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Abstract

This paper is concerned with the limit, as the interspecific competition rate goes to infinity, of pulsating
front solutions in space-periodic media for a bistable two-species competition—diffusion Lotka—Volterra
system. We distinguish two important cases: null asymptotic speed and non-null asymptotic speed. In the
former case, we show the existence of a segregated stationary equilibrium. In the latter case, we are able to
uniquely characterize the segregated pulsating front, and thus full convergence is proved. The segregated
pulsating front solves an interesting free boundary problem. We also investigate the sign of the speed as a
function of the parameters of the competitive system. We are able to determine it in full generality, with
explicit conditions depending on the various parameters of the problem. In particular, if one species is
sufficiently more motile or competitive than the other, then it is the invader. This is an extension of our
previous work in space-homogeneous media.
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Introduction

This is the second part of a sequel to our previous article [24]. In the prequel, we studied
the sign of the speed of bistable traveling wave solutions of the following competition—diffusion
problem:

Oy — Opxur =up (1 —uy) — kuquy in (0,400) xR
oy — doyxur =rup (1 —up) —akuiur in (0, +00) x R.

We proved that, as k — 400, the speed of the traveling wave connecting (1,0) to (0, 1)
converges to a limit which has exactly the sign of &> — rd. In particular, if « = r = 1 and if k
is large enough, the more motile species is the invader: this is what we called the “Unity is not
strength” result.
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In view of this result, it would seem natural to try to generalize it in heterogeneous spaces, that
is to systems with non-constant coefficients. Is the more motile species still the invading one?

Competition—diffusion problems in bounded heterogeneous spaces with various boundary
conditions have been widely studied during the past decades. Dockery, Hutson, Mischaikow and
Pernarowski [16] showed (in particular) that for the heterogeneous system:

oru1 —diAyup = ayp (x) uq —u% —uiuy in (0, +00) x
0y — dyAxur = ap (x)up — u% —ujuy in (0, +00) X @

with a; and a; non-constant functions, d; and d» constant, 2 a bounded open subset of some
Euclidean space and homogeneous Neumann boundary conditions, the persistent species is ac-
tually the less motile one. The interspecific competition rate of this system is equal to 1 and the
system is therefore monostable. On the contrary, as soon as the competition rate is large enough,
the system is bistable. We wonder whether this qualitative change might be sufficient to reverse
their conclusion. If we are able to extend in some satisfying way our space-homogeneous result,
then the conclusion will be reversed indeed.

In the first part [23] of this sequel, the first author studied the existence of bistable pulsating
front solutions for the following problem:

Oy = Oxyut] +uy f1 (uy, x) —kujus in (0, 400) x R
{ 0rur = d0oxxupy +uz o (ug, x) —akujup in (0, 4+00) x R.

Here, the non-linearities (u, x) — uf; (4, x), i € {1, 2}, are of “KPP”-type and, most impor-
tantly, are spatially periodic. Thanks to Fang—Zhao’s theorem [21], it was showed that, provided
k is large enough and (f1, f2) satisfies a high-frequency algebraic hypothesis (we highlight that
the condition was algebraic and not asymptotic), there exists indeed such a pulsating front.

While the forthcoming main ideas might be generalizable to systems with periodic diffusion
and interspecific competition rates, an existence result is lacking. Therefore we naturally stick
with the aforementioned system. Let us recall moreover that the fully heterogeneous problem
(non-periodic non-constant coefficients) is, as far as we know, still completely open at this time.

Let us recall as well that several important results about scalar reaction—diffusion equations
in periodic media have been established recently (about “KPP”-type, see [4,5,28-30]; about
“ignition”-type and monostable non-linearities, see [3]; about bistable non-linearities, see [15,
14,31]). The first author used extensively the results about “KPP”-type equations in [23]. In the
forthcoming work, we will use the whole collection of results. Especially, we will use several
times, in slightly different contexts, the sliding method of Berestycki—-Hamel [3].

Integration over a bounded domain with Neumann boundary conditions and over a periodicity
cell are somehow similar operations and thus Neumann and periodic boundary conditions yield
in general analogous results. The periodic extension of the persistence result by Dockery and his
collaborators seems in fact quite straightforward and, conversely, it should be possible to adapt
the forthcoming ideas to determine the persistent species in a bistable space-heterogeneous Neu-
mann problem with large competition rate. The comparison is therefore even more meaningful.

The competition-induced segregation phenomenon highlighted by Dancer, Terracini and oth-
ers (see for instance [8—12]) has been one of our main tools in the preceding pair of articles
[23,24] and will still be a cornerstone here. In particular, segregation in two or more dimensions
generically yields free boundary problems and this will be a major difference between the space-
homogeneous case and this study: here, we will need to dedicate a few pages to the natural free
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boundary problem induced by the segregation of pulsating fronts. Thanks to the specific setting
of pulsating fronts (monotonicity in time, spatial periodicity of the profile, limiting conditions,
etc.), we will be able to prove that the free boundary is the graph of a strictly monotonic, bijective
and continuous function without resorting to blow-up arguments or monotonicity formulas. We
believe that our approach of the free boundary has interest of its own and that the ideas presented
here might fond applications in other frameworks.

The following pages will be organized as follows: in the first section, the core hypotheses
and framework will be precisely formulated and the main results stated. The second section will
focus on the so-called “segregative limit” and will finally lead us to the third section and the
statement of the periodic extension of the “Unity is not strength” theorem.

1. Preliminaries and main results

Remark. Subsections 1.1 and 1.3 are mostly a repetition of the preliminaries of the first author’s
article [23] where the existence of competitive pulsating fronts was investigated. A reader well
aware of this article may safely skip these. On the contrary, Subsections 1.2 and 1.4 respectively
state the main results of this article and highlight the differences between the present set of
technical hypotheses and that of the first author’s article [23].

Letd,k,0, L >0, C=(0,L) CR and (f1, f2) : [0,400) x R — R2 L-periodic with re-
spect to its second variable. For any u : R> — [0, 4+00) and i € {1,2}, we refer to (,x) >
fi (u(t,x),x) as f;[u]. Our interest lies in the following competition—diffusion problem:

(Pi)

Oruy = Oyxuy +uy filur]l — kuuz,
0rur = doxxun + uy foluz] — akujus.

1.1. Preliminaries

1.1.1. Redaction conventions

e Mirroring the definition of fi [u] and f> [u], for any function of two real variables f and any
real-valued function u of two real variables, f [u] will refer to (¢, x) — f (u (¢,x), x). For
any real-valued function u of one real variable, f [u] will refer to x — f (u (x), x). For any
function f of one real variable and any real-valued function u of one or two real variables,
S [u] will simply refer to f o u.

e For the sake of brevity, although we could index everything ((P), u1, u3...) on k and d,
the dependencies on k or d will mostly be implicit and will only be made explicit when it
definitely facilitates the reading.

e Since we consider the limit of this system when k — 400, many (but finitely many) results
will only be true when “k is large enough”. Hence, we define by induction the positive num-
ber k*, whose value is initially 1 and is updated each time a statement is only true when “k
is large enough” in the following way: if the statement is true for any k > k*, the value of
k* is unchanged; if, conversely, there exists K > k* such that the statement is true for any
k > K but false for any k € [k*, K), the value of k* becomes that of K. In the text, we will
indifferently write “for k large enough” or “provided k* is large enough”. Moreover, when k
indexes appear, they a priori indicate that we are considering families indexed on [k*, +00),
but for the sake of brevity, when sequential arguments involve sequences indexed themselves
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on increasing elements of [k*, +00), we will not explicitly define these sequences of in-
dexes and will simply stick with the indexes k, reindexing along the course of the proof the
considered objects. In such a situation, the statement “as k — 4-00” should be understood
unambiguously.

e Periodicity will always implicitly mean L-periodicity (unless explicitly stated otherwise).
For any functional space X on R, X ., denotes the subset of L-periodic elements of X.

o We will use the classical partial order on the space of functions fromany Q C RV toR: g <h
ifforanyx € Q g (x) <h(x)and g < h if g <h and g # h. We recall that when g < h, there
might still exists x €  such that g (x) = h (x). If, for any x € @, g (x) < h (x), we use the
notation g < h. In particular, if g > 0, we say that g is non-negative, if g > 0, we say that
g is non-negative non-zero, and if g >> 0, we say that g is positive. Finally, if g1 < h < g,
we write h € [g1, g2], 1f g1 < h < gp, we write h € (g1, g2), and if g1 K h K g2, we write
he (g1, g).

o We will also use the partial order on the space of vector functions  — RV ' naturally derived
from the preceding partial order. It will involve similar notations.

e Functions f of two or more real variables will sometimes be identified with the maps ¢ —
(x — f (¢,x)). This is quite standard in parabolic theory but we stress that the variable
of the map will always be the first variable of f, even if this variable is not called ¢: we
will use indeed functions of the pair of variables (&, x) € R? and then the maps will be
& (x> f (&, x)). So for instance if we say that a function f of (&, x) is an element of a
functional space X (R, Y), the latter should be understood unambiguously.

1.1.2. Hypotheses on the reaction

For any i € {1, 2}, we have in mind functions f; such that the reaction term uf; [u] is of
logistic type (also known as “KPP”-type). At least, we want to cover the largest possible class of
(u, x) — p(x) (a — u). This is made precise by the following assumptions.

(H1) f;isinC' ([0, +00) x R).

(H2) There exists a constant m; > 0 such that f; [0] > m;.

(H3) f; is decreasing with respect to its first variable and there exists a; > 0 such that, for any
x €R, fi(a;j,x)=0.

Remark. If f; is in the class of all (u, x) — @ (x) (a — u), then u € Cll,er (R), u>0and a > 0.
More generally, from (H1), (}2) and the periodicity of f; [0], it follows immediately that there
exists a constant M; > m; such that f; [0] < M;. Without loss of generality, we assume that m;
and M; are optimal, that is m; = min f; [0] and M; = max f; [0].

C C

1.1.3. Extinction states , )

The periodic principal eigenvalues of % + f1[0] and d % + f2[0] are negative (as proved
by the first author in [23]). Recall (from Berestycki-Hamel-Roques [4] for instance) that the
periodic principal eigenvalue of L is the unique real number A such that there exists a periodic
function ¢ > 0 satisfying:

{ —Lo=ArpinR
lellLoecy =1
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From this observation, it follows from Berestycki-Hamel-Roques [4] that a; (respectively as)
is the unique periodic non-negative non-zero solution of —z” = zfj [z] (resp. —dz" = zf> [z]).

The states (a1, 0) and (0, ay) are clearly periodic stationary states of (Px) (for any k > k*) and
are referred to as the extinction states of (Py) (remark that they are the unique periodic stationary
states with one null component and the other one positive, so that it makes sense to call them
“the” extinction states). Provided k* is large enough, they are moreover locally asymptotically
stable (again, as proved in [23]).

We recall also that, for any k > k*, by virtue of the scalar parabolic comparison principle, any
solution (u1, uz) of (Px) with initial condition (0, 0) < (u1,0, u2,0) < (a1, a2) satisfies (0,0) <
(u1,uz) K (ar,az).

1.1.4. Pulsating front solutions of (P)
Let us add a necessary existence hypothesis.

(Hexis) There exists k* > 0 such that, for any k > k*, there exists ¢; € R and (<p1,k, ¢2,k) €

c? (R2)2 such that the following properties hold.

(Ml,k, uzgk) (t,x) > (<p1’k, <p2’k) (x — cxt, x) is a classical solution of (Py).

e ¢ 4 and ¢y  are respectively non-increasing and non-decreasing with respect to their first
variable, generically noted §.

@1,k and ¢y x are periodic with respect to their second variable, generically noted x.

As & - —o0,

max [(e1k 924) €. 0) = (@1, 0)[ = 0.

o As & — 400,

vel0.L] (@16, 924) (€. 6) = (0, a2)| > 0.

The pair (ul,k, uz’k) is referred to as a pulsating front solution of (Py) with speed cy and

profile (@1 k, ¥2.k)-
Before going any further, it is natural to wonder if such a solution is unique.

Conjecture. Let k > k*. Let (g?)l , (Z)z) and ¢ be respectively the profile and the speed of a pulsating

front solution (121 , 122) of (P). Then ¢ = ¢y and there exists &€ € R such that ((/31 , (,?Jz) coincides
with:

&, x) > (914, 92.4) (5 —é,x) .

This conjecture is due to the following observation: in most (if not all) problems concerned
with bistable traveling or pulsating fronts, the front is unique (in the same sense as above: two
fronts have the same speed and have the same profile up to translation).

We refer to Gardner [22], Kan-On [27], Berestycki—Hamel [3] or Ding—Hamel-Zhao [15] for
proofs of this type of result in slightly different settings.

Because the proof of such a result:
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e would involve precise estimates of the exponential decay of the profiles as & — oo that
cannot be obtained briefly (in the scalar case, see Hamel [25]) and have no additional interest
in the forthcoming work,

e would be strongly analogous to the proofs of the preceding collection of references,

we choose to leave this as an open question here for the sake of brevity. We might address this
question in a future sequel.
Still, it is useful to have this uniqueness in mind because it clearly motivates our study of

lim cy.
k—+o00

1.2. “Unity is not strength” theorem for periodic media

In the forthcoming theorem, the parameters d, «, f1 and f> may vary (in some sense which
is made precise), but immediately after that they are fixed again (at least up to Section 3).

Theorem 1.1. [ “Unity is not strength”, periodic case] Assume that there exists an open con-
nected set Y3 of parameters:

(d, @, fi, f2) € (0, 400)% N C ([0, +00), Cper (R))’

in which (H1), (H2), (H3) and (Hexis) are satisfied.

The sequence ((d, o, f1, f2) € B > ck)y-x converges pointwise as k — 400 to some con-
tinuous function (d,«, f1, f2) € P+ cxo. If the function (d,a, f1, f2) € B +— k* is locally
bounded, then this convergence is in fact locally uniform in 3.

Furthermore, for any (d,«, f1, f2) € B, there exist ¥ > 0, r € (0,7] (both dependent on
(f1, f>) only) and a non-empty closed interval R° C [L 7] (dependent on (d, f1, f2) only) such
that the sign of c~ satisfies the following properties.

(1) coo > 0 if and only if & > maxRY.

