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Abstract

We solve semilinear Schrodinger equations with a singular potential of inverse-square scale, especially
the threshold of nonnegativity and selfadjointness.
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1. Introduction

In this article, we consider the Cauchy problems for following semilinear Schrodinger equa-
tions with a singular potential of inverse-square type

ou
| — = (— 1 N
i P (—A+V)u+gu) inRxRY, (NLS)

u(0) =uo,

where i = +/—1, N >3, and V € C(RV \ {0}; R) satisfies the inverse-square condition (the
scales of inverse-square)
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V(ux) =pu2V(x), wu>0.

Let P := —A + V. Then P is scale-symmetric operator, that is, Plu(ux)] = Mz(Pu)(,ux) for
> 0. One of the important subjects of modern physics is analyzing many aspects of physical
phenomena with singular poles (at origin). To end this, we ordinarily describe the Schrodinger
operators perturbed by singular potentials such as the scales of inverse-square. For example, the
Efimov states (the circumstances that the two-particle attraction is so weak that any two bosons
can not form a pair, but the three bosons can be stable bound states): see e.g., [22,23]; effects
on dipole-bound anions in polar molecules: see e.g., [32,2,8]; capture of matter by black holes
(via near-horizon limits): see e.g., [25,10]; the motions of cold neutral atoms interacting with
thin charged wires (falling in the singularity or scattering): see e.g., [20,6]; the dynamics of a
dipole in a cosmic string background: see e.g., [4]; the renormalization group of limit cycle in
nonrelativistic quantum mechanics: see e.g., [5,7]; and so on. Moreover, the Calogero—-Moser
models (see [13,14,37]), typical example of integrable dynamical systems, are expressed by the
following Hamiltonian.
N2k Yoo,
Z(_ﬁ + ?) =—A+ ijxj =:—A+ Vem.
j=1 J J j=1

The potentials Vcm are the scales of inverse-square but it appears a great deal of singularities:
not only the origin but also the family of hyperplanes xjx; ---xy = 0. Thus we examine the
simplified singularity as like a|x| =2 (the pole is only the origin).

These are certainly linear problems. But the nonlinear ones also are disclosed. Applying the
mean-field approximation to the intractable nonrelativistic many-body problem, the problems are
turned into the nonlinear evolution equations: Hartree-Fock equations. Moreover, if we describe
the nonlinear effects as like the Kerr effects, we need to analyze the nonlinear equations (usually
the semilinear evolution equations).

In view of the Cauchy problems (NLS), g(u«) is a nonlinear term so that the conservation
laws are held, for example, g(u) := MulP~lu (pure power nonlinearity; local type) and g(u) :=
Au (Jx]7Y * |u|?) (usual Hartree nonlinearity; nonlocal type) with A € R. A typical example of V
is a|x| 72 (a € R). The Hardy inequality

N—=2 2 2
W -2 /'”(x)| dx§/|Vu(x)|2dx N>3 (1.1
4 x|
RN
implies the presence of threshold for nonnegativity and selfadjointness (in the sense of form-sum,
known as the Friedrichs extensions) of P, := —A + a|x| 2. Note that the coefficient (N — 2)2 /4
is optimal. P, is nonnegative and selfadjoint in LXRYyifa>a(N):=—(N —2)2/4.

The contraction methods are the simple, powerful, and useful methods for constructing unique
solution of nonlinear Schrodinger equations. We can solve (NLS) with V (x) = a|x| 2 via the
contraction principle since the Strichartz estimates are established by Burq—Planchon—Stalker—
Tahvildar-Zadeh [11]. But Okazawa—Suzuki—Yokota [39] showed the global unique existence
with unsatisfactory conditions for (NLS) with local nonlinearities.

Proposition 1.1 (Via the contraction methods, [39, Theorem 1.2]). Let N > 3, V (x) = a|x| 2,
and ug € H'(RN). Assume
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_ _1 N+2 N(p—1)
g(u) = |ul? u,1§p<N_2, a>a(N)+[2( +1)]

Then there exists a unique solution u € C(R; H'@RN)) N CY(R; H~1(RN)) to (NLS).

Recently, the restriction of a can be relaxed even in the contraction methods. Specifically,
Killip-Miao—Visan—Zhang—Zheng [30] proved

: 2
(=AY flljamny < CLIPY Fll Ly
1 1—-s4v@ 1 . {1’%+1+v(a)};

if—-— ——— < — <min
2 N q

2
1P fll oy < Co (=AY fll Loy

1 1 1 1
if max i - L(a)}<—<min[l,§+

1+v(a)}
N’2 N q ’

N

where v(a) ;= [a + (N — 2)? /4]1/ 2, Unfortunately, in view of the above inequalities, it is hard
to remove fully the restriction of a by applying the contraction methods. The unsatisfactory
condition is removed in Okazawa—Suzuki—Yokota [40] by applying the energy methods (see also
Section 5):

Proposition 1.2 (Via the energy methods, [40, Theorem 5.1]). Let N >3, V(x) = alx|™%, a >
a(N), and ug € HY(RN). Assume that g(u) := |u|1’_1u (1<p<(N+2)/(N —2)). Then there
exists a unique solution u € C(R; H'@RN)) n C'(R; H~L(RN)) to (NLS).

Note that if @ = a(N), the energy space X' (RV) := D((1 + Pa(N))l/z) does not coincide
with H'(RY) = D((1 — A)'/?) = D((1 + P,)'/?) (a > a(N)). This is the consequence of the
optimality for (1.1). Here X LRN) is not just equal but almost equal to H L(RN). In fact, Suzuki
[48] showed for N >2and 0 <s < 1

s I'((1—-1s)/2) ps/2
H x| f“LZ(RN) = m a(N)f||L2 (RN)> (1.2)

. DN +29)/H T = 5)/2) 12
_ /2
IGN! f||Lz(RN)sF((N_zs)/4)r((l+s)/2)|| Py Fll2 @y (1.3)

The contraction methods do not work well, while the energy methods still work. See Suzuki [48]
for the following results.

Proposition 1.3 (Critical case of a, [48, Theorem 4.1]). Let N > 3, a = a(N), and ug € X' (RN).
Assume that g(u) := |u|?~'u (1 < p < (N +2)/(N — 2)). Then there exists a unique solution
ue CR; X'RV)NC'R; X~ 1(RN)) to (NLS).

Recently, Azzam [1] analyzed the resolvents for P, with a = —1/4 in the spatial dimen-
sion N = 3. The above results treated the energy-subcritical nonlinearities. Actually, (NLS) with
V(x) = alx|~? are partially solved under the energy-critical nonlinearities. Killip-Miao—Visan—
Zhang—Zheng [29] cleverly applied the contraction principle and global existence is proved for
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the spatial dimension N =3 and g(u) = |u|*u global existence and scattering |u|*u under the
condition a > —1/4 4 1/25. Miao—Murphy—Zheng [34] extended the results to N = 3 with
g(u) = £|u|*ufora > —1/441/25,and N =4 with g(u) = £|u|*u fora > —1+1/9. Here the
case of plus sign nonlinearities implies the global existence, the case of minus sign nonlineari-
ties implies blowing up in finite time. Since we see the global and unique existence of solution to
(NLS) of V (x) = a|x| ™2, we can consider the global analysis of solutions, especially, asymptotic
behavior.

The scattering problems for (NLS) with V (x) = a|x|~2 and the pure power type are partially
solved in H!'(R"). Zhang—Zheng [55] proved the Morawetz inequality and constructed the wave
operators in a > 0 if N =3, and in

4
1+—<p<l1+ if N >4.

@zt Ity N-2
In this context, they research the threshold between the global existence and blowing up in fi-
nite time. Killip-Murphy—Visan—Zheng [31] considered the dichotomy between scattering and
blowing up for the spatial dimension N = 3 and cubic power nonlinearity —|u|?u. Later, Zheng
[56] investigated the dichotomy for N > 3 and g(u) = —|u|”~'u under the radial solutions. On
the one hand, Dinh [21] studied threshold between the global existence and blowing up in finite
time for the same dimension and nonlinearities. See also Murphy [38] for recently works for the
dichotomy.

On the other hand, Lu—Miao—Murphy [33] considered the profile decomposition and con-
structed the wave operators ina > a(N) and 7/3 < p <3 if N =3, and in

(N)+(N—2 1 )z {1+4 2 } L
> —— — ——) , max —, ——t<p< —
a=d 2 p+l N T N—2TF N_2

if 3 < N < 6. Note that the contraction methods are applied to the both of studies. Moreover,
Trachanas—Zographopoulos [51] considered the orbital stability of standing waves for (NLS)
with V(x) = alx|~2 and the pure power type nonlinearity —|u|”~!u in the radially symmet-
ric settings. They applied the energy methods in Cazenave [15, Chapter 3] for radial solutions.
This is also considered in Bensouilah—Dihn—Zhu [3] without the radial settings, partially. Csobo—
Genoud [ 18] considered the minimal blow-up solutions for L2-critical (p=1+44/N) of (NLS)
with V(x) = alx|~% (a(N) < a < 0).

Now we consider the general inverse-square potential V. In particular, V(x) := (b - x)IxI_3
(b € RN); the Hamiltonian perturbed the potential arises from the study of electron capture by
polar molecules (see e.g., Leblond [32]). Here the threshold between the selfadjointness and the
bound states of —A + kxz|x| 73 in L2(R3) is k &~ ko = 1.27863. Note that ko > |a(3)| = 1/4 and
the selfadjointness is followed beyond the bounds of the Hardy inequality. Now we consider the
condition

4
gN-1 s

N —2)?
/[|Vsu|2+<V+¥)|u|2]d05N7128\/ / P dogy1, (1.4)
N—1

where Vi is the spherical gradient on S¥~!. Here 8y is settled in the optimal constant:
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N —2)2
Sy = inf{ / [|Vsu|2 + (V + %)W] dogy1; llull 2 sv-1) = 1}.
SN—I

We see that §y > 0 yields the nonnegativity and selfadjointness of P := —A + V in the sense
of form-sum (see also (2.2)). Assume that V is not critical, that is, y > 0 in (1.4). Then Burq—
Planchon-Stalker—Tahvildar-Zadeh [12] proved the Strichartz estimates for exp(—iz P):

le™ P @l e @;o@ry < Cr ol 2@,
where (7, p) is the admissible pair which satisfies

2 N N
_+_:_7 12271022
T P 2

Note that the endpoint (2,2N /(N — 2)) is included. The energy methods and the Strichartz
estimates follow the unique existence of local in time solution u € C([—T,T1; H'(RV)) N
Cl(-T,T); H-'(RN)) to (NLS).

