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Abstract

This paper is devoted to the stability analysis of the plane Couette flow for the 3D compressible Navier—
Stokes equations with Navier-slip boundary condition at the bottom boundary. It is shown that the plane
Couette flow is asymptotically stable for small perturbation provided that the slip length, Reynolds and

. 30+ 2a :
Mach numbers satisty ooy <land ot = 1 for some constant y > 0. In particular, the Reynolds

number v~! can be large if the slip length « is suitably small. This means that the constraint required in [11]
on the Reynolds number to guarantee the stability of the plane Couette flow can be relaxed and improved
so long as the slip effect at the boundary is involved.
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1. Introduction

This paper is concerned with the existence and asymptotic stability of the barotropic com-
pressible Navier—Stokes equations
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{ 3,0 +div(pv) =0,
(1.1)

pov+ pv-Vo+VP(p)=vAv+ (v 4+ v)Vdivv,

in a three-dimensional infinite layer Q = R2 x (0, 1), where we denote the density and veloc-
ity by p = p(x,1) and v = (vi(x, 1), va(x, 1), v3(x, )t respectively with A standing for the
transposition. Assume that the pressure P (p) is a smooth function of p satisfying

P'(ps) >0,
for a given constant p, > 0, v and ¥ are the viscosity coefficients satisfying

2
v >0, §v+1720.

The corresponding Reynolds number Re, the second Reynolds number Re and the Mach number
M, are given by

1
VP

We are interested in the stability of the plane Couette flow for compressible Navier—Stokes
equations (1.1) with the Navier-slip boundary condition imposed on the bottom boundary, and
expect that the boundary effect may play an important role in analyzing the global existence
and asymptotical behaviors of solutions near the plane Couette flow. To this end, we assume for
simplicity that the flow is driven by the top plate moving along x;-direction with constant speed
vo = (1,0, 0)* and that the boundary ¥ U X is not permeable, namely,

Re:v_l, Re:ﬁ_l, M, =

v-n=0, onXU?ZX,, (1.2)

where n is the outward unit vector normal to the boundary, ¥ =: {x3 = 1} denotes the top bound-
ary of 2, and ¥, =: {x3 = 0} the bottom boundary. Moreover, we set the non-slip boundary
condition at the top boundary

v=Vvp, onx; (1.3)
and the Navier-slip boundary condition at the bottom boundary
Sn-t+av-t=0, onXp, (1.4)

where S = 2vID(v) + (vdivv — P)I3 is the stress tensor, /3 is an identity matrix of order 3,

D(v) is the velocity deformation tensor with elements D;; = %(g% + a—zf), T is any tangent

vector orthogonal to n, and o > 0 is a constant of slip length or friction coefficient. It should
be mentioned that the conditions (1.2) and (1.4) are proposed by Navier [16] and imply that
the component of the fluid velocity tangent to the surface is proportional to the rate of strain
on the surface. Some recent experiments, generally with typical dimensions microns or smaller,
have demonstrated that the phenomenon of slip actually occurs (refer to [4,6] and the references
therein).
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As in [5,7], we can show that the system (1.1)—(1.4) has a stationary solution us; = (ps, vs)J-

satisfying

ps=1, vy=vle; =(Aoxs + Bo)ei, (1.5)
with e; = (1,0, 0)*, Ag = vi‘_—a and By = ‘)J%a, which is the so-called plane Couette flow. We
are interested in the stability of the plane Couette flow solution (1.5) and justify the influence of
the slip length, Reynolds and Mach numbers on the motion of the flow. As well known, the field
of hydrodynamic stability is concerned with the stability of various flows as subjected to various
disturbances. This is an important issue since a stationary unstable flow in general can not exist
in reality. The type of stability that a flow may exhibit typically depends on the Reynolds number
Re. Therefore, to analyze how the stability depends on the Reynolds number for different flows
is of importance and an interesting issue in hydrodynamic stability. There are recently important
progress on the stability analysis of plane Couette flow for viscous flow with non-slip boundary
condition [1-3,8—11,15,17]. In particular, as for the incompressible Navier—Stokes equations,
Romanov [17] first proved that the plane Couette flow nonlinear stable for any Reynolds number
Re > 0 under sufficiently small perturbations. Inspired by the important work of Mouhot and
Villani [ 15], Bedrossian and Masmoudi [3] have proven the nonlinear inviscid damping effect of
the Couette flow in an infinite periodic channel for small Gevrey perturbation. Then, Bedrossian,
Germain and Masmoudi [1,2] obtained the interesting threshold of stability of the periodic plane
Couette flow in Gevrey-a class with a € (1, 2) at high Reynolds number. On the other hand,
Kagei [ 11] made the breakthrough on the stability of the plane Couette flow with respect to small
Reynolds and Mach numbers for compressible Navier—Stokes equations under small perturba-
tion, and showed that the solution behaved in large time as that of an n — 1 dimensional linear
heat equation in parallel with the motion of the plane Couette flow.

The main purpose of the present paper is to study the stability of the plane Couette flow for
compressible Navier—Stokes equations with the Navier-slip boundary condition imposed at the
bottom boundary. Our main results show that the plane Couette flow solution (1.5) is asymptot-
ically stable for small perturbation provided that the slip length, Reynolds and Mach numbers

. 3(1+V)a 2a ; i
satisfy T <land ; ) = 1 for some constant y > 0. In particular, the Reynolds num
1

ber v~! and the Mach number y ~! can be large enough so long as the slip length « is suitably
small. This implies that the constraint required in [11] on the Reynolds and Mach numbers to
guarantee the stability of the plane Couette flow can be relaxed and improved in the present
paper as the slip effect is involved.

The rest part of the paper is arranged as follows. In section 2, we present the reformulations
of the system and the main results. In section 3, we derive the Stokes estimate with Navier-slip
boundary which will be needed to obtain the global existence of the perturbed equation. Section 4
is devoted to the linearized problem. Finally, the main results are proved in section 5.

Notations. We introduce some notations that will be used throughout this paper. For a domain D,
we use the same notation for both scalar functions and vector fields in the L”-space and Sobolev
spaces WP (D) (H¥(D) if p =2). For u = (¢, w) with ¢ € WP (D) and w = (w1, w2, w3)* €
Wh4 (D), we define

||M||Wk,p(D)><W1,q(D) = ||¢||Wk,p(D) + ||w||wl~q(D)~

We simply write |[u | ywk.p(pyxwkr D) = lltllwerp) fork =1 and p=gq.



