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Abstract

In this paper, we study an elliptic equation arising from the self-dual Maxwell gauged O (3) sigma model
coupled with gravity. When the parameter v equals 1 and there is only one singular source, we consider
radially symmetric solutions. There appear three important constants: a positive parameter a representing a
scaled gravitational constant, a nonnegative integer N representing the total string number, and a nonneg-
ative integer N, representing the total anti-string number. The values of the products aN1, aN, € [0, 0o0)
play a crucial role in classifying radial solutions. By using the decay rates of solutions at infinity, we pro-
vide a complete classification of solutions for all possible values of a Ny and a N;. This improves previously
known results.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we are interested in the following elliptic equation in R2:

dj dy

AV — pe(x) fr (v, a, &) =41 Z"/J‘Sm,l — 47 Zn‘/,g(S”z, (1.1)
j=l j=l
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Here, p; 1’s and pj>’s are disjoint points and called the strings and the antistrings, respectively.
The unknown is

ViRN{pjkij=1,-,dp, k=1,2} > R.

Furthermore, a is a nonnegative real number, 7 € [—1, 1] is a real number, § p denotes the Dirac
measure concentrated at the point p, and n ;’s are positive integers representing the multiplicity
of the strings and the antistrings p; . We define the total string and anti-string numbers as

Ni=ni1+---+ng1, No=nio+---+ng2

It is not difficult to check that v is a solution of (1.1) for 7 if and only if —v is a solution of (1.1)
for —t with the change of roles of {(p; 1,7n;1):1=<j<di}and {(pj2,n;2):1=<j=<d}. So,
hereafter we assume that 0 <t < 1.

The equation (1.1) arises from a self-dual gauge field model coupled with Einstein Equations.
By taking into account a gravity in classical self-dual gauge field models, we need to solve the
self-dual equations of models together with Einstein Equations. Recently, mathematical studies
on these equations have grown up as interesting problems in various gauge filed theories [1-3,5,
9,14-16,19,20,23,25]. In particular, the equation (1.1) describes the Maxwell gauged O (3) sigma
model in the Bogomol’nyi regime on a space—time manifold. This model was introduced as an
extension of Schroers’ U (1) Maxwell gauged harmonic map model [17,18] to a general relativity
frame. The constant a stands for a scaled gravitational constant and the classical Schroers’ model
corresponds to the equation (1.1) with a = 0. For the detail background and derivation of (1.1),
one may refer to [12,23-25].

From the physical motivation, it is natural to find solutions which gives the finite integration
of the nonlinear term, that is p (x) f; (v, a, €) € L' (R?). Then, the integrability condition yields
three kinds of boundary conditions:

topological condition: v(x) — o €R as |x|— oo,
nontopological condition of type I: v(x) — —oo as |x|— oo, (1.2)
nontopological condition of type II: v(x) — oo as |x| — oo.
Solutions for each boundary condition are called topological solutions and nontopological so-
lutions of type I and II, respectively. We often say a type I (resp. type II) solution simply for a

nontopological solution of type I (resp. type II). The nature of solutions of (1.1) varies drastically
according to the value 7 € [0, 1]. In particular, we have different features of solutions according
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tor =1o0r0 <t < 1. The purpose of this paper is to classify all possible solutions of (1.1) for
the case T = 1.

One way to classify of solutions of (1.1) is to investigate the decay rates of solutions at infinity.
Here, we mean by the decay rate the leading term of solutions at infinity which determines the
asymptotics of solutions at infinity. By an elementary potential analysis, one can derive that if v
is a solution of (1.1), then

v(x) =(2N; —2N2+ B)In|x|+o(n|x|) as |x|— oo, (1.3)

where (2N1 — 2N, + B) is the decay rate of v and

:B—E/pf(x)fr(v(x)vavg) X.

R2

By examining o, (x) fr (v(x), a, s) at infinity, we obtain necessary conditions on the range of §.
Indeed, if v is a solution of (1.1) satisfying (1.3), then it comes from the condition p; f; € L!
that B € J C R where J is given by the following Tables 1.1 and 1.2 [12]:

Table 1.1
The set J fora =0.

Topological Type I Type I
0<t<l {2Ny —2Nq} % @
=1 [ (0,2N, —2N1 —12] %

Table 1.2
The set J fora > 0.

Topological Type I Type I
0<t<l {2N3—2N;} (—o0, 4512;4] [%——7-1;’)1’00)
=1 {2Np —2N1}  (0,2aN3 +2Ny — 2N — 2] [27211—‘”\[1,00)

A natural question is whether the above necessary conditions are also sufficient or not. In
other words, given 8 € J, are there any topological, type I or type II solutions realizing (1.3)?
If any, how many solutions exist? Can we identify J exactly for topological, type I or type II
solutions if @ and 7 are fixed? Classification of solutions by their decay rate § at infinity is one
of important tools in various self-dual gauge model equations [2—16]. Regarding our problems,
there are several known results in this direction. We briefly introduce them and state the main
result of this paper and see how it improves the previous results.

First, let us consider the case a = 0 which corresponds to the situation of no gravity in the
physics literature. If 0 < t < 1, then we have only topological solutions and it was shown in
[22] that (1.1) possesses a unique topological solution. When 7 = 1, only type I solutions are in
consideration and it was proved in [13,21] that for each 8 € (0,2N> —2Nj; —2) (1.1) has a type |
solution satisfying

v(x) = (2N; —2N2 + B)In|x| + O(1) as |x|— ooc. (1.4)
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It is not yet completely known for the borderline case 8 = 2N, — 2N; — 2 in Table 1.1 whether
there is a solution or not. In this case, v(x) = —2In|x| 4+ o(In|x|) as |x| = oco. If Ny =0 and
Nj > 2, then a partial answer was given in [13] such that (1.1) allows a type I solution satisfying
that

v(x) =—2In|x| —2Inln|x|4+ O(1) as |x]| — oo. (1.5)

Next, we turn to the case a > 0. There have been several works on the existence and properties
of solutions of (1.1) for the cases Tt = 0 and t = 1. First, we consider the case t = 0. In [15,25],
the authors proved that if

0<a(Ni+N») <1, (1.6)

there exists a topological solution of (1.1);—¢ with 0 = 0 for any ¢ > 0. In [12], the authors
constructed nontopological multi-string solutions. Up to now the existence of solutions of (1.1)
is proved under the condition (1.6), and the other cases are not solved yet.

On the other hand, for more efficient approach on the existence of solutions without the re-
striction (1.6), one may consider the simplest case d» = 0 and py,| =--- = pg,,1 = 0 and study
radially symmetric solutions v(r, s) of

1
V=0 =r" N fo(v,a,e), r=|x|>0,
r

v(r,s) =2NiInr +s+o0(1) near r =0, (1.7)

v(x)=C2N1+B)Inr+0(1) as |x|— oo.

Then, for any possible values of aN; > 0 which is not restricted to (1.6), the authors in [9,
14] completely classified the range of 8 for which (1.7) allows topological, type I and type II
solutions. See [14] more details. When v = 0, another simple case is that d; =0 and p; 2 =
-+ = pg,,2 = 0 and we have the following radial equation:

1
Vv =r "M fo(v,a,), r=|x|>0,
r

v(r,s)=—2NyInr +s+4+o0(l1) near r =0, (1.8)
v(x)=(=2N+ B)Inr + O(1) as |x]|— oo.

This equation can be studied by the symmetry property of fy. Indeed, since fo(—v) = — fo(v),
if v is a solution of (1.7) with the replacement of Ni by Nj, then —v is a solution of (1.8).
If 0 < t < 1, such a symmetry is broken and we have to consider (1.7) and (1.8) separately.
Furthermore, there might happen some difficulty in analyzing for the case 0 < t < 1 which is
distinguished from the case v = 0. We will report this aspect elsewhere later.

Next, we consider the case T = 1 which is the main interest of this article. In this case, the
situation is quite different from that for T = 0. For the full equation (1.1), we have the following
known result.
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Theorem A (/6,19]). If Ny > N1 + 2, then for each
B € (0, 2N, —2N; —2), (1.9)

there exists ag € (0, 1/N3) such that for all 0 < a < ag, (1.1) possesses a type I solution such
that

v(x) =(=2N2+B)In|x|+O0(1) as |x|]— o0 (1.10)

Theorem A provides the existence of only type I solutions under some restrictions on a:
smallness of a and the condition

0O<aN, < 1. (1.11)

Moreover, by comparing (1.9) and Table 1.2, we cannot be sure whether the range (1.9) of 8
is sufficient and necessary for the existence of type I solutions. To enhance such conditions and
identify the better range of 8, one may the simplest cases that there exists only one string or
antistring point: eitherdj =0 and p1p == pg,2=0,0ordo =0and p1,;; =+ = pg;,;1 =0.
The former case corresponds to

1
V- =r22M2 £ (v, a,e), r=]|x|>0,
p fi( ) x| (1.12)

v(r)=—-2NInr +s+o(l) near r=0,

and the latter case is

1
V' + v = filw,a,8), r>0,
p fi( ) (L13)

v(r)=2NiInr +s+o0(1) near r=0,

where

4e?
fi(v,a,e) = 2(1 fev)lta’

Regarding the radial equations, we have the following known result about type II solutions.

Theorem B (/23]). If N> > 1 and (1.11) is valid, there exists one parameter family of type Il
solutions v of (1.12) satisfying (1.10) for some B > 2N>. If 0 < a < 1, then B satisfies

B >4N>, +4(1 —aN,). (1.14)

The result of Theorem B also has the restriction (1.11) and the range (1.14) of 8 may not be
completely identified in view of Table 1.2. In this point of view, even for the radial cases (1.12)
and (1.13), only few results are known for the case t = 1. The value a N is very important in the
classification of solutions. In particular, Theorem A and Theorem B provides some ranges of
only for the case 0 < aN, < 1. The aim of this article is to identify the sufficient and necessary
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conditions of S for the existence of radial type I and type II solutions of (1.12) and (1.13) without
any restriction on a N7 and thus classify all possible solutions.

To state the main results of this paper, we set up some notations. First, regarding the equation
(1.12), if we set u(r) = v(r) + 2N, Inr, then

4r 2aN, P

" 1 /
W+ —u =:g1(u,a,¢), r=Ix|>0,
r

= _82(’,21\/2 + ett)l+a (1.15)
u(ry=s+o(l) near r=0.

We note that if u is a solution of (1.15) if and only if

r t
1
u(r):s+/;/yg1(u(y),a,s)dydt.
0 0

Then, by applying the standard Picard iteration, one can see that (1.15) possesses a unique global
solution for any values of a, N» > 0 and s € R. We denote by u(r, s, a, N2) the unique global
solution of (1.15) and write v(r, s, a, Np) = —2N> + u(r, s, a, N»). As mentioned earlier, we are
interested in the solution satisfying that

[e¢]

B(s) = B(s,a, N») :/rl_zaszl(v(r,s,a, N2),a,e)dr (1.16)
0

is finite. Indeed, it is shown later that given a > 0 and N> > 0, B(s, a, N2) < oo for any s € R.
By a standard argument, one can see that

v(r,s,a,N2)=[—2N2+,B(s,a,N2)]lnr+0(lnr) as r — oo. (1.17)

In the following, we will write 8(s), v(r, s) or v(r) for simplicity as long as there is no confusion.
The first main result of this paper is the following theorem providing a complete classification
of solutions of (1.12) without any restrictions on the value a N> and identifying the exact range
of B.

