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Abstract

We study the existence of fixed points to a parameterized Hammerstein operator Hg, 8 € (0, 0o], with
sigmoid type of nonlinearity. The parameter B < oo indicates the steepness of the slope of a nonlinear
smooth sigmoid function and the limit case f = oo corresponds to a discontinuous unit step function. We
prove that spatially localized solutions to the fixed point problem for large 8 exist and can be approximated
by the fixed points of Heo. These results are of a high importance in biological applications where one
often approximates the smooth sigmoid by discontinuous unit step function. Moreover, in order to achieve
even better approximation than a solution of the limit problem, we employ the iterative method that has
several advantages compared to other existing methods. For example, this method can be used to construct
non-isolated homoclinic orbit of a Hamiltonian system of equations. We illustrate the results and advantages
of the numerical method for stationary versions of the FitzZHugh—Nagumo reaction—diffusion equation and
a neural field model.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

We study the existence of solutions to the fixed point problem

u="Htpu, (Hpu)(x) :Z/w(x—y)fﬁ(u(y))dy- (L.
R

Here H g is the parameterized Hammerstein operator with 8 € (0, oo], w(x) is symmetric, and
fp) : R — [0, 1] is a smooth function of sigmoid shape that approaches (in some way which
we specify later) the unit step function foo = X[i,00) for some 4 > 0 as B — oo. Examples of
this type of functions are

Jpw) =S(Bu—n), Swu):= (1.2)

1 +exp(—|ul)’

and

p
fpw) =SB —h), Su,p):= upu+ 1X[0,oo)(”)s p>0, (1.3)
see Fig. 1.

This problem arises in several biological applications, e.g., in studying the existence of steady
state solutions to a neural field model and the FitzHugh—Nagumo equation. We give examples of
these models in Section 2.

When the function fg is such that fg(u) =0 for all u < &, i.e., supp(fg) C [h, 00), all so-
lutions to (1.1) can be divided into two categories: (i) localized solutions and (ii) non-localized
solutions (e.g. periodic, quasi-periodic). Here we study the solutions of the first class which we
define in detail in Section 4.2.

For the limit case 8 = 0o, one often can construct localized solutions analytically, see e.g. [1]
and Chapter 3 in [2]. However, the case 8 = oo is only a simplification of a more realistic model
where fg, 0 < B < 00 is a steep yet smooth function. Analytical tools do not work in the latter
case, and the existence of solutions for the case of 8 < oo and their continuous dependents on 8
as B — 0, is often only conjectured from numerical simulations, see e.g. [3-5].

The main challenge of a proper justification of the transition between the cases 8 < oo and
B = o0, is discontinuity of f, which leads to discontinuity of the corresponding integral operator
in any standard functional space. To avoid this difficulty we suggest to exploit a spatial structure
of localized solutions for f = oo and construct functional spaces such that the operator Hyo is
not only continuous but Fréchet differentiable and the Implicit Function Theorem can be used.
That is, we show that under the assumption that localized solution of (1.1) for 8 = oo exists
and satisfies some properties, solutions to (1.1) for large B < oo exist, converge to a solution of



5846 A. Oleynik et al. / J. Differential Equations 261 (2016) 5844-5874

|
1
0.8} !
[
0.6}
0.4t

i
1
0.27 '
1
1

0 02 04 06 08 1

Fig. 1. Functions fg given in (1.2) with 8 =100 (red curve) and in (1.3) with 8 =20 (blue curve), and foo = X[4,00)
(black line), with 2 = 0.5. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

the limit case as § — oo, and can be iteratively constructed. We emphasize that this result is
quite important as it provides a motivation for a common in applied sciences approximation of a
smooth sigmoid function by the discontinuous unit step function.

While the Implicit Function Theorem is well known to be a useful and powerful tool dealing
with such problems, it has not been used due to the non-trivial choice of spaces for operator
convergence. However there are similar results obtained in [6] and later extended by Burlakov
et al. [7] for the case of a bounded spacial domain in R", n > 1, using the topological degree
theory and properties of the Hammerstein operators for a smaller class of solutions and more
strict assumptions on the integral kernel w.

The degree theory approach has some disadvantages compared to the method based on the
Implicit Function Theorem proposed here. Firstly, it requires calculating the topological degree
of Ho. Though it seems like the necessary condition on the topological degree being non-zero
coincides with an assumption we introduce on the localized solution of (1.1), 8 = o0, its calcula-
tion could be involved. Secondly, the degree theory never gives uniqueness for 8 < oo even if it
is proven for 8 = oo. Thirdly, as in infinite dimensional Banach spaces the degree is only defined
for compact perturbations of the identity operator, see [8], the domain and the range space of Hg
must be the same. This restricts the choice of w. Finally, the degree theory approach does not
give a method for constructing solutions numerically.

The paper is organized as follows. In Section 2 we give examples of relevant applications, that
is, the FitzHugh—Nagumo equation (Section 2.1) and the neural field model (Section 2.2), that
we use later to illustrate our results. We give a list of notations we use in Section 3. In Section 4
we introduce assumptions, describe the problem and state the results. In particular, in Section 4.1
we describe some properties of the operator Hg, in Section 4.2 we give a definition of a bump
and bump solution. The existence and assumptions on the solution to the problem (1.1) for the
limiting case § = 0o is discussed in Section 4.3. We formulate our main results as Theorem 4.8 in
Section 4.4. Section 5 is dedicated to the proof of Theorem 4.8. In Section 6 we apply our results
to prove existence of stationary solutions to the FitzHugh—Nagumo equation (Section 6.1) and the
neural field model (Section 6.2), and numerically construct them. We also use these examples to
discuss the advantages of the method in comparison to other existing methods. Section 7 contains
conclusions and outlook.
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Fig. 2. Functions g = u(u — h)(1 — u) (green curve), g = —u + fp(u) (red dashed curve) with fg(u) given as in (1.3)
with 8 =20 and g = —u + foo(u) (blue line) given in (2.3), with 2 = 0.5. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

2. Examples
2.1. FitzHugh—Nagumo equation and its caricature

The famous FitzHugh—Nagumo equation introduced in [9—-11] describes qualitative properties
of nerve conduction. The equation can be written as

du w0 D 0%u
L —o(u) — v -
a8 dx2
2.1
av
— —bu—yv,
5 u—yv
where g is commonly assumed to be the cubic function
gw)y=uw—-hA—-u), O<h<l, 2.2)

and b, y, and D are positive parameters.
McKean in [5] suggested replacing the cubic g with a broken line of the same general shape,
that is,

gu) =—u+ foo), foo=xhoo)» O0<h<l, (2.3)

see Fig. 2. The equation (2.1) with (2.3) is commonly referred to as a caricature of the FitzHugh—
Nagumo equation. It is believed but not proven that the equation (2.1) with the cubic function
(2.2) and with (2.3) have similar portraits in the large (and indeed they have similar phase
portraits for the steady state solution equations for some parameter values). However, since dis-
continuous g = —u + foo (1) does not provide a good approximation of the cubic function (2.2)
but only resembles its shape, see Fig. 2, it is doubtful that one can draw any rigorous conclusion
about one model from analysing another. And indeed, the analysis of the equation (2.1) with the
function (2.2) and (2.3) are rather disconnected in the literature.