H.-L. Li, X. Zhang / J. Differential Equations 263 (2017) 1160-1187 1163

In the case D = 2, we abbreviate L”(2) as L? (resp. Wk-P, H k). In particular, the norm
Il - llzre2)y = Il - lr is denoted by || - || ,. In the case D = (0, 1), we denote the norm of L” (0, 1)
by | - |, and the norms of WkP (0, 1) and H*(0,1) by | - |wkp and | - | g« respectively. The inner
product of L2(0, 1) is denoted by

1
(f.8)= / f(x3)g(xa)dxs,  f.geL*(0.1).
0
And Hf(O, 1) consists of all elements of w € H>(0, 1) that satisfy the following boundary con-
ditions
a)|X3=l =07 C()3|x3=()=O, U8X3a)j _O{wj|X3=0=07 .]= 17 2.

It is easy to see that H*Z(O, 1) is complete.
Furthermore, for f € L!(0, 1), we denote the mean value of f in (0, 1) by (f):

1
(fH=D= / J(x3)dx3.
0

We often write x €  as x = (x’, x3) with x’ = (x1, x2) € R2. Partial derivatives of a function
uin x, x’, x3 and ¢ are denoted by d,u, d,u, Ox;u and 0;u, respectively.
We denote the k x k identity matrix by Ix. Qo and Q denote the 4 x 4 diagonal matrices:

Qo =diag(1,0,0,0), Q =diag(0,1,1,1).
For a function f = f(x') (x" € Rz), we denote its Fourier transform by f or (Ff)():

F=@pe = [ par,
RZ
with & = (&1, 52)% The inverse Fourier transform is denoted by .% -1
(Z ' HE) = / ¢ f(E)dE.
R2

We denote the resolvent set of a closed operator A by o(A) and the spectrum of A by o (A).
For A€Rand#6 € (%, ), we denote the set {A € C; |arg(A — A)| <6} by X(A,0)

Y(A,0)={reC;larg(Ar — A)| <0}.
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2. Reformulation and main results

In this section, we reformulate the original problem (1.1)—(1.4) near the Couette flow solution
(1.5) to obtain the corresponding one for the perturbations and state the main results. Define

u=(p, o) = o —ps)v—v)t, y=m". @2.1)

Substituting (2.1) into (1.1), we obtain the following initial boundary value problem

O +vloy ¢+ yidive = f, (2.2)
o —vAw —V'Vdivo + Vo +vld, 0+ Apwse; =g, (2.3)
ol =0, w3z, =0, 2.4)
Viywj —awj|s, =0, j=1,2, 2.5)
(@, w)|i=0 = (¢0, w0), (2.6)

where v/ = v + U, fy and g denote the nonlinearities

fo=—div(¢w), 2.7

g=—w-Vo— %{vAw—i—v’Vdivw—i—(Pz(y,q&)— 1)V}, (2.8)
y-+é

with

1
1
P9 = / P(1 + y200)do.

Let us consider the linearized problem

oru+ Lu=0,
ol =0, wslyg, =0,

V3x3(1)j—(xu)j|2[7=0,j:1,2’ 2.9)

(¢, @)|t=0 = (¢0, @0),
where

L= vlay, y3div n 0 0
\Y% —vAIz —Vv'Vdiv 0 1)318)51134—Aoele3L ’

and denote the solution operator of (2.9) by S(¢).
We have the following results on the global existence and large time behavior of linearized
problem (2.9).
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Theorem 2.1. Let V = v + V. Suppose that ug = (¢o, wo)- € H' x L? and 8wy € L*. Then the
initial value problem (2.9) has a unique solution u(t) = S(t)uo and satisfies the estimates

_L
18,5 @uoll2 = {12 uoll 2 + Novenllz). 1=0.1, (2.10)
forO <t <1.
. .. .~ 31+ 2a
Moreover, there exists a positive constant Yy, such that if ot <1 and Oy <1, then

the following estimates hold uniformly int > 1, ug = (¢, wo) =~ € H' x L? with 8wy € L* and
Uup € Ll,

_1_1 _
18,5 @uoll2 < C{e=3 5 uolly + e ol |, 1=0,1, 2.11)

1500 = Grax M uollz < e ol + e~ uoll 1}, 2.12)

with some constant § > 0, where
_ _ (Ao . 2 2y~ A
Gz*x’n(o)uo — ! |:e (5 +Bo)i§1+ki1§; +K252)fnouoj|

with Tig = (Qollg), where k1 and k) are some positive constants that will be given in Section 4.

Remark 2.1. It is not difficult to show that

1
|G rsx ouollz <t~ 2 flugllr.

And G4, TTgug can be written in the form G, TToug = (@ (x', 1), 0) with ¢ (x', 1) satisfy-
ing

Ao
0,9 — 197,60 = k207,6C + (- + B0y ¢ =0,

1

6O,_o = / 6O (', x3)dxs.

0

With the help of Theorem 2.1, we can establish the following result on the stability of the
plane Couette flow of compressible Navier—Stokes equations.

Theorem 2.2.

(i) Let s be an integer satisfying s > 2. There exist constants gy > 0 and yo > 0 such that

. 1+Y .
if % <1 and % < 1, then for any ug = (¢o, wo)> € H® satisfying the ap-

propriate compatibility condition with |ugll gs < o, there exists a unique global solution
u(t) = (o), a)(t))L € C([0, 00); H®) of (2.2)—(2.6), which satisfies
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t
1, @) (D175 +/ l0x@l17,5-1 + x| FsdT < Clluolis.
0

and

(@, ©))lloc =0, as t— o0.

3(14D)a

(ii) Furthermore, let s > 3 and assume that —
y*(vt+a)yo

vivta) —

(2.13)

<1 and —22 < 1. Assume also that

uo = (¢, wo) - € H* N L' and satisfies the appropriate compatibility condition. There exists
a constant g1 € (0, o] such that if ||uo|| gsn1 < €1, then the solution u(t) = (¢ (1), o)+

satisfies
1041, (@)l =OG™271), as (> oo,
forl=0,1,2 and

lu(t) — G Touolla = O™, as t — oo.

(2.14)

(2.15)

Remark 2.2. As in the paper [11], the disturbance behaves the same time convergence rates in

L? norm as the solution of a two dimensional linear heat equation with a convective term.

