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1. Introduction

In this paper, we consider the large-time behavior of the solutions to the initial-boundary value
problem (IBVP) for one-dimensional compressible Navier-Stokes equations on the half line Ry :=
(0, 00), which reads in Eulerian coordinates:

pr+ (pu)x =0,
2 (1.1)
(pwi + (ou® + p(p)), = (tix)x.
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Here the two unknown functions p(> 0) and u stand for the mass density and the velocity of the
gas, respectively. p(p) =ap? is the pressure, where a > 0 and the exponent y > 1 are two constants.
The positive constant w is called the viscosity coefficient, and it can be set to be 1 by rescaling the
coordinates. The initial data are given by

(0o, uo) () := (p, u)(x,0) = (p4+,u4), asx— oo, Xier]g po(x) >0, (1.2)

and the boundary value is given by
up :=u(0,t) <O, (1.3)

where p4 (> 0), u; and up are constants. Of course, we assume the initial data satisfy the boundary
condition (1.3) as compatibility condition, i.e.,

Up ZU()(O). (1‘4)

The situation up < 0 means that the gas flows away from the boundary {x = 0}, and hence the
problem (1.1)-(1.3) is called outflow problem. It is noted that the condition (1.3) is necessary and
sufficient for the well-posedness of the outflow problem since the characteristic speed of the first
hyperbolic equation (1.1); is negative near the boundary. The detailed analysis can be found in [10].

In the past several decades there have been many works on the stability of hyperbolic waves to
the one-dimensional Cauchy problem for compressible Navier-Stokes equations, where at far fields
X = %00, the initial data are similar to

Xgrfoo(p, u)(x,0) = (o+, ux) (1.5)

which are corresponding to (1.1). We refer to [1,2,5-12,15-17,20,23,25] and the references therein. All
these results show that the large-time behavior of the solutions to the Cauchy problem is basically
described by the corresponding Riemann solutions to the hyperbolic part, i.e.,, compressible Euler
equations, if only the shock waves and contact discontinuities are replaced by the corresponding
viscous shock waves and viscous contact waves, respectively. Specifically, for (1.1) its solutions tend to
rarefaction or viscous shock waves. However, the superposition of rarefaction and viscous shock waves
is an open problem till now! On the other hand, in the case of the IBVP for (1.1), the influence of
viscosity is expected to emerge not only in smoothing effect on discontinuous shock wave but also in
forming a boundary layer. Thus the large-time behavior of the solutions to the IBVP for (1.1) is much
more complicated than that of Cauchy problem. In 1999, A. Matsumura [18] gave the classification
of the large-time behavior of the solutions to the outflow problem (1.1)-(1.3) in terms of (v4,u4)
and up. In the following, we briefly recall Matsumura’s classification concerning boundary layer and
rarefaction wave, and the subcases are omitted which concern viscous shock waves.

First, we give some notations. The characteristic speeds of the corresponding hyperbolic system of
(1.1) are

M=u—=S(p), Ar2=u+S(p), (16)
where S(p) is the local sound speed defined by

S(p)==/p(p) = ayp'T. (17)

For simplicity of statement, we introduce a new function v(x, t) which denotes the specific volume,

ie,v= %, and thus v > 0. Let (v, u)-space be the phase plane which is divided into three sets:



F. Huang, X. Qin /. Differential Equations 246 (2009) 4077-4096 4079

u

sub
trans

Qs

super

Fig. 1.

Qqup = {(v,w); Jul <S1/v), v>0},
Ttrans = {(Vvu)§ [ul=S@1/v), V>0},

-quper = {(V7u)§ lul > S(1/v), V>0}.

Qub» Ttrans and 2gyper are called the subsonic, transonic and supersonic regions, respectively. Obvi-
ously, Itrgns and £2syper are not connected, and if adding the alternative condition u 2 0, then we have
six connected subsets Qsiub, I and Qsiuper, see Fig. 1.

In the phase plane, we denote the curves through a point (vq, uq)

BL(v1,up) = {(v,u)e]R+ <R; 2= ”J},
v Vi

v
Rz(V1,U1):={(v,u)eR+ x R; u=U1—/«/ay§‘y2id§, V>V1},
Vi

Sa(vi,up) :={(v,u) e Ry xR; u=uy —/(vi —v)[p(1/v) — p(1/v1)]. v < v1} (1.8)

be the boundary layer line, the 2-rarefaction wave and the 2-shock wave curves, respectively.
The large-time behavior of solutions is classified into the following three cases in terms of (v, u4)
and up.