(2) coo <O ifand only if ‘2—2 < minRY.

) If, for any i € {1,2}, f; has the particular form (u,x) — w; (x) (1 —u), then:
(a) coo is null or has the sign of:

2 k2l
letlliie’
(b) (L 7) satisfies:
min (u2) max ((42)
<r<r<-<
max (1) min (1)

The objects 7, r and R° are respectively defined by formulas (Fr), (SL) and (SR()) (see
page 147).
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Remark. We emphasize the interest of r and 7, which are upper and lower bounds for R? which
are uniform with respect to d.

We will explain in Section 3 that if (Heyis) is derived from the existence result of the first
author [23], then a set B exists: the main assumption of our theorem makes sense indeed.

The strategy of the proof is as follows.

We will begin with some compactness estimates uniform with respect to k so that a limiting
speed and an associated limiting solution, possibly non-unique at this point, can be extracted.
This will require a crucial distinction between two cases: limiting speed null or not.

Regarding the first case, we will give some regularity properties of the corresponding solu-
tion, that will be called a segregated stationary equilibrium. It is unclear whether the segregated
stationary equilibrium is unique but this is not surprising: the null speed case is known to be quite
degenerate (see for instance Ding—Hamel-Zhao [15]).

On the contrary, the second case will be fully characterized: the corresponding solution, the
segregated pulsating front, is actually unique (up to translation). Such a uniqueness result will
require several intermediary results and in particular a (possibly not complete but already quite
thorough) study of its intrinsic free boundary problem.

Subsequently, the uniqueness of the segregated pulsating front will follow from a sliding
argument which will also provide us with an exclusion result: there exists a segregated stationary
equilibrium for a particular choice of parameters (d, «, f1, f2) if and only if there does not exist
a segregated pulsating front. Thanks to this result, the uniqueness of the limiting speed will be
deduced even though the null case is still degenerate.

We will then obtain a necessary and sufficient condition on (d, «, f, f2) for the existence
of a segregated stationary equilibrium thanks to its regularity at the interface (which is, in some
sense, the counterpart to the free boundary problem leading to the uniqueness of the segregated
pulsating front) and finally, thanks to a classical integration by parts, obtain the sign of the speed
provided it is already known to be non-zero.

1.3. A few more preliminaries
1.3.1. Compact embeddings of Holder spaces

Proposition 1.2. Let (a,d’) € (0, +00)? and n,n’, B, B’ such that (a,a)=(n+B.n+p)n
and n' are non-negative integers and 8 and B’ are in (0, 1].
Ifa <d', then the canonical embedding i : C"-F (C) — C™P (C) is continuous and compact.

It will be clear later on that this problem naturally involves uniform bounds in C%"?. There-
fore, we fix once and for all § € (0, %) and we will use systematically the compact embeddings
C"'? < C"P meaning that uniform bounds in C"? yield relative compactness in C"#.

1.3.2. Additional notations regarding the pulsating fronts

Let £ = <i }) For any k > k*, (ck, ©O1 ks (pg’k) satisfies the following system:

{ —div (EV@11) — cxde @ik = 014 f1 [01.4] — korrek (PFussa)
sys,

—ddiv (EV@a i) — ckdsprk = 924 2 [02.4] — ko1 k@2 k.
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Remark. Be aware that, since spE = {0, 2}, the differential operator:

div (EV) = 0gg + Oxx + 20gx
is only degenerate elliptic. This will trigger difficulties unknown in the space-homogeneous case.
Most regularity results will come from the parabolic system (P) and we will need to go back
and forth a lot between the so-called “parabolic coordinates” (¢, x) and the so-called “traveling
coordinates” (€, x). This will be possible if and only if the propagation speed is non-zero, whence

a necessary distinction of cases.

For any k > k*, let:
Vak =@k —derk,
Yk =@k — Q2k»
Vg k =uyx —dupg,

Uik =0Ul gk — Uk

A linear combination of the equations of (Pfsys,k) yields:

—div(EVYax) — ckde vk = a@i i fi [e1e] — o2k f2[02k]  (PF0).
(PFr) does not depend explicitly on k.

(ul,k,uz,k,vd,k,vl,k) is isomorphic to ((pl,k,<p2,k,lﬁd,k,w1,k) if and only if ¢ # 0. In
parabolic coordinates, (P.Fj) becomes:

vk — OexVak =tk fi [ur ] — i fo[uzi]-

As k — 400, the following function will naturally appear:

n:(z,x) = fi (§,X) - éfz (—é,x) z,

where z+ =max (z,0) and z~ = —min (g, 0) so that z =zt — z~.
We will also denote g; the partial derivative of (u, x) — uf; (u, x) with respect to u:

gi:(u,x)— fi (u,x)+ud f; (u,x) foralli € {1,2}.
1.4. Comparison between the first and the second part

In addition to the new notations introduced in the preceding subsection ((73]-' sys), (PF),

“parabolic coordinates”, “traveling coordinates”, ¥4, V1, vq, v1), the following differences are
pointed out.
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e In the first part [23], f; and f> were only assumed to be Holder-continuous with respect
to x, whereas here we need them to be at least continuously differentiable. Thanks to this
technical hypothesis, it is then possible to differentiate with respect to x the various equations
and systems involved. In particular, continuous pulsating front solutions of (P) are in fact in

Clzo . (Rz). This will similarly yield a stronger regularity at the limit. Nevertheless, we think
that Holder-continuity might actually suffice to obtain most of the forthcoming results.

e The positive zero of u — f; (u, x) cannot depend on x anymore. Consequently, while, in
the first part [23], the unique positive solution of —z” = zfj [z], ii1, and the unique positive
solution of —dz” = zf>[z], ii2, were periodic functions of x, here they are the constants
ay and a;. This restriction is standard in bistable pulsating front problems (see for instance
[15,14,32]) and is especially related to the method generically used to determine the sign of
the speed of the pulsating fronts. Still, most of the forthcoming pages is easily generalized
(actually, many results need no adaptation at all). We will highlight where this hypothesis
is truly needed and will give some indications regarding the non-constant case. In the end,
it should be clear why we conjecture that “Unity is not strength” holds true even in the
non-constant case.

e A trade-off to these more restrictive assumptions is that here we do not assume a priori the
high-frequency hypothesis:

1 d
L<7T<M+\/;2)' (Hfreq)

We merely assume existence of pulsating fronts, this hypothesis being referred to as (Hexis)-
It was proved in the first part that if (Hfreq) is satisfied, then 8o is (Hexis)-

2. Asymptotic behavior: the infinite competition limit
2.1. Existence of a limiting speed

In order to prove that (cg).- 4+ has at least one limit point, we recall an important result from
the Fisher—KPP scalar case (see Berestycki-Hamel-Roques [5]).

Theorem 2.1. Forany § € {1,d} and i € {1, 2}, there exists c* [8, i] > O such that, for any s € R,
there exists in C? (Rz) a pulsating front solution of:

0z — 80xxz =2zfi [2]
connecting a; to 0 at speed s if and only if s > ¢* [§, i].

Lemma 2.2. Provided k* is large enough, for any k > k* and any pulsating front solution of
(Pr), its speed c satisfies:

—c*[d,2] <c<c*[1,1].

In particular, the family (c)y-p~ is uniformly bounded with respect to k.
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Remark. Here, the assumption that & is large enough might in fact be redundant with the un-
derlying assumption of bistability. Indeed, this proof does not use any limiting behavior but only
requires that:

k >max{im_ax(f1 [on, Lm_ax(fz[O])}.
a ¢ aay c

In the space-homogeneous logistic case, this condition reduces to k > max{l,a‘l}, that
is precisely the necessary and sufficient condition for the system to be bistable. In the space-
periodic case, according to the proof of [23, Proposition 2.1], both a; are stable if the condition
above is satisfied. Yet an optimal threshold should involve periodic principal eigenvalues instead
of these maxima. Furthermore, the instability of any other periodic steady state has only been
established for (really) large k (see [23, Theorem 1.2]) and when (’H freq) holds true. Even for
arbitrarily large k, it is unclear whether stable coexistence periodic steady states might exist when
(Hfreq) does not hold.

We point out that the following proof provides us with an instance of a detailed proof using
the sliding method [3] that will be referred to later on.

Proof. Assume by contradiction that there exists £ > O such that there exists a pulsating front
solution (z1, z2) of (Px) with a speed ¢ ¢ (—c*[d, 2], ¢*[1, 1]) and a profile (¢1, ¢2). For in-
stance, assume ¢ > ¢* [1, 1] (the other case being obviously symmetric), and let c = ¢*[1, 1] < c.
By virtue of Theorem 2.1, ¢ > 0 and there exists a pulsating front solution z of:

0;z — dxxz = zf1 2]

with speed ¢ and profile ¢.

Now we are in position to use the sliding method to compare z and z;. This will finally lead
to a contradiction.

Step 1: existence of a translation of the profile associated with the higher speed such that
it is locally below the other profile.

Fix ¢ € R. Then let ¢; € R such that:

max ¢; ({1, x) <ming (¢, x).

xeC xeC
Let:
T=¢-10,
(pi[ : (S’x) = @1 (E _t’x)’
Q" =9 -9,
so that:

min &7 (£, x) =mi%1(<p(€,X) — 1 (51,%) > 0.

xeC
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Step 2: up to some extra term, this ordering is global on the left.
LetU = (—00,¢) x C. Since ¢ > 0in U and ¢ € L™ (U), there exists k > 0 such that:

kg —@f >0inl.

Notice that, since ®* (§£,x) — 0 as § — oo (uniformly with respect to x), any such « is
larger than or equal to 1.

Step 3: this extra term is actually unnecessary, thanks to the maximum principle.

Let:

K*zinf{/c>1| i;/l{f(i((p—(pf)>0}

and let us prove that k* = 1. We assume by contradiction that * > 1 and we take a sequence
(Kn)nen € (1, K*)N which converges to «* from below.
There exists a sequence ((§,, x,)) € UN such that for anyn € N,

kn® En, Xn) < (pf Gnsxn) .

Since k, > 1, the limits when § — —oo prove that (§,) is bounded from below, and since
it is also bounded from above by ¢, we can extract a convergent subsequence with limit £* €

(—00, ¢]. Similarly, we can extract a convergent subsequence of (x,) € C with limit x* € C.
By continuity, (K*go - golf) (£*, x*) =0 and, necessarily, £* < ¢.
Back to parabolic variables, recall that ¢ > 0 and let:

X*—\’;‘_*

*

P
2, x) > @i (x —ct —7,x) foranyi € ({1,2},
v =k"z - 2],

[, x)—> — (c —g) (ngof) (x - gt,x)

E=[(t,x)e]R2 |x—g<§‘}.
By virtue of (H3) and «* > 1:

k*zfilz] > k*zfi [K*z] in E,

and moreover:

Qv* — ey v* =k*zf1 (2] — 2] f1[2]] + k225 + fin E,
F>0inE.

Now, from the Lipschitz-continuity of f; with respect to its first variable, it follows that of
(u, x) — uf (u, x), whence there exists g € L (E) such that:
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0;v" — Oyxv* > gv*in E.

In the end, v* is a non-negative super-solution which vanishes at some interior point: by virtue
of the parabolic strong minimum principle, it is identically null in ((—oo, *] x R)N E.

But in such an unbounded set, it is always possible to construct an element of {¢} x C, which
contradicts:

min (k*¢ — ¢f) (¢, x) > 0.

xeC

Therefore k* =1,
K*¢ —@ =®">0inlU
and then by periodicity and, once more, by virtue of the parabolic strong minimum principle:
@' > 0in (—00,¢) x R.

Step 4: up to some (possibly different) extra term, this ordering is global on the right.

Near 400 (in (¢, +00) x R), on the contrary, multiplying ¢ by some « > 1 is not going to
yield a clear ordering anymore since we are interested in the behavior as ¢ ~ 0 and ¢; ~ 0 (and
replacing ¢ and @[ by respectively a; — ¢ and a; — ¢ will not suffice since the monostability
has no underlying symmetry).

But it is natural, for instance, to replace this multiplication by the addition of some ¢ > 0 and to
prove in the next step that e* = 0. This is actually what was done originally by Berestycki—Hamel
[3].

Step 5: this (possibly different) extra term is also unnecessary.

We define ¢* as the following quantity:

¢*=infie>0| inf (p—¢f+e)>0¢.
(&, +00)xC

We assume by contradiction that ¢* > 0 and this yields as before a contact point (§*, x*) €
(¢, 400) x C.

Now the main difficulty is that u — u f] [u] is increasing near 0, so that we really cannot hope
to have:

z2filz]l = (z+¢) filz +e€].

Still, it is possible to assume without loss of generality that, during the construction of 7, {;
has also been chosen so that:

“—22 <2 (8, %) <a forany (£, x) € [£1, +00) x C.

It follows that:

of (fiof] ~ kes) =of (i)~ k%) inlg, +00) x C.
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By virtue of the hypotheses (1), (*2) and (#3), provided k* is large enough, for any K >
k*, the following non-linearity:

ul—)u(ﬁ[u]—Ka—zz)

is decreasing in a neighborhood of 0 (in fact, it is decreasing in [0, +00)). Then, in addition to
this monotonicity, it suffices to use:

ofilel = ofile]l — ka—;w

and the Lipschitz-continuity of fj to conclude this step.

Step 6: thanks to the maximum principle again, the speeds are equal and the profiles are
equal up to some translation.

Thus in fact:

@7 > 0in R?.
Now, let:
r*:sup{r eR| P innRz}.
The limits as § — 00 of ¢ and ¢ ensure that t* < 4+00. By continuity,
o7 > 0.

Let us verify quickly that, by virtue of the maximum principle, either ®* =0 and ¢ = ¢,
* * -1 *
either ®* > 0. For instance, assume that (CDT ) ({0}) is non-empty, so that ®* >> 0 does not
hold. Then there exists (£*, x*) € R2 such that ®7" (£*, x*) = 0. Once more, we introduce:

x*—é*

)

*

(4

i (t,x) = o (x —ct, x) ,

and using the parabolic linear inequality satisfied by v™", we verify that v* is a non-negative
super-solution which vanishes at (¢*, x*). Then, by the strong parabolic maximum principle and
periodicity with respect to x of ®7", it is actually deduced that " = 0, which in turn implies
(reinserting v = 0 into the original non-linear equation satisfied by v™" and considering the
function f which has been defined earlier) that ¢ = c.