3. Stokes estimate with Navier-slip boundary

To prove Theorem 2.1-2.2, we need to deal with the Stokes problem with Navier-slip bound-
ary condition and establish the estimates for the linearized problem. Consider the following
Stokes problem with Navier-slip boundary condition at the bottom boundary and Dirichlet

boundary condition at the top boundary,

—vAw—i—Vq:ﬁ, V.-w=F,
v%—awj|2b=0, j=12,

5 =0.

w3 | p = 0’ (,()|
We have the existence and uniqueness of solution to (3.1) below.
Theorem 3.1. Let Q@ = R? x (0, 1). Suppose
FeH"(Q), Fpe H" (), / Fodx =0, n > 2,
Q

then the problem (3.1) has a unique solution (w, q) such that

|l 7@y + IV@ 12y < CUF 32y + IFoll 31y

1
where the constant C is proportional to vz 4 e

3.1)

(3.2)
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To prove Theorem 3.1, we reformulate Stokes problem (3.1) as follows

—VAw+Vg=0, V.w=0,

dwj .
Vi ~o0jly, =bj. J=12 (3.3)
w3|ZbUE:O’ wj|z:bj+2, j=1,2.

Applying the Fourier transform to (3.3) with respect to x’ = (x1, x2), we have the following
system of ordinary differential equations

2 A AP .
(€17 = Lo +i5G =0, (j=1,2),
3
2 d*\~ dg
V(1 = f)ds + 7 =0, 3.4

. ~ . A~ dd
i£101 +i&dn + T2 =0,

with the boundary conditions

Ve — )y, =bj, AJ=172» .
3|g,np =0 @jlg=bjr2, j=1.2
The solution to (3.4)—(3.5) has the form
®1 = Cs5elE13 4 Coe™ 1613 g, C x3eE1%3 — &1 Coxze 1613,
@y = C7el1%3 4 Cge™ 1813 46, Crx3elf1%3 — &, Coxze™ 1613 36

@3 = C3el81%3 4 Cue™ 1 4 O )& x3e/61%3 4 Cy|E|x3e1E3,
G =2vC1|E|elE13 4200, E e 7183,

with the coefficient C;, j =1,---, 8 to be determined below. Substituting (3.6) into (3.5) and
(3.4)3, we obtain the following equations

Csel¥l + Coe 1 4 ig1Crel! — ig | Cre™ 5! = b3, (3.7)
V(Cs|&| — Col&| +i&Cy — i£1C2) — &' (Cs + Ce) = by, (3.8)
Crel + Cge 1 +ig,C1el! — i&,Cre™ 6l = by, (3.9)
V(C71E| — Csl€| +i6:C1 — i£C2) — o' (C7 + Cg) = by, (3.10)
Cael 4 Cae ¥ 4 €115 [eF + ol el =0, 311
i§1Cs +i6C7 + G316 + C115] =0, (3.12)
i§1C6 +16Cg — Cul§| + C2|§| =0, (3.13)
C3+Cy=0. (3.14)

By (3.7)—(3.10), we can obtain after a tedious computation
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i£1(v]g] + ) (Coe ™! = Crelél) + (vIg| +abs + (b1 +i10(Ca = Coe 1],
Co=%{i1018] = ) (Cae™1 = C1eh) + (WIg] — b3 — by +iE1v(C2 = CreHl |,

Cr= %[léz(vlél-i-d)(cze_'s‘ Crelh) + (vIg] + @by + (by + iE2v(C2 = Cr)e 1],

iE2(01§] — @) (Cae ¥ — Crelél) + (vlg| — by — (b +i82v(C2 — C1eT ),

(3.15)
with
A=(lEl+ el + gl —a)e E > 0, (&> 0).

Substituting (3.15) into (3.11)—(3.14), we have by a complicated computation
Ci= _efZIEIC2 _ |§|71(1 _ e*2|5‘)C3,
{<v|s| +a)e? 1 =208 + al€] + o) — W[E] — @) (1 + 20& e 26T} (iE1by + i&2b2)
(—OIEl +a)QvIE| +2a]E| — a)el! + (—2av]E | + dav|é| + 202 (€] — 2a)e ]

+ QulE] — ) (v[E] — a)e 318153 + i52by),
C3= 2L (vle| + o+ lg] — e 261} &1by + iE2b2) + HUIEIVIE] + @) 2v[E| + aek]

+ @21EP — 2av]EDe B 4 |E|2uIE| — @) (V]E] — a)e 3NN (i81b3 + iEaba),
Cy=—Cs,

C

UJ"—‘ Wl'—'

(3.16)

with

B =a?[g|(1 — e 2N (28 o728 — 2 — 41£) + aw|E[H{2(1 — e 28N (2] — o7 — 4 ))
T el 4 o HEL _ =200 482 — 418122 4 202 1EP (1 4 e 28N (o8 — o2l _ 4
>0, for |&]>0.

It is not difficult to conclude that
B> 19010 as [5] > 0; B~ (v]E] +a)@ulE| +a)lgle*E! as |g] > 1,
B~3@+a)w+a)El, as |E]— 0,
2O+ )EP &b +i82by) — F (O + )2 + ) |EP(i£1b3 +iE2bs), as [E] >0,
2O+ a)EPEE1by +iE2b) — 5 (v + @) Qv+ @) [P (i&1b3 + ik2bs), as |E] > 0,
C3~ — 4+ WEP 1D +ib2by) + £+ ) Qv+ ) |§P (6153 +i&2ba), as |E] 0,
cz—c1~—ﬁ(v+a>|s| <zslb1+zszbz)+ﬁa(v+a)|s| (i£1bs +i&rbs), as €] — 0,

Cre 1 — Crelsl ~ (v +a) g4 (&b + i&2ba) — Ol(v +a)|E|*i€1b3 +ikba), as |E] — 0.
(3.17)

As for the functions eé1%3 ¢ 71613 106153 and x3¢7161%3 we have the following estimates.
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Lemma 3.1. Let k =0, 1, 2, then we have

d k
4N e
(dx3)e

k
( ) el
dxs

k
(di) (rzelé3)
(4s)

(x3e” |§|X3)
where (k — 1) =max{0,k — 1}.

2
dxy < Clg[* =12kl — 1),

dx; < Clg[* (1 — 28,

dxs < Clg| %D+ 28l (g ] 4 2)F,

dX3 < Clg|* D,

St O o °o—— _

For any nonnegative integer / > 1, we introduce the norm

&2 Pae,
L2(0,1)

dx w(é )

2
lollf o = Zf ‘
k=

looll g1 =Z 195l
k=1

l
It is easy to verify that the norm Y ||o||x.q is equivalent to ||w|| Q) due to Parseval’s equality.
k=1
By (3.6), (3.15)—(3.17) and Lemma 3.1, we can obtain the following lemma.