However, a smooth sigmoidal shape function g = —u + f(u) may provide a good approxi-
mation of g = —u + foo(u) for large B, see Fig. 2. Thus, one would be able to draw a common
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conclusion about existence and behavior of solutions obtained for either case. This leads us to
study the reaction diffusion system

du 3u
— =fpw)—w+v)+D_—
ot ax
5 2.4
v
— —bu—yv,
57 u—yv
with 8 € (0, oo].
The steady states of (2.4) are solutions to
—u” +ku= fgu) (2.5a)
b
v=—u, (2.5b)
14

where k = /1+b/y.
Any bounded solution of the ordinary differential equation in (2.5a) also satisfies the integral
equation (1.1), i.e.,

u(x) = f 0 — ) fo(y), 2.6)
R
with
w(x) = ie—"‘xl, 2.7
2k
see Fig. 3.

Here (2.7) is the Green function to the linear part of the equation in (2.5a) which can be shown
in a similar way as in [12].

2.2. Neural field model

The behavior of a single layer of neurons can be modeled by a nonlinear integro-differential
equation of the Hammerstein type,

8,u(x,t)=—u(x,t)+/a)(x—y)f(u(y,t))dy. (2.8)

R

Here u(x,t) and f(u(x,1t)) represent the averaged local activity and the firing rate of neurons
at the position x € R and time ¢ > 0, respectively, and w(x — y) describes a coupling between
neurons at positions x and y.

The model above is often referred to as the Amari model and is a version of neural field
models that constitute a special class of models where the neural tissue is treated as a continuous
structure. The model (2.8) has been studied in numerous mathematical papers, for a review see,
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Fig. 3. Functions w given by (2.7) with k = 1.3229 (red curve), @ given by (2.9) with k =1 (blue curve) and w given
by (2.10) with K =3, k=2, M =1, m = 0.5 (green curve). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

e.g., [3,13] and [2]. In particular, the global existence and uniqueness of solutions to the initial
value problem for (2.8) under rather mild assumptions on f and w has been proven in [14].

In 1977, Amari studied pattern formation in (2.8) for a model where f is the unit step func-
tion and w is assumed to be of the lateral-inhibitory type, i.e., continuous, integrable and even,
with w(0) > 0 and having exactly one positive zero. In particular, he showed the existence of
stable and unstable time independent spatially localized solutions to (2.8) which he referred to
as bumps. For more general f and o the existence of solutions of this kind has been shown by
Kishimoto and Amari in [15] and later generalized in [16] and [17].

In what follows we use the Amari terminology, i.e., spatially localized solutions will be called
bumps.

Since the work by Amari the lateral-inhibitory type of connectivity function is the common
choice when one studies pattern formation in neural field models. Examples of this type of con-
nectivity are

w@)=(1—|xpe k>0 (2.9)
and
wx)=Ke ®7 _ M= g o M ks m, (2.10)

see Fig. 3.

When the Fourier transform of the connectivity function is real and rational, e.g., @ in (2.9),
the time independent version of (2.8) can be converted to a higher order nonlinear differential
equation which in turn can be represented as a Hamiltonian system. Bumps correspond to homo-
clinic orbits of this system, [18,19].

Despite there are some analytical methods for studying existence of homoclinic orbits for
higher order Hamiltonian systems, see e.g. [20,21], due to the specifics of the considered model
these methods are not straightforwardly applicable here and the most results are numerical, for
details see [18]. Alternatively, the existence of homoclinic orbits for such systems can be studied
using methods of computer assisted proofs, see e.g. [22-26]. However, for the case when w does
not admit a real rational Fourier transform, as for example in (2.10), the mentioned differential
equations methods are not available and the other approaches must be used.
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For f = fg, where fg — foo = X[n,00] @8 B — 00, and supp(fg) C [k, 00), the existence
of bumps of a particular kind (so called 1-bumps) and their continuous dependence on the pa-
rameter 8 has been shown using the topological degree theory and collectively compactness and
continuity of the Hammerstein operators in [6]. Later these results were extended to the case of
n-dimensional, n € N bounded spacial domain in [7].

3. Notation

For readers convenience we give a list of functional spaces and specify other notations we
use. Let 2 be a bounded or unbounded subset in R.

o LP(Q2), 1 < p < o0, is the space of all functions such that the pth power of the absolute
value is Lebesgue integrable and the norm is given as

1/p
lvllLr (@) := /|v(x)|1’dx , I<p<oo,
Q
and
lvllLoe(@) == esssup [v(x)].
xeQ
When Q2 =R we use the common notation for the norm [|v||oo := (V]| Lo (R)-

e B(Q) is the linear space of all bounded functions.
o (C (L) is the linear space of all continuous (but not necessarily bounded) functions on £2.
e B(C(L2) is the Banach space of all continuous bounded functions on €2 with the norm

lvllc() := sup [v(x)].
xe

When © =R we often use || - || o notation for the norm above.

e C"(R2), n € N, is the linear space of all continuous (but not necessarily bounded) functions
with continuous kth derivatives, k =1, ...,n, on Q2.

e BC"(R2), n € N, is the Banach space of all continuous bounded functions with continuous
and bounded kth derivatives, for k =1, ..., n, on Q equipped with the norm

n
Ivllen@ = sup [p® ().
k:()er

e CY1(Q) is the space of all Lipschitz continuous functions on 2.
o CO%(Q) is the space of all Holder continuous functions on €2 with the exponent 0 < o < 1.

When € is a compact set then we prefer the notation C"(£2) over BC"(2). Moreover, in this
case we treat C%%(Q), 0 < o < 1 as the Banach spaces equipped with the norm
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[v(x) —v(y)|
lvllcoe(qy :=sup |v(x)|+ sup ————
cHe@) xeR X, yeQ |x—y|"‘

xF#y

When there is no confusion what €2 is we use the notation || - || instead of || - [ co.e(q)-

We denote Coyepn, (€2) the space of all even continuous function on €2. The same notation applies
for the other spaces, e.g., Lfven(Q), 1 < p < oo and etc.

If © =R we omit the set specification in the norm notation, i.e., we write || - ||c» instead of
I llen -

We use boldface to denote vectors, e.g., a, G, and the textsf font for matrices, e.g., S, I.

4. Framework and main results

We study existence of solutions to the fixed point problem (1.1) under the following assump-
tions on f3 and w.

Assumption A. Let & > 0 be fixed, and let { fg}, B € (0, oo] define a family of functions with
the following properties:

(1) fg:R — [0, 1] is non-decreasing for any 8 € (0, o0],

(2) supp(f3) C [h, 00) for any B € (0, ccl,

(3) foo = X(h,00)» 1.€., the characteristic function of the half-line set (%, 00),
(4) fp(t)is continuous in B € (0, co) uniformly in ¢ on any bounded interval,
5) fpe C%1(R) for B < oo, and for any £ >0

Cp(§):= esssup |fz(t)| — 0as B — oo.
te(h+£&,00)

The function in (1.3) with p > 1 serves as an example of such a function.
We also notice that from Assumption A(5) fg has the following convergence property

sup [ f8(t) — foo(t)| = 0 as B — oo. “4.1)
teR\(h—§&, h+&)

Assumption B. The function w in (1.1) satisfies the following conditions:

(1) w is symmetric, i.e., w(—x) = w(x),

(2) w is a Lipschitz function, i.e., w € co1 (R),
(3) we L'(R), and

(4) wis bounded, i.e., w € L (R).

The functions in (2.7), (2.9), and in (2.10) clearly satisfy the assumption above.

Since the function fg is such that fg(u) =0 for all u < h, see Assumption A(2), all the
solutions to (1.1) can be divided into two categories: (i) localized solutions (so called bumps, see
e.g. [1,6]) and (ii) non-localized solutions (e.g., periodic, quasi-periodic).