Theorem 1.1. Let a be a positive real number, No be a positive integer, and v(r, s) be a solution

of (1.12).

(1) If0 <aN, < 1, then there exists a unique s, = s (a, N2) such that the following hold.
(i-a) If s > sy, then v(r, s) is a type Il solution satisfying

v(r,s) =[-2N2+ B(s)]Inr + 1 + O(r¥9#) (1.18)

for some constant [ = I (a, N2, s) as r — 00. The function B : (sx, 00) — (4/a, 00) is
continuous, bijective, and strictly decreasing.
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(i-b) If s < sy, then v(r,s) is a type I solution. The function B : (—00, sx] — (0,2aN, +
2Ny — 2] is continuous, bijective, and strictly increasing. For s < sy, we have

v(r,s) =[=2N2 4+ B(s)]Inr + I + O (r2~2N2=2N2tB) (1.19)
for some constant I = I(a, Na,s) asr — 00. If s = sy, then
v(r,s) =[2aN> —2]Inr — 21Inlnr + O(1) (1.20)

as r — oo.
(ii) Suppose that aN, = 1.
(ii-a) If 0 < Ny < 272, then for any s € R, v(r,s) is a type II solution such that B(s) =
4N;. Moreover,

v(r,s) =2NoInr + I+ O(r~?)

for some constant I = I (a, N3, s) as r — oo.
(ii-b) If N» > 2¢72, then for any s € R, v(r,s) is a type I solution of (1.12) such that

B(s) =2N; — 2\/W. Moreover, if Ny > 2672, then as r — 00,
v(r,s) = —2v/Na(Ny — 26~ 2) Inr 4 I 4 O (r 2V N2(N2=2e72))
for some constant I = I(a, Na, s). If N, = 2672, then
v(r,s) =—=2Inlnr+0({) as r— oo.

(iii) If 1 < aNy <2, then there exists a unique s, = s«(a, N2) such that the following hold.
(ili-a) For s < sy, v(r,s) is a type Il solution of (1.12) and satisfies (1.18) The function
B : (00, 5x) = (2N2,4/a) is continuous, bijective and strictly decreasing.
>iii-b) For s > sy, v(r,s) is a type I solution of (1.12) and satisfies (1.19) The function
B : (54, 00) — (0,2N>) is continuous, bijective and strictly decreasing.
(ili-c) For s = sy, v(r, Sx) is a topological solution of (1.12) and satisfies that

v(r, s¢) = I + O (r2720N2) for some I as r — 00.

In particular, B(sy) =2N».
@iv) IfaNy =2, then v(r, s) is a type I solution of (1.12) for every s € R and satisfies (1.19). The
function B : R — (0, 4/a) is continuous, bijective and strictly decreasing.

Now, let us turn to the second problem (1.13). As for the equation (1.12), we have a global
unique solution v(r, s) = v(r, s, a, N1) for any s € R. With the same notation

oo

B(s)=PB(s,a,N1) = /rf1 (v(r, s,a, N1),a, e)dr,

0

if v(r, s) is a solution of (1.13), then
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v(r,s)=[2N1 +ﬂ(s)]lnr+0(1) as r — o0. (1.21)
The second main result of this paper is the following.

Theorem 1.2. Let a be positive real number, N1 be a nonnegative integer, and v(r, s) be a solu-
tion of (1.13). Then, v(r, s) is a type Il solution for any s € R. The function

4(1 —aNl)}, oo)

B:(—00, 00) = (max[O, P

is bijective and strictly decreasing. Furthermore,
v(r, 5) = [2N1 + B($)]Inr + [ + O(rFH2eN174F)
for some constant I = I(a, N1, s) as r — oo.

The proof of Theorem 1.1 is given in Section 2 and Section 3. The proof of Theorem 1.2 is
given in Section 4.

We point out some important features of Theorem 1.1 and Theorem 1.2. First, Theorem 1.1
provides the possible range of antistring number N> in terms of a for the existence of type I
and type II solutions. We give a complete description of radial solutions by classifying all the
possible solutions. Second, Theorem 1.1 improves previous results on the range of 8. The state-
ment (i-a) says that if 0 < aN> < 1, the optimal lower bound of 8 is 4/a for type II solutions,
which improves (1.14) since 4/a > 4N, 4+ 4(1 —aN,) for 0 < a < 1. Moreover, statement (i-a)
tells us that if 0 < aN; < 1, for each g € (0,2aN, + 2N, — 2] we have type II solutions sat-
isfying (1.17). This enhances the range of 8 in (1.9). Third, Theorem 1.1 also provides us the
existence and nonexistence of type I and type II solutions for the case aN > 1. There have been
known no results on the existence of solutions of (1.12) for the case a N, > 1 as far as we know.
Thus, Theorem 1.1 exhibits a new result about the radial solutions in this case and may give
an insight for the possible values of B for multi-string solutions of (1.1). In particular, we see
that if 1 <aN> < 2, then (1.12) possesses a topological solution which cannot be observed if
a = 0. So, this gives us another difference between the case a =0 and a > 0. In the physical
literature, a represents Newton’s gravitational constant and thus the existence of topological so-
lutions manifests the effect of gravity in the underlying space—time manifold where the Maxwell
gauged O (3) sigma model is considered. Fourth, Theorem 1.2 gives a new result about the radial
case when Nj > 0 and N, = 0. Finally, it is an interesting open question to find type I and II
multi-string solutions of (1.1) which satisfies the behaviors (1.4) and the decay rate 8 assumes
the ranges in Theorem 1.1 and Theorem 1.2.

Here, we give outline of this paper and explain ideas for proof. In section 2, we consider the
case 0 < aN; < 1 and focus on the proof of Theorem 1.1 (i). We classify all possible solutions
by using the decay rate 8. Main tools for proof are standard shooting methods, Pohozaev identi-
ties, and Sturm—Liouville type comparison arguments. In particular, we deal with a generalized
version of the equation (1.12) by allowing N> to be a positive real number. This setup will be
very useful in constructing radial solutions of (1.12) when 1 < aN> < 2. In section 3, we prove
the other parts of Theorem 1.1, namely study (1.12) for the case a N> > 1. One of the main diffi-
culty for this case is that 7' =2N2 is not integrable near r = 0. So, in estimating an integral of the
nonlinear term r 1 =242 f1(v, @) on a bounded interval including r = 0, we cannot extract the non-
linear term f] by bounding it by its sup norm. Moreover, in integrating by parts by multiplying
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(1.12) by rv’, which is a very standard idea, it is inevitable to face the term (2 — 2aN,). Various
arguments in Section 2 for the case 0 < a /N, < 1 depends on the positiveness of (2 — 2aN,) and
thus are no longer valid for the case aN, > 1. To overcome such difficulties, we consider the
transformation 9(r, §) = v(r 1, s). Then, v(r, s) is a solution of (1.12) with 1 <aN, < 2 if and
only if 9(r, §) is a solution of

N DA sl

'+ = =r72NV2 f1(Da), r>0,
r

0(r,5) =5 +o(l), near r=0,

with 0 < &]\72 < 1. Here, s, a, Nz are suitably chosen. Then, from the result of Section 2, we
can obtain the existence and properties of solutions 0(r, §) of the transformed equation and then
interpret them for v(r, s). For aN> > 2, we use a similar argument by using a modified version of
(1.13) as a transformed equation. Finally, in section 4, we prove Theorem 1.2. We get results for
a generalized version the equation (1.13) which are used in Section 3 as transformed equations
in several different places.

2. The case 0 <aNy <1and Ny =0

In this section we prove Theorem 1.1 when a is a positive real number, N, is a positive integer,
and 0 < aN, < 1. In other words, we prove Theorem 1.1 (i). For later use, it deserves to introduce
a generalized version of (1.12) as follows. Given real numbers a, b, N satisfying that

a,b>0, N>0, O<aN <1, 2.1

we consider the following equation

1
v+ —v =r2N £ (v, b, g), r>0,
p fi( ) 2.2)

v(r)=—2NlInr +s+o(l1) near r=0.

This generalized version will be used in the proof for the case 1 < aN> < 2 in the next section.
By Picard’s iteration argument, it is not difficult to see that (2.2) allows a unique global solution
for each s € R. We denote by v(r, s, a, N, b) the unique global solution of (2.2). We also define

o0
ﬂ(s,a,N,b)=/rle“Nfl(v(r,s,a,N,b),b, e)dr > 0.
0

We want to find solutions such that B(s, a, N, b) < co. In fact, for every s € R,  is finite. See
Lemma 2.2 below. Then, by a standard argument, it holds that

v(r,s,a, N,b) = [ — 2N + B(s,a, N, b)] Inr +o(Inr) as r— oo. (2.3)
If there is no confusion, we will often write v(r, s), B(s) and f (v, b) instead of v(r, s,a, N, b),

B(s,a, N,b), f(v,b, e) and so on. One can easily check that v is a solution of (2.2) if and only
if
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r t
1
v(r,s)=—2NInr+s + / " /ylfz“Nfl (v(y, s), b)dydt. 2.4)
0 0

We will often use this formula. In this section, we want to classify all solutions according to the

shooting parameter s and the asymptotic decay rate B(s) at infinity. Proposition 2.1 gives us the
answer for this question.

Proposition 2.1. Let a, b, N be positive real numbers such that 0 <aN < 1.

() If 0 <aN <1 — N, then v(r,s) is a type Il solution for all s € R. The function p :
(—00, 00) = (Bu.N,b, 00) is continuous, onto, and strictly decreasing, where

_ 4(14bN —aN)
BaNp=—"T—".
b
In addition,
v(r,s) =[=2N + B(s)1Inr + I + O (r>~2aN+2bN=0p) (2.5)

for some constant I =1(a, N, b, s) asr — oo.

(i) If 1 — N <aN < 1, then there exists a unique number s, = sy (a, N) such that the following
hold.

(ii-a) If s > sy, then v(r, s) is a type Il solution satisfying (2.5). The function B : (s4, 00) —
(ﬁm N.b, O0) is continuous, onto, and strictly decreasing.

(ii-b) If s < sy, then v(r,s) is a type I solution. The function B : (—oo, 5] — (0,2aN +
2N — 2] is continuous, onto, and strictly increasing. For s < sy, we have

v(r, s) =[=2N + B(s)]Inr + I + O(r>~2aN—2N+8) (2.6)

for some constant I = I(a, N, s) asr — 0. If s = sy, then

v(r,s) =[2aN —2]Ilnr —2Inlnr + O(1) 2.7

asr — OQ.

We note that if N is a positive integer with 0 < aN < 1, then we are led to the case (ii) in
Proposition 2.1. Thus, letting b = a, we have the result of Theorem 1.1 (i). The basic strategy of
the proof of Proposition 2.1 is the standard argument of shooting methods and Sturm—Liouville
type comparison arguments as in [7,10,11,14]. The verification of each statement of Proposi-
tion 2.1 is carried out by a series of Lemmas below.

According to the shooting parameter s € R, we obtain two different kinds of solutions of
(1.12) as follows. Let us define

At ={seR |V (rg, s) =0 for some ry > 0},

A" ={seR |V (r,s) <0 forall r >0}.
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Since rv’ is increases with respect to r > 0, for each s € A there exists a unique point z(s) such
that v’ (z(s), s) = 0. Since v”(z(s), s) > 0, it comes from the Implicit Function Theorem that z(s)
is C! and A" is open. Thus, A~ =R\ A" is closed. We also denote by m(s) the minimum of
v(r, s) for s € AT, namely,

m(s) =v(z(s),s) = migv(r, s) for seAT.