Lemma 3.2. Suppose b = (b1, ba) € H"™3 (Sp), d = (b3, ba) € H'" (), n > 2, then the solu-
tion (3.6) to the problem (3.3) satisfies

% g + 1V 15 §C<||l3||2 +|d))? )
H (%) 4 gn-2(@) H3 () s
Furthermore, by Poincaré inequality, we have
2 2 72
ollgn oy + IVG 5z <ClIb + \1d .
lol3pm gy + 1V 2 (n e ,,2(2))
Proof of Theorem 3.1. We construct the solution to (3.1) in the form

(@.q9)= (@ +0? + 0, vF|+qP), (3.18)
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where (! is a solution of the Dirichlet problem

VA0 =F in @, oP=0 on Z,UI, (3.19)
w® = Vg with ¢ being a solution of the Neumann problem

dp

Ap=Fy-V-0oV=F, in Q,
0x3

=0, (3.20)
ZpUX

and (a)(3), q(3)) is a solution of problem (3.3) with b= (b1, by) and d= (b3, bs) defined by

d (m, ® M, @ M@ .
bjz_v8X3(w +a) )+a<a) +a) )‘Eb’ bj+1=—w] —a)/ ‘Z’ J:l,z

By the standard elliptic estimates of equations (3.19) and (3.20) together with Lemma 3.2, we
can obtain (3.2). O

4. The linearized problem

In this section, we consider the linearized problem (2.9) and prove Theorem 2.1.

3(1+V)a
—yz(wa) <1 and U(VJF 5 <

ug = (¢o, wp)t e (H1 x LY N LY wirh dy/ g € L2, the solution u(t) = S(@)ug of the problem
(2.9) can be decomposed as

Theorem 4.1. There exists a constant yy such that if <1, then for any

Suo = SO )ug + S (1)uy.
Moreover, it holds that

(i) The function SO (t)uq satisfies the following estimates uniformly for t > 1,

1
1S (uolly < Ct™ 2 luglly, 1=0,1, @.1)
1S (Ouo — G TPuglla < Ct 7 uoll1, (4.2)
and
~ _ _L ~
1858@ (0)[Quolll < €t~ =2 Quolly.  1=0.1. 4.3)

(ii) There exists a constant 8§ > 0 such that S (t)uq satisfies

1818 (H)uglla < Ce™® uoll 1, 1=0,1, (4.4)

forallt > 1.
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To prove Theorem 4.1, we decompose S(#)ug as follows. Let Ry > 0, define X(O) (¢) and
x> (&) by

xQ@® =1if g <Ry x©@E)=0,if |§|> Rp; and x @) =1-xQ®).

We decompose S(t)ug as

S)up = Up(t)up + Uso(t)uy,
where
Uj(tuo=F ' [xDE)eTeig), j=1,00. 4.5)

Here Zg is the operator and has the form

o [ivE iy*Et ¥
Le=| i€ (&P —087) +iviElh+vEst —iv'Edy; + Age] ,
s —iv'ELD,, (€2 —0%) — V0L +iviE

which is a closed operator on H 10,1) x L%(0,1) with the domain of definition D(Zs) =
H'(0,1) x H2(0, 1).

Proposition 4.1. There is a constant roy > 0 such that if Ry < rg, then Uy(t)ug defined by (4.5)
can be written as

Uo(Duo = SO (t)uo + RO (1)uo,

where SO (t)ug has the properties (i) of Theorem 4.1 and RO (t)uq satisfies the estimate (ii) of
Theorem 4.1 with S©° (t)ug replaced by RO (H)up.

Proposition 4.2. There exists a positive constant yy depending only on Ro such that if

3(1+Y)a 2 . . .
Tt <1 and U(U—ia) < 1, then the following estimate holds for any fixed Ry > 0 uniformly
int>1,

1Use(Duoll g1 < Ce™ lluol g1 (4.6)
where § = §(Rg) > 0.

Proof of Theorem 2.1. The proof of (2.11)—(2.12) in Theorem 2.1 follows from Proposition 4.1
and 4.2 by setting Rg = ro and S ug = RO (t)ug + Uso(t)ug. And the proof of (2.10) in
Theorem 2.1 follows from Proposition 4.4. O
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4.1. Proof of Proposition 4.1
In this subsection, we prove Proposition 4.1. To this end, we take the Fourier transform of

(2.9) with respect to x" € R? and obtain the following initial boundary value problem for the
functions i = (p(x3, 1), d(x3, 1)L, x3 € (0, 1), ¢ > 0:

d . . R n N n
— i+ Lei =0, =0 =do = (do(x3), do(x3)" . 4.7

t

We decompose ig in the following form:

I 2
L= L0+Z§j ()+ Z Ej‘i:kl‘ik)a

j=1 j.k=1
where
0 0 ¥ 20,
Lo=| O —v83312 Ajey |, V=v+,
dxs 0 —vo,
ivls; 1y2e’ L 0
Z;l) = ie} iv, 51112 —iv’e}&x3 ,
0 —iv'e) L3, ivlsy;
0 0 0
LP=10 véph+veegt 0 |,
0 0 17378
with e;. denoting the unit vector in & ;-direction of R2.
We consider
Mi+ Leii = f. (4.8)

where 1 € C is the resolvent parameter, i = (d(x3), ', &3)* and f=(fo, f, f3)*. We treat
the operator Lg as a perturbation of L and then we start with the resolvent problem (4.8) for
E=0as

A+ Loit = f. 4.9)

Fork=1,2,---, we define A4 ; and A1 x by

- .
Apg = —%(kn)z £ 5Pt — 4y (ke .
and

Alk = —vay,
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(k—Dr
2

where < ag < kg is the solution of the function

atanx +vx =0, x>0.

It is easy to see that A4  are two roots of the equations A% 4 V(km)*A 4 y 2 (kw)? = 0 satisfying
Ak = Ay for [km| < 27’/ and A+ ; € R for kmr > 27)/, and it holds

2
pp=— L OUTY), Agp=—TUhn)2+0(), as k- oo.
v

We have the following lemma on the resolvent estimate of the operator —Lo.
Lemma 4.1.