Casel: (vi,uy)e .Q;uper and up < uy. Here (v, u,) is an intersection point of BL(v,u;) and
52(V+, U+), ie.,

= %v* —Js—volpv —p/v)l u= %V*~ (19)

Then there exists a unique vj, such that (vp,up) € BL(v4,uy), and the time-asymptotic state of so-
lution is a boundary layer (0, ii)(x) which connects (vp, up) and (v, u,), see Fig. 2. It is noted that
for the outflow problem (1.1)-(1.3) v, can only be on the real part of the curves except the axis of
coordinates and the sonic curve. The boundary layer will be explained in the next section.

Case II: (vi,uy) € Iy, and up < ug. Then there exists a unique v, such that (vp,up) €
BL(v4,uy), and the time-asymptotic state of solution is a boundary layer (g, #1)(x) which connects

(vp,up) and (v4,uy), ie, Fig. 3. Here the boundary layer (0, i1)(x) is degenerate, see the next section
for the details.
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Caselll: (v4,uy) e 2.,

Ry(vy,uy) and Iy, ie.,

U{us+ >0} and up < min{0, u4}. Let (v,, u,) be the intersection point of

-1 y—1

Vi
_y-1 _y-1
we— [Va7EE ds = T w= - T (110)
V4

see Fig. 4. This case is divided into two subcases:

Subcase 1. If u, < up < min{0, u,}, then there exists a unique vj, such that (vp,up) € Ry(v4, uy),
and the time-asymptotic state of solution is a 2-rarefaction wave (por, ur)(’t—‘), which connects (vp, up)
and (v4, u4), to the corresponding Riemann problem.

Subcase 2. If u, > up, then there exists a unique v, such that (vp, up) € BL(v4, uy), and the time-
asymptotic state of solution is the superposition of a boundary layer (g, i1)(x) connecting (vj, up) and
(v4, uy), which is degenerate, and a 2-rarefaction wave (py, ur)(f) connecting (v, uy) and (v4, u4).

After the large-time behavior of solution have been classified by A. Matsumura, the IBVP of the
system (1.1) has attracted considerable attention of many people. In 2003, Kawashima, Nishibata and
Zhu [13] proved that the solution for the outflow problem (1.1)-(1.3) tends to a boundary layer if both
the strength of the boundary layer and the initial perturbation are small. Their results concern Cases |
and II. Very recently, Kawashima and Zhu [14] proved that the superposition of a boundary layer and
a rarefaction wave is stable under small initial perturbation, i.e., Case IIl. In this paper, we show that
not only the boundary layer but also the superposition of the boundary layer and the rarefaction
wave are still stable under large perturbation. Our results concern Cases I-IIl and improve the works
of Kawashima, Nishibata and Zhu [13] and Kawashima and Zhu [14] to the large perturbation, while
it is well known that the investigation on the stability of nonlinear waves under large perturbation is
much more difficult than that under small perturbation. The precise statements of our main results
are given in Theorems 2.2 and 2.5 below.



F. Huang, X. Qin /. Differential Equations 246 (2009) 4077-4096 4081

u

Sa (v, ut)

(V4 u4)
Up ‘
(Vs Us)

up Ry(v4,uy)

BL(vy,us)

Fig. 4.

The main novelty of present paper is to choose the factors Z’—; in (3.14) and % in (3.15) below

to cancel out the bad term concerning vyx so that we can close the a priori estimate before the
estimation of . Thus we can use the Kanel's technique to obtain the lower and upper bounds of p.

For the other related works concerning the IBVP of compressible Navier-Stokes equations, refer to
[3,4,19,21,22,24], etc., and the references therein.

This paper is organized as follows. In Section 2, we introduce some properties of boundary layer
and smooth rarefaction wave, and then state the main results. In Section 3, we establish the a priori
estimates by an elementary energy method, and then prove the stability of boundary layer under
large perturbation. In Section 4, the stability of the superposition of boundary layer and 2-rarefaction
wave under large perturbation is treated by the similar method.

Notations. Throughout this paper, several positive generic constants are denoted by c, C without
confusion, and C(-) stand for some generic constants depending only on the quantities listed in the
parenthesis. For function space, LP(£2),1 < p < oo denotes the usual Lebesgue space on 2 C R :=
(=00, 00). WK-P(£2) denotes the kth-order Sobolev space, and if p = 2, we note H¥(2) := W*2(2),
1= 1l l;2(y» and || - [l := | - | yx () for simplicity. The domain £2 will be often abbreviated without
confusion.

