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Abstract
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Fig. 1. Schematic illustration of the domain in 2D.

1. Introduction

Applications such as contaminant transport in karst aquifer, oil recovery in karst oil reservoir,
proton exchange membrane fuel cell technology and cardiovascular modelling require the cou-
pling of flows in conduits with those in the surrounding porous media. Geometric configurations
that contain both conduit (or vug) and porous media are termed karstic geometry. Moreover,
many flows are naturally multi-phase and hence multi-phase flows in the karstic geometry are
of interest. Despite the importance of the subject, little work has been done in this area. Our
main goal here is to analyze a diffuse-interface model for two phase incompressible flows with
matched densities in the karstic geometry that was recently derived in [1] via Onsager’s ex-
tremum principle.

To fix the notation, let us assume that the two-phase flows are confined in a bounded connected
domain 2 c R (d =2, 3) of C>! boundary 8£2. The unit outer normal at 32 is denoted by n.
The domain £2 is partitioned into two non-overlapping regions such that 2 = 2,U£2,, and £2.N
2, =0, where §2. and §2,, represent the underground conduit (or vug) and the porous matrix
region, respectively. We denote by 92, and 9£2,, the boundaries of the conduit and the matrix
part, respectively. Both 952, and 952, are assumed to be Lipschitz continuous. The interface
between the two parts (i.e., 982, N 9£2,,) is denoted by I, on which n., denotes the unit
normal to I, pointing from the conduit part to the matrix part. Then we denote I'; = 082\ I¢p
and I3, = 082, \ I ¢m with n, n,, being the unit outer normals to I, and I;,. We assume that
both I, and I, have positive measure (namely, |I7,| > 0, |I¢,| > 0) but allow I'. =@, i.e. 2.
can be enclosed completely by £2,,. A two-dimensional geometry is illustrated in Fig. 1. When
d = 3, we also assume that the surfaces I, I5,, I, have Lipschitz continuous boundaries. On
the conduit/matrix interface I, we denote by {z;} (i =1, ...,d — 1) a local orthonormal basis
for the tangent plane to I ¢y,.

In the sequel, the subscript m (or ¢) emphasizes that the variables are for the matrix part (or
the conduit part). We denote by u the mean velocity of the fluid mixture and by ¢ the phase
function related to the concentration of the fluid (volume fraction). The following convention
will be assumed throughout the paper

u|.Qm = Uy, lllfz( =Uc, (p|(2m = ®@m; §0|.QC =®@c.



D. Han et al. / J. Differential Equations 257 (2014) 3887-3933 3889

Governing PDE system. To the best of our knowledge, the first diffuse-interface model for in-
compressible two-phase flows in karstic geometry with matched densities was recently derived
in [1] by utilizing Onsager’s extremal principle (see references therein). Our aim in this paper
is to study its well-posedness. Indeed, we can perform the analysis for a more general system,
in which the Stokes equation can also be time-dependent. Thus, we shall consider the follow-
ing Cahn—Hilliard—Stokes—Darcy system (CHSD for brevity) coupled through a set of interface
boundary conditions (see (1.16)—(1.22) below):

powdue =V -T(ue, Pc) + Ve, in £, (1.1)
V.u. =0, inf2, (1.2)
0r¢c + 0. - Vo, = diV(M((pC)V/LC), in £2., (1.3)
pogll .
m = — 8 (VPy — imVeon), 102y, (1.4)
V(@m)
V-u, =0, in$2,, (1.5)
01 om + Wy - Vo, = diV(M((pm)V/'Lm)» in 2, (1.6)

where the chemical potentials (., i, are given by

1
szy(—eAgo,ng(wf—goj)), j€le,m). (1.7)

Here, the parameter @ in (1.1) is a nonnegative constant. When e = 0, the system (1.1)—(1.6) re-
duces to the CHSD system derived in [1]. pg represents the fluid density, and g is the gravitational
constant. The parameter y > 0 is related to the surface tension. We remark that the Stokes equa-
tion (1.1) can be viewed as low Reynolds number approximation of the Navier—Stokes equation,
while the Darcy equation (1.4) can be viewed as the quasi-static approximation for the saturated
flow model under the assumption that the porous media pressure adjusts instantly to changes in
the fluid velocity [2,3].

In the diffuse-interface model of immiscible two phase flows, the chemical potential u (see
Eq. (1.7)) is given by the variational derivative of the following free energy functional

€ 5 1
E(p) :=V/(§|V<p| +EF(<P)>dx, (1.8)
Q

where F(g) is the Helmholtz free energy and usually taken to be a non-convex function of ¢
for immiscible two phase flows, e.g., a double-well polynomial of Ginzburg—Landau type in our
present case:

F(p)= (9 —1)". (1.9)

1
4
Singular potential of Flory—Huggins type can be treated as well, see for instance [4]. The first
term (i.e., the gradient part) of E is a diffusion term that represents the hydrophilic part of the
free-energy, while the second term (i.e., the bulk part) expresses the hydrophobic part of the
free-energy. The small constant € in (1.8) is the capillary width of the binary mixture. As the
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constant € — 0, ¢ will approach 1 and —1 almost everywhere, and the contribution due to the
induced stress will converge to a measure-valued force term supported only on the interface
between regions {¢ = 1} and {¢ = —1} (cf. [5,6]). The nonlinear terms ©.Ve, and w,, Vo, in
the convective Cahn—Hilliard equations (1.3) and (1.6) can be interpreted as the “elastic” force
(or Korteweg force) exerted by the diffusive interface of the two phase flow. This “elastic” force
converges to the surface tension at sharp interface limit € — 0O at least heuristically (cf. e.g.,
[5,7]). Since the value of y does not affect the analysis, we simply set y = 1 throughout the rest
of the paper. Likewise, we set the fluid density pp and gravitational constant g to be 1 without
loss of generality.

The two phase flow in the conduit part and matrix part is described by the Stokes equation
(1.1) and the Darcy equation (1.4), respectively. In (1.1), the Cauchy stress tensor T is given by

T(ue, pc) =2v(p)D(ue) — Pl

where D(u,) = %(Vuc + VTu,) is the symmetric rate of deformation tensor and I is the d x d
identity matrix. Besides, P, and P, stand for the modified pressures that also absorb the effects
due to gravitation. The viscosity and the mobility of the CHSD model are denoted by v and M,
respectively. They are assumed to be suitable functions that may depend on the phase function ¢
(see Section 2.3). M (gp) is taken to be the same (function of the phase function) for the conduit
and the matrix for simplicity. In Eq. (1.4), IT is a d x d matrix standing for permeability of the
porous media. It is related to the hydraulic conductivity tensor of the porous medium K through
the relation 1 = %. In the literature, K is usually assumed to be a bounded, symmetric and
uniformly positive definite matrix but could be heterogeneous [8].

Next, we describe the initial boundary (or interface) conditions of the CHSD system

(1.1)—(1.6).
Initial conditions. The CHSD system (1.1)—(1.6) is subject to the initial conditions

Uclr=0 =up(x), in £, (1.10)
@li=0 =@o(x), in 2. (1.11)

In particular, when @ = 0, we do not need the initial condition (1.10) for u,.

Boundary conditions on /. and [73,. The boundary conditions on I, and I, take the following
form:

u.=0, onlg, (1.12)
u,-n, =0, only,, (1.13)

0 0

P _ e _0, onr, (1.14)

on, on.

0 0

P _ SBm _ 0, on I, (1.15)

ony, ony,

Interface conditions on I,,. The CHSD system (1.1)—(1.6) is coupled through the following
set of interface conditions:
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Om =@, on Iy, (1.16)
Mm = fe,  ON Ty, (1.17)

a 0@,
I — 2% on L, (1.18)

oMy My

d d

Mm _ Me . on Ty, (1.19)

ongy, ) o
Uy - Mgy = U - Ny, 0N Ty, (1.20)
—Depy - (T(um Pc)ncm) = Py, on Iy, (1.21)

V(@m)

-7 (T(uc’ Pc)ncm) = BJSJ on Iy, (1.22)

—1; - U,
«/trace(l'[)l ¢

fori=1,....,d —1.

The first four interface conditions (1.16)—(1.19) are simply the continuity conditions for the
phase function, the chemical potential and their normal derivatives, respectively. Condition (1.20)
indicates the continuity in normal velocity that guarantees the conservation of mass, i.e., the
exchange of fluid between the two sub-domains is conservative. Condition (1.21) represents the
balance of two driving forces, the pressure in the matrix and the normal component of the normal
stress of the free flow in the conduit, in the normal direction along the interface. The last interface
condition (1.22) is the so-called Beavers—Joseph—Saffman—Jones (BJSJ) condition (cf. [9,10]),
where apjsy > 0 is an empirical constant determined by the geometry and the porous material.
The BJSJ condition is a simplified variant of the well-known Beavers—Joseph (BJ) condition
(cf. [11]) that addresses the important issue of how the porous media affects the conduit flow at
the interface:

—7; - (2vD(ue)) ey = apy Ti-(Ue—uy), only, i=1,..,d—1.

v
/trace(IT)

This empirical condition essentially claims that the tangential component of the normal stress
that the free flow incurs along the interface is proportional to the jump in the tangential velocity
over the interface. To get the BJSJ condition, the term —z; - u,, on the right-hand side is sim-
ply dropped from the corresponding BJ condition. Mathematically rigorous justification of this
simplification under appropriate assumptions can be found in [12].

There is an abundant literature on mathematical studies of single component flows in karstic
geometry [2,13-24]. Those aforementioned mathematical works on the flows in karst aquifers
treat the case of confined saturated aquifer where only one type of fluid (e.g., water) occupies
the whole region exclusively. The mathematical analysis is already a challenge due to the com-
plicated coupling of the flows in the conduits and the surrounding matrix, which are governed
by different physical processes, the complex geometry of the network of conduits as well as the
strong heterogeneity.