(1) It holds that

)/2

o (—Lo) = {0} U {A1 4}, Ufha s}, U =

)

In particular, A = 0 is a simple eigenvalue of —Zo with eigenprojection
Moi = (¢, for =@ )",

where u® = (1,0,0, 0)1.

(ii) There exist positive numbers ng and 6y with 0y € (%, ) such that the following estimates
hold uniformly for A € o(—Lo) N X(—no, 6p):

-~ C

Aoy = . 1=0,1,

(A+ Lo) lexL2_|A||f|H[XL2

I 4 -1 ¢

0, @(A + Lo) f‘zfﬁlflm—wz, I=1,2,
(IAl+ D72

2 -1 ¢

9y, QoA + Lo) f‘zi(iﬂfhﬂxm-

Al +1)2

Proof. The proof of Lemma 4.1 can be made by similar arguments as used in [8]. Here we
only show the difference due to the different boundary condition. Let us consider the eigenvalue
problem

A + 120503 = fo,
Oy + Aid3 — V2 3 = f3, (4.10)
‘?’3|2u2b =0,

and
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A0 — v8§3&/ =f - A06?)3€/1 ,
N 4.11)

v8x3c?)’—ac?)’}2b=0, @' =0.

B

We first consider the eigenvalue problem for (4.10). The spectrum analysis and the resolvent
estimates of (4.10) can be made by applying the same way with some modification as in [8], so
we omit the details. Indeed, we can show that there exist positive numbers 7 and 6y € (%, T) SO
that it holds for A with | arg(X + 19)| < 6 that

2 ~
{0} U s}, U(=%) Co(—Lo),
. _CIfh
|pla < ,
1]
o C 4.12

o1l = St o gy, (12

(A + D2

C _
0ty < 1Bz g,

(A + 1!z

Then we turn to investigate eigenvalue the problem (4.11) for A #£0, A # A4 x and A # — 7;—12

Since there exists a unique solution (¢, @3) to the problem (4.10) for any given fy and f3, by
using Fourier series expansion, it is easy to conclude that (4.11) has a unique solution @' €
HZ2(0, 1) for any given f' — Agdze} € L*(0, 1) if and only if A # Ay for any k =1,2,---.
Furthermore, one can establish the estimates

0,0')s < |flo, 1=0,1,2. (4.13)

(A + 12

The fact that A = 0 is an simple eigenvalue of —Lo with eigenprojection Hoii = (@)u'® can be
proved in the same way as in [8], we omit the detail here. This completes the proof. O

We next give some estimates for (A + Zg)_l. Based on Lemma 4.1 and then by a similar way
as Theorem 3.2 in [8] and Theorem 5.2 in [11], we have the following lemma for |&| < 7.

Lemma 4.2. Let no and 6 be the numbers given in Lemma 4.1. Then, there exists a positive num-
ber 7o =70(no, 0o) such that the set ©(—no, 60) N {x; |A| > R} C o(—Lg) for |&| <To. Further-
more, thefollowilig estimates hold for any multi-index B uniformly in X (—no, 6p) N {X; |A| > 7’2—0}
and & with |&| <7y

~ C
bo+To ' f| < flynge. 1=0.1,

H'xL? ~ |A|
Bal -~ 1 Cg
asax3Q()»+Lé;) f‘ 5711|f|Hl—1xL2, [=1,2,
2 (Al+ D2
Cp

——— 1 flg2xn-
A1+ 1)2

0002, 000+ L)™' £ =
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In case || > %0, we have the following result.
Lemma 4.3. Let 7 be the given number in Lemma 4.2.

(i) There exist positive numbers 7] and 8 with 6 € (Z, ) such that the set (—7,0) C g(—Z )
&

for €] = 3.
(ii) The following estimates hold uniformly in ). € (-7, §) for || = 770.

- C
A+Le) ! <— , 1=0,1.
AL f|,, = |M|f|Hle2

Lemma 4.3 can be proved in a similar manner to the proof of Theorem 2.5 in [9]. So we omit
the proof.

As for the spectrum of —Zg near A = 0 in the case that |£] is sufficiently small, we have the
following result.

Lemma 4.4. Let ny and 7o be the numbers given in Lemma 4.2. Then, there exists a positive
number ro with ro < 7o such that for each & with |&| < rq it holds

o(—Le) N {A; 2] < no} = (ho(®)},

where Ao (§) is a simple eigenvalue of —Zg that has the form

A
ho(€) = —(70 + B)i&) — ki1 |&1 2 — k2162 + O (€ )

as |&| — 0, and k1 and Kk are positive numbers given by

AT (11 7 A} 1A 21 A
e T T S Spuin ) IS A G Y
12y v\3 4 240 y 48 y v 3 4
Remark 4.1. In the case @« — 00, i.e. Ag > 1, Bp — 0, then we have
a(E) = L 2 2 3
0(§) = 251 k11&117 — k2l&2|” + O(1§17)
with
L[V 1 y? y?
KI—E{(P-F]O—V)-I—T}, 2= 15
which is the same as Theorem 5.3 in [11].
Proof. We first observe that
~1) A A ~
TP = CUQoiy + 18] bt} (4.14)
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and

ey

Jk < C10| ya-ns, (4.15)

H!xH =D+
where [ =0,1,2 and A € X(—ng, ) N {A; |A| > ’770}. By Lemma 4.1, (4.14) and (4.15), we
conclude that if |A| = 5, then A € o(—L¢) for |§| <79. In particular,

-~ 1 ~
NEi=-— / (A +Le) " 'iadr
2mi )

Ix=n0

is the eigenprojection for the eigenvalues of — Lg lying inside the circle |A| = no. The continuity
of (A + Lg) Uin (A, &) implies that dim l'[(é) dim l'[o =1 (see Chap. 1, Lemma 4.10 and
Chap. 4, Theorem 3.16 in [12]). Based on Lemma 4.1 and (4.14), (4.15), we can apply the

analytic perturbation theory (see Chap. 2, Sect. 2.2 and Chap. 7, Remark 2.10 in [12]) to obtain
that if £ is sufficiently small, then

o (=Le) N {3 141 < 1o} = Ao (6),
where 1o(£) is a simple eigenvalue. Furthermore, we can decompose Ao(§) and ﬁ(é) as