This paper is concerned with the critical case §y = 0 in (1.4). In particular, we try to establish
the energy estimates like (1.2) and (1.3) and the Strichartz estimates for exp(—iz P), and solve
(NLS). In more detail, we show the following three theorems. First, the energy estimates are put
together as follows.

Theorem 1.4. Let N > 2 and s € [0, 1). Assume that V satisfies (1.4) with §y = 0. Then

(1 +s4a(V)/2) T —s)/2)
T((1—=s+a(V)/2)T((+5)/2)

| (=a)"ul 2y < 1P ull 2y, (1.5)

where a(V) := (—min{V (x); x € SN"IH1/2 > 0. If N =2 and min{V (x); x € SN=1} =0, then
a(V) =0 is admitted.

Secondly, the Strichartz estimates for exp(—iz P) can be established as follows.

Theorem 1.5. Let N > 3. Assume that V satisfies (1.4) with §y = 0. Then for any admissible
pairs (tj, pj) (j =0, 1,2) without the endpoint (2,2N /(N — 2))

le™ Pl Lo ®: Leo®N)) < Cro(V) 9]l 2N (1.6)

t

“/e_i(t_s)PF(s)ds‘

0

=Coyn(MIF]

< (1.7)
L2(R; L2 (RYN))

LI (R;LP1(RV))"

Finally we solve the nonlinear problems (NLS). To end with, we apply the energy methods
established by Okazawa—Suzuki—Yokota [40]. For giving much information about the energy
methods, we consider the Hartree—Choquard type nonlinear terms

(1.8)

p+1

g :=Mu<x)|P—1u<x)/aluLM
x| x = yI7 1|

RN
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We denote D := D((1 + P)1/2) and D* := D((1 + P)~Y?), a dual of D.
Theorem 1.6. Let N >3, AeR, >0, >0, 20+B<(NAd),and 1 <p<l+ (@4 —a—
B)/(N —2). Assume that V satisfies (1.4) with dy = 0. Then for any ug € D there uniquely

exists a local solution u € C([—T,T1; D) N CY([—T, T1; D*) to (NLS) with (1.8). Moreover, u
satisfies

)l 2wy = luoll 2@y, E@() = Euo),

where

1 1
= /2 02
A p+1 p+1
+ // lpC)IPT ()] dx dy
2(p+ 1 x| Jx — y|P [yl
RN xRN

Furthermore, if ug is also belongs to D(|x|), thenu € C([-T, T]; D(|x|)).

Thanks to the energy methods, we can also consider other nonlinearities as like |«|”~'u and

g(u>=u(x>/k(x,y>|u(y>|2dy
RN

(see Examples 5.7-5.9 for details).

To carry out these above, we divide the paper into six sections. In Section 2, we introduce
the radial-spherical decomposition respect to P. In Section 3, we evaluate the energy spaces
for (NLS). Theorem 1.4 is confirmed in this section. In particular, we show D((1 + P)1/%) ¢
H’(RN) = D((1 — A)*/?). The Strichartz estimates for exp(—it P) are confirmed in Section 4
via the local smoothing estimates. Thus Theorem 1.5 is verified in this section. Well-posedness,
that is, unique existence for (NLS) is proved in Section 5 by applying energy methods. The
nonlinearity is acceptable in the energy methods for both the pure power nonlinearity (local type)
and the usual Hartree nonlinearity (nonlocal type). In this paper, we choose the Hartree-Choquard
type nonlinearity (Theorem 1.6). Finally, we conclude with some remarks in Section 6.

1.1. Notations and preliminaries
Let m(r) be a nonnegative and measurable function on R4 = (0,00). The family
L*(R; m(r)dr) is the Hilbert spaces with norm

7 s 12
Nl 2Ry smery ary = [/lu(r)l m(r)dr]
0

Let I C R be an open interval, and Y be a reflexive Banach space. Then C (I;Y) is a family of
the continuous Y -valued function on I (the closure of I; closed interval). On the other hand, the
vector-valued Lebesgue space L”(I; Y) is equipped with norm
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lullzrcry) = | ||M(-)|IY||L,,(,) < 00.
Moreover, the vector-valued Sobolev space WL-P(I;Y) can be also defined:
WP Y) = {u € LP(I; Y); ||| e vy < oo}

Here u’ denotes the weak derivative of u respect to time variable 7 € /. It is well-known that
wle:yyccd:;y)d< p < 00) is continuous (see [ 16, Corollary 1.4.36]).
Also we denote a Vv b := max{a, b} and a A b := min{a, b}.

2. The radial-spherical decomposition

We consider the generalization of spherical harmonics decomposition (see e.g., [45, Lemma
IV.2.18]). Applying the polar coordinate system to P := —A 4V, we see

N-1 1
P=-0>— O + 5 (=As+V),

,
where Ag = Agv-1 is the Laplace-Beltrami operator on SV 1 := {x € RV; |x| = 1}. Since SV~!
is a compact Riemannian manifold, we can analyze the spectrum (obviously, eigenvalues) of
—Ag+Vin L2(SN-1).

Lemma 2.1. Let N > 2 and V € C(SN=1; R). Then there exists a Hilbert basis (Yo, jIm,j of
L2(SN=1Y and a sequence {An}m C R such that

M<p< - <Ap<-, Ayp—o00asm— 0,
Y€ HX(SN Hnct* sV "H\ {0} 0 <a < 1),
(—AS"F V)Ym,j :)\mYm,j'

Moreover, YV, :={Y; (—As + V)Y = 1, Y} # {0}, the m-th eigenspace of —Ags + V, is a finite
dimensional vector space, whose orthogonal normalized basis {Yy, j}; exists.

Here we remark the regularity of eigenfunctions. We see

Y j=(=As+ D7 0+ 1= V)V, ;.

Thus if ¥, j € LP(S¥71) (1 < p < 00), then ¥, j € W2P(SV~1) by the elliptic regularity lem-
mas. On the other hand, it follows from the variational principle that Y, ; € H L(SN=1). The
Sobolev embeddings H!'(SN—1) c L2 (SV—1) (2* := (N — 1)/(N —3) if N > 4, and 2* < 00
if N =3) imply that Y, ; has higher regularity. By repeating this step by step, we can get
Yi,j € w2P(SN-1y c c(SN1) (p > (N —1)/2). Note that it follows from the Sobolev embed-
dings w2p(SN=1y c cla(sN-1) (N — 1 < p < o) that Y,n,j belongs also to C!'(S¥-1). Here
we need only the regularity as Y, ; € H L(SN=1y N L (SN~ in our arguments. In particular,
we see |Veu|?> = |0,ul> +r=2 |Vsul? and if 8, f,r ' f € L2(Ry;rV"1dryand Y € H (SN,
then u(x) := f(|x|)Y (x/|x|) belongs to H'(RN):
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2 21y 2 —1 22 2 2mN
IVaul” =10, fI71Y "+ 1r—" fI7IVsY|" € L“(R™).

Note that LZ(RV) = L2(R+; Nldr @ LZ(SN_I). Here the Hardy type inequalities are avail-
able for LZ(R+; rN=Ldr).

2
/'f(’)' <o 2)2/|3rf(r)|2rN lar, N =3,
00 ) 00
/ O (1 4 20reor ar <4 / |9 f ()2 (1 +20m)e™" dr, @D
0 0
620, f(0)=0

Thus 8, f € L2(Ry; rN=1dr) yields that r=' f € L>(R; rN =V dr) if N > 3.
It is remarkable that if V satisfies (1.4) with §y > 0, then

ct (1= 8)2ullZs gry < 1A+ PY2ull 7 gy (2.2)
< (1= 8)"2ullf> gy
) A Villjooron—
Ccl = v 20’ C2:=1 M>O’

Sv + 1V=llpoocsn-1y (N —2)2

where Vi(x) := (£V(x)) Vv 0 (double-sign corresponds); see [12, Proposition 1.3]. This con-
cludes the nonnegativity and selfadjointness of P in the sense of form-sum. Moreover, if §y > 0,
then we find D((1 + P)'/?) = H'RM).

Now we define the projections on L>(RY) and L2(R; r¥~1dr) as

Un.j () =Y j e/ 1X )T j (XD,
(T ) 1= / FOD T @ doghr.

The subclass of L2(R™V) related to P = —A + V can be considered as
L2, RY) = {37 fn (5D Yon /D3 fonj € LRy 7V |
J
Especially, since the first eigenvalue is simple (dim Y| = 1), we see

L2, ®Y) = [ fa(eDYia/1xDs fi € 2@y r¥ran).

Thus L2:1 (RN) is isomorphic to Lfad (RVN), the family of radially symmetric functions of
L*RN). 1t follows from Lemma 2.1 that L>(RY) = @fnozl L2=m (RN) and
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2 2 2
A1y = D0 D MU i F 2wy = D 2 T F 2, ov1 gy
m=1 j m=1 j

Thus the radial-spherical decomposition of f respect to P is described as

L= T j D) Yo j /XD =D i (X1 Yo G/ 1)

m=lj m,j

Let f=3, ;fmj¥Ymjand g=3, ;8n ;Ym be the radial-spherical decompositions of f
and g respect to P. Then we see '

m=1 j

/f()d@dx = Z Z/fm,j(r)mr}vfl dr.
RV 2

On the one hand, P maps from D(P) N L%, (RN) to L2, (RY). In fact, if f € D(P) N
L2:m (RN), then P can be represented by the operators which consists only of multiplication and

differentiation by r:

— 2 _ 2
P =y fo= (0 - XLy, tnm WD,

r r

where v, := An + (N —2)2/4 > 0. We see v; = 0 if (1.4) with §y = 0. We denote x as the
projection on Lzzl(]RN): xf =U11f,and define x+:=1— x. Note that x and x are commu-
tative to P and |x|. For example, x ®(P) = ®(P)x and x1®(x]) = ©(|x|) x L are completed.