We note that v(r, s) is a type II (type L, resp.) solution of (1.12) for s € A™(s € A~, resp.). In-
deed, suppose that s € A™. Since v(r, 5) is increasing for r > z(s), there exists lim, s oo V(7, §) =
A € (—00, o0]. Suppose A < o0o. Then, there exists ro > 0 such that A — 1 < v(r, s) < A for all
r > rg. Thus, (rv')’ > cor' =24V for some constant ¢y > 0. Integrating this inequality twice on
[ro, r], we obtain

2—2aN

’ cory r
v(r,s) > v(rg,s) + [rov (roys)_m 111(%)—{-
B (2.8)
co (r2-2aN _ rg—ZaN).

(2 —2aN)?

Letting r — 00, we see that v(r, s) — 00, a contradiction. Hence, v(r, s) — 0o as r — 0o, which
implies that v(r, s) is a type II solution. Similarly, if s € A7, then v(r, s) - «a € [—00, 00) as
r — oo. If « > —oo0, then f(v, a) is bounded below by a positive constant at infinity such that
(2.8) is still valid for a different value of ¢g. Hence, v(r, s) — 0o as r — 00, a contradiction. So,
foralls € A=, v(r,s) —> —oc0 as r — 00.

We remark that the above argument may not hold for the case a N > 1 since the right-hand
side of (2.8) might not blow up to co. In other words, for s € A (resp. s € A7), it might happen
that v(r,s) /" o (resp. v(r, s) \y o) for some number o € R. In this case, v(r, s) corresponds to
a topological solution. This indeed happens for the case 1 <aN < 2. See the next section.

Let ¢(r,s,a, N,b) = dv(r,s,a, N, b)/ds be the unique solution of

1 _
(,0// + ;QO/ —r 2“Nf{(v(r, S), b)q),

9(0,9)=1, ¢'(0,5) =0,

(2.9)

where

4e’ (1 — be")
! —_
NeD =G e

We denote ¢(r, s) = ¢(r, s, a, N, b) for simplicity if there is no risk of confusion. We also define
we(r, §) =rv/(r, s) + ¢ for c € R. Then, w, satisfies

1
w( 4wl =r 2N f{ (00 5), b)we +r N de(r5), .10,

we(0,5) =—2N +c¢, w.(0,s)=0,

where
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®c(r,5) = (2—2aN) fi(v(r,5),b) — cf{(v(r.s),b)

4eV(5) {[(2 —2aN) + Cb]ev(r,s) + [(2 —2aN) — C]} (2.11)
- e2(1 + ev(r9)2+b :

‘We note that
if v'(r, s) <0, then ¢(r,s) > 0. (2.12)

Otherwise, let rg be the first zero of ¢ such that v'(rp, s) < 0. Then, comparing ¢ and wg, we
obtain

ro
0= —rowo(ro. )¢/ (o, 5) = / 2= 2aN)r' =2 £, (v, b > 0,
0

which leads to a contradiction. A simple consequence of (2.12) is the following:
if s € AT, then m(s) is increasing. (2.13)

Indeed, we have

m'(s) =v'(2(s), 5)2' () + @(2(s), s) = ¢(2(s),5) = 0.

Lemma 2.2. For all s € R, B(s) is finite and continuous on AT and A~. Moreover,

{,B(s)z[Z—i—Z(b—a)N]/b for seAt,
(2.14)

0<pB(s)<2aN+2N -2 for se A" .
In particular, if0 <aN <1 — N, then AT =R.

Proof. Since rv/(r, s) is monotone, there exists

o0
—00 < ¢y i= rl_i)ngorv/(r,s) =—2N + /rle”Nfl(v(r, §),b)ydr = —=2N + B(s)
0

for all s € R. If ¢; = oo, then r' 24N £, (v(r, 5), b) is integrable on R. So B(s) is finite which
implies that ¢; < 00, a contradiction. Hence, |cg| < co. Moreover, by the integrability condition,
1 —2aN + 2bN — b < —1 for any s € A". Thus we have B(s) > [2 + 2(b — a)N]/b for
se At Similarly, if s € A7, then 0 < B(s) <2aN + 2N — 2 which implies that aN > 1 — N.
In particular, if 0 < aN <1 — N, then A~ = (). The continuity of § is a simple consequence of
the Lebesgue Convergence Theorem. O

Remark 2.3. In the proof of Lemma 2.2, to show the finiteness of S(s), we only used the inte-
grability condition in the contradiction argument. So, the range (2.14) hold true for any values of
a,b, N >0,and s € R.
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Lemma 2.4. Suppose that | — N < aN < 1. Then, there exists a number s, = s(a, N,b) € R
such that A~ = (—00, s4] and AT = (84, 00).

Proof. First, we claim that s € AT for s > 1. Otherwise, there exists a sequence s, — 0o such
thats, € A~. Letr,, R, be unique numbers such that v(r,, s,) = 1 and v(R,, s,) = 0. Obviously,
rm < Ry,.Since 1 > —2NInr,, + s, by (2.4), r, = 00 as s, — 00. Since

rv'(r,s) > —2N forall r >0, (2.15)

integrating this inequality on [r,, R,], we obtain that (r,,/R,) < exp(—1/2N). Then it follows
that

Rn

2NzRw%&wu—mwmaw=/?“wfﬁ@m%LMW

n

R2—2aN r 2—2aN
>_n_ . [1 N ] - inf b
—2—-2aN (Rn) (()gnulglfl(v ))

2—2aN
Rn

_ 2-2aN .
Zz-zaN'(l_e 2N)'(oé321f1(”’b)) -

as s, — 00, which yields a contradiction.
Next, we claim that s € A~ for s <« —1. Assume the contrary. Then, there exists a sequence
s, — —oo such that s,, € AT. Since

1 r

wLm=M+/1/f4”ﬁ@mMLMMW=M+0m,

0 0

~

we have that v(l,s,) - —oo as s, - —o0. Let #, < 1 be the first point such that v(,, s,) =
v(1, s,)/2. Then, integrating (2.15) on [z, 1], we see that v(1, s,)/2 > 2N Int,, which implies
that #,, — 0. Moreover, it holds that

1 th 1
v/(l,sn)—i-ZN=/r172aNf1(v,a)dr=/—|—/
0 0 tn
t’%—ZaN ”fl ”oo 4ev(l,s,1)/2(1 _ tl%—ZaN)
2 —2aN §2(2 —2aN)

— 0,

which tells us that v'(1,s,) - —2N as s, — —oo. In particular, z(s,) > 1 for all large n.
Since 1 — N <aN < 1, we can choose § € 2 —2aN — N,N) and T,, € (1, z(s;)) such that
T, (Ty, s,) = —(N + 8). Since rv'(r,s,) < —(N + 8) for r € (1, T;,), we have ") <
eV sn)p=(N+9) for 1 € (1, T,). Then it follows that
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Ty
0<N—=840(1)=Tw (Tp,spn) —v'(1,5,) = /rl’z“Nfl(v, a)dr
1

T,

4 4ev(l Sn)

_2/ 1=2aN 0(20) g < . / 1-QatDN=5 5.
1

1

as s, — —o00, a contradiction.

Finally, we show that both A" and A~ are infinite intervals. It suffices to show that if
(s1,52) C AT is a finite interval, then s, € A™. Fix a number sg € (s, s2). Then, by (2.13),
m(s) > m(sg) for all s > s¢. So, v(r, s) > m(sg) forall » > 0 and s > s¢. Since v(r, s) — v(r, 52)
locally uniformly on R, we conclude that inf,.qv(r, s2) > m(so) and thus s, € AT. Now we
finish the proof by letting s, =inf{s : s € AT}. O

Lemma 2.5. We have

lim m(s) =00, for O0<aN <1,

S—> 00

lim m(s) = —o0, for 1—N <aN <1,
S N\Sx

lim m(s)=—o00, for O<aN<1-N.
§—>—00

Proof. For the first limit, by (2.13) it suffices to show that sup,. 4+ m(s) = co. Assume to the
contrary such that & = sup,. 4+ m(s) < co. Choose an increasing sequence s, — oo and let
zn =2(sp). By (2.4),

& >m(sy) =v(zp,8n) = —2N1Inz, + ;.

Hence, z, — o0. Let r, € (0, z,;) be the unique number such that v(r,, s,) = m(s,) + 1. As in the
proof of Lemma 2.4, we have (r,/z,) < exp(—1/2N). Since £ — 1 <m(s,) <v(r,s,) <&+ 1
for r, <r < z, and large n, it follows that

Zn

2N2/r172“Nf1(v(r, sn),b)dr

n

2—2aN

>L.(1_e—#).( inf f](v,b)> - 0
~2-2aN §-lsv=g+l

as n — oo. This gives us a contradiction.

The second limit comes from the continuous dependence of solutions on the shooting param-
eter s. Indeed, by a standard argument one can show that v(r,s) — v(r, s4) locally uniformly
on (0, 00) as s N\ s«. Since v(r, s,) — —00 as r — 00, the result follows. The third limit comes
from the observation that by (2.4), v(l,s) =s + O(1) > —oco as s > —oo. O
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‘We introduce two functions:

4
Gw,b)=———
D) == T T ev)
H(v,b) = G( b)+4 a PR S
v, = v, _— —_ .
be2 ~ be2 (1+ev)b

Then, 0G/dv=0H/dv = f1(v,b), and

4

1
b)=—— b)— —
G.b) == fi(vb) = gy

HWw,b) = ! b 4 1 !
(1), )—_Efl(va )+ﬁ{ —W}

Multiplying (2.2) by rv'(r, s), we obtain the following identities: for s € AT,

1

E(rs):= 3 (rv')? = 2N = 22N G (u(r, 5), b)
r
=—(2—2aN) /zl—MG(v(z, 5), b)dt,
0
and fors € A,

1

F(rs):=> (r)? = 2N% — 272N H (u(r, 5), b)

=—(2—2aN)/t‘*zﬂNH(u(z,s),b)dt.
0

Using (2.17) and (2.18), we get the following Pohozaev type identities.

Lemma 2.6. If s € AT and 0 < aN < 1, then

B(B—4N) = —(4—4aN) / 126G (v(r,9), b) dr,
0

o0
- 16 — 16aN pl=2aN
BB~ Buns) =~ / Ty
0

where ,B_a,N,b =4(1+bN —aN)/b. Ifs€e A~ and1 — N <aN < 1, then

YJDEQ:9146
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(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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o0
B(B—4N)=—(4—4aN) / r' 2N (u(r, ), b) dr, (2.21)
_ 16 — 16aN 2N
B(B — Bans) =~ / (1+e”)1+b]r N, (2.22)

In particular,

ifse At and 0 <aN < 1, then B(s) > Ba.n.b > 4N,

(2.23)
ifse A" and1 — N <aN <1, then0 < B(s) <2aN +2N —2 < 2N.

