ul™)" (z0).

where M is the Hardy-Littlewood maximal function. These estimates imply that

_d+2
(D0 = (Dw) g, :)) Qs c0) < Nk~ 0 Mg, | £17)!/(20)

d+2 1

+N< 90 §490 q1 +K)M(IQR+R /2|D2u|ql)l/q1 (20).

Case 2:r € [R1/2,2R/k) and zo € QR such that to € [—R? + (kr)?/2, 0]. In this case, we apply
Corollary 4.8 to get

1
(1D = (D®) g, 20N Q& D Qer c0)N Q& = 2(|Dw|)Qw(ZO)mQR =2(1Dol™) g nox
d+2
- q0 q0
=Nk [(lfl )QK;+R1/2(ZO)WQR+R 2 + R (|Du| )Qw+R /z(Zo)ﬁQRJrR]/z
1

+ (IDg| )Qw+R1 EOINQRsRy 2"

(4.16)

40
)QKr+Rl/2(zo)ﬁQR+Rl/2
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where we used R1/2 <r in the last inequality.
Now, we take X = Qr and define the dyadic sharp function (Dw)‘c“{y of Dw in X. From the
above two cases, we conclude that for any zg € &,

# ~2 an\1/4o
(Do)l (zo) < N[™ 0 Mg, . (1f1+Dgh™" o)

2 1 1
+ Rl_lM(]QRJrRl/z|Du|q0)l/qo(20)] + N(K 90 §490 91 +K>M(IQR+R1/2|D2M|ql)1/qI (20).

Recalling that 1 < g9 < g1 < min{s, g}, by Lemma 2.2 and the Hardy-Littlewood maximal func-
tion theorem in mixed-norm spaces (see, for instance, [7, Corollary 2.6]),

IDollL, ,0r) < N[II(Dw)ﬁyHLs,q(QR) + Rz/”d/q(lle)QR]

_d+2 1/ _d+2 1
< Nk Mgy, 1IN gy + N~ 0 Mg, D8I Pl g

d+2 1 1

AN (BT )My, (D ) + NR (Do,

d+2

_d+2 _d+2
= N[K KU ”f”LS,q(QRJrRI/z) +Kk N ||Dg||L.r,q(QR+R1/2)

d+2 1 1

(k70 83070 ) 1Dl (rin, ) + RY (D] g |

Similar to (4.16), by Corollary 4.8, the last term on the right-hand side above is bounded by
2. d L L L 11 1
NRI[AFIE, 0 n DD, 0+ READUIE, 550 0 (DM, ]

OR+R| )2 OR+Ry /2 OR+R| /2 OR+Ry /2

-1
= N[||f”Lx,q(QR+R1/2) + ”Dg”Ls.q(QRJrRl/Z) + R ||DM||LS,q(QR+R1/2)
1 _ 1 )
+ 5‘10 a1 ||D u”Ls,q(QRJrRl/Z):I’

Combining the above two inequalities, we reach (4.14).
Next we show (4.15). Since divu = g, as in the proof of Lemma 2.5, we have

”Dzu”Lx,q(QR) = N”Dw”Lx,q(QR+R1/2) + N||Dg||LS,q(QR+R1/2) +NR™! ||Du||Ls.t](QR+R|/2)'
4.17)
Combining (4.17) and (4.14) with R + R;/2 in place of R, we reach (4.15). The lemma is
proved. O

Now we are ready to give
Proof of Theorem 1.11. As in the proof of Lemma 1.9, for k = 1,2,..., we denote Qk =
(—(1 =27%)2,0) x B;_,—«. Let ko be the smallest positive integer such that 27%0~1 < Ry. For

k > ko, we apply (4.15) with R =2/3 —2 % and Ry =27%! to get
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2 ~2 Ty
ID%ullL, oty = Nk | fllg,  ok+ty £ Nk 0 [IDglir, (or+t)

d+2 1 1

_____ _d+2
+N(K 90 §90 41 +K>||D2u||L_w(Qk+1) + Nk 9 2k||DM”LS‘q(Qk+1). (4.18)

From (4.18) and interpolation inequalities, we get

_d+2 —d42
||D2“||Ls,,,(Qk) <Nk © | fll,, 1y + Nk © IDglip, ok

2(d+2)

_dt2 1 _ 1 —1-2d+2)
_|_N(,( a0 §40 41 +K)||D2“||Lsyq(Qk+1)+NK 0 22k||M||LS.q(Qk+1). 4.19)

Note that the constants N above are independent of k. We then take « sufficiently small and then
§ sufficiently small so that

N(K W §70 ai +K)§1/5.

Finally, we multiply both sides of (4.19) by 5% and sumink=ko, ko + 1, ... to get the desired
estimate. The theorem is proved. O

5. Regularity for the Navier-Stokes equations
To prove Theorem 1.16, let us recall several well-known results needed for the proof. The first
result is the classical regularity criterion for Leray-Hopf weak solutions of the Navier-Stokes

equations established in [23].

Theorem 5.1. For each p > 0, let u be a Leray-Hopf weak solution of the Navier-Stokes equa-
tions (1.14) in Q, which satisfies

sup /|u(t,x)|2dx~|—/|Vu(t,x)|2dxdt<oo,
tE(—pZ,O)B
P Qp

and |lullL, ,(0,) < 0o with some s, q € (1, 00) such that

d/g+2/s <1.
Then, u is smooth in Q.