2. Preliminaries and main results
2.1. Boundary layer

First of all, we list some properties concerning boundary layer. Let

Ju|
St =/p'(p1). M+::-§f- (21)

be the sound speed and the Mach number at the far field {x = oo}, respectively. In [13], it is shown
that if (v, uy) e Qsuper Y Lirans and up < u,, where u, is given in (1.9), then the solution (p, u)(x, t)
to (1.1)-(1.3) tends to a boundary layer (0, &i)(x) which is a stationary wave and satisfies

(Pl)x=0, xeRy,
(PU* +p(p)), =lixx. Xx€Ry, (2.2)
u(0) =up, (p,0)(0c0)=(p4+,uy), inf p(x)>0.

xeRy

Integrating (2.2); over [x,00) for x > 0, and letting x — 0, we obtain the value of p(x) at the
boundary {x =0}, that is

- u
py 1= p(0) = 21 (2.3)
up
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Since up < 0, we have
uy <0. (2.4)
The strength of the boundary layer (g, i1)(x) is measured by
5= |uy —upl. (2.5)

The existence and the properties of the boundary layer (0, i1)(x) satisfying (2.2) are quoted in the
next lemma.

Lemma 2.1. (See [13].) Let the condition (2.4) hold, then the stationary problem (2.2) has a smooth solution
(p, i), if and only if M+ > 1 and up < u,, where u, is given in (1.9) or (1.10). The solution (p, i) is mono-
tonic, that is, iy < 0 and pxy < 0 if up = ut. If M4 > 1, Ui(x) converges to u4 exponentially as x tends to
infinity. Precisely, there exist two positive constants c, C such that

a(i(x) —uy)| < Cde™ fork=0,1,2,.... (2.6)
X

If My =1, ii(x) is monotonically increasing and converges to u_ algebraically as x tends to infinity. Precisely,
there exists a positive constant C such that

gk+1

k(~
| (@00 —us)| < AT a0t

fork=0,1,2,.... (2.7)

Remark. (i) If M1 =1, then the boundary layer is degenerate.
(ii) From (2.2), it is obvious that p(x) satisfies the same properties as ii(x) above.

Under the above preparation, we give the following stability result of the boundary layer (o, i) (x).

Theorem 2.2 (Boundary layer). Assume that (v4,uy) € 2
(1.9) or (1.10), and

super Y Ttrans Gnd up < U, where u, is given in

(Po(®) — p(X), ug(x) — i(x)) € H' (Ry), Xi%f Po(x) > 0. (2.8)
€Ny

Then there exists a positive constant 8o < 1 depending on the initial data such that if § = |u — up| < 8o, the
outflow problem (1.1)-(1.3) has a unique global solution (p, u)(x, t) satisfying

(p(x.t) — p(X), u(x, t) — U(x)) € C([0, 00); H'),
(p(x.t) — p(x)), € L*(0, 00; L?), (2.9)
(ux,t) —i(x), € LZ(O, 00; Hl)A

Furthermore,

lim sup |[(p(x,t) — p(x), u(x,t) — i1(x))| = 0. (2.10)

t—o00 xeRy

Remark. (i) Theorem 2.2 shows that the boundary layer is stable even for large initial perturbation if
the strength of the boundary layer is small. Here we note that the initial data cannot be arbitrarily
large. In fact, it depends on the strength of the boundary layer, see (3.12) and (3.23) below.

(ii) Theorem 2.2 is the first stability result of boundary layer for compressible Navier-Stokes equa-
tions without the smallness condition of initial perturbation.
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2.2. Superposition of boundary layer and rarefaction wave

For Case III, we only consider its Subcase 2 because the study of Subcase 1 is similar to that of
Subcase 2. In Subcase 2, as we explain before, there exists a unique v, in phase plane such that
(vp, Up) € BL(v4, uy). And the solution to the outflow problem (1.1)-(1.3) is expected to tend to the
superposition of a degenerate boundary layer connecting (op, up) with (04, u,) and a rarefaction wave
connecting (pp, up) with (o4, u4), as t — oo.

Since the rarefaction wave is only Lipschitz continuous, we shall construct a smooth approximation
for the rarefaction wave in the following. Consider the Riemann problem for Burgers’ equation:

we +wwy =0,

w(o,x)zwo(x):{""*’ x<0, (2.11)

wi, x>0,

where w_ =u,+S(px) =0 and wi =u4 + S(p4+). It is obvious that w_ < w. Then it is well known
that (2.11) has a continuous weak solution w;(§) whose explicit form is given by

w_, w_>§,
wr(€) = { &, wo <& < wy, (212)
Wy, Wo <§.