Here we study the existence of solutions of the first type. We introduce only a few properties
of the operator Hg that are needed here. For more general description of Hg we refer to [6]
and [7].
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4.1. Properties of Hg

Lemma 4.1. Let fg and o satisfy Assumption A and Assumption B. Then for any real valued
measurable function u we have Hgu € BC(R) for any B € (0, oo]. Moreover, if u(x) < h for all
x € R except a subset X C R of a finite measure, then Hgu € L'(R)NBC'(R) and (Hpu)(x) —
0as |x| = oo.

Proof. For a general u we define a set X := {x : u(x) > h} € R. We have the following estimate

mmmun=/@a—ywmwwwys/wu—ww»

X X

Assumption B(3) immediately yields ||Hgulloo < ll@ll;1 < co. To show continuity of Hg let
v =Hgu and x — xo. Then we obtain

00 = 50 = [ o =) = 00 = ldy > Das = xo
X
which follows from the continuity of translations in L!(R), see, e.g., Proposition 2.5 in [27].
Assume now that X has a finite measure w(X) < co. From Assumption B(2) and Assump-

tion B(3) it follows that || Hgull; 1 < [w|l;1 #(X) < co. From Assumption B(4) the derivative of
v = Hgu with respect to x exists and is uniformly bounded, that is,

IIU/IIOOSfIw’(x—y)fﬁ(u(y))ldys I lloo 1£(X).
X

Next, we let x — x and obtain the estimate

[v'(x) = v'(x0)| < / o' (x = y) = @' (x0 — y)Idy.
X

Assumption B(2) implies that o’ € L (R) and thus o’ € L' (X). From the continuity of transla-
tions in L'(X) we deduce that |v'(x) — v'(xg)| — 0 as x — xo.
Hence we conclude that Hgu € BC I(R) and the following estimate is valid

IHpulcr < (lolloo + 1o o) (X) < 0.
The property v(x) — 0 as |x| — oo follows from Assumption B(2) and Assumption B(3). O
From the lemma above any solution to (1.1) is continuous and bounded.
Lemma 4.2. Let fg and w satisfy Assumption A and Assumption B, respectively, and let the

operator Hg : BC(R) — BC(R) be defined as in (1.1). Then the following statements are true.
(i) Any solution of (1.1) is translation invariant, i.e., if u(x) is a solution so is u(x — c) for



A. Oleynik et al. / J. Differential Equations 261 (2016) 5844-5874 5853

3r 2-bump
——regular 2-bump
——not a bump

Fig. 4. Examples of a bump (gree curve), regular bump (red curve) and not a bump (blue curve), when 2 = 0 and assuming
that the functions are smooth enough and do not increase outside the interval [—3, 3]. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

any ¢ € R. (ii) The operator Hg preserves the symmetry, i.e., for any u(x) = u(—x) we have
(Hpu)(—x) = (Hpu)(x). (iii) If for a fixed point u(x) the corresponding supp(fg(u(-))) is a
symmetric set, then u(x) is even.

The proof is straightforward.

Remark 4.3. For Lemma 4.1 and Lemma 4.2 we did not use all the conditions of Assumption A.
It suffices to assume that u — fg(u) € [0, 1] is measurable and Assumption A(2)—(3) are satis-
fied.

As mentioned before we intend to investigate the existence of localized solutions to (1.1). In
the next section we describe the class of functions we are interested in.

4.2. Bumps and regular bumps

Definition 4.4. Let & € R and {; }121=V | C R be an increasing sequence of 2N points. The function
u € C(R) iscalled a (h; by, b, ..., bony)-bump if the following conditions are satisfied:

(i) {b;}?Y| are the only roots to u(x) = h,

i=

(ii) there exists y > 0 and A > O such that u(x) < h — y for all |x| > A.

We call the (h; by, b, ..., bon)-bump regular if in addition u € cl (R) and u’(b;) # 0 for all
i=1,...,2N.

When % is assumed to be given and there is no need to specify the roots {bi}l.ziv] , we often
refer to u as a (regular) N-bump or, simply a (regular) bump.

We illustrate the definition with Fig. 4.
Regular bumps are stable under small perturbations in C'(R). Indeed, let u be a regular
(h; by, by, ..., boy)-bump, and for some [ < by and L > by define the set

Ko(u;l,L):={veC'(R): sup|u(x) — v(x)| + max |u'(x) —v'(x)| <é&}. 4.2)
YeR xell,L]
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We formulate the following lemma.

Lemma 4.5. Let u and K. (u; 1, L) be given as above. Then there exists € € (O, 1/2 min; |u/(bi)|)
such that for any v € K(u;1, L), v is a regular (h; by1(e), ba(¢), ..., ban(€))-bump where
bi(e) > bj as e — 0.

The proof is rather straightforward and can be found in [6].

2N
Corollary 4.6. Observe that there are values bii(s) 2 b (e) < b < b;r(s) where () (b; (e),

i=1
b;"(e)) = & associated with K¢ (u;l, L) such that bii(e) — bj as ¢ — 0, and for any v €
K (u;l, L) we have the following estimates

2N
o) —hl>e, xeR\ UG ()5 ()
i=1

2N
') > e, x e U] (e),b] ()
i=1

Definition 4.7. A (regular) bump that is a solution to (1.1) we call a (regular) bump solution.

Lemma 4.1 implies that any bump solution u#(x) of (1.1) is in BC'(R) and lu(x)| = 0 as
|x| = oo. Thus, the threshold / cannot be chosen negative.

4.3. Bump solutions to (1.1) with 8 = oco

In [1] Amari studied the equation (1.1) under the assumption that fg = foo = X[n,00) With
some & > 0. In this case one can find analytic expressions for the bump solutions. Let w satisfy
Assumption B and suppose that (1.1) with 8 = oo has a (h; by, ..., byn)-bump solution, say .

Then it immediately follows from (1.1) that

or, rewriting the equation above in terms of the anti-derivative

X

W(x) sz(y)dy,

0
N
Hoe() = Y (W(x = boet) = Wi = bao)). “3)
k=1
Next, we assume that uo, is symmetric and, thus, b; = —ay_;+1, and by4; = a;, for i =
1,..., N.In this new notation, u, is a (h; —ay, ..., —ay, ay, ..., ay)-bump and we can rewrite

(4.3) as
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N
oo (@) = Y =DV (W(x — @) = W +ap) ). (4.4)
k=1
The vector a = (ay, ...,aN)T with a; < aj41,i=1,..., N — 1, must be a solution of the

system of N nonlinear equations

N
noo(a) = Y (=D¥ (W - ap) = Wa +ap) = h. “5)
k=1

Once a is found one can construct u , using the formula (4.4) and then verify that the obtained
function is indeed a bump, and thus, a bump solution to (1.1). By Lemma 4.2(iii) the function u
is automatically even.

Alternatively, when w has a rational real Fourier transform one can obtain an analytical ex-
pression for bump solutions by solving the corresponding piecewise linear ordinary differential
equation, see e.g. [18,19,12]. We do not focus on this problem here but refer the reader to [1,18,
28] for more details.

Further on we assume that the bump solution exists, it is symmetric, regular, and impose one
extra assumption on the intersection points a; whose role will be more clear later.