Proof. First, suppose that s € A™. Since by Lemma 2.2
lim r2_2“NG(v(r, s), b) =

r—>00

we deduce from (2.17) that

% [—2N + B(s)]> —=2N? = —(2 — 2aN) /rl_zaNG(v(r, 5), b)dr

(2—2aN) 4 [ opi-2an
D — p(s) + Wd )

which implies (2.19) and (2.20).
Next, we assume that s € A~. By Lemma 2.2,

lim rz_zaNH(v(r, s), b) =0.

r—>00

So, (2.18) implies that
1 2 2
7 [-2N + B(s)]" — 2N

= —(2—2aN)/r1_2“NH(v(r,s),b)dr

1+ev)1+b

Z_(Z_bﬂ —,3(5)‘1‘;12/[1—( 1 i|r1_2“Ndr
0

Thus, (2.21) and (2.22) follows.
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Finally, in view of Lemma 2.2 and (2.19)—(2.20), we deduce that

(2.24)

s € AT = B(s) > max{4N, Bu N b} = Ba.N b
seA” =0 < B(s) <min{2aN + 2N —2, Ba.ny.»} =2aN +2N — 2,

which proves (2.23). O

In the following four lemmas, we identify the exact ranges of B(s) for s € AT or s € A™,
and prove that 8 is monotone on both A* and A~ This means that we can classify solutions of
(1.12) by their decay rates. We begin with the set A™.

Lemma 2.7. [f0 <aN <1 — N, then
lim B(s) = Bu.N.b» lim B(s) = oo. (2.25)
§—>00 §—>—00

Hence, B : (—00, 00) = (Ba.n.b, 00) is onto.

Proof. We recall that s € AT for all s € R. If follows from (2.20) that

4 —4aN 4 —4aN
,3(,3 ,BaNh) 4 / 1=2aN, U fi(v,a)dr < ba m(s)ﬂ.

Letting s — oo, we obtain the first limit of (2.25) by Lemma 2.5.

For the second part of (2.25), we claim that z(s) — oo as s — —oo. To see this, we recall
from Lemma 2.5 that m(s) — —oo as s — —oo. Since f(v, b) is uniformly bounded for all
v € R, we can choose small § > 0, which is independent of s, such that

§
SV'(8,5) = —2N + /rlfzuNfl(v(r,s),b) dr <—N.
0

Given any R > §, it follows from (2.4) that v(r, s) = s + O (1) — —oo uniformly for all » € [§, R]
as s — —oo. Here, O(1) is a quantity independent of » € [§, R]. Now, for s < —1,

R
RV (R, s)=68V'(8,s) + /rl_2“Nf] (v(r, s), b)dr < —N 4+ o(1) < 0.
s
Thus, R < z(s) for all s << —1 and the claim follows.

Suppose that the second part of (2.25) is not true. Then, there exists a sequence s, — —00
such that 8(s,) < ¢ for some constant ¢ > 0. Then

0<v'(r,s;) <(c—2N)/r forall r>z,=2z(sy). (2.26)
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Since m(s,) — —o0, we can choose ry,, R,, € (z,, 00) such that v(r,, s,) =0 and v(R,, s,) = 1.
We note that r,, < R, and R, — o0 as s, — —00. By (2.26),

Ry

1:/1/(;’, sp)dr < (c —2N)In (&>
'n

Tn

Then, we deduce that

Ry
c=fsn) = |: inf f) (v’b)]/rl—ZaNdr
0<v<I
Tn

2—-2aN

> | inf b Ry
> Osnl}flfl(v, )|

2—2aN
c—=2N — 00,

- r . (1 —e
(2 —2aN)
a contradiction. 0O

Lemma2.8.[f1 — N <aN < 1 and s < sy, then B(s) is strictly increasing.

Proof. For s < s, let

A(s) = (4 —4aN) / r' 72N H (v(r, s), b) dr
0

o0
=16—16aN/r1_M . 1 "
be? (14ev(r, 5))
0

We note from (2.12) that A(s) is a strictly increasing function. Let us rewrite (2.21) as

B(s)[B(s) —4N] = —A(s).

So, we have

B(s) =2N £ VAN2 — A(s) =: BE(s).

If =", then2N < 8 <2aN +2N —2by (2.23) and thus aN > 1, a contradiction. Therefore,
B =" and B~ is an increasing function of s. This gives us the desired result. O

Lemma 2.9.If1 — N <aN < 1, then

Jim p(s)=Pans.  lim fls)= oo, (2.27)

and
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lim B(s)=0,  B(sx)=2aN +2N —2. (2.28)
§—>—00

In particular, B : (54, 00) — (Ba,N,bs 00) is onto and B : (—00, s4.] = (0,2aN + 2N — 2] is onto.

Proof. The first part of (2.27) is the same as the proof of the first part of (2.25). Since
v(r,s) — v(r, s,) locally uniformly as s N\ sy, it holds that z(s) — oo and m(s) - —oo as
s \y Sx. Then, the second part of (2.27) follows from the same argument for the proof of the
second part of (2.25).

Now we turn to the proof of (2.28). By (2.23) and Lemma 2.8,

limsup B(s) <2aN + 2N —2. (2.29)

§—>—00

We note from (2.4) that v(1,s) =s + O(1) > —oo as s — —oo. Hence, there exists a unique
rs < 1 such that v(rs, s) = s/2 as s - —o0. Moreover, ry — 0 as s — —o0. Since v(r, s) K —1
for r > rg, it comes from the Taylor expansion that as s — —o0,

[o,9]

1 1-2aN
IR

s

IA

/(1 + b)e’r' 72N gy

Iy
1 00
(1 +b)ev(r5,s)/rl—2aNdr+(1 _i_b)ev(l,s)/rl—ZaN—ZN-i-ﬁdr — 0(1)

rg 1

IA

Here, we used the fact that rv/ < —2N + B for all r > 0 such that v(r,s) < v(l,s) +
(=2N + B) Inr for r > 1. We also utilized (2.29) to see the last integral is finite. Then, by (2.22),
it holds that

=~ 16 16 N
B(B — Ban.p) = a / — ev)l+b]rl_2aNdr

16—16aN / [ [
i [
0 s

as s — —oo. Now, keeping (2.23) in mind, we conclude that 8(s) — 0 as s — —o0.

It remains to show the second part of (2.28). We recall that 0 < 8(s) <2aN + 2N — 2 for
any s € (—o0, sx]. Suppose that B(sx) <2aN + 2N — 2. Choose a constant & € (0, #) such
that B(sx) <2aN +2N —2 —4&. Let rg > 0 be the unique zero of v(r, s,) such that v(r, s,) > 0
for r < rg and v(r, sx) < O for r > rg. For k = 1,2, let hy : (0, 00) — R be a smooth function
such that hg(r) = —1 4+ QaN — 2 — k&) In(r/rg) for r > ro and hi(r) < O for r < rg. Thus,
hi(r) < v(r, sy) for r < rg. By comparing the decay rates of s (r) and v(r, s,) at co, we notice
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that Ay (r) and v(r, s,) must intersect. If ¢ is the first intersection point of hi(r) and v(r, s4),
then there are no more intersection points. In fact, if 7 is the second intersection point of A (r)
and v(r, 54), then

—2N + B(sx) > FV'(F, 85) = Fhy (F) = 2aN +2 — k&,

which contradict to the choice of &£. Thus, i1 (r) and v(r, s,) intersect exactly once at ry.

Now, let s, € AT be a sequence such that s, N\ s«. Then, for all s, sufficiently close to s,
the graphs of h(r) and v, (r) = v(r, s,) meet at least twice. Let t, x and T, x be the first two
intersection points of iz and v, with r¢ < #, x < Ty x. Since rv), is increasing, if r > T, x, then

rv;, (r) > Tn,kU;;(Tn,k) > Tn,kh;g(Tn,k) = rh;{(r).

This implies that v, (r) > hg(r) for r > T, ;, namely, the graphs of /; and v, meet exactly twice
att, r and T, . We alsonote that 1, | <t 2 <Tp2 <Tn1.

Since A (r) and v, coincide at #, x and T, ¢, by Rolles’ Theorem there exists 1, x € (t4.k, Tn k)
such that

2aN —2 — k&
—_— <<
N,k

VU (k) = By (i) = 0. (2.30)

Obviously, .k < Muk < Zn = 2(s). Moreover, from the continuous dependence of solutions
on s, it follows that 1, — oo and v,(1,.x) — —00 as s, \( Sx. Since the graph of &y lies
above the graph of v, on (1, T,.x), we deduce from the Taylor expansion of H that for r €

(nn,la Tn,k)s
rl—ZaNH(vn(r)) S izrl—ZaNev,,(r) 5 Crl—ZaNehk(r) S Cr—l—ké. (231)
&

We have two choices: either ¢, 1 <z, < Ty,,1 or Ty,1 <z,.If t,1 <z, < Ty 1, then it comes
from (2.17) and (2.31) that

E(zns $n) — E(n,1, 50) = —(2 — 2aN) / r' 2N H (v, (r), b)dr = o(1)

Mn,1

as s, \( sx. However, a direct computation yields from (2.17) and (2.30) that

E(zn, Sp) — E(’]n,l’ Sn)

_ 1
==z N H (00, b) + 1,V H (v(101), b) — S (2aN =2 §)
1 2
— —5(QaN —=2-§)

as Sy "\ S, a contradiction. Similarly, if 7,,,; < z,, then we also have a contradiction:
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Tn,l
o(1) = —(2—2aN) / r' 2N H (v(r, s), b)dr
Mn,2
= E(Tn,lv Sp) — E(nn,Z: Sn)

2 1 ) 2
=3[ mavi ] +om
2

Smavionn] +o)

1

= 3[Brvnn]
1

< 3| BT
1 2 1 2

= 5QaN =2 -7 = Z(2aN =226 +o(1)

- %§(4aN—4—3§) <0.

This completes the proof of Lemma 2.9. 0O

Lemma 2.10. For 0 < aN < 1 and s € AT, ¢ has exactly one zero and B(s) is strictly decreas-
ing.

Proof. For s € AT, by the Lebesgue Dominated Convergence Theorem, one can check that the
limit

B(s) = / P12 N f (00 ). b)¢' (. 5) dr = Tim rg/(r.5) (2.32)
0

is finite. We will show that B’(s) never vanishes for s = s,. Then, due to the limit (2.27), it
follows that 8’(s) < 0 and the proof is complete.

For simplicity, let us write v(r), ¢ (r), f(v) instead of v(7, s), ¢ (7, s), f (v, b) and so on. We
note that for all large r

rwé)(r) — r2—2Llel (U(V)) — 0(r2—2aN+2bN—bﬂ) — 0(,,—1),5/2)

Suppose that ¢ does not have a zero. Then, it is necessary that ¢ > 0 for all . Moreover, since
fi((r)) <0 for all large r, it follows that (r¢")" < 0 for all large r and lim, o r¢’(r) > 0. In
particular, |¢(r)| < CInr for some constant C > 0 and for all large r. So, we have

0> —(2~2aN) / Ap@)r' =N gdr = Tim [r¢ (wo(r) — rwg()e()] = 0,
0

a contradiction.
Let us denote by r; = r1(s) the first zero of ¢. By (2.12), r1 > z = z(s). Suppose that ¢ has
the second zero at ;. Set R be the minimum point of ¢ /wq on (r1, 2). Then,
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R
(0N, . (79 wo —rwye _ —(@2-=2aN) [ | oN
0= (w_o) (R) = (T)(R) = ) fAi(ve)pdr.  (2.33)

In particular, since wo(R) > 0 for R > z, we deduce that ¢’(R) < 0. We note that

fl’ Lo (1 —|—b)e”
<E) W)=~ o <0 (2.34)

Let = f{(v(r1)/f1((r)). Then, f](v(r)) — wfi(v(r)) > 0 on (0,r1) and f](v(r)) —
wf1 (v(r)) < 0on (r1, 00). So, [fl’(v(r)) — ufi (v(r))]<p(r) > 0on (0, R). By (2.9) and (2.33), it
follows that

R R

0 < /rl—ZaN[fl/(v) — nfi)]edr = /rlfzaNfl/(v)ggdr = Rgo/(R) <0,

0 0

which is a contradiction. In the sequel, ¢ has exactly one zero at rj.