Let (or, ur)(%) be defined by

dur _ S
dor Pr

X
Wr(?) =ur + S(pr), s Uy = Ur(04), (213)

then by a simple calculation, (o, ur)(’t—‘) satisfies the following Riemann problem of Euler equations,

ie.,

P+ (pu)y =0,
(pu)e + (pu* + p(p)), =0,

(o, u)(x,0) =( u)(x){(l)*su*), x<0,
" e (o4,uy), x>0.

(2.14)

We approximate (por, ur)(’[—‘) by smooth function (p, u)(x, t). Consider the following Cauchy prob-
lem for Burgers’ equation:

we +wwy =0,

w(x, 0)=W0(x):{w" x<0, (2.15)

W_ +Cgdr [5" yle ¥ dy, x>0,

where 8, := w4 — w_, q > 10 is some constant, Cg is a constant such that Cq [~ y9e™Ydy =1, and
e <1 is a positive constant to be determined later. Then we have

Proposition 2.3. (See [24].) The problem (2.15) has a unique smooth solution w(x, t) satisfying

(i) wo < WX, t) < wy, Wy(x, t) >0;
(ii) for any p (1 < p < 00), there exists a constant Cpq such that for t > 0

Wx < e P’ ;_1 = ’
” (f)HL,,<Cpqmin{8 g1-1/p_sl/p 1+1/p}

Wxx NS r - P7 r] t~ ;
” (t)”]_p <Cpqmin{6 g2-1/p_sl/a 1+1/q}
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(iii) whenx < w_t, ¥ (Ww(x,t) —w_)=0,k=0,1,2;
(iv) supyeg [W(x,t) —w'($)| = 0,ast — oo.

Define
_ _ _ u S _ _
WX, 1+0) :=uxt)+ S(px,1)), e % Uy =1U(0y). (2.16)
Here we restrict (o, u)(x, t) in the half space {x > 0}. Then we have
Lemma 2.4. (p, u)(x, t) satisfies
(i) Px(x,£) 20, ix(x,1) >0, V(x,1) e Ry x Ry;
(ii) for any p (1 < p < 00), there exists a constant Cpq such that for t > 0,
| @ O ® 1 < Cpgmin{sre! =17, 87/P (1 + 5714177},
| @ P ©) | 5 < Cpgminf (8r +62)e27 1P (8177 +8//%) (1 + 1)~ 1+1/4);
(iii) supxer, (0, WX, t) — (por, ur)(757)| — 0, as t — oco.
Now we define
(0, W (x, £) == (P, W(X) + (0, W (X, 1) — (s, Us). (217)
It is straightforward to imply that (0, @) satisfies
pr+(pix=F. xbeRi xRy,
Pl +00) +p(Dx=1xx + 8 (X, eRy xRy, (2.18)
(o, o) (%) := (P, W) (X,0) — (04, uy), asx—> 0o,
(0, 1)(0,£) = (pp, up),
where
F = Pl = ) + (D — i) + Pl — ) + Ux (= ).
g=—lx+ (P — p)lilix + ls[ﬁx(ﬁ —Uy) + iy (U — u*)] (219)
+ B[P (D) — D' )]+ ol (D) — P ()] - 2 ;_)p “p(D)x.
From (1.7), (2.2); and (2.17), it is easy to know
{|f|+|§+ﬂxx|<c{ﬁx(ﬂ—u*>+(u*—ﬁ>ax}, (220)
UAFX‘ < C{(|ﬁxx| + ﬂ;zc)(ﬂ — Uy) + Uxily + |ilxx| + 1_1?(},

where 11y >0, Uy >0 and o < u, < 1.

N

Theorem 2.5 (Superposition of boundary layer and rarefaction wave). Assume that (vy,uy) € £2_, U

{uy >0} and up < u,, where u, is given in (1.10), and
(P00 = po(¥), uo(0) — flo(x) € H'(R+),  inf po(x) > 0. (221)
+
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Then there exists a positive constant 8o < 1 depending on the initial data such that § = |u, — up| < 8o, the
outflow problem (1.1)-(1.3) has a unique global solution (p, u)(x, t) satisfying

(P, 0) = B = DX, 1) + P, UX, 1) — T(x) — T(X, 1) + ) € C([0, 00); H'),
(p(x.t) = p(x) — p(x,1)), € L*(0, 00; L?), (2.22)
(u(x,t) —i(x) — i(x, 1)), € L*(0, 00; H').