Assumption C. Let 7 > 0 be fixed and u, given by (4.4) be a (h; —ay, ..., —ai,ai,...,an)-
bump solution to (1.1) with fg = foo = X[h,00)-

(1) The solution u is a regular bump, that is,

N
U@ =Y (D" (@ —a) — o +a) >0, i=1,....N. (46)
k=1
(2) From (4.5) a is a solution to G(a) = 0 where G = (g1, ..., gn)T with g; = (=)t x

(uxo(a;) — h). We assume that the Jacobian matrix of G derived at a, J(a) = (8g,~/8aj) (a)
ij
with

a .
8—§;(a>=|u:,o(a,-)| — 0(0) — 0(2a;) -

%(ah (— ) w(a; —aj) + o la +aj)), Sl
J

has an inverse, that is, det(J(a)) # 0.
In particular, Assumption C(ii) guarantees that a is the isolated solution of G(a) = 0.
4.4. Existence and approximation of bump solutions for large < oo

We formulate our main results.
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Theorem 4.8. Let h > 0 be fixed and fg and w satisfy Assumptions A and B. Moreover, we as-
sume that w is such that for § = oo there exists a symmetric (h; —ay, ..., —ay,ay, ..., an)-bump
solution us, of (1.1) and Assumption C is satisfied. Then we have the following result.

o There is an & > 0 such that for sufficiently large B > 0 the operator Hg : K. (uxo; —d, d) —
BC'(R) for any d > ay has a symmetric fixed point u g which is a regular bump. Moreover
lug — usollct = 0 as B — oo.

o The bump solution ug € K¢ (uoo; —d, d) can be iteratively constructed and the sequence of
successive approximations {u,}neNujo) converges to the solution ug in BC 1 (R)-norm. The
sequence uy, n =0, 1, ..., is defined by

d
U1 = / 0 — ) fs(Uni1 )y, xeR .72)
Zd
Upi1 () = (Hp (Un) (1) — ST (NS — ) 'p. x € [~d. d] @.7b)

with Uy being the restriction of us, on [—d, d],

d
(HgU) (x) := / w(x —y) fp(U()dy € C'([—d. d]),

—d

wokx—ay)+owlx+ay) o(x —ay)+ox+ay) T

S('x): / R ’ s

lug (ar)l luge (an)|
and S is an N x N matrix with the elements
5= w(a; —aj)+w(ai+aj)’ i i=1. . ..N

|ute (a))]

and l is the N x N identity matrix. The vector p,, is defined as

Pu = (pn(an), ..., pu(an)’,  pala)) = (HpUy —U,) (@), i=1,...,N.
5. Proof of Theorem 4.8

Let 1 > 0 be fixed and let fg and w satisfy Assumption A and Assumptions B, respec-
tively. Moreover, we assume that w is such that for B = oo there exists a symmetric regular
(h; —an, ..., —ay,ai,...,ay)-bump solution us, and Assumption C is satisfied.

Let d =ap + S for some & > 0 and define a set of even functions

Ke(too) = K¢ (oo —d. d) N C}\,, (R)
where K. (u~; —d, d) is given as in (4.2). We assume that ¢ > 0 is small enough that K. (1)
contains only regular symmetric N-bump solutions, see Lemma 4.5.

If u € K, (ux) is a solution to (1.1) then due to Corollary 4.6 and the choice of d, it is given
as
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d

u(x) = f w(x — ) f3u())dy.

—d

Now let T} : BC'(R) — B([—d, d]) be the restriction operator given as Tju = ul[—q,q41, and
T, be the reconstruction operator

d

(TzU)(X)Z/w(x—y)fﬁ(U(y)—h)dy, (5.1

—d

where by Lemma 4.1 we have T : B([—d, d]) — BCl(R).

From now on we use capital letters to denote the restriction of u € K, (1), thatis, U = Tiu
and, in particular, Ux, = T1u~o. Notice that T1 K¢ (#oo) = Be(Uso) is the e-ball in Celven([—d, d)),
that is,

even

Be(Uso) = 1{U : |U = Ussllcr(—a.ap < &} N Clien(R).

It is obvious that Lemma 4.5 and Corollary 4.6 can be directly reformulated for B, (Ux) as
a; €[0,d),i =1,..., N. We formulate this as a remark.

Remark 5.1. From Corollary 4.6 there are aii(s), i=1,..., N, such that aijE (e) > 0ase—0
and for any U € B;(Uso)

N
|[U(x)—h|>¢e, x eR\U(:I:af(s),:baii(s)), (5.2a)
i=1
N
U (x)|>e, xe€ U(:I:af(s), :I:al.i(s)). (5.2b)

i=1

Hence, if u € K. (1) is the solution to (1.1) then u = T>(Tju) and U = Tiu € B,(Ux) is a
solution to the fixed point problem

d

U=HgU, (HgU)(x) i=/w(x = fpU(y)dy. (5.3)
d

On the other hand, if U € B;(Ux) is the solution to (5.3) there is no guarantee that any
Ti-preimage of U is a fixed point of Hg in (1.1). However, if it is, then it must be given as
u="7U.

With the next proposition we claim there exist sufficiently small ¢ > 0 and sufficiently large
B > 0 such that for any solution U € B, (Ux) of (5.3) the corresponding u = T>U is a N-bump
solution to (1.1). We need an auxiliary lemma.

Lemma 5.2. The Nemytskii operator N (B; U) = fg(U) : (0,00) x L°([—d,d])— L?([—d, d]),
1 < p < o0 is jointly continuous in (By, Uy) for any By € (0,00) and Uy € L*®°([—d, d]).
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Moreover, N(B; U) is jointly continuous in (0o, Uy) for any Uy € B:(Us) as a map from
(0,00] X B (Uso) 10 Liven(I—d, d]) for 1 < p < c0.

Proof. Note that fg, 8 € (0, oc] is uniformly bounded and thus, N (8, U) isin L?([—d, d]) and,

if U is even, in LY., ([—d, d]), 1 < p < cc.
Let 8, Bo € (0, 0] and U, Uy € L*°([—d, d]) then we have the estimate

d
IN(B, U) = NBo, UDI T p (—g.ap) = / | f5(U () = fooUo())|” dx < Z1(U) + Z2(Bo)
—d

where
d
1(U) ::/ | fa(U (x)) — fa,(Ux))|" dx,
—d
and
d
(o) i= / | f8, (U (X)) = fp,(Up(x))|" dx.
—d

For B8 — o, B,Po € (0,00), X1(U) — 0 uniformly in U € L*([—d,d]) by Assump-
tion A(4). From Assumption A(5)[Lip] we obtain

2 (Bo) < 2d|l fgylloo U = UpllLoo(—d.apy — 0 as U — Upll L= —d.ap) —> O-

Thus, (0, 00) x L*°([—d, d]) = N(B, U) is jointly continuous in (8y, Up).
Now we let B — oo and show that X1 (U) converges to zero uniformly for all U € B;(Uo).
We introduce D := UlNzl (a; (¢),a; (¢)) with aijE (¢) given as in (5.2). Then we have

1) = f | f5 (UG — f5, U CoN|” dx +

—d,d]/D
=y (5.4)

/|fﬂ(U(x)) —fﬂO(U(x))|pdx.

D

Assumption A, or more precisely (4.1), yields the uniform in U convergence of the first inte-
gral in (5.4) as B — oo.

To estimate the second integral in (5.4) note that |U’(x)| > & on (a; (), al.+ (e),i=1,...,N,
see Remark 5.1, (5.2b). Thus, there exists an inverse of U (x), k; (¢) : (U(a; (¢)), U(a;r (e))) —
(a; (&), aj (&) with [K/(1)] = 1/|U"(x)| < 1/e.

Define M :=maXye[—d,d] Uso(x) + & and m := miny¢[—g,4] Uso (x) — &. We have
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a;t (e) Ula;* (&)
/ | f8(U (%) = foo(U(x))|" dx = / | f8(t) — fool®)| 1K} (1) |dt <

a; (e) Ula; (e)
M
e*P/If,s(t)—foo(t)lpdt.
m

Hence,

M
/|f/3(Un(x))_fﬁo(UO(x))|pdxSNgip/|f/3(t)_foo(t)|Pdt_>O’ B— o0
D m

by the Lebesgue dominant convergence theorem. Thus X{(U) — 0 as g — oo.