Finally, assume by contradiction that O > (0, 0), i.e. assume that for any B > 0,

min &% > (0,0).
[-B,B]xC
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Fix B > 0. By continuity, there exists € > 0 such that:

min _ @ > (0,0) forany 7 € [t*, 7" +€).
[—B,B]xC

We can now repeat Steps 2, 3, 4, 5 to show that, for any such t:
®* > 0in (R\ (=B, B)) x R.

The maximality of t* being contradicted, this ends this step.

Step 7: the contradiction.

If ¢ = ¢ and 7 = zj, then thanks to the equations satisfied by z and z1, zo0 =0 in R2. This
contradicts the limit of ¢ as § - +o00. O

Corollary 2.3. (ck)y~y+ has a limit point co € [—c*[d, 2], ¢*[1, 1]].

Remark. Similarly, we do expect that ¢, ¢ {—c* [d, 2], ¢* [1, 1]} but will not address this ques-
tion for the sake of brevity.

2.2. Existence of a limiting density provided the speed converges

In this subsection, we fix a sequence (cx )+ such that it converges to co.

Then we prove the relative compactness of the associated sequence of pulsating front solutions
((ulﬁk, uz,k)) Kkt which will follow from classical parabolic estimates similar to those used by
Dancer and his collaborators (see for instance [10]) supplemented by some estimates specific
to the pulsating front setting. This supplement will lead indeed to a stronger compactness result
than the one presented in the aforementioned work.

If coo # 0, we will see that ((u1k,u24)); 4
((¢1.k+ 92.k) ), 4~ 18 relatively compact. Moreover, we will show that the compactness result
can be improved further thanks to additional pulsating front estimates.

is relatively compact if and only if

2.2.1. Normalization

Before going any further, we point out that, at this point, for any k& > k*, (¢1, ¢2) is fixed
completely arbitrarily among the one-dimensional family of translated profiles. By monotonicity
of the profiles with respect to &, this choice can in fact be normalized. In the space-homogeneous
problem [24], the normalization was used to guarantee that the extracted limit point had no null
component. It should be clear that this part of the proof will be strongly analogous. Therefore we
choose now normalizations reminiscent to the space-homogeneous ones.

e On one hand, if ¢5, < 0, we fix without loss of generality for any k > k* the normalization:
ozinf{g eR|IxeC @ri(6,x) < %}

e On the other hand, if ¢ > 0, we fix without loss of generality for any k > k* the normaliza-
tion:

0=sup{$e]R|3x eC goz,k(é,x)<%2}.
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Remark also that ((ul,k, uz,k))bk*

initial time is entirely prescribed) if and only if ( (‘Pl, k> 92, k)) Kok is normalized.

is normalized (in the sense that its value at some arbitrary

2.2.2. Compactness results
Proposition 2.4. The following collection of properties holds independently of the sign of ceo.

(1) [Segregation] (§01,k(,02,k)k>k* converges to 0 in L}OC (R x C).

(2) [Persistence] (0, 0) is not a limit point of((gol,k, (pg,k))bk* in Llloc (RZ, R2).

(3) [Uniform bound in the diagonal direction] For any n € N, ((8x + 85) ((pl,k, ¢2’k))k>k* is
uniformly bounded with respect to k in L? ((—n, n) x C, ]Rz).

(4) [Uniform bound in the £ direction] For any k > k* and any x € C,

/3$‘P1,k (¢, x)d¢ = —/ |0g 1.k (£, )| de = —ay

R R

and

/3s§02,k (é“,x)dé“:/}f?g(ﬂz,k (¢, x)|d¢ =ay.
R

R

(5) [Uniform bound in the x direction] For any T > 0, ((ul,k, uz,k))
with respect to k in L* ((—T, T),H!' (C, Rz)).

(6) [Uniform bound in the t direction] For any T > 0, (Btvlsk)
respect to k in L2 ((—T, Ty, (H! (C))/>.

(7) [Compactness in traveling coordinates| (((ka, (pz,k))
ogy oleloc (Rz, Rz).

(8) [Compactness in parabolic coordinates] There exists:

ki IS uniformly bounded

ki 18 uniformly bounded with

ki 18 relatively compact in the topol-

(i1.00: U2.00) € <L°° (R2> nr? ((—T, Ty, H' ((0, L))))2

such that:

@ dv1.00 € L2 ((<7.7), (H' (0, 1))

(b) (ul,oo, Mz,oo) is a limit point of((ul,k, ”2’k))k>k* in the topology oleloc (Rz, ]R2);
(¢) U1,00 and uz « are in Cloo’f (Rz);

S D g1, _ .-
d) Upco=0o Vjoo =0 vl’ooanduz,oo—d Vg 00 = V1 oo

Proof. The segregation property comes directly from an integration of, say, the first equation of
(Pf sys,k) over some (—n,n) x C. The persistence of at least one component is a consequence
of the choice of normalization: for instance, if ¢, < 0, necessarily (gol,k) ok does not vanish.

To get the uniform bound in the diagonal direction, we introduce a cut-off function. For
any n € N, there exists a non-negative non-zero function y € D (Rz) such that, for any x € C,
x &, x)=0ifé¢[—n—1,n+1]and x (§,x)=1if & € [—n,n].
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Let k£ > k*. Multiplying the first equation of (Pfsys) by ¢ rx and integrating by parts in
R x C, we obtain:

2 1 2
/(3s§01,k) X — 5/%2,1(355)( +/X (Oxe1.x) +2/X3g<p1,k3x<p1,k

‘P12k
S/leplz,kX—C/T’aSX-

(The integrals being implicitly over R x C.)

Using x > 1{_y. », the k-uniform L°°-bound for (‘Pl,k) and:

k>k*
lc] <max {c*[d,2],c*[1,1]},

we deduce the existence of a constant R, independent on k such that:

|a$(p1,k + ax‘pl,k|2 <R,.
[—n,n]xC

The same proof holds for ¢; . Finally, the same computation in parabolic coordinates gives
immediately the uniform bound in the x direction.

The uniform bound in the £ direction is a straightforward result. Provided the uniform bound
in the x direction, the uniform bound in the ¢ direction comes from an integration over (0, T') x C
of (PF) multiplied by some test function in L* ((0, T), H' (C)).

The relative compactness in both systems of coordinates follows from the embedding:

2 2 1 2
Lloc (R ) — Lloc (R )
and the compact embedding:
wi! (RLR?) o 1, (R?).

To obtain the continuity of u1  and uz o, we consider a convergent subsequence. Since the
convergence occurs a.e. up to extraction, the limit point is actually in L™ (Rz, ]Rz), whence:

Vioe € L® (R x (0, L)) N L2 ((—T, Ty, H' ((0, L))) ,
V100 € L ((—T, Ty, (Hl ((0, L))>/> .

It follows from a standard regularity result that v o, € C ([—T, T1,L? (0, L))) (see for instance
Evans [20, 5.9.2]).

Then, we pass the parabolic version of (PF) to the limit in D’ (R) and we can apply
DiBenedetto’s theory [13]: v, is a locally bounded weak solution of the following parabolic
equation:

0z = 0, (Lm0 +d1ec0) 0x2) = fi| = | 2" = pol—212
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In a large class of degenerate parabolic equations which contains in particular this equa-
0,3/2

tion, locally bounded weak solutions are, for any § € (0, 1), spatially Clo(;f and temporally C;) ',

whence a fortiori vy oo € CiiF (R2) (with 8 = 28 € (0, 1)).

Finally, by virtue of the segregation property:

Ul,c0 = a_lvfoo a.e.,

U300 = vioo a.e..

From this, it follows that v  is in Clo(;f (Rz) if and only if #1 o and uz ~ are themselves in
cop (R?), whence

loc

(ul,oo’ u2,oo) € Co’ﬁ (Rz, Rz) . O

loc

Remark. At this point, we do not know if the limit points in parabolic coordinates and in travel-
ing coordinates are related. Yet, when coo # 0, we can improve the preceding results and relate
the limit points indeed.

Proposition 2.5. Assume coo # 0. The following additional collection of properties holds.

(1) [Improved uniform bound in the & direction] Provided k* is large enough,
(ag (gpl,k, gpz,k))bk, is uniformly bounded with respect to k in L* (R x C, Rz).
(2) [Improved compactness] There exists (</)1,seg, (pz,seg) eL® (Rz, Rz) N Hlloc (R2, Rz) such
that, up to extraction:
(a) (((pl,k, (p2>k))k>k* converges to (<,01,seg, goz,seg) strongly in L%OC (Rz, Rz) and a.e.;
(b) ((V(pl,k, V(pz,k))bk* converges to (chl,seg, Vgoz,seg) weakly in leoc (Rz, R4),'
(c) ((ul,k, uzﬂk))k>k* converges to:

(Ml,segs u2,seg) 2t x) = ((pl,seg9 (p2,seg) (x — coot, X)

strongly in L? (RZ,RZ), a.e., and ((VuLk,Vuz,k))

loc

leoc (Rz’ R4)‘

kg COnverges weakly in

Proof. Since c # 0, we assume without loss of generality that k* is sufficiently large to ensure
that cx # 0 for any k > k*.

We start by showing that the uniform boundedness in L?(R x C) of (85 01, k)
to that of (85 902,k) and to that of (85 1ﬂd,k)

g+ 1S equivalent

k>k* k>k*"

o First step of the equivalence: assume that (|| 01 k|l L2(Rxc))
k > k*. Multiply (PF) by 0¢V4 x, remark that:

4=+ is uniformly bounded. Let

1
ek = p (0@ —1) 01k + 0:Vak)

and integrate by parts over (—n, n) x C with some n € N. By classical parabolic estimates,
the terms involving E vanish as n — +4-00. By change of variable, for any i € {1, 2},
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n @i (+n,x)
//‘/’i,kfi [¢ik] 3é§0i,k=/ / zfi (z, x) dzdx,
C —n C ¢i(—n,x)

whence as n — +o00:

n ai
//‘Pl,kfl [01.k] Oz 014 — —//Zfl (z, x) dzdx,
C —n c 0

n a
//¢2,kf2 [02.4] 3s<ﬂz,k—>//zf1 (z, x) dzdx.
C =n c 0

It follows that:

(-7) / (“(d_1)35*"1*+3s¢d,k)3s¢d,k=—a//zf1 (2, x) dzdx
c 0

d
RxC

+o / o1Lif1 [o16] (—dOep2k)
RxC

+ / (—02.4) f2 [02.6] (s 01.1)

RxC

az
+d//zf1 (z, x) dzdx.
Cc 0

Dividing by — % which stays away from 0, the result reduces to:

> ad
a(d— 1)/3g§01,k351ﬁd,k+/ |0gva|” = E/dfpl,kfl [01.6] %02k

ad
+a/¢)2,kf2 [02.6] 1.1

aj
d
+°‘—//sz (2, x) dzdx
ck
CcC 0

1)
d2
— —//Zfl (z,x)dzdx.
Ck
Cc 0

Using the boundedness in L of ¢« fi [¢i k] and the relations:

/ |0g @1 k| = La,
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/ |0s@2.k| = Laa,

we obtain that the right-hand side is uniformly bounded. Since dz¢1 x and g4 « are both
non-positive non-zero, if d > 1, the uniform boundedness of ( f |8§ ’ﬁd,k|2) . follows.

k>k
Otherwise, there exists R > 0 such that:

2
f |0sva k| <R+ lad—1)| / B @1 10V k

) 12 5 12
§R+|a(d_l)|</|a$§0l,k| ) <f|3slﬂd,k| ) .

12
This shows that ( / |8§ Yak |2> , which is positive, is also smaller than or equal to the largest
zero of the following polynomial:

X% —la(d— 1) 1901 kll 2Ry X — R

(which is itself positive and uniformly bounded).

e Second step of the equivalence: assume that (||8§ o2l L2(Rxc)) ke is uniformly bounded.
A slight adaptation of the first step (using g1 = 9 ¥q + (d — 1) g ¢2) shows that the third
statement is implied indeed.

e Third step of the equivalence: assume that (||9; Va.kll 2@ xc)); e 1S uniformly bounded.
Since, for any k > k*:

19 vall; > =219 @172 + d*10: 0217 2 — 2ad (e 1. D 02), 2 -
with a positive third term, the first and the second statements are immediately implied.

Now that the equivalence is established, we simply show that if c¢o, > 0, (|| e 1.kl LZ(RxC)) k> e
is uniformly bounded, and conversely if coo < 0, (185924l 2R C)) 5 4~ is uniformly bounded.

Multiplying the first equation of (73]: syx) by 0g¢1, integrating over R x C, and using the sign of
0s 91 and classical parabolic estimates at +o0, the result reduces to:

L ay

2
¢ / |8E‘/’l| =k / ¢1¢235¢1+/fzf1(z,x)dzdx
Rx(0,L) Rx(0,L) 0 0
L a

S//zﬁ (z,x)dzdx.
0 0

Similarly, we obtain:



118 L. Girardin, G. Nadin / J. Differential Equations 265 (2018) 98-156

L a
2
c / |9e2|” = ak f ¢1<ﬂ235¢2—//zf2(z,X)dzdx
Rx(0,L) Rx(0,L) 00
L ay

Z—//Zfz (z,x)dzdx.
00

The improved uniform bound in the £ direction immediately follows.

The improved relative compactness of (((pl,k, <p2,k)) k=i 18 a straightforward consequence
of the previous lemmas, of Sobolev’s embeddings and of Banach—Alaoglu’s theorem. For the
relative compactness of ((u1 k. uz,k))bk*, let [s]: (t,x) — (x — st,x), so that for any k > k*
(uy, uz) = (@1, ¢2) o[c]. Forany i € {1, 2}:

lui —ui seq ”leoa =< llgi o [c] — @i o [co] ”leoc + llgi o [cool — @i seg © [Coo] ||L]2M~

Then, by virtue of Fréchet—-Kolmogorov’s theorem, the right-hand side vanishes as k — +o0.
The same argument holds for the weak convergence of the derivatives. O

Remark. We point out that the preceding result is specific to the case of constant a; and a»
(without this assumption, one term due to E does not vanish after the integration by parts). In the
general case, we do not know if the bounds of Proposition 2.4 can be improved.