We note from (2.9) that (r¢’(r))’ > 0 for all large r. Hence, there exists lim, oo r¢’(r) = 8.
If § # 0, then B'(s) # 0 by (2.32). This implies by Lemma 2.9 that § is strictly decreasing and
the proof is complete. Now, let us assume to the contrary that § =0. If co = —(2 —2aN)/b <0,
then ®.,(r) > 0 for all r > 0. Hence,

r

0> — /rl_zaNCIDCO(r)gp(r)dr =r1¢ (r)we, (r1).
0

So, we, (r1) > 0 such that ¢; = —r;v/(r1) < cg. Then @, (r) has a zero before r;. Otherwise, we
have @, (r) <0 for all » < ry such that

ry

0<— /r172aN(DCl(pdr = (r¢'we, —rw;, ¢)(r1) =0,
0

a contradiction. We note that ®.,(r) /0 as r — 0 or r — oo. Hence ®, (r) have exactly two
zeros y1 and yp with y; < z < y such that &, > 0 on (y;, y2) and ®.; <0on (0, y;) U (y2, 00).
We have two possibilities: either y, <rj or y; <ry < y;. First, if y» <ry, then

o
0< /rl—ZaNcDCI (Ne(r)dr = lim (rw,@ —ro'we,) =0,
r1

a contradiction.
Next, suppose that y; < r; < y2. One may refer to the Fig. | for this situation. Since

rlg% (rw/wo - rw&ﬂ) = rl—i>II(;lo (Vw/wo - wa)‘P) =0
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U Y2 T
0 o Tl \
[0
—2N ¢ Wy 4

Fig. 1. Graph of wy, ¢, and @, in the proof of Lemma 2.10.

and

<0 on (0,rp),

[r¢'wo — rwypl’ = —(2 —2aN)r' 2N fi(w(r)p(r) =
>0 on (r,00),

it holds that r¢'wo — rwye < 0 for all r. This implies

/ —(r¢’wo — rwy,
(ﬂ) (= ¢ - 09) 0. forall re(0.r)U (. 00).
¢ re

Thus, if we set A1 = (wo/@)(y1) <0, then wg — A1p <0 for 0 <r < y; and wy — A1 > 0 for
Y1 <r < z. Moreover, (wo — A1¢)®P., > 0 and P, (r)(r¥—2aN _ y12_2”N) >0on (0,z). As a
consequence,

Z Z
0<X /rlfzaNCDClgodr < /r272“N¢Clv/dr
0 0

Z

< y12—2aN / O v dr = —y12_2“NQm (U(Z))
0

Here, we define

0]

Qc1 (U)Z/Kq (t)dt,

v
where ®.(r) = K.(v(r)) and K, is given by

4e'{[(2 —2aN) + cble' +[(2 —2aN) — cl}

Ke(t) = 1+ et)2+h
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On the other hand, if we set Ay = (wo/¢)(y2) <0, then wg — ¢ > 0 for ri <r < y, and

wo — A2 < 0 for r > y,. Hence, (wg — A2¢)®P¢, > 0 and P, (r)(r?—2aN _ y%_zaN) < 0 on

(r1, 00). Since § = 0, we obtain

o0 [o/0]
O=k2/r1_2“N<I>Cl(pdr </r2_2“Nd>clv/dr

r r

o0

< yg_Z“N/CDCl vdr = yg_zaN O (v(rl)).

n

In the sequel, we get Q (v(z)) < 0 < Qc (v(r1)). However, since [Q (v(r))]/ =
—®., (NV'(r) <0 on (z,y2), O (v(r)) is decreasing on (z, y2) and this inequality yields a
contradiction. O

Lemma 2.11. Suppose that 0 < aN < 1.

() If s € A, then v(r,s) = [<2N + B(s)]Inr + I + O (2 2aN+2bN=bBY for some constant
I=1I(a,N,b,s)asr — oo.
(i) If1 =N <aN < 1 and s < s4, then v(r,s) = [—2N + B(s)]Inr 4+ I + O (r2~2aN-2N+p)
for some constant I = 1(a, N, b, s) asr — oo.
(iii) If 1 — N <aN < 1 and s = sy, then v(r, s4) =[2aN —2]Inr —2Inlnr 4+ O(1) as r — oo.

Proof. Let u(r,s) =v(r,s) — (—=2N + B) Inr such that u(r, s) = o(Inr) and ru’(r, s) = o(1) as
r — o0o. We will estimate u to prove each statement of this lemma.

(i) Suppose that s € AT, Since 8 > = Ba.N.b, given any small 0 <n <  — B/2, we can
choose a large number ro > 0 such that for all » > rg, |u(r, s)| < nlnr. So,

r172aNf1 (U(r, S), b) — 0(r]72uN€7bv) — 0(r172QN+2bebﬁ+bﬂ)

_ O(r—1+h(§—/5+n)).

Integrating (ru’) = r'=2¢N f1(v) on (r, 00), we obtain that for r > rg

o0

ru' (r) = —/tl—Z“Nf] (v(t,s), b)dt,

r
and thus

M(V»S)=M(”0»S)—/%/yl_zaNfl(U(y,S),b)dydt-
ro t

Since
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o0 o0
X ]
/ - / YI72N £ (u(y, 5), bydydt < Cro? 5=F+D),
ro t

we conclude that u(r, s) = O(1) as r — o0. In the sequel,

Ool o0
u(r,s) =1 + / : / V72N £ oy, 5), b)dyd,
r t
where
o0 o0
— _ _ l 1-2aN
I=1@N.b.s)=ut0.9) = [ + [ 172V fiuy.5), by,
ro t

Since u(r,s) = O(1) as r — oo, we deduce that

001 00 ool 00
/; /y172aNfl(v(y7s)’ b)dyd[ < C/; /y172QN+2bN7b’dedt
r t r t

< Oy 2aN+2N-bp

which yields the desired estimate.

(i1) Assume that 1| — N <aN <1 and s < s,. We fix a number n such that 0 < n < 2aN +
2N —2 — B and select a large number ry > 0 such that for all » > rg, |u(r, s)| < nlnr. We note
that for r > rg

r172aNf1 (U(I", S), b) — 0(7‘172“1\]@1)) — 0(r*1+(2*2aN72N+,B+77)).

Now, proceeding as in (i), we can obtain the desired result. We omit the detail.
(iii) Assume that 1 — N <aN < 1 and s = s,. We note that

—2N + B(sy) = —2N + (2aN + 2N —2) =2aN — 2,

and u(r, s4) satisfies

4ot
Y = . 2.35
(rae) 2(1 4 rzaN—zeu)H” (2.35)

We also notice that
o
2aN +2N —2 = B(s,) / ar et d (2.36)
a — 4= Sx) = r. .
e2(1+ rzaN—zeu)1+b
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Since (ru’)’ > 0, it holds that ru’ < 0 for all r > 0. Indeed, if u’(r¢, s+) > 0 for some r( > 0, then
it holds that

-
u(r, ss) > u(ro, s) +rou' (ro, sx) In— vV r>r,
ro

a contradiction. Moreover, the finiteness of B(s,) implies by (2.36) that u(r, s,) — —oo as
r — 00.

Let 1 be the unique number such that v(r, sx) = 0. Then, it comes from (2.35) that for all
r=ri

21 =bp—leu(ns) < 82(}"1,{/(}’, s*))/ <d4r~leulrsy)
Multiplying this inequality by ru’ and integrating on [r, o0] with r > r|, we have
22=b Hu(r.s:) < gz[ru/(r, s*)]Z < 8eu(r,s*)’

namely,

V2 eu
<

/e—% 2-b/2
= =<
r 2 r

Integrating this inequality on [rq, ], we see that for all > rq

—b/2

2 u(ry,s4) 2
—2In (iln L e ) <ur s, < —21n(

r u(ry.sx)
In—+e 2 )
& r

& r

Consequently, u(r, sx) = —2Inlnr 4+ O(l) asr — oco. O
Now, by gathering the above Lemmas, we establish Proposition 2.1.
3. The caseaN; > 1and N1 =0

This section deals with (1.12) under the condition aN, > 1 and Theorem 1.1 (ii)—(iv) are
proved by Proposition 3.1, Proposition 3.3, and Proposition 3.6.

If aN; > 1, then we need more careful approach. For instance, in the previous section, there
appears the term 1 — a N> in many places and its sign was very important in deriving appropriate
conclusion. Since we have reverse sign for the case aN; > 1, it is not possible to draw some
desired results in estimates or contradiction argument through the same manner. Moreover, if
aN; < 1, then 1722 is integrable near = 0 such that

r r

/ r1=20N £ (u(r, 5), @)dt < | fillo / ri=2aNgr = 0(1)

0 0

for any fixed r > 0, where O (1) denote a quantity independent of s € R. Thus, if 7 is fixed, then
we get
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v(r,s) =—2NoInr +s+ O(1) forany seR. (3.1)

We used this type estimates in many places in the previous section. However, if a N> > 1, then
r172aN2 j5 no more integrable near » = 0 and we cannot obtain simple estimate like (3.1). To
analyze the case aN, > 1, we take the approach of [14] by using the result for the generalized

version (2.2). We employ the same notations Ai . as before. Then, by the Implicit Function

+ . _ . . . . . +
Theorem, Aa, N,.q 18 Open and thus Aa’ Ny.a 18 closed. In this section, we will often write Aa, Noa

as AT if there is no risk of confusion. As in the previous section, z(s) and m(s) will stand for
the minimum point and minimum value of v(r, s) for each s € AT. We also recall the solution
formula: v(r, s) is a solution of (1.12) if and only if

r t

1
v(r,S)=—2N21nr—|—s+/;/yl_zaNzﬁ (v(y, s),a)dydt. (3.2)
0 0

Here, we start with the case aN; = 1.
Proposition 3.1. Suppose that N3 is a positive integer and aN, = 1.