3. Evaluation of energy spaces

We prove (H'(RN) ©)D((1 + P)!/?) c H*(RY) (s < 1) by following Suzuki [48] which is
considered the typical case V(x) = —[(N — 2)2 /4] |x|_2. First we introduce the Mellin trans-
form:

o0

MIF(E) = / 1y dr,

0

Note that

M fF(NI@) =MIf(H]z+a), a€eR,
Mo, f(N1(@) ==z = DM[f(NI(z—1), Rez>0.

Applying the Mellin transform to A, f (v > 0) for f € L>(Ry; rN=1dr), we see

MIA [l ==z =k =2+ V)@ —k =2 =vV)M[f](z - 2),

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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where

The linear operator A, has another representation. To carry out this we consider the Hankel
transform of order v of f:

(o)) = / o) (o) f (o)™ dp,
0

where J,, is the Bessel functions of the first kind of order v. Using the Hankel transforms, we see
Ay = H,r¥H,. In fact, the Mellin transform of A%/* f = H,r*H, f (v > 0) is described as

MIAY? f1(2) 3.1
M=k +v)/2T(1—(z—s5s—Kk—1)/2)
M(z—s—k+v)/2)T(1 = (z—Kk —)/2)

=25 MLf1z =),

where I' is the Gamma function. The Mellin transform plays similar as the Laplace and Fourier
transforms.

Lemma 3.1 ([49, Lemma 2.5]). (i) It holds the Plancherel type equality for the Mellin transform:
T 1T N N
— < . N-—1 _ s . s .
[ s as= o [ (5 +iv)Misi(5 +iv) . (3:2)
0 —00
(ii) Assume that the linear operator B in L2(R+; rN=lar) satisfies
N
MIBfI@) = FQMLSI@),  Cri=sup|F(5 +iv)| < +oc.
y

Then B is bounded. Moreover,

IBf L2 rv=1ary = CF Il 2Ry V-1 dr)-
Next lemma is the evaluation of maximum of the products of the Gamma functions.
Lemma 3.2 ([49, Lemma 2.2]). Let o, B € C([0, 00); R) N c! ((0, 00); R) and ¢ > 0 such that
a(x)—c>px)>0 Vx>0 0<d'(x)<B'(x) VYx>0.
Define the function y as

() = Ca(x)) T'(B(x))
" Ta@)—o)TBx) +0)

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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Then vy is decreasing in x > 0 and hence y (x) < y (0) for x > 0.

Now we verify the evaluation of the energy space, especially, we prove Theorem 1.4: D((1 +
P/ c HSRY) (s <1),ina way similar to [49, Theorem 3.2] (see also Yafaev [54]).

Proof of Theorem 1.4. We divide the proof into 2 steps.
Step 1. First we show that for any a > 0
1P + alx |72 ull 2 g, (3.3)

_ra +5+/a)/2)T((1 —5)/2)
T =s+Va) /2T (1 +5)/2)

” Ps/zu “LZ(]RN).

Set the indexes

(N —2)?
+T

(N -2)?

VI=Vy =,/ Anm 2 ,

s /'L::Mm:\/a+}\n1+

where A, is the m-th eigenvalue of —A g+ V. Note that u > v > 0. It is important that if ¥;, is an
eigenfunction of —Ag + V corresponding to the value A, then Yy, is also that of —Ag+V +a
corresponding to A,, + a. Thus the radial-spherical decompositions respect to P = —A + V and

ones respect to P 4 a|x|~2 are exactly same. We consider the operator A‘:/ ZAJS/ 2. The Mellin

transform of AY/?A;%f (f € LARy: r¥=Vdr)) is MIAA 2 £1(z) = Fu(MIf12),
where

o) i M(z—k+w)/2)T(1—(z—s—k—wn)/2)

T N —s —k+w/2)T(1 -z — & — p)/2)
y T(z—s—«k+v)/2)T(1 - (z—k —v)/2)
M=k +v)/2T(1—(Gz—s—Kk—1)/2)

We evaluate | F,,,((N/2) + iy)| to apply Lemma 3.1. It follows from the Euler limit formula of
the Gamma function that

M +s+w/2)0 (A —s+v)/2) [10_"[ Rk(y)] 1/2

Fu(N/2+1y)| =
NP2 = (T 4 /)T (45 +0)/2)

k=0

where My := 1+ u + 2k, Ny := 1+ v + 2k, and

(1+y2/(Nk +5)?) (1 + y?/(My — 5)?)
(14 y2/ (N — $)?) (1 + y2 /(M + 5)?)
2 45[Ni /(N — s2)2 — My / (M} — 5%)?]
(L+y2/(Nk = )2) (1 + 2/ (M + 5)?)
4 4s(My — Ni) (N My — 5%)
(M = sH2(NE = sD2(1+ y2/(Nk = )2) (1 + y2/ (My + 5)?)

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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<1 VyeR.

Note that ¢(¢) := t/(z‘2 — sz)2 is decreasing in t > s if My > Ny (i > v). Thus we have

N P((1+s54w)/2)T(0—s+v)/2)
‘F’"<7+’y>‘ ST st w2 tstw/2) vyeR

and hence it follows from Lemma 3.1 (ii) that
2 2
AT Fll 2@ vt ary < em IAY? £l 2@y -1 any-

Apply Lemma 3.2 with a(x) := (Vx +a+1+5)/2, B(x) ;== (/x+1—s)/2,and c ;=5 > 0.
Since ¢, = ¥ (A + k%), we see

L((1+s+a)/2)T((1—5)/2)

N1 —s+Va)/2)T(1+s5)/2)

em <y +6H) =y(0) =

Letu = Zm jUm,j¥Ym,j be a radial-spherical decomposition respect to P (and P +a|x|~2). Then
we have

1P +alxl ™) Pulza gy = DL NA o N o vt ar

m,j
2 2 2
S Zcm ”Ai/ um,j ”LZ(RJr;rN—l dr)
m,j
2 2 2
<> FIAY Pum il 2 g, vt ar)
m,j

=i 1P 2ull g

This is nothing but (3.3).

Step 2. Set a > 0 so that ¢ > —min{V (x); x € S¥~!}. Then V(x) + a|x|™2 > 0 a.a. x ¢ RV,
Thus we see

I(=2)"2ul17 > gy = / |Vul*dx
]RN

< [ UVl + - alal D = 1P+l Pl g,
RN

The Heinz-Kato inequality [26, Theorem 2] yields
=AY ull 2y < 1P +alx] ™) ull gy Vs €10, 11,

Combining (3.3) into this we conclude (1.5). O

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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Remark 3.3.Let N > 2 and s € [0, 1). Assume that V satisfies (1.4) with §y = 0. In a way
similar to Theorem 1.4, we can show the Hardy type inequality respect to P.

I'((1-s)/2)

—s 5/2
H|x| Yu”Lz(RN) = mllw “||L2(RN)~ (3.4)

See e.g., [48, Theorem 3.1].

Remark 3.4.Let N > 2 and s € [0, 1]. Assume that V satisfies (1.4) with §y > 0. In a way
similar to Theorem 1.4, we can prove the following inequalities.
(=AY ull 2wy < Cs,v |1 P Pull 2y

oo T((1+s+a+8v)/2)T((1 —s++/6v)/2)
TP — s+ Va2 (A + s +/81)/2)

L((1=s++6v)/2)

x| 5u < P2y .
||| | HLz(RN) — s F((l + 5+ m)/z) I ”LZ(RN)
Putting s := 1 and a := || V_|| Lo (sn-1) in the above first inequality, we get justly the first inequal-

ity in (2.2).

The key tools in the proof of Theorem 1.4 are the radial-spherical decompositions and the
Mellin transforms. We can also apply the above technics to the following Cauchy-Schwarz type
inequality (see e.g., [49]). These inequalities are the key ingredients for showing the continuity
of the weighted energy spaces for (NLS) (see also Section 5).

Proposition 3.5. Let N > 2 and ¢ be a real-valued and radially symmetric function. Assume that
V satisfies (1.4) with §y > 0. Then

N
‘/goﬁx-Vvdx‘g lx g uell 2wy ||P1/2v||L2(RN)+E‘/wﬁvdx’. 3.5)
RN RN
Especially,
‘Im/gpﬁx~Vudx <P 2ull 2wy Ix @ ull 2Ny (3.6)
RN

Proof. Letu =3, ;um, j¥Ymjandv=73", ;vm ;Y ; be radial-spherical decompositions re-
spect to P. Then we see that

o
/(pﬁx'Vvdx:Z/‘pum,j(r)r(arvm,j)(r)rN_ldr.

RN m.Jj o

By using (3.2), we obtain that

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
inverse-square type, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.11.087
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0]

> / r@Um, ;(r) Brvm ) (r) PN~ dr
m,j 0

:Z% /M[a,vm,j](%+iy)M[r<pum,j](g+iy)dy
m.j

—00

= % Z % / M[vm,j](% -1 +iy)M[(PMm,j](% +1 +iy> dy

m,j

+i Z % / yM[vm,j]<g -1+ iy)M[(pum,j](% + 1+ iy) dy
mj %

= — +1 ).
2 !

Here I is calculated by (3.2) as follows:

o0 oo
I :Z/f‘vm,jmm—m,jr'v*‘dr=2/¢mvm,jr’v*‘dr
m,j m,j o
=/<pﬁvdx.
RN

On the other hand, we see from (3.1) that

MIAY F1(5 +iv)

(v —iy)/2)T((v+1+iy)/2)
T((v+iy)/2)T((v + 1 —iy)/2)

M[f](%—l—i—iy).