Corollary 2.6. If coc # 0, the parabolic limit point (ul,seg, Mz,seg) obtained with the improved
compactness result from Proposition 2.5 is also a limit point (u 100> Mz,oo) in the sense of Propo-
sition 2.4. In particular, (ul,seg» ug,seg) € Cloof (R2, Rz), whence ((pl,seg» <p2’mg) € Cl(:)f (Rz, Rz)
as well.

Remark. The case co, = 0 is somehow degenerate and does not really correspond to what intu-
ition calls a “pulsating” front. Moreover, we will need quite different techniques to handle the
two cases and, even in the very end, there will be no clear common framework. Therefore, here-
after, we call the case coo = 0 “segregated stationary equilibrium” whereas the case co 7# 0 is
referred to as “segregated pulsating front”. These terms will be precisely defined in a moment.

2.3. Characterization of the segregated stationary equilibrium

In this subsection, we assume c, = 0 and we use Proposition 2.4 to get an extracted conver-
gent subsequence of pulsating fronts, still denoted ((ul,k, ug,k)) e with limit (ul,oo, Mz,oo).
Up to an additional extraction, we assume a.e. convergence of (ul,k, Uk, ulﬁkuzﬁk) to
(ul,oo, U2, 00, 0).

Obviously, since coo = 0, we expect that (i1 00, 42,00) does not depend on 7. This will be
true indeed, so that it makes sense to refer to this case as “stationary equilibrium”. To stress

this particularity, we fix #;, such that ((ul’MZ)‘{lcv}XR)k>k* converges a.e. and we define e =
(vd,oo)l{t. |xR? SO that if (Ml,oo,uz,oo) is constant with respect to ¢, (auLoo,duz,oo) (t,x) =
(eT,e7) (x) for any (z,x) € R%.

We start with an important particular case.
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Lemma 2.7. Assume that, provided k* is large enough, (cy)g-i+ = 0. Then:

o forany k > k*, (u1,us) reduces to:
(#, %) = (91, 92) (x, x),
e forany (t,x) € R?:
(ot1,00, du,00) (t, %) = (€, e7) (1),

e the convergence of ((om1 , du2)|{tw}><R) to (e+, e_) actually occurs in Cl(z)f ®),

k>k*
e the convergence of ((vd)l{tcv}XR)k>k" to e actually occurs in Clzof (R),
e ¢ satisfies:

—e"=nlel.

Proof. The system (P) reduces to an elliptic system. It is then easy to deduce the locally uniform
convergence, the time-independence and the limiting equation. We refer, for instance, to [23] for
details. O

Some of the preceding results can be extended.
Lemma 2.8. The properties:

L4 fOr Clny (tv-x) € Rz; (aul,OO9du2,00) (tv-x) = (eJr, ei) (-x);
e ¢cC*(R) and —¢" =nlel;

hold true regardless of any sign assumption on the sequence (Ck)yj+-

Proof. The two statements are actually quite easy to verify. Let (t, t, x) € R? such that, for any
ie{l,2}andany 7 € {t, t/}, Uik (T, X) = U « (1, x) as k — +00. Recalling that:

/at“i,k =—cx / de@ix — 0

R R

as k — 4-oo is sufficient to show that in the following inequality:

|t 00 (1, X) — i 00 (t', %) | < |ti 00 (£, X) — ui g (2, )]
[/
+ / Orui i (t,x)dr

t

+ |uig (¢, x) = wioo (', x)]
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the right-hand side converges to 0 as k — 4-0o. Therefore the left-hand side is 0, whence u;  is
constant with respect to the time variable in a dense subset of R?, and then by continuity, it holds
a fortiori everywhere in R

As for the regularity and limiting equation, the equation is satisfied a priori in the distribu-
tional sense, then in the classical sense by elliptic regularity. O
Lemma 2.9. For any x € R, the sequence (e (x +nL)),cy is non-increasing.

Proof. By monotonicity with respect to & and periodicity with respect to x, for any (¢, x) € R?
and any k > k*:

Vg, x+L)—vg(t,x)<VYg(x—ct+L,x+L)—Ys(x—ct,x)
<Yg(x—ct+L,x)—Ys(x—ct,x)

<0.

In particular, for any (¢, x) € R2 and any k > k*, the sequence (vd,k (t,x + nL))neN is non-
increasing, and then, passing to the limit as k — 400, the sequence (e (x +nL)),cn iS non-
increasing. This holds for any x in a dense subset of R and then for any x € R by continuity
ofe. O
Lemma 2.10. e is non-zero and sign-changing. Moreover:

infe™! ((—o0, 0)) > —o0.
Proof. The normalization:
. = ai
0=1nf{§ eR|IxeC @i x) < 7},
implies that 11 o, 7 0, whence e # 0. It shows also that the set:

{neZ|E|x eC o1k (x+nL,x+nlL) < ‘%1}

is uniformly bounded with respect to k from below. In particular, it has a minimum 7, € Z. Then
let:

xkzinf{x €Cloik(x+nmL,x+nlL)< %],
so that:
a
01,k (x,x) > > for any x < x; +n; L.

By monotonicity, we deduce:

o1k (&, x) > % forany & <x <n;L.
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If (up to extraction) n, — —+00 as k — 400, then the definition of the normalization is con-
tradicted by the preceding inequality evaluated at £ = 0 and x € [L,2L], whence (Q k)
uniformly bounded from above as well. In particular, up to extraction, (11 k)
finite limit. The finiteness of inf{x € R | e (x) < 0} follows immediately.

By uniqueness, if e > 0, e = waj. This is discarded by the finiteness of . lim n;, whence e is
— 400

K>k 18

k> k* converges to a

sign-changing. O

Remark. If, instead of the normalization sequence:

O:inf{& eR|IxeC ¢, x)< %1] for any k > k*,
we choose:

0=sup{§ eR|IxeC ¢ (Ex) < %2} for any k > k*,

and if we consider once again the case co, = 0, the preceding results hold apart from
infe~! ((—00, 0)) > —o0, which is naturally replaced by:

supe ! ((0, +00)) < +00.
In view of these results, we state the following definition.
Definition 2.11. A function z € C> (R) N L>® (R) is called a segregated stationary equilibrium if:
() ="=nlzl;_
(2) forany x € C, (z (x +nL)),cy is non-increasing;
(3) zisnon-zero and sign-changing;
4) infz~! ((—00,0)) > —oc or supz~! ((0, +00)) < +00.

Corollary 2.12. ¢ is a segregated stationary equilibrium.

Let us derive some properties necessarily satisfied by any segregated stationary equilibrium.
The first one is obvious but will be useful.

Proposition 2.13. If z is a segregated stationary equilibrium, then for anyn € Z, x +— z (x +nlL)
is a segregated stationary equilibrium as well.

The following one is easily derived from the second order necessary conditions satisfied at a
local extremum.

Proposition 2.14. Let 7z be a segregated stationary equilibrium. Then —da, < 7 < aaj.

The following one highlights some difficulties which are intrinsic to the null speed limit.
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Proposition 2.15. Let 7 be a segregated stationary equilibrium and

Z@) =z""(o.

The set Z () is a discrete set. If it is a finite set, its cardinal is odd. Moreover, it has a minimum
or a maximum.

Proof. The fact that Z (z) is a discrete set follows easily from Hopf’s lemma and the regularity
of z. Provided finiteness of the set, the monotonicity of (z (x +nL)),cy for any x € C yields
the parity of #Z (z). Finally, the existence of an extremum comes from the definition of the
segregated stationary equilibrium. 0O

Remark. Under the more restrictive assumption (7—[ f,eq) presented by the first author in [23], it
is possible to prove that every segregated stationary equilibrium has a unique zero. It is basically
deduced from the fact that, when there are multiple zeros, the segregated stationary equilib-
rium restricted to any interval delimited by two consecutive zeros is the unique solution of a
semi-linear Dirichlet problem. The monotonicity of (e (x +nL)),cn ensures that the distance
between these consecutive zeros is smaller than L and then, considering the next zero and using
(H freq). a contradiction arises. We do not detail this proof here.

Proposition 2.16. Let z be a stationary segregated equilibrium.
If 7' ({0}) has a minimum, as n — +o0,

Iz = eaille2(—41yL,~nz)) = O-

If 271 ({0}) has a maximum, as n — 400,

lz —dazlic2qnr.t1yL1) = O-

Proof. We assume that z~! ({0}) has a minimum, the other case being similar. Since, for any
x €[0,L), (z(x —nL)),cn is bounded and non-decreasing, it converges to a limit z_ (x).
Using Lipschitz-continuity of z, we are able to prove that z_n, is Lipschitz-continuous in C.
Using elliptic regularity, the distributional equation:

Z—00
_Zzoo = Zfoofl [T]
and Arzela—Ascoli’s theorem, we are able to prove in fact that z_o, € cB (6) and that the

convergence occurs in C># (6) This proves that z_, also satisfies in the classical sense the
equation. Moreover,

lz(x—=(n+1DL)—z(x—nL)| =0

as n — 400 and, this proves that z_; is periodic. Since it is also positive, by uniqueness, 7_o, =
aay. O
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2.4. Characterization of the segregated pulsating fronts

In this subsection, we assume ¢, 7# 0 and we use Proposition 2.5 to get an extracted conver-
gent subsequence of profiles, still denoted ((¢1.k. ¢2.k)) . v With limit (@1 seg, 92,seg). Up to an
additional extraction, we assume a.e. convergence of (¢1.k, ¥2.k, ©1.k92.k) 10 (@1,segs ©2.5eg. 0)-
We define ¢ = @@ 5eq — d@2 5eg and w = ] 5o — duy g0 (that is, (¢, w) is the limit of

(Vaks vak)) o pe)-
Here, parabolic limit points and traveling limit points are naturally related by the isomorphism
(t,x) = (x — coot, x). Therefore we can freely use the more convenient system of variables.

2.4.1. Definitions and asymptotics
Hereafter,

1
o:z> 150+ Elz<0s

07> lz>0 +d11<0.
Remark. Clearly, for any z € C (R?):

o [z] and 6 [z] are in L™ (R?);

o [z] and & [z] vanish if and only if z vanish;

o[z]16 [z]1=1in R? apart from the zero set of z;

o[z]lz and & [z]z are in C (Rz); furthermore, if z € W1 (Rz), then they are Lipschitz-
continuous.

Lemma 2.17. The equalities:

U[w](t,x)=o'[¢](x_cootvx)v

&[w](t’x)28[¢](x_coot7x)v

hold for all (t, x) € R2.
Furthermore, the following equalities hold in L? (Rz):

loc

o (o [wlw) =0 [w] 0w,
dew =0 [w]dx (o [w]w),
% (0 [plp) =0 [$] 0t ¢,
Ix¢p =0 [Pl oy (o [P1).

Proof. The equalities between the weak derivatives are derived easily from the weak formulation
of (PJF) (recall the proof of Proposition 2.4). When passing to the limit k — +o0, it is possible

to obtain equivalently all these equations (we restrict ourselves here to parabolic coordinates, the
equalities in traveling coordinates being obtained analogously):

o [w]ow — dyxw =n[w],
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0 (0 [wlw) — dxw =n[w],
3 (o [wlw) — 0y (6 [w]dx (o [wlw)) =nlw]. O

Definition 2.18. Let s € R\ {0} and Cé (Rz) be the subset of compactly supported elements of
c'(R?).
We say that ¢ € C (R2) NnH}

. (R?) is a weak solution of:

—div(EVe) — s (o [plo) =nle] (SPF[s]

if, for any test function ¢ € C} (R?):

[ Evescts [oto10nc= [nione.
Lemma 2.19. ¢ is a weak solution of (SPF [cso]).

Proof. This is merely the traveling formulation of the limiting equation obtained a priori in
D' (R?) and a fortiori holding in the weak sense. O

Remark. Since coo0 [¢] 0:¢ and n [¢] are in L? (RZ), —div (EV¢) is actually in leuc (]Rz) as

loc
well and we can also consider test functions in leuc (RZ), but then we cannot integrate by parts

as in the equality above.

Proposition 2.20. Let s € R\ {0}. If ¢ is a weak solution of (SPF[s]), then z : (t,x) —
¢ (x — st, x) is a weak solution of:

9 (0 [2]2) = dxz=m2],

in the sense that for any ¢ € Cé (Rz), the following holds:

f(o [2120,C — x20:¢ +n[21¢) =0.

Remark. Similarly, we can restrict ourselves regarding this weak parabolic equation to test func-
tions ¢ € L}, (R?) but then we cannot integrate by parts.

loc

Lemma 2.21. ¢ is periodic with respect to x and non-increasing with respect to .

Proof. Thanks to the a.e. convergence, periodicity with respect to x and monotonicity with re-
spect to £ are preserved a.e., that is at least in a dense subset of R%. Continuity extends these
behaviors everywhere. O

Lemma 2.22. ¢ is non-zero and sign-changing.

Remark. This statement holds if and only if both ¢y 5., and ¢ ., are non-zero (or equivalently
non-negative non-zero).
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Proof. Assume for example coo < 0. The normalization gives immediately ¢j 0o # 0. If
©2,5¢¢ =0, U1 5¢¢ 15 a noN-negative solution in R2 of:

0z — dxxz =2zf1[2].
By the parabolic strong minimum principle, uy s.g >> 0, and by parabolic regularity, u1 seg

is regular. By classical parabolic estimates, as & — —00, @[ sy converges uniformly in x to a
positive periodic solution of:

—0xx2 = zf12],

that is to a;. Similarly, ¢; s, converges to 0 as & — +oo.

Thus ¢ sg is a pulsating front connecting a; to 0 at speed ¢ < 0. This is a contradiction
(see Theorem 2.1).

A symmetric proof discards the case coo > 0. O

In view of these results, we state the following definition.

Definition 2.23. Let:

s € R\ {0},

zechs (RZ) nH. (IR{2> nL® (RZ) ,

loc

¢3($,x)'—>z<x;‘§,x).

z is called a segregated pulsating front with speed s and profile ¢ if:

(1) ¢ is a weak solution of (SPF [s]);
(2) ¢ is non-increasing with respect to &;
(3) ¢ is periodic with respect to x;

(4) ¢ is non-zero and sign-changing.

Corollary 2.24. w is a segregated pulsating front with speed c, and profile ¢.