The current work contributes to, to the authors’ best knowledge, a first rigorous mathemat-
ical analysis of the diffuse-interface model for two phase incompressible flows in the karstic
geometry. In particular, we prove the existence of global finite energy solutions in the sense of
Definition 2.1 to the CHSD system (1.1)—(1.22) (see Theorem 2.1). The proof is based on a
novel semi-implicit discretization in time numerical scheme (3.1)—(3.5) that satisfies a discrete
version of the dissipative energy law (2.2) (see Proposition 3.2 below). One can thus establish



3892 D. Han et al. / J. Differential Equations 257 (2014) 3887-3933

the existence of weak solutions to the resulting nonlinear elliptic system via the Leray—Schauder
degree theory (cf. [25,26]). Then the existence of global finite energy solutions to the original
CHSD system follows from a suitable compactness argument. We point out that our numerical
scheme (3.1)—(3.5) differs from the one proposed and studied by Feng and Wise [27] (for the
Cahn—Hilliard-Darcy system in simple domain) in the sense that, among others, both the elastic
forcing term Ve in the Stokes/Darcy equations and the convection term u - Vg in the Cahn—
Hilliard equation are treated in a fully implicit way. As a consequence, we are able to prove the
existence of finite energy solutions by only imposing the initial data ¢y € H'!(£2), whereas in
[27] the authors have to assume ¢q € H2(.Q) (or at least H! (£2) N L°°(£2)), which is not natural
in view of the basic energy law (2.2). On the other hand, this choice of discretization brings extra
difficulties such that neither the variational approach in [28,27] nor the monotonicity method
devised in [29] can be applied. Besides, the complexity of the domain geometry also motivates
us to introduce an equivalent norm for the velocity field (Eq. (3.73)), which is necessary for the
analysis in the case of stationary Stokes equation (& = 0). After the existence result is obtained,
a weak—strong uniqueness property of the weak solutions is shown via the energy method (cf.
Theorem 2.2 for the precise statement). We note that existence and uniqueness of strong solu-
tions to the coupled CHSD system (1.1)—(1.22) is beyond the scope of this manuscript and will
be addressed in a forthcoming work.

It is worth mentioning that there are a lot of works on diffuse-interface models for immiscible
two phase incompressible flow with matched densities in a single domain setting. For instance,
concerning the Cahn—Hilliard—Navier—Stokes system (Model H), existence of weak solutions,
existence and uniqueness of strong solutions and long time dynamics are established in [4,30-32]
and references therein. As for the Cahn—Hilliard—Darcy (also referred to as Cahn—Hilliard—Hele—
Shaw) system in porous media or in the Hele—Shaw cell, the readers are referred to [27,33-36]
for latest results.

The rest of this paper is organized as follows. In Section 2, we first introduce the appro-
priate functional spaces and derive a dissipative energy law associated with the CHSD system
(1.1)—(1.22). After that, we present the definition of suitable weak solutions and state the main re-
sults of this paper. Section 3 is devoted to the existence of global finite energy weak solutions. We
first obtain the existence of weak solutions to an implicit time-discretized system by the Leray—
Schauder degree theory. Then the existence of finite energy weak solutions to the original CHSD
system follows from a compactness argument. Finally, in Section 4 we prove the weak—strong
uniqueness property of the weak solutions.

2. Preliminaries and main results
2.1. Functional spaces

We first introduce some notations. If X is a Banach space and X’ is its dual, then (u, v) =
(u,v)xr. x foru € X', v € X denotes the duality product. The inner product on a Hilbert space
H is denoted by (-,-)g. Let £2 C R4 be a bounded domain, then L4 (£2), 1 < g < oo denotes
the usual Lebesgue space and || - [|4(p) denotes its norm. Similarly, W"™9(2), m e N, 1 <
g < oo, denotes the usual Sobolev space with norm || - [|wm.r (). When g = 2, we simply denote
W™2(£2) by H™(£2). Besides, the fractional order Sobolev spaces H*(£2) (s € R) are defined as
in [37, Section 4.2.1]. If I is an interval of Rt and X a Banach space, we use the function space
LP(I; X), 1 < p <400, which consists of p-integrable functions with values in X. Moreover,
Cy(I; X) denotes the topological vector space of all bounded and weakly continuous functions
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from [ to X, while W'P(1,X) (1 < g < +00) stands for the space of all functions u such
that u, 2 € L?(I; X), where fl” denotes the vector-valued distributional derivative of u. Bold
characters are used to denote vector spaces.

Given v € L'(£2), we denote by v = Foimt fg v(x)dx its mean value. Then we define the
space L2(2) :={ve L*2): =0} and v = Pyv := v — ¥ the orthogonal projection onto
L2(£2). Furthermore, we denote H'(£2) = H'(£2) N L2(£2), which is a Hilbert space with inner
product (u, v) g1 = . o Vu-Vudx due to the classical Poincaré inequality for functions with zero
mean. Its dual space is simply denoted by H~!(£2).

For our CHSD problem with domain decomposition, we introduce the following spaces

H(div: 2)) == {weL*(2)) |V-weL*(2))}, je{cm}
Heo:={we H'(2,) |w=0o0nTr.},
Hedgiv:={weHc 0|V -w=0},
Hyu0 := {w € H(div; 2,) | w-n,, =0o0n I}, },
H, giv:i={weH,o|V -w=0},
X = H"(2y).
We denote by ()¢, (,-)m the inner products on the spaces L2(.Qc), L2(2), respectively (also

for the corresponding vector spaces). The inner product on L2(£2) is simply denoted by (-,-).
Then it is clear that

2 2 2
(M, U) = (Mm, Um)m + (uC9 vC)Ca ”M”LZ(_Q) = ”um ||L2(Qm) + ||uC||L2(QC)’

where u,, '=u|g, and u. :=ulg,.

m

1

On the interface I, we consider the fractional Sobolev spaces H020(1"C,,,) and H 5 (I'yy) for
(Lipschitz) surface I, when d = 3 or curve when d = 2 with the following equivalent norms
(see [38, p. 66], or [39]):

lu(x) — u(y)|?
llull? | =/|u|2dS+/ ——————dxdy,
HZ (Iw) lx — ¥l

cm Lem Tem
2
ux
lue]? = Jlul? /& ..
O(ch) H2(Iem) /O(X, 3F6m)

cm

where p(x, d1,,) denotes the distance from x to d/,,. The above norms are not equivalent ex-
cept when I, is a closed surface or curve (cf. [24]). If I, is a subset of d£2, with positive
1

measure, then HO%(F em) 18 a trace space of functions of H! (.Q .) that vanish on 9$2.\ I¢;,. Simi-
1

larly in the vectorial case, we have HZO(FC,,,) =H,, 0| Tem- O(ch) is a non-closed subspace of

H > (I';;y) and has a continuous zero extension t0 H?2 3 (082;). For H O(F em), we have the follow-

ing continuous embedding result (cf. [17]): oo(rcm) S H? TFem) & H*Z(ch) S( 00(I"C.m)) .
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1
‘We note that H’% 082)Ir,, §Z H’%(ch) and H’%(a.QC)|r C (HOZO(FCm))’, where the space

cm

1
H—%(agc)mm is defined in the following way: for all f € H_% (082:)1Ir,,, and g € HOZO(ch),

(f, & 1 =(f,8) _1 1 with g being the zero extension of g to
)8 H_%(E)Qc)m.m,Ho%)(ch) Ul H2(382), H2(352.) § g &

082..

1
For any u € H(div, £2.), its normal component u - n., is well defined in (Hozo(ch))’, and for
all g € H'(£2.) such that g = 0 on 382\ I, we have

(Vou,q)e =W, Vg)e+ (u-ngy,q) 1 1 .
(Hgg (Fem)) s Hyy (Tem)

Similar identity holds on the matrix domain £2,,.
2.2. Basic energy law

An important feature of the CHSD system (1.1)—(1.22) is that it obeys a dissipative energy
law. To this end, we first note that the total energy of the coupled system is given by:

1
5(z)=/3|uc|2dx+/[f|w|2+ —F(gp):|dx. (2.1
2 2 €
2

c

Then we have the following formal result:

Lemma 2.1 (Basic energy law). Let (W, u., ¢) be a smooth solution to the initial boundary
value problem (1.1)—(1.22). Then (W, u., @) satisfies the following basic energy law:

d
Eé‘(r) =-D(t)<0, Vt=>0, 2.2)
where the energy dissipation D is given by

D(t)=/V(fpm)U_llumlzdx+/21)(<pc)|D(uc)|2dx

2m 2
2 aBrss A
+ [ M(p)|V dx + ——= v(e)|u, - 7;%dS. 2.3
/ @)|Vi(p)| dx W;f @luc - 7 (2.3)
Q _rzrm

Proof. For the conduit part, multiplying Eqs. (1.1), (1.3) by u. and (¢, ), respectively, integrat-
ing over £2., and adding the resultants together, we get

d

w
D wePax+ / Bre(go)dx

Qe o

=/[V-T(uc, P 'Ucdx+/M(%)diV(M((Pc)VM((Pc))dx-
2 2
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After integration by parts and using the boundary conditions, we obtain that

d w € 1 2
— || = lucl? + = 1Veel* + = F(gc) [dx + / M(pe)|[Vi(ge)| dx
dt 2 2 €
C QC
ou(ec)
= /[V - T(u, Pc)] ‘ucdx + / M(pc)p(ee) 3 fe ds
ncm
.QC ch
¢,
+e€ 01 Q¢ ds. 24
[‘ a cCm

Applying the divergence theorem to the first term on the right-hand side of (2.4), we infer from
the boundary conditions (1.12), (1.21), (1.22) and the incompressibility condition (1.2) that

/ [V T, P)] - ucdx

¢

= / (T(ue, Po)ney) -uedS — /']T(uc, P.) : Vu.dx

FC”[ QC
= / (TiTT(qu PL‘)ncm) (uc . Ti)dS
iZIFrm
T
+ / (nL‘mT(uw Pc)ncm) (llc . ncm)dS
FC’N

— f (2v(@e)D(ue) — PcI) : Vuedx
QC

d—1

_ ABJSJ Z / u( 2

= om)ue - Ti|7dS — Py (Ue - 0ep)d S
J/trace(I1) e ks

- / 20(pe) | D(u,) P dx. 2.5)

o
Next, we consider the matrix part. Multiplying Eq. (1.6) by u(¢;,) and integrating over £2,,,
we get
[ o)+ @ Venutenrdr = [ wondv(Mn)Vutn)dx. @6
2 2

On the other hand, we infer from the Darcy equation (1.1) that

14(Pm) Vo = V(@) Ty + V Py



3896 D. Han et al. / J. Differential Equations 257 (2014) 3887-3933

Using this fact and integration by parts, we infer from the boundary condition (1.15) that

A 1EToml? + L Fom) |ax
dr ) ©Om c ©Om
Q}ﬂ

0

€ / P 8::”” ds+ / (v(@m) T~y > + 1wy, - V Py )dx
Cm

Tem 2

u(wm)

f M (@m) 4 (@m) ds— / M(p) |V ilm)| dx, (2.7)
Iem 2

where we recall that n.,, denotes the unit normal to interface I, pointing from the conduit to
the matrix. By the divergence theorem and the incompressibility condition (1.5), we get

/um~VPmdx= /[V-(Pmum)— Pu(V - uy)]dx

Qm -Qm

—/Pmum-ncmdS. (2.8)
F(:m

Then (2.7) becomes

L 119l + L F o |ax
dr ) Om c (2

e / (v( @) T | 4+ M) | Vit ()| dx
2m

0
/ Mg (om) 28 45 / A LTS
on, on,

cm cm
I'em Iem

+ / Puuy, -, dS. 2.9)
Tem

Finally, combining (2.4), (2.5) and (2.9), using the definition of ¢ as well as the continuity
conditions (1.16)—(1.17) on interface I,, we can cancel the boundary terms and conclude the
basic energy law (2.2). The proof is complete. O

2.3. Weak formulation and main results

We make the following assumptions on viscosity v, mobility coefficient M as well as the
permeability matrix I7:
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(Al) veC'(R), v <v(s) <vand|v'(s)| <D fors € R, where v, v and ¥ are positive constants.