Furthermore,

lim sup [(p(X,1) = p(X) — pr(X/) + ps, u(X, 1) — U(X) — Ur(X/) + Uy )| = 0. (2.23)

t—o00 xeR,
Remark. Theorem 2.5 shows that the superposition of the boundary layer and the rarefaction wave is
stable for large initial perturbation. Here the strength of the boundary layer is necessarily weak, but
the strength of the rarefaction wave is not necessarily weak.
3. Proof of Theorem 2.2
This section is devoted to Theorem 2.2. We put the perturbation (¢, ¥)(x,t) by
(@, VI, 6) = (p, W (%, 1) — (B, W) (X), (3.1)

where (0, i1) is the boundary layer defined in (2.2), then the reformulated problem is

¢t+u¢X+p1//X=_f(¢vl//)s XER+5 t>0,
P+ D'(P)px + puvx = Yxx — &(d, ), xeRy, >0,

3.2
(Yo, Yo) () := (¢, ¥)(x,0) — (0,0), as x— oo, 3.2)

¥(0,t) =0,

where
{f(¢v‘p):ﬁx¢+/3x‘ﬁs (33)
g(p, ) =ix(lip + p¥) + px[P'(P) — P'(D)]. '
We define the solution space X (0, T) by
X(0,T) := {(¢, ¥) e C([0, TI; HY); ¢x € L?(0,T; L?), Y € L*(0,T; H'),

%M;l <PE) +d(x, t) <2Mo, VY(x,t) € [0, 00) x [0, T]}, (3.4)

where My is a positive constant to be determined later.
Since the proof for the local existence of the solution to (3.2) is standard, the details are omitted.
To prove Theorem 2.2, we only need the following a priori estimates.

Proposition 3.1 (A priori estimates). Let (¢, ¥) € X(0, T) be a solution to the IBVP (3.2) for some positive T,

and the conditions in Theorem 2.2 hold. Then there exists a small positive constant 8q such that if § = |u, —
upl < do, (¢, ¥) satisfies

t
H<¢>,w><r>||f+/¢>2<0,r>+¢3<o, ) + ligxl? + vl dv < [ (b0, vo) |3 (3.5)
0
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and

< px, t) < Mo. (3.6)

Proof. Step 1. First, we define two functionals,

p
1 -
E=0(p.p)+50%  (p.) :=/st, (3.7)

o

see also [13]. A direct computation yields

{PEY + {puE + [p(p) — p(B) ¥ — Y}, + V7

=—i{[p(0) — p(B) — P'(P)$] + pv?} — %w (38)
Integrating it over [0, t] x Ry, we have, thanks the good sign of uy,
t
prdx+/|ub|<pq>)(o,r)+ [ dz
Ry 0
t ~
< C||o, vo)|* — / f ix{[p(p) — p(P) — P'(D)p] + p¥?} + %w dxdr. (3.9)

0 Ry

We estimate the right-hand side of (3.9) for the cases M4 =1 and M, > 1, respectively. For the
case M4 =1, the boundary layer (0, ii)(x) is degenerate, i.e., (0, i)(x) tends to (o4, u) algebraically
as x — oo. It is noted that p(p) — p(p) — p (p)¢ >0 and iy > 0. Thanks again the good sign of iy,
we only need to consider the last term fo fR “Xxdn// dxdt of (3.9). From Lemma 2.1,

UXX o dxd _ P
/jl_¢WXT .// a+sﬁ e

0 R,
t
[ [@onHamF vl

0 Ry

— dxdt
(14 8x)3
t
< C(Mp)s / lupl(p@)(0, T) + || (D) |* + ¥ ()| * dz. (3.10)

For the case My > 1, the boundary layer (o, ) is not degenerate, i.e., (0, u)(x) tends to (o4, u)
exponentially as x — co. We have

t ~
/ / i {[p(0) — P(B) — P (D8] + py?) + %wfdxdr

0 Ry
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t
<C(M0)S/[e—°"(¢2+¢2)dxdr
0 Ry
t
< C(Mp)s / upl(p@)(©0, 7) + 5@ |* + (0| * . (311)
0

In both cases above, we use the fact that ¢2(0, T) < C(p(0, T))(p®)(0, T). Choosing 8 suitably
small such that

C(Mo)do < % (312)
we get, if § < 8o,
t
/psdx+f<pd>>(0,r)+ [vx(0)]* d
R, 0
t
< C|@o. vo)|* + C(Mo)S / x(0)]*de. B13)
0

It is noted that C and C(Mg) may depend on up, so we omit the factor u in (3.13) and also in the
remaining part of present paper.