Proposition 2.25. Let 7 be a segregated pulsating front with profile ¢. As &€ — +00,

max [ (=&, x) — aar| +max|p (§,x) +daz| — 0.

xeC xeC

Proof. It follows from classical parabolic estimates and the monotonicity of ¢ with respect
to&. O
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2.4.2. The intrinsic free boundary problem

We intend to conclude the characterization of the segregated pulsating front with a unique-
ness result. Our proof will use a sliding argument and the continuity of d,z. Obviously, in
R2\z~! ({0}), classical parabolic regularity applies and the regularity of a segregated pulsat-
ing front is only limited by that of 5. On the contrary, the regularity of z at the free boundary
z~1({0}) is a tough problem and, as usual in free boundary problems, requires a detailed study
of the regularity of the free boundary itself. This study is the object of the following pages.

Let us stress here that our interest does not lie in the most general study of the free boundaries
of the solutions of (SPF [s]). To show that d,z is continuous, Lipschitz-continuity of the free
boundary is sufficient, and we are able to prove such a regularity only using the monotonicity
properties of the segregated pulsating fronts as well as the parabolic maximum principle. We be-
lieve that this proof has interest of its own. Yet, at the end of this subsection, we will explain why
we expect the free boundary to actually be C!' and 7z to be continuous without any additional
assumption.

Up to the next subsection, let z be a segregated pulsating front with speed s # 0 and profile ¢
and let:

F:hLﬂGRHZUszq,
Q+={0J)ekﬂzaﬁ)>0}
Q_={0J)eRﬂzaJ)<o}

Before going any further, let us state precisely the results of this subsection in the following
proposition.

Theorem 2.26. There exists a continuous bijection E : R — R such that T is the graph of & and
such that:

Qr={t.x)eR? |x<E®)}
Q_={@t.x)eR?|x>E®].

Moreover, 3,z € COP (RZ) and (0xz)r K 0.
Remark. Of course, this type of result is strongly reminiscent of the celebrated paper by An-
genent [1] about the number of zeros of a solution of a parabolic equation. We stress that this
result cannot be applied here because of the non-linearity due to o [z]. It will be clearly estab-
lished during the proof that this lack of regularity is compensated here by the monotonicity of z.

The proof of Theorem 2.26 begins with a couple of lemmas leading to the existence of E.

Lemma 2.27. The quantities:

Er(@)=sup{xeR|z(,x)>0},
E_()=inf{x e R | z(t,x) <0},

are well-defined and finite.



L. Girardin, G. Nadin / J. Differential Equations 265 (2018) 98-156 127

Proof. By Proposition 2.25, for any (¢, x) € R?:

lim max | (x +nL —st,x) +daz| =0,

n—+00 ¢

lim max|¢ (x —nL —st,x) —aai| =0.
n——+00 xeC

By periodicity with respect to x:

o(xE£nL —st,x)=¢(xEtnL —st,xnlL)
=z(t,xx£nl)

and thus x — z (¢, x) is negative at 400, positive at —oo, whence E4 () and E_ (¢) are well-
defined and finite. O

Lemma 2.28. Let (1, x) € R2.

(D) If s >0and z(¢t,x) <0, then forany y > x, z (t,y) <0.
) If s <0and z(t,x) >0, then forany y < x, z (t,y) > 0.

Proof. Let us show for instance the first statement, the other one being symmetric.

By Lemma 2.27, there exists X > x such that z (¢, X) < 0. Since ¢ is non-increasing with
respect to &, z is non-decreasing with respect to 7, whence for any ¢’ < ¢, z (t/ , x) <0 and
z (', X) < 0. Moreover, by Proposition 2.25, there exists 7 > 0 such that:

z(t—T,y) <O0foranyy € [x, X].
By continuity of z, there exists t > 0 such that:
zL0in[t—T,t—T+ 1] x[x, X].
Let:
t =sup{t €0, 7T) |zK0in [t —T,t — T +71] x (x, X)}

and let us check that t* =T

If t* < T, then there exists y € (x, X) such that z (¢t — T + t*, y) = 0. But in the parabolic
cylinder [t -T,t—-T+ r*] x [x, X], z < O satisfies a regular parabolic equation and satisfies
also the strong parabolic maximum principle, which immediately contradicts the strict sign of z
att —T.

Thus t* = T and then, if there exists y € (x, X) such that z (z, y) = 0, applying once more the
strong parabolic maximum principle gives the same contradiction.

The proof is ended by passing to the limit X — +oco0. O

Corollary 2.29. For any t € R, the zero of x — z (t,x) is unique, or equivalently, B4 (t) =
E_ ().
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Lemma 2.30. For any t € R, let B (t) be the unique zero of x — z (¢, x).

Then E : R — R is unbounded, non-decreasing if s > 0 and non-increasing if s < 0, and
continuous.

Furthermore, T is exactly the graph of B,

SL:{(I,x)e]R2|x> E(z)},
Q+:{(t,x)eR2|x< E(t)}.

Proof. Assume for instance and up to the end of the proof s > 0 (the case s < 0 is similar).

Since ¢ is non-increasing with respect to £, z is non-decreasing with respect to . Assume by
contradiction that there exists 7, 7" € R such that ¢’ < ¢ and E (1) < E (¢'). By Lemma 2.28, for
any x > E (1), z (f,x) < 0, whence in particular z (t, = (t/)) < 0, whence by monotonicity of z,
z (', (")) < 0, which contradicts the definition of E (¢'). Thus E is non-decreasing.

The unboundedness is straightforward: considering the limiting signs of ¢ — z (¢, x) shows
by continuity that this function has at least one zero for any x € R. But if E was bounded, thanks
to Lemma 2.28 once again, it would be possible to build a counter-example.

Finally, continuity is also straightforward, since it is well-known that a monotonic function
admits left-sided and right-sided limits at every point and that every discontinuity it has is a jump
discontinuity. The existence of such a discontinuity, that is of a segment {r*} x [x*, x4+ X ]
included in the free boundary, would immediately contradict Lemma 2.28. O

Corollary 2.31. Both 2 and Q2_ have a Lipschitz boundary.

Proof. It suffices to recall that every point of the graph of a monotone function satisfies an
interior cone condition and that such a condition characterizes Lipschitz boundaries. O

In view of this regularity of 24 and by means of easy integration by parts, we are now able
to generalize to any segregated pulsating front a property that was immediately satisfied by w

(Lemma 2.17).

Corollary 2.32. The following equalities hold in leo . (Rz):

0 (0 [z]2) =0 [z] 9z,

0z =0[z]9x (0 [2]2),
% (o [ple) =0 [pl oy,
I =6 [p]dx (0 [plo).

. N
Proof. Let us show for instance the first one. Let (£,) ey € (D (R?))" such that (¢,) converges
in leoc to some test function ¢ € leoc. For any n € N, we have:

fa, (o [z]z);n=—fa[z]za,¢n

1
:_/Zatgn_/gzatgn-

Qy Q_
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Since 2+ have a Lipschitz boundary, we can integrate by parts once again (recalling that, by

definition, z;r = 0):
1
/3t (o[z]2) §n=/8zz§n+f§3zz§n

Q4 Q_

= / o [z]0:2¢s.

Passing to the limit n» — 400 ends the proof. O

More interestingly, we are now closer to an explicit free boundary condition. The following
three lemmas are dedicated to this question.

Lemma 2.33. Let E be defined as in Lemma 2.30.
Then the traces (sz+) and (sz_) are well-defined in leoc (024) and leoc 0Q.)
respectively.

EloH 1

Proof. Since 9S24 (respectively 92_) is a Lipschitz boundary, let us prove that (0, (Z+))\Q+
(resp. (dx (z_))mi) is in H} (Q4) (resp. H! (Q-)). It is already established that it is in

oc
2
loc
(resp. (8xx (z‘)) | SL) is in leo . (Rz) as well. To conclude, it remains to prove that (atx (z+))
(resp. (3rx (z7))q_) I8 in Lf,. () (resp. L7, (2-)).
Letty, 1, x1,x2 € Rsuchthatt) <, x; < xp and [t1, 1] X [x1,x2] C Q4. Let x € D(Rz) be
a non-negative non-zero function identically equal to 1 in [t{, #2] X [x1, x2]. From the following
equation, satisfied in the classical sense in Q2 :

(R?). Considering the equation satisfied by z then shows immediately that (. (Z+))\Q+

124

Z
3 (9:2) — dxx (9r2) = g1 [;] 3z,

multiplied by 9,z and integrated over R?, we deduce:

1 1 b4
—/—|atz|2atx+/|ax,z|2x——f|a,z|2axxx=/g1 [ 1oz x.
2 2 o

It follows that there exists a constant R > 0 such that:

2
||3th||L2([,l’,2]x[x1,x2]) = R||3tZ||L2([;,,tz]><[x1,m])||X ”HZ(RZ)’

whence 3,z € L2 (Q) indeed.
Similarly, 3, (z7) € L}, (Q-).

loc

In the end, 24+ and Q2_ are Lipschitz domains, (ax (z*‘))‘Q+ € Hlloc (24+) and (Bx (Z_))m, €
Hl

loc

tively. 0O

(2_), whence their traces can be rigorously defined in L? (9Q,) and L? (3S2_) respec-

loc loc
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Lemma 2.34. Let B be defined as in Lemma 2.30.
For any non-negative test function with compact support { € Cé (Rz), the following equalities
hold:

/(U[Z]ZatC— x20x¢ +n(z]¢) = f 0x2¢,
Q4

ol

02—

/(G[Z]zaz§—3x13x§+n[z]§)= / 0x2¢.
Q_

Proof. We prove the equality concerning €2, the other one being similar.
First, it is straightforward that:

(ozD)), = 1.
Let ¢ > 0 and:
Q= {(t,x)eR2 |E() —e<x< E(t)}-
Then:

/(0 [z]20:¢ — xz3x§)=/(23z§—3xzax{)+ / (20r¢ — 0x20x¢)
Q4 Qf

Q4\Q8
Let
Te:xt>inf{teR|E@)=x+¢}.

This function is increasing, piecewise-continuous, measurable and satisfies the following
equality:
IQ+\Q§r = 1{(t,x)e]R2 | 7o (x)<t}

By integration by parts and using the equation satisfied by z in .\ :

f (20;¢ — 0x20x8) = — / nlzl¢

o\ 2\

—/axz(t, E@)—e)¢c(t,E(@)—e)dt

R

—/Z(fa (x),x) & (Te (x), x) dx.

R
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By the Cauchy—-Schwarz inequality and dominated convergence, as ¢ — O:

/(Zaté‘_ 20x¢) — 0,
Qg

+

/ U[Z]§—>/7I[Z]§,
Q4

Q\Q5

/Z(Ts(x),x)g(tg (x),x)dx — 0.

R

Therefore, the following convergence holds as ¢ — 0:

—/axza, E(r)—a);(nau)—s)dmf(o [z]zat;—axzaxcwfn[z]q.
Q4

R Q_

Lemma 2.33 indicates that the trace of d,z¢ at 9S24 is well-defined in L2. Therefore, it re-
mains to show that:

lir%/axz(t,E(t)—s);(t,E(t)—a)dt:— / 0x2¢
R

3Q+
Define, for any ¢ > 0:
Ze:(t,x)—>z(t,x —¢€),
et x)>C(t,x —¢).
It is clear that the trace of 9,z.¢. is well-defined in L? as well and satisfies:
/8xz(t, E@)—e)¢ (@, E@)—e)dr= / (=1) Oxze e
R Elon

Now, by virtue of the trace’s theorem, there exists a constant R > 0 such that:

10xze8e — xZ§||L2(aQ+) < R||0xzsc — xZ§||H1(Q+)-

Integrating by parts and using the continuity of z and 9, ¢, it is easily deduced that the right-
hand side converges to 0 as ¢ — 0. Hence the claimed result follows. O

We can now prove that E is bijective and that a free boundary condition is satisfied in a weak
sense.
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Lemma 2.35. Let B be defined as in Lemma 2.30.
Then E is bijective and the functions:

Zx,— > (02 ppq (1, E(@)),

Zx4+ > (02 g, (7, E(@)),

where (0x2) |3, are the traces of 0,z at each side of T', are in leoc (R) and are equal a.e..
Furthermore, if s >0, z, - <0, and if s <0, zx + <K0.

Proof. Assume for instance s > 0, the other case being similar.
First, we prove the a.e. equality of z, 4+ and zx _, as well as the sign of z, _.
Let¢ € Cé (Rz) be any non-negative test function and let ¢ : t — ¢ (¢, E (¢)). By Lemma 2.34:

/8x1§+ / 0,z =0

Elo IR

where the unit vector normal to 92 is the opposite of the one normal to d2_, whence we

obtain:
/Zx,+§f‘:/zx,7§r~

R R

That is, for a.e. ¢, zx + () = zx,— (t), or, in other words, for a.e. t € R, x > 9,z (¢, x) is con-
tinuous. The sign of z, _ (¢) follows directly from Hopf’s lemma applied at the vertex (¢, & (¢))
of the smooth parabolic cylinder ( — 1,¢) x (E(¢), E () + 1).

Then, it is clear that a continuous unbounded real-valued function is necessarily surjective,
whence E is bijective if and only if it is injective (or equivalently if and only if it is strictly
monotonic). We are going to prove directly that E is injective.

Differentiating (firstly in the distributional sense) the equation satisfied by z with respect to ¢

in R2\T yields the following regular and linear parabolic equations:

0r (0rz) — Oxx (0r7) — g1 [é] 0rz=0 in Q4
3 (2) — ddor (32) +dga[~3]92=0 inQ_.

Let x € R. Assume that E~! ({x}) is not a singleton. By (large) monotonicity, it is then
a segment, say [f1,#2]. Applying classical parabolic regularity on this system of equations in
(t1,12) X (x,x + 1) shows that 9z is C! with respect to ¢ and C? with respect to x up to
(t1, ) x {x}. Moreover, 9,z = 0 along (#1, ) X {x}. By classical parabolic regularity and Hopf’s
lemma, for any ¢ € (#1, t2), the right-sided and the left-sided limit of 0,0,z (¢, y) as y — x exists
and have opposite sign.