2 2
@ =ro+Y 20+ Y gaald + 0xeP),

j=1 j.k=1

2
@ =Mo+ Y &0+ 03P,

j=1

with 49 =0, AY = x(” and

jk =
)L;l) (L(l) (O) (O))’
@) L ~o) @, © 0 L ~yor) | 7m0 ), ,©
)‘]k__<§(ij+ij)” ,u + E(Lj SLk +L; SL u ,

where S = {(1 — Tip)Lo(I — ﬁo)}‘1
We have

T () _ . /
Lj u’ =i

from which it follows
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W _ _ Aoy pis,
)Lj = (2 +BO)181]'

It is easy to see that Zﬁ)u(o) = 0. Let us compute Zy) :S’\Zgl)u«)) and ZE.I):S’\ZS)M(O) one by

one. Set f = (I — ﬁo))Zﬁ”u(O). Then §Z<1‘)u<°> is a unique solution 1 = (¢, &) to the following
problem

Loii=f, (¢)=0,
6)|E=0’ é)3‘2[,=0’

V@) —adjly, =0, j=1,2

By a direct computation, we have

A (3 — 1)
~~(1 0 . 1_2 A2 1_3 1_4 A3
SLﬁ)u“= i 2x3+ﬁ(%_ 1;3)_(%+ﬁ)(1—x3)}ei
L))
2y2 3 3
It follows that
2~ 2 2 3
o A yr (L1 T A 1A
1 1292 v \3 4 240 y2 48 y2 )

Similarly, we have

0
<7, (0 - 1-x2 )
SLyw® = | L55 — A —xy))ej |
0

and

2
@ yo 1 Ao 2
WD =T C L0 @
22 v (3 4 )’ 12

This completes the proof. O

As for the eigenprojection T1(€) associated with Ao(€), we have the following result by a
similar argument as Theorem 3.3 in [8].

Lemma 4.5. Let ﬁ(é ) be the eigenprojection associated with Ao(§). Then there exists a positive
number rq such that for any & with |&| < ry the projection T1(§) can be written in the form

1

()i = / TI(&, x3, y3)it (y3)dy3
0
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with

2
(& x5, y3) =To + Y& (x3, y3) + TP (€, x3, y3),
j=1

where Tlo = Qo, T1}” (x3. y3) and T1®) (&, x3. y3) satisfy

X330 ( )LOO((O,I)X(O,I)) -
ok ol . ... ‘ < Cple 1A,
x3 %3 % € )Loo«o,l)x(o,l)) = CplEl

uniformly in & with |&| <rg for 0 <k,l <1 and multi-index B.

Proof of Proposition 4.1. By Lemma 4.2 and 4.3, we can obtain that the operator —Zg generates

an analytic semigroup e”Zs on H'(0, 1) x L%(0, 1) for each fixed &€ = (&, &) € R2. Then, by
Lemma 4.2, Up(t)ug can be expressed as

_ 1 ~ 1A
Uo(Hug = .F ! %/e“x“’)(g)(/st) Yiodx |,
I

where I' = {A =  + se*?} with some n > 0 and 6 € (%, ).
By Lemma 4.2 and 4.4, we can deform the contour I' into I'g U T and a suitable circle around
origin point 0 with I'p and I" defined by

Fo={r=—no+is;|s| <so}. T ={r=n+se™;|s| =5},
where the positive numbers s and 5y are chosen such that I’y connects with I" at the end points

of I'g. It then follows from LLemma 4.4-4.5 and the residue theorem that Uy(¢)ug can be decom-
posed as

Uo(tyuo = S (Hyuo + R (t)uo,
with
SO 0uo =7 [x V@O o]

and

1 ~ .
ROty =771 = / My O @)+ Le) iigda
r()Ui:

By Lemma 4.2, one can see that RO ($)ug has the desired estimate (4.6) in Proposition 4.2.
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Let us consider S (¢)uq. We rewrite it as

SO g = G raw Touo + SO (Yug + S (1Yug + S (1yuo + S (1)uo,

where
Gy Houg= 77!
SOt =7 |
SO (Oug=F71
SO tyug = 77! |
SO ug =771
with

i A . ~
o~ ((F+Boig1+r16] +r263)1 1‘[01/’20]’

(x Q@) - 1)e—((%wo)is.+ms%+xzs§>tﬁoﬁo},

L0 (%—)e—((ATO"rBO)iél+K1512+K2§22)fﬁ(1)(s)ﬁ0:|’

x @) o (R 4B+ & 08D @) )i 0}

L0 (£)(0®" _ e—((%wo)isl+Kls%+xzs§)z)ﬁ(s)ﬁo]’

2
e =) &M

j=1

Then, the expected estimates for SO (t)ug follow from Lemma 4.4 and 4.5. O

4.2. Proof of Proposition 4.2

1179

As mentioned before, for each fixed & € R?, the operator —Lg generates an analytic semi-
group e~'L¢ on H'(0,1) x L2(0,1). This implies that a(r) = e~'Léig = ($(1), d(t))* is a
unique solution of (4.7), and we have

” a,¢+ Ligwld it
afcb’+v(|s| ~82)& —
83 + v (5 — 823

=0, &3
z

p
~ ~ A~ VL
ili=0 = ug = (¢po, wo) ™",

for t > 0.

& + Ay, w3 =0,

IVEGE - & + 05y3) +iEP 4+ iE1v) & + Agdne] =0,
— V', (i& - & + 0, 03) + 0y + iE1V 3 =0,

A/ A/
=0, Vo0 —aw =0,

Zp

We denote the material derivative 8,(]3 +i& v}q@ by b, ie.,

¢ =0p+ivlp.

(4.16)

4.17)
(4.18)

(4.19)

(4.20)

In what follows u(z) = ($(l), (1)) will denote the unique solution of problem (4.16)—(4.20).



1180 H.-L. Li, X. Zhang / J. Differential Equations 263 (2017) 1160-1187

Proposition 4.3. Let (1) = (d)(t) a)(t))J‘ denote the unique solution of problem (4 16)—(4.20).

There exist constants yy depending only on Rg such that if % <1and oo+ + 5 < 1, then
for any Ry > O there exists a constant § = §(Rg) > 0 such that the estimate
lil3 + |Vulz < Ce D (af3 + [Vul3) (1) (4.21)

holds uniformly for t > 1, provided that |§| > Ry.

Proposition 4.4. Let ii(t) = (¢3(t), ®(1)) denote the unique solution of problem (4.16)—(4.20).
For0 <t <1 and & € R?, we have the following estimate

|13 + [Vul3 < C{A + €% liio]3 + 19,013 + 17 dol3). (4.22)

Remark 4.2. The proof of Proposition 4.4 can be proved in a similar way as in [11] (Proposi-
tion 6.11), we omit the details here.