(A2) M e C'(R), m <M(s) <m and [M'(s)| < for s € R, where m, m and m are positive
constants.

(A3) The permeability IT is isotropic, bounded from above and below (so is the hydraulic
conductivity tensor K), namely, IT = «(x)I with I being the d x d identity matrix and
k(x) € L°°(£2) such that there exist k > k > 0, kK <k(x) <k a.e.in £2.

Below we introduce the notion of finite energy weak solution to the CHSD system (1.1)—(1.22)
as well as its corresponding weak formulation.

Definition 2.1. Suppose that d =2,3 and T > 0 is arbitrary. Let o = % whend =3 and o < 2
being arbitrary close to 2 when d = 2.

Case 1: @ > 0. We consider the initial data ug(x) € L?(£2.), ¢o € H'(£2). The functions
(ue, Wy, Py, @, ) with the following properties

u. € L2(0, T; L2 (2,)) N L*(0, T; Heiy) N W (0, T (H' (20))'), (2.10)
w, € L*(0, T; L*(24)), (2.11)
PneL*0,T; Xp), (2.12)
@ e L=(0,T; H'(2)) N L*(0,T; H*(2)) n W (0; T; (H'(£2))"), (2.13)
nel*0,7; H'(2)), (2.14)

is called a finite energy weak solution of the CHSD system (1.1)—(1.22), if the following condi-
tions are satisfied:

(1) Forany v. € C5°((0, T); He,aiv) and gy € C([0, T; Xm),

T

T
—w [ (Ue, Ive)edi +2 / (v(@) D), D(v)), di
0

0

m

+]<H[VP—()V v )dt
J U((pm) m M‘pm (pm’ Qm

d—1
OBJSJ
+;W//v<<pm)<m T (Ve - T1)dSd1

T T
+/ / Pm(vc'ncm)det_/ /(uc'ncm)%ndet

0 ch 0 rt‘m

T
= /(M(‘Pc)vﬁac» ve) dt, (2.15)
0
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moreover, the velocity u,, in the matrix part satisfies

T
/(um, Vi)mdXx = /( —M(<Pm)V§0m], Vm) dt, (2.16)
, J V(cﬂm) m

for any v, € C([0, T]; L2(.Qm)).
(2) Forany ¢ € C3°((0, T); H'(2)),

T
/ (0, ,9)dt + f (M(@) V(). Vo)d / (u- V. $)dt, 2.17)
0
T T ]
/ (), 9)d / [g £ +e<w,V¢>} (2.18)
0 0

(3) uclr=0 =uo(x), li=0 = @o(x).
(4) The finite energy solution satisfies the energy inequality

t
g([)+/D(T)dT <£&(s), (2.19)

forallz € [s, T) and almost all s € [0, T') (including s = 0), where the total energy £ is given
by (2.1).

Case 2: w = 0. In this case, we do not need the initial condition for u.. The regularity property
for u. (cf. (2.10)) is simply replaced by

u. € L*(0, T He gi). (2.20)

The finite energy weak solution (u., w,,, Py, ¢, i) still fulfills the above properties (1)—(4) with
@ =0 in corresponding formulations.

Remark 2.1. In the above weak formulation (2.15)—(2.16), the reason we do not break the force
term V Py, — 1 (@n) Vo, is that this term (or equivalently, the velocity in the matrix part u,,) has
better regularity/integrability than its two components (see (2.11)—(2.12)).

Remark 2.2. We note that the interface boundary conditions (1.13)—(1.22) are enforced as a
consequence of the weak formulation stated above. Note also that the pressure terms P, and
P, are only uniquely determined up to an additive constant in the strong form (1.1)—(1.22), i.e.,
they satisfy the same set of equations with the same boundary conditions as well as interface
conditions after being shifted by the same constant. As a consequence, it makes sense to seek
P, in the space H 1(.Qm) (i.e., X;n). The equivalence for smooth solutions between the weak
formulation and the classical form can be verified in a straightforward way.
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Now we are in a position to state the main results of this paper:

Theorem 2.1 (Existence of finite energy weak solutions). Suppose that d =2, 3 and the assump-
tions (Al)—(A3) are satisfied.

(i) If o > 0, for any ug € L2(£2,), 9o € H' (2) and T > 0 being arbitrary, the CHSD system
(1.1)—(1.22) admits at least one global finite energy weak solution {u., w,,, Py, ¢, i} in the
sense of Definition 2.1.

(ii) If @ =0, for any @y € H'(R2), the CHSD system (1.1)—(1.22) admits at least one global
finite energy weak solution {u., W,,, Py, @, L} in the sense of Definition 2.1.

Theorem 2.2 (Weak—strong uniqueness). Let d = 2,3, @w > 0 and the assumptions (Al)—(A3)
be satisfied. Suppose that {u.,u,,, Py, ¢} is a finite energy weak solution to the CHSD system
(1.1)=(1.22) in (0, T) x £2 and {u., 0y, I3m, @} is a regular solution emanating from the same
initial data with the following regularity conditions

i €L3(0,T;Heay), G €L3O,T;Hpan),  ¢eL5(0,T; H (),

then it holds

Ue = U, Uy = Uy, Py = Py, Y =9.
3. Existence of weak solutions

We shall apply a semi-discretization approach (finite difference in time, cf. [40,41]) to prove
the existence result Theorem 2.1. First, a discrete in time, continuous in space numerical scheme
is proposed and shown to be mass-conservative and energy law preserving. Then, the existence
of weak solutions to the discretized system is proved by the Leray—Schauder degree theory. Last,
an approximate solution is constructed and its convergence to the weak solution of the original
CHSD system (1.1)—(1.22) is established via a compactness argument.

3.1. A time discretization scheme

Here we propose a semi-implicit time discretization scheme to the weak formulation
(2.15)—(2.18). Recall our convention

§0|.Q(- = @c, (P|.Qm = Om, /’L|.Qc = Mec, M|.Qm = MUm-

For arbitrary but fixed T > 0 and positive integer N € N, we denote by § = At = % the time step
size. Given (u'f.,<pf, Pn’;,gof”), k=0,1,2,..., N — 1, we want to determine (., ¢¢, Py, om) =
ke , ok*1) as a solution of the following nonlinear elliptic system

k+1 k+1
(llc 2 Pm
k+1 k
o~ u  —u
1)

, vc) L 2(v(e!)D(t ). Deve)),

I
VPRt _ kg okt y
+<v(¢’,%)[ ot — Vet Vam

m
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d—1
aBJsy k k+1 . .
+ Zl Teace(D) v(gy) (et 7i) (ve - T)dS
= FC”l
+ / Pn];+l(vc'ncm)ds_ /( kel ncm)deS
I‘c'm nrm
_( k+1V¢k+1,V )c’ 3.1
¢k+1 _ (ﬂk
(fa ¢> + (uk+] ) V(pk+l, ¢) — _(M((pk)vlj«k+], V¢), (32)
1,
(/’Lk+]7¢) — g(f(§0k+ls on),d)) +€(V(pk+l, V¢), (33)

for any v, € He dgiv, gm € X and p € H 1 (£2). In the above formulation, the vector uf 1 satisfies

uktlg = ukJrl and uFt!| o =uk+! where
N (VPEH iy ghett), (3.4)
" vyt "

The function f (¢, ¥) in Eq. (3.3) is derived from a convex splitting approximation to the non-
convex function F(¢) (see (1.9)) and it takes the following form (cf. e.g., [42,28])

fo,v)=¢>—y. (3.5)

Remark 3.1. We note that Egs. (3.1)—(3.4) are strongly coupled, which demands suitable choices
on discretization schemes in order to prove the existence of weak solutions (see [28,27,29]
for related diffuse-interface models). Here, the advective term in the Cahn—Hilliard equation
(i.e., the second term u - Vg in Eq. (3.2)) and accordingly the elastic forcing term uVg in
Egs. (3.1), (3.4) are discretized fully implicitly. Under this fully implicit discretization, it is
possible to preserve a discrete energy law (see Lemma 3.2) in analogy to the continuous one
(2.2), moreover it enables us to obtain the existence of weak solutions under the natural as-
sumption on initial data such that g9 € H 1(.(2). In [28,27], a different semi-implicit treatment
of the advective term and the elastic forcing term for the Cahn—Hilliard—Darcy system in a sim-
ple domain was proposed. The discretization therein still keeps a discrete energy law while one
needs to assume o € H2(£2) (or at least H'(£2) N L™ (£2)) to obtain the existence of weak
solutions.

In the following content of this subsection, we will temporarily omit the superscript k + 1 for
ukt ) phtl gkl gkl - k+T for the sake of simplicity. Besides, we just provide the proof for
the case @ > 0, while the argument can be easily adapted to the simpler case @ = 0 with minor
modifications.

A few a priori estimates can be readily derived. First, one can deduce that the above numerical
scheme keeps the mass conservation property.
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Lemma 3.1. Suppose that ut € L2(2,), ¢* € H'(2) and {u., Py, ¢, 1} € Hediv X X X
H3 (£2) x Hl(.Q) solve the nonlinear system (3.1)—(3.4). Then u,, (given by (3.4)) satisfies

1
u,; € Hm,diVa Wy - Dey =Ue Doy € H2 (Te). (3.6)
Moreover, the following mass-conservation holds

f<pdx=f¢"dx. (3.7)

2 2

Proof. It is clear from Eq. (3.4) and the Sobolev embedding theorem (d < 3) that u,, € L2(82,).
Taking the test function v, = 0 in Eq. (3.1) and utilizing Eq. (3.4), one obtains

(s Vi) — f (Ue - Nen)gmdS =0, Ve € Xom, (3.8)
Tem

which easily yields that V - u,, = 0 in the sense of distribution and then u,, € H(div; £2,,,). Thus,

the normal component u,, - n is well-defined in H -3 (082,,) (n denotes the unit outer normal
on 352, and it corresponds to n,, on [}, and to —n.,, on I,, respectively). Applying Green’s
formula to the first term in Eq. (3.8) gives that

1
u,-n, =0 in H_%(Fm) and W, N, =Ue- Ny, in (Hozo(l"cm))/.

Therefore, u,, € H, giv. It follows from the trace theorem that u. - n., € H > (I';n), then one
further gets u,, - Ny =W, - Ny in H% (Tem)-

The mass-conservation (3.7) now follows from taking the test function ¢ = 1 in Eq. (3.2) and
performing integration by parts. O

The next lemma shows that the numerical scheme (3.1)—(3.5) satisfies a discrete analogue of
the basic energy law (2.1).