The following classical parabolic Sobolev embedding theorem will be used iteratively in the
proof.
Lemma 5.2. For each m > 1, let g = @
N = N(d,m, p) > 0 such that

. Then, for each p > 0, there exists a constant

Iflle,c0) =N sup 1 f (2, )Ly, + NIV L,y
te(—p2,0)
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Now, we are ready to prove Theorem 1.16

Proof of Theorem 1.16. Recall that (d;;)qxq is the skew-symmetric matrix which satisfies the
equation

{Adij = Dju,-—Diuj B], (53)

di; = 0 0Bj.

Then, by the energy estimate for the equation (5.3), we see that

sup /|Ddij(t,x)|2dx§4 sup /Iu(t,x)|2dx<oo, Vi,j=1,2,....d. (54)
te(fl,())B te(fl,O)B
1 1

Let us now denote & = (hy, ha, ..., hg) by
d
hjt,x)=—uj(t.x) =Y _ Didij(t.x), (t.x)€ Q1. j=1.2,....d.

i=1

Observe that div (¢, -) = 0 in the sense of distributions in B for a.e. t € (—1, 0). Then, we can
write the nonlinear term in (1.14) as

d d d
u-Vu, = Zuijuk = _ZDidiijuk — ZDj[hjuk].
j=1 i=1 j=1

As the matrix (d;j)axaq is skew-symmetric, we see that
d
Z /Didiijukwdx=—/d,-ijukD,-<pdx, VgoeC(‘)X’(Bl).
i,j=1
Consequently, u is also a weak solution of the Stokes system
u — Di[(Ig+d;ij)Djul + Vp=divf in Qi (5.5

where I is the d x d identity matrix, and fjx = h ju.
Next, for each k € N, we define the following sequences

_s o d+2 1 1
S0 =2,  Sk+1 =Sk d rk—ﬁ‘l‘ﬁ.
Let ko € N be sufficiently large such that
d 2
— 4+ — <1, (5.6)
Sko ko

and let
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e:min{a(d,l,sk,sk,ao), k=1,2,...,k0}, (5.7)

where §(d, 1, s, sk, «o) is defined in Theorem 1.9. Assume that (1.17) holds and we will prove
Theorem 1.16 with this choice of €. To this end, we first observe that as (si)rcN 1S an increasing
sequence

2(d+2)_ S1 - Sk
d+4  s1—1 " s —1

oy > , VkeN. (5.8)

Now, from (5.3), we see that /1 (¢, -) is a harmonic function for a.e. r € (-1, 0), i.e.,

Ahj(t,)=0 in By, Vj=12,...,d.

Therefore, it follows from this and the estimate (5.4) that for any p € (0, 1), we have

1/2
1AL, = sup 1A, )llLB,) =N, p) sup ][Ih(t,x)|2dx
te(—1,0) re(—1,0)
B
— 1/2 1/2
d
=N@op) swp || fueofdr |+ 3 | fipd;enPx
te(=1,0) P
B Bl »J Bl
1/2
<C(d,p) sup ][|u(t,x)|2dx < 0. (5.9)
te(—1,0)
B
Let us also denote
1/2 1/sk

lullv, @, = sup /Iu(t,X)Izdx + /IVu(t,x)I“kdxdt
1e(~r2,0)

Tk

Observe that as “u”VSo(Q’o) < 00, it follows from Lemma 5.2, u € Ly, (Qy,). From this, (5.7),
(5.8), and (5.9), we can apply Theorem 1.9 to the equation (5.5) to obtain

19004y @) = N1 [y, (1) + 17 1y @ | = Nl (1) < 00

Consequently, we see that ||”||VS1(Qr1) < 00, therefore it follows from Lemma 5.2 again that
ue L, (Qr) < oo. Hence, by applying Theorem 1.16 again to (5.5) we infer that

IVullLy, 0, = NallullLg, o, < o0
Repeating this procedure, we then conclude that
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”VMHLSHI (Qryr) < Ni+1 ”M”LSHI (0r) < 00, Vke{0,1,2,...,ko—1}.

From this estimate, Theorem 5.1, and the choice of kg in (5.6), we see that the conclusion of
Theorem 1.16 follows. The proof is then complete. O

Finally, we conclude our paper with the proof of Corollary 1.18.

Proof of Corollary 1.18. Note that when s < oo, the boundedness of L ((—1,0); L};’(Bl))
norm of u implies the smallness of the same norm of « in small cylinders. Therefore, (i) fol-
lows from (ii). Moreover, by the well-known embedding:

LZ)‘_>:Mq1,)u when ¢j€[l,g)and A=d(1 —q1/q),

it suffices for us to prove (iii).
By the Calderén-Zygmund estimate in Morrey spaces for the Laplace equation (see, for in-
stance, [22]), we have

1Ddij (1, ), 581y < N, g, B)llult, M, p5r) forace. e (—1,0),

which implies that

I Ddij |l p o ((—1,00: M, 5(BrY) = N, 5, g, 0, BYullpgg o ((—1,0):8, 5(B1))- (5.10)

On the other hand, for ag € (2452 min{s,dq/(d — q)+}) with (d — q)4 = max{0,d — g},

by using (1.19), the Sobolev-Poincaré inequality, and Holder’s inequality, we see that for any
70 € Qo3 and p € (0, 1/3),

|d;j(t, x) — [dij1B,(xo) ()|* dx dt
0, (z0)

f s/q s

< N(d, apg)p*® ][ f |Ddij(l,x)|qu dt

to—p?  \Bp(x0)

=N, ap) ”Ddij ”aMOS,a((fl,O);Mq,ﬁ(Bl))' (5.11)
By combining (5.10) and (5.11), we can apply Theorem 1.16 to conclude the proof. O
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