The proof of Proposition 4.3 consists of following Lemmas 4.6-4.9.

Lemma 4.6. Let ii(t) = (qAb(t) ®(1)) denote the unique solution of problem (4.16)—(4.20). If

" (fia) < 1, then the following estimate holds

d 1 - A o2 T2 Voo
a1 2190 101) +vIVol +vldivels + 155161 < 0. (4.23)

Proof. Taking the inner product of (4.16), (4.17) and (4.18) with é, & and &3, respectively, and
integrating the resulted by parts, we have

1 PN 1 A A N
2 (#16.9) + —zia(vjas, $) + (i€ - @& + 0,303, $) =0, (4.24)

NN

(8, &) +vDol[@d'] — iVEGE - & +8x3w3,a))

Al AL

+ (i8¢, @) + &1, &) + Ao(@3, &) + av|@']’[5, =0, (4.25)
(83, @3) + vDol@3] — V' (Dx; (i& - & + 0y, @3), B3)
+ Dy, @3) + 181 (v} @3, @3) + av|an ||y, =0. (4.26)

Summing (4.24)—(4.26) together and taking the real part of the resulting identity, one obtains

o
\Y% AoR < Ag=——. (427
2dt( 2I<15I2+|a>lz)+l)l Vol3 +'|divol} + AoRe(@3, &1) <0, Ag o (4.27)

By the Poincaré inequality, we have

R | A
[(@3, @1)] < §|BX3CU|2-

It then follows from (4.27) that
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1 d 1 A ~ 3]} — —_—
M(ﬁmﬂ% +1613) + IVl +Vdivel; <0, (4.28)
provided that
2a
<
viv+a) —

Furthermore, by (4.16), we have
Blo3 <3y w|Vol} + v |diveld).

This together with (4.28) gives rise to the desired estimate (4.23). This completes the proof of
Lemma4.6. 0O

Lemma 4.7. Let ii(1) = (¢(1), &(t)): denote the unique solution of problem (4.16)—(4.20). If

ﬁ < 1, then the following estimate holds for any n > 0
LB+ (1 + 6P OIToB + V13501 + — (1 -+ 5P SE + 0613
dt 1 2 2 6y4 2 1@l
< DI PI6 + 2 01T08 + vidival), (429)
where
2+ 6y?

Ei(t) = 2(1 +

1
2 2 A2 A2
YAFIED 310 +1dk) +avidl s,
+ 0|Vol} +V|dive3) — 2Re($. i& - & + 8,,03).

Proof. Taking the inner product of (4.17) and (4.18) with 8,&" and 9;®3, respectively, one has
after taking the real part,

2idf3 + %%(vﬁag +V/Idivol3 + avldP|y,) (4.30)
= Re{($, 9 (& - & + 0,03)) + 161 (v}, 3,D) — Ao(@3, B 1))
The first term on the right-hand side of (4.30) can be estimated as follows
(@, 0 (i€ - & + 01y @3)) = %(43, i& -0 + 05y 03) — (4,18 - @ + 0, 3)
- %(é, iE -0+ 0u,3) +i8) (vgé, i£ & + ax@g) 20k - + 0d33. (431)

By (4.30)—(4.31), we have
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d(1 — — . ~ . .
{—(v|Vw|§ + V| divol3 +av|a)|2|2b) — Re(d, it - & + 8x3a)3)} + 19,015

dt
| . o o .
< §|a,w|§ + Vo3 + (Elll2 + Y2li& - & + 8y, d302)|iE - & + 8y, D312

R . 3 — .
Since |i£ - & + 8y, @313 < =(V|Vo[3 + V'|divwl|3), we obtain
) v
d( = —— . A . .
o {(V|Vw|% + 1/|dlva)|% + av|a)|2|2b) —2Re(¢p, ik & + 8x3a)3)} + |8ta)|%
(4.32)

2
— n N 2y 1 — ST
< 2AVoly + SEPIBE +3(5 + D0IVel +VIdivel).

Summing 2(1 + %)(1 + |& |2) X (4.23) and (4.32) together, we obtain (4.29). O

Lemma 4.8. Let ii(1) = (¢(1), &(t))* denote the unique solution of problem (4.16)—(4.20). If

22— | then the following estimate holds for any n > 0,

v(v+a)
d Lo a0 ! 2y, 1912 1 v/ [T o2
T B0+ 21050 + (4 =) (1 + [ED I Vel; +|dive])
1 V vy
1 A2 2’17 2 ) ’\7 ~ 2
A+ DIB0h + 3 (1 EDIh + 1o 9113
WAL 4 1 . 12 | . —
5( 40+T’7<1+~—)>|5|2|¢>|%+—<1+~—><v|Vw|%+v’|divw|%>, (4.33)
Y V 1Y n vy
where

1 1 o
Ex(t) =4(1 + =) E1[u] + — |3, $13.
Y 14

Proof. Differentiating (4.16) in x3, we have

laaAl.lAAo.A. ar A
3000+ 181000+ TSI € 00, + 07,03 =0, (4.34)
We rewrite (4.18) as
Ouyp — Vog 03 = — {003 + v|E[PD3 — iV'E - 0, + iE1v] 3} (4.35)
It then follows from (4.34) and % x (4.35) that
1 A~ 1 . 1 ~ 1 ~ AO . ~
— 01 0x; ¢ ﬁlavx Oy + §3x3¢ + ﬁlémb
(4.36)

I . o
= i{a,w3+v|s|2w3—ws~aX3w’+zslv;wg}.
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1183

Taking the inner product of (4.36) with 9, qAb and then taking the real part of the resulted equation,

we have
d ~ 1 ~2
2—)/25|8X3¢|2+§|8x3¢|2
1 no (VAG oo Loy 1402 252
< E|ax3¢|2+7|5| |¢|2+§|8tw|2+ S 1+ &)Vl
We thus obtain
1d . ~n 3. ~»
ﬁz|3x3¢|2+ﬁ|ax3¢|z
2V A2 . 2 142 _ —
< y4°|s|2|¢|%+§|a,w|%+2 =— L+ ED Vol +V[divel).