Lemma 3.2. Suppose that u’; e L2(2,), (pk e HY(2) and {ue, P, o, 1} € He giv X Xpn X

H3(£2) x H'(£2) solve the system (3.1)—~(3.4). Then the following discrete energy inequality
holds

Ee, @) +8(v(ep) T " w), +28(v(0f)D(ue), D(ue)),

SJ 2
+3/M(q)’<)|w|2dx+ 2B Z/ v(gh ) ue - 7,%dS
trace([1)

J v (

€ 2 2
+ j(“c - “]c{’ U — u]C()c + 5 IV (e~ wk)”LZ(Q) + Z”‘P —¢* ||L2(.Q)
< E(uf, ¢%), (3.9)

where the energy functional & is defined in (2.1).
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Proof. Taking v, =u,, g, = P, in (3.1), using (3.4) and the elementary identity

a-(a—b)= %(|a|2 —|b|*+la —bl*), Va,beRorRY, (3.10)
we have
%(uc, u) + %(uc —uf u—uf) +2(0(¢")D@), D(ue)),
d—1
- OBJSJ k 2
+ (@) T ), + ) == [ v(¢})luc - 7i’dsS
" " \/trace(H)ch "

= %(ulé,ulé)c + (uVe,u). G.11)

By a direct calculation, we infer from the definition of the convex splitting function f that
~ 1 1 1
F@ 0@ =) =F@®) = FW) + (0 =) + 20 =) + 36° @ — )
1
> F(¢) = F) + 56— v)*. (3.12)

Then taking the test functions ¢ =  in (3.2) and ¢ = ¢ — ¢* in (3.3), after integration by parts,
we infer from (3.10) and (3.12) that

ok
("’ - ,u)+(u-w,u>+fM(¢k)|vm2dx=o, (3.13)
2

where

1, -
(0 — ¢, 1) = -(fle o), 0 — oF) +€(Vo, V(g — ¢Y))
€ € 2 € 2
z _”V‘p”iz(g) + ) “V(§0 - 90k)||L2(.Q) ) ” Vet ||L2(.Q)

1
(F@) = F (@) 1) + 5o = 0" 1200 (3.14)

M | =

+

Combining the above estimates (3.11)—(3.14) together, we easily conclude the discrete energy
inequality (3.9). O

3.2. Existence of weak solutions to the discrete problem

In order to prove the existence of solutions to the discrete problem (3.1)—(3.4), we shall adapt
an argument involving the Leray—Schauder degree theory (cf. e.g., [25]) that has been used in
[26] to show the existence of weak solutions to a diffuse-interface model in simple domain with
general densities. The idea is to rewrite the system (3.1)—(3.3) in terms of suitable “good” oper-
ator denoted by 7 and “bad” operator denoted by Gy such that
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Te (W) = Gr (W), (3.13)

where w := {u., Py, ¢, u} is the solution. More precisely, in the abstract equation (3.15) the
operators 7 : X — Y and G : X — Y (see (3.34)—(3.35) for their detailed definition and the
associated spaces X and Y will be specified in (3.33)) basically correspond to, respectively,
the left-hand side and right-hand side of the following reformulation of the system (3.1)—(3.3)
(dropping the superscript k + 1 for simplicity as mentioned before)

(U, Vo)e + 2(v () D), D(v)), + <LVPm, qu>

v(gk) m
A BJSJ
k
=+ —_——— V Ue - T;j)(Vo - T dS
IE_I ’7&‘&06(”) ((Pm)( e Ti)(Ve - Ti)
- FC"l

+ / Pr(Ve - Dey)dS — /(uc ‘Do) gmd S
FCI'” FCm

I7
= (UcV@Pe, Ve)e + (e, Vo) + <—I‘Lmv¢m, VQm>

v(pk) m
- (%(uc —uf), vc> : (3.16)
_ .k
—(M(¢") Vi, Vo) = (‘” ;” ,¢> +(u- Vg, ¢), (3.17)
1 1
g(<p3,¢>)+6(V¢,V¢)= <u+g¢",¢>. (3.18)

As will be shown below, the operator 7; : X — Y is continuous and invertible with 77:1 0) =0,
while the operator Gy : X — Y is compact. Thus the abstract equation (3.15) can be recasted into

(Z-T"G)w) =0,

where Z : X — X is the identity operator. Then the existence of solutions can be shown by the
Leray—Schauder degree theory.

Remark 3.2. Note that Eq. (3.16) is derived from an addition of a term (u., v.). on both sides
of Eq. (3.1). This modification is necessary in proving the invertibility of the operator associated
with the left-hand side of Eq. (3.16), especially under the circumstance |I.| = 0 where only the
version (3.21) of Korn’s inequality can be applied.

We shall divide the proof for the existence of weak solutions to the approximate problem
(3.1)—(3.4) into three steps.

Step 1. Invertibility of operators associated with the left-hand sides of the reformulated system
(3.16)—(3.18).
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First, we deal with the operator associated with the left-hand side of Eq. (3.16). Define the
product space

V:=H,.div X Xp. (3.19)

Then we introduce the operator £y : V — V' that can be associated with the following bilinear
forma(-,-):VxV—>R:

<£k(uc‘7 Pp), (ve, C]m))V/,V
= a((qu P), (ve, Qm))

=2(v(p5)D (), D(ve)), + (ue, ve)e + <%%)me, vqm)

m
= OBJSJ
k
+ —— | v u.-7;)(ve - 1;)dS
; itrace(ﬂ) ((Pm)( ¢ Ti)(Ve - Ti)
- rcm
+ / Pm (Vc : ncm)dS - /(uc : ncm)‘]mdS’ (320)
FCm 1—‘cm
fOr any (uC9 Pm)» (ch Qm) € V
Recall the following Korn’s inequality (cf. e.g., [43]),
”VC”Hl(_Qv) S C(”VC‘”LZ(_QC) + HD(VC‘) ”Lz(.QC))’ VVC € HC,diVa (321)

where the constant C depends only on £2.. Moreover, if the boundary I, has non-zero measure,
the Korn inequality can be simplified as (cf. e.g., [44])

”Vc”Hl(_QC) =< CHD(VC Vv, € Hc,div~ (3.22)

) H L2(£2,)’

As a consequence, using the assumptions (A1), (A3) and the Poincaré inequality, we deduce that
the above bilinear form a(:,-) is coercive on V, namely, for any (u., P,) €V,

a((uc, Pp), (u, Pm))

= 2(1) (QDZ\()]D)(uc), ]D)(uc))c + (ue,ug)e + <%me, me)

m

d—1
QaBJjsJ k 2
+ ——— [ Vv u.-7;|°dS
; J/trace(IT) (m)lue - il
- I'em

2 2
> Cl ”uC”Hl(.QC) + C2”Pm ”Hl(.Qm)’

for some constants C, C; independent of u., P, and (pk.
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Then by the Lax—Milgram lemma, we can easily deduce that

Lemma 3.3. Assume that the assumptions (Al) and (A3) are satisfied. Then for any given ¢* €
H'(£2), the operator Ly : V — V' is invertible and its inverse Ek_l : V' — V is continuous.

Next, we state the invertibility of the operator induced by the left-hand side of Eq. (3.17).
To this end, we recall the following simple facts in [26]. Define the operator divy : L?(£2) —
H~1(£2) by

(VN Y. @) g1 () 12y = —(V. V). Ve e H' ().

The operator divy acts on vector fields, which do not necessarily vanish on the boundary, and
involves boundary conditions in a weak sense. Let M € L™ (Q ) such that ‘M(x) > mg > 0 almost
every in £2. We then introduce the operator divy M(x)V-) : H L(2) - H=1(£2) defined as

(divw (MIVE), @)1 o) 1@ = — (M) Ve, Vo), Voe H'(2).

Then the operator divy (M(x)V-) is an isomorphism due to an easy application of the Lax—
Milgram lemma.
Hence, under the assumption (A2), it is easy to see that

Lemma 3.4. Assume that the function M satisfies (A2). For any given ¢* € H'(2), the operator
Dy :=divy (M(¢) V) : H'(2) — H 1 (2) (3.23)
is invertible and its inverse Dk_l :H! (£2)— H! (£2) is continuous.

We now proceed to the solvability of Eq. (3.18). For any given function oF e H'(2), we
define the nonlinear operator Sy : H 1(£2) > H1(£2) as follows

1 — .
(ScW) b1 (0 11 2y = €V, V) + — ((w+¢'<)3,¢>), Voe H'(2), (324

where ¢f = |2]~! [o ¥kdx
Then we have

Lemma 3.5. Let ¢* ¢ H! (.Q) be fixed. For any given function po € H='(82), there exlsts
a unique solution ¥ € H! (82) to the equation Sk(lﬂ) = wo. The solution operator S

H='(2) — H'(2) is continuous. Moreover, if o € H'(£2), then the solution satisfies w €
H3 (£2) and S,:] - HY(£2) — H3(2) is bounded and continuous.

Proof. The unique solvability of equation Si(¥) = o for given source function o can be
obtained by the theory of monotone operators.

We note that Sy, is well defined for any given function ¢* € H'(£2). Indeed, using the Sobolev
embedding H'(£2) < L%(£2) for d =2, 3, we can see that for any ¥ € H'(£2),

(S 0) i1 .1y | = CEOUP 1) + |65+ 19 1 2) 1011 )
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which implies the boundedness of S; in H 1(£2). Moreover, if a sequence ¥, — V¥ in H 1.(.(2) as
n — 0o, by Holder’s inequality and the Sobolev embedding, we deduce that for any ¢ € H'(£2),

|(Sk('ﬂn) - Sk("ﬂ)a ¢>H’1((2),H1(9)|

<C@O([ (v +65) = 0+, ¢ o + 1YW = Dl22) 1912
<C@O(|[v2 + 9 + (05| 2o 190 — Vs + [ VW = ) 1200 19112
— 0.