Next, we consider ¥;(00). Let U = U,, Uy € B;(Ux) and ||U, — Uoller(=d.a1) = 0 as
n — oo. In order to avoid introducing new notation we assume Uy = Uy,. For U # Uy the same
analysis applies. Note that as n — 00, U, € B1/,(Ux). Define D, := vazl(al.—(l/n), a;r(l/n))
with al.i(e), e =1/n, see Remark 5.1. Observe that as n — oo the sequences aii(l/n) — a; and
w(Dy) — 0.

From (5.22) foo(Uy(x)) = foo(Uxo(x)) for all x € [—d, d]\ D,, and therefore

2(00) = / | foo(Un (%)) = foo(Up(x))|Pdx < 2P*! 1u(Dy) — 0 as n — .
Dy

Convergence properties of ¥1(U) and ¥,(oco) result in the joint continuity of (0, co] x
B:(Ux) = N(B,U) at (00, Up). O
Proposition 5.3. Let fg and w satisfy Assumptions A and Assumptions B, respectively. Moreover,
assume there exists an (h; —ay, ..., —ay, ay, ..., ay)-bump solution us, of (1.1) for B = oo that
satisfies Assumption C, and Us, = Tiuo being its restriction on [—d, d]. Then there exists € > 0
such that starting from sufficiently large B, if Ug € B:(Uwo) is a solution to (5.3) then ug := ToUpg

is the solution to (1.1).

Proof. It is sufficient to show that ug € K, (ux) where p > 0 is small enough so that ug is a
regular N-bump, see Lemma 4.5. We derive the estimate

d
lug —ttoolloo < / lo(x = y)(fpup(y)) — foo(Uoo(¥)))dy| <
~d

d d
ol /lfﬂ(uﬁ(y))_fﬁ(uoo()’))|dy+/lfﬂ(uoo()’))_foo(uoo(Y))ldy =<
d ~d

l@lloo (241l fflloc1Up = Unollos + IN (B, Use) = N (00, Uoo) Ly (-d,ap )-
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From Lemma 4.2 N (B, Ux) is continuous in B and, thus, [N (8, Uxy) — N (00, Uso) |1, ([=d,d]) <
¢ for sufficiently large 8 > 0.
Thus, we have

g = toclloo + ey = whollcq-aap = &(1+ lollos + 241l flocI0loc ).

Assigning ¢ < ,0/(1 + lolleo + 2d||f/§||oo||w||oo> we secure that ug € K, (o). This com-
pletes the proof. 0O

In the view of the proposition above we can study existence of solutions to (1.1) with Hg :
Ky(too) = cl (R) by studying existence of the solutions to (5.3) on Bg (Uso)-

even
We make use the following classical result.

Theorem 5.4 (Implicit Function Theorem, e.g., Section 4.7 in [8]). Let V, U, and VW be Banach
spaces, (vo,ug) € V x U, and Q CV x U be a neighbourhood of (vo, uo). Let the operator
P : Q — W satisfy the following properties

(i) P(vo,up) =0,
(i) P is continuous at (vo, ugp),

(iii) there exist Q@ +— P, [v, u] such that it is continuous in (vo, uop), i.e.,

lim  |[P[v,u] — P'[vo, uolllyy =0
(v,u)—> (vo,uo)

(iv) the operator P[vo, uo] : U — W is a bounded linear operator with the bounded inverse
I = (P, [vo, o) W= Uu.
Then the following are true:

e There exist an operator F : O — U, where O CV is some neighbourhood of vo, with the

following properties
(@ P, Fv)=0forallve O
(b) Fvg=uog

(c) F is continuous in vy.
Moreover, the operator F is uniquely defined, i.e., if there exists F that satisfies (a)—(c) then
there is € > 0 such that Fiv = Fv for all ||lv— vglly <e.

o The sequence of successive approximations {F,} defined by Fov = ug and

Fus1v = Fv = (Pi[vo, uo) ™" o P (v, Fy) (5.5
converges to the solution Fv as n — oo forall v € O.
Define the operator P (B, U) : (0, oo] — C%¢ ([—d, d]) for some 0 <o < 1 as

even

P(B,U)=—U + Hg(U). (5.6)
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Using the notations in Theorem 5.4 we have V =R, U = C.,,([—d,d]), W = C%% ([—d, d])
and Q = (0, oo] X Bs(Ux). Though it follows from Lemma 4.1 and Lemma 4.2 that (0, oo] x
B.(Ux) — P(B,U) € Cl ([—d,d]) we were not able to prove the condition (iii) of Theo-

even
rem 5.4 for Cl,,([—d, d]) but C%2 ([—d, d1). We will comment on it later.

even

We outline the idea of the proof of Theorem 4.8.

Step 1. We verify the conditions (i)—(iv) of Theorem 5.4 for the operator P in (5.6).

Step 2. We prove the first part of Theorem 4.8. First, we apply the first part of Theorem 5.4 to
the operator P to obtain existence and uniqueness of the fixed point Ug € B, (Ux) of the
operator Hg for large f > 0 and [|Ug — Usc|lc1(—g,47) = 0 as B — oo. Next, we define
upg = ToUpg with T, given in (5.1) and use Proposition 5.3 to obtain the results for ug.

Step 3. We prove the second part of Theorem 4.8. Firstly, we validate (4.7b) using Theorem 5.4.
Secondly, we show that u, = T U, converges to ug.

Step 1. The condition (i) of Theorem 5.4 follows directly for 8 = 0o and U = Uy, that is,
P (00, Uso) = 0. The condition (ii) follows from Lemma 5.2. Indeed,

I1Hp(U) — Hoo(Uso)ll o1 (—a,apy < (l@lloo + 100" llo0) 1IN (B5 U) — N (005 Uoo)ll 1 —a,apy —> O

as [|lU — Usoll ¢t ((—g.a = 0 and B — oo due to Lemma 5.2 which implies the continuity of the
operator P(B; U) at (00, Uxo).
Next we show Fréchet differentiability of the operator Hg for 8 < oo.

Lemma 5.5. The operator Hg : B:(Ux) C cl ([-d,d]) —» Ccl ([—d,d)), B < oo, given in

even even

(5.3) is Fréchet differentiable at U € B;(Ux,) with the derivative

d

HyW) = SIB. UL SIB. U= [l = 3) W00y, 5.7
—d

Proof. Computing the Gateaux derivative of Hg at U € B;(Ux) we obtain dHg(U;v) =
S[B, Ulv, with S[B, U] given in (5.7). The operator Hg is Fréchet differentiable if

Hp(U +1v) — Hp(U)
t

=0
Cl((—d.d))

lim
t—0

S[B, Ulv

uniformly for all |[v]|c1(;_g 43 < 1, see [Proposition 4.8 (b), [8]].
We obtain the estimate

<

Cl([~d.d])

d
) f ‘ feU ) +tv(y) — fUK))
~d

H Hg(U + 1v) — Hg(U)

; —S[B, Ulv

(5.8)

<||w||oo+||a)/||oo — fU V()| dy.

t
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From fp € C%(R), see Assumption A(S),

JeW(y) +1v(y) — fpUM)
t

— fEUON(Y)

almost everywhere on [—d, d] uniformly in v on {v : [[v||c1(_g.47) < 1}, and

| fU ) + 1) = fpUG)| /1t < I fgllosolvll et (—aap-

Thus, by the Lebesgue Dominated Convergence theorem the integral in (5.8) converges to zero
uniformly. 0O

To show the Fréchet differentiability of the operator Hy, we must proceed in a different way
due to the discontinuity of fu.