= —iy)

Applying (3.2), we obtain

i 1 T 2

[ tar= o ot el (s - 1en) a6
54 2

0 —00

Set v = vy,. Applying the Cauchy—Schwarz inequality and (3.7), we calculate

o o
B 1/2 B 1/2
|12|§[E /IA‘I,){lzvm,jler 1dr] [E /|r<pum,j|2rN lalr]

m,j o m,J o

1/2
= 1P 2]l 2wny X @ ull 2Ny

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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Therefore we have (3.5). If v = u, then I} € R, and hence Im/; = 0. Thus (3.6) is also
proved. O

4. Strichartz estimates

We need to consider the Lorentz spaces to derive the Strichartz estimates for exp(—it P). The
definition of Lorentz spaces is fully written in Bergh-Lofstrom [9], Triebel [52], and others. Let
feLl () (QcRN). Then the distribution function of f is defined as

loc

m(f;s):=pu({x €Q;|fx)>s}),

where w(A) is the Lebesgue measure of A C Q2. Since m( f; s) is decreasing in s, we can consider
the decreasing rearrangement of f as

f@) :==inf{s; m(f,s) <1}.

Now Lorentz spaces L”9(S2) (p, q € [1, 00]) is specified the family of f such that the following
quasi-norm | f|p r.a(g) is finite:

o0
1/
(/ﬁ”%ﬂan%—wo " 1<g<oo,
[flera =1
supt /P £*(1) q = 0.
t>0

Also Lorentz spaces L”9(2) is characterized in the real interpolation between the usual
Lebesgue spaces:

1 1-6 0
LP*Q(Q)z(Ll’"(Q),Lm(Q))e’q, ;z o +E’O<9<]'

Typical example belonging to Lorentz spaces is |x| ™! € LN ®°(RN) (N > 2). LP*®(Q) is also
called L?-type weak Lebesgue space. Note that LP-?(2) = LP(R2) and the continuous inclusions
LPN(Q) C LP91(Q) C LP492(Q) C LP-®°(Q) for | < g1 < g» < 0. If p,q € [1, 00), then the
dual space of L”4(S2) is L”+4' () (p' is the Holder conjugate of p: p’ = p/(p — 1)).

Note that | f|1r.r(@) = | fllLr(g)- This concludes L?*P(2) = L?(2) (1 < p < 00). Define the
average function of f as

t
1
ﬁ%n:;/}vww.
0

Then the following is an equivalent norm of | - |1r.q(q) if p € (1, 00)

o0
1/
(/[tl/pf**(t)]qf]dt) . <g < o0,
I fllzra) =14

supt!/P £ (1) q = oo.
t>0

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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In fact, the norm equivalence is verified:
p
[flera < fllLra@) < ﬁlfluhq(sz)

Here L?-9(Q2) (p € (1, 00)) is a Banach space with the above norm || - || r.a ().
Now we use the following Holder inequality in Lorentz spaces (see e.g., O’Neil [41]).

Lemma 4.1. Let f € LP191(Q) and g € LP>92(QQ). Assume that p € (1, 00), g € [1, 00] satisfy

1 1 1 1 1 1

P PP o4 a1

Then fg € LP9(2). Moreover, the Holder inequality in Lorentz space is fulfilled:

I fellera <3p 1 fllLra @ ligllLra ). 4.1

By definition of the Lorentz norms, we see

lfellLra < I fllLellglra-

Moreover, if u € LP9(), then ||u|*| = |u|$ .4 () fOr 0 < @ < (p A ). Thus we see

Lrlaale(Q)
H |u|01 HLp/a,q/u(Q) S C ”u”([:fp-q(ﬂ) (1 < p < OO)

In connection with Lorentz spaces, we can consider the real interpolation between the space-
time (vector-valued) Lebesgue-Lorentz spaces (see [52, Theorem 1.18.4] and [9, Theorem
5.3.1]):

(LIP3 L0, L (15 LI Q) |, = LP (15 197 (Q),

0,p
where pg, p1 €[1,00), q0, q1 €[1,00], rg, r1 €[1,00],0 € (0, 1) and

1 1-6 0 1 1-6 6
po#pls - = +_1_=
p Po pPr q q0 q1

As notion in the introduction, [12, Section 3.2.1] and [42, Theorem 2] establish the Strichartz
estimates for the super-critical case for V.

Proposition 4.2. Let N > 3. Assume that V satisfies (1.4) with 8y > 0. Then for any admissible
pairs (tj, p;j) (j =0, 1,2) one has

le™" ol L ro®:Lro2®Ny) < Cro(V) 0l 2R, 4.2)

4.3)

< Coo(M)IIF|

L2 R;LO22RN)) LT R; L2 RY))'

t
”/e_"([_S)PF(s) ds’
0

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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We show the following estimates. These ensure the Strichartz estimates for exp(—i¢ P) (The-
orem 1.5).

Proposition 4.3. Let N > 3. Assume that V satisfies (1.4) with y = 0. Then for any admissible
pairs (tj, pj) (j =0,1,2)

I e P oll o ®. o2y < Cro (V) 01l 2 @) (4.4)
t
1 —i(t—s)P , ,
| [ et F@as] i SCan M g g oy @)
0
Ixe P ol 2R L2n/v-2.00@Ny) < C2(V) @]l L2 RNy (4.6)
( RY))

Here x is the projection onto L2=1 (RN) and x* =1 — x (see the last part of Section 2).
Local smoothing estimates produced by Kato [27] is the key ingredient of the confirming the
Strichartz estimates. Set X and Y be (complex) Hilbert spaces. Let S be a self-adjoint operator

on X. Suppose that A is a closed and densely defined operator from D(A) C X to Y. Then A is
called S-smooth if the following ingredient is finite:

1A Zns)

o0
1
= sup{m / (AS — A 4ie)  ully + 1A — 1 —ie) 'ul31dr;

—00

£>0,uc X with lul|x = 1].
If the operator A : D(A) C X — Y satisfies
IA(S —aEie) ' A*ully < Callully 4.7

(A*: D(A*) C Y — X is the adjoint operator of A). Then A is S-smooth and ||A||§m(s) <Cu/m
(see [27, Theorem 5.1] or Corollary to [43, Theorem XIII.25]). Moreover,

AT gl am vy < 27 14N, ) Igllx < V2CAllollx. (4.8)

Furthermore, applying the Fourier and Laplace transforms to (4.7), we see that

= CallFll2mR;y)- (4.9)

t
H/ Ae~ 1008 A* P (1) dt
L2(R:Y)
0

See Mochizuki [36, Proposition 3] and D’ Ancona [19, Theorem 2.3] for details.
To begin with the Strichartz estimates, we consider the evaluation like (4.7).

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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Lemma 4.4. Let V satisfy (1.4) with §y = 0. Then there exists C > 0 such that

sup [P+ O AT XD Fllzwyy < C I Il2RY)- (4.10)
reC\R
This concludes x*|x|~" is P-smooth. Here x = is defined in Section 2.

Proof. Step 1. In a view of [12, Theorem 2.1], we have for v > 0

Ir = A+ 27 T F 200001 ary < COVLE I L20000: 781 diry- @.11)

The verifications are strictly carried out in [12], however, the coefficient seems not to be suitable
(see Remark 4.6). In fact, we see C(v) < (v"2 Vv +~/2v~1). We consider the same as in [12]
to derive the sufficient coefficient. Let u € LZ(RJr; r¥=1dr) be a solution to A,u + 72u = f.
Putting v(r) = u(r)yrW=D/2er we see

21

V() +220'(r) + v v(r) =rN D27 £ ().

Multiply re=2°"v'(r) (o := Rez > 0), integrate by parts, and apply the Cauchy-Schwarz in-
equality. Thus we have

0 o

142 1+2 !
[ e ek + [ e P ar
0

2 472
0

o0

Re/e<f 20y )y rf (ryrN D2 ar
0
oo

<5 [erwor dr+—/|rf(r)|2 “ar,

0

Transposing the first term of the right hand side, we obtain

17 2
/(1 +20r)e20" —|v(r2)| d
r
0

o0
1-46 4p2 —
—/(1+20r)e_2‘”|v'(r)|2dr+ Y

21/ rf )P r¥ =" ar.
0

Applying the weighed Hardy inequality ([12, Lemma 2.2]; see (2.1)), we have

e 2
Jas2one o Mg < 5)/Irf(r)|2rN Lar.
0

Please cite this article in press as: T. Suzuki, Semilinear Schrodinger equations with a potential of some critical
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Optimizing § € (0, 1] with § < 4v?, we conclude that

r

o0 2 o0
/'”“2' drgCl(v)/lrf(r)|2rN_1dr,
0 0

where Ci(v) :=v~*if v < 1/\/5 and C{(v) := 4/(4v2 —1ifv> 1/\/5. Note that C;(v) <
v v 2u72. (4.11) follows from |v(r)|? = rN = u(r)|?e2°" > rV =1 u(r)|?.

Step 2. Note that vi = 0. Sum (4.11) over from m = 2 to oo.
G RDP + 27 e %D £ 2wy

o
-1 2y—1_—1 2
=2 2 I A, DT ko v any
m=2 k

—~
<
SRS

2
2
VS ) k2o ar
m

3
||
)

M
4

1 2\ )

= (_4 v _2> Z Z fm il 22, rv-1 ar)
v2 \)2 m=2 k
1 2 )

< (\Tg v v_g) 171 2

This is nothing but (4.10). Note that we can select C in (4.10) as (u{z) \% (ﬁv{l ). O

Remark 4.5. We can explicitly denote the operator (A, + )71 (Rez > 0) as

e¢]

(Ay +z2>“f(r>=/gu<r,s)f<s)s’v—1ds,

0

go(r,s) == (rs)~ V=272 {IV(U)KV(ZS) r<s,

K, (zr)l,(zs) r>s,

where I, and K, are modified Bessel functions (of order v) of the first and second kinds.

This is a Hilbert-Schmidt type operator. Thus if we show (4.11), it is sufficient to calculate
—1 1 .