Step 2. Differentiating (3.2); w.r.t. x and multiplying it by % yield

Px _ PxtPx 4 UxxPx ¢§ Ux px¢x’ﬁx ¢x\ﬁxx

~hr = P P2
¢3 u¢)% ~ ¢x L Ox¥x  Oxxx
=(-% TS il iy 3.14
<2p3 T\ 2p3), T AT T G4

Multiplying (3.2), by % gives

Ox  OxPr u¢x Vx p (,0) DxPxx
& T 2 ¢x 2
P P 1Y P Y

_ (M) <¢t1/f B ) wx p (/0) _ ¢x1/;xx
P Jt Y P Jx P

2 S
¢>¢ 5 1//?4_2/3)(1//% = (0x9 pf‘m)‘/’. (315)

Adding (3.14) and (3.15) together, we have

207 T o 203 p o

) <
_ wx +i ~x¢¢x _ ﬁxx]/jf — 25, ‘//KZ’X — i, (0x@ f‘px)‘l’
P Y Y

(¢,% ¢xw>+(u¢3 Py w_2> p(p)
X
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. @2 p KA

X
+UXF

P g
P fx £o7

(3.16)

The choosing of the factors % and % is a key point of present paper. The advantage of this choice
is that the bad term concerning the higher order derivative ¥y is canceled out in (3.16) so that we
can close the a priori estimates in the first two steps, i.e., (3.19), from which the lower and upper
bounds of p can be obtained in Step 3.

Integrating it over [0, t] x R4, and applying Cauchy’s inequality, (3.3) and (3.13), we have

2 £ 2 /
[ (o 2t
Ry 0 R

+

t

([ (o, w0 || + ligoxll?) +C<Mo>5/ lx ()| + v de

0

t
+C(Mo)//(\ﬂxx|+a§)(¢2+¢2)dxdf. (3.17)

0 R,
Here we employ the fact |fx| < C(|iix| + ©i2). Similar to Step 1, it is easy to check that

j /(mxxl +12)(¢* + y?) dxdt

0 R,

t
< C(Mo)é f (08)(0,7) + | (D] > + [[vx(0)|*d. (3.18)
0

From (3.13) and setting §o smaller than before, we have

t

/pE+i—XdX+/<P¢+¢X>(O T)dr+//p(p) + Y dxde
0

Ry

< ([ (o, vo) || + lioxll?). (3.19)

Step 3. We now use (3.19) to determine the constant Mg stated in (3.4), i.e., the lower and upper
bounds of p, where this technique belongs to Kanel’ [9]. Define

n D
v =n—1 —/;*Vdg, neR,, ¥®) ::/ Vq;(") dn, 9eR,. (3.20)
1

1

It is straightforward to see

W<§> =PV D (p, p), if(

D [

oo P o 321
- 0o, p—04. (3.21)

At the same time,
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(D) 90 GG o

~ ¢2 p'2¢2
g/pq/<£>+—y+ 7 _dy

p) p> pp3
.
¢y ”
<C | p2+ P + C(Mo)§"p@ dy
Ry
2
< C(]| @0, wo) | + lidoxl®). (3.22)
if § < 8o and
C(Mg)8g < 1. (3.23)

In view of (3.21) and (3.22), there exists a positive constant M; only depending on the initial data
such that

My <p(x ) < My (324)
Now we choose My = Mj.

Step 4. Multiplying (3.2); by —%, then

2 1 Uy ! 2 XX
('”—) - (x/wx + ng) pove oy PPy Vil Ve (305
t X

2 o o o

Integrating it over [0, t] x Ry and using Cauchy’s inequality give

t t
}|wx<r)|2+fwax(r)!lzdr«{||<¢o,wo>||f+/(w3(o, r>+/wx|3dx>dr}
0 0 R,

t
< c{u<¢o, o | + / 192 + waxu)y\%wx(n\ﬁar}
0

ST

2 NN 2
<Cl@o. v [;(1+ sup wa<r)}|3)+—/uwxx<r)n dr, (3.26)
o<t 2 )

where we use [; |[¥xl>dt < Cll(¢o, ¥0)|I?, see (3.19). Thus

4
sup [[Ya(0)]* < @0 v [1(1+ sup [yx()]). (3.27)
0<T<t 0<T<t
from which supgc;<; [I¥x(7)| is uniformly bounded. Therefore, we have
t
@1 + [ I de < €60 v (3:28)
0

Combination of (3.19), (3.24) and (3.28) implies Proposition 3.1. O

Proof of Theorem 2.2. Theorem 2.2 is proved by the local existence and Proposition 3.1. O
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4. Proof of Theorem 2.5

Let (0, 1) be given in (2.18), we note that in this case the boundary layer is degenerate, see Fig. 4.
Similar to Section 3, we put the perturbation (¢, ¥ )(x,t) by

(@, ¥)(x, t) = (p, W(x, £) — (D, W) (x, 1), (41)
the reformulated problem is

Ot +ugy + pYx=—f,
P+ P (P)px + puhx = Yux — 8 XE€Ry, t>0,

42
(o, Yo) (%) := (¢, ¥)(x,0) — (0,0), asx— oo, (42)
¥(0,t) =0,
where
f=tixp + pxvr + .
R . o . . X 43
g=1xpy + px[p'(0) — P (p)]+[uxx—p(p)x]%+g%- 43

Here ]’ and g are given in (2.20). We look for the solution to the IBVP (4.2) in the same function space
X(0,T) as that in (3.4). To prove Theorem 2.5, we only need to get the following a priori estimates.