Lemma 5.6. The operator Hso : B;(Uso) C CL ([—d,d]) — C%) ([—d, d]) given in (5.3) is

even even

Fréchet differentiable at U € B, (Uy,) with the derivative

H,,(U) =S[00, UL, Sloo,Ulv=Y o = ﬁf[)];f‘)’l(x LMY (5.9)

i=1
where b; € (a; (¢), af (8)),i=1,..., N, are the positive solutions to U (x) = h.

Proof. We start by calculating the Gateaux derivative of Hy, at U € B, (U). Consider

Hoo(U 4+ tv) — Ho(U) = / wlx —y)dy — / w((x —y)dy (5.10)
O+(1) O=()
where
Or)={y: U(y) <hand U(y) + tv(y) > h}
and
O~ () ={y:U(y) =hand U(y) +tv(y) <h}.
Since U € B;(Uyo) is a restriction of a regular (h; —by, ..., —b1,b1,...,by) bump on [—d, d]

it is clear that &=b; foralli =1, ..., N, belongs either to O (¢) or O~ (t). As U and v are even
function, the sets OF () are symmetric. Thus, without loss of generality we further consider
y € O*(r) such that y > 0.

Let b;,i €{l1,..., N} belong to either O~ (¢) or OT(¢) and y # b; be a limiting point of this
set, and hence U (y) + tv(y) = h. By the mean value theorem

1v(bi)

Y U'E) +10(E)



A. Oleynik et al. / J. Differential Equations 261 (2016) 5844-5874 5863

where & lies in between of y and b;. Then we get

i ly—=bil .. It] [v(by)]
im ——— = lim — .
-0 t t—0 t U (b)|

If b; € OT(¢) then either v(b;) <0, ¢t > 0 or v(b;) > 0, t <0 and therefore

.|y — b v(b;) +
1 = , bieOT ().
P o ®
Similarly, for b; € O~ (t) we conclude that
.|y —bil v(b;) _
1 =— , bie O ().
=0 1 ey ME0w

Making use of (5.10) and limits above we obtain the Gateaux derivative of Hy, at U €
BS(UOO)’

Hoo(Uso +1v) — Hoo (U) N
t

w(xb; — x)
Lo Ty V0=
+h; €O+ (HUO— (1) !

dHx(U; v) =lim
t—0

v(b;) = S[oo, Uv.

i w(b; —x) 4+ wb; +x)
~ U7 (b))

As dHy(U; v) is continuous at U for any U € B, (Us,) we conclude that Hy, is the Fréchet
differentiable at U with H, (U)v = dHuxo(U; v), see Proposition 4.8(c) in [8]. O

Remark 5.7. When U = Uy, the derivative H. (Us) is given as

N
H. (Uso) =S[00, Usol,  S[oo, Uslv =)

i=1

w(x —a;)+olx+a;)

| (@il

v(a;). .11

From Lemma 5.5 and Lemma 5.6 the Fréchet derivative with respect to the second variable
at (B, U) exists and is given as P{][,B, Ul=1— S[B, U] with S[B, U] given in (5.7) for B < oo
and (5.9) for 8 = o0.

Now we turn to the proof of the norm convergence of Pl’][,B, U], see (iv) in Theorem 5.4. As

P18, Ul = Py l00, Usolll cow—a.apy < 1U = Usollcow + 1S[B, U1 =S[00, Usolll cou ((—a.ayy»

it suffices to show that ||S[B, U] — S[00, Usolllco.((—g.ap @ (B, U) = (00, Ux). Before we
prove this operator convergence we need the following lemma.
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Lemma 5.8. Let O(q;) C (a; (g), at(e)),i=1,..., N, be an open neighbourhood of a;(¢) and
O non-empty subset of [0, d]/ U,N:1 O (a;). Then for any ¢ € C([—d, d]) we have

/f,én(Un (xX)p(x)dx — 0 (5.12)
O

and

w(a;)

5.13
e (@) 619

/ f,én (Un(x))p(x)dx —

O(a;)
for B, — o0 and U, — U in the CY([—d, d]) norm as n — <.

Proof. We first prove (5.12). Let n < ¢ be such that [a; (1), af(n)] C O(aj),i=1,...,N. As
n — oo we have U, € B;(Uy) and thus |U, (x) — h| > n on the set D, :=[0,d]/ Uf»vzl[ai_(n),
ai+(r;)], see Remark 5.1. From Assumption A(5) and 4.1 we have |f/§n Un (X)) = Cyp(Br) —> 0
as n — 0o. Hence, we conclude that

/f,én(Un ()ex)dx| < llellLe-d,qa) f | £, (Un()ldx < d |||l L ((~d.a1)Cr (Bn) = O.
@ Dy

Now we turn our attention to proving (5.13). Due to (5.12) we can without loss of generality
assume that O(q;) = (ai_(s),aj'(e)), i=1,...,N.Letus fixsomei=1,..., N. Due to [29],
Us and U, have the inverse functions k.o (#) and k, (¢), respectively, defined on [k — &, h + ¢].
Moreover, by the Implicit Function Theorem ||k, — koo llc1((h—g nte) — 0 as n — 00. Using a
change of variables and (5.12) we obtain

h+e
f Jp, Un(x)@(x)dx — / Tp, Ok ()| (ky (1))dt — 0, 1 — oo, (5.14)
0(aj) h—¢
We note that for any positive n < &
h+n @)
/ Fh Ok ()l hoo (h))dt = —=22_ (5.15)
Uno(ai)l
h—n
and
h+n
I(n,n) = / £, (15 (1)1 K (1)) = Kig () p o () ). (5.16)
h—n

Let I'(n,n) = I1(n, n) + I2(n, n) where
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h+e

L(n.n) = / 54, (k5 01 K (1)) = oo ()6 (koo 1)) )
h—e

and

h+e

hn.m) = / S, O (oo (01 Geoo (1)) = K D] (ks () ).
h—e
We observe that |I1(n,n)| — 0 and |I2(n, n)| = o(n) as n — oo since
! !
nml=  max (o @)1k, 0] = plkao) Ko (0)]) = 0
due to ||k, — koollc1((—g,47) — 0 and

L max (koo koo (O] = ¢ lhoc (DK, (D)) = o).
telh—n,h+n]
Thus, we obtain

lim |1 (5, n)| < lim |11(n, n)| + Lim [I2(5, n)| = o(n))
n—0 n—0 n—0

that combined with (5.16) and (5.15) results in

h+n
lim / £ O OlpGn )t = 2D 4 o), (5.17)
n—0 lul(a;)]
h—n
From (5.12) we get
at(e) at(n)
/ fp, Un () (x)dx — / fp, Un(x)@(x)dx — 0, n— o0,
a; (e) a; (n)

independently on 7. This observation and (5.14) yields o(n) = 0 in (5.17) which completes the
proof. O

Proposition 5.9. Let Assumption A, Assumption B and Assumption C be satisfied and Uso =

Tiuco be a restriction of ux on [—d, d]). Then the map (0, 00] x B:(Uso) +— S[B, U] is contin-
uous at (00, Uy), that is,

IS8, U] — S[co, Uoo]”cO,w([fd,d]) -0

as p— oo and |U — Ul c1((—g.a7) = O-
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Proof. Let B <00, B — o0 and U — Usc|lc1(j—g.47) = 0 as n — co. We introduce the parti-
tionof [0,d],0=yy <y; <...<yny=d where y; = (a¢; +a;—1)/2,i =1, ..., N and represent

S[Bn, Up] as

N
S[Bu Unl =Y (S (n) + S;(n))
i=1
with
i1
SEmv =+ f (= ) £}, Un (D).