The combination of 4(1 + ﬁ%) X (4.29) and (4.38) shows that

d 3. 1 — —
B0+ Emm% +201+ =)(1 + £ (v[Vol3 +V'|divel3)

1 2% i
2(1 4+ =) |3,02 + —(1 2|3
20+ =0 + 3 (1 +1EPIGE

14

2WA2 4p 1 L, 12 1 — —
5( 2+ =1+ =) JIEPIB + = (1 + =) (v Vol3 + v |divel3).
v vy n vy

We next rewrite (4.36) as

2 2
: 14 N Y ~ ~ . N . ~
Oxs ¢ + ?8x3¢ = —?{atan +vlEPd3 — ivE - Dy, @ + l§1v3w3}.

This gives

4
. % ~ R —
10,015 = L5 {108 + 06313 + (1 +v2) (1 + 16 Va3 .

The combination of (4.39) and & X (4.40) gives the desire estimates (4.33). O

(4.37)

(4.38)

(4.39)

(4.40)

To control |& |2|43|%, we make use of the estimates for the Stokes system under the Fourier

transform. We rewrite (4.16)—(4.19) as
iE101 + iE26n + 8,03 = Fo,
v(E? = 02)d +i&p=F,
v(|§2 = 092)d3 + 3 = F3.

4.41)



1184 H.-L. Li, X. Zhang / J. Differential Equations 263 (2017) 1160-1187

v8x3wj—aa)j|zb:0, j=1,2,

‘7)3|2,, =0, Cb|z =0,

with

/
F",/_ a AL 1. A/ A ~ / Vo,
=—0iw — v i1 — Apwze] — —yzléqb,

/
7 ~ . 1A % .
F3 =—0,03 —i§1v,03 — ﬁ8x3q§.

(4.42)

Lemma 4.9. Let 1(t) = (dA)(t), ®(1)) denote the unique solution of problem (4.16)~(4.20). For
any constant Ry > 0, if |&| > Ry, then the following estimate holds for the solution (¢, ®) of

(4.41)~(4.42),

. _ ) — 1472 . . 1 .
|¢|§+|V¢|§sco{|atw|%+|w|§+7(|§|2|¢|§+|aX3¢|%>+F|¢|§}, (4.43)

where the constant Cqy depends only on Ry and v? + é
Proof. By (3.18), one can see that
@, 6) = @D + @ + &9, vE;+§D),
is a unique solution to the system (4.41)—(4.42). By (3.6), (3.15)—(3.17), we have
13DB + 18RIV B + 10,4 P B < CbP + 1dP).

where b = (131, 52) andd = (133, 134) defined by

J

- 0 (. 1), ~ NOIN (D) A .
bj=—v—(a)(-)+w;))+a(a)§)—i—w;))‘zb, bj+1=—w;)—a)§-) , J=

0x3 =
Then we apply the Fourier transform to (3.19), and obtain

5

v(EP -9 )0 =F in Rfx(0.1), &"=0 on REx{0,1}.

Taking the inner product of (4.45) with @1, one can obtain

1
) ) 1 [ 25 [P 1 52
E1210V15 + 10,0115 < - / FoWdxs < - [&10V]5 + €] 2| F 5,
v 2 2v
0

(4.44)

1,2.

(4.45)
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so we have

£ 3 + 18,0113 < |FI3. (4.46)

1
v2[€|2
And by (4.45), it holds

R R 1 > 2 s
05,0013 < 116V + IF < I (4.47)
Similar result is also valid for @@,

§P10P 5+ 18:,0P 3 < | Fol3 + wrigp | F 5
(4.48)

02,013 < |1 Fol3 + 105 Fol3 + 5| FI3.

Combining the inequality (4.46)—(4.48) with (4.44) and using the trace theorem, the desired
estimate (4.43) holds by a direct computation. O

1 C\%v
Proof of P ition 4.2. Set C; = — and n = — ——. The combination of
roof of Proposition et Cy 8Co and n TREES S,

~

C
_(1 + _) x (4.23), (4.33) and X (4.43) shows that

EE3(I) + §|8x3¢|2 + 5(1 + ﬁ)(l + €19 (v|Vol; +V|divel3) + 5(1 + ;—v)|atw|z

v g2 Y ) S 12
+ W(l + 1191815 + m|3x3¢|2 2(1 )(|¢|2 IVol3)

2V A2 .
< =LIEP1013, (4.49)
14
where
12 | IR RN
E(t) = Ex(t) + — (1 + =) (63 + 1813
n Vv y

Therefore, if igl(u;j);; < 4/Ci, we have

d 1oy 1 1 o ] 1 s
d—E3(l) + :|3x3¢>|2 + —(1 + :)(1 +1&17) Dold] + —(1 + :)I3zw|2

C\v
(1+|§I )|l + 84I3X3¢|2 r(l¢|2+lv¢lz)<0

%)

which leads to the desired estimate (4.21) together with yy(v) = +/C1 and the fact that E3(¢) is
equivalent to |ﬁ|% + |Vu|%. O
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5. The nonlinear problem

In this section, we prove Theorem 2.2. Inspired by [11], the proof of our stability result is
based on the energy method and the spectral analysis of the linearized operator. The argument is
similar to those in [10,11,13,14], so we only give an outline of proof here.

With the help of the Stokes estimates (under Navier-slip boundary condition) in Theorem 3.1,
the global existence result (i) of Theorem 2.2 can be proved by the energy method by Matsumura
and Nishida [14], which also implies the H®-energy estimates.

t
(@)l + f l0xpl1%,—1 + lldxwllFsdT < Clluolis. (5.1)
0

uniformly for ¢ > 0 with s > 2. We omit the details here.

The proof of (ii) of Theorem 2.2 is based on the H*-energy estimates (5.1) and the decay
estimates for the solutions of the linearized problem Theorem 4.1. Indeed, by Duhamel principle,
the solution of inhomogeneous equation (2.2)—(2.6) has the following form

t

u(t) = S(Huo + / S(t — 1) f(v)dr, (5.2)

0

where f = (yzfo, g) with fy and g defined in (2.7) and (2.8), namely,

fo=—div(¢pw),

g=—w-Vo— (vAw +V'Vdivw + (P2(y, ¢) — 1) Vo).

Y2+

There exists a constant &1 > 0 such that if |[ug||ysnz1 < €1, one can obtain by Theorem 2.1,
Theorem 4.1 and (5.1) the following decay estimate after a tedious computation

lu () — SOuoll g1 <C(A+0~1 t>0. (5.3)

The decay estimate (5.3) together with Theorem 2.1 yields the decay estimates (2.14) and (2.14)
of Theorem 2.2. The proof is completed. O
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