Proposition 4.1 (A priori estimates). Let (¢, ¥) € X(0, T) be a solution to the IBVP (4.2) for some positive T,
and the conditions in Theorem 2.5 hold. Then there exists a small positive constant 8¢ such that if § = |u, —
up| < 8o, where u, is given in (1.10), (¢, V) satisfies

t

|@. v)©|? +/{¢2<0, 0 +¢20,0) + x| + |vx(®)| 2} dT

0
< ([ @o. vo) | ; +1) (4.4)

and
My < p(x,t) < Mo. (4.5)

Proof. Step 1. Similar to Section 3, define

P
a1 .
E:=<D(p,p)+§1/f2, ¢(p,p):=f

0o

p&) —p(o) d

Eaal (4.6)

A direct calculation yields

{PEY +{puE)x = {y v — [p(0) = p(D]W ), — V3
— i {[p(p) — p(D) — P' (D)) + Py}

_ﬁxx% _gp}” —p/([s)}£~ (4.7)
P P P

Integrating it over [0, t] x R gives
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t
prdx+|ub|/(,o<D)(0, T)dT
0

Ry

t
+ f f i{[p(0) — p(D) — P(D8] + py?) + 2 dudr

0 Ry

//uxx ~ +g P +p(p)f dxdt

0 Ry

) (4.8)

It is noted that iy = fiy + iy > 0 since ily > 0 and iiy > 0 due to Lemmas 2.1 and 2.4, and p(p) —
p(0) — p' (V)¢ > 0. We only need to estimate the last term on the right-hand side of (4.8). Since the
rarefaction wave considered here is not weak, the general constant C and C(Mg) below may depend
on the strength of the rarefaction wave, i.e., ;. First of all,

//uxx —dxdt| <

0 R,

(|(¢o vo|? +

C(Mo)fo(p@)(O )+ x> + I1¥xl de. (4.9)

Then by (2.21), we have

//uxx i +p(p>f"’dxdr

0 R,

t
= //(ﬁxx+g /01//
P

0 Ry

< C(Mo) / I ¥)(©)] 1~ / ly(l — uy) — fx (@l — ) dxdt

Ry

t
4 / 19 @), |0 2 . (4.10)
0

We divide into two parts the integral [ {fix( — t.) — Ux(ll — u,)}dx = Jo +/5° =11 + Iz, see also
[14]. Then

T
L= / Uy (U — uy) — Ux (U — uy) dx
0

T

= (U —uy)(u— u*)ls —Zfﬁx(ﬁ — Uy dx

0

<Ces(1+1)81In(1+37) < Ces(1+1) %, (411)
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and

o0 ~
. . 8
Izzfux(ufu*)fux(ufu*)dxgc —. (4.12)
1467

T

For the last term on the right-hand side of (4.10), employing Lemma 2.4, we have

t
[ 190w
0

%/IIW)H lvx|21 + 1) F dr

t

1 2

\§/||¢x(r)]|2dr+C(Mo)s% sup |[vPE@)|>. (4.13)
o o<t

Thus from (4.10)-(4.13), employing Young’s inequality gives

[ foutysty

0 Ry

l l S ]

t
~1 2
+CMo) (3 + / oo Par + 5 [ woldr + conpes swp [VpE]?
<<t
0

t
/wa(r)u dt + C(Mo) (5% + é)(oiulit”\/p—E(t)H% +/ ||¢x(r)||2dr>. (4.14)
Combination of (4.8), (4.9) and (4.14) implies
t

prdx+/(pq>)(o,r)+ |vx(@)|* dz

R, 0
t

< C| (o, ¥0) H2 + C(MO)S/(/KD)(Q )+ ||¢x(T)H2df

(4.15)

t
2
+C(Mo) (55 + %)<Oiup< IVeE@|? +/H¢x(t)||2dt>.
<<t
0
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Let 89 be suitably small such that