+yi

For 8 = oo we have

N wx *a;)
S[oo, Upl =) (S +57),  Sfv=——"v(a).
part (@)
Next we prove that ||Sl.+(n) — Sﬁnc(),oz([_d’d]) —0,n—0,foranyi=1,...,N.

For an arbitrary fixedi € {1, ..., N}

(S (M) (x) = (ST V)(x) = g1 (x, 1) + g2(x, n)

where
Yi+1
aitrn = [ (@G =) =l =) f, 0Dy
Yi
and
Yi+1
2, = ok —a) / 14, WD (v () - u’,:‘(’;z))dy.
Vi

Next we show that ||gx(-,n) |l = o(1/n)||v|le, k = 1,2, as n — co. We start with g1 (x, n).
Let x € [y;, yi+1] then

Yi+1
lg1(x, )] < / 0(x — ) — o(x — al £, UnGDIvG)Idy <
Yi
Yi+1
Livlly f 1y = ail £}, Un())dy
Yi

with L < ||&||co being the Lipschitz constant of w(x) on the interval [—d — y;11,d + yi11].



A. Oleynik et al. / J. Differential Equations 261 (2016) 5844-5874 5867

Using (5.12) with ¢(y) = |y — a;| the integral on the right hand side tends to zero as n — oo.
In order to bound the Holder constant of g1 (x, n) we use two different estimates

lwx —y)—wx—a)—w(iz—y)+w(iz—a)| <2L|y —aq|

and
lo(x —y) —o(x —a;) —w(z—y)twiEz—a)| <2L|x —z|
so that
o —y) —0k —a) -0z —y)+o@—a)| <2Lly —a;|'"*x —z|%
Thus for x # z we have
Yi+1
'g‘(x’l’;)__j;(y’”)' <2Lvll, / 1y — il £}, (Ua(y))dy.
Vi

Again by (5.12) the integral on the right hand side tends to zero as n — 0.
To handle the term g>(x, n) we represent it as a sum gz (x, n) = w(x —a;)(I1(n) — I (n)) with

Yi+1

In) = / £, UGN OG) - via)dy
Vi
and
Yi+1 ]
B =) | [ £, @aondy - e
Yi

‘We have the estimates
Yi+1
[ < vl / To, UnOODy — aildy
Vi
and
Yi+1
[L(M)]| < vl / fp, Un(y))dy —
Vi

1
ulg (@l |’

where from Lemma 5.8 both integrals on the right hand sides tend to zero as n — 0.
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It follows that for any x € (y;, yi+1),

182(x, n)| < llwlloc (11 ()] + [L2(m)]) = o(1/n)||vle, asn— 0,

and
lg2(x,n) — ga(z, n)| lw(x —a;) — w(z — a;)]
a < sup |l (L) + [2(m)]) <
|x —z| x,z€[yi,yit1] lx —z|
XF#Z

Lsuplx —zI"™ (L ()| + L)) < (@) ™ Ljvllgo(1/n),n — oo.

Collecting the estimates for || g1(x,n)|l, and || g2(x, n)|l¢ we conclude that ||Si+(n) — Sl.+||a =
o(1/n), n — oo. Due to the symmetry ||S; (n) — S [lo = o(1/n) as well. O

Remark 5.10. Notice that the need for C%%([—d, d]) space with 0 < o < 1 comes when esti-
mating the convergence of |g;(x,n) — gi(z,n)|/|x — z|%, n— 0, i = 1,2, as similar arguments
would fail for o = 1.

With the next proposition we prove that the condition (iv) of Theorem 5.4 is satisfied.
Proposition 5.11. Let uo be a symmetric bump solution to (1.1), Uso = Tiuo be its restriction
on [—d, d], and assume that Assumptions B and Assumption C are satisfied. Then the Fréchet
derivative of P(00,U) at Ux,, P[00, Ux] =1 — S[00, Uso] : Celven([—d, d)) — C%([—d,d))
with S[oo, Ux] defined in (5.9) is invertible.

Proof. We will show that Assumption C(2) implies P'[00, Us] has no zero eigenvalue. Fist we
notice that the operator S[oc0, Uso] has the same eigenvalues as the N x N matrix S = (S;;)

_w(a—aj)+wla+aj)

S = , L,j=1,...,N.
N s (a))]

Introduce the real diagonal matrix C := diag(|lul,(ai)l, ..., |u,(an)|). The matrix S can be
made symmetric as C'/2SC~!/2 and thus has only real eigenvalues. The operator P'[c0, U]
has in turn the same eigenvalues as the matrix P :=| — S with | being the identity matrix. We
notice that the elements of P = (P;;), i, j=1,..., N are

lul (a;)| — w(0) — wa;) 1 dg;
P ==t L= — —(a),
|t (ai)l lu’(a;)] 9a;
o (5.18)
w(a —aj)+w@+aj) (=)' 3g; ..
Pj=——"—2L e “(@), i#],
lubo ()] ' (an)] da;

with dg;/0a(a) defined in Assumption C(2).

Let J be the Jacobian matrix defined in Assumption C(2), D := diag((— 1)1, cees (—l)N), and
C given as above. Then we have P ~ PC = DJD ~ J. As det(J) # 0 we conclude that the matrix
P has no zero eigenvalue as well as the operator P'[00, Usy]. O
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Thus, we are ready to apply Theorem 5.4 for the operator P in (5.6).

Step 2. Theorem 5.4 (a)—(c) yields the existence and uniqueness of the fixed point Ug € B: (Uso)

of the operator Hg for large $ > 0 and the convergence |Ug — Usoll¢1((—q,47) = 0 as B — o0.
Next, we apply the reconstruction operator 7> given in (5.1) to Ug, that is, ug = ToUg. From

Proposition 5.3 ug is then a N-bump solution to (1.1). Let 8 — oo, from the estimate

lug —usslicr < (lolloo + 10 lloc) IN(B, Up) = N (00, Uso) I 1 ((—a,ap»

Lemma 5.2, and |Ug — Usollc1((—g.q7) —> O the convergence [lug — too||c1 — O follows.

Step 3. From the second part of Theorem 5.4 the fixed point Ug € B;(Ux) of Hg for suf-
ficiently large B can be obtain by the sequence of successive approximations {Uy}, ||U, —
UB”CI([—d,d]) e 0, n— 090, as

Uns1 = Uy — (P[00, UssD) "' 0 P(B,Uy), Up=Us,

or, using (5.6) and (5.11)

Unp1=Uy — (I =S[00, Us) ™" o (I = Hp(Un)),  Up = Uso. (5.19)

First we obtain the expression for (I — S[oo, UssD™L. Let (I — S[00, Uso])v = w and in-
troduce v = (v(ay),...,v(ay))T and w = (w(ay),...,w(ay))’. Then v = (1 — S)"!w and
v(x) = w(x) + S[oo, UssJv(x) = w(x) +sT v where |, s and S are as in Theorem 4.8.