Ir="g(r,5)s ™l 22 N1 4@~ as)- To end this, we evaluate

-1 —12
lr~"gv(r, s)s ”Lz(Ri;rN—‘dr@sN—]ds) 4.12)

_ // ’Iv(z(r/\s))l('v(z(r\/s))|2 dr ds.

rs

R+X]R+
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Unfortunately, we cannot explicitly compute the above integral (4.12). Thus we need to another
evaluation of (4.11) as Step 1 of the proof of Lemma 4.4. Here we can see that v = 0 is excluded
in (4.11). Let v > 0. Then

Zx\V T
L)~ () Osr<l) K@)~ |5 @0,
2 2zx
On the other hand, if v =0, then
T
Ip(zx)~1(0<x<k1), Ko(zx)~ /_Zer_Zx (x> 1).

Thus the integral (4.12) diverges.

Set S:= P and A := x1|x|~! in (4.7). By virtue of (4.8) and (4.9), we conclude that

1 — — —1/2
I 1x 1 e P ol g 2@y < V205V 2740 ) gl @), (4.13)

(4.14)

t
L=l —i(t=0)P =11
x| e b F(z dl"
| [ - F@de
0

—4 )
< (v, " V2, )||F||L2(R;L2(RN))'

Remark 4.6. In a view of [11, Theorem 1] and [44], we see

1 —i /4
It fla@ie@ v -tany = 5o 1 2@ am-ran - 0> 0).

Hence we can obtain the refinement of (4.13):

— —7 n
Ixtixl™ e ”Pf||L2(R;L2(RN)) =,/ E”f“Lz(RN)'

Note that 7/(2v) <2v=2if v < 1/+/2 and 7/(2v) < 4/V/42 — 1 <2/2v " Vifv > 1/4/2.

Proof of Proposition 4.3. We divide the proof into 3 steps.
Step 1. We show (4.4). Set u(t) := xexp(—it P)¢ = exp(—it P)x-¢. The Duhamel formula
implies

t
ut)y=e"yto—i /ei(’_s)AVu(s) ds.
0

Here the Strichartz estimates for exp(itA) (V = 0) are also verified (see also Keel-Tao [28]).
Thus we see
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i

1 —itP
Ix e " "ol . Lo2 R YY)

t

<Ayt (R-T P +H/ei(1_S)AVu s)ds

= ” X (p”L (R,Lﬂz(RN)) ( ) Lr(R;Lp,Z(RN))
0

< C:(0) lellz2wyy + Coc O) VUl p2R: 28/ N+ 2R N y) -

Here (4.1) and (4.13) yield

|Vu(r) ||L2(R;L2N/(N+2),2(RN))
= [PV 1l X e 0| . oo vy
<Cn| |x|2VHL°°(RN) I ™! ||LN~°°(]RN) ”Xﬂxl_]e_itp‘p” L2(R; L2(RV))

<Cyllel2®yy-
Combining into this we obtain (4.4).
Step 2. We prove (4.5). Let a > 0. We define
t

W, F(t) = /e_i('_‘y)(P“L“‘xﬁ) F(s)ds.
0

Define u(t) := —iW, F(t). Then u satisfies i u; = Pu + a|x|_2u + F. The Duhamel formula
implies

t
ut) = —i /e—”’—”f’ lalx|"u(s) + F(s)]ds
0
= —iWolalx|"2u(t) + F(t)] = —iWo F(t) — aWolx| 2 ¥, F ().

Thus we see W, F(1) = WoF (t) — iaWo|x|2W, F(r). In a way similar to this (with seeing V =
(V +alx|72) —alx|~2), we also obtain Wy F (1) = W, F(t) +iaW,|x| 2 Wy F(r). These conclude
that Wo|x |_2\IJa =Y, |x|_2\l-'0 (commutative property). Hence we see
WoF (1) = W, F (1) + iaVy|x| 2 WoF (1)
=W, F(t) +iaWy|x| (W F (1) +iaV,|x| > WoF (1))
=W, F () +iaWa|x| 2 W F(t) — a>Walx| 2 Wolx| 2 W, F (7).

Now we consider

o0
1 —i(t—s)P
e F(s)ds
H/X (s) LT(R;LP-2(RN)Y)
0
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= II‘IfoxlF(t)IlLr(R;LM(RN))
< IWax " FOll e Ror2@®yy) +a | Walx| 2 WaxF (1))

L7 (R; LP2(RN))

+a? ” v, |X|_2‘I/O|X|_2\l’aXlF(t) ”LT(R;LP'Z(RN))

=L+ h+1.

Since 8y 4412 =a + 8y =a >0, (4.3) implies

L =Coc (Vo) I Fll 2R 2v/vs 2Ny, Vai=V + a|x|_2.

Applying (4.3) twice, we can evaluate I:

1] < a Coe (Vo) [ IXI 2 Wax M FO o g, vy
<aCo,e (Vo) Cn 18172 pvno vy 1Wax " F Ol 2 p2viov-2.2 )

<aCrc(Va)* Cn | Fll 2R 20/ V422 R Y) -

For I3 we also apply (4.14), not only (4.3).

3] < azcz,r(Va) H x|~ Wolx| AW, x F (1) ||L2(R;L2N/(N+2),2(RN))

S aZCZ,‘L’(Va) CN ” |X|71 “LN,OC(RN)

x ot x 1 Wolel ™ X T WA F O | g2 vy
<a?Coe (V) Oy Coipt [ I F O | o 2y
<a?Coc(Va) O Cot ot [ 1171 e oy 1Wa F D1l 2 s 230622
< leC’z’f(Va)2 CI(/N CXJ_lx‘—l ||F||L2(]R;L2N/(N+2),2(RN)).
Combining these we conclude (4.5) with (t1, p1) = (2,2N /(N — 2)) (endpoint).
Next we obtain (4.5) for any admissible pairs. Set T : L2(RY) — LT (R; LP?2(RV)) as Ty :=
x - exp(—it P)g. Then the linear mapping

o
TT*F(;):XLe*”P/e””xLF(s)ds
—00

(0.¢]
— / Xle—i(t—S)P F(S)ds
—00

is bounded from L™ (R; LP12(RN)) to L™ (R; LP>2(RV)). The Christ-Kiselev lemma [17]
with 7] < 7o ensures that Wy is bounded linear mapping from L7 (R; LP2(RN)) to
L72(R; LP22(RN)).
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Step 3. Next we consider (4.6). Note that the endpoint Strichartz estimate like (4.4) is not estab-
lished since we cannot obtain the Kato smoothness bounds (see Remark 4.5). Now we follow the
Mizutani approach as in [35]. Let A; be the Laplacian on R2. Tao [50, Corollary 1.4] shows the
endpoint Strichartz estimate under the radial symmetry:

Il exp(ir A2l 2@; 1, ®2) < Cena ll0l 2 g2)- (4.15)
Since the first eigenvalue of —Ag + V in L2(SV~!) is simple, there uniquely exists a positive
eigenfunction ¥, € L2(SN~1) N H2(SV~1) such that || Yy ]| 2sv-1) = 1. Define the operator

Uy : L2 (R?) — L2, (RV) as

Uyp(x) := 27 x|~V =220(1x Y1 (x|~ x).

Then Uy is a unitary operator:

o0
0rolsm, = [[ [ W YD ReemmP do [N ar
0

SN-1
o
= [2x00)?[ [ moPdo]|rdr=lei?; g
0 SN

Moreover, we have
Uy exp(itAr) = e P Uy. (4.16)
To show this, first we see
Uy (~22)ry) = Uy~ — L0)
=27 )~V (=92 - %arso).
On the one hand,

P Uy f)(ry)

- (_af - NT_lar + %(—As + v>)(ﬂ rm N Y ()

_ _7\2
=27 Y1(y) (—3,2 - Nr Lo - (N4r22) )[r—(N‘”/zw(r)]

- (\/Em(y))r‘(N_z)ﬂ(‘ar2 - ;a’wr)'

Thus we see Uy (—Aj) = PUy and (4.16).
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Now we prove (4.6). It follows from (4.16) and (4.15) that

—itP
lxe™" ‘P”L?(R;LZN/(NfZ),OO(RN))

= [V2rvi(x 17 TN RO e P x| o r v siv-nse )
-1 —(N=2)/2
< ||V2rYi (x|~ x)lx] =2/ ”LZN/(N‘”*“(RN)
. 1
x [lexp(it A) Uy " x ¢l 2R L2, R2))

~1
<Cn,v Cend IUy X§0||Lr21d(R2)§CN,VCend ||‘P||L2(RN)~ g

Proof of Theorem 1.5. (4.6) and the selfadjointness of P ensure that for 6 € (0, 1)

—itP 1-6

1-60 1-6 —
H |xe | ||LOO(R;LZ/(I—Q),Z/(I—())(RN)) = “X(p”LZ(RN) = ”‘P”Lz(RN),

—itP

“ |xe §0|8 HL2/9(R;LZN/(G(N—2)),OO(]RN)) = CZ(V)Q ||(/’||0L2(RN)-

Applying the Holder inequality (4.1) we see that

—itP
xe™ "ol L2 r, L2viv-2002/0-0)®Ny) < C ll@ll 2R -

Thus x exp(—itP) is a bounded linear map from L?(RM) to L?(R; L2N/(N=2).00(RNY)
and from LZ(RY) to L¥¢(R; L2N/(N=20).2/(1=0)(RNY)) The real interpolation of space-time
Lebesgue-Lorentz spaces implies that y exp(—ifP) is bounded linear map from L*(RV) to
LT (R; LP T (RY)), where

1 1—-wd-06) 1 1 1—-wd-06)
-_— = —=——— we(0,1).
T 2 p 2 N

Here (7, p) is admissible pair without the endpoint.

Here the case T < p is a good estimate because of L”T(RY) c L?(RY). The case is written
downas2<t<2+4+4/N (or2+4/N <p <2N/(N — 2)). If the bad case T > 2 +4/N (or
2 < p <2+4/N), we consider the usual Holder inequality.