Remark that, away from I', the equations satisfied by z, 9,z and dyz suffice to show that
z€C?(24) NC? (). Therefore Schwarz’ theorem can be applied away from I
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Thus, for any ¢, ' € (¢1, t;) and some ¢ > 0 small enough, we get:

t
dz(t,xte)— oz (', xte)= / 8,0,z (1, x £e)dr
t/
t

= / 0x0:z (t,x £e&)dr.

t/

These two integrals have an opposite strict sign: with respect to ¢, d,z is decreasing on one
side of (f1,1) x {x} and increasing on the other. This contradicts the fact that, for a.e. € R,
X > 0,z (¢, x) is continuous (see the first step of the proof). Therefore forany x e R, R x {x}NT
is a singleton, whence Z is bijective. O

Corollary 2.36. The function x — x — sE~! (x) is continuous and periodic. Furthermore,
{(x — 58! (x),x) eR? | x ER} —o ' (o).
Proof. The periodicity comes from the periodicity with respect to x of ¢. O

Remark. This corollary confirms that, roughly speaking, the free boundary is located near the

straight line of equation x = st + E (0). In other words, E can be represented as the sum of
t— stand a %—periodic function & ;.

Corollary 2.37. The monotonicity of z with respect to t is strict. Equivalently, ¢ is decreasing
with respect to §.

Proof. Just apply the strong maximum principle to the equations satisfied by d;z in each com-
ponent of R?\T" to get that, in R?\T, 3,z >> 0if s > 0 and 9,z < 0 if s < 0, which is sufficient to
obtain strict monotonicity since the measure of I" (as a measurable subset of Rz) iszero. 0O

Now, thanks to a technique developed by Aronson for the porous media equation [2], we are
able to prove the continuity of d,z.

Lemma 2.38. Let B be defined as in Lemma 2.30 and z + and z — be defined as in Lemma 2.35.
If s > 0 (respectively s <0), zx.+ (t) (resp. zx,— (1)) is actually defined for any t € R. More-
over, the function z 4 (resp. zx,—) is non-positive and locally uniformly bounded from below.

Proof. We only prove the result in the case s > 0, the other one being symmetric.
Letf € R and x, x’ € R such that x < x’ < E(¢). For any X € (x,x’),

axxz(tyi):atz(tai) —Z(t,)f)f1 (Z(t,i),i)

On one hand, the term z (¢, X) f1 (z (¢, X) , X) is bounded from below by 0 and from above by
a constant R independent on x. On the other hand, 9,z (¢, X) > 0. Thus:
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Oxx2 (t,X) > —R.
Integrating this inequality, we obtain:
Oz (r,x") = 0z (1, x) = R(x" —x).
It follows that:

liminf 9,z (¢, x") = 8,2 (1,.x) — R(E (1) — x),

x'—E(f)
and then:
liminf 0,z (¢, x) > limsup dyz (7, x) .
X' —E(1) x—2(t)
Hence:

lim Bz (1. E(1) ~x)

x—0,x>

exists. From the sign of z in @, it is clear that it is non-positive. Using once more the inequality:

liminf 9,z (t,x’) > 0xz(t,x)— R(E(@) —x)

X' —E(t)

together with the local boundedness of d,z in Q4, it follows that the limit is locally uniformly
bounded from below. Finally, it necessarily coincides with zx 4 (t). O

Corollary 2.39. 3,z € L™ (R?).

Lemma 2.40. We have 9,z € C, (R?).

loc

2

ioc Of:

Proof. Let ¢ € C} (R?). Choosing as test functions in the weak formulation in L

0 [z] 0z — Oxxz=n|z]

a sequence of smooth functions converging in LIZO . (Rz) to & [z] 0y ¢, we obtain:

/3zz8xé“ —/5[21 0xx20xC =/5[z]n[z] 0x¢.

Remarking the following equalities:

/atzax; =—fzat (3:0)
=—fzax @)
= / 0x20:L,
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/6[z]n[z] 8x§=—/3x (CAEETHE)ENS
z_/&[Z] ax (77 [Z]) axgv

(where, by virtue of (#H1), dx ([z]) is piecewise-continuous and a fortiori is in L™ (]Rz)), we
deduce:

—/8xz8zC+/6[z] 0xx20xC =/5[z] o (mlzDh¢.

Hence we can once more apply DiBenedetto’s theory [13]: d,z, which is both in L (RZ) and
in Cio¢ (]R, L120 . (R)) (by classical parabolic estimates similar to those detailed previously in the
proof of Proposition 2.4), is a locally bounded weak solution of:

Z — 0y (6[2]10:Z) =6 [z]0x (n[z])
and therefore is locally Holder-continuous indeed. O

Remark. Let us explain here why 9,z is very likely to be continuous as well (equivalently, 2 is
very likely to be continuously differentiable). There are in fact some articles related to this free
boundary problem and although none of them is exactly what we need here, they strongly lead
to this conjecture (let us cite for instance Evans [19], Cannon—Yin [7] and Jensen [26]).

Roughly speaking, the idea would be to regularize (SPF [s]), to show the uniqueness of
the weak solution of the problem written in divergence form, to prove thanks to the maximum
principle that the regularization of || (9;z) (0y2) " || is bounded uniformly with respect to the
regularization, to obtain consequently that E is Lipschitz-continuous, and then to deduce from
Caffarelli’s classical results about one—phase Stefan problems [6] that E € C! (R), whence finally
9zeC (Rz).

Since we do not need such results to conclude this study about pulsating fronts, we choose not
to investigate further in this direction. Nevertheless, the rigorous proof of the continuity of 9,z
in the more general framework of weak solutions of (SPF [s]) might be the object of a future
follow-up to this article.

Let us conclude this subsection with the following corollary, which takes into account the
previous remark and gives an interesting formula.

Corollary 2.41. If d = 1, then 8,2, 3xxz € Cy)" (R?) and E € C' (R).
Ifd #1 and if 8,z € L™ (R?), then B € C' (R), 8,z € C (R?), 6 [z] dxxz € C (R?) and the
following equality holds for any t € R:

lim O(Bxxz (t, B(t) —€) — Oxxz(t, E(t) +¢))

d e—0,e>

1—-d 0xz (¢, E (1))

Proof. Regularity in the symmetrical case d = 1 follows from classical parabolic regularity.
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Provided d # 1 and global boundedness of 9z, let &€ > 0 small enough so that the implicit
function theorem can be applied at the level set z~! ({¢}). There exists E+, € C! (R) such that
Ete < E « E_; and such that:

— 0:z (t, Bxe (1))
B (1) = — o= D),
0xz (f, Bte ®))
Passing to thilimit €| 0, we deduce that E is Lipschitz-continuous. Then, by Caffarelli [6],
%z, 0z €C(Q1)NC(Q-) and E € C' (R). Thus Ex, — Ein C}, (R) as & — 0, whence 9,z
is moreover continuous at I'. Then, since ¢ [z] 0,z = 8,2 — & [z] 1 [z], & [z] Oz is continuous in

RR? as well. Finally, the formula relating &’ to the jump discontinuity of 9,z is easily obtained:

l%)m O(Gxxz (t, E({)—¢&)—0xxz(t,E(t) +¢))
&>

E—>

= lim
£—0,e>0

(8;2 (t,E8(@)—¢)— é&;z t,E@)+ 8))

+8J})r§>o(n[2] (r,8(1) —&) —n[z](t, E() +¢))

1
= (1 - 5) 0z (¢, E (1))

__ (1 _ é) 2 ()02 (1, EM). O

2.4.3. Uniqueness
‘We are now able to end our characterization.

Theorem 2.42. Let 71 and zo be segregated pulsating fronts with respective speeds s1 # 0 and
52 # 0 and respective profiles @1 and ;.

Then s1 = s and there exists T € R such that o7 = @2, where @7 : (§,x) — @1 (§ — 7, X).

In other words, the speed is unique and the profile is unique up to translation with respect

to &.

Proof. We are going to use once more the sliding method. Remark that, up to the free bound-
ary, this is the most simple case: bistable scalar equation. Therefore we refer to the proof of
Lemma 2.2 for the details and only point out here some technical differences due to the presence
of the free boundary.

Step 1: existence of a translation of the profile associated with the highest speed such
that it is locally below the other profile.

Here it is useful to additionally require that, at ¢, the upper profile is positive (uniformly
with respect to x) whereas the lower profile is negative (uniformly as well). This will simplify
some arguments in Steps 2, 3, 4 and 5 since it is now clear that the contact points (§*, x*) are
necessarily located away from the free boundary, whence the arguments of the usual sliding
method for regular pulsating fronts (Berestycki—Hamel [3]) apply straightforwardly.

Step 2: up to some extra term, this ordering is global on the left.

No new idea here: multiply the upper profile by some « > 1.
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Step 3: this extra term is actually unnecessary, thanks to the maximum principle.
Similarly, there is no new idea here as well and it follows easily that «* = 1.

Step 4: up to some (possibly different) extra term, this ordering is global on the right.
Thanks to the underlying symmetry due to the bistable structure, the proof of this step is much

simpler here: just change every profile into its opposite and repeat straightforwardly Step 2.

Step 5: this (possibly different) extra term is also unnecessary.
Similarly, repeat Step 3 to prove that «* = 1.
Step 6: thanks to the maximum principle again, the speeds are equal and the profiles are

equal up to some translation.

us

This is the step which requires additional care because of the free boundary. To this end, let
introduce some notations.
We assume that 5s; < s,. Let:

vy (1, X) = @2 (x — 811, x),
vf* Lt x) @ (x —sit — T, X)),

*

v=uvy —vj ,

where 7* is defined as in Lemma 2.2.

At this step of the proof, it is established that v > 0. Let Z = v~! ({0}). With the same ar-

gument as in Lemma 2.2, we can discard the possibility Z = (). Now there are basically three
cases.

ey

@

3

Re

There exists (1*,x*) € Z such that vy (t*, x*) > 0. Then by virtue of the usual parabolic

strong maximum principle, (vf ) = (v2)™ in some parabolic cylinder whose final time is

t* and whose spatial center is x*. Thus v is identically null in this cylinder, whence by strict
monotonicity (see Corollary 2.37) of ¢, with respect to &, s1 = 52, v2 = z in this cylinder,

N
and then by periodicity of ¢; — ¢, with respect to x, (v]r ) = v; in R? and their free

boundaries (i.e. zero sets) coincide. Thus there exists a unique bijection E such that this
free boundary is the graph of E. By continuity of 8xv]f* and d,v; (see Proposition 2.26),
dyv = 0 on the other side of the free boundary, whence by virtue of Hopf’s lemma the
equality vlf* = v; extends everywhere.

There exists (t*, x*) € Z such that v, (t*, x*) < 0. Then, by the exact same argument (this is
once more due to the underlying symmetry), vlf* = vy in R2.

Every (¢*, x*) € Z is such that vf* (t*, x*) = vp (t*, x*) = 0. Thanks to Hopf’s lemma again,
this case is actually contradictory. On one hand, since d,v € C (RQ) and v is non-negative
non-zero in R2, for any (t*,x*) € Z, 0,v (t*, x*) = 0. On the other hand, although the free
boundaries of vf* and v, are here a priori distinct, we can still apply Hopf’s lemma at (¢*, x*)
in a suitable parabolic cylinder and get a strict sign for d,v (t*,x*). O

mark. At this point, it would be tempting to notice that this kind of proof can be easily gen-

eralized if one of the two speeds is zero (in this case, the argument is usually referred to as a
“quenching” or “blocking” argument) and then to use it to show that a segregated stationary
equilibrium cannot coexist with a segregated pulsating front. Unfortunately, this is not possible.
A segregated stationary equilibrium is a priori a much more general notion than what could
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be defined as a “segregated pulsating front with null speed” (the basic reason being that, when
Coo = 0, the change of variables (¢, x) — (x — coof, X) is not an isomorphism anymore).

Nevertheless, it is still possible to use some kind of more elaborated quenching argument, as
shows the following theorem.

Theorem 2.43. If there exists a segregated pulsating front, there does not exist a segregated
stationary equilibrium.

Proof. Assume that there exist both a segregated pulsating front z with speed s # 0 and profile
¢ and a segregated stationary equilibrium e.
Assume for instance that s > 0 and that e has a smallest zero:

x1 =mine” ! ({0}) e R.

As in the usual sliding method, we construct (and do not detail these constructions) T € R and
k > 1 such that:

. x)—rkeE)—pE—1,x)

is positive everywhere in (—oo, x1) X R, with a fixed gap at {x;} x R (constructing for instance

7 such that max¢ (x; — 7,x) = — d%). Then we define «* as the infimum of these «, we assume
xeC
by contradiction that «* > 1 and we construct consequently the first contact point (§*, x*) with

£* < x1. By virtue of Proposition 2.14, £* > —oo. Let t* = )C*%g

Notice that there exists a neighborhood of (£*, x*) such that ¢ > 0 in this neighborhood.
Consequently, there exists € > 0 such that both functions:

x> (x—st* —1,x),
vf,,(*:xn—)x*e(x+§*—x*)—go(x—st*—t,x),

are non-negative non-zero everywhere in [x* —&,x*+ e]. Moreover, vr + (x*) = 0. Thanks to
the inequality:

knle]l > knlke] in (x* —e,x 4+ 8) ,
we get:
—Ke”(x +E* —x*) >k (Ké‘ (x+$* —x*),x +EF —x*) for any x € (x* —e,x*—i—s),
whence, since 9,z > 0, v+ satisfies:
=]+ (X) > G+ (X) Vr e+ (x) forany x € (x* —&,x* +¢),
where g~ € L (R) is defined as:

o ix U(K*e(x—l-f*—x’),x+§:}:j{€:)—n((p(x—sl*—r,x),x) i e e (x) £0

1 if vg e+ (x) =0.
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The function v, ,+ is a non-negative non-zero super-solution of some elliptic problem. Since
the elliptic strong maximum principle contradicts the existence of £*, k* = 1 indeed.

Repeating the argument near & = 400 with some « < 1 then proves that (up to some increase
of 1) e(§) — ¢ (£ — 7, x) > 0 actually holds in R2. Note that in this case, the proof is simpler,
since the negativity of ¢ in (§*, +00) x R follows from its normalization and monotonicity. We
point out that, a priori, there are two cases, depending on the existence of maxe~! ({0}). But in
fact these two cases do not require different arguments.