Hence, the nonlinear operator S : HY (2)—> H Q) ig continuous. Concerning the coercivity
of S, using the Young inequality, we have for any ¥ € H'(£2),

(S, ¥) -1y 1112

1 _
=gf(1ﬂ+€0k)31ﬂdx+6/|V¢|2dx
2 2
1 3]k 3|k |2 |k |3
z—fwfr‘dx——/|w|3dx——f|w|2dx——/|w|dx
€ € € €
2 22 2 2

+e/ IV |2 dx

2

> C@IW I — Cle 121, |¢*]), (3.25)
which yields that

(Sk(¥), W)[-']*I(Q),I-'Il(ﬂ)
1V 1 2y

— 400, as ”w”HI(_Q)_)OO

Finally, the strict monotonicity of S; follows from the following identity
(Sk(WI) - Sk(wZ)v 1/f1 - 1102)[_'1—1 (.Q),Hl(.Q)

1 — — — —
=- / W1 — ¥ [(¥1 +08) + (W2 + 6F) + (V1 + ¢F) (V2 + ¢F) ] dx
22

ve 190 = dx
2

>0, Vyi,yre H(2) (3.26)

and the equal sign holds if and only if Y| = V.
Based on the above observations, we can apply the Browder-Minty theorem (cf. e.g., [45,
p. 39, Theorem 2.2]) to conclude the existence of a unique solution ¥ € H'!(£2) to the nonlinear
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equation Sy () = uo for a given source function g € H ~1(£2). The coercive estimate (3.25)
also implies that

4
1131 @) < C@OInol}y-1 g, + [#*]" +1). (3.27)

For the continuous dependence of the solution ¥ on (o, i.e., if a sequence pon — o strongly in
H~'(£2) and Sy (¥n) = pon, Sk(¥) = po, then ¥, v € H'(§2) and as n — +o0, it holds

<8k(1/fn) =S¥, ¥ — w)H—](Q),H'(Q) = (Uon — 10, ¥n — W)Hfl(g),ﬁl(g) — 0. (3.28)

Then a similar estimate like (3.26) yields that ¥, — ¥ strongly in H! (£2). As a consequence,
the solution operator Sk_l :H1(2) — H'(£) is continuous.

If we further assume that po € H'(£2), the weak solution ¥ indeed has higher regularity. To
this end, we rewrite the weak form of the equation Si (V) = g as

(VY Vo) = (o — G(v, ¢*), ¢), Voe H'(2),

where G (¥, %) = e~V (¥ + (ﬁ)3 € L%(£2). Then v is a weak solution to the following elliptic
equation with homogeneous Neumann boundary condition:

—eAY =uo— Go, in§2,
0
‘ﬂ =0, onods2,

/de—

with Go = G (¥, 9¥) — G (¥, *). Since the source function oy — Go € L2(£2), one deduces
from the classical elliptic regularity theory (cf. [39]) that ¥ € H?(£2) if £2 is C!! or a convex
bounded domain. In particular, one can derive from (3.29) that

(3.29)

713
19122y < C@O (ol 2y + 1131 ) + 105 + 11 202)- (3.30)

Since H 2((2) is an algebra with respect to point-wise multiplication in R? (d < 3), one has
wo — Go € H'(§2). Then it follows from (3.29), (3.30) that

¥l < C@O ol oy + |5+ 192 | 1o + 11 22)
<@ (Inollg o)+ eF + 191 20)
+CEOIV 17 IV I2@) + 1V 1 6(0))

< C(e. 2. ol g (@) |#*))- (3.31)

which yields that the solution operator ¢ = S, ! (o) is bounded from H'(£2) to H3(£2). Con-
sider the difference problem
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OWn —¥) (3.32)

—€A(Yn — ) = (on — o) — (Gon — Go),
{ =0, onods2,

on

with Go, = G (Yin, ¢*) — G, ¢*) and Go = G, ¢*) — G ¢*). Assuming that 10, = 0
strongly in H! (£2), similar to (3.30), we can first derive the H 2 estimates for Y, ¥, and then
use the elliptic estimates as in (3.31) to get

1V — Vllg3e) < C(llon — ol 12y + 1Gon — Goll iy + 1Y — 1/’”1}(9))
< C(I¥nllizo@): 1V Loy IV ¥nllLsy: IV @) 1¥n — ¥l a2

+ Cliron — moll g1 (@)

We have already shown that S;”' : H~1(£2) — H'(£2) is continuous, which combining the above
estimate further yields that S~ YL (£2) - H3(R) is also (strongly) continuous. The proof is
complete. O

Step 2. Definition of operators Ty, Gy and their properties.
We introduce the following product spaces
{X:Vle(Q)xH3_“(Q)xR, (333)
Y=V x H'(2) x L>(2) xR, ’

where o € (0, %) is a constant.
Owing to the mass-conservation property (3.7) of the approximate scheme and for the conve-
nience of the norm of H'!(£2), we will project the unknowns ¢ and y into L2(£2) such that

(p=1/f~|—(§7 W= o+ Sk,

where @k and S are the averages of ¢y and (@, ¢") on 2, respectively.

According to the formulation of the system (3.16)—(3.18), we now introduce the nonlinear
operators T, Gx : X — Y. For any given functions ok e H' (), u’g € L2(£2.) and for w =
(U, Py, o, ¥, Sk) € X, we define

Li(ue, Py)
D (10)

Sy )’
Sk

Ti(w) = (3.34)

and

T (W)
P8~ ( +¢F —¢") +u- V)
1o+ €~ ok — k)
117! [o (W + 657 — phydx

Gr(w) = (3.35)
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The operators L, D, Sk in (3.34) are defined in (3.20), (3.23) and (3.24) (associated with the
given function ¢X), respectively. In (3.35), the operator J; : X — V' is given by

(u7k (w), (v, Qm))v/’v

— <_%(uc — u]c() + (oc + S‘k)lec, VC> + (ue, ve)e

c

I7 _
+ <—k(M0m + SV, VQm) , Y(ve,gqm) €V. (3.36)
v(em)

m

Here, one recalls that Py is the projection operator from L2(£2) into L2(£2) and the facts jor =
Hole., hom = Molg,,- The velocity win (3.35) fulfills u|p, =u., u|e,, = v, and v, is given by
(3.4).

From the definition of 7; and Lemmas 3.3-3.5 obtained in the previous step, one can conclude
that

m

Lemma 3.6. 7; : X — Y is an invertible mapping and its inverse 77{_1 1Y — X is continuous. In
particular, 77:1 0)=0.

Then concerning the operator G, one has
Lemma 3.7. G; : X — Y is a continuous and bounded mapping. Moreover, it is compact.
Proof. For all w = (u., Py, (o, ¥, S € X, using the Sobolev embedding theorems (d < 3)

such that H! < L% and H'=° — L3, H*° < L™ for ¢ € (0, %), it is straightforward to
show that

Gr(w) € (L*(20) x (H'™(2))) x L*(2) x H'(2) x K > Y,
where K is a bounded set in R. Our conclusion easily follows. O
We now interpret the relation between the abstract equation Ti(w) = Gr(w) for w € X and
the elliptic system (3.1)—(3.3). The following equivalence result can be easily seen from the

definitions (3.20)—(3.24) and (3.34)—(3.36):

Proposition 3.1. {u., Py, ¢, i} € He giv X X X H3(.Q) X HI(Q) is a solution of the system
(3.1)~(3.3) if and only if w = (a¢, P, [0, ¥, Sk) € X satisfies Te(w) = Gr (W) with ¢ =¥ + ¢k,
w= o + Sk.

Step 3. Solvability of the nonlinear system (3.1)—(3.4).

We proceed to show that there exists a w € X such that T (w) = Gi(W). Since 7 is invertible,
this abstract equation can be rewritten equivalently as w = 77;1 (Gx(w)), namely,

Z - N (w) =0, (3.37)

where 7 is the identity operator on X and the nonlinear operator Ny is defined by
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New) =T (Grw) : X > X, VweX (3.38)

and it is a compact operator on X due to Lemmas 3.6 and 3.7. Thus we only have to prove that
there exists a vector w = (u., Py, 1o, ¥, Sx) € X that satisfies Eq. (3.37). This can be done by a
homotopy argument based on the Leray—Schauder degree (cf. [25,26]).

Lemma 3.8. Assume that assumptions (Al)—(A3) are satisfied. For any u e L2(R2.) and ¢* €
H'(2), the equation Ty, (W) = Gx(W) admits a solution w = (u., Py, [10, 1/f Sy e X.

Proof. For s € [0, 1], we define

W) =-—9uf, o) =01-5¢"

Replace u’c‘, (pk in the system (3.16)—(3.18) by u’c‘ (s), (pk (s), respectively. Then we denote by
T(S) Gy ) the corresponding operators under the above transformation. In particular, 7}50) =T
g (O) = Gy. It is easy to see that ’T(Y) g ) have the same properties as in Lemmas 3.6-3.7. Then

we denote N = (7,*))'G{"’, which is a compact operator. Moreover, Ny = A
In analogy to (3.9), we can derive the following discrete energy law Wlth respect to the pa-
rameter s:

Eue, @) +8(v (e} ()T up, uy) +2a(u(¢§(s>)D(uc>,D<uc>)

+5 / M(¢" ()| VpalPdx + ———o Z / v(@h ) uc - 7iPdS
J Jtr ace(]'[

+ 2 (ue w0 ue —wb ), + 5[ V(0 = ¢ ) 120,
1
+ 2% le - ﬁ"k(s)”i%g)
<E(uk(), " (5)). (3.39)

For any given u’j. e L2(£2.) and ¢ € H'(£2), there exists a constant R > 0 depending only
on ukllp2o.- 198 51(2) @. € and £ such that £ (s), ¢¥(s)) < R for all s € [0, 1]. By the
energy estimate (3.39), there exists Co > 0 depending on R and coefficients of the system but
independent of s such that the solution w = w®) to the equation ﬁ(s)(w) = Q,Es) (w), if it exists,
will satisfy

[w®]x <Co. Vselo,11.
Taking the ball in X centered at 0 with radius 2Cyp:
B={weX: |wlx =2Co},

we infer from the above a priori estimate that for all s € [0, 1], (Z — Nk(s))(w) # 0 for any
w € 0B. Therefore, the Leray—Schauder degree of the operator 7 — ./\/}((S) at 0 in the ball B,
denoted by deg(Z — N, B, 0), is well-defined for s € [0, 1].
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On the other hand, since N, k(()) = N, then by the homotopy invariance of the Leray—Schauder
degree, we have

deg(Z — Ni, B, 0) = deg(Z — N”, B, 0) = deg(Z — N, B, 0). (3.40)

Next, we shall prove that deg(Z — N, (1), B, 0) = 1. For this purpose, we define a further ho-
motopy for s € [1, 2] such that

NEw = (1)@ =96 W], YweX. (3:41)

For s € [1,2), (Z — j\fk(s))(w) = 0 if and only if for w = (u., Py, 1o, ¥, St) € X, the vector
(e, P, @, ) with ¢ =, = juo + Sk (2 — s) 72 is a solution of the following system

w(2—y5)

s (g, ve)e + 2(”(0)]])(“6)’ ]D)(Vc))c

+ (s — D(ug, vo) +<H VP,V )
C» clc (0) nmo Qm "

d—1
aBJsy v -
+ ; Wr v(0)(ue - 7)) (Ve - T;)dS
+ / Py (Ve -Dep)d S — /(uc “Nep)gmd S
E'm FC"l
n
=2 —=5)(UcVee, Ve)e + (2 — S)< © MV Py, qu> , (3.42)
2 _
Ts(w,qb) +Q2=s5)u- Vg, ¢)=—(M©O)Vu, Vo), (3.43)
Q2 =5, )= (qo ¢) +€(Vo, V), (3.44)

for any g, € X, Ve € He div, ¢ € HY(£2), and u,, is given by

il VP, \Y% 3.45
um—_w[ m — I (Pm) Qom]- (3.45)