Lol ®: Lo ®Y))

—itP 1—0k
! (p”LOO(R;LZ(RN))”Xe

lxe™

—itP 0
<lixe ' §0||L*2+4/N(R;L2+4/N(RN))

< Copayn (V) el 2@y,

where

1—1_9*+ 0, 1—1_9*+ O,
T 00 24+4/N° p 2 24+4/N’

Combining this into (4.4), we obtain (1.6) (see also Suzuki [49, Lemma 4.3 and Proposition 4.8]
for the above arguments). Finally, (1.7) is followed from 7 T* arguments as in the latter of Step
2 in Proposition 4.3. O
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5. Local and global existence of the semilinear Schriodinger equations with a critical
inverse-square potentials

Now we solve (NLS), that is, we prove Theorem 1.6. We refer [48, Theorem 4.1] for one of the
most simple cases g(u) := X |u|? 1y (power type; local nonlinearity) for (NLS) (see Example 5.7
for details). We remark D := D((1 + P)'/?) and D* := D((1 + P)~'/?), a dual of D. We see the
Gelfand triplet D ¢ L>(R") c D*. Note that D D H'(R") by (1.5) and

1/2
lullp = (1 + P)2ull 2wy = (/[|u|2 +1Vul + V@) uPldx)
RN
lullpe = 11+ PY " 2ull 2wy
Note thatif A > 0,or A <0Oand 1 < p <14 (2—2a — B)/N, then the local solution u to
(NLS) with (1.8) can be extended globally in time (see also Remark 5.5). We give the proof of

Theorem 1.6 for the case @ > 0 and 8 > 0; the cases « = 0, and 8 = 0 are more simple. The
proof of Theorem 1.6 is divided into 3 steps:

Step 1. Check the conditions for confirming the existence of solution to (1.8);
Step 2. Verification of uniqueness of solution to (1.8);
Step 3. Showing the continuity of solution in D(|x|).

Theorem 1.6 is owing to the energy methods established by Okazawa—Suzuki—Yokota [40].
We consider the abstract Cauchy problems for semilinear Schrodinger equations. Let S be a
nonnegative selfadjoint operator in a complex Hilbert space X. Put Xg := D((1 + S)'/?) and
X% :=D((1+ S)~!/?), the dual of Xs.

D Su+ g
igr = Suts, (ACP)

u(0) = uo,

where i = +/—1, g : X5 — X7 is a nonlinear operator under the following conditions. For simple
notation we use By := {u € Xs; [lullxs = |(1+8)2ulx < M}.

(G1) Existence of energy functional: there exists G € C'(Xs; R) such that dx,G = g, that is,
given u € Xg, for every ¢ > 0 there exists 6 = §(u, €) > 0 such that

|G(u+v) — Gu) —Re(gu), v)xz xgl <€llvlxs VveBs;
(G2) Local Lipschitz continuity: for all M > 0 there exists C (M) > 0 such that
lg() —gW)llxy < C(M)|lu—vlxg Yu,ve By;

(G3) Holder-like continuity of energy functional: given M > 0, for all § > 0 there exists a
constant Cs(M) > 0 such that

IG) = GW)| =86+ Cs(M)|u—vlx Yu,veBy;
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(G4) Gauge condition: Re (g(u«), i u)xs,xs =0VueXs;

(G5) Closedness condition: given a bounded open interval I C R, let {w,}, be any bounded
sequence in L*°(I; X) such that

wp(t) > w() (n — oo) weaklyin Xg a.a.t €1,
g(wy) = f (n— 00) weakly* in L>(I; X5).
Then
Re/(f(t),iw(t))xg,xs df=nli>ngoRe/(g(wn(t)),iwn(t»x;xs dr. (5.1
I I

Here f = g(w) is guaranteed if w, (t) — w(t) (n — o0) strongly in X a.a.t € I.
Proposition 5.1 (Energy methods [40, Theorems 2.1 and 2.2]). Assume that g : Xs — X
satisfies (G1)—(GS). Then for every ug € Xg with |luogllxy < M there exist Ty > 0 and a

local solution u to (ACP) on (—=Tuy, Tm). Moreover, u belongs to Cy([—Ty, Tml; Xs) N
W (=Ty, Ty; X3%) and satisfies

lullx = lluollx, E))<Eo) Vte[-Tu,Tyl, (5.2)

where E(-) is the energy functional given by

1 172, 112
E(<P)1=§|I(1+S) ey +Glp), ¢eXs.

Furthermore, if the uniqueness of local solutions to (ACP) is verified, then the local solution u
to (ACP) belongs to C([—Ty, Ty ]; Xs)N c! ([=Twm, Ty]; X;) and the inequality of (5.2) is just
equality.

Now we prepare for the proof of Theorem 1.6. One of the key ingredients is the Hardy-
Littlewood-Sobolev inequality

|17 % F | Loy, < Cris@.r) 1 Fll ey, (5.3)
I vy 1
l<g<r<oo, —4+=—=1+-.
q N r

Moreover, the fractional Sobolev embeddings are verified (see e.g., Remark 3 in Section 2.8.1 of
[52]):

Nl p2nsv-2 @y < Cs (=AY 2ul| 2y
It follows form (1.5) that for 0 < s < 1

s/2 1-s
el p2nsv-2 @y < CJ 1P Pull 2 gy < €Y lell 2 g 1D < € llullp- (5.4)
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Moreover, the Rellich compactness lemma is preserved. If 2 C RY is bounded domain, then
Dig :={ulg € L2(S2); ueD}CLI(RQ) (2<qg <2N/(N —2))is compact (see also [48, Lemma

4.5)).

Proof of Theorem 1.6 (Step 1. Verifying the conditions (G1)-(GS)). Applying the Hardy-

Littlewood-Sobolev inequality (5.3), we see that

// 1 (0) 1P~ g (o)uz (x) vy () [P~ 1vz(y)va(y) dxdy
Ix]% [x — y|B |y]*
RN xRN
-1 -1
<Cuis llutlle ~luzlle luslie lville — llv2lle lvslle,
where
laellg == 117"+ V| anvpinson-—p @y
CuLs := CuLs(2N/B,2N /(2N — B)),
N(p—1)+2 2
_Np—D+2e+p -y “ € (0, 1).
2(p+ 1D N(p—1)+2a+p8

The Holder inequality, (5.4), and (3.4) imply that
lalle < 11~ 3o gy 1261 28 -0 ey < Cis 1P 2ull 2y
= Cys ”M”’D”u”LZ(RN) Css llullp.
Simple calculations imply the following inequalities for A, B, & € C.

|A+E[P! = |A1P — (p+ DRe| AP~ AE|
<p(p+ DA+ ED" &%,

|AIP'A = [BIP7'B| < p(|AIP~" + |BIP~1)|A - B,

[|AIPT —|B|P*!] < (p+ D(AI” + |B|?)|A — B|.

Define the energy functional of g(u) as

A )P+ () |2+
= dy.
=T // TR T

RN xRN

To derive (G1), we evaluate

A A
G(u+v)—G(u)—Re(g(u),vb*,D:2(p_|_1) 2(p+1)12+ 13,

where

(5.5)

(5.6)

(5.7

(5.8)
5.9
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// S gy G=1.2.3),

x| x — ylP ly|*
RN xRN

f16e,y) =1+ )@ = u@) P = (p+ DRe |u(x)|” u(x)v(x)]
x [(u+v)(PH,

Hy) =1+ )M = w1 = (p+ DRelu()|”~ u(y)v(y).

f3x, ) = u@)|P Refu @)} [ + v)WIPH = Ju(n)PH].

Applying (5.7) and (5.5), we can evaluate

11l < // p(p + DUu@)| + @ NP (el +vmnr*t -
"= I Jx — ylP y]* Y
RN xRN
< p(p+DCuis Ululle + Ivle)? HvIZlulle + llvlie)P T
= p(p+ DCurs (lullg + Ivlle)*? [vllE.
In a way similar to the above, we also obtain
| < // )P p(p + DIu()] + e3P~ 1|v(y>|2 4
2= x| Jx — yIP |y Y

RN xRN
1 _
< p(p+ DCurs 2 (lulle + lvlle)? M vllE
< p(p+ DCus (lulls + [vlle)*P v

Moreover, (5.9) and (5.5) yield

e[| MOVREHEE DI DO IO,
B [ [x — y|# [y
RN xRN

< (p+ DCuis lullZvllsllul? + (ulle + Ivlle)?Tvle
<2p(p+ DCus (lulle + Ivle)* v

Thus we calculate
G (u+v) — G(u) — Re (g(u), v)pe pl < |AQ2p + DCuLs (lulle + lvle)*v]3.
Applying (5.6), we obtain for every u, v € D
|G (u+v) = Gu) —Re(g(), v)p+ pl < C(p, N) [ullp + [vllp*” [v]5,

where C(p, N) :=|A|2p + 1)CuLs CSZXPH. Now let M > 0 and ¢ > 0. Then we see that
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|G (u+v) — G(u) — Re (g(u), v)p= pl < C(p, N) (M + D*P|v|

Vu, veDwith|ulp <M, |vlp =<1.

Hence by setting 6 =38(u, &) > 0asd:= 1A (¢/[C(p, N) (M + 1)2P]), we conclude that |G (u +
v) — G(u) — Re {g(u), v)p« pl < & ||lv|lp for v e D with |Jv||p < . This is nothing but (G1).

Next we verify (G2). We consider (g(u) — g(v), w)p« p foru, v, w € D. We see

(g(u) —g), w)p= p

[ )P u(x) — )P~ ) Tw(x) Ju(y) P!
=A dxdy
x| |x — y|# |yl
RN xRN
i // )P o) w @) [Ju ()P — [u(y)]P 1] dxdy.
x| |x — yl# |yl
RN xRN
Applying (5.8), (5.9), and (5.5), we calculate for every w € D
(g () — g(v), w)p+ pl
p+1

—1 -1
< M Chis pUllZ™ +110lE Tlu —viglwlle llulf
+ [ACuis (p + DIl S lwlellullZ + (vl Z1u —vle
<2@p+ DIAICuis [lulle v [0l llu = vlgllwlle-

Thus we see from (5.6) that

2p+2
lg@) — gW)llpr <22p + DIAIChLs Csf  [lullp v [vllp1* llu = vip.