1) If0< Ny < 262, then for any s € R, v(r, s) is a type Il solution of (1.12) such that B(s) =
4N>. Moreover, as r — o0,

v(r, ) =2NaInr + 1+ O(r~2)

for some constant I = I (a, N3, s).
(i) If Na > 2e72, then for any s € R, v(r,s) is a type I solution of (1.12) such that B(s) =
2Ny — 24/ N2 (N — 2&~2). Moreover; if N» > 2672, then as r — 00,

v(r,s) = =2v/Na(Ny — 26 2) Inr 4 I 4 O (r 2V N2(N2=2e70)
for some constant I = I(a, N»,s). If No = 2672, then

v(r,s)=—2Inlnr + O(1) as r — oo.
Proof. Let us rewrite (1.12) as

4r~lev

N
(rv') = 20 renie

(3.3)
First, we claim that for any s € R, either v(r, s) — oo or v(r, s) = —00, thatis, v(r, s) is a type |
solution for s € A~ and a type II solution for AT . To see this, let us assume that v(r, s) — o for

some o € R. Then, there exists cg, ro > 0 such that (rv') > cor~! for all r > ry. Integrating this
inequality twice on [rg, ], we obtain

v(r, s) = v(ro, s) + [rov'(ro, ) — colnro|In (;—O) + CEO[(lnr)z - (lnro)z] - 00
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as r — 00, a contradiction. Multiplying (3.3) by rv’ and integrating it on (0, r), we obtain that

4

/ 2 2 _
(rv (r, s)) 2N; = —sza(l eI

(3.4)

| =

If s € AT, then by letting r — 00, we obtain (8 — 2Ny)? = 4N22, that is, 8(s) = 4N,. Moreover,
if s € AT, then by letting r = z(s) in (3.4), we get

2 2

Ny = —82(1 T < ot 3.5
Hence, if N» >2¢ 2, then AT =@ and A~ =R.
On the other hand, if s € A™, by letting » — oo in (3.4), we deduce that
’ 2 8 2
0= (B—2N2)? =4N} = =4Ns (N2 = 3). (3.6)
g%a I3

Hence, B(s) = 2N> — 24/ N2(N> — 2¢=2). Moreover, if N» < 22, then A~ =@ and AT =R.
Now, we turn to the asymptotic behavior of solutions. If N < 2¢ 2, then s € A™ forall s € R
such that as r — o0,

F1720N: £ (0 5), a) = 012Ny — o (14N — 0,
Then, following the argument of the proof of Lemma 2.11, we deduce that
v(r,s) =2NpInr + 1 + O(r_z) for some constant / = I (a, Na,s) as r — o0.
Similarly, if N, > 2672, then s € A~ for all s € R such that as r — o0,
P17 £ 0(r, 5), @) = 01 720M2et) = 0 (712N,

and hence
v(r, 5) = —2¢/Na(Ns — 26=2) Inr + I + O(r_2 N2<N2—28’2>) as  r — oo.

Finally, suppose that N, = 2672, Then, for any s € R, v(r,s) =o(Inr) and rv'(r,s) = o(1) as
r — oo. Then, employing the same argument to (3.3) as in the proof of Lemma 2.11 (iii), we
conclude that v(r, s) = —21Inlnr + O(1) as r — oo. This completes the proof. O

We now proceed with the case aNp > 1.

Lemma 3.2. Suppose that N, is a positive integer such that aNy > 1.
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(1) If1 <aN> <2, then

2N, < B(s) <g for se At

a,N»,a’

0<B(s)<2Ny for se A

a,Ny,a*

(i) IfaN2 > 2, then AS =@ and A\ =R such that

4
0<B(s)<— for seR.
a
Proof. Let us assume that a N> > 1. By proceeding as in the proof of Lemma 2.2, one can check

that B(s) is finite for any values of a and N, with aN, > 1. We note that the function G (v, a),
defined by (2.16), is bounded in v. So, if aN, > 1, then for any s € R, we have

lim r272MG(v(r, s),a) =0,

r—>00

Therefore, the Pohozaev identities (2.19) and (2.20) are still valid such that

B(B—4N2) <0, B(B—Puna) <0, VseR.

However, it is worthwhile to mention that the identities (2.21) and (2.22) are no more true since
r1_2“N2H(v(r, s), a) is not integrable near r = 0. Since B, n,,« = 4/a, we obtain that

4y 4
0<ﬁ(s)<min{4N2,—}=—, VseR.
a a

Suppose that s € A'. Then, we recall from Remark 2.3 that (2.14) is true and so 8(s) > 2/a.
Since —2N, + B(s) > 0 for s € AT, we conclude that

2 4
2N2:max{2N2, —} <p<_.
a a

In particular, AT = @ if aN, > 2. We also note that 2N, ¢ Range $. Indeed, if 2N, = B(s1) for
some s1 € AT, then rv/(r, s1) — 0 as r — oo. Hence,

[e¢]

o
0= /(rv’)’(r,sl)dr: / r!1=20N2 £ (u(r, 51), a)dr > 0,
z(s1) z(s1)

a contradiction.
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On the other hand, if s € A~, then —2N, + B(s) < 0 such that

4
aN» <2 = 0<ﬂ§min{2N2,—}:2N2,
a

4) 4
aN,>2 = 0<,3<min{2N2,—}=—.
a a

This gives us the desired result. O

As the second subject of this section, we deal with the case 1 < aN, < 2 in the following
proposition.

Proposition 3.3. Suppose that N3 is a positive integer such that 1 < aN> < 2. Then, there exists
a number s, € R such that we have the following.

(1) Fors < sy, v(r,s) is a type Il solution of (1.12) and satisfies that
v(r,s) =[=2N2 + B&)]Inr + 1 + 0>~y as r— oo, (3.7)
where I = I(a, N2, s) is a constant. The function B : (—00, sx) = (2N2,4/a) is bijective

and strictly decreasing.
(i) For s > sy, v(r,s) is a type I solution of (1.12) and satisfies that

v(r, ) =[=2N2 + B(s)]Inr + [ + O (>~ 2N =248y g 5 00, (3.8)
where I = I (a, N2, s) is a constant. The function B : (s«, 00) — (0,2N3) is bijective and
strictly decreasing.

(iii) For s = sy, v(r, s4) is a topological solution of (1.12) and satisfies that
v(r, 85) = Iy + O (r¥ 2Ny for some I, € R as r — oo. 3.9
Moreover, B(s«) =2N3.

The proof of Proposition 3.3 follows from Lemma 3.4 and Lemma 3.5 below.

Lemma 3.4. If N is a positive integer and 1 < aN, < 2, then one of the following alternatives

holds:
@) A:,Nz,a =R. B: ‘A:,Nz,a — (2Ny,4/a) is continuous and bijective.
(ii) ‘A:,Nz,a = (—00, 84) for some s, €R. B : AINz,a — (2N, 4/a) is continuous, bijective,
and strictly decreasing.
(iii) A:,Nz,a = (84, 00) for some s, €R. B : A;—,Nz,a — (2N3, 4/a) is continuous, bijective, and

strictly increasing.

Moreover, the asymptotic behavior (3.7) holds true for s € A: No.ar

Please cite this article in press as: N. Choi, J. Han, Classification of solutions of elliptic equations arising from a
gravitational O (3) gauge field model, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2017.12.030




YJDEQ:9146

N. Choi, J. Han / J. Differential Equations eee (eeee) eee—see 31
Proof. We divide the proof into four steps.

Step 1. A, #£0.

a,Nz,a

Put No = (2—aN>)/a. Given 1\72 € (0, Ng),seta=(2 —aNz)/Nz and consider the following
initial value problem:

1 -
4+ =0 =r2N2 115, a), r>0,
r (3.10)

d(r,§) = —2N>Inr +§ +o(1), near r=0.

We notice that 0 < &1\72 < 1. Hence, by Proposition 2.1, there exists a number s, € [—00, 00)
such that A{;N L= (—00, §*] and .A;N L= (§*, 0o) associated with (3.10). We also note that
5IV2, 5IV2,

§* > —oc0if 1 — N» < N> < 1, whereas §* = —oo and hence ’A‘_N =@if0<alN, <1— N».
a,iNp,a
Moreover, for each § > §*,
50 §) = [—21\72+B(§)] Inr+74o0(l) as r— oo, 3.11)
where I is a constant and
o
Aa 1=2aNy £ (a0 o 2 4 A
BGs)=[r 2 f1(0(r, §), a)dr > ﬂ&,ﬁz,a = E(l +aN> —aN»). (3.12)
0
It follows from the choice of Nz that
N _ 2 . 2
2Ny +282 — B, 4 ==(2—aN, —aN) > (2 — aN; — aNg) =0. (3.13)
A2d g a
Since B : (54, 00) — (B&,Nz,a’ 00) is bijective by Proposition 2.1, there exists §o = S0(N2) €
At such that
a,N,a
B(30) =2N> + 2N, (3.14)
and thus by (3.11)
3(r,30) =2NaInr + Ip+o(1)  forsome Iy=Io(N2) as r — oo. (3.15)

If we set v(r, fo) =0(r~"1, §), then v(r, Io) satisfies
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1
V=V =r M (v, a), r>0,
r

U(rv ]AO):_2]\721111'—i—io—|—0(])7 near r=0’ (316)

v(r, fp) = 2N Inr + 50 + o(1), as r — oo,
which implies that fo € A;; Ny In other words, v(r, fo) is a type II solution of (1.12).

We write the third line of (3.16) as

v(r, Io) = [—2Na> + B(p)]Inr + 5o+ o(1) as r — oo,

where B(Iy) = B(S0) = 2N» + 2N,. It follows from Lemma 3.2 that B(Iy) € (2N2, 4/a). More-
over, B is continuous by the Lebesgue Dominated Convergence Theorem.

Step 2. Let ii(N>) = miny-q 0(r, $o) = miny~q v(r, Iy) = m(lo). Then,

dim i (N2) = oo. (3.17)
Ny /'No

Let 2 = 3(N,) be the unique minimum point of (r, 5o) and let r; = ry (N») < 2 be the unique
point such that v(rq, So) = m(Nz) + 1. Since rv/(r, So) > —2N; for all r > 0, we obtain that
r1/2 < e~1/2N2_Suppose that sup R No i (N2) < & for some & > 0. Then, the integral represen-
tation (2.4) implies that oo > & > ii(N2) > —2N1n2 + §o and hence % > ¢G0—=5)/2No_ We note

from (3.13) that ,é(fo) — Ba foa = 0 as ]\72 /" Np. Thus, by the Pohozaev identity (2.20), as

Na /' No,

rl—ZﬁI\A/z

+ ef)(r,f()))l-‘ra dr

o 1601 —af) |
0(1) = ﬂ(S()) (ﬁ(SO) - IB&,]\?z,d) > a82 / (1
1

- 2

—(I+a)(E+1) . _(-afy
- 8e . 2272aN2 |:l —e Ny :|
ae

e No No

ge—(+a)E+D)  Go-ban, - _(@Ny-1)
> — l1—e > O,
ae

which is a contradiction.
Step 3. Proof of alternatives.

By (3.14),

~ A 4
lim B(lp) =2N; and lim B(lp) =2Ny+2Ng=—. (3.18)
Na\0 N2,/ Ny a
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Hence, B : AT — (2N3, a/4) is onto. To see the injectivity of B, let us suppose that By = B(s1) =
B(s2) € (2N3,4/a) for some s1, 57 € AT . Then, for each sj, we have

v(r,sj) =—2NaInr +s;+0(1) as r—0,
v(r,s;)) = (2N + Bo)Inr +1; +0(1) as r— oo.

Let Ny = (Bo — 2N2)/2 € (0, No) and & = (2 — aN2)/Ny. Then, (r, §;) satisfies (3.10) and
(3.11) with §; =1, fj =s; and 3(§j) = fo. Since B is a bijective map on AZNZ . by Propo-
sition 2.1, it follows that §; = §,. Hence, 0(r, §1) = 0(r, 52) such that s; = sé. As a conse-
quence, 3 : AI Noa > (2N3, 4/a) is a homeomorphism. There are four alternatives: (a) AT =R,
(b) AT = (1, u2) for some w; € R, (¢) AT = (=00, s,) for some s, € R, or (d) AT = (s4, 00)
for some s, € R.