Taking the testing functions v, = u., g, = P, in (3.42), ¢ = in (3.43) and ¢ = ¢ in (3.44),
summing up, we obtain that

w(2—5)

€ 1
(e, ue)e + - (Vo, Vo) + — / ptdx
) F) Se

2
+ Z(U(O)D(UC), D(uc))c + (s — D(ue, ue)c
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I7 OBJST 2
+|—=<VP, VP, + O)|u, - t;|°dS
(U(O) ' ) Z = MO

+ (MO)Vu, Vi)
=0. (3.46)

The above estimate implies that for s € (1,2), (Z — N, k(s))(w) = 0 if and only if w = 0. More-
over, it is straightforward to check that 7 — Nk(z) =T (cf. Lemmas 3.6, 3.7, in particular,
(7)) = 0) and thus (Z — NV>)(w) = 0 if and only if w = 0. Thus, for s € [1,2], we

have (Z — ./\fk(‘v))(w) # 0 for any w € dB. As a consequence, the homotopy invariance of the
Leray—Schauder degree yields that

deg(Z — ", B,0) = deg(Z, B, 0) = 1. (3.47)
In summary, we can conclude from (3.40) and (3.47) that deg(Z — N, B,_ 0) = 1, which im-
plies that the abstract equation (3.37) admits a solution w = (u., Py, (Lo, ¥, Sx) € X that solves
Te(W) = Gi(w).
The proof of Lemma 3.8 is complete. O

Finally, we can conclude the existence of weak solutions to the system (3.1)—(3.3) from Lem-
mas 3.1, 3.2, 3.5, 3.8 and Proposition 3.1,

Theorem 3.1 (Existence of solutions to the discrete problem). For every ulc‘ e L2(2,) and
% € HY(2), there exists a weak solution {u;,u,,, P, ¢, i} to the nonlinear discrete problem
(3.1)—(3.4) such that

u. € H giv, u,, € Hy, giv, Py € Xy, ¢€H3(.Q), MGHI(-Q)~

Moreover, the solution satisfies the mass-conservation property (3.7) and the energy-dissipation
inequality (3.9).

3.3. Construction of approximate solution and passage to limit

The existence of weak solutions to the time-discrete system (3.1)—(3.4) enables us to construct

approximate solutions to the time-continuous system (2.15)—(2.18). Recall that § = N, where
T > 0 and N is a positive integer. We set

tx =k8, k=0,1,---,N.
Let {uf+!, pk+l okl k+1} (k =0, 1,---, N — 1) be chosen successively as a solution of the
discretized problem (3.1)~(3.4) with (uk, ¢¥) being the “initial value” (cf. Theorem 3.1). In par-
ticular, (u?., <p0) = (ug, o). Then for k =0, 1,---, N — 1, we define the approximate solutions

as follows



D. Han et al. / J. Differential Equations 257 (2014) 3887-3933 3913

5. 1 =1k t_tk(karl

5 ¢ 5 ., forr € [, tit1l,

w = tkHS_ tuf + ! _Stku'g“, for t € [ty ter1],
ﬁ,fl = P,fl+1, for t € (tx, tr+11,

ﬁfn =— Hk (VP,;E*'1 kHV(p:ffl), for t € (t, txy1],
V(@)

ﬁg = u’C‘H, for t € (t, tyy1],

ﬁa 2 Zﬁg, ﬁg‘gm Zﬁfn, fOIlE(tk,tk+1],
@ =" fort € (. tiq],
@ = ¢k, for t € [tk, tk+1),
8= p* L forr e (n, trg).

Remark 3.3. It follows from the above definitions that <p5, uf are continuous piecewise linear
functions in time, while ﬁﬁ, P,‘fl, @%, 1% are piecewise constant (in time) functions being right
continuous at the nodes {f;41} and @° is left continuous at the nodes {r}.

Using the above definition of approximate solutions, one can derive from the discrete problem
(3.1)—(3.4) that the following identities hold:

T T
@ [ (3wl ve) dt +2 / 2). D(ve)) dt
0 0
T
+/( (VP — 28, v ,Vq> dt
0 V((Pm m m) " m

__oBis]
+ // gom ol -Ti) (Ve - T;)d Sdt
= 1«/trace(]'[

T T
—i—// 8 (Ve - Ng)d Sdt — // u M) gmd Sdt
0 I'em 0 Iem
T
/,uCVgoc,Vc dr, (3.48)
0

T T T
/Bﬂp ¢)d / 0°9°, Vo)d /(M((ﬁs)Vﬁfs,Vq))dt, (3.49)
0 0 0
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T T T
1 [, -
/(ﬂ5,¢)dt=2/(f(<p @°) dt+e/ V@®,Ve)d (3.50)
0 0 0
T T
/(ﬁ5 /(W ﬁfnvqa;i,),vm) dt (3.51)
0 0 m) m

for any v, € C3°([0, T1; Hegiv), gm € C([0, T1; X)), ¢ € C3°([0, T]; H'(2)) and vy, €
C(([0, T1; L*(20)).

Besides, let £%(¢) be the piecewise linear interpolation of the discrete energy £ (u’cc , %) at i
such that

r—1
— L@ oY, fort € [, g, (3.52)

& ="1"Le (uk, o) + =

8

and D?(¢) be the interpolated approximate dissipation

D) =20 (gDl ), D)), + () Tl ),

+ [ M) |9 P
2

d—1
oBJSJ k| k41 2

+ — v u -1;|7dS, forte (¢t .
e [ vt (e s

Then it follows from the discrete energy estimate (3.9) that fork=0,1,---, N — 1

d 1
EES(I):E(E(ungrl,(pkH)—E(ulc‘,(pk))E—D‘S(t), fort € (tx, tk41).  (3.53)

In particular, we have for ¢ € [0, T],

E(@2m), ¢° (1)) + / D (t)dt < E(ug, 9o), Vi el[0,T). (3.54)

3.4. Proof of Theorem 2.1

We now proceed to prove our main result Theorem 2.1 on the existence of finite energy weak
solutions to system (2.15)—(2.18). To this end, we shall distinguish the two cases such that @ > 0
and @ =0.
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3.4.1. Case w >0
In order to pass to the limit as § — 0, we first derive some a priori estimates on the approxi-
mate solutions that are uniform in 8. First, recall the mass-conservation from Lemma 3.1

/(gok+1 — gok)dx =0, fork=0,..,N—1,
2
which immediately yields
/(p‘sdx = /@de = / Pdx = / @odx.
2 2 2 2

Besides, it follows from the energy estimate (3.54) that

w i HLOO(O‘T;Lz(.QE)) +[¢°] Lo, 2y = (3.55)
d—1

ID@) 20,7020 + 2M8 - Till 20,7227 = € (3.56)
i=l1

”ﬁm ||L2(0,T;L2(.Qm)) =C, (3.57)

|vi | 20720202 = € (3.58)

where the constant C depends on & (ug, ¢p) and £2 but is independent of §. Taking ¢ = 1 in (3.3),
we have fork=0,1,..., N — 1

‘/Mkﬂdx
2

which combined with the Poincaré inequality and (3.58) implies that

et [(101 + ot ax <.
2

1821 20711020 = €1

where the constant C7 depends on & (ug, ¢o), §2 and T. Then similar to the Neumann problem
(3.29), we can apply the elliptic estimate (similar to (3.31)) to get

”‘/A’B “ o)y = Cr- (3.59)

Using (3.4), the above estimates, the Holder inequality and the Gagliardo-Nirenberg inequality,
we can obtain the following estimates for P, such that when d =3
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T
ng o 8
[
0

T
8
<€ [ 18520y + 190355 o 18 o et
0

A

O\\!

.5 112 NYL 8
c (”um ||L2(_Qm) + 1)dt + CO??ETH(pi ||1511(Qm) '0/ ”wm ” H3(_Qm) H ”i[l(gm)dt

<c [ (], ||L2(Qm)+1)dt

T
6
+Co§tl£T”(pi“ill(ﬂm)(0/|| ||H3(_Qm) ) </||anHH1(9m) )

<Cr, (3.60)

O\\]

4

and when d =2
f AN

(18315, + 190015, 1 g )

IA
aQ
o\\]

” 1+r

IA
Q
S—

0 2 r r
(183 10, Di-+C s 1331 / 198 15 e, 2

Hl(f?m)
T
C/ m||L2(Ql)+ 1)dt
0
L r
I+r T+
ve uwmnf;r(;zw( [ 168 ) ( (1 o )
<Cr, foranyr € (2,+00). (3.61)

Based on the above estimgtes (3.55)—(3.61) which are independent of §, we can see that there
exists a subsequence {(ﬁ‘z, P‘S , @, %)} (still denoted by the same symbols for simplicity) as
& — 0 (or equivalently N — +oo) such that
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g — u, weakly star in LOO(O, T; LZ(.QC)),
weakly in L2(0, 7; H'(£2,)),

m — Pp weakly in L*(0, T; X)),
0, —>u,, weakly in L2(0, T; L?(£2,)), (3.62)
= weakly star in LOO(O, T; Hl(.Q)),

weakly in L*(0, T; H3(R2)),
fi® - weaklyin L2(0, T; H'(£2)),

for certain functions (u;, Py, Uy, ¢, 1) satisfying

uc € L2(0, T; L2 (2:)) N L*(0, T; H' (82,)),
Py € L*(0,T; Xn),
w, € L*(0, T; L*(£2,)),
@ e L>®(0,T; H'(2)) N L*(0,T; H(2)),
neLl*0,T; H'(2)).
where @ = % whend =3 and o € (%, 2) that can be arbitrary close to 2 when d = 2.
In order to pass to the limit in nonlinear terms, we need to show the strong convergence of

@° (up to a subsequence). It follows from Eq. (3.49), the Gagliardo—Nirenberg inequality and the
Sobolev embedding theorem that

8
loe® [
L5 O.7:(H1(2)))

T

8 S a8
<€ [(198° 2 g + 19 i 1852 )
0

T T
8 5 2 8
= CO/”V“B ”Ez(mdtJrCong“wa ”z"’@)of”‘pa [ 18 2y

IA

T T
~5112 511 s 5112 5112
C [ U9 iz + e +€ s 101 g [ (197 sy + 18 [l
0 - 0
<Cr, whend=23. (3.63)

For d = 2, we use the Brézis—Gallouet interpolation inequality (cf. [46])

lgllz@) < Cligl @)/ (1 + gl m22) + C(1+lIgllgi(a). Vg e HA ()

to obtain that for any « € (1, 2), it holds
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|9:6° Lo T (HY(@)))
T