Hence we obtain (G2).

Next we consider (G3). First we see

Gu)—G(v)

S // @17 — @) )P + o)1
2P+ 1) e b = yIP 1y

dy.
RN xRN

Applying (5.9) and (5.5), we calculate for u, v € D
A 1 1
Gu) = GW)| = = Chrs [l 2+ 110l 210w = vlle el 27 + o) 2717,
Applying (5.6), we obtain

2p+2 g
Gw) = G 2" Cris O Tllullp v 10101 flu = vl 2w -
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The Young inequality yields (G3).

(G4) is immediately verified by the definition of g(u). To verify (GS) first we divide
|x|7% into Vi + V,, where Vi(x) 1= |x|7%x|x;>1(x) and Vo(x) := |x|7% x|x|<1(x). Note that
Vi e LN/@=)(RNY) and V5 € LN/@+8)(RN) for sufficiently small & > 0. Let {w,}, be a se-
quence in L*°(I; D) satisfying

wy(t) > w) (n - o00) weaklyinD aa.rel,
g(wy) = f (n— 00) weakly* in L% (I; D¥).

Next we define

Vi) lu P Vie(y)

gk () :=A|u(x>|l’—1u<x)/
RN

e =yl ’
2N(p+1) o
WN—2a—prz UR=0D
.o | 2NEED o
q(jk) = N 20— Gob=(1.2). @.1)
2N(p+1) o
IN —2a—B—2¢ (. k)= (2,2).

Note that the Hardy-Littlewood-Sobolev inequality (5.3) implies

. 2p+1
I8 jk Nl Laciny wvy < IACHLS GR) IV IVl IIMIIL';<,k>(RN),

where || Vil = [IVillpv/e—o®nys V2l = V2l pvsere ), and

Curs(11) = Curs(22) = Curs(2N/B,2N /(2N — B)),
ChLs(12) = CyLs 2N /(B +2¢),2N /(2N — B + 2¢)),
Curs(21) = CuLs (2N /(B —2¢),2N /(2N — B — 2¢)).

Since {wy}, is bounded in L (I; D), {gx(wy)}, is bounded in L®(I; LIO)"(RV)). Moreover,
there exist a subsequence {w;)}; of {wy,}, and fj; € L*(I; Lq(')/(RN)) such that

gjk(Wa(y) = fjk (1= 00)  weakly* in Lo(I; LYV (RN)) - j, k=1, 2. (5.10)

Note that the weak convergence is also verified in L>°(I; D). To confirm (5.1) let @ € R¥ be an
arbitrary bounded open subset with C! boundary. Then

(fik(®), w(t))Lq<jk)’(Q),Lq(/‘k)(Q)
= (fix(@) = gjk(Waqt) (1)), WD) gty (. Latib) ()

+ (gjk(wn(l) ®), w() — wn(l)(t)>L‘1(jk),(Q)’Lq(jk)(Q)
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+ (8jx(Wn ) (1), wa @ty (D) Laivy (). Lab (@)

= L (0 + 0 + LA ).

The weak convergence (5.10) asserts that

/I}k(z; 1) dt — 0 (I - 00).
1

Next we consider Ijzk(l ; ). The Rellich compactness lemma implies that w, ) () — w(t) (I —
00) strongly in L9GK(Q) a.a. t € I. Hence it follows from the boundedness of {g(wp@)(£))}; in
Lq(-"k)/(Q) a.a. t €[ that Ijzk(l; t) — 0 (I - o0) for a.a. t € I. Moreover, the boundedness of
{way}r in L(I; LG9 () and {g(wnqy)}r in L(; L1 ()) implies that

/1},((1; 1ydt — 0 (I - o).
1

By definition of g (), we can show Im I3(¢) = 0. Since f = f11 + fi2 + f21 + f22, the former
half of (GS5) is verified.

Next we show that f = g(w) by assuming further that w,(#) — w(t) in LRy aa rel.
Let M :=sup, ||wy || (s, ). It follows from (G2) and (5.6) that

g (wa (1)) — g(w(®))llp=
2

2 g
<27 @p+ DIMChs 7w Ollp v Iw® 11 wa (8) = w2,
2p+2 g
<27 @p+ DIMChis CF M lwy (1) = w(®) 2,

Passing to the limit as n — 0o, we obtain the strong convergence g(w, (1)) — g(w(t)) (n — 00)
in D* a.a. t € I. Therefore we conclude that f = g(w) and (G5) is completely verified. O

Remark 5.2. Here we can simplify and relax the condition (GS5) by virtue of (G4):

(G5)’ weak closedness: for any sequence {u,}, in Xg assume that

guy) = f (n— o00) weakly in X§ = f=gW).

! u, - u(n—o0) weaklyin Xg,
See [40, Lemma 5.3] for the proof. This condition is applicable in the pure power nonlinearity.
Note that we cannot apply to (1.8).

Proof of Theorem 1.6 (Step 2. Uniqueness). We carry out the standard argument. Let u,v €
L (=T, T; D) be local weak solutions to (1.8) on (—7, T) with initial values u(0) = ug and
v(0) = vg. Then u satisfies the following integral equations:
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t

u(t) =exp(—itP)ug—i /exp(—i(l —s)P)g(u(s))ds.
0

Let (r(jk), q(jk)) be Schrodinger admissible pairs: 2/r(jk) + N/q(jk) = N/2,i.e.,

4p+1 S
N(p—1+2a+p—2¢ (.0 =D,
N 4p+1) S
U=\ N oo T2 5 B (.b)=(1,2), 2, 1),
4p+D S
Np—D+2atprae PO=E2

Applying the Strichartz estimates (1.6) and (1.7) with admissible pairs (v (jk), g(jk)), and the
Sobolev embeddings (5.4), we see that

”M _U”LT(—T,T;LP(RN)) (511)

< Cr (V) lluo — voll 2wy

+ Z Cix@T) U0 1w — vl oo . 7. Laib RN
ok

2
X [lull oo~ 7,7, e ®Nyy VIVl Loo (=7, 7: Latio @)1
<C: (V) lluo — voll L2y

5 _ .
+ Z Cik Mj]f (ZT)] 2/r Gk lu— U||Lr(jk>(7T,T;Lq(j1<)(RN)),
J.k

where
Cik:=22p + DIMCuLs GE) IVl Vil Crry, = (V),
Mij = Cs/(jk)(||M||L°°(—T,T;D) VlvllLoo—1,1:D))>
and s(jk) :== N[27' — q(jk)"'1 € (0, 1). Set (z, p) as (r(jk),q(jk)) (j, k=1, 2) and sum up

(5.11). Take Ty € (0, T) sufficiently small for absorbing a part of the right hand sides into the left
hand sides. Thus we see that

Dl =l o0 gy s Laon @y <2 Crijiollo = vol L2 @)-
Tk Tk

Here if ug = vo, then u(¢) = v(¢) a.a. t € (—Tp, To). Extending the interval step by step, we
conclude the uniqueness of the solution to (1.8). O

Remark 5.3. We can also construct the Lipschitz like inequality.

lu@) — vl 2@y < LeMlug — voll 2wy,
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where u(¢) and v(¢) are (local) solutions to (NLS) with (1.8) of the initial values u(0) = ug and
v(0) = vg. L and w are dependent on V, |lug||p, ||lvollD, A, ¥, and p. See e.g., [39, Proposition

3.7]. Thus the continuous dependence of initial value for (NLS) with (1.8) is induced.

Proof of Theorem 1.6 (Step 3. Continuity in the weighted energy spaces). Assume
ug € D(]x|). Now we consider

o IH X (t)’2 l/ |x|2 lu(t )|2d
fo(t) = = _u = - —|u(t, x X.
2 2 L2(RN 2 1+ ¢|x|?

Vv 14elx| RY) " x|

Differentiating in # and integrating by parts, we obtain

fi)

R/ xI” (t, )u(t, 0 dx =1 / Au(t, x) xP . x)d
=Re | —————u;(t,x)u(t,x)dx=Im | —Au(t,x)————u(t,x)dx
T+elx2’ 1+ elx |2

RN N

x>

_Im/u(t x)Vu(t,x) - V1+8|x|2

2x

i [ R0 G

Applying (3.6) with ¢ (r) = 2/(1 4 er?)?, we evaluate

FL@) <21 PPu@)ll 2w, xu() ’

’ (1+¢[x[»)?
<2(1P2u®)| 2 gy V2 £e0).

L2RN)

further

Thus u € L°°(I; D) implies f,(¢) is uniformly bounded in ¢ > 0. Letting ¢ — 40, we conclude

Ix|u(t) € L>(RN). Moreover, we see

()22 gy = )2 | <4 / 1P 2u()ll 2wy ds

n

and hence |x|u € C([-T, T1; LXR"N)). O

Remark 5.4. Let u(¢) be a solution to (NLS) with (1.8). If u(0) € D N D(]x|), then we see

d -
E”x”(t)”i%lRN) =4Im / xu(t,x) -Vu(t,x)dx.
RN
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Remark 5.5. Global solution € C(R; D) N CL(R; D*), that is, local solution to (NLS) with
(1.8) can be extended globally in time, is followed under the condition

. 2—2a—8
A>0, or)L<Ow1th1§p<1+T.
To end this we show
1 2
Gu) = —Ci(JlullL2@®ny) — m”uﬂp (5.12)

See also (G6) as in the conditions of the energy methods by Okazawa—Suzuki—Yokota [40]. The
case A > 0 1is simple: G(u) > 0. Thus we assume A < 0. Applying (5.5) and (5.6), we see

+1 +1
Guy= - // @ It

2(p+ 1) x| |x — y|# |yl
RN xRN
2] 2p42 1 2p+D (A=), 1 2(p+1)s
>——(C C u u .
=200+ 1) HLS Css l ||L2(RN) l ”D

Here p <14 (2 — 20 — B)/N implies 2(p + 1)s = N(p — 1) + 20 + B < 2. Thus the Young
inequality ensures (5.12). The energy conservation and (5.12) follow a priori uniform bounded-
ness estimate for [lu(7)|lp. Obviously, if A <0, p =1+ (2 —2a — B)/N, and |[lugllL2®n) is
sufficiently small, then local solution to (NLS) with (1.8) also can be extended globally in time.