Let Mk /" Np be any sequence and set s = fo(Mk). Then, by Step 2, m(sx) — 0o as Mk S
Np. If s; is bounded such that sz — 5 € At up to a subsequence, then

co= lim m(My)= lim m(sy) = m(5) < oo,
Mk/NO Sk—>S

a contradiction. If § = u; for the alternative (b) or 5 = s, for (c) and (d), then u;, s, € A~ such
that

o= lim m(My)= lim_m(sg) = —o0,
My /' No Sk=>S

a coptradiction. In the sequel, thei altAernative (b) is excluded. Moreover, if Mk /" No, then s =
Io(My) — —oo for (c) and s = Io(My) — oo for (d). Since B(sx) — 4/a by (3.18), B is strictly
decreasing for (c) and strictly increasing for (d).

Step 4. Proof of (3.7).

Let u(r,s) = v(r,s) — (—=2N, + B)Inr such that u(r,s) = o(Inr) and ru'(r,s) = o(1) as
r — o0o. Since 1 <aN, <2 and 2N, < 8 <4/a, we have 2 < aff < 4. Given a positive number

n < (aB — 2)/a, there exists a number rq such that |u(r, s)| < nlnr for all » > ry. Hence, § =
af —an—2>0and

rlfz‘lNZfl (v(r, s),a) = O(rle“Nzefav) = O(rlfaﬂ”") = 0(r7]78). (3.19)

Integrating (ru’) = r'=2N2 £, (v, a) on (r, 50), we obtain by (3.19) that for r > rq
r o
_ o l 1-2aN, _
u(r,s) =u(ro,s) I fiw(y,s),a)dydt = O(1)
ro t

as r — oo. Hence, we can rewrite (3.19) as r! =242 f| (u(r, 5), a) = O (r'~%f). Consequently,
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00 oo
u(r,s)=1+/%/yl_Z“szl(U(y,s),a)dydt=I+O(rz_”ﬁ),
r t
where
o oo
I=u(ro.s) — / } / ¥ 72N fL (u(y, 5), a)dydt.
ro t

This completes the proof. O

Lemma 3.5. If N> is a positive integer and 1 < aN» < 2, then there exists a number s, € R such
that AT = (—o00, s4) and A~ = [sy, 00). Consequently, the dichotomy (ii) holds in Lemma 3.4.
The function B : A~ — (0,2N,] is continuous, bijective and strictly decreasing. Moreover, we
have (3.8) for s > s, and (3.9) for s = s.

Proof. The proof is split into five parts.
Step 1. Either A~ = [s4, 00) or A~ = (—00, s4] for some s, € R.

Given a number N, € (0, N»), set & = (2 — aNz)/I\Afz such that 0 < @N, < 1. Let us consider
the following problem:

1 N
4+ =0 =r2N2 15, a), r>0,
r (3.20)

b(r,§) =2N>Inr + 5 +o0(1), near r=0.

This equation is a kind of the equation (4.1) with the hypothesis (A1) which will be studied in
detail in the next section. Then, by Proposition 4.1 in the next section, it follows that

0(r, ) = [2N2 + BS)]Inr + 1 +o(1), as r— 0o (3.21)
where
A = / P12 £, (5, 5), a)dr.
0

In addition, B : (—o0, 00) — (max {B, S iy 0}, 00) is bijective, where

- 4 — 44Ny + aNy)
ﬂfl,]\?z,a,lcfz - :

a

‘We note that 2N, — 2]\72 > 0 and

4— 44Ny +aNy)  4—2aN>+2aN, 0
= >
a a

2Ny — 2N2 —
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Hence, there exists §o = $o(N2) € R such that

B(50) = 2Ny — 21N,
. . A (3.22)
0(r, 50) = 2N Inr + Iy + o(1) for some Iy = Iy(Ny) as r — oo.
If we set v(r, Ip) = 0(r~1, 30), then v(r, I) satisfies
" 1 / —2aN.
vi4+ v =r 2 filv,a), r=>Q0,
r
(3.23)

v(r, fo) =—2NyInr + io +o0(1), near r=0,
v(r, Ip) = —2N> Inr + §o + o(l), as r— oo,

which implies that fo € A; No.a: So, v(r, fo) is a type I solution of (1.12). Furthermore,
Lemma 3.4 tells us that either A; = [s4,00) or A Nowa = = (—00, s4] for some s, € R.

We write the third line of (3.23) as

v(r, fo) = [-2Ny + B(Io)]Inr + 59+ o(1), as r — oo,
where B(lo) = B(59) = 2N, — 2N;.

Step 2. S : A_ Nowa ™ (0,2N>) is continuous and bijective where A Ny IS the interior of
A

a,Ny,a’

It follows from Lemma 3.2 that 8 : A;Nz o~ (0,2N>]. If B(s1) = B(s2) € (0, 2N;] for some
s1,82 € A then by proceeding as in the proof of Lemma 3.4, we deduce that s; = s5.
The

continuity on .Ad No.a is a consequence of the Lebesgue Convergence Theorem. Moreover, by
(3.22),

a,Np,a’

This implies that 8 cannot attain the value 2N, on Aa Ny.a and it is injective on .Au No.a*

lim B(lp) =2N,  and lim (o) =2N, — 2N, =0. (3.24)
Na\O N> /Ny
Hence, 8 is onto on .A; 250, 8 A_ Noa ™ (0, 2N») is a homeomorphism.

Step 3. Io(N2) — o0 as N, ' Ny. So, A~ = [54,00) and B : A_Nz o — (0,2N2) is strictly
decreasing. Moreover, the dichotomy (ii) holds in Lemma 3.4.

For a solution 0(r, So) of (3.20) satisfying (3.22), let u(r, So) = v(r, S9) — (2N> + B) Inr such
that ri’(r, 59) = o(1) as r — o0. Since

iy =r'72%% 5, a) > 0, (3.25)

(rit’) (-, So) is increasing. Moreover, since rit’ =rv’ — (2N> + B) < 0, u(-, Sp) is decreasing.
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Claim 1. Iflél =Ri(N>) isa unique number such that H(Ry, §0) =0, then Ry — 0 as N» Vi
N>.

To see the Claim, let Rz RQ(NZ) be a unique number such that v(Rz 50) = 1. Since r?’ <
2N + B =2N,, we have R; /Ry < e~'/@N2) Then, by (3.24), as Ny /' Na,

Ry
0 « B> /rl_zaszl (0(r, $0), a)dr
Ry
RGZ—Z&]\AIZ(I e 171321\72 )
>(inf fiva)- =2 — > 0.
O<v<l 2 —2aN,

Hence, Iéz — 0.
Claim 2. Given t > 0, i(f, §9) — oo as N2 /’ N».

Otherwise, suppose that i, §o) < co as N2 /" N>. By Claim 1, b(f,50) > 0 as Nz /" N.
Since rv’ < 2N; for all r > 0, we have by (3.22)

(27, 80) < ii(F, §0) + 2Ny + B)In7 4+ 2N2In2 < ¢ + 2No(Inf +In2) =

Hence, as Nz " N>,

) (215272&1\72 _ f272&N2

0 « B>< inf  f1(v,a) Y
— 24N,

0<v=<c

> 0,

a contradiction.

Given a number § € (O, 1/(3a)), let hy(r) € C*°(0, 00) such that hy(r) = —kéInr for r > 1
and hy(r) is bounded for 0 < r < 1.

Claim 3. ii(r, 30) > ha(r) for all r > 0 if N» is sufficiently close to N».

Otherwise, since rit'(r, 5o) = o(1) as r — oo, there exist the first and the second num-
bers F1,m € (1, oo) such that 7; < 7 and #(7;, S0) = h1(7;), i = 1,2. By Claim 2, 7| =
71 (Nz) — 00 as N2 /' Nj. Similarly, there exist the first and the second numbers 73 < 74
such that u(7;, 5o) = ha(7;), i = 3,4. Obviously, 7| < 73 < 74 < F» and @' (71, So) < K’ (rl),
14 (f3, 50) < h%(F3), ' (P4, So) > I’ (f4) and i’ (72, 50) > h'(72). Hence, we can find two num-
bers 7] € (r3, r4) and 7, € (rl, ) w1th f1 <t such that 714 (t1 S0) = —268 and f ' (2, §o) = —8.
Since ria’ =rv’ — (2N, + ,B) > ,B we have by Claim 2

i(r, $0) > u(1,5) — Blnr > —BInr forallr > 1as Ny /' Ns.
Hence, as Nz "Ny, forr > 1,
’,272&/\72G(ﬁ(r’ %), a) _ 0(r72+2aN267a127a(2/\72+B) ]nr)

A (3.26)
— O(r—2+2a(N2—N2)) — O(r_2+0(1)),
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where G is defined by (2.16). Now, multiplying (3.20) by r??" and reminding that /| — 0o, we
infer from (3.26) that as N, 7 N3,

| SN | N
E[tzv/(tz, So)]2 - E[tl 0'(t1, So)]2

= I:rz_Z&N2 G (ﬁ (r, 50), a)] ?
,

5]
= (2-2&N2)/r1—2&N2G(ﬁ(r, §0), a)dr =o(1).

n

Howeyver, as NQ /" N, we also get

1en o A & a0~ . 1 N A 1 N ~
S[20 (. 50] =S[00 GLs0)] = 5[ -6+ QN2+ AT = 5[~ 28+ N2 + A

= g(ZNz —38) +o(1),

a contradiction and the claim follows.

Now, integrating (3.25) on (1, r), we obtain that for r > 1
r l o0
i(r, 50) = (1, §0) — / - / y!I7HN £ (5(y, o), a)dydt.
1 1

We note by Claim 3 that for r > 1
rl—zaﬁzf] (5(r. 30). a) < Crl—2&N2—a(2N2+/§)e—aﬁ < Cr—3+2a(N2—N2)—a/§+2a8

S C (r—3+3a5)

as N» /' Nj. Here, C is independent of N». Hence, ii(r, 30) = ii(1, $o) + O(1) for r > 1 as
N, /' N;. This implies by Claim 2 that i (r, §o) — 0o. Comparing this with (3.21), we deduce
that fo — oo and ,B(fo) = ﬁ(fo) — 0 as 1\72 ' N,. Eventually, we conclude that A~ = [s4, 00)
and B : .A; Noa = (0,2N5) is strictly decreasing by (3.24). As a consequence, AT = (—o0, s5,)
and the dichotomy (ii) holds in Lemma 3.4.

Step 4. v(r, s4) is a topological solution and B(sy) = 2N>.

Given a number ]\72 € (0, Np),seta= (2 —aN,)/ ]\72 and consider the following problem:

1 .
3 4+ =0 =r 2 N2 £1(D,a), >0,
r hi (3.27)

0(r,8)=5+o(l), near r=0.

This equation is a kind of the equation (4.1) with the hypothesis (Al) in the next section. We
note that the equation (3.27) depends only on the product aN, =2 — aN;. By Proposition 4.1, it
follows that
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3(r,5) =A@ Inr + 1 +0(1), as r— oo (3.28)
where
o0
B = [ 135 1 (50.9). a)ar
0
Moreover, ,é 1 (—00,00) > (,3{3 0.8 o0) is bijective, where

- 4—44aN, 4aN,—4

'Bd,O,a,Nz = >0

a a

is defined by (4.6) in the next section. Since 2N, > ,3(3 0.0,
S« € R such that ﬁ(f*) =2N, and

by Proposition 4.1 there exists

ﬁ(r,f*)=2N21nr+f*+o(1) for some I, as r— o0o.