From the last two formulae we derive

v(x)=wx)+s'(1—9)"w. (5.20)

Combining 5.20 and (5.19) we arrive at (4.7).
On each iteration step we can obtain the corresponding u,, = TohU, with T given in (5.1). It
remains to notice that

lun —ugllcr = 1T2Un — T2UglI o1 < (l@lloo + 10 [leo) IN (B, Un) = N(B, Up)Il 11 ((—a.ay) = O
as n — oo due to Lemma 4.5.
6. Advantages for numerical construction

In this section we apply Theorem 4.8 to demonstrate the existence of 1-bump solutions of the
FitzHugh—Nagumo equation (2.4) and 2-bump solutions to the Amari model (2.8) with @ given
in (2.10) and fg as in (1.3). We also compute the approximations of the bump solutions using
(4.7) and discuss the advantages of this numerical approximation compared to other approaches.
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Fig. 5. For B =00, k =1.339, and & = 0.2 we plot (a) periodic orbits (black) and the homoclinic orbit (red) of (6.1) and
(b) periodic solutions (black and blue) and the bump solution (red) to (2.5a). (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

6.1. 1-Bump solution of FitzHugh—Nagumo equation

Let us investigate the equation (2.5a) with fg given by (1.3) with p =2 and its corresponding
integral equation (2.6), for the existence and numerical construction of bump solutions. A bump
solution corresponds to the homoclinic orbit in the phase plane of the equation

u =v

6.1)
v =Ku — fpu)
which exists when k < 1/+/2h. Any bounded solution to (6.1) is confined in the closure of the
bounded open region D of the phase plane with the homoclinic orbit being its boundary 9 D, see
e.g. Fig. 5a.

Notice that the system (6.1) is reversible and conservative. From the reversibility it follows
that any solution of (6.1) with the initial conditions in D is a periodic orbit and thus periodic
orbits are dense in D, see Fig. 5a. This fact causes some difficulties to obtain the homoclinic
orbit numerically. We have plotted in Fig. 5b the bump solution obtained analytically (red line)
and by solving (6.1) numerically with (#(0), v(0)) = (&, kh) (blue dashed line). This illustrates
that in order to obtain a good approximation of the bump solution on a large interval using
the shooting method one must increase the precision of the method accordingly. Moreover,
the shooting method would not be straightforwardly applicable if fz does not satisfy Assump-
tion A(2). This supports our argument for replacing the cubic g(u) in (2.1) with —u + f3, see
Section 2.1.

The proof of existence and rigorous construction of homoclinic orbits for (6.1) and the equa-
tions of a higher order with even more general types of nonlinearity can be studied using
computer assisted proofs, see e.g. [22-26]. We however do not consider this approach here.

Now we analyse the equation (2.6) where Assumption A and Assumption B are satisfied.
For 8 = oo one can obtain an explicit formula for the (/; a)-bump solution u, to (2.6) using
the Amari technique [1] or by solving the ordinary differential equation (2.5a). We calculate
a = —In(1 — 2k*h)/2k and ul (a) = kh > 0, that is the bump is regular and Assumption C(1) is
satisfied. The condition (2) of Assumption C is reduced to w (0) # 0 which is also fulfilled. Thus,
by Theorem 4.8 there exists a regular 1-bump solution to (2.6) that converges in C'(R)-norm
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Fig. 6. (a) Approximation of the bump solution Ug (blue curve) to (2.6) on [—d, d] with d = a + 0.5 and § = 100
after the 15th iteration, and U (red curve). (b) The logarithm of the relative error (6.2) of the iteration process. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

to U, and can be constructed using the iteration scheme (4.7). In Fig. 6a we have plotted the
approximation of the restriction of bump solution, that is, Ug. In Fig. 6b we have plotted the base
10 logarithm of the relative error

U,.1—U 1([—
error(n +1) = 1Un+ nllc (=d.d)

, n=0,1,..., (6.2)
1Unll et ((—d,ay)

where U, is given in (4.7b).

Notice, that despite the bump solution u, is non-isolated fixed point of (1.1) with § = oo on
C!(R), it is isolated in K, (s ). Consequently, U g = Thug is an isolated fixed point of the oper-
ator Hpg already in the whole space C 1([—d, d]). Thus, the proposed method allows us to isolate
solutions which can be extremely useful when dealing with higher order ordinary differential
equations.

6.2. 2-Bump solutions of the neural field model

In this section we illustrate the obtained result for the Amari model with the firing rate func-
tion fg, B € (0,00] as in (1.3), p =2 and the connectivity function w given as in (2.10) with
K=3,k=2,M=1,and m =0.5, see Fig. 3. Hence, Assumption A and Assumption B are sat-
isfied. When 8 = oo one can employ the Amari technique [1,28] to show that there exist 2-bump
solutions. In particular, for 2 = 0.3 there is a pair of 2-bump solutions uf)? and u(%): the first
one is the (h; —ay, —aj, ai, az)-bump with a; = 0.2948, a, = 0.8506 and the second one is with
a1 =0.3786, ap = 0.6782. We verified numerically that Assumption C is fulfilled for both bump
solutions, thus Theorem 4.8 can be applied.

In Fig. 7a we have plotted the restriction of uffg ,i=1,2,0on[—1, 1] and the restriction of the
approximation of the bump solutions of (1.1) with 8 = 100.

For both cases we have computed the relative error using (6.2) with U, = U,(li) and have
plotted the base 10 logarithm of the error in Fig. 7b.

As the Fourier transform of w(x) is not a real rational function, the ordinary differential
methods cannot be used here. Yet, when fg is such that x[s+1/8,00) < f8 < X[h,00) it might
be possible to iteratively construct ug using the theory of monotone operators in Banach spaces
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Fig. 7. (a) Approximation of the 2-bump solutions U ;}l) (red solid curve) and U /§2) (blue solid curve) to (2.6) on [—d, d]

with d = ap + 0.5 and B = 100 after the 10th iteration, and the corresponding Uéé) (red dashed curve) and Uég) (blue

dashed curve). (b)The logarithm of the relative error (6.2) of the iteration process for obtaining U O (red curve) and U éZ)
(blue curve). (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

similarly as it has been done for 1-bump solutions in [ 16]. However,this method can be tricky (or
not even possible) to use for N-bumps solutions when N is large. Moreover, some of the bump
solutions cannot be obtained by this method as e.g. already for the case of 1-bumps, the limiting
solution u is required to be linearly stable. As one of the 2-bump solutions is unstable, see [ 18],
it is doubtful the iterative method as in [16] can be successful.

7. Conclusions and outlook

To summarize, we would like to emphasize few important points: (i) With Theorem 4.8 we
justify the approximation of a smooth sigmoid function by the discontinuous unit step function
for (1.1) on the class of bump solutions. In particular, one can be assured that a bump solution
ug for large B exists and can be approximated by u . (ii) Theorem 4.8 does not require w to be
smooth nor to have a real rational Fourier transform. (iii) In order to obtain a better approximation
of ug than u, one may utilize the iteration scheme in Theorem 4.8. Compared to the ordinary
differential methods it allows us to isolate the solution and thus does not require a high numerical
precision to secure that the found solution is indeed localized. However it might not be as efficient
as e.g. the shooting method.

The technique presented in this paper could be fruitful in more general situations, for instance,
to study existence and uniqueness of spatially localized solutions in two and three dimensional
neural field models. Moreover, this method can be turned into a computer assisted proof which
could be an interesting topic of future study. However, the most serious obstacle to develop such
a theory is the absence of a general scheme for studying bumps in the limit (discontinuous) case,
the only exception being the theory of radially symmetric bumps [30,31].

Within the framework of the neural field model (2.8), the next step would be to study Lya-
punov stability of found bumps (the work under preparation). This can be done using the prop-
erties of spectral asymptotic that follows from the norm convergence of the Fréchet derivatives,
see Proposition 5.9.
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