—

C(Mo)do < =

N

then it arrives at, if § < 8o,

t
/psdx+/(pa>)<o, o)+ Y|P dr
0

Ry

1

t
< || @0, vo)|* + C(Mo) (55 + &3 (Oiullt“\/ﬁ(f)”g+/||¢X(T)|2df)-
\T\ O

Step 2. Differentiating (4.2); w.r.t. x and then multiplying it by % yield

ox [ 2 ug? J 7 . dxUx  Dx¥xx
_fxﬁ_<2p3> +<293) T T T T

Multiplying (4.2), by , a complicated but direct computation gives

_gfn Ol ubbn P (f) g2 o

P2 p o p?
2
=(M> (¢tw+wf+pxw ) e p(p) 2 du
o /¢ 0 x p?
2
P RL a8 5 g W g (b= P00V
p p p p p
Summing up (4.18) and (4.19), we have
(¢3 W) +<u¢3_@_ﬂ_w_2> p(p)
200 p ) \2p° p e o),
o3 5 dxYx 4 i A N ~ Yix
= X Px - x Ux — Pxx— — 20
v+ pr N p3 f p P Ty
i (bxp — PPV Ox x
TR T e

Integrating it over [0, t] x Ry, and employing Cauchy’s inequality and (4.17), we have

2 £ 2 ¢ /
/¢—’§dx+/<¢—’§>(0,t)dr+//p(2p) 2 dxdr
o o o
Ry 0 0 Ry
([ (o, vo)|* + ligoxll?)

t
+ C(Mo) (8 56 4+ %)(Oiup< H\/pE(r)H%.q_/‘/‘ p/ﬁf) 2+1/f3dxd‘r>
<T<t

0 R,

4093

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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t
+C(Mo) [ / (82 + lial) (8 + ¥2) + [Faw | + J2 + 22 dxdr. (4.21)

0 Ry

Here we use the facts py < Clly, | Oxx| < C(|lixx| + 1i2).
Now, the remaining task is to estimate the last term on the right-hand side of (4.21). First, since

the estimate of (ﬁ,z( + |Uxx) (9% + ¥2) is the same as its counterpart in Section 3, we only give the
following estimate in the part of (42 + |fiw|)(¢? + ¥2),

t
f /(aﬁ + || ) (¢ + ¥?) dxdT

0 Ry

t
< [Ua@ - (e@ ] + 5@ ) + L@l (6@l + vl de
0

<C(M0)g%< sup IVPE®D|? +//p;§f) 2+x//3dxdr>. (422)

<t
\\ 0R+

Next,

/|fxw|dx<6{ /(|axx| +02) (@ — uy)dx
Ry

Ry
+ el 1 x| oo + [T ® | ;1 + !lﬂxa)llz} (RZGI s (4.23)

and for fR+(|ﬁXX| + 42) (i — uy) dx, we have

/(|flxx| +02) (1 — u) dx < [ (0) | oo / (x| + 1) dx < C5(1 +0)71, (4.24)
Ry R,

then

//|fxw|dxdr C[[@o. Yo) |* + C(Mo) (55 + &%) [/”(p) dxdr

0 Ry 0 R,
+CMo)(3E +63) sup [VPE®]®. (4.25)
ogrgr
At last, since
F2 482 <C{(@2, + Ud) @ — u,)? + U2 (@ — us)? + U202 + 02, + 3}, (4.26)

it is easy to get

/[fx + g2 dxdr < C(Mo)e?. (427)

0 Ry
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Combining (4.17), (4.21), (4.22), (4.25) and (4.27), and employing Young’s inequality gives

t
2
/pE+%dx+/{(,0¢+¢x>(0 r)+/p(f)¢x+¢xd><}df

+ +

(|0, vo) |* + ligpox1?)

1 1
e E +ed) (14 sup [VPE@? f/ P (f)qu Lyldedr).  (428)
0 Ry
Let
1
C(MO)(36 +89) <7 (4.29)
then choosing 8o the smaller one of those in (4.16) and (4.29), and set § < 8, we have
¢
/pE+ ¢" dx+/ (,oa)—f— ¢")(0 r)dt—i—// PP 12 2 1 y?dxdr
Ry P’ 0
2
C([|@o. vo) |” + lipoxli? + 1) (430)

Step 3. After (4.30) is obtained, employing the same technique in Step 3 of Section 3, we determine
the constant My and obtain the lower and upper bounds of p. Using the same method in Step 4 of
Section 3, we show the following estimate

t
lvx®|? +/ || > dr < (|| (o, ¥o) |7 +1). (431)
0

Combination of (4.30) and (4.31) yields Proposition 4.1. O

Proof of Theorem 2.5. The proof is completed by the local existence, Proposition 4.1 and (iii) of
Lemma 24. O
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