If we set v(r, I;) =90(r1, 5, then v(r, f*) satisfies

1 _
V4 =0 =r2 N2 £ (v,a), r>0,
r

w(r, L) = —2NyInr + I, + o(1), near r =0, (3.29)

v(r, I,) =35, +0(1), as r— oo.

a,N;,a

and ,B(f*) =2N;. Since B : A(; Noa = (s4, 00) = (0, 2N>) is continuous, bijective, and strictly

decreasing, we deduce that f* = §x. In the sequel, we conclude that 8 : [s4, 0c0) — (0,2N>] is
continuous, bijective and strictly decreasing. Moreover, (3.29) tells us that v(r, s,) is a topologi-
cal solution.

Since 0(-, §4) is strictly increasing, v(-, f*) is strictly decreasing, which implies that I.e A

Step 5. Proof of (3.8) and (3.9).

For s > sy, let u(r,s) = v(r,s) — (=2N> + B) Inr such that u(r, s) = o(Inr) and ru'(r, s) =
o(1) as r — o0o. Since r172M2 jg integrable near 0o, by integrating (ru’)’ = r1=2aN2 £y, a), we
deduce that for r > 1,

r

u(r,s):u(l,s)—/%/yl_zaszl(v(y,s),a)dydt=0(1).

1 t

So, r172aN2 £ (v(r, 5), a) = O (r'72aN272N2HP) for all large r such that
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oo 00
1
u(r,s) =1+ / - / V72N £ (u(y, 5), @)dydt = 1 + O (22 N=2Nat),
r t

where
001 o0
1=u(1,s)—/?/y‘*z“NZflw(y,s),a)dydt-
1 t

On the other hand, by letting s, = I, and I, = §,, we deduce from (3.29) that [rv'(r, s*)]/ —
r1=2aN2 £(1. a) as r — oo. Hence, a similar argument as above implies that as r — oo,

oo (0.¢]
1
v(r, ) =L+ / - [ TR A @G, ), dydt =14 02,
ooy
where I, is explicitly given by
001 oo
Le=v(l,s4) — / A ylfz"szl(v(y, $%), a)dydt.
1 y

This completes the proof of Lemma 3.5. O

The following proposition is the final topic of this section, the case a N, > 2.
Proposition 3.6. If aN, > 2, v(r, s) is a type I solution of (1.12) for every s € R. The function
B :R — (0,4/a) is continuous, bijective and strictly decreasing. Moreover, we have (1.19) for
the asymptotic behavior of solutions.
Proof. We know from Lemma 3.2 that v(r, s) is a type I solution of (1.12) for every s € R and

p:R— (0,4/a). Let a be any positive number and M=Q2- aN)/a < 0. Given a number
N € (N4, Np) with N, = (aNy — 2)/a > 0, consider the following equation:

1 A
0+ =0 =r M f (D, a), >0,
r (3.30)
ﬁ(r,@):ZNlnr+§+o(1), near r=0.

This equation is a kind of the equation (4.1) with the hypothesis (A2) in the next section. By
Proposition 4.1 in the next section, it follows that

0, $) =[2N +B&]Inr +1+o(1) as r— oo,

where
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o0
,3(§)=/r1_2&Mf1(f)(r,§),a)dr : (=00,00) = (max {B; 5, -0}, 0)
0

is a bijective function with

5 4—4@aM+aN) 4N, —aN —1)

a,N,a,M a a

‘We note that 2N, — 2N > 0 and

4—2aN2+2a1\7 4 —2aN; +2aN,
>
a a

=0.

2Ny — 2N = B, g ait

So, there exists §o = o(N2) € R such that B(30) =2N» — 2N and

B(r, $0) =2NaInr + Iy +0(1) forsome Iy=Iy(N) as r— oo.

If we set v(r, o) = (1, §o), then v(r, Ip) satisfies

1
V' 4+ =0 =r72N2 £ (v,a) for r>0,
r

v(r, fo):—ZNzlnr+fo+o(1) near r =0, (3.31)

v(r, o) = [ = 2N + BGo) ] Inr + S+ o(1) as r — co.

Hence, v(r, fo) is a solution of (1.12). We write the third line of (3.31) as follows:

v(r, Ip) = [<2N2 + B(p)]Inr + 5o +o(1) as r — oo,

where B(Ip) = B(59) =2N» — 2N.
Since

A 4
lim p(io)=0. lim (o) =—.
N /N, NN\Ny

B is onto. In addition, arguing as in Step 3 of the proof of Lemma 3.4, one can see that g is
one-to-one. Finally, following exactly the same argument of Step 3 in Lemma 3.5, we deduce
that fy — co as N /" N, and thus B(s) = ﬁ(so) — 0as fp —> 00. As a consequence, f is strictly
decreasing and bijective. The asymptotic behavior of v(r, s) as r — oo follows from the similar
argument as Step 5 in the proof of Lemma 3.5. O

Please cite this article in press as: N. Choi, J. Han, Classification of solutions of elliptic equations arising from a
gravitational O (3) gauge field model, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2017.12.030




YJDEQ:9146

N. Choi, J. Han / J. Differential Equations eee (eeee) eee—see 41

4. A generalized version for the case N1 >0 and N, =0

In this section, we study the equation (1.13) and prove Theorem 1.2. In particular, we will
treat a generalized version of (1.13):

1
Vi SV =r M by, >0,
r 4.1)

v(r)y=2NInr+s+o(l) near r=0.
Here, we assume one of the following:

(A1) N and M are nonnegative real numbers, and a and b are positive real numbers such that
0<aM <1,
(A2) N, a, b are a positive real numbers and M is a nonpositive real number.

Regarding the hypothesis (A1), we have three examples in this paper as follows. First, if N > 0,
a=>b,and M =0, (4.1) corresponds to (1.13). Second, if N = M > 0, then (4.1) leads to the
equation (3.20) in the proof of Lemma 3.5. Third, if M > 0 and N = 0, (4.1) represents the
equation (3.27) in the proof of Lemma 3.5. On the other hand, the hypothesis (A2) was used in
the equation (3.30) so that N > 0 and M <0.

Let us denote the solution of (4.1) by v(r, s, a, N, b, M), or simply v(r, s). Since (rv")’ > 0,
v is strictly increasing. For any fixed ro > 0, integrating (rv")’ > 0 twice on [rg, r], we get

,
v(r,s) > v(rg, s) +rov'(rg, s) In—,  Vr > ro.
ro

As a consequence, lim,_, o v(r, s) = 0o for any s € R. Hence, v(r, s) is a type II solution for any
s € R. We note that v(r, s) is a solution of (1.13) if and only if

r t
1
v(r,s)=2NInr +s + / " /yl_zaMfl (v(y, s), b)dydt, r>0. 4.2)
0 0
As before, we define
o
B(s) = /r‘*Z"Mfl (v(r,s),b)dr > 0. (4.3)

0
As in Section 2, one can see that B(s) is always finite for each s and
v(r,s) = [2N + ,B(S)] Inr + O(1)
as r — 00. Since f(s) < 0o, we see that

ﬂ(s) Zmax{w’o} A

b
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On the other hand, we obtain the Pohozaev type identities:

B(B+4N) = —(4 — 4aM) /rl‘”MG(v(n $), b)dr

1-2aM

~ 16 — 16aM 7 r
B(B — BaNbm) = be? / a
0

Ty "

where

4 —4(@aM +bN)

5 ZBa,N,b,M = b

(4.4)

4.5)

(4.6)

As a consequence, we obtain a more accurate range of B(s) such that 8(s) > max{5, 0}. Now,

the main result of this section is the following.
Proposition 4.1. Assume the hypothesis (Al) or (A2). Then,
B : (—00, 00) = (max{Ba,n.b,m. 0}, )
is bijective and strictly decreasing. Furthermore,
v(r,s) = [2N + Bllnr + I + O (P27 2@M+bNI=0By s 1 - o0,
where I =1(a, N,b, M, s) is a constant.
Proof. For the surjectivity of y, we prove that

lim B(s) =max{f.0},  lim B(s)=

%))

To see this, let A > 0 be given. Let ry be a unique number such that A = v(rs,s) > 2N Inrg + 5.

Hence, ry — 0 as s — oo and

0< 88— ) = / (16—16aM)r1 aM - (1)+4e_)‘(1—aM)‘B
b82 1+ev(rs))1+b - b

as s — 00. So,

a1
lim sup [ﬁ(S)<ﬂ(S) — - w)} <o.

§—>00 b

Letting A — oo, we obtain the first limit of (4.7).
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On the other hand, let s;, — —o0 and assume that 8(s,,) < B for some B > 0. Let R, and 7, be
unique numbers such that v(R,, s,) = 0 and v(7},, s,,) = 1. Then, we infer from the solution for-
mula (4.2) that R,, — 00 as s, — —00. Since rv/(r, s) < (2N + B), we have T}, /R, > ¢!/CN+B),
Then, as s,, > —o0,

Ty
B> B(sy) > /r1_2“Mf1 (v(r,s), b)dr
Ry
2 2-2aM
> (Oéigl;fl(v,b)) (T ) o

a contradiction. Thus, the second limit of (4.7) follows.
To see the injectivity of B, let ¢(r, s) = dv(r, s)/ds be the unique solution of the linearized
equation

1
" / —2aM ¢/
- = B ) b )
¢+ —¢' =N fi(vGr5), b)g “8)
00,5)=1, ¢'(0,s)=0.
Due to the Lebesgue Dominated Convergence Theorem, it holds that
o
B = [ 1 50 gt = lim 1l 0,5)
r—00
0
Set we(r, s) = rv/'(r, s) + ¢ for ¢ € R. Then, w, satisfies
1
" 1 —2aM 1 —2aM
. - .= 5 5 b > W, ) )
wc+rwc r fl(v(r s) )wc+r (1, 8) (4.9)

we(0,5) =2N +c¢, w.(0,s)=0,
where
W (r,5) = (2—2aM) fi(v(r,5),b) — cf{(v(r,s),b)

4ev05) { [(2 —2aM) + cb]e“(”) + [(2 —2aM) — c]]

82(1 + ev(r,s))2+b

By proceeding in the same way as in the proof of Lemma 2.10, we can deduce that ¢(-, s) has a
unique zero ri.

We will show that lim, _, o ¢’ (r) = 8 # 0. Then, B is strictly decreasing in view of (4.7). To
the contrary, let us assume that § = 0. In the following, we write v(r) = v(r, s) and so on. Let
co=—(2—2aM)/b < 0. Then, it follows that

r

0> — / rI220My (o (r)dr = rig! (n)we, (),
0
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which implies that we,(r1) > 0. Thus, ¢; = —ry v/ (r1) < cg such that (2 — 2aM) + bc; < 0.
Since v(r) is an increasing function and W, (r) /' 0 as r — oo, either W, (r) has a unique
zero or W, (r) < O for all r > 0. We note that the latter case happens only when N = 0 and
2+ c1b)e’ + (2 — c1) < 0. If W, (r) has unique zero at rg, then ro < ri. Otherwise, we have
W, (r) > 0 for all r < rq such that

r

0> / Py (V@ (r)dr = [rg/we, — rul, 1) =0,
0

a contradiction. As a consequence, W, (r) < 0 on (r1, 00). Therefore, since § =0,

0> / Py (N )dr = Tim [rg) (e, () = rif, ()p()] = 0.
r

which leads to a contradiction.
The asymptotic behavior in the limit »r — 0o can be proved by a similar argument for the
proof of Lemma 2.11. This finishes the proof. 0O
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