Remark 5.6. We can also prove the well-posedness of (NLS) with other nonlinearities under
(1.4) with §y = 0. See Examples 5.7-5.9 for suitable nonlinearities.

e Local well-posedness: for any up € D there exists a unique local solution to (NLS) u €
C(-T,T1;D)NCY([~T, T1: D*)). Moreover, u satisfies

@)l 2y = luoll 2@y, E@(®)) = E(uo),

where E(¢) := (1/2) |I(1 + P)l/z(p”i%RN) + G(¢). Furthermore, if uq is also belongs to

D(|x]), thenu € C([-T, T1; D(|x|));
e Global well-posedness: the local solution u to (NLS) can be extended globally in time
u e CR;D)NC(R; D).

Example 5.7 (See also Okazawa—Suzuki—Yokota [40]). Let g : C — C be power type nonlinear-
ities so that

(N1) g(0) =0 and there exist p € [1, (N +2)/(N —2)) and K > 0 such that

lg(z1) —g@)l < KA+ 1z1P + 1221 Hlzi — 22 Vz1, 22 € C;

(N2) g(x) eR (x > 0)and g(e'?z) =€'?g(z) (z € C, 6 eR);
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(N3) thereexistg €[1,1+4/N) and K1, K2 > 0 such that

F(lz) > —Kilz]* = Ka|z|7T! vzeC,

where F' is the primitive integral of g:

X

F(x) ::/g(s)ds Vx>0.
0

In such a case, we can define the energy functionals of g as

G(u) ::/F(|u(x)|)dx.
RN

Suppose (N1) and (N2). Then we can ensure the local well-posedness for (NLS). If we
assume further (N3), then the global well-posedness for (NLS) is achieved.

Example 5.8 (See also Suzuki [48, Theorem 4.1]). Let g(u) := A |x| ™" |u|”~'u (A € R). In such
a case, we can define the energy functionals of g as

lu ()P

G(u):=x
|x]"

RN
Suppose 0 <r <2and 1 < p < (N +2 —2r)/(N — 2). Then we can ensure the local well-

posedness for (NLS). If we assume further that A > 0 or A <0 with p <14 (4 —2r)/N, then
the global well-posedness for (NLS) is achieved.

Example 5.9 (See also Suzuki [46]). Let g(u) :==u K[k](|u|2), where

Kmqr=/meﬂw@.

RN
Here £ satisfies the following conditions:

(K1) k is a symmetric real-valued function, that is, k(x,y) =k(y,x) e Ra.a. x, y € RV

(K2) ke L;"(L;o) + Lff(L‘;) for some «, B €[1, oo] such that « < 8 and a4 ,3’1 <4/N;

(K3) k_(x,y) :=0V (—k(x, y)) belongs to L§°(L§’,°) + Lf(L‘;‘,) for some @, B € [1, co] such
thate <Banda '+ B! <2/N.

Note that Lf(L‘;‘) is the family of k(x,y) such that k(x,-) € L*(R") a.a. x € RN with
|| kG, Nl Lo mny ”Lﬂ(]RN) < 00. In such a case, we can define the energy functionals of g as
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1
G = // ke y) ) 2 u ()P dx dy.
RN xRN

Suppose (K1) and (K2). Then we can ensure the local well-posedness for (NLS). If we assume
further (K3), then the global well-posedness for (NLS) is achieved.

6. Concluding remarks

As mentioned in the introduction, local and global well-posedness for (NLS) with the non-
linear term as in Examples 5.7-5.9 can be also consider under (1.4) with §y > 0. The case is
more simple since D is just equal to H!'(RY) (see (2.2)). Here the virial identity for the solution
(NLS) can be considered under (1.4) with both éy > 0 and §y = 0. To derive the virial identity
for (NLS) we consider the approximated problems

e 5.q
. ,8, . N
l ar = _Aus,ﬁ,a + VS,aue,(S,a + ge(us,é,a) inR x RY,

u(0) = uo,

(NLS),s

where Vs , is the approximation of V: Vs, := ps * [V + a|x|_2] e C®@RN) (if 8y =0, then
a > 0; if §y > 0, then we set a = 0 beforehand). Here ps is a Friedrichs mollifier. g.(u) is
a suitable approximation of g(u) and ps * v is the convolution of ps and v. For example, if
g(u) == A |ulP~ u, then gq(u) := X pg * [|ps 5 u|?~(ps * u)]. We can solve (NLS), s globally
in H2(RY) = D(1 — A) and H>(R") N D(|x|). Thus we can construct the virial identity for
(NLS); s in simple calculations. Letting § — 40, a — 40 (only the case §y = 0), and ¢ — +0
(with using the Strichartz estimates) in order, we can also verify the virial identity for (NLS).
See Suzuki [47,49] for more precise calculations and demonstrations. For example, let g(u) :=
MulP~'u (L eR, 1< p <144/(N —2)). Then we see the following virial identity:

d? 41N (p 1)
MU gy =8 1P POl s, + / ()7 dx.

Let g(u) := (x| x [ulP ™) ulPlu (A eR,0<y < (NAd),1<p<1+@—y)/(N-2).
Then we see

2
T u®Iz2 gy, =8 IP2u®I gy,

LN =Dty // lu(t, x) [P [u(t, y)|PH!
p+1 lx —y|”

dxdy.
RN xRN

Our results depend on the eigenvalue problems for —A g+ V in L?(SV~1). Thus the regularity
of V can be weaker, for example, N > 3 and V|gv-1 € L*°(S N ’1) (continuity is disable). Thus
we can treat V(x) := csign(xy)|x |_2 for sufficiently small ¢ > 0. More singular case, for exam-
ple, V|gn-1 € LP(SN~1) can be considered. If p > (N — 1)/2, then the eigenvalue problems are
well-posed. Here the regularity of eigenfunctions ¥ is W7 (S¥~1). Since the Sobolev embed-
dings W>P(SN~1y c C(SN~1) are continuous, we can find ¥ € H>(S¥~1) n C(S¥~1). Note
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that if p > N — 1, then the eigenfunctions belongs also to C!(S¥~1). If Vign-1 € LP(SN-1)
(p > (N — 1)/2) satisfies (1.4) with §y > 0, then (3.4) and (1.5) can be established. Typi-
cal examples of more singular V are V(x) = V(x/, xn) = c|x| 20" |x’|72 (0 < a < 1) and
V(x) =V, xy) =clx| 721D xy| 724 (0 < a < 1/(N — 1)). Let @ be the principal latitude of
SN=1 Then

A _82+(N—2)00898 1 A
sv=1 =% sin 6 0 (sind)? SN2
dogy-1 = (sin@)N 2 df dogy-a.

IfV(x)=cl|x| 209|724 (0 < a < 1), then

T
||V||§p(sN_])=|c|f’/(sin9)—2“1’(sine)N—2d9 / dogn-.
0

SN-2

The integration is converged if —2ap + N — 2 > —1, that is, 2ap < N — 1. Also if V(x) =
clx|720=D | xn|72* (0 <a < 1 /(N — 1)), then

T
||V||€p(sN71):|c|p/(0050)72“p(sin@)Nfsz / dogn-a.
0

SN-2

The integration is converged if —2ap > —1, that is, 2ap < 1. Here one of the critical case V =
clx’|72 = ¢(sin@) 2 is open for the eigenvalue problems and evaluations of energy spaces. As
the key of the consideration, we have the Hardy type inequality on sphere (see Xiao [53])

(N —2)?2 u?
OcN—
4 (sing)2 SN
SN—]
< / \Vsul>dogy-1 + C / lul?> dogn-1.
SN—l SN—]

In a view of the proof of Lemma 4.4, we have proved

sup [ (x(P) x| + O (x I X (P) fll 2wy < ClF Il 2Ry
reC\R

where x(P) :=[—Ag+ V 4+ (N — 2)2/4]'/* (derivatives towards the amplitudes). Since v,%
is the m-th eigenvalue of —Ag+ V + (N — 2)2/4, v,],,/2 is the m-th eigenvalue of x (P). The
local As/rzllo)othing estimates may bring the Strichartz estimates for exp(—itP) with V|gnv-1 €
LP(S .

We can deeply study the case N =2: Ag = 8425 (0 < ¢ < 2m) with the periodic boundary
condition u(0) = u(27), uy(0) = uy(27). Thus we have —Ag+V = —8; + V(cos ¢, sin¢) with
the periodic boundary condition. This is an ordinary differential operator. Note that multiplicity
of eigenvalue is at most 2. We can expect the explicit formula of exp(—it P) as in [24]. Here the
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non-endpoint Strichartz estimates as like (1.6) and (1.7) can be constructed under the condition
8y > 0. See the latter of proof of Theorem 3 in [11] (we also need (4.15)).

Here in a way similar to this article, we may consider the evaluations of energy spaces and the
Strichartz estimates for

9
i (CA+ Ve inR xCa,

ot
u(0, x) = ugp(x) on Cgq,
u,x)=0 onR x dCq,

where V satisfies the inverse-square condition V (ux) = M_ZV(x), 2 is a open subset of sh-1,
and Cq := {x € RN \ {0}; x/|x| € Q} (conic domain). Indeed, we may solve the semilinear
Schrodinger equations with inverse-square type potentials on cones. For example, we can con-
sider Ri’ = {x = (', xy) € R; xy > 0}. The odd reflection approach implies the Strichartz
estimates for exp(itAp) are fully verified; Ap is the Laplacian in Rﬁ with the Dirichlet con-
dition. After that we follow the arguments as in Sections 2, 3 and 4 (with replacing SV~ by
Siv_l ={&=xny)e SN xy >0}
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