C [T )+ 1 [ 6 [zl
0

= /”V ”LZ(.Q)

IA

T
+ C<1 + OS“PTH@‘S ||Oz;1(m) f(l + \/ln(l +elm2@)) " 82 dt
<t<
- 0

T
<€ [(192° 2, + 1)
0

T
€ 10+ fin(1+ ollaa)) 7% + 18 2 g o
<Cr, O when d =2. (3.64)
As a result, it follows that
9¢° — 8¢ weakly in L*(0, T; (H'(£2))"),

where o = % when d =3 and « € (1, 2) that can be arbitrary close to 2 when d = 2.
Since

5 s B . (¢k+1 _ s
||§0 (4 ”(Hl)’ = (tk-‘rl t) s < (3“8;90 ||(H1)” te (tk7tk+l]7
(HYY
fork=0,1,..., N —1, we have
/||¢‘S — ¢ |Cydt < 5“/|| 09’ [ (ynydt > 0, as 8 —0, (3.65)
0

which implies
@ —¢®—0, stronglyin L% (0,T; (Hl)/), as § — 0.
Similarly, one can show [@® — ¢6||La(0’T;(HI)/) — 0, as 8§ — 0. Thus, the sequences {¢°}, {¢°}

and {43‘3}, if convergent, should converge to the same limit. On the other hand, by the defini-
tion of ¢, it satisfies the estimates similar to (3.55), (3.59) for ¢°. Hence, applying Simon’s
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compactness lemma (cf. e.g., [47]), we deduce that there exists ¢* € L%, T: H3>#(£2)) n
C([0, T); H'=#(£2)), for a suitable subsequence,

¢® — ¢*, strongly in L*(0, T; HP (£2)), as § — 0,
for certain 0 < 8 < 1. In particular, we have ¢* = ¢ and up to a subsequence,
¢°,¢° — ¢ strongly in L?(0, T; H*~#(2)) N C ([0, T1; H'#(£2)), as§ — 0. (3.66)
Concerning the initial data, since by definition ¢%|;,—g = ¢g, we infer from (3.66) that

@lr=0 = ¢o.

Indeed, by (3.55), (3.63) and [26, Lemma 4.1], we also have ¢ € Cy, ([0, T']; H'(2)).
Using similar arguments for (3.60) and (3.61), we can deduce from (3.48) and (3.60) that
(taking g, =0)

o],
L3 0.1: @ @)))

T
asn 8 s 8
/(Hua ”HI(QC + H Pri H1511(Qm) + H,lLf Hzé'(gr) ”V HL?(_Q ))d
0
<Cr, whend=3 (3.67)

| /\

and

Jod
LT 073! (@))

T
< [, + 1221 i, + 122]
0
<Cr, Vre2+ o), whend =2. (3.68)

l+r
L

” 1+r )dt
2c)

Parallel to the arguments for ¢°, ¢°, the above estimates yield that as § — 0,

— 0, strongly in L¢ (0, T; (HI(QC))’), (3.69)
— u., stronglyin LZ(O, T; H” (Qc)) N C([O, Tl H? (.Qc)), (3.70)

i — ud
uC C
i ul
uL’ c

for some g € (0,1), @ = % when d =3 and o € (%, 2) that can be arbitrary close to 2 when
d = 2. Moreover, we have u.|;—9 =ug and u,. € Cy, ([0, T]; L2(2,)).

Based on the strong convergence (3.66) and the Sobolev embedding theorem, we can derive
that

f(¢°,8°) = f(p), stronglyin L*(0,T; L*(£2)). (3.71)
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By the assumptions (A1)-(A2), we get

v(ng) — v(p), strongly in C([0, T]; H]—ﬂ(Q))’
M(@B) — M(p), strongly in C([0, T]; Hl—ﬂ(g))‘
Similar to the argument in (3.60), we have 15V @? € L% (0, T; L2(£2)) with « being the parameter

specified above. Moreover, we infer from the strong convergence of ¢° (see (3.66)) and the weak
convergence of ,&‘S (see (3.62)) that

A°V@® — uve

in the distribution sense. At last, we note that in (3.48)—(3.49), after integration by parts, we get

T
/ B[u —
0

T
[ @ a)ar=-
0

Using the above convergence results, we are able to pass to the limit in Eqgs. (3.48)—(3.51) to
see that the limit functions (u., Py, u,,, ¢, 1) satisfy the weak formulation (2.15)—(2.18) (see
Definition 2.1).

Finally, we show that (u., u,,, ¢, u) also fulfills the energy inequality (2.19). The energy
estimate (3.53) yields that

(ui, dve) dt,

(¢°, dop)at.

Ct—~ TT—~

E(ug, po)h(0) + / Eh ()dt > / D (Hh(t)dt, (3.72)

for all h(r) € W1(0, T) with & > 0 and A(T) = 0. On the other hand, it follows from the strong
convergence results (3.66) and (3.70) that as § — 0, for almost every ¢ € (0, T), we have (up to
a subsequence),

02(t) — u.(1), strongly in L*(£2,),
@5 (t) > ¢(t), strongly in HY (),

which imply that
&’ ) — E(uc(t), go(t)), for almost every r € (0, T').

By the lower semi-continuity of norms and the almost everywhere convergence of v(¢%), M(@%),
we have
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t t
1i§ni(l)1f/ D (t)h(t)dt > /D(r)h(r)dt, for0<s<t<T,
—
s s

where D(¢) is defined as in (2.3). Passing to the limit in (3.72), we get

T T
5(uo,¢)o)h(0)+/5(uc(t),(p(t))h/(t)dtz/D(t)h(t)dt.
0 0

Then we can conclude from [26, Lemma 4.3] that the energy inequality (2.19) holds for all
s <t < T and almost all 0 <s < T including s = 0.

3.4.2. Casew =0

If w =0, one does not have a direct estimate on ||ﬁf||Lz(Qc) (compare to (3.55)). Recall also
that in our domain setting, the boundary I, = ¢ is allowed, i.e., 2. can be enclosed completely
by £2,,. As a consequence, the classical Korn’s inequality (3.22) does not apply. To overcome
this difficulty, we shall derive an equivalent norm on the following space

7= {ll | U = u|.Qf € Hc,diVa U, = u|.Qm € Hm,din Ue - Dy = Wy - Dy ON ch}~
Lemma 3.9. The norm given by
5 d—1
lallz == D@ [ 200 + D e - Till 7o, ) + Il g s (3.73)
i=1
is an equivalent norm on Z.
Proof. The case that I'. has positive measure is trivial in view of Korn’s inequality (3.22). Below
we focus on the situation where 2, encloses completely £2.. It is clear from Korn’s inequality
(3.21) and the trace theorem that the following quantity defines an equivalent norm on Z
, d—1
lall® := D@ {20, + M0elf2o, + D M0e - Till oy s+ Mmoo (374)

i=1

One only needs to prove that there exists a constant C independent of the function u such that

llull < Cllullz, VYueZ.

Suppose by contradiction that for a sequence {u,} in Z it holds

Il = nllwy, llz. (3.75)
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By homogeneity, we may normalize [|u,||| = 1. Then {u,} is a bounded sequence in Z. There
exists a subsequence, still denoted by {u,}, such that u,, converges to us, weakly in Z. In partic-
ular, one has by Sobolev compact embedding u,, :=u, |, converges to u,_, strongly in L?(£2,).
On the other hand, due to (3.75),

lu,llz — 0. (3.76)
It follows from the definitions (3.73) and (3.74) that [lu,, [[12(g,) converges to 1, which implies

lac,, ”LZ(_QC) =1. (3.77)

Using the facts that u,,, :=w,|g,, € Hy div, (3.76) and the trace theorem, we see that

. _1
Uy, - ncm|1}m —0, inH 2 (ch)

Since u, € Z, by the continuity condition on the interface I, one concludes

. 1
Uc, - ncm|ch =Uy, - ncml[‘gm — 0, in H2(Iy).

On the other hand, (3.76) implies |lug, - Tillz2(r,) = 0 (0 =1,...,d — 1). As a consequence of
the above estimates and the fact that u,_, is the weak limit of u., in H!(£2,), we obtain

ey [ 1 = 0. (3.78)
Finally, by the weak lower semi-continuity of norm, one has

||]D)(ucOo < liminf”]D)(ucn)

)”Lz(ﬂz:) n—00

|L2(QC) =0. (3.79)

By virtue of (3.78) and (3.79), we infer from the Korn inequality (3.22) that

lluc, ”LZ(QC.) =0.
This leads to a contradiction with (3.77). The proof is complete. O

Now we return to the proof of Theorem 2.1. It follows easily from Lemma 3.1 and the defini-
tion of G2, @3, that

A

~ ~ . 1

u;Sﬂ € Hm,diVa ufn Ny = ui ‘Ney  in H2([gy).

Thus, the equivalent norm (3.73) in Lemma 3.9 is applicable, and one can derive estimate on
62| 12(0.7:H' (82,)) from the energy estimate (3.54). Then one can conclude the proof as in the
case of w > 0.

The proof of Theorem 2.1 is complete.
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4. Weak-strong uniqueness

In this section, we prove the uniqueness result Theorem 2.2. Below we just give the proof for
d = 3, while the proof for d = 2 can be obtained with minor modifications under certain weaker
regularity assumptions.

First, we recall that the finite energy weak solutions (u., Py, Uy, ¢, u) to CHSD system
(1.1)—(1.22) satisfy the energy inequality (2.19), i.e.,

1
/ 2 e[ dx +f[5|w|2 + —F(w)}dx
2 2 €
22

c

t t
+//u(<pm)n*1|um|2dxdr+f/2u(¢c)|D(uc)|2dxdr
0 2

t

+//M(¢)}VM(¢)|2dxdr

0 2

\/%Z//V(wm)lué 7;%dSdt

0 Iem

w 5 € 5 1
—|ug|“dx + —|Veol|~ + — F(¢o) |dx. 4.1)
2 2 €

Qe

On the other hand, the regular solutions (U, ﬁm, U, @, 1) are allowed to be used as the test
functions for the CHSD system and the following energy equality holds

w . 2 € .o 1 _
/7|uc(z‘)| dx+/|:§|V<p| +EF(<p)}dx
2

c

//u(<pm)n |um|2dxdr+//2v((pc)|]D>(uC)| dxdt

0 Qm

t

+ / / M@)|Vi@) Fdxde

0 2

d— t
_ oBjs] Z//”(
Gm)lic - T;1*d Sdt
«/trace(H) o=

w € 1
= / 7|uo|2dx + / [EWW + EF(wo)]dx- (4.2)
2 2
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Next, taking u and —e A¢ as test functions in the weak formulation for the finite energy weak
solution (u., Py, Wy, ¢, ) and using the equations for u., ¢, we obtain that

w(uc(t)a ﬁc(t))c - ZD'/ |u0|2dx
2

t

¢ d—1

~ oy B

- / (U, dyiic)ed trace(m; / / v(@m) (Ue - 1) (@ - T1)dSdT
0 1

-0 ch

! ¢
—/ / Pm(ﬁc-ncm)der—f/Zv(wc)D(uc):]D)(flc)dxdr

0 ch 0 ‘QC
t
+/(Mcv¢c»ﬁc)cdf
0

d—1

t
QBJSJ -
= (m)(ac - Ti) (0 - T;)d SdT
Jirace(IT //”
trace(IT) iy

cm

d—1 !