Now, just as usual, we can define:

r*:sup{t eR|e(€)— @ —1,x)>0forany (&, x) ERZ}.
Assume by contradiction that:

min (e(é) —(p(é —t*,x)) >0

[—B,BIxR
for any B > 0 such that:

e(B) <0,

ming (=B —t*,x) > 0.
xeR ¢ ( )
By continuity, we then obtain for T > t* close enough,

Cin (e®) g€~ 1,0) >0,

ming (—B —7,x) > 0.
xeR

It follows from the same type of arguments as those presented at the beginning of this proof that:
e)—¢E—7,x)>»0in R\ (=B, B)) xR,

thus contradicting the maximality of t*.
Hence, there exists B > 0 such that:

min _(e(§) —¢(§ —1*.x)) =0,

[- B, B]xR

i.e. there exists (§*, x*) € [— B, B] x R such that:

e(é*)—go( *—T*,x*):O.

Let:
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and notice that:

v(t,x)>0forany (t,x) e[t*—1,t") x R,
v (t*, x*) =0.

Now, we need to distinguish two cases, as in the proof of Theorem 2.42:

e if £* ¢ ¢~ ({0}), using the continuity of v and the strong parabolic maximum principle in
some parabolic cylinder [t* —&, t*] X [x* —&,x* 4+ 8] (with a small enough ¢ so that the
signs of e (x + &* — x*) and of ¢ (x — st — t*, x) do not change in this cylinder), we get a
contradiction,;

o if x* e~ ({0)), using the continuity of ¢’ and 9,z and Hopf’s lemma at the vertex (£*, x*)
of the parabolic cylinder [#* — 1,*] x [x*, x* + 1], we get a contradiction as well.

The pair (z, e) cannot exist.

If s <0, we change v, ,+ into —v, ,+ so that 0,z < 0 yields a negative sub-solution and we
deduce similarly e (§) — ¢ (§ — 7, x) > 0. The end of the proof is carried on similarly.

If mine~! ({0}) does not exist, then maxe ! ({0}) does: it suffices to change the roles of e
and ¢, in the sense that now we have to show that ¢ (§ — 7,x) — e (§) > 0. Near £ = —o0, the
studied quantity is ke — ¢ with ¥ < 1, and near § = 400, the studied quantity is ke — ¢ with
k > 1. Once k* =1 is established, the end of the proof is exactly the same. O

Remark. The preceding proof only works in the case of constant a; and a,. In the case of
non-constant extinction states, this type of quenching argument does not hold anymore because
Proposition 2.14 is not true anymore and therefore we cannot prove that £* < —oo when trying
to prove that «* = 1. We do not know how to prove the theorem in such a case and we stress that
this is really unsatisfying. Still, we think it is natural to make the following conjecture.
Conjecture 2.44. Theorem 2.43 still holds true in the non-constant case.
2.5. Uniqueness of the asymptotic speed

From now on, (¢ )+ refers to the general family indexed on (k*, +00) instead of an a priori
extracted convergent sequence. In the following, we will prove that (cg )z~ ,+ converges indeed to

Coo aS k — +00.

Definition 2.45. We say that s € R satisfies Property (£ (d,a, f1, f2)) if one of the following
holds:

e s =0 and there exists a segregated stationary equilibrium;
e s # 0 and there exists a segregated pulsating front with speed s.

The set of all s € R satisfying Property (£ (d, @, fi, f2)) is referred to as Lo, 1, f)-
Remark. This set does not depend at all on k*.

Following Theorems 2.42 and 2.43, we deduce the following uniqueness result.
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Corollary 2.46. There is at most one s € R satisfying Property (€ (d, a, f1, f2)).

To conclude about the convergence of the speeds, it suffices to recall that ¢, satisfies of course
Property (€ (d, a, f1, f2)).

Proposition 2.47. The limit at +00 of the function k — cy, is well-defined.

Remark. If a; and a; are non-constant, as explained before, the quenching argument can-
not be used and we do not have the uniqueness in R of the elements satisfying Property
(£(d,a, f1, f2)). Still, we have the uniqueness in R\ {0}, whence in particular the countabil-
ity of the limit points of k — ¢, as k — 4-00. Therefore, using the intermediate value theorem,
we can still prove that the limit of the continuous function k +— cx as k — +oo is well-defined.
In other words, the convergence of (cx) can be proved even without proving Conjecture 2.44.

2.6. Conclusion of this section

The function k — ¢, converges at +00.

If its limit ¢« is non-zero, then both families ((u1.x. u2.t)),_,. and ((¢1.x. 92.4)),_,. have a
unique limit point (which are respectively the segregated pulsating front w traveling with speed
Coo and its profile ¢), and therefore the functions k +— (<p1,k, goz,k) and k — (ul,k, uz’k) converge
as well as k — +o0.

If coo =0, then ((ul,k, uz’k))k>k"
segregated stationary equilibrium.

might have multiple limit points, each one of them being a

3. Sign of the asymptotic speed depending on the parameters

In this final section, we investigate the sign of c, as a function of (d, o), which is conse-
quently not considered as fixed anymore (L > 0 and ( fi, f>) are still fixed nevertheless).

We assume the existence of D,,;s > 0 such that, for any d > D,y;s and any o > 0, (Hexis) 1S
satisfied.

Once (d, @) € (Deyis, +00) x (0, +00) is given, ¢ is naturally defined. If coo # 0, ¢ and w
are well-defined as well.

Remark. These assumptions are natural in view of the existence result under the hypothesis
(7—[ freq) exhibited by the first author [23]. Indeed, if (7—[ freq) is assumed, then it implies (Heyis)
and the existence of an explicit D,y;s:

2
L_ 1\ .
Do — Mz(n —M1> if LM, > 7
0 if LM <m.

3.1. Necessary and sufficient conditions on the parameters for the asymptotic speed to be zero

Here the idea is to follow what we did in the space-homogeneous case [24] to deduce a free
boundary condition satisfied by any segregated stationary equilibrium. To this end, we need the
following result, which shares some similarities with Proposition 4.1 of Du—Lin [17,18] but is,
on one hand, restricted to the null speeds and, on the other hand, extended to the space-periodic
non-linearities.
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Proposition 3.1. Let xg € R and f : [0, +00) x R — R, periodic with respect to x and satisfying
(H1), (H2) and (H3). The following problem:

—7"=zf[z] in (xp,+00)
z(x0) =0

admits a unique non-negative non-zero solution zy, 5 € c? ([x0, +00)).
Furthermore, the function

® 1 (x0, f) > 23 ¢ (x0)

(that is the right-sided derivative of zx,, r at xo) satisfies:

(1) ©®>0;

(2) O is continuous with respect to the canonical topology of R x C! (Rz, R) ;
(3) O is periodic with respect to its first variable;

(4) forany k >0,

@(xo,(z,x)r—> f(gx)) =x0O (xo, f).

Proof. Firstly, let us point out that Du-Lin’s proposition [17,18] is readily extended to generic
“KPP”-type non-linearities which do not depend on the spatial variable. We do not detail this
extension here.

Thus, let f : z — max f (z, y). It can be checked that z > 7z f [z] is indeed a KPP-type non-
yeC

linearity (mostly, it reduces to the proof of the fact that f is decreasing and negative after some
fixed value). Then, let Z be the solution given by (the aforementioned extension of) Du-Lin’s
proposition of:

—7"(x)=2zf[z] in (xo,+00)
z (xg) =0.

Similarly, let f : z — min f (z, y) and z be the solution of:
- yeC

—Z"(x)=zf[z] in (xo,+00)
Z(x9) =0.

We intend to prove that 7 and z form an ordered pair of super- and sub-solution for the problem
at hand.

Let a be the positive constant given by (#3) such that f (a, x) =0 for all x € C. By standard
elliptic estimates,

limz =limz =a.
400 +o0~

By Du-Lin’s proposition, we know that Z' (x¢) and z’ (xo) (understood as right-sided deriva-
tives) are finite, whence there exists k¥ > 0 such that:
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kz—z>01n (xg, +00).

Let:
K* =inf{k >0 |kZ—2z>0in (xo,+00)}

and assume by contradiction that «* > 1. We can fix a sequence (k;),cn € (1, «*)N which con-
verges to k* from below. There exists a sequence (x,),cn € (X0, +00)" such that:

(knZ — 2) (xn) <O.

Since Em (K,,Z — z) = (k, — 1)a > 0, the sequence (x,),cn 1S bounded and then convergent up
m 4

to extraction.
If x is the limit of (x;), then by continuity:

K*Z (Xo0) = Z(xoo) .

Now, remarking that:
2[R = K2 f (7]

by monotonicity of £, it follows by Lipschitz-continuity of f that x*7 — Z is a positive super-
solution of some linear elliptic problem which vanishes at x,. Provided xoo 7 X0, this contradicts
the elliptic strong minimum principle and the strict ordering at 4-oc0.

But if x5 = x0, then Hopf’s lemma implies that:

(K*Z - g)/ (xg) > 0.

From this inequality, the optimality of «* is easily contradicted.

Hence «* =1, that is 7 and z are indeed a pair of ordered super- and sub-solution of the
problem. Since f depends on x (the special case of f constant with respect to x, that is Du-Lin’s
case, can be discarded here without loss of generality), they are not solutions themselves, whence
their ordering is strict:

z<LzZin (xg,+00).

Finally, by virtue of classical existence—comparison results for semi-linear elliptic problems,
there exists a solution of the problem zy, s satisfying furthermore:

2K 2y, f K 2o

The uniqueness of zy,, ¢ follows from similar arguments.

The positivity of © easily follows from z,,, f > z. Its continuity comes from the uniqueness
of zy,, r and classical compactness arguments. Its periodicity with respect to x comes from the
uniqueness of z,, s and the periodicity of f with respect to x. The last property comes from the
following easy fact. Let k > 0 and Z = kzy,, y. It is easily verified that:
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" Z|.
—7Z"=Zf|—| in (x9,400)
K

and then by uniqueness Z = zy,, s, where fi : (z,x) — f (f x). O

Before going any further, we recall that it suffices to choose different normalization sequences
to deduce that, if co, = 0, there exists at least one segregated stationary equilibrium e; satisfying:

infe;! ((—00,0)) > —00
and at least one segregated stationary equilibrium e; satisfying:
supe; ' ((0, +00)) < +o0.

If coo = 0, we define consequently x; = minel_1 ({0}) and xp = max e2_1 ({0}). Recall that,
without loss of generality, we can assume that (x1, x2) € [0, L)2.

Lemma 3.2. Let (d, «) € (Dexis, +00) X (0, 400), fi,x : (z,x) = f1(z,2x1 —x) and © be

defined as in Proposition 3.1. Assume coo = 0.
Then:

1
a® (x1, fi,x,) =dO© <x1, Eﬁ) ,

1
a® (x2, fl.x,) <dO <X2, gf2> :

Proof. We prove the first inequality, the second one being proved similarly (using e; instead of
(4] )
First, if:
e 0D\ fx1) =9,

then e; has a unique zero. Now, consider the problems satisfied by the functions:

zlzxr—>e?'(2x1—x),

x> e (x).

It is clear that:

(z1,22) = (ZX1,(Z»X)'—>f1(§,2X1*X)’ ZX]»(ZJC)H%&(%JC)) :

Since e; € C% (R), Z (xl‘”') =2z, (xl‘”') is necessary. From the relations:

® (xl, (z,x) > fi (2, 2x1 —x)) =a® (xl, fl,xl),
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@(X1,(Z,x)'—> éf2 (2)6))= (xl, fz)

we see that we are in the case of equality.
Next, if:

LoD\ {x1) # 9,
then let:
v =mine! (O (1)

Clearly, z3 = (el_) is the unique non-negative non-zero solution of:

[(x1,y1)

{ —dz"=zf2[3] in (x1,y1)
z(x) =z =0.

Now it can be easily verified that z3 is a sub-solution for the problem satisfied by

ey e L a5 ) The inequality follows. O

Remark. We explained previously that, if (7-[ f,eq) [23] is assumed, each segregated stationary
equilibrium has a unique zero x,. In such a case, we have equality:

a® ()Ce, fl,xe) - <x€9 f2>

Let (d,a) € (0, +oo)2. With the same notations as before, we define the following sets:
xt 0,L) | a® > 46 (x, .
(a'a)_ xe[ ) )|a (x’fl,x)_ X, Efz )

1
X(_d,a) = {x e€l0,L) | a® (x, f])x) <d® <x, Efz)} .

Clearly, from the preceding corollary, if coc =0,

X g 7Y
(dor)#@

Proposition 3.3. Let (d, o) € (0, +00)2, Six:(@z y) = f1(z,2x — ), © be defined as in Propo-
sition 3.1 and:

The function Ag is continuous, positive and periodic, does not depend on o and satisfies the
following properties.
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o [fthere exists x € XEZ ) then o > Ag (x).

o [fthere exists x € X (d.) then o < Ag (x).
o [t has a global minimum and a global maximum.

Consequently, provided d > D,yis, @ € [min Az, max Ag] if and only if coo = 0.

Proof. Everything is straightforward apart maybe the following implication: if « € [min Ay,
max Ad], then ¢ = 0. In fact, if there exists x, € [0, L) such that « = A (x,), then the following
function:

iy Lxo (.00 f1(E.2x,—x) 2x, —y) ify<x,,
_ng,(Z,X)D—)%fz(é’x) ) if y > x,,

is a segregated stationary equilibrium, which implies by uniqueness (see Theorem 2.43) that

co=0. O

Remark. The preceding proposition characterizes sharply {& > 0 | coc = 0}. Moreover, it also
gives an implicit characterization of the diffusion rates such that c,, = 0. With this in mind,
understanding whether A, is constant or not would be of great interest.

Let us recall that if a; and a; are not constant, we do not know how to prove Theorem 2.43.
Therefore in such a case the preceding sharpness is lost and we might still have a non-zero
Cxo for some o € [min Ay, max Ag]. This pathological situation seems highly unlikely (recall
Conjecture 2.44).

From this result, we can also deduce an explicit estimate for the range of parameters (d, ),
as indicated by the following statement.

Proposition 3.4. Let A C R? be the following set:
[(d.0) € 0. 400 | X{y ) # B and Xy, #0)

There exists r > 0 and ¥ > r, defined by formulas (SL) and (§7) which only depend on
(f1, f2), such that, for any (d, a) € A,

a2

r<—<r.
d

Remark. Although these estimates do not depend on d, they are also less precise than the previ-
ous statement. Indeed, we will see in the course of the proof that, for any d > 0:

Jvrd <min Ay,
max Ay < +rd,

and furthermore it should be expected that these inequalities are actually strict. Thus the interest
of this proposition lies mostly in the fact that r and 7 do not depend on d.
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Proof. Recalling from Proposition 3.1 the definition of z,,, r, we define for any d > 0 and any
y € C the following functions:

Zl,y == Zval,y’

Dy ixE g («/Ex—i—y).
Most importantly, z , satisfies:
_Z/Z/,y x) =22,y (%) f2 (zg,y (x), Vdx + y) for any x € (0, +00),
22,y (0) =0.

Let f, : 7+ max f, (z, x) and Z be the solution of:
xeC

—7"=zf1lz] in (0,+00)
2(0)=0.

Similarly, let f> : z +— min f> (z, x) and z be the solution of:
- xeC

—7"=zf2[z] in (0,+00)
2(0) =0.

It can easily be checked (see the proof of Proposition 3.1) that the solutions z and 7 form a pair
of sub-solution and super-solution for the problem satisfied by z> ,. By uniqueness, z < z3 y <Z.
Since V/d® (y, 1 f2) = 75 , (0), consequently:

7 (0) <do (y, éfz) <7 (0).

Then, for any (d, @) € A, we deduce from the preceding estimate and from the definitions of
X&a) and X(fd,a) that there exists (x1, x2) € [0, L)2 such that:

a® (x1, fi,v) = VdZ (0,
@® (x2, fi.x,) < Vd7Z (0).

The conclusion follows from the following definitions:

2
_ Z(0)
r= max © (x, fl,x) ’ (SL)
xeC
2
- 7 0) )
"= min © (x, fl,x) @) O

xeC
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Corollary 3.5. Assume that, for any i € {1, 2}, f; has the particular form (u, x) — p; (x) (1 — u)
with u; € C},er R), u; > 0.
Then:

Proof. In such a case, the functions f> and J2 defined in the proof of Proposition 3.4 reduce to:
Sz max(uo) (1-2).
ﬁ:z»»mfin(uz)(l —2).
Define analogously:
fiize mgX(m)(l —2),
ﬁ:ZHmEin(ul)(l -2).

Denoting the functions z and z defined in the proof of Proposition 3.4 as z» and z,, the
definitions of r and 7 read:

2
=20
T |\ max®(x, f10) |
xeC
2
_ 75 (0)
r = —_—mmm
mig@(x,fl,x)
xeC

Defining analogously the functions z; and z,, we obtain by a super- and sub-solution argument
similar to that of Proposition 3.4 the following estimates:

21 (0) <min ® (x, f14) <max® (x, f1x) <7} (0),

xeC xeC

which leads subsequently to:

I~
v

(g& (0) >2
20 )’

(56)
IOV

~|
IA
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Now let us determine ® (0, z — r (1 — z)) for any constant r > 0. Multiplying the equality
satisfied by z = 20, z1»r(1—7) by 2/, we find:

() () ()

Integrating between 0 and +-o00, it follows (z’ (O))2 = ¢, thatis:

@(0,z»—>r(1—z))=\/§.

Applying this equality with » = max (u2), ¥ = min (u2), r =max (x1) and r = min (1¢1), the
C C C C

claimed estimates for r and 7 follow directly. O

. - .2 .
Thanks to the existence of r and 7, we now know that the quantity %~ plays a particular role
(and this is obviously reminiscent of the space-homogeneous case [24]). Therefore, we also state
the following (immediate) proposition.

Proposition 3.6. For any d € (0, 400), let:

inAg)? Ag)?
Ro:[(mmd @) ’(maxd @) } (60)

The set Rg is a non-empty, closed, subinterval of [K , 7].

Assume moreover that d > D,yjs. Then coo = 0 if and only if "fi—z € RS.

Remark. Once more, in the case of non-constant a; and ap, one implication is lacking, but
proving Conjecture 2.44 would be sufficient to recover it.

The length of Rg is a very interesting open question (which is obviously equivalent to that
of the constancy of A;). Recall that in the space-homogeneous case [24], Rg = {%} is a
singleton which does not depend on d.

3.2. Sign of a non-zero asymptotic speed
Proposition 3.7. Let (d, o) € (0, +00)>. Let z be a segregated pulsating front with speed s # 0

and profile ¢.
Then s has the sign of:

L aa L aj a
/ / n(z,x)dzdx:/ 012/2f1 (Z,x)dz—d/zfz(z,x)dz dx.
0 —da 0 0 0
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Remark. In view of well-known results about bistable scalar traveling waves, and more recently
pulsating fronts (see for instance Ding—Hamel-Zhao [15]), such a result was to be expected.

It could be tempting to try to get rid of the a priori condition s # 0 and to show that the
existence of a segregated stationary equilibrium implies:

aay

/ / n(z,x)dzdx =0.

C —da

But Zlatos [32] showed on the contrary that it is possible to build counter-examples of pure
bistable non-linearities F of positive integral such that:

0,z — Ohxz = F[z]

does not admit any transition front with non-zero speed. Therefore we do not investigate further
in this direction.

Proof. We have justified previously that in the equation (SPF [s]), every term (div(EVg),
ngp and 1 [¢]) is well-defined in L} (R?). Thus we consider the test function d; 1 _p pxc €

L? . (R?) for some large enough B > 0. By large, we mean here that we assume the following:
ming (&, x) > 0 for any § < —B,
xeC

max ¢ (§,x) <Oforany § > B.

xeC

Hence the subset of the free boundary {(£,x) €Rx C|¢ (& x)=0} is included in
(—B, B) x C. B
Multiplying (SPF [s]) by d¢¢ and integrating over (—B, B) x C yield:

B L B L
//div(EVw)aggo—i-s//o[fﬂ] 3,5(0 = //n[w]aw
—-B 0

B O —-B 0

First, by change of variable, Lipschitz-continuity of the free boundary (see Proposition 2.26)
and definition of 7:

L B L ¢(—Bx)
—/fﬂ[¢]3s¢=f f 1 (z, x) dzdx
0 -8B 0 ¢(B,x)

¢(—=B.x)/ —@(B.x)/d

L
=f o? /Zfl(Z,x)dZ_d / zf2(z,x)dz | dx.
0

0
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Then, since we do not know that dg¢ ¢ is continuous, the term f fB fOL div (EV ) d: @ is dealt
with a standard mollification procedure. There exists a sequence of non-negative non-zero mol-
lifiers (6,),,eny € D (R). For any n € N, let:

@n 2 (8, x) > /(/)(S — £, x) 0, (£)dS.

On one hand, for any n € N, it is clear that all the terms 0zz @y, 0xx@n, Jsx @y are classically
defined. By periodicity and integration by parts, we easily obtain:

B L L B 5 B
//div (EV@,)0:p, = /( 85(0;1 (S, X)iliB - I:(axq)n) (E,X)]B> dx.
“B 0 0

It can be easily verified that if both sets:

| =

+B 4+ 2suppt) =£B +2 U suppd,
neN

do not intersect the free boundary, that is if B is large enough indeed, then as n — +o0:

max |0z, (£B, x) — 0:¢ (£B, x)| + max [dy¢, (£B,x) — 0y (£B, x)| — 0.
xeC xeC

It follows that:

N[ =

L
/( s ¢n) (S,x)]:—[(aan)Z(g,x)]dex
0
L[ ) B . 5
— E/([(&‘P) (é,X)]_B—[(axgo) (g,x)]_B) dx
0

On the other hand:

B L

/ / div (V) 3 (9 — 9n) < 4V (V) | 20— .5y 13 @ — 00 1230
—-B 0

/ / div (EV (9 — ) 3e0n < v (EV (@ — 0n) 123> S0P 136 @n 20— 5.5y
neN
—B 0

and, once more by standard mollification theory, |9z (¢ —¢n) l12(—p B)xc) and
[div (EV (¢ — @) |12~ B, Byx ) converge to 0 as n — +o0.
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Therefore, passing to the limit n — 400, we obtain the expected equality:

/ / div (EVg) dep = 5 / ([0 €.0]”, - [0 0], ) ax

-B 0

Finally, using these computations to pass to the limit B — 4-0c in the equality:

B L B L B L
//diV(EV¢)Bs¢+S//U[¢] Bssv = //n[w]asso
—-B 0 —-B 0 -B O
it follows:
L aj a
/a[w](asfp =/ @ /zﬂ(z x)dz —d /zfz(z x)dz | dx,
RxC 0 0 0
and since:

. 1 2 2
O<m1n{1,2} 1050172 ey < / o [p] (0:9)
RxC

the claimed relationship between s and fOL f f;;z n (z,x)dzdx follows. O
Corollary 3.8. Let (d, @) € (Deyis, +00) x (0, +00). Then:

€))] 1’]“"72 > mang, Coo > 0;
) if % <minRY, coo <O.

Proof. It suffices to remark that, for any i € {1, 2}, fOL 5‘" zfi (z,x)dzdx > 0. O

Remark. We recall that, in the proof of Proposition 3.7, the fact that a; and a; are constant
is crucial. This issue has already been encountered (see the remark following Proposition 2.5).
Therefore, in the general setting, it is not possible to obtain such an explicit formula for the sign
of coo. Nevertheless, let us point out that the results of Corollary 3.8 should still hold in this case:
o there still exists 7 > r > 0 such that 0 ¢ (4.« 7, 1) if (d, @) does not satisfy r < “72 <7,
since the whole subsection 3.1 can be easily generalized (even though:
— we cannot prove that coo =0 if @ € [min Ay, max Ay], i.e. if "2—2 € ’Rg (but recall Conjec-
ture 2.44);
— additional care is needed since a non-constant ay would a priori depend on d);
e we will prove in the next section that (d, «) + ¢ is continuous at least in {(d ,a) €

2
(Dexis. +00) x (0, +00) | & ¢ RY};
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o the study of the limit of the segregated pulsating front as @ — 0 or « — 400 (which can be
rigorously done since D,y;s does not depend on «) should easily yield the sign of the speed
at such limits:

— formally, as @ — 0, the positive part of w vanishes and we are left with a Fisher—KPP
pulsating front connecting 0 to —day, consequently with a negative speed;

— formally, as @ — +o00, the negative part of = vanishes and we are left with a Fisher-KPP
pulsating front connecting a; to 0, consequently with a positive speed;

e hence, by connectedness and continuity, Corollary 3.8 would be recovered indeed.

To conclude, let us highlight an important particular case.

Corollary 3.9. Assume that, for any i € {1, 2}, f; has the particular form (u, x) — p; (x) (1 — u)
with u; € C},e, (R), u; > 0.
Let:

_ ||M2||L1(c)
letliiey

If coo # 0, then it has the sign of a*r —d.
Proof. In such a case, for any i € {1, 2}, a; =1 and:

L

L1
//Zfi(z,x)dzdx:éfm(x)dx. O
00

0

3.3. Continuity of the asymptotic speed with respect to the parameters

In this final subsection, we even allow (f1, f2) to vary in the set F of all L-periodic f :
[0, +00) x R — R satisfying (H1), (H2) and (#3), equipped with the canonical topology of
c!' (R%,R).

Proposition 3.10. Assume that for any (f1, f2) € F 2 there exists a non-negative Dyis = Dg;”h
as defined before.
Let:
P={.ofi. ) € 0.+007 x P 1d > D[]
The function:

B —- R
d,a, f1, f2) = cxo

is well-defined and continuous.
Assume moreover that the function (d, «, f1, f2) €8 +— k* is locally bounded. Then the con-
vergence of ((d, o, f1, f2) € B> ck)p=p+ 10 (d,a, f1, f2) € B cxo is locally uniform.
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Remark. If (H,is) follows from (’H freq) [23] and if:

2
L 1 .
Doy — | M2 (; _ —_Ml) if LM > 7,
if LJM; <,

then ( 1. fz) > D'/ is indeed well-defined (and actually continuous) in F2.

exis

Proof. Just verify (with the same integrations by parts than those used in the course of the proofs
of Propositions 2.4 and 2.5) that:

e all families of segregated pulsating fronts satisfy some locally uniform estimates (with re-

spect to (d, a, f1, f2)) in Cjpc (]R, leoc (R)) N leoc (R, Hﬁ)c (R)) and therefore, by virtue of
DiBenedetto’s theory [13], in Cloo’f (R?);

e all families of segregated stationary equilibrium satisfy some locally uniform estimates (with
respect to (d, @, f1, f2)) in C1.F (R).

The continuity of ¢ is then a classical consequence of Theorems 2.42 and 2.43 and of compact-
ness arguments.

The locally uniform convergence is proved with similar compactness arguments, this time
using the fact that the compactness estimates of Propositions 2.4 and 2.5 are locally uniform. 0O

Remark. We recall that in the case of non-constant a; and a,, we cannot prove Theorem 2.43.
Therefore it is not possible to prove complete continuity of c. In the whole subset:

052
{(d,cx, f1, ) eP | 7€ Rg,fl,fz} ’

Coo Might not be continuous and jump between 0 and some non-zero values. Still, it is not pos-
sible to jump directly from a positive value to a negative one, whence the zero set is in any case
non-empty. Moreover, we recall that these issues are completely subordinated to Conjecture 2.44.

3.3.1. As a conclusion: what about monotonicity?

Regarding the monotonicity of o > cx: it should be easily established, via super- and
sub-solutions, that o + co is non-decreasing (a proof that we do not detail here for the
sake of brevity). Recall moreover that we already suggested in the previous subsection that
Coo — —C*[d,2] as o — 0 and coo — ¢*[1,1] as & — +00, whence a — ¢ Wwould in fact
be from (0, +00) onto (—c* [d, 2], ¢*[1, 1]).

Regarding the monotonicity of d — cso: on the contrary, such a result should in general not
be expected. We recall that:

e the dependency of the speed of a bistable front on its diffusion coefficient is in general
unclear;

e even for the Fisher—KPP equation, as long as heterogeneity is introduced, the monotonicity
of the minimal speed as a function of the diffusion coefficient is in general lost (for in-
stance, in space-time periodic media, a counter example has been exhibited by the second
author [29]).
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