OBJSJT ~ -
- v u.-17;)(u,-1;)dSdt
m;f/ H) (e - ) (e - 1)
=10 I,
t t
— f f P, (8, - ngp)dSdt — f / P, (U, - nn)dSdt
O ch 0 th

t t
—//Zv((pc)ﬂ))(uc) D@ )dxdt —//ZU((EC)ID)(uC):]D)(ﬁc)dxdt
0 £ 0 £

t t
+/(M0V§007 ﬁc)cd7+/(ﬂcV¢Ca u.)cdr, 4.3)
0 0

e[Vgo(t)~V(/3(t)dx —e/|V(po|2dx
2 2
t t

e//M(<p)Vy,oVA¢dxdr+6/fM(¢)Vﬁ~VA(pdxd1:
0 £ 0 2

t

‘
+e//(u -Vo)Agdxdt +e//(ﬁ -Vo)Apdxdr, 4.4)
0 2

0 2
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t !
//v(<pm)1771um-ﬁmdxdt—}—//v(gbm)ﬂflum U, dxdt
0 2, 0 2,

t 1

Z_/((me — UmVem), ﬁm)mdf_/((Vﬁm _llmv‘;’m)»um)mdf

t t
= f / P, (U - Dep)d SdT + / / P, (u. - nn)dSdt

0 I'em 0 I'em
+/(vawm9ﬁm)mdf+/(llmv¢~)ma Uy, ) dT. 4.5)
0 0

Adding (4.1) with (4.2) and subtracting the sum of (4.3)—(4.5) from the resultant, by a direct
computation we obtain that

%/|uc(t) — () dx + %/W(p(t) — V()| dx
2 2

t
+ [ [2v0lp@o) - Do faxdr

0 £

t
+//v(¢m)17*‘|um—ﬁm|2dxdz

0 Qm

t

+62/fM(¢)|VA¢—VA¢|2dxdr
0 £

J%Z//”(¢)|(“c—uc) v’ dsde

0 Iem

t
<- / / 2(v(@e) — vig))D(ie) : (D(@e) — D(ue))dxde

0 £2¢

// V(gbm)_v((pm))n_lﬁm(ﬁm_um)dXdT

Qm

62[/ (M() — M(9))VAG - (VAG — VAp)dxdt
0 £
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d—1 1
—ﬂZ//(V@m)—v(%))(ﬁc-n)((ﬁc—uc)-rf)def
Virace(IT) =10 Lo

t
2 [ [M@)Vag- V@) + M@VAG- Y f@))dxdn
0 2

t
- / / M@V f(9) - VAG + M@V f(§) - VAg)dxdr
0 2

t
1
= / M@V @ +M@ |V f(@)|)dxdr
2

m
(=}

+

M| =

/(ZF(wo) — F(p) — F(9))dx
2

t
+6//(AgaV(p~f1~|—A(,ZJV<Z)-u—u~Vg0A(])—ﬁ-V¢A<p)dxdr
0 2

9
= le, (4.6)
j=1

where we have used the incompressibility condition and the fact

/(u~Vg0)f(<p)dx=/u-VF(g0)dx:().
Q

2

Using the mass conservation property |, o (@ — @)dx = 0 (due to the choice of initial data), the
Poincaré inequality, the Sobolev embedding theorem and the Gagliardo—Nirenberg inequality,
we have the following estimates for ¢ = ¢ — ¢

1 3

L 3
< C(IVABl 2 o) I VBl o) + 1V L))
3 1

I8¢ N2y < CIVAGI g IV ) + IVBlIL22):

1 1
IVlsi) < C(IVABIL o) IV 2 ) + IV lIL2e)-
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Combining the above estimates with the Young inequality, we get

t
n=<c / lv(@e) - — Do) |2, d7
0

<C / 1§ = @l D | 2o, D@D = D) | 2o, d7

t

1 " 3 -
0

x |

u ) - ]D(uc) ||L2(Qc)d7:

t t
<t [1986= 0y +¢ [P0~ Do s g
0 0

t

8
¢ [(12@ s g + DIV =) 20 .
0

where ¢ > 0 is a small constant to be chosen later. In a similar manner, we have the following
estimates for I, I3 and Iy4:

~ 2 ~
B=¢ [1986 =0 g +¢ [l -l dt
0 0

t

8
+C f(nﬁmnﬁzmm) +1D)[V@ = )12
0

L<¢ / |VAG = 0) |1 20)d7

t

0

14<g/||VA(<p ¢)||L2(g)dt+§2//|(uc—uc) v;|*dsdr
=10 I

t

+C/(||uc||Lz(9) D[V@ - ”iz(sz)dr'
0
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Since ¢ € L*°(0, T; H'(£2))NL%*0, T; H3(2)), by the Gagliardo—Nirenberg inequality we de-
duce that

T T
f | £ @ 310yt < C f (el o) + 2113 o) + 8192 Vel 2o))dt
0 0

t
<Cr+C / o117 o) IVl 2 )1
0

T
1 3 8
<Cr+C [ (198010, 101 g+ 100500y) e
0
T

<Cr+C [ 19801, gy
0
<Cr,

which implies f(¢) € L*(0, T; H'(22)) C L3 (0, T; H'(£2)). Thus we can take f(¢) = ¢> — ¢
as a test function in the Cahn-Hilliard equation for ¢. Since the nonlinear part ¢> is
monotone increasing, similar to [48, Proposition 4.2], we see that the dual product satisfies
(@r, F@) ity mr = % f_Q F(gp)dx for a.e. t € (0, T). Then integrating with respect to t we
deduce that

t t

1
/F(w)dx—/F(<po)dx26//M(¢)VA¢-Vf(<p)dxdT— ;/fM(¢)|Vf(<p)|2dxdf-
2 2 0 2 ko)

0
In a similar way, we have the same identity for the regular solution ¢

t t

1
[ @~ [ Foodx=c [ [M@vag-vi@arar -~ [ [m@)]|v@) dxa
2 2 0 2 2

0

As a consequence, we obtain that
Is+ 1+ 17+ I3

t
_ / / [-M@)VAG — ) - V(@) + M@VAG — ) - V1 (@)]dxdr
0 2

t
= / /[M(@ ~M(@)]VA@ —¢) - V[f(@)dxdr
02
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t

+ / / M@VAG —9)- (V@) — V f(@)dxdr
0 2
S 4.7)

The term J; can be estimated like /; such that

t

0

t
<€ [ 15 = olim@ | 8@ = 020y | V5 @ |z 0
0

t

1 5 3 5
<C /(||VA<¢ 0|2 V@ =D {20 + V@ =0 120)
0

X [VAG = 0)| 120 (19175 + 1)Vl 2)dT

t
0

t

16 8
+C / (1911 () + DIV o) [ VG = 0) |12y 47
0
t

+C / (1613 (@) + DIVEIZ2 0 | V(@ = 0§20,
0
t

t

4

<¢ / [VAG = @)[12g)dz +C f(nmganzz(g) + D[ V@ = 91247
0 0

For J,, it holds

t
0
t
<€ [IV0 =010 | 986 = 0) |20y
0

t
€ [ 10 1@ |76 = Dl | 986G = 0l 20 0
0
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t
+ C/ 16+ @l @) IVelrz@) g — ¢l | VAG — @) ||Lz(g)df
0

t

<€ [+ 1) 176G = D) 172G — 9) |2 0
0

t

+C f (1611 @) + 19l @) IVe 202 [VAG = 0) | 120,
0

1 B 3 B
x([va@—e) “112@) V@ —¢) ”ftZ(Q) +[Vg -9 HLZ(Q))dT

t
<¢ / IVAG = 0) |1 20ydT
0

t

+C [ (198513 ) + IV 801 gy + DTG = 07
0

Now we estimate the last term Iy,
t t
Ig=¢ /fﬁ -V(p —@)A(p — @)dxdrt +€f/ Ap(@—u)-V(p —@)dxdr
0 2 0 2
t
=€ [tz 1960 = 9 lyoqa |0 = 950y
0
t
+€ [ 18011000116 = ulzie |90 = 9] 30y
0

t
1 1
<C / 1822y ([VAQ =D 20 V@ =D {20, + V@ =D 20)
0
3 ok .
x ([vaw - HEZ(Q) Ve -9 “EZ(Q) +[Ve -9 ”LZ(Q))dT
t

e / (VA8 120 + 16200 i — ull 200
0

1 .3 B
x ([vaw - ‘»7’)Hf4‘2(9) [V -9 ||£2(9) +[Ve -9 ”LZ(Q))dT
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t t
~ 2 ~
= é- / “VA(go - QO) ”LZ(Q)dT + ; / ||ll - u”iZ(Q)dT
0 0

t

8 8
+C / (82 ) +IVAGI 2 ) + DTG = 9 £ 7. (4.8)
0

Combining the above estimates, using the equivalent norm ||u||z given by (3.73) in Lemma 3.9
and the assumptions (A1)—-(A3), by taking ¢ > 0 sufficiently small, we deduce that

|| e — u) () |20y + €] V@ — DO 120,
t
i / (|G -0 @[3+ [VAG - 9@ |20
0
t

< / WD) | V@ = )0 20,47, (4.9)
0

where

8 8
o) =83 + [ VAGO) |20, + IVAQ®) 3200 + 1.

and the constants y1, y» > 0 may depend on the initial energy £(0) as well as the coefficients of
the CHSD system.

Since by our assumption (u., ¢)|;—0 = (0,0) and h(z) € L'(0, T), then it follows from (4.9)
and the Gronwall inequality that for ¢ € [0, T],

@ || @ie — 0O f 200, T €| V@ — 0D |32, =0 (4.10)
and then
T
/|| @ —w(®)|5dr =0. 4.11)
0

Recalling the fact | o(@ —)dx =0fort € [0, T], by the Poincaré inequality and the definition
of the norm || - ||z (see (3.73)), we infer that

(uc, y,, (P):(ﬁm Uy, (;5) (4.12)

Finally, we remark that for the case of & = 0, one can proceed as above and conclude (4.10),
(4.11) with @ = 0 in (4.10), which again yield the uniqueness result (4.12).
The proof of Theorem 2.2